
Pochhammer

Notations

Traditional name

Pochhammer symbol

Traditional notation

HaLn

Mathematica StandardForm notation

Pochhammer@a, nD

Primary definition
06.10.02.0001.01

HaLn �
GHa + nL

GHaL �; HØ H-a Î Z ß -a ³ 0 ß n Î Z ß n £ -aLL
06.10.02.0002.01

HaLn � ä
k=0

n-1 Ha + kL �; n Î N+

For Α = a, Ν � n  integers  with a £ 0, n £ -a,  the Pochhammer symbol HΑLΝ  can not  be uniquely defined by a limiting

procedure based on the above definition because the two variables Α, Ν can approach these integers a, n with a £ 0, n £ -a

at different speeds. For such integers with a £ 0, n £ -a we define:

06.10.02.0003.01

HaLn �
H-1Ln H-aL !

H-a - nL !
�; -a Î N ß n Î Z ß n £ -a

Specific values

Specialized values

For fixed a

06.10.03.0001.01

HaLn � ä
k=0

n-1 Ha + kL �; n Î N+



06.10.03.0002.01HaL0 � 1

06.10.03.0003.01HaL1 � a

06.10.03.0004.01HaL2 � a Ha + 1L
06.10.03.0005.01HaL3 � a Ha + 1L Ha + 2L
06.10.03.0006.01HaL4 � a Ha + 1L Ha + 2L Ha + 3L
06.10.03.0007.01HaL5 � a Ha + 1L Ha + 2L Ha + 3L Ha + 4L
06.10.03.0008.01

HaL-n � ä
k=1

n 1

a - k
�; n Î N+

06.10.03.0009.01

HaL-5 �
1

Ha - 1L Ha - 2L Ha - 3L Ha - 4L Ha - 5L
06.10.03.0010.01

HaL-4 �
1

Ha - 1L Ha - 2L Ha - 3L Ha - 4L
06.10.03.0011.01

HaL-3 �
1

Ha - 1L Ha - 2L Ha - 3L
06.10.03.0012.01

HaL-2 �
1

Ha - 1L Ha - 2L
06.10.03.0013.01

HaL-1 �
1

a - 1

For fixed n

06.10.03.0014.01

H0L-n �
H-1Ln

n!
�; n Î N+

06.10.03.0015.01H0Ln � 0 �; n Î N+

06.10.03.0016.01

-
1

2 n
� -

H2 n - 2L !

22 n-1 Hn - 1L !
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06.10.03.0017.01

1

2 n
�

H2 n - 1L !

22 n-1 Hn - 1L !

06.10.03.0018.01H1Ln � n!

06.10.03.0019.01

3

2 n
�

H2 n + 1L !

4n n!

Values at fixed points

06.10.03.0020.01H0L0 � 1

General characteristics

Domain and analyticity

HaLn is an analytical function of a and n which is defined over C2.

06.10.04.0001.01Ha * nL �HaLn � HC Ä CL �C

Symmetries and periodicities

Mirror symmetry

06.10.04.0002.01HaLn � HaLn

Periodicity

No periodicity

Poles and essential singularities

With respect to n

For fixed a, the function HaLn has an infinite set of singular points:

a) n � -a - k �; k Î N are the simple poles with residues H-1Lk

k! GHaL ;

b) n � ¥�  is the point of convergence of poles, which is an essential singular point.

06.10.04.0003.01

SingnIHaLnM � 888-a - k, 1< �; k Î N<, 8¥� , ¥<<
06.10.04.0004.01

resnIHaLnM H-a - kL �
H-1Lk

k ! GHaL �; k Î N

With respect to a
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For fixed n, the function HaLn has an infinite set of singular points:

a) a � -k - n �; k Î N, are the simple poles with residues H-1Lk

k! GH-n-kL �; k + n Ï N;

b) a � ¥�  is the point of convergence of poles, which is an essential singular point.

06.10.04.0005.01

SingaIHaLnM � 888-k - n, 1< �; k Î N<, 8¥� , ¥<<
06.10.04.0006.01

resaIHaLnM H-k - nL �
H-1Lk

k ! GH-n - kL �; k Î N ì k + n Ï N

Branch points

With respect to n

The function HaLn does not have branch points with respect to n.

06.10.04.0007.01

BPnIHaLnM � 8<
With respect to a

The function HaLn does not have branch points with respect to a.

06.10.04.0008.01

BPaIHaLnM � 8<
Branch cuts

With respect to n

The function HaLn does not have branch cuts with respect to n.

06.10.04.0009.01

BCnIHaLnM � 8<
With respect to a

The function HaLn does not have branch cuts with respect to a.

06.10.04.0010.01

BCaIHaLnM � 8<
Series representations

Generalized power series

Expansions at a � 0

For the function itself
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General case

06.10.06.0008.01

HaLn µ G HnL a + GHnL HΨHnL + ýL a2 + GHnL 1

12
I6 ý2 - Π2M + ý ΨHnL +

1

2
IΨHnL2 + ΨH1LHnLM a3 + ¼ �; Ha ® 0L

06.10.06.0009.01

HaLn µ G HnL a + GHnL HΨHnL + ýL a2 + GHnL 1

12
I6 ý2 - Π2M + ý ΨHnL +

1

2
IΨHnL2 + ΨH1LHnLM a3 + OIa4M

06.10.06.0010.01HaLn µ a GHnL + OIa2M
Special cases

06.10.06.0001.01

HaLn � â
k=0

n H-1Lk+n Sn
HkL ak �; n Î N

06.10.06.0004.01

Ha - n + 1Ln � â
k=0

n

Sn
HkL ak �; n Î N

Expansions at a � b

For the function itself

General case

06.10.06.0011.01

HaLn µ HbLn 1 + HΨ Hb + nL - ΨHbLL Ha - bL +
1

2
IΨHbL2 - 2 ΨHb + nL ΨHbL + ΨHb + nL2 - ΨH1LHbL + ΨH1LHb + nLM Ha - bL2 + ¼ �; 8a ® b<

06.10.06.0012.01

HaLn µ HbLn 1 + HΨ Hb + nL - ΨHbLL Ha - bL +
1

2
IΨHbL2 - 2 ΨHb + nL ΨHbL + ΨHb + nL2 - ΨH1LHbL + ΨH1LHb + nLM Ha - bL2 + OIHa - bL3M �;

8a ® b<
06.10.06.0013.01HaLn µ HbLn H1 + OHa - bLL

Special cases

06.10.06.0002.01

HaLn � â
k=0

n

Sn
HkL Ha + n - 1Lk �; n Î N

06.10.06.0003.01

HaLn � â
k=0

n â
j=0

k H-1Lk+n Sn
HkL k

j
b j Ha - bLk- j �; n Î N
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Expansions of Ha + ΕLn at Ε � 0 �; a ¹ -m

General case

06.10.06.0014.01Ha + ΕLn µ HaLn H1 + OHΕLL �; Ø Ha Î Z ß a £ 0L
06.10.06.0015.01Ha + ΕLn µ HaLn I1 + HΨHa + nL - ΨHaLL Ε + OIΕ2MM �; Ø Ha Î Z ß a £ 0L
06.10.06.0016.01

Ha + ΕLn µ HaLn 1 + HΨHa + nL - ΨHaLL Ε +
1

2
IΨHaL2 - 2 ΨHa + nL ΨHaL + ΨHa + nL2 - ΨH1LHaL + ΨH1LHa + nLM Ε2 + OIΕ3M �;

Ø Ha Î Z ß a £ 0L
06.10.06.0017.01

Ha + ΕLn µ HaLn 1 + HΨHa + nL - ΨHaLL Ε +
1

2
IΨHaL2 - 2 ΨHa + nL ΨHaL + ΨHa + nL2 - ΨH1LHaL + ΨH1LHa + nLM Ε2 -

1

6
JΨH0LHaL3

- 3 ΨH0LHa + nL ΨH0LHaL2
+ 3 JΨH0LHa + nL2

- ΨH1LHaL + ΨH1LHa + nLN ΨH0LHaL - ΨH0LHa + nL3
+

3 ΨH0LHa + nL IΨH1LHaL - ΨH1LHa + nLM + ΨH2LHaL - ΨH2LHa + nLN Ε3 + OIΕ4M �; Ø Ha Î Z ß a £ 0L
06.10.06.0018.01

Ha + ΕLn µ HaLn 1 + HΨHa + nL - ΨHaLL Ε +
1

2
IΨHaL2 - 2 ΨHa + nL ΨHaL + ΨHa + nL2 - ΨH1LHaL + ΨH1LHa + nLM Ε2 -

1

6
JΨH0LHaL3

- 3 ΨH0LHa + nL ΨH0LHaL2
+ 3 JΨH0LHa + nL2

- ΨH1LHaL + ΨH1LHa + nLN ΨH0LHaL -

ΨH0LHa + nL3
+ 3 ΨH0LHa + nL IΨH1LHaL - ΨH1LHa + nLM + ΨH2LHaL - ΨH2LHa + nLN Ε3 +

1

24
JΨHaL4 - 4 ΨHa + nL ΨHaL3 + 6 IΨHa + nL2 - ΨH1LHaL + ΨH1LHa + nLM ΨHaL2 -

4 IΨHa + nL3 - 3 IΨH1LHaL - ΨH1LHa + nLM ΨHa + nL - ΨH2LHaL + ΨH2LHa + nLM ΨHaL + ΨHa + nL4 +

3 ΨH1LHaL2
+ 3 ΨH1LHa + nL2

- 6 ΨHa + nL2 IΨH1LHaL - ΨH1LHa + nLM - 6 ΨH1LHaL ΨH1LHa + nL -

4 ΨHa + nL IΨH2LHaL - ΨH2LHa + nLM - ΨH3LHaL + ΨH3LHa + nLN Ε4 + OIΕ5M �; Ø Ha Î Z ß a £ 0L
Expansions of H-m + ΕLn at Ε � 0 �; m - n Ï NßmÎN

General case

06.10.06.0019.01H-m + ΕLn µ H-1Lm m! GHn - mL Ε H1 + OHΕLL �; m - n Ï N ì m Î N

06.10.06.0020.01H-m + ΕLn µ H-1Lm m! GHn - mL IΕ + HΨHn - mL - ΨHm + 1LL Ε2 + OIΕ3MM �; m - n Ï N ì m Î N
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06.10.06.0021.01H-m + ΕLn µ H-1Lm m! GHn - mL
Ε + HΨHn - mL - ΨHm + 1LL Ε2 +

1

6
 I3 ΨHm + 1L2 - 6 ΨHn - mL ΨHm + 1L - Π2 + 3 ΨHn - mL2 + 3 ΨH1LHm + 1L + 3 ΨH1L Hn - mLM 

Ε3 + OIΕ4M �; m - n Ï N ì m Î N

06.10.06.0022.01

H-m + ΕLn µ H-1Lm m! GHn - mL Ε + HΨHn - mL - ΨHm + 1LL Ε2 +

1

6
 I3 ΨHm + 1L2 - 6 ΨHn - mL ΨHm + 1L - Π2 + 3 ΨHn - mL2 + 3 ΨH1LHm + 1L + 3 ΨH1L Hn - mLM Ε3 +

1

6
I-ΨHm + 1L3 + 3 ΨHn - mL ΨHm + 1L2 + I-3 ΨHn - mL2 + Π2 - 3 ΨH1LHm + 1L - 3 ΨH1LHn - mLM ΨHm + 1L + ΨHn - mL3 +

ΨHn - mL I3 ΨH1LHm + 1L - Π2 + 3 ΨH1LHn - mLM - ΨH2LHm + 1L + ΨH2LHn - mLM Ε4 + OIΕ5M �; m - n Ï N ì m Î N

Expansions of H-m + ΕLn at Ε � 0 �; n Î Z ì n £ m ì m Î N

General case

06.10.06.0023.01

HΕ - mLn µ
H-1Ln m!

Hm - nL !
H1 + OHΕLL �; n Î Z ß n £ m ß m Î N

06.10.06.0024.01

HΕ - mLn µ
H-1Ln m!

Hm - nL !
I1 + HΨHm - n + 1L - ΨHm + 1LL Ε + OIΕ2MM �; n Î Z ß n £ m ß m Î N

06.10.06.0025.01

HΕ - mLn µ
H-1Ln m!

Hm - nL !

1 + HΨHm - n + 1L - ΨHm + 1LL Ε +
1

2
IΨHm + 1L2 - 2 ΨHm - n + 1L ΨHm + 1L + ΨHm - n + 1L2 + ΨH1LHm + 1L - ΨH1LHm - n + 1LM

Ε2 + OIΕ3M �; n Î Z ß n £ m ß m Î N

06.10.06.0026.01

HΕ - mLn µ
H-1Ln m!

Hm - nL !
1 + HΨHm - n + 1L - ΨHm + 1LL Ε +

1

2
IΨHm + 1L2 - 2 ΨHm - n + 1L ΨHm + 1L + ΨHm - n + 1L2 + ΨH1LHm + 1L - ΨH1LHm - n + 1LM Ε2 -

1

6
IΨHm + 1L3 - 3 ΨHm - n + 1L ΨHm + 1L2 + 3 IΨHm - n + 1L2 + ΨH1LHm + 1L - ΨH1LHm - n + 1LM ΨHm + 1L - ΨHm - n + 1L3 -

3 ΨHm - n + 1L IΨH1LHm + 1L - ΨH1LHm - n + 1LM + ΨH2LHm + 1L - ΨH2LHm - n + 1LM Ε3 + OIΕ4M �; n Î Z ß n £ m ß m Î N
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06.10.06.0027.01

HΕ - mLn µ
H-1Ln m!

Hm - nL !

1 + HΨHm - n + 1L - ΨHm + 1LL Ε +
1

2
IΨHm + 1L2 - 2 ΨHm - n + 1L ΨHm + 1L + ΨHm - n + 1L2 + ΨH1LHm + 1L - ΨH1LHm - n + 1LM

Ε2 -
1

6
IΨHm + 1L3 - 3 ΨHm - n + 1L ΨHm + 1L2 + 3 IΨHm - n + 1L2 + ΨH1LHm + 1L - ΨH1LHm - n + 1LM ΨHm + 1L -

ΨHm - n + 1L3 - 3 ΨHm - n + 1L IΨH1LHm + 1L - ΨH1LHm - n + 1LM + ΨH2LHm + 1L - ΨH2LHm - n + 1LM Ε3 +

1

24
JΨHm + 1L4 - 4 ΨHm - n + 1L ΨHm + 1L3 + 6 IΨHm - n + 1L2 + ΨH1LHm + 1L - ΨH1LHm - n + 1LM ΨHm + 1L2 -

4 IΨHm - n + 1L3 + 3 IΨH1LHm + 1L - ΨH1LHm - n + 1LM ΨHm - n + 1L - ΨH2LHm + 1L + ΨH2LHm - n + 1LM ΨHm + 1L +

ΨHm - n + 1L4 + 3 ΨH1LHm + 1L2
+ 3 ΨH1LHm - n + 1L2

+ 6 ΨHm - n + 1L2 IΨH1LHm + 1L - ΨH1LHm - n + 1LM -

6 ΨH1LHm + 1L ΨH1LHm - n + 1L - 4 ΨHm - n + 1L IΨH2LHm + 1L - ΨH2LHm - n + 1LM +

ΨH3LHm + 1L - ΨH3LHm - n + 1LN Ε4 + OIΕ5M �; n Î Z ß n £ m ß m Î N

Asymptotic series expansions

Expansions at a � ¥

06.10.06.0005.01

HaLn µ an â
k=0

¥ H-1Lk H-nLk

k !
 Bk

Hn+1LHnL a-k �; H a¤ ® ¥L ì  argHa + nL¤ < Π

06.10.06.0006.01

HaLn µ an 1 +
Hn - 1L n

2 a
+ O

1

a2
�; H a¤ ® ¥L ì  argHa + nL¤ < Π

Expansions at n � ¥

06.10.06.0007.01

HaLn µ
2 Π

GHaL  ã-n na+n-
1

2 1 +
6 a2 - 6 a + 1

12 n
+

36 a4 - 120 a3 + 120 a2 - 36 a + 1

288 n2
+

1080 a6 - 7560 a5 + 18 900 a4 - 20 160 a3 + 8190 a2 - 450 a - 139

51 840 n3
+

1

2 488 320 n4
 I6480 a8 - 77 760 a7 + 362 880 a6 - 828 576 a5 + 945 000 a4 - 465 840 a3 + 34 464 a2 + 23 352 a - 571M +

O
1

n5
�; H n¤ ® ¥L ì  argHa + nL¤ < Π

Limit representations
06.10.09.0001.01

HaLn � lim
m®¥

mn ä
k=0

m-1 a + k

a + k + n
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06.10.09.0002.01HaLn � n! lim
z®¥

H2 zL-n Cn
HaLHzL

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.10.16.0001.01

HaLk+m n � HaLk mm n ä
j=0

m-1 a + j + k

m n

�; m Î N

06.10.16.0002.01

Ha m + bLn � mn ä
k=0

m-1

a +
b + k

m n

m

�; m Î N+

06.10.16.0003.01

H1 - bLn � â
k=0

n H-1Lk n!2

Hn - kL ! k !2
HbLk �; n Î N+

Addition formulas

06.10.16.0004.01

Ha + bLn � â
k=0

n H-1Lk n

k
Ha + kLn-k H-bLk �; n Î N

06.10.16.0005.01

Ha + bLn � n! â
k=0

n HaLk HbLn-k

k ! Hn - kL !
�; n Î N

06.10.16.0006.01HaLm+n � HaLm Ha + mLn

Multiple arguments

06.10.16.0007.01

HaL2 n � 22 n K a

2
O

n

a + 1

2 n

06.10.16.0010.01

HaL3 n � 33 n
a

3 n

a + 1

3 n

a + 2

3 n

06.10.16.0011.01

HaLm n � mm n ä
j=0

m-1 a + j

m n

�; m Î N+

Products, sums, and powers of the direct function
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Products of the direct function

06.10.16.0008.01

HaLn a +
1

2 n
�

1

4n
 H2 aL2 n

Sums of the direct function

06.10.16.0009.01

HaLn+1 - HbLn+1 � Ha - bL â
k=0

n HaLk Hb + k + 1Ln-k �; n Î N

Identities

Recurrence identities

Consecutive neighbors

06.10.17.0001.02

HaLn �
a + n - 1

a - 1
 Ha - 1Ln

06.10.17.0002.02

HaLn �
a

a + n
 Ha + 1Ln

06.10.17.0008.01HaLn � Ha + n - 1L HaLn-1

06.10.17.0009.01

HaLn �
1

a + n
 HaLn+1

Distant neighbors

06.10.17.0003.02

HaLn �
GHa - mL GHa + nL
GHaL GHa - m + nL  Ha - mLn

06.10.17.0004.02

HaLn �
GHa + mL GHa + nL
GHaL GHa + m + nL  Ha + mLn

06.10.17.0010.01

HaLn �
GHa + nL

GHa - m + nL HaLn-m

06.10.17.0011.01

HaLn �
GHa + nL

GHa + m + nL  HaLn+m

Functional identities

Relations of special kind
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06.10.17.0005.01

HaLn �
H-1Ln

H1 - aL-n

�; n Î Z

06.10.17.0006.01

HaLn �
Ha - mLm+nHa - mLm

06.10.17.0007.01HaLn � HaLm Ha + mLn-m

Differentiation

Low-order differentiation

With respect to a

06.10.20.0001.01

¶HaLn

¶a
� HaLn HΨHa + nL - ΨHaLL

06.10.20.0002.01

¶2 HaLn

¶a2
� HaLn IHΨHaL - ΨHa + nLL2 - ΨH1LHaL + ΨH1LHa + nLM

With respect to n

06.10.20.0003.01

¶HaLn

¶n
� HaLn ΨHa + nL

06.10.20.0004.01

¶2 HaLn

¶n2
� HaLn IΨHa + nL2 + ΨH1LHa + nLM

Symbolic differentiation 

With respect to a

06.10.20.0005.02

¶m HaLn

¶am
�

H-1Lm-1 m! sinHΠ nL
Π

â
k=0

¥ GHk + n + 1L
k ! Ha + k + nLm+1

�; m Î N ì n Ï N

06.10.20.0006.02

¶m HaLn

¶am
�

H-1Lm m! GHa + nLm+1

GH-nL m+2F
�

m+1Ha1, a2, ¼, am+1, n + 1; a1 + 1, a2 + 1, ¼, am+1 + 1; 1L �;
a1 � a2 � ¼ � am+1 � a + n ì m Î N ì n Ï N

06.10.20.0007.01

¶m HaLn

¶am
� â

k=1

n H-1Lk+n Sn
HkL Hk - m + 1Lm ak-m �; m Î N ß n Î N
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Fractional integro-differentiation

With respect to a

06.10.20.0008.01

¶Α HaLn

¶aΑ
� â

k=0

n H-1Lk+n Sn
HkL k ! ak-Α

GHk - Α + 1L �; n Î N

With respect to n

06.10.20.0009.01

¶Α HaLn

¶nΑ
� â

k=0

¥ GHkLHaL nk-Α

GHaL GHk - Α + 1L

Representations through more general functions

Through other functions

Involving some hypergeometric-type functions

06.10.26.0001.01HaLn � GHn + 1L Ha - 1 + n; a - 1, nL
Representations through equivalent functions

With related functions

06.10.27.0001.01

HaLn �
GHa + nL

GHaL
06.10.27.0002.01

HaLn �
H-1Ln GH1 - aL

GH1 - a - nL �; n Î Z

06.10.27.0003.01

HmLn �
Hm + n - 1L !

Hm - 1L !
�; Ø H-m Î N ß -m - n Î NL

06.10.27.0004.01

H-mLn �
H-1Ln m!

Hm - nL !
�; m Î N ß n Î N

06.10.27.0005.01

HaLk � GHk + 1L a + k - 1

k

06.10.27.0006.01

HaLk � GHk + 1L a + k - 1
a - 1
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06.10.27.0007.01

HaLn �
Hn - 1L !

BHa, nL
06.10.27.0008.01Hz + 1Lz � Cz GHz + 2L

Zeros
06.10.30.0001.01HaLn � 0 �; a + n � -k ì k Î N ì -a Ï N

History

– A. L. Crelle (1831) used a similar symbol

– L. A. Pochhammer (1890)

– P. E. Appell (1880) used the name "Pochhammer symbol"
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