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Notations

Traditional name

Polylogarithm

Traditional notation

Li,(2

Mathematica StandardForm notation

Pol yLog[v, z]

Primary definition

10.08.02.0001.01

=5}

%
Li,(2) Zk— ild<1

k=1

Specific values

Specialized values

For fixed v

General cases

10.08.03.0001.01
Li,(0)==0

10.08.03.0002.01
Li,(D)=¢()/;Re(v)> 1

10.08.03.0034.01
Li, () =& /: Re(v) < 1

10.08.03.0035.01
Li,()=¢ /;Re(v)==1

10.08.03.0003.01
Liy(-1) = (2 = 1)¢)
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10.08.03.0004.01

2rip 1 9, 2xipk k
Liy(e a )==—Ze a §[v, —]/;peN+/\qu*/\psq
o[y q

For fixed integer v

10.08.03.0005.01
- (_l)n+1 (2 ﬂ)Zn
Liop(1) == ———— By /s neN
2(2n)!
10.08.03.0006.01
L L (_l)n (4n_2)ﬂ.2n 5
ipn(-)=——— " B, /ineN
2n > (2 ! 2n
10.08.03.0007.01

2 n" o (2nik k
Lln[exp[ ﬂlp)]__ ( ) Zex[ ni p) (n— D(—]-rﬁ?/;peN+/\qu+/\ﬂ—1€N+
q q"(n-1)! q q

10.08.03.0008.01
. S(ny, .
Li_n(2) == Z[JZ;( j )LI_J-(Z) + 1] /ineN

10.08.03.0033.01

Li_n(2=(1-2 <"+1)Z[Z( 1)k+1( i)(—k+m+1)"]zm/;neN+

m=1\k=1

10.08.03.0009.01

z(1+4z+2)
Li_3(Z =
z-1*
10.08.03.0010.01
) z(1l+2
Lix(2) = —
z-1°
10.08.03.0011.01
Li_1(29 =
(z-17?
10.08.03.0012.01
z
Lig(® == —
0 1-z

10.08.03.0013.01
Li1(2) = -log(1-2)

Values at fixed points

Dilogarithmical case

10.08.03.0014.01

2

Liy(-1) = - —
I2(-1) P
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10.08.03.0015.01
2
Lip(1) = —
6

10.08.03.0016.01
(1) 2 10g’(2)

Liyl = |= — -
A2) 12 2

(L.Euler)

10.08.03.0017.01
- 7T2
Lix(2) == Z —nilog(2)

10.08.03.0018.01
- 7T2
Lin(i) =i C— —
48

10.08.03.0019.01
. Trz
Liy(—i)=-iC— —
48

10.08.03.0020.01

Lin(1 ~ c- ™ log2
i1-i)=—-iC- —log
2 16 P

10.08.03.0021.01

) n? i
Lio(1+i)==—+iC+ —log(2)
16 4

10.08.03.0022.01

1-vV5 Lo V5 -1) =
== — Og

2 2

Li
2 2

10.08.03.0023.01

1+\/€] 2[1+\/§] n?
- == —log

Li
z 2 2

10.08.03.0024.01

3-v5) 2 (VE-1
Lip = — —log
2 15 2

10.08.03.0025.01

(Vs -1) =2 [(V5-1
Liy = ——log
2 10 2

10.08.03.0026.01
(1-i 1, ;i 572

le(—] =-—log°(2+ —log2)+ — —iC

2 8 8 96

Trilogarithmical case
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10.08.03.0027.01
L'(l] ! 3 ﬂ2| 2 1| 32
I3[ == =43 - —log(2) + - log~(2)
3\ 5) = gl e o

10.08.03.0028.01

S e e

Li = — (3)——Io3 +—7
s 5O R9 15

10.08.03.0029.01

L ( _) 1 5 5in’
igle3 |= =3+
s 3¢ 162

10.08.03.0030.01

i ( _”_"] 1 3 5in’
isfe 3 |==4(3)-
s 39 e

10.08.03.0031.01

L 4 2ind
ng(e 3 )::—55(3)+ a1
10.08.03.0032.01
o 4 2in3
Lls(f 8 )== —§§(3)— a1

General characteristics

Domain and analyticity

Li,(2) isan analytical function of v, zwhich is defined in C2.
10.08.04.0001.01
v+2)—Li,(2:: (C®C)—C
Symmetries and periodicities

Mirror symmetry

10.08.04.0002.01
Liz(@ = Li\(2) /; 2¢ (=00, 0)

Periodicity

No periodicity

Poles and essential singularities
With respect to z
For fixed v, the function Li,(2) does not have poles and essential singularities.

10.08.04.0003.01
Sing (Li,(2) == {)
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With respect to v

For fixed z, the function Li,(2) hasonly one singular point at v = co. It isan essential singular point.
10.08.04.0004.01

Sing, (Li,(2)) = {0, oo}}

Branch points
With respect to z
For fixed v, the function Li,(2) has two branch points: z==1, z = .

10.08.04.0005.01
BPALi,(2) = {1, &}

10.08.04.0006.01
Ry(Liy,(2, ) =log/;veZ\ v¢&Q

10.08.04.0007.01

r
R,(Li,(2,1)=S/;v=- /\r eZ/\s—leN+ /\gcd(r, g=1
s

With respect tov
For fixed z, the function Li,(z) does not have branch points.
10.08.04.0008.01

BPV(LIV(Z)) ={}

Branch cuts
With respect to z

For fixed v, the function Li,(2) isasingle-valued function on the z-plane cut along the interval {1, oo}, where it is continuous
from below.

10.08.04.0009.01
BCALIV(2) = {{{1, oo}, i}}

10.08.04.0010.01

lim Li,(x—i€)==Li,(X)/; x>1

e—>+0
10.08.04.0011.01

2irm 1
lim Li,(x+i€)=Li,(X)+ —log" (%) /; x> 1
€10 ()

With respect tov
For fixed z, the function Li,(z) does not have branch cuts.

10.08.04.0012.01
BC,y(Li\(2) == {}

Series representations
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Generalized power series

Expansionsat z==0

For the function itself

General case

10.08.06.0001.02
Liy(2 «xz+2VZ2+372+.../;(z->0)

10.08.06.0027.01
Li,@ e z+27 Z2+37 2 +0(7)

10.08.06.0002.01
Li@ =), /il <1

k=1

10.08.06.0003.02
Li,(2) o< z(1+ O(2)

10.08.06.0028.01
b

Liv(z) == Foo(Z, V) /, [[Fn(z, V) == Z o

k=1

= Li,@- 2" oz v, n+ 1)] \ne N)
Summed form of the truncated series expansion.

Special cases

10.08.06.0029.01
Lin(@ =2Zp1Fn(1, 81, 8, ..., 8+ 1, a0 +1, ...,an+ 1,2 /;ay==ay=...==a,==1AneN"’

Expansionsat z==

For the function itself

General case
10.08.06.0030.01
1 1
Li,@=T@-v) (—(z—l))"‘l(1+ 5 -@-D £(3v2—v—2) z-17%+ )+
1
{+{v-1H(z-1 +E(K(V—Z)—K(v—l))(2—1)2+--./;ﬂ(veN)
10.08.06.0004.02
1

Li,@Q«<lM+{(v-1)(z-1 + 5({(v—2)—§(v—1))(z—1)2+ i@ DARe) >1AveZ

10.08.06.0031.01

1
Liv@ ec£0)+ L0 =D @=D+ S (€0 =2~ L0 - D) (2~ 1?+0(z-1% /;Rem) > 1A\v¢Z
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10.08.06.0009.01

Li,@ «T(1-v)(1-2"11+0@z-1)/; (z> 1) ARe(v) < 1

10.08.06.0025.02
J
K g ¢v-))

2 g

-

)

Liy@) =T (1-) (-log@) " +

10.08.06.0032.01
> (=1f(z- DX

Z k+1

Li,(2 = T(L-v) [
k=0

10.08.06.0033.01

(-z-1y* +§(v)+Z

k=1

SR

](z—l)k +{W) ;- (veN)

Z-D*,-(veN)

S ev-h
X

j=1

Li,(@ «cT(1-9) (-z-1)1A+0z-1) +{»(1+0@z-1) /;v#1

Special cases

10.08.06.0034.01
ﬂ.2
3+ s (z-D+

9—n? 272-21

Lis(2) « (z-1%+

(z-1)°%+

(z-1)7? 1 5
- [2—z+—(z—1)2——(z—1)3+ Jlogl-2 /(- 1)
12 6
10.08.06.0035.01
, -pmt Y- +y((n-1)-
Lin(2) o< £(N) + yn) +y- (z-1)-
-1 2
6n+(-3n+n+2)@Wn)+y) -1 -3M—4n+(N-D(N+H M+ W) +y) +1
(z-1)?%- Z-13%+... |-
24 48
(z-?t n-1 (n-1)@n+2) M-+ (n+2)
[1— Z-D+ ———— (z-1°- (z—l)3+...)log(1—z)+
(n-1)! 2 48
"Zém—n(z D j3j+5 , 1+2(+3 s
_E(Z_l)+ -)-— Zz-°+...1/;Z>DANEeZAN>3
j=1
10.08.06.0036.01
_ -t (. . 1 log(2)) arg(z-1) > )
Lin(2 =- PR (m+2m{—zarg( 2_1]— . +Iog(z—l))kz(;pn1’k(z—1) -
-yt & 0g(2) 2 4(n —J)(z &
D Prak(@- 1>k(log( ]—w(n)—v)+ ) pik@-D+
(n-D! > =1 k=0
& 5(”-])(2 & K (D (ji+i-
e Zp,k<z DK+ 20/ po=1/\ pix= - Z — |o,k./\keN+/\neN+
j=n k=0 i1
10.08.06.0037.01
(=log(~10g(2) + ¥(n) +7) 2 n- J)Iog 2 (n—J)Iog @
I Z +{(n) /;neN?

og"'@+ )

i=1

Lin(@ =
(n=-1)!

Expansionsat z== oo

j=n
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For the function itself

General case
10.08.06.0038.01
) 2y v & 1 ety 1
Li,(2) o . e 2 " ——(l+4—+...)/;(|z|—>oo)/\Re(v)<O
- ~v z z
) o (k+ |o§7(ﬂz) N %)
10.08.06.0010.02
. ) oaiv & 1 ety 1 1
Li,(2) o C ez . ——1+4—+O— /; Re(v) <0
- -v z z
v Sy g
10.08.06.0011.01
( ﬂ)y zrév 0 X ©0 1
Li,(2) = —e"" Y — /14> 1ARe() <0
r(V) Py (k log-2) )l‘V i kX
2ri 2
10.08.06.0012.01
i 27T)V iy sl . ) 1
Liy(2) == T —e’”"le(—) /i12d>1ARe(v) <0
— 2
v = <k+'°z:,:>+;)
10.08.06.0039.01
] @n)Y  xiv log-2 1 (1
Li,(2) ez {1-v, —+ |- le(—)
'y 27mi 2 z
10.08.06.0013.02
) 2n) xiv log(-2 1) € % 1
Liy(2) o ez {1-v, — 4+ — |- —|1+0[-
I'(v) 2mi 2 z z
Special cases

10.08.06.0014.01

=) n

Lin@ = (") " Lld>1AneNt

k=1

10.08.06.0015.02
(_ 1)n—1

Li_n(2

10.08.06.0017.01
> 1

Lin@=(-D"t > — -
2ies

10.08.06.0018.02
-1 n-1

Lin(2)

o

-

n!

ol

2xi)" log(— 1
@9 Bn[& ]/|z|>l/\neN*
n! 2ni

@ri)

2ni

log-2 1
Bn[ + 5] /ineN*t
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10.08.06.0019.01

1 5] Li, (- 1) log™2*
Lin(@ = (-D)™ 1Z_zk_ ik Z) Z Zk((n) c;gk), =
. k - .

i1Z>1AneN*

10.08.06.0020.01

- n— 2k( )
Lin(2) o

/; (14 » o) AneN*

1y 1y log'-2 L& Liz-1)log
[1+O( ))— +2

z n! S -2k

10.08.06.0021.01

Cofeke  lE (1-229272k02  2snem & (1-2-2922% 72K

k=1 k=0 4

Li,(—€%) « — _ 2
i,(—e) COS(T(V)Z o Tor1-2K + k_%ﬂ T

(12 > ) A2v eN*

10.08.06.0040.01
n

Lin(2) o« — /;(1Z » o) AneN*

Residue representations

10.08.06.0022.02

_ r-s .
Li,(2) = Zreg[[r(l S)(I“(l— )) (-2 ]T(S)] =D/Al1d<1Vv(Zd=1ARev)>1)

j=1

10.08.06.0023.02
ad I(s+1)(-2°°
Lin( = Zress[ - r(—s)) () /i1d>1AneN*

10.08.06.0026.02
1 & I'(s

Liv(—] = Zr&s_{(r(s)[ ©
z i I'(

Allan Cortzen

1)) (—Z)S] F(l—S)](J') /i1d>1V(Z=1ARe(v)>1)

Other series representations

10.08.06.0024.01
(v -k lod@
k!

Li,( = T(1-) (-log@)"~ 1+Z
k=0

Integral representations

On the real axis

Of thedirect function

10.08.07.0001.01

z o tvfl

Liy(2) = —
rv)Jo et-z

dt/; Re(v) >0
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10.08.07.0002.01

z  pelog i)
Li,(2) = —f dt/;Re(v) >0
roJi tit-2

10.08.07.0003.01

1 llog(l-tz 1
Lin(2) = — f % ) Iog""z[—)alt /i1Z<1AneN*
n-=-2)!Jo t t

10.08.07.0004.01
t/z

©el (& (-F
Lin(z ==f — Z dt/;Re(2) <OAneN*
o t k=1 k-1 k!

10.08.07.0010.01
1 ZIog”’l(tf)
Lin(2) == f dt/;Re(2 <1 AneN*
'h-1)Jo 1-t

10.08.07.0005.01

: zlog(1-t)
Liy(2) = —f dt
0 t

10.08.07.0006.01
2

) bis z|log(l-1)
Lix(2) = — —f dt
6 1 t

Contour integral representations
10.08.07.0007.01
1 f [(s+1)(-9"t(-2)~S
r ra-9o"

Lin(2) = - ds/;larg(-2| <r AneN*

2ni

10.08.07.0008.02

1 i 0o+
Li,(2 == 2— f 1/lq(t) It (-t (=2tdt/; -1< y<0Az+0A(ag(-2 <7V Re(v) > 1)
Y

—i 00

e

Multiple integral representations

10.08.07.0009.01

z1 1-w 1
Liy(2) = —f —[f —alt] dw
owl\J1 t

Limit representations

10.08.09.0001.01

) 2R e -1

Li»(2 =Iim —M8MM88
&-0 82

Differential equations

Ordinary linear differential equations and Wronskians

For thedirect function itself
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10.08.13.0001.01

mlood d " d Lin(2
— +1- — —+1 =0 ; == — N*
[ﬂ[zdz+ ) dzﬂ(zdz+ ]]w(z) WD) = — \ne

k=1 1=1

Thereisno algebraic partial differential equation for Li, (z) (A. Ostrowski, 1920).

Transformations

Multiple arguments

Dilogarithmical case

10.08.16.0001.01

z(1-w) w(l-2 1-w 1-z
Lis(zw) == Liz(w)+Li2(z)—Li2( )—Liz[ )—Iog( )Iog[ ]/;
1-wz 1-wz 1

(lz<1A W <DHVzw<1V(z>1Aw>1)

(L.Rogers, 1906)

10.08.16.0002.01

. . . S (W(z-1) (Zw=1) 1 (l-w
Liy(zw) = L|2(z)+L|2(w)+L|2( )+L|2[ )+ —log ( )/;
1-w 1-z 2 1-z

—|(ZE[R/\W€[R/\Z>1/\W> 1/\2(;/\,_1) >1/\W1(Z_1) >1)\/
_Z -

w

(zeRAWERA(z>1AwW>1V(z<lAw<]l)

(C.JHill, 1830)

10.08.16.0003.01

z(1-w) w(l-2 1
S )

Lio(zw) == Liy(2) + Liy(w) — Liz( [Iog(l—w) log(w) +

1-wz 1-wz +E
1-2z z(1-w) 1-w w(l-2
log(1-2)log(2) — Iog( )Iog( ]— Iog( )Iog[ ]— log(w2) Iog(l—wz)) /i
1-wz 1-wz 1-wz 1-wz

(I1Z<1A0<w< 1) V(W <1A0<z<]1)V@ZeRAWERAO<z<1lAW<])VO<w<lAz<]V(Z>1Aw>1)

Power of arguments

10.08.16.0004.01
Li,(Z) =21 (Li,(2) + Li,(-2))
10.08.16.0005.01

Lix(Z) = 2(Lin(2) + Lin(-2)

10.08.16.0006.01

m-1 2rik
Lin(Z™ = m"? Z Lin(eT z) /;meN*
k=0

Identities

Recurrence identities
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General cases

Involving two polyilogarithms

10.08.17.0001.01

z]
Li,(Z ==f —Li,_1(t)dt
ot

Involving several polylogarithms

10.08.17.0004.01

D™ rzlogt)™*log(l - 1) -2 (— 1)L (2 log“@
= f dt+LinQ) + /
(n-2)!J1 t — k!

‘n—-1eN*

Functional identities

General cases

Involving two polyilogarithms

10.08.17.0006.01
Liy(=1) = —(1-2"")Li,(1) /; Re(v) > 1
10.08.17.0007.01

Q@n)Y  xiv log-2 1 , 1
[1—v, +—)—e’”VLiV(—)/;Z$(O, iy
T'(v) z

e 2
2ni 2
10.08.17.0057.01

_ o1 z-1 z ) ir @n” xiv log-2 1
Li,(2) = —€&™"¥ L|V(—) +|1- [ — — | —log™ (2 + e:2 g[l—v, + —]
z z z-1 |T'(v) I'(v) 2ni 2

10.08.17.0008.01

Li,(2) =

1
Li_n(2) = (-)"? Li_n(—J /ineN*
zZ

10.08.17.0009.01

) (1 @mi)" log-2 1
Lin(2) = (=) Lln(—) - Bn[ +—
z 2ni 2

]/;ze;(o, HAneN*
n!

10.08.17.0058.01

) (1 in z-1 z 1 im" (1 ilog(-2)
Lin(2 == (—1)“’1L|n(—)+ 1- | — [ — |log""( - Bn[—— ]/; neN’
z) (n=-1)! z z-1 n! 2 2

10.08.17.0059.01

1
Lin(@ = (-D)™* Lin(—) -
Z

n!

1|27V -(z-17? " v -(z-1)?
Bn|1
=" gl

Iog(z)] /ineN*
z-1 (z-1)(2n)
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10.08.17.0010.01

log"(-2) H Lis (=1

1
Lin(2) == — +(-1)"-1|_i,{—)+ log"*(-2) /;z¢ (0, D AneN*
z

o (n—2K)!

10.08.17.0060.01
1 z-1 z in » H Lisk(-1)10g"?%-2)  log"(~2)
Lin(2) == (-1 Lin(—)+ 1- ) — | — log" (z)+22 - /ineN*
z z z-1 | (n=-1)! P (n—2Kk)! n!

Involving three polylogarithms

10.08.17.0011.01
Li,(Z) = 2" (Liy(2) + Liy(-2)

Dilogarithmical cases

Involving two dilogarithms

10.08.17.0012.01
71.2
Li»(2) == —Liy(1 -2 —log(1 - 2) log(2) + E

(L.Euler, 1768)

10.08.17.0013.01
_ (1 1, n?
Lix(2 == —le(—] -—-log"(-2- — /;z¢ (0, 1)
z) 2 6

10.08.17.0061.01

¥ L'(l] 1I ) S [z-1 [z 4 n°
12(2) = —Liy ; —5 09" (-2 —in ? Z - Og(z)—g

10.08.17.0062.01

7y —(z—1)? 2
vV-(z-1

| il
0g(2) + re I2 S

Li 1| 2
i,(2) = —— log“(2) —
2( > g (2)

10.08.17.0014.01
2

1y 1
Lix(2) = —Liz(—) - E|og2(z) - —ﬂl vV -(z-17? log2 + %
zZ

10.08.17.0015.01

1 1 1-z\ n?
Lix(2) == Liz(—) + —log(l-2 Iog(—) -— /iR =<0Vze (1, )
1-z) 2 Vil 6

10.08.17.0016.01
2

L.Z ——L. (—) —I 921— —l g— | gl— - —

10.08.17.0017.01

71'2

1 1
Liy(2) = Liz(—) + — Iogz(z— 1)+ —-log®log(l-2 /;z¢ (0, 1)
1-z) 2 3
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10.08.17.0018.01

) ) z 1 5
Lix(2) == —le(—) -—log"(1-2/,z¢ A, )
z-1 2

(J.Landen,1780)

10.08.17.0019.01
L Lio =)~ Zlog?(z~1. il o 1
i(Z==—i(—)——0 (z-1+—+inlogl —|/; 2>
’ -1 2™ 2 g( Z ]

10.08.17.0020.01
72

z 1
Lin(2) = —Liz(—l)— 5 log’(z— 1) + i nlog(z— 1) + < —2rilog@ /;z> 1

10.08.17.0021.01

_ (z-1\ lod? (2 n?
Liy(2) - LIZ(T) = > —log(1-2)log(2) + E /; Z¢ (—o0, 0)

Involving three dilogarithms

10.08.17.0022.01

1 1 z+1
Lio(2) =Lix(z+1) - — Liz[—) + Iog(—) log(-2) /; z¢ (O, 1)
2 il z

10.08.17.0023.01

1 1
Lix(2) = Liz(—Z )+ — (+Li2(22) —log(1-2)log(2) + Iog[ ]Iog(
z+1 2

z+1
Abel's duplication formula

10.08.17.0024.01
. 2 772 . 1 .
Liy(2z-Z)=-log (2-2) + r 2L|2(2—) +2Lix2 /14 <1

10.08.17.0025.01

z-1 z+1 2

Z-1

z

z+1

1
)+ Elog(zz)log(l—zz)) /;Im2)>0Vz>0

z z 1 z 1 ,(1+z
Liz(_)J, Liz(_)_ L, =~ log (1—)/; 2 <1VRe&? <0VIm® =0

10.08.17.0026.01

z-1 z+1 2

z z 1 z 1 ,(1+z
Liz(_)J, Liz(_)_ L, — _Zlog (1—)/; l2<1VRe&? <0VIm® =0

Z-1
10.08.17.0027.01
Lip(Z) - 2(Lix(2 + Lix(-2) =0
10.08.17.0028.01
z 1
Lip(Z) - 2Lin(2) + 2 Liz(—) =log(1-2log(z) - Iog(—) Iog(
z+1 z+1
Re(z) > 0V (Re(2 ==0AIm(2) > 0)

Involving four dilogarithms

z

z+1

]_ 2 \og(2) log(1-2)
2
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10.08.17.0029.01
2

1-z 1-2z 1+z bg
Lix(2) - Lix(-2) + Liz(—) - Liz(— —) log(—] 09D + — /;2¢ (=00, ~-D) Az & (1, 0)
1+z 1+z 1 4

Involving five dilogarithms

10.08.17.0030.01

z(1-w) w(l-2
)

L(2) + L(w) — L(zw) — L(
1-zw

1-zw
1
(L(z) == Liy(2) + EIog(l—z)log(z) /i1 <1A0<w<)V(w <1lAO0O<z<]V
(z<1ANO<w<])VW<1IA0<z<])V(Zzw<1Az>0AW>0V(Zz>1Aw> 1))

10.08.17.0031.01
rA
At -
1-21-w)
L'( z ) L'( W) Li L 1(I ( z )I (W+Z—1) | (W )I (w+z—l)
+LIy T—w + LIy E - |2(Z)— |2(W)+E Og T-w Og wo1 + Og E Og 71 -

wz w+z-1
Iog( ) Iog(— ) —log(1-2log(2) - log(1—w) Iog(w)) /i
w-1)(z-1 w-1)(z-1

(12 <1A0<w<D)VW<1A0<z<1Vz<1IAO<w<1lVW<1lAO<z<lVwW+z>1Aw<0OVw+2z>1Az<0

10.08.17.0032.01

i o) = lag) el g el ) el e )
== _— _— — 10O )
2 1-2(1-w 2 w-1 THe z-1 T 1-w T2 1-z +2 9 1—W/

(4 <1Aw <D)VWw<1IAz<l)VWw<lAz<])VO<w< -z

(W.Spence, 1809)
10.08.17.0033.01

- ZW . Z . W - .
LIZ((l— 2 (1_W)) == le( - w] + le(rz) —Liy(2 - Liy(w) — log(1 - 2) log(1-w) /;

|7 <1AW <1VweRAW<1IAZzZERAZ<])

(N.Abel, 1830)

10.08.17.0034.01
z(l-w) w(l-2 1-w 1-z
Liz(zw)—Liz(w)—Li2(2)+Li2[ )+Li2( )::—Iog( ]Iog( )/;
1-wz 1-wz
(2 <1Aw<)Vzw<1lV(z>1Aw>1)

(L.Rogers, 1906)

10.08.17.0035.01

. . ) S(W(z-1) (zw-1) 1 (1l-w
L|2(zw)—L|2(z)—L|2(W)—L|2( 1 ]—le( )::—Iog( )/;

-W 1-z 2 1-z
~(rerAwer Azm i Aws A\ AT Ly
-z -W

(zeRAWERA(z>1AwW>1)V(Zz<lAw<]l)
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(C.J.Hill,1830)

10.08.17.0036.01

z(l-w) w(l-2 1
)12 2

1-wz 1-wz 2

1-z z(1-w) 1-w w(l-2

Iog(l—z)log(z)—log[ ]Iog[ )—Iog[ ]Iog( )—Iog(wz)log(l—wz)) /i

1-wz 1-wz 1-wz 1-wz

(I1Z<1A0<w< 1) V(W <1A0<z<]1)V@ZeRAWERAO<z<1lAW<])VO<w<lAz<V(Zz>1Aw>1))

Lis(zw) — Liy(2) — Lix(w) + Li2[ [Iog(l—w) log(w) +

10.08.17.0037.01

z 1 5
)+Li2( )::——Iog A-w/ld<1Aw <1
1 1 2

. . . W_Z .
Liox(2) + Lix(W—-2) + le( )— Lio
w-1
10.08.17.0038.01

z(1-w)

o
w(l-2
O<z<1IAW<DHVO<w<IA|Z<D)VWeRAW>0AzeRAz<])

2

z 1-w 1-w) =«
):: Liz(w)—Li2(z)+Li2(—)+Li2( ]+Iog(w)|og( )— —/;
w 1-z 1-z 6

(W.Schaeffer, 1846)

10.08.17.0039.01
[z(l—w)z] 1-w z(1-w) z(1-w) 1-w 1,
Li,, == Liz( )+Li2(— )+Li2( )+Li2[— )+ —log“(w) /;
w(l-2)? 1-z 1-z w(l-2 w(l-2 2
w>0AzeR)V(Zz>wAzw>1)

(E.Kummer, 1840)

Involving six dilogarithms
10.08.17.0040.01
Lio(1-=x) +Lix(1-y)+Lix(1-2 == % (Lio(1—xy)+ Lio(1-x2)+ Li,(1-Yy2)/;
X+y+z=xyz+2AIX<1AlYI<1Alz<1
10.08.17.0041.01
Lix(X) + Lix(y) + Lix(2) == % (Lio(=yX+X+Y) +Lix(-zX+X+2) + Lix(-zy+y+2) /;
Xy+zy+xz=XyzAIX <1AlYI<1AlZ<1

10.08.17.0042.01

) ] ) 1( . yz ) Xz ) Xy 1 1 1
Lio(X) + Lix(y) + Lix(2) == 5 {le(—?) + LIZ[_V] + le(— ?)) [i—+—+—= 1/\ IX| < 1/\ Iyl < 1/\ lzZ <1

y z X
Newman's formula

10.08.17.0043.01
Lio(=X?) + Lip(=Y?) + Lip(=Z) = 2(Lia(xy) + Lia(x2) + Lia(y2) /; X+ y+ 2= XyzZAIX < LAl < 1Ald < 1

Involving nine dilogarithms
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10.08.17.0044.01

(VW (v (W (v (W ) ] ) ) 1 o X
le[—] = le(—)+ le(—) + le[—] + le[—]+ Liox(X) + Lia(y) — Lix(v) — Lix(w) + — log [——] /;
Xy X X y y 2 y
A-VA-W=(1-¥A-YA0<x<1AO0<y<1AO<v<1AO<w<1

(W.Mantel, 1898)

Involving several dilogarithms

10.08.17.0045.01

2 n
Li»(2) "ZZ(L'Z Zk)t |_,2[’1 ]]*’%/;H(l_)‘pz“) ==1—z/\15ksn
p=1

k=1 p=1

Trilogarithmical cases

Involving two trilogarithms
10.08.17.0046.01
1y 1, n?
Liz(2) = Lia(—) - —log" (-2 - —log(-2) /; z¢ (0, 1)
z) 6 6

10.08.17.0047.01

¥ ¥ (1) 1I 5 7y =(z-1)7? oc? nzl
I13(Z) == LI3g| — |— — 10O zZ)— —— |0 Z — 10g(Z
3(2) 32 5 g (2 221 g()+3 9(2)

10.08.17.0063.01
1 z-1
Liz(2) == Li3( )— - Iog (-2) - —[ [ - 1]Iog 2 - Iog(—z)
z \/ z-1

Involving three trilogarithms

10.08.17.0048.01

z 1 1 1
Liz(2) = —Lig(—l) —Lis1-2)+ 5 log*(1-2) — 5 log(2) log’(1 - 2) + gnz log(l—2) +¢(3) /; z¢ (1, o)
Z_

(J.Landen,1780)

10.08.17.0049.01

z 1 1
Liz(2) == —Lig(—l)— Li3(l )+ - Iog 1l-2-- Iog( z)Iog 1l-2- —7r Iog(l 2+((3)/iz¢ (1, )
z— -z

Involving six trilogarithms

10.08.17.0050.01
1

Li (1 Z) L'[ 1—2] 2Liz(1 2L'( ! ) Li (1 22) 7L' (@H) 1Iogs( 1) ! 2log(z+ 1) /; Re(2) > 0
ig] —— igl ———|=2Lis(1-2+2Ligl —— |- = Lig(1-7)- —Li - — z+1)+ —n°log(z+ 1) /; Re(2) >
3 * ol ) 3 z+1 2 3 4 ’ 3 67r 9 )

1+z 1+z
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10.08.17.0051.01

L (1 2) L'( 1—2) 2L'( z ) 2L'( z ) 1L_ Z

I3 —— o] —— | = — lof —— | — lol —— |+ — Li +
N1+z) "\ 14z Az-1 Nz+1) 2 21

7 1 [1—22] 1+ 1 1-z
—Lig(1) + — log log [ )+ —nzlog(—) /iR >0Azé (1, o0)
4 4 b2 -z) 4 l+z

10.08.17.0052.01

) z \3 | Z 3 z \2 [z _ ) z 3
ng[(z) ]—2L|3 ; - E LIS[(E) ]—3L|3(E)+LI3(Z(l—Z))—2L|3[— (1_2)2):: —|Og (1—2) /,

|Z<1VRe2 <0

Involving six trilogarithms

10.08.17.0053.01

1 z z 1, 1 ) n?
Liz(2) + Lis(1 -2 + — Lis - Lig(—) =—-log"(1-2 - —log®log"(1-2+ —log(l-2) + £(3) /; z¢ (1, o0)
4 1-272 1-z/ 6 2 6

Involving seven trilogarithms
10.08.17.0054.01

Li (1_2]2 L (1_2)2 Lis(2) -~ Lig(2 2L'[Z(1_Z)) 2|_'( 1—2] > L
|3—:Z —5 I3 m + '3(‘ )_5 '3( )‘ I3 172 - I3_z(1+z) +Z I3(D) ==

1
)Iog (@ - —n?log(2) /; Re(2) > 0
1+z 3

—— Iog (z)+|og(

Involving nine trilogarithms

10.08.17.0055.01

X X
Lig(—x?) + Lig(—Y?) + Liz(—Z°) — 2Liz(xy) — 2Liz(x2) — 2Liz(y2) - 2 Lig[——) -2 Lig(——) - 2Li3[— X) =
y z z

1 4z X of 2y 1 z
—log (——)+ Iog(— —)Iog [——] +—7° Iog[——] —2Lis(1) /; Xx+y+2z=Xyz
3 y z y) 3 y

Relations of special kind
10.08.17.0056.01

z(1—w)) f(W(l—Z)
- 1-zw

2 1
f(zw) == f(W) — f( )+ fa \f@+fl-2= S hf@= Liy(2) + 5 log1 - 2)log@ /\ 0<z<1

1-zw
Li(2) + %Iog(l—z)log(z) is the unique solution of class C3((O, 1)) of the functional eguations
fzw) = fw) - F(Z22) - £(4L2) 1t \ f@+ f1-2) =

foralreaAl 0<z<1AO<w< 1

Complex characteristics

Real part
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10.08.19.0001.01

Re(Li4(2 Li (—1) —ll 2 77_2| ‘2 —ﬂ4
i == —Lij -
4(2)) 42 2409()+609()+

10.08.19.0002.01

2

4

SEAmES

Imaginary part

1
Re(Li(X+iY)) == [Iog(x2 +Y?) [Iog(x2 —2x+y? +1)- Iog[

10.08.19.0003.01

. T 3
Im(Liy(2) = - 108’

Differentiation

Low-order differentiation

With respect tov

10.08.20.0001.01

L@ ES log(k) £ <1

v o K

10.08.20.0002.01
PLi (2 & logi(k) &

= A<l

2
oV k=2

With respect to z

10.08.20.0003.01
oL 1
= le—l(z)
0z z

10.08.20.0004.01
8Li, (2)

iy

1
== ; (Liv_z(z) - Liy_]_(z))

Symbolic differentiation

With respect to v

10.08.20.0005.02

dLi,(2) o i log™(k) &
=(-1

avm - K

/i1 <1AmeN

With respect to z

Vv -y —x X

N

|
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10.08.20.0007.02

0MLi,(z mo.
@ _ z*“Zé# Li, i@ /;neN
=0

"

10.08.20.0006.02

AL (2 &= K+ Dy

= /ild<1AneN
oz" é (k+m)”

10.08.20.0008.02

0™Li,(Z meo
@ ::Zs‘,!ﬁ@(z, v—j,m/ineN
j=0

az"

10.08.20.0009.01
0MLin(2

oz"

=TM"Fri(@, &, ..., ana +1, a+1, ....,8n1+12/;a ==a==...=a,=mAmeN" AneN*

Fractional integro-differentiation

With respect to v

10.08.20.0010.01

8 Li,(2) © (-vlogk)* Q(-a, 0, —vlog(k))
=v" > hld<1
v =y k”

With respect to z

10.08.20.0012.01
9" Lin(2)

0z

=7 Fn@, @, ..., 82—, &g+ 1L ay+1, ...,ap1+12) /8 =ay==...==8p,, ==L ANeN*

10.08.20.0011.01
L & (k-11z@

= /i1 <1
0z i lk-a+1 k-1

Integration

Indefinite integration

Involving only one direct function

10.08.21.0001.01
0 Zk+l

fLiV(z)d’z:zz e /14 <1

k=1

10.08.21.0002.01

fLin(z)dz: =" [(z— Dlogl-2—z+ zZ(—l)kLik(z) /in—-leN*
k=2

10.08.21.0003.01

fLiz(z)dz: Li»(@z-z+(z-1)log1-2
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Involving one direct function and elementary functions

Involving power function

10.08.21.0004.01
[eS) +a
fz"‘lLiv(z)(iz:Z— /12 <1
P (k+a)k”

10.08.21.0005.01
. Za+1 .
fz“‘l Lin(2dz== 1 moFm@+1 1,8, 8, ...,ana+2, a+1, a+1, ...,a0n+ 1,2 /;
@+

y=a=..=a=1An-1eN*

Involving rational functions

10.08.21.0006.01

Li>(2 ) ) ) ]
f - dz==-log(2)log”(1-2) — 2Lix(1-2log(1 -2 - Lix(2log(1-2) + 2Liz(1-2)

10.08.21.0007.01
Li>(2 zLir (29 1
f d

Z== - = Iogz(l— 2)
(z—1)%2 1-z 2

Involving exponential function

10.08.21.0008.01

fLiz(e_Z) dz== —Li3(€_z)

Involving rational functions and logarithm

10.08.21.0009.01
flog 2 Li, (2

z

dz==109(2) Liz(2) — Lis(2)

10.08.21.0010.01
log(1-2)Li, (2
f DT,
1-z

1
5 (~log(2) log®(1 - 2) — 3Liy(1 - 2) log’(1 — 2) — Liy(2) log’(1 — 2) + 6 Lig(1 — 2) log(1 — 2) — 6 Li(1 - 2)

Involving only one direct function with respect to v

10.08.21.0011.01

o

b
fLiV(z)dv =zv —Z P [id<1

k=2

Involving one direct function and elementary functionswith respect to v

Involving power function
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/

10.08.21.0012.01

v 1Ll (@dy=

v © T(a, vlogk)) Z
— ") —————/ild<1
2 (vlogky)

Definite integration

For thedirect function itself

J

1 a(m®(@+1)?-12)-6a(@+1) (@) +y) -6
f t* Lip(t) dt =
0

J

S— 5

0

S—

1

10.08.21.0013.01

21
n Li,(t) dt = Li

v+l(z)

10.08.21.0014.01

00

[ Re(a) > -2
6a(a+1)?°
10.08.21.0015.01
1 ﬂz 1 n+1 1
t"Liy(t) dt = - —/ineN
6(N+1) (n+12i5 K
10.08.21.0016.01
00 ) ) 8n
f 32 Liy(~t)° dt == 3 (24109(2) + 7°)
0
10.08.21.0017.01
521 12 8x 2
72 Lip(-t)* dt = — (-8log(2) — n* + 20)
27
10.08.21.0018.01
1 Liy(t) log?1-2) Lix2 72
= - - + /s 2¢& (1, 00)
(1-t2? 2z z 6(1-2
10.08.21.0019.01
w Liy(~t2)
— " at=anLi-Vz)
Vt (t+1)
10.08.21.0020.01
fLiz(—ztanz(t))dt::znl_iz(—«/?)
0
Involving the direct function
10.08.21.0021.01
00 z 1
f - |Og(l+ at) le[——)dt == —
ot 12 480a
1 1 1 J 1 S 1 _
1207 [ — q{——, 3 —] - a[5|og (—) +507 log (—) +120 L|3[
z a2z 2 alz alz

0

10.08.21.0022.01

S 1
f 34 log(1+1) Liz(— ?] dt=-27vV2 (16(3Iog(2) +C-H+

For the products of direct functions

572
3

1

a’z

Jof

a’z

]+ 53 7% — 360 Li4(

a’z

)
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10.08.21.0023.01
4 10x2

oo Lig(—t) Lig(—1) 2x
f — dt=20{(3)+ —+
0 15

t2

+44(5

10.08.21.0024.01

o ] 1
f —— Lix(-1t) Liz(— —) dt =167 (3-4log(2)
0 \/T t

10.08.21.0025.01

S 1
f 34 Liy(—t) Liz(— ?) dt==2567V2 (-3log(2) - C+3)
0

10.08.21.0026.01

00 ] z 1 1 1 1
f — Liy(—at) Li, ——)aﬂt:: 3607, — of-—, 4, —|-
ot 2 2880a z 2z 2
1 1 1 1 1 1
a(SIog[ J+507r Iog[ ]+159n Iog( )+360L|4(——]Iog[ ] 1440L|5[——]]
atz az alz az a? az

10.08.21.0027.01

o0 ] 1
f ;Lin(—t)Lim(—;)dt =(m+nZ(m+n+1)/;meN* AneN*
0

Summation

Infinite summation

10.08.23.0001.01
3
Z(Luzk(n D=
k=1
10.08.23.0002.01
Z(L|2k+1(1) H=
k=1

10.08.23.0003.01
o L|2k(l) 1
Z 22k

k=1

10.08.23.0004.01

Representations through more general functions

Through hypergeometric functions of two variables

10.08.26.0001.01
( yag, man L L

on2
Lin@ = 2 —F 3a1+1 NP

1n-2x0 )/neZ/\ak 1Al=<k=n
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10.08.26.0002.01
z 71,11, 1
. 0x2x2[ + 4+ 4 4
L|2(Z) == E Fliozo( 3”' Z, 1)
10.08.26.0003.01
. . . A NP T Y P
Lio(2) + Liy(W) — Liy(z+wW—2zw) == ? F1><O><O( 3 z, W)
10.08.26.0004.01
O T W
@) =2 F2 35 2
10.08.26.0005.01
2 . . . 2
F0><2><2(’1' 1Ly 5 1 1) 1 2(1)

11
Li Z)==—(——2) s +—-—lo
22=717 1100 2 2%

3 z z

z

Through hypergeometric functions

nvolving pFq

10.08.26.0006.01
Lip(2)==2z3F»(1, 1,1, 2,2, 2

10.08.26.0007.01
Lin(@ = zZp1Fn(1, 81, 8, ...,8n; g+ 1, ap+1, ...,an+ 1,2 /;ay==ay=...==a,==1AneN"'

Through Meijer G

Classical casesfor the direct function itself

10.08.26.0008.01

. 1,1 1
Lin(@ = —Gﬁfﬁﬂ(—z ) ineN*

10,...,0

Through other functions

10.08.26.0009.01

Li,(d =S-112

10.08.26.0010.01
Li,(2)==2z®(z, v, 1)

Representations through equivalent functions

With related functions

10.08.27.0001.01

2nip 1 a 2mipk k
Liv(e a )::—Ze a §[v, —)/;peNW\qu/\psq
a9 i q

10.08.27.0002.01

. 1. [ Lirin [ ag®| log® miv ag | log2
Li,=Q2n) " il1-v)|e 2 gl—v,{— J+ +1|-e2 gl—v,—{— J— /;ze& (0, 1)
2r 27mi 2 27mi
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10.08.27.0003.01

_Qzé’ -

) Lirin log(-2) +ni niv log(-2) +7i
Li,@ =2 tirl-v) [e 2 4[1— v, —) (1— v, 1- —
L

]]/;Z@E(O, 1

2ni

10.08.27.0004.01

1 . | miv |
Li,(@ =@n"riT(L-v) [ﬁ(’”” 4[1 -, Og(z)] —ez 4(1 -v,1- 9@ ]) /;

2ri 2nmi

(Im@2=0A|1Z<)VO<ag2=<rAld=1

Inequalities

10.08.29.0001.01
Ly =<Li,0/,veRApeRAv>uAXeRA -0 <x=<1

10.08.29.0002.01
Li,X)=0/;,veRAXeRAO=<x=<1

10.08.29.0003.01
Li,X)=X/;veRAXeERA-0=<x<1

Theorems

The Fermi-Diracintegral

The Fermi-Dirac integral F,(u) = fomi de , describing, for instance, the number of electrons (holes) in the

e®H+1
conduction band (valence band) in a semiconductor with density of states « &%, can be expressed as
Fo(w) = —a (@) Ligs1(—e™).
The volume of a Lambert cube

The volume V of a Lambert cube with essential angles a1, a», a3 and apices of length 14, I, I3 in three-dimen-
sional hyperbolic space is given by

3
V= (Llaw+6) ~ Liax—6) — 1/4 LR26) +1/2 Lin/2- ) [; £L@) = 1/ 2Im(Lix(exp(2i 2)) [\

k=1
tan~*((cosh(l) - sin*(a1) Sin’(e2)) / (cos’(@1) cos*(@y))).
Rationality of dilogarithm

Thevalue Liy(2) isirrational when zisrational (G.V.Chudnovsky,1979).

History
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—G. W. Leibniz defined dilogarithm for the case v = 2
—L. Euler (1768)

—J. Landen (1760,1780) inverstigated Li,(2) and Li3(2)
—W. Spence (1809)

—N. H. Abel

—E.E. Kummer (1840)

—J. Kummer; L. L. Lindel 6f

—N. I. Lobachevski

—C. J. Hill (1828) introduced the name "dilogarithm"

Applications include electrical network problems, number theory, group theory, K-theory, geometry, quantum
el ectrodynamics, group cohomology, mixed Hodge structures, mixed motives, evaluation of volumes of hyperbolic
polytopes, celestial mechanics.
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