
PolyLog3

Notations

Traditional name

Nielsen polylogarithm

Traditional notation

SΝ,pHzL
Mathematica StandardForm notation

PolyLog@Ν, p, zD

Primary definition
10.09.02.0001.01

SΝ,pHzL � â
k=1

¥ H-1Lk+p Sk
HpL

zk

kΝ k !
�;  z¤ < 1 ì p Î N

+

SΝ
pHzL is the Nielsen generalized polylogarithm function or hyperlogarithm.

Specific values

Specialized values

For fixed Ν, p

10.09.03.0001.01

SΝ,pH0L � 0

For fixed Ν,  z

10.09.03.0002.01

SΝ,1HzL � LiΝ+1HzL
For fixed p, z

10.09.03.0003.01

S0,pHzL �
H-logH1 - zLLp

GHp + 1L



10.09.03.0004.01

S1,pHzL �
H-1Lp logHzL logpH1 - zL

p!
+ H-1Lp â

k=0

p-1 H-1Lk log-k+p-1H1 - zL
Hp - k - 1L !

Lik+2H1 - zL + ΖHp + 1L �; p Î N
+

For fixed Ν

10.09.03.0005.01

SΝ,1H1L � ΖHΝ + 1L
For fixed z

10.09.03.0007.01

S0,1HzL � -logH1 - zL
Values at fixed points

10.09.03.0006.01

S-1,2

1

2
� logH2L

General characteristics

Domain and analyticity

SΝ,pHzL is an analytical function of Ν, p, z which is defined in C3. 

10.09.04.0001.01HΝ * p * zL �SΝ,pHzL � HC Ä C Ä CL �C

Symmetries and periodicities

Mirror symmetry

10.09.04.0002.02

SΝ,pHz�L � SΝ,pHzL �; z Ï H1, ¥L
Permutation symmetry

Permutation symmetry for z � 1:

10.09.04.0003.01

SΝ,pH1L � Sp,1H1L �; Ν Î N
+ ì p Î N

+

Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed Ν, p, the function SΝ,pHzL does not have poles and essential singularities.

http://functions.wolfram.com 2



10.09.04.0004.01

SingzISΝ,pHzLM � 8<
With respect to Ν

For fixed p, z, the function SΝ,pHzL has only one singular point at Ν = ¥� .  It is an essential singular point. 

10.09.04.0005.01

SingΝISΝ,pHzLM � 88¥� , ¥<<
Branch points

With respect to z

For fixed Ν, p the function SΝ,pHzL has two branch points: z � 1, z � ¥� .

10.09.04.0006.01

BPzISΝ,pHzLM � 81, ¥� <
With respect to Ν

For fixed p, z, the function SΝ,pHzL does not have branch points.

10.09.04.0007.01

BPΝISΝ,pHzLM � 8<
Branch cuts

With respect to z

For fixed Ν,  p,  the function SΝ,pHzL  is a single-valued function on the z-plane cut along the interval 81, ¥<,  where it is

continuous from below.

10.09.04.0008.01

BCzISΝ,pHzLM � 8881, ¥<, ä<< �; Ν Î N
+ ì p Î N

+

10.09.04.0009.01

lim
Ε®+0

Sn,2Hx - ä ΕL � Sn,2HxL �; n Î N
+ ì x > 1

10.09.04.0010.01

lim
Ε®+0

Sn,2Hx + ä ΕL � Sn,2HxL -
2 Π2 lognHxL

n!
+ 2 ä Π Lin+1HxL - â

k=0

n-1 logkHxL ΖH1 - k + nL
k !

�; n Î N
+ ì x > 1

With respect to Ν

For fixed p, z, the function SΝ
pHzL does not have branch cuts.

10.09.04.0011.01

BCΝISΝ,pHzLM � 8<
Series representations
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Generalized power series

Expansions at z � 0

For the function itself

10.09.06.0001.02

SΝ,pHzL µ
p-Ν zp

p!
 1 +

1

2
pΝ+1 Hp + 1L-Ν z +

pΝ Hp + 2L-Ν-1

p + 1
 Sp+2

HpL
 z2 + ¼ �; Hz ® 0L ì p Î N

+

10.09.06.0005.01

SΝ,pHzL µ
p-Ν zp

p!
 1 +

1

2
pΝ+1 Hp + 1L-Ν z +

pΝ Hp + 2L-Ν-1

p + 1
 Sp+2

HpL
 z2 + OIz3M

10.09.06.0002.01

SΝ,pHzL � â
k=0

¥ H-1Lk Sk+p
HpL

zk+p

Hk + pL ! Hk + pLΝ
�;  z¤ £ 1 ì p Î N

+

10.09.06.0003.02

SΝ,pHzL µ
p-Ν zp

p!
H1 + OHzLL

Other series representations

10.09.06.0004.01

SΝ,1HzL µ G H-ΝL â
k=-¥

¥ H2 Π ä k - logHzLLΝ ã2 Π k ä �; Re Ν < -1

Integral representations

On the real axis

Of the direct function

10.09.07.0001.01

SΝ,pHzL �
1

GHΝL GHp + 1L  à
0

1 H-logHtLLΝ-1 H-logH1 - z tLLp

t
 â t �; ReHΝL > 0 ì  z¤ £ 1 ì p Î N

+

10.09.07.0002.01

SΝ,pHzL �
H-1Ln+p-1

Hn - 1L ! p!
 à

0

1 logn-1HtL logpH1 - z tL
t

 â t �; n Î N
+ ì p Î N

+

Differential equations

Ordinary nonlinear differential equations
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10.09.13.0001.01

JH-2 z p + 5 p + 9 z - 9L w¢¢HzL2 + z IHp + 6 z - 6L wH3LHzL + p Hz - 1L z wH4LHzLM w¢¢HzL + z2 H-z p + p + z - 1L wH3LHzL2N z2 +

w¢HzL I2 Hz p + p + 3 z - 3L w¢¢HzL + z IH4 z p - 3 p + 2 z - 2L wH3LHzL + p Hz - 1L z wH4LHzLMM z +

Hp + z - 1L w¢HzL2 � 0 �; wHzL � S2,pHzL
10.09.13.0002.01

JJH36 Hz - 1L + p H17 - 11 zLL wH3LHzL2
+

z IH12 Hz - 1L + p H3 - 2 zLL wH4LHzL + p Hz - 1L z wH5LHzLM wH3LHzL + z2 H-z p + p + z - 1L wH4LHzL2N z2 +

w¢¢HzL IH84 Hz - 1L + p H6 z + 19LL wH3LHzL + z IH16 z p - 13 p + 14 z - 14L wH4LHzL + 3 p Hz - 1L z wH5LHzLMM z +

H49 Hz - 1L + p H25 - 4 zLL w¢¢HzL2N z2 + w¢HzL I2 H2 z p + 3 p + 7 z - 7L w¢¢HzL +

z IH12 Hz - 1L + 7 p H2 z - 1LL wH3LHzL + z IH8 z p - 7 p + 2 z - 2L wH4LHzL + p Hz - 1L z wH5LHzLMMM
z + Hp + z - 1L w¢HzL2 � 0 �; wHzL � S3,pHzL

10.09.13.0003.01

JJJ-5 H7 z p - 9 p - 20 z + 20L wH4LHzL2
+

z IH20 Hz - 1L + p H6 - 5 zLL wH5LHzL + p Hz - 1L z wH6LHzLM wH4LHzL + z2 H-z p + p + z - 1L wH5LHzL2N z2 +

wH3LHzL I2 z IH20 z p - 17 p + 25 z - 25L wH5LHzL + 3 p Hz - 1L z wH6LHzLM - 5 Hp H4 z - 21L - 100 Hz - 1LL wH4LHzLM z +

H625 Hz - 1L + p H235 - 85 zLL wH3LHzL2N z2 + w¢¢HzL IH750 Hz - 1L + p H66 z + 199LL wH3LHzL +

z IH300 Hz - 1L + p H186 z - 101LL wH4LHzL + z IH75 z p - 68 p + 30 z - 30L wH5LHzL + 7 p Hz - 1L z wH6LHzLMMM z +

H225 Hz - 1L + p H113 - 8 zLL w¢¢HzL2N z2 + w¢HzL I2 H15 Hz - 1L + p H4 z + 7LL w¢¢HzL +

z IH50 Hz - 1L + p H46 z - 15LL wH3LHzL + z IH20 Hz - 1L + p H46 z - 35LL wH4LHzL +

z IH13 z p - 12 p + 2 z - 2L wH5LHzL + p Hz - 1L z wH6LHzLMMMM z + Hp + z - 1L w¢HzL2 � 0 �; wHzL � S4,pHzL
Identities

Functional identities

10.09.17.0001.01

Sn,pHzL �
H-1Lp logpH1 - zL lognHzL

n! p!
+ â

k=0

n-1 logkHzL
k !

Sn-k
p H1L - â

j=0

p-1 H-1L j log jH1 - zL
j !

 Sp- j
n-kH1 - zL �; n Î N

+ ì p Î N
+

10.09.17.0002.01

Sn,pHzL � H-1Lp
logn+pH-zL

Hn + pL !
+ â

j=0

n-1 log jH-zL cHn - j, pL
j !

+ H-1Ln â
k=0

p-1 H-1Lk â
j=0

k log jH-zL
j !

 
n - j + k - 1

k - j
Sn+k- j

p-k 1

z
�;

cHn, pL � H1 - H-1LnL H-1Lp Sn
pH-1L - H-1Ln â

j=1

p-1
j + n - 1

j
H-1Lp- j Sn+ j

p- jH-1L í n Î N
+ í p Î N

+ í z Ï H0, 1L
10.09.17.0003.01

SΝ,pHzL � à
0

z 1

t
 SΝ-1

p HtL â t

Differentiation
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Low-order differentiation

With respect to Ν

10.09.20.0001.01

¶SΝ,pHzL
¶Ν

� â
k=0

¥ H-1Lk-1 logHk + pL Sk+p
HpL

zk+p

Hk + pL ! Hk + pLΝ
�;  z¤ < 1 ì p Î N

+

10.09.20.0002.01

¶2 SΝ,pHzL
¶Ν2

� â
k=0

¥ H-1Lk log2Hk + pL Sk+p
HpL

zk+p

Hk + pL ! Hk + pLΝ
�;  z¤ < 1 ì p Î N

+

With respect to z

10.09.20.0003.01

¶SΝ,pHzL
¶z

�
SΝ-1,pHzL

z

10.09.20.0010.01

¶2 SΝ,pHzL
¶z2

�
SΝ-2,pHzL - SΝ-1,pHzL

z2

10.09.20.0004.01

¶2 SΝ,pHzL
¶z2

� â
k=0

¥ H-1Lk Sk+p
HpL

zk+p-2

Hk + p - 2L ! Hk + pLΝ
�;  z¤ < 1 ì p Î N

+

Symbolic differentiation 

With respect to Ν

10.09.20.0005.02

¶m SΝ,pHzL
¶Νm

� â
k=0

¥ H-1Lk+m logmHk + pL Sk+p
HpL

zk+p

Hk + pL ! Hk + pLΝ
�;  z¤ < 1 ì p Î N

+ ì m Î N

10.09.20.0006.02

¶m SΝ,pHzL
¶Νm

� z-m â
j=0

m

SΝ- j
p HzL Sm

H jL �; m Î N

With respect to z

10.09.20.0011.01

¶m SΝ,pHzL
¶zm

� z-m â
j=0

m

Sm
H jL

SΝ- j,pHzL
10.09.20.0007.02

¶m SΝ,pHzL
¶zm

� â
k=0

¥ H-1Lk Sk+p
HpL Hk - m + p + 1Lm zk-m+p

Hk + pL ! Hk + pLΝ
�;  z¤ < 1 ì p Î N

+ ì m Î N

Fractional integro-differentiation
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With respect to Ν

10.09.20.0008.01

¶Α SΝ,pHzL
¶ΝΑ

� Ν-Α â
k=0

¥ H-1Lk H-Ν logHk + pLLΑ QH-Α, 0, -Ν logHk + pLL Sk+p
HpL

zk+p

Hk + pL ! Hk + pLΝ
�;  z¤ £ 1 ì p Î N

+

With respect to z

10.09.20.0009.01

¶Α SΝ,pHzL
¶zΑ

� â
k=0

¥ H-1Lk Sk+p
HpL

zk+p-Α

GHk + p - Α + 1L Hk + pLΝ
�;  z¤ £ 1 ì p Î N

+

Integration

Indefinite integration

Involving only one direct function

10.09.21.0001.01

à SΝ,pHzL â z � â
k=0

¥ H-1Lk Sk+p
HpL

zk+p+1

Hk + p + 1L ! Hk + pLΝ
�;  z¤ < 1 ì p Î N

+

Involving one direct function and elementary functions

Involving power function

10.09.21.0002.01

à zΑ-1 SΝ,pHzL â z � â
k=0

¥ H-1Lk Sk+p
HpL

zk+p+Α

Hk + p + ΑL Hk + pL ! Hk + pLΝ
�;  z¤ < 1 ì p Î N

+

10.09.21.0003.01

à SΝ,pHzL
z

 â z � SΝ+1,pHzL
Involving only one direct function with respect to Ν

10.09.21.0004.01

à SΝ,pHzL â Ν � â
k=0

¥ H-1Lk-1 Sk+p
HpL

zk+p

Hk + pL ! logHk + pL Hk + pLΝ

Involving one direct function and elementary functions with respect to  Ν

Involving power function

10.09.21.0005.01

à ΝΑ-1 SΝ,pHzL â Ν � -ΝΑ â
k=0

¥ H-1Lk Sk+p
HpL

GHΑ, Ν logHk + pLL zk+p

Hk + pL ! HΝ logHk + pLLΑ
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History

– N. Nielsen (1909)

– K. S. Kölbig

– J. A. Mignaco

– E. Remiddi (1970)

Applications  include  electrical  network  problems,  number  theory,  group  theory,  K-theory,  geometry,  quantum

electrodynamics, group cohomology, mixed Hodge structures, mixed motives, evaluation of volumes of hyperbolic

polytopes, celestial mechanics.
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