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Notations

Traditional name

Power function

Traditional notation

A

Mathematica StandardForm notation

Power [z, a]

Primary definition
01.02.02.0001.01
P=1/z+0
01.02.02.0002.01
K=zxzx .. x z=2Z&"/ ke N*
01.02.02.0003.01
© |og (2) ak

!
o K!

Za ==
For complex numbers z and a, the function Z2 gives the principal value of ¢'%9?,

Specific values

Specialized values

For fixed z
01.02.03.0001.01
P=1/z+0
01.02.03.0002.01
22 = \7
01.02.03.0003.01
=z

For fixed a
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01.02.03.0004.01
02==0/;Re(@ >0

01.02.03.0005.01
0?==%/;Re(a) < 0
01.02.03.0006.01
0= /;Re(@)=0
01.02.03.0007.01
1?=1
01.02.03.0008.01
(_1)a — eiaﬂ
01.02.03.0009.01
r%ﬂ
ia —=e 2
01.02.03.0010.01
1.
(—iR=¢ 2"
01.02.03.0011.01
P=ef=expa)/,z=¢

Values at fixed points
01.02.03.0012.01
OO =
Values at infinities

01.02.03.0013.01
z=0/174<1

01.02.03.0014.01
Z=%/174>1

01.02.03.0015.01

01.02.03.0017.01
D% =y

01.02.03.0018.01

U=y
01.02.03.0019.01
(=i =
01.02.03.0020.01
z>%=0/12>1

01.02.03.0021.01
Z¥%=&/;14<1
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01.02.03.0022.01
X P =00/} x<1

01.02.03.0023.01
1_00 = 6
01.02.03.0024.01

D™=y

01.02.03.0025.01

-—00

l == [)
01.02.03.0026.01
()™=

01.02.03.0027.01

a__ .
6

01.02.03.0028.01
?==0/; Re(@) <0
01.02.03.0029.01
=00 /;a>0
01.02.03.0030.01
0o? =% /; Re(@) > 0AIm(a) £ 0
01.02.03.0031.01
ooo == ‘J

01.02.03.0032.01

1
oo
01.02.03.0033.01
oot == A
01.02.03.0034.01
00 ® =0
01.02.03.0035.01
(—00) ™ =0
01.02.03.0036.01
(ioc0)™ =0
01.02.03.0037.01
(mic0)™==0
01.02.03.0038.01
&% ==

General characteristics

Domain and analyticity

Z is an analytical function of z and a which is defined over C2. For fixed z, it is an entire function of a. For
positive integer a, Z2 degenerates to a polynomial in z.
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01.02.04.0001.01
(zxa)—Z:: (C®C)—C

Symmetries and periodicities

Parity
01.02.04.0002.01
(-2"=(-D"2"/inez
Mirror symmetry
01.02.04.0003.02
2 =2/ 2¢(-,0)
Periodicity

2in
log(2) *

Z isaperiodic function with respect to a with period

01.02.04.0004.01

2in
Za == Za+m
Homogeneity

01.02.04.0005.01
MA2%=2ZA/1>0V1+z=0VaecZ

01.02.04.0006.01
7%= (D) i -r<Im@log) <7V -1l<a<lVieZ

Scale symmetry

01.02.04.0007.01
@ =2/ —-r<Im@log@)<r\V-1<a<1lVbeZ

Poles and essential singularities
With respect to a
For fixed z, the function 72 has only one singular point at a = . It isan essential singular point.

01.02.04.0008.01
Sing (2) = {0, co}}

With respect to z
For fixed a/; a ¢ Z, the function Z does not have poles and essential singularities.

01.02.04.0009.01
Sing () ==} /;a¢ Z

For positive integer a, the function Z2 has a pole of order aat z= .

01.02.04.0010.01
Sing (Z) = {{&, &)} ;aeN*
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For negative integers a, the function Zhas a pole of order —a at the point z== 0 with residue 6_,_1(1if a==—-1and 0
otherwise).

01.02.04.0011.01
Sing (7)== {{0, -a}} /; ~-aeN*

01.02.04.0012.01
res,(z)(0)=6_p.1/,a€Z
Branch points
With respect to a
For fixed z, the function Z2 does not have branch points.

01.02.04.0013.01
BPA(Z) = {}

With respect to z

For fixed noninteger a, the function 7z has two singular branch points: z==0, z == .

For integer a, the function 2 does not have branch points.

01.02.04.0014.01
BP(F)={0, &%} ;a¢”Z

01.02.04.0015.01
BPZ)={}/;acZ

01.02.04.0016.01
R, 0)==log/;a¢ ZNa¢Q

01.02.04.0017.01

RAZ, 0)=q/; a== 2/\pel/\q—leN+/\gcd(p, Q=1

01.02.04.0018.01
RAF, ) =log/;a¢ Z Na¢gQ

01.02.04.0019.01

R, ) =q/;a= g/\pel/\q—leN"/\gcd(p, Q=1

Branch cuts
With respect toa

For fixed z, the function Z*does not have branch cuts.

01.02.04.0020.01
BCA(Z) = {}

With respect to z

For fixed noninteger a, the function 2 is a single-valued function on the z-plane cut along the interval (-0, 0),
whereit is continuous from above.
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For integer a, the function Z does not have branch cuts.

01.02.04.0021.01
BCAZ) = {{(~0, 0), —i}}

01.02.04.0022.01
BC(Z)={},acZ

01.02.04.0023.01

lim (x+ie=x2/;x<0
e->+0

01.02.04.0026.01

lim (x+ieP=e"2|x?/;x<0
e—>+0

01.02.04.0027.01
lim (x+ie? =¢"(-x)?/; x<0

e—>+0

01.02.04.0028.01
lim (x—ieP=e "3 |x2/; x<0
e->+0

01.02.04.0024.01
lim (x—ie?=e "3 (=x)2/; x<0
e->+0

01.02.04.0025.01

lim (x—ie?==e2"2x2 /; x< 0
e->+0

Series representations

Generalized power series

Expansionsat generic point a == a

For the function itself

01.02.06.0022.01

1
2« zaO(l+Iog(z)(a—ao)+ 3 log®(2) (a— ag)? + ) /; (@a— ag)

01.02.06.0023.01

1
2 o 70 (1 +log(2) (@a—ag) + 3 log?(2) (a— ag)? + Oa- 30)3))

01.02.06.0024.01

&, logh(@
A=70) - @-apX

k=0

01.02.06.0025.01
2 =70 Fo(; ; (@a— ap) 109(2))

01.02.06.0026.01
7 o 20 (1+O(a-ap))
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Expansionsat a==0

For the function itself
01.02.06.0001.02

1 1
A« 1+alog2 + glogs(z) ad+ 5 log?(@ a2+ ... /; (@a— 0)

01.02.06.0027.01
1 1
A« 1l+alog2)+ " log’(2) @ + 3 log?(2) @ + O(a*)
01.02.06.0002.01

©_log¥(2) ak
k!

Za::

k=0

01.02.06.0003.01
2 == yFy(; ; alog(2))

01.02.06.0004.02
2« 1+0(a)

01.02.06.0028.01
" Jog¥(z) ak

A=F.@ 2/ [[Fn(a, 9=> i 2QMn+1, alog(z))] \ne N]

k=0
Summed form of the truncated series expansion.
Expansions at generic point z== 7,

For the function itself

01.02.06.0029.01

A (2 a[@J a[rg(:o)J”] . a@z-z) (1-aa)(z-2z)°
“[Z % T T 2z

01.02.06.0030.01

MOy ——
2z 2
01.02.06.0031.01

I s e

A=|— k; —g @
01.02.06.0032.01
r-ag2)-a9®) || o 1 ay
Z=expl2ria - Z " z-2)"

+...]/; (z- zy)

(z- 20+ O((z- 2)°)
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01.02.06.0033.01

FEE ey

2=, %

01.02.06.0034.01

ANEsRESt

Zaoc[— A 1+ 0(z- 7))
%

Expansions of f(z)® at z ==z,

01.02.06.0035.01

an %— ag(zfizo))—% arg[ ff(:)] ]j [1 N af'(z)

2i
f(2%« f(z0)%e l

(2= 29)

01.02.06.0036.01

f@*=af ()

1 X jm+m-k
Pjo = 1/\ Pik = Z f™(zo) pj,k—m/\ ke N /\ f(z)#0
fz)k o m!

01.02.06.0037.01
1 X jm+m-k

f"=f N z-20K/ipio=1 L=
@ (z@épn,k( 20 /s Po=1/\ Pix f(z&kngl —

™ (zo) pjsm [\ keN* A\ nenN /\ f(z)#0

01.02.06.0038.01

1@ = 12" Y Pk 2= 20 /s @ = > 62 /\ pro=1/\
k=0

k=0

1 K jm+m-k
k= fM(z0) Pi 1 keN" AmeN"/AneN"/\c =0/ j>mAf(z)+0
Pjk f(Zo)k;l o pJ,km/\ /\ /\ /\J J

01.02.06.0039.01

f@P e [_____a, (%]J f ()% (1+ Oz~ 2))

Expansions on branch cuts

For the function itself

01.02.06.0040.01
a 1-aa

1+ —(z-%x-
Z

2n

agz-x)
Zaﬂﬁ{ J

PxxXe (z=x%+...|/;Z>XAXeRAX<0
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01.02.06.0041.01
a 1-aa
1+ —(z-%x-
7

argz-x)
2ani { J

2n

Puxie

Z-%%+0(z-%°%|/; xeRAX<0

01.02.06.0042.01

|agz-x| oo (_1)k (_a) X—k
za:xaeza”ﬂ o] kik(z—x)k/;xe[R/\X<0
|
k=0 .

01.02.06.0043.01

Zaﬂi\‘

arg(zfx)J Z—X
Z2=xe 2r lFo(—a;;——)/;xe[R/\x<O

X
01.02.06.0044.01

2= (2] -1
X X

<1/\xe[R/\x<O

01.02.06.0045.01

arg(z-x)

2ani| ] (1+0@z-x)/; xeRAXx<0

Zaoc Xat’
Expansionsat z==
For the function itself

General case

01.02.06.0011.02

a@a-1 a@-1@-2
Axl+aiz-1)+ zZ-12+ —— Zz-1%+.../;(z> 1
01.02.06.0046.01
a(@a-1 a(@a-1@-2
Pol+az-1+ @b (z—1)2+$(2—1)3+0((z—1)4)

01.02.06.0012.01

A= (:](z—l)k/; lz-1<1
k=0

01.02.06.0013.01

© (DX (—a)
A=Y —  z-D¥/1z-1 <1
— k!

01.02.06.0014.01
7= Fy(-a;1-2

01.02.06.0015.02
Zxl1+0(z-1)

01.02.06.0047.01
n (=D (-ay (z- DK
Z=F.(z9/ [[Fn(z, a) ==Z—k
k!

=2+ (-D)"(z- D" (—a)q P11, —a+n+ L n+ 21— z)) /\ ne N]
k=0

Summed form of the truncated series expansion.
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Special cases

01.02.06.0048.01

1
—xl+Z-1°-z-1%+.../;(z-> D)
VA

01.02.06.0049.01

1
—ocl+(z-17-(z- 1%+ 0O((z- DY)
z

01.02.06.0016.01

1 (S
— =) (D@1l <1
k=0

z
01.02.06.0050.01
1
- =F1;;1-2
z
01.02.06.0051.01

1
-«1+0(z-1)
z

01.02.06.0052.01

1 n - (z-D)™+1
-=F.@/, [[Fn(z) = (D E-1k= ﬁ] /\ ne N]
z

k=0 z
Summed form of the truncated series expansion.

Expansionsof (L+2*at z==0

For the function itself

General case

01.02.06.0005.02
a@-1 a@-1@-2
2+

2! 3!

1l+22xl+az+ Z+.../(z->0)

01.02.06.0053.01
a@a-1 a@-1@-2
2+

2! 3!

1+2*«<1+az+

2 +0(7)

01.02.06.0006.01

[}

(1+z)a::2(i)z"/; l4<1

k=0

01.02.06.0007.01

= (-1 (-a)
(1+z)a::27kzk/; Iz <1
S

01.02.06.0008.01
(1+2% = 1Fo(-a; ; -2)
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01.02.06.0009.02
A+2%«1+0(2)

01.02.06.0054.01
(=D (—a) &

1+ Z)a =F.(z a) /; [[Fn(z, a) == Z 7k
k!

=(z+ 12+ ()" 2" (-a),, oF1(1, —a+n+ 1 n+2; —z)] /\ ne N]
k=0

Summed form of the truncated series expansion.

Special cases

01.02.06.0055.01

1
— x1-z+Z2-Z+.../;(z>0)
1+2z

01.02.06.0056.01

1
— «x1-z+Z2-2+0(Z)

1+z

01.02.06.0010.01

1 [oe]
—— = DA<
1+z i3

01.02.06.0057.01

1
——=1F(1; ;-2
1+z ve

01.02.06.0058.01

1
— x1+0(2
1+z
01.02.06.0059.01
1 n AP |
R |[Faa = Y p A= T Anen
1+z o z+1

Summed form of the truncated series expansion.

. o k a
Expansions of (1+ X, ¢, z¢) at z =

01.02.06.0060.01
a

o 1 1
1+chzk «l+ac z+ Ea((a—l)c§+2c2)22+ 6a((a—2)(a—1)cf+6(a—l)c2c1+603)z3+ w1 (z>0)
k=1

01.02.06.0061.01
a

o 1 1
1+chz" «cl+ac z+ Ea((a—l)c§+2(>2)22+ ga((a—Z)(a—1)cf+6(a—1)<:201+6<‘G)z3+0(z“) /i (z-0)
k=1

01.02.06.0062.01

e Siae| =s5(7).

(o8]
k=0 j

Dk 14
—(j)pj,kzk/;pj,ozl/\pj,kzEZ(Jm+m_k)cmpj,k—m/\k€N+/\a$N+

K
o a-| 1
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01.02.06.0063.01
n

0 00 1 k
1+ZCka =Zp(n, k)Zk/, pj,O = 1/\ pj,k= EZ(J m+m—k)cm pj'k_m/\keNJ'/\neNJ'
k=1 k=0 m=1
01.02.06.0064.01

m n mn
1+ 62| =) pow?/;
k=1 k=0

1 k
pj,ozl/\ Pjk = EZ(jm+m—k)cmpj,k_m/\keN*/\meN*/\neN*/\cj =0/;j>m
m=1
01.02.06.0065.01
a
[1+chz"] «1+0(2)
k=1
Expansionsof (1 + 2% at z== o

For the function itself

General case
01.02.06.0066.01
a (1l-aa
(1+z)aocza[l+—— +...]/;(|Z|—>oo)
z

01.02.06.0067.01

a (1l-aa 1
(1+z)aocza[l+—— +O[—]]
z 27 z

01.02.06.0068.01

(1+2? ::zaZ(:)z’k /12 >1
k=0

01.02.06.0069.01
© (-1 (-a) z*
(1+2°%= zaZ— Lld>1
s k!

01.02.06.0070.01

{2
m—arg(z)—ar +E
2n

2ria
1+2%=e

1
2 Fol-a;——

z
01.02.06.0071.01

1
1+22=27 1Fo(—a; ;= ;) h1d>1

01.02.06.0072.01

1
1+22 za(l + O(—))
z
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01.02.06.0073.01
(z+1)?=F(z a) /;

Faz =7 — =2

+ —
z

[[ n (DX (-ay)z* ( 1)6123 (-D"T(-a+n+1)
+—

k=0 r'(-a)

Summed form of the truncated series expansion.

Special cases
01.02.06.0074.01
1 1 1 1
—x—[1-—+—— .|/ @>0

1+z z z 2

01.02.06.0075.01

1 1( 1 1 1
— «|1-Z+ -0 =
mil )

01.02.06.0076.01

1 1>
— == D>
1+z zig

01.02.06.0077.01

1 1 1
— == 1F0(1; ; ——)
1+z z z

01.02.06.0078.01
1 1 1

s (1 . o(_)]

1+z z z

01.02.06.0079.01

1 12 "y (-p"
— =Fu@/||Fa@= = Y (D ¥ = =
1+z zi3%

(2 +2

=

Summed form of the truncated series expansion.

Asymptotic series expansions

01.02.06.0017.01
2o/ (z-0)

01.02.06.0018.01
Px?/; (2 - )

01.02.06.0019.01
2«2/ (Ja - )

Residue representations

Representations of 22

01.02.06.0080.01

=S}

2= res(-alog@)°I(s), {s -}
j=0

-n-1 F _ . ._1
b oF1, -a+n+1;n+2; neN
z
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01.02.06.0081.01

1 & )
A= —— ) res((T(-a-9) - TE)(-)) /21 <1
r(-a

01.02.06.0082.01

1 (o]
P=-—— ) re((T(9 - D) T(-a-9)(j-a) /;lz-1>1
r(-a) &
Representations of (1 + 2)?

01.02.06.0083.01

=5}

(1+2°%= Z:reﬁ((—alog(z))’s I(s+1), (s —j})

j=0
01.02.06.0020.01

1 _
(1+2°= —— > res((T(-a-9 ZT() (-)) /s 14 < 1
r(-a)

01.02.06.0021.01

1 & )
(1+2°=-—— ) res(([(9) Z)T(-a-9)(j-a) /; 14> 1
I(-a) =

Integral representations

Contour integral representations

01.02.07.0001.01

1 +1 00
1+2?== W fy I(9r(-a-9z°%ds/;0<y < —-Re@ A larg2)| < n
— i Jy—ico

01.02.07.0002.01
1

(1+aa:-——————j}XQF&a—Qzﬂds
I'—a)2niJz

Continued fraction representations

01.02.10.0001.01
az
1+22=1+ iaz /; Z¢& (=0, =1)
1+
(1+a)z
2-a)z
2+a)z
+7
B8-a)z

9+
T+...

3+

01.02.10.0002.01
k 1 N
(1+22=1+ KkmEJ — (=D a] 22 (B- (=DM k+ (1| /;z¢ (-0, -1)
1
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01.02.10.0003.01
az
1+2%=1+ 1 az [, 2¢& (=0, =1)
1+

(1+a)z
2-az
2+a)z
+7
B-ayz
9+
T+...

3+

01.02.10.0004.01

)

k 1
(1+2P= 1+Kk[[H - (-1k a] z, E(3- DMk+(-DF| /i z¢ (-o0, 1)
1

01.02.10.0005.01

(1+2°%= Y [, 2¢ (=00, 1)
1-
(1+a)z
1+
1l-az
3+
(2+a)z
2-a)z
+ _—
B+az
9+
7+ ...
01.02.10.0006.01
1
(1+2°== — [;2¢ (-0, =1)

(1+Kz(2Fa+ | &]). 23— 29 k+ -4

01.02.10.0007.01

a 1 1
1+2°= a7z LRqa>—5
1-
1+az(l+2
1+(Q+a)z-
2Q2+a)z(1+2
2+B+ayz—- ——
3+G+az-...
01.02.10.0008.01
1 1
1+2°%= /i Re(9) > ——
1_ az 2
1+(a+1) z+Ky (—k (@+k) z(z+1) k+(a+2 k+1) z+1);°
01.02.10.0009.01
1
a __ . — —
1+2° = = /i 2¢ (—e0, =)
1-
(-1l+a)z
1+z+
(-1-az
2+
(-2+a)z
31+2+
(-2-a)z
2+
(-3+a)z

51+2+
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01.02.10.0010.01

(1+2°== - — [/;2¢& (=00, =1
(2+Kd~(|5]-D*a)z 3 (1- D) k@E+ D+ (-2 + 1))

01.02.10.0011.01

1
a __ .
1+2%= a7 lild<1
1-
1l-a)z
l+az+
22-a)z
2-(1-ayz+
3(83-a)z
3-2-ayz+ ——
4-B-ayz+...
01.02.10.0012.01
1
a __ .

1+2°%= - = fild<1

1+az+Ky(k (k-a) zk—-(k-a) z+1);°

01.02.10.0013.01
az
1+22==1+ fild<1
1-a)z
1+
2-a)z

1
211- E(l—a)z+
3(1— —(2—a)z+...)
3

01.02.10.0014.01
Za
1+2%=1+ hHld<1

1+ ki 852 1- )

k+1l ' k+1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

With respect to z

01.02.13.0001.01
ZW@-aw@ =0/ w2 =2/wl) =1

01.02.13.0003.01
W@ -aw@=0/,w2=c 2

01.02.13.0004.01

4

W@ - g@
9@

W@ =0/; W2 = ¢; g(2*

01.02.13.0005.01

ag @ . (2
92 h(2)

w(2) - ( ]W(Z) =0/, W2 = ¢, h(2) g(2?
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With respect to a

01.02.13.0006.01
w(a) —log@dw@=0/;w@ =c¢, 2

01.02.13.0007.01
w (@) —log2w@ =0/;w@=2AwW1l) =z

01.02.13.0008.01
W(@) - log(2) g'(@w(@) = 0/; wa) = ¢; 2

01.02.13.0009.01

/

w(a) - [Iog(Z) g@+ )JW(a) =0/, Ww@) = ¢, h(a) 2®

h(a)

Ordinary nonlinear differential equations

01.02.13.0002.01
W@ W’ (@) - W (a)? == 0/; (W(@) == ¢, 2 /; 2= €%2)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

With respect to z
01.02.16.0006.01
-2"=(D)"2"/inez
01.02.16.0001.01
(-2 =€ A/ Im2) >0VIm@2 =0Az<0

01.02.16.0002.01
(-22=¢"* 2/ Im2 <0VIMm@ =0Az>0

01.02.16.0047.01
(-2%=e 3" A [, arg(2 > 0

01.02.16.0048.01
(-22=¢3"ZA/;ag(2 <0

01.02.16.0005.01

ary -2

z

A

(-2 = eXp[

01.02.16.0003.01
i arg(2)
(=22 = exp(z an(1+2{— J))za

2n

01.02.16.0049.01

(2% =7/, ag(2 < g
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01.02.16.0050.01
. T
(2P =iPe 2 [;ag2) > -
2

01.02.16.0051.01

{ 1 a9

"Z_Znga

2ia
(22 =ife"
01.02.16.0052.01

/e
(-i2?=(-)*Z [, arg(2) > - >

01.02.16.0053.01

. Ve
(—i2? = (-2 e?*" A/, ag(2) < - 3
01.02.16.0054.01
Zia”F_arg(z)J
(=i 2?=(-i?e 4 27 | A

01.02.16.0007.01

1 a
[_) =Zz2%/z¢(-0,0Vae”Z
zZ

01.02.16.0055.01

1 a
(—) =z2,ag+r\VaeZ
z

01.02.16.0056.01

1 a
[—) =873 7eRAZ2<0
z

01.02.16.0057.01

[1)a a 2nsarrg(z)+”J
— =7 % 2
z

01.02.16.0058.01

1 a
(——) =(-1)2722/;Im@2 =0
z

01.02.16.0059.01

1 a
[——) =273/ Im(2) <0
z

01.02.16.0060.01
ag2

1\2 ;
() =car el
z
01.02.16.0061.01

i\ bis
(—) =72/, ag(2 = -—
z 2

01.02.16.0062.01

i) , n
[_) — E-a e—zsaﬂ Z—a /, arg(z) < ——
z 2

01.02.16.0063.01

N
AT
— —=i%e 2z 4l 7
z
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01.02.16.0064.01

i\ b

[——) =)z ag@) < -

z 2
01.02.16.0065.01

i

a
[— —) = (=) e** 7% arg(2) =
z

N X

01.02.16.0066.01

N 2ian| 22|
[“) — (i eP T e
4

With respect to a

01.02.16.0067.01

7%= —
A
01.02.16.0068.01
Z28=(2) /- <Im@log(®) <
01.02.16.0069.01
Z28=() e?"¥/; —2xk-n<Im@log@) <7 -27kA\keZ
01.02.16.0070.01

a_ (Za)i eznrlm(;og(z))J

01.02.16.0071.01
7% =A)"/,-r<Im@log2) <
01.02.16.0072.01
7= (A" e 2K —27k-n<Im@log) <7 - 27k AkeZ

01.02.16.0073.01
-1 m(alog(z))J

7t (A)" 6_2”{ 2r

Addition formulas

With respect to z

01.02.16.0009.01

@+2)" :Zn:(:)iié_k/; nenN*

k=0

01.02.16.0074.01

n n n
. Ny e,
@+2+2)" = D" > > Gnpyenyng (N + M + Mg Ny, g, N) 4 22 2 /;ne N

n;=0n,=0n3=0
01.02.16.0010.01

n n n m
ny
Z++ ...+ 2" = Z Z Z 6n,2km:1nk (N +No+ ...+ Ny Ny, Ny, ey nm)l_[zkk /ineN*

n=0n,=0  np=0 k=1

With respect to a
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01.02.16.0008.01
A1t A1 A

01.02.16.0075.01

m
Aatagt..tam __ l_lzaq<
k=1

Half-angle formulas

With respect to z

01.02.16.0011.01

Z\a
3f e
2

With respect toa
01.02.16.0076.01
za/Z::\/;/;ae[R/\—n<aarg(Z)s7r
01.02.16.0077.01
A2 = \/? /; —-n < Im@log(2) <«
01.02.16.0078.01
22 = (-1f 7 [; ~2nk-n<Im(@log@) <7 -27kAkeZ

01.02.16.0079.01
n—lm(alog(z))J

o7

Multiple arguments

With respect to z

For products

01.02.16.0012.01
(c22=c?72/;c>0

01.02.16.0013.01
@zP=24/un+2%=0VaecZ
01.02.16.0014.01
(z- 22)a =(1-227
01.02.16.0015.01
(-Z2-2" = (22 @+ 17
01.02.16.0080.01
@) =747/, a9z) <0\ -agz)-r<agz)Vagz)=0Aagz) < -agz)
01.02.16.0081.01
(7 =Z e 2 [;agyz) = 0\ ag(z) > 7 — ag(zy)
01.02.16.0082.01
(2P =7 25e* 2, agz) <0\ agz) < —agz) -7
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01.02.16.0016.01

@z)P=2472 exp[2n ia

m—ag(z) - arg(zz)J)
2n

01.02.16.0083.01
T3

P nen
k=1

a

27rn‘al
=

n
[ 1=
k=1

For quotients
01.02.16.0019.01
e
z+1) (z+1)2
01.02.16.0020.01
( z ]a (=27
z-1) 1-272
01.02.16.0021.01

71 \2 1 1\

[—) = ( ] n-neRAL+
(Z_Z)a -7

L7

01.02.16.0022.01

01.02.16.0023.01

[21 )a (-z)*
= = /izo—-21<0
(-2)*

01.02.16.0084.01

7 a
[Z_l) =747° [;agz) <0\agz) <agz)+rVagyz)>0Aagyz) = agz) -
2
01.02.16.0085.01
7\ a2
[Z—) =77 ;agz) =0 \ag(z) <agyz)-n
2

01.02.16.0086.01

PN ,
[Z—l) =7422e*%" [;ag(zy) <0\ agz) = ag(z) +
2

01.02.16.0087.01

.| radz ragz)
(2] g
2]

01.02.16.0024.01
a+z\°¢ 1 a+z\¢
[ ]::( )C( )/;a—be[R/\a:#b

b+z b+z\* \b-a
b-a

01.02.16.0025.01

(=l
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01.02.16.0026.01

Z \a 1 \@
-l
z+1 z+1

01.02.16.0027.01

Z1 a Z a 2+ 2y a
| = izn+zeRANzg+2+0
1+ 2 Z;

01.02.16.0028.01

)2 1)@

—| =Z|—| za+z=20
2

01.02.16.0029.01

)2 132
[—) = (_Zl)a(__) in+2<0
)

Z

01.02.16.0030.01

a+z\¢ (a+z\(a+hb)°
( ):( )[ ]/;a+be[R/\a+b¢0
b-z a+b/ \b-z

With respect to a

For products
01.02.16.0017.01
A% = (A% [, —p<Im@log@)<rV-l<a<1lVapeZ

01.02.16.0088.01
A% == (A2 e 272K _2nk—n<Im(alog@) <n-27kAkeZ

01.02.16.0018.01

—Im(ay log(z
7% = (Z1)% EXp[—Zu'ﬂ a w”

2r

Power of arguments

With respect to z
01.02.16.0089.01
VZ' =22

01.02.16.0090.01

T T
NZ =z/,-— < -
z/ 2<arg(z) 2

01.02.16.0091.01
V4

T
VA =-z/;- <--\/= <
z/;—-m<ag(2 < 2\/2<arg(z)<zr

01.02.16.0031.01
VZ =V-iz Viz
01.02.16.0092.01

V-2 =viv=z
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01.02.16.0032.01

M =z I <ag(2 < z/\neN+
n n

01.02.16.0093.01

(z”)l’“==2/;%sarg(2)<—%/\nel/\”<o

01.02.16.0033.01
(21/”)n::z/; neZAn#0

01.02.16.0034.01
T

Zza::ZZa;_z < —
(?) fimg <a9D = -

01.02.16.0094.01
T

(22)a =e? " 22 _p<ag(?) < 0

01.02.16.0035.01
. /e

(22)a = g 2ia7 2a . 5 < ag) <n
01.02.16.0095.01

(2) = (-i2* (i 2?
01.02.16.0096.01

(—22)a = (-227A
01.02.16.0097.01

P2 =A% jacRA-n<qag@=n
01.02.16.0098.01

(P1)2 =12 2™ %K g e R\ -27k-n<a ag@ <n-2nkAkeZ
01.02.16.0036.01

P2 =A%/ —g<Im@log@)<rV-l<ay<lVaeZ
01.02.16.0099.01

(F1)% == A% P %K | _2nk—nm<Im(a log@) <n-27kAkeZ

01.02.16.0037.01

—Im(a, lo
@ = o eXp[zm-az = m(@y log@) J)

2n

Exponent of arguments

With respect to z

01.02.16.0100.01
(@ =e*?/,-n<Im2=<n

01.02.16.0101.01
()2 =Rk D | _oak—_nr<Im@ <n-27rkAkeZ

01.02.16.0102.01

eZinaln_lm(Z)J

2n
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Some functions of arguments

With respect to z

01.02.16.0103.01
n-arg(c)-Im(mlog(2) J

(cZ™? ==cazmaez”a{ or

01.02.16.0104.01
n—arg(c)-Im(2) J

ZHKa{
2n

(C €Z)a —— Ca eaz e
01.02.16.0105.01
7-Im(ay logo))-Im(a; log(y))

2n J Xbal ybaz

Zﬁbﬂ{
(0Cry)° =e
01.02.16.0106.01

n—lm(31 Iog(x))—lm(a2 Iog,)(y))—lm(a\3 Iog(z))
2

Zébn[

Oy Za3)b —e XA (P2 2

01.02.16.0107.01

nY b lﬂ*zﬂzl'm(ak logz)
=
=e

z,

k=1

Products, sums, and powers of the direct function

Products of the direct function

01.02.16.0038.01
721 722 - A1t

01.02.16.0040.01
X == (X1 %) /5 X1 > 0 A% >0V X X <0

01.02.16.0041.01
X3 == (122 (X4 %) /5 X1 <O A %p < O

01.02.16.0042.01
£4=22)°,z+20VacZ

01.02.16.0108.01
424 = () [;agz) <0\ -agz)-r<agz)Vagz) = 0Aagz) < -agz)

01.02.16.0109.01

£ 4= (z12)%e*"? [;ag(z) = 0\ arg(z) > 7 — arg(zy)
01.02.16.0110.01

L= (02 ¥ agz) <0\ agz) < —agz) - n

01.02.16.0043.01

4% =2 z@"exp(—zma{

m—arg(z) — arg(zp) J)
2n

01.02.16.0111.01

o i g ZFE)mmiog(z))
P P
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01.02.16.0112.01
A1 % _ log(zg) 3y +10g(2) &
7' z? = 9 2) &

01.02.16.0113.01
n
n
l_lzzk — ezkzlakl()g(zk) /, ne N+
k=1
01.02.16.0114.01
Xbal ybaz —e

01.02.16.0115.01

7Im(a1 Iog(x))—lm(a2 log(y))+

72ib7r{ = J(x""l yPoyP

2ib [Am(al log(x)-Im(ay Iog(y))flm(a3 Iog(z))+7rJ

—2ibr

xoa yba2 P, 2x (s yP2 zas)b
01.02.16.0116.01

T A 'Og(zk))J
[lgr-

n
2r
k=1

—2ibn

[12]

k=1

Quotients of the direct function

01.02.16.0039.01

= Zal —&

%]

01.02.16.0117.01

Z a
(Z—lJ /s agz) < 0N ag(z) <agz) +7Vagz) > 0\ agz) = ag(zy) —n
2

01.02.16.0118.01
a ’ 2ia
ramn /.
=|—| e**" /;ag(z) = 0N\ arg(z) <arg(zy) -7
r4)
01.02.16.0119.01

71 \2 )
(Z—lJ e 137 [ arg(zy) < O A\ arg(zp) = arg(zy) +
2

SIS ]

01.02.16.0120.01

2\ _oian "-arg(a)wrg(zZ)J
(-
%

2n
01.02.16.0121.01

S

— M log(zy)-a, l0g(z,)

01.02.16.0122.01

— eZEzlak 10g(2)- i by log(wy) /ineNt AmeN*

Power of the direct function

01.02.16.0044.01
B2 =A%/, —r<Im@log@)<rV-l<ay<1lVaeZ
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01.02.16.0123.01
(B1)%2 == 1% 2™ %K | _2pk—n<Im(alog@) <n-27kAkeZ

01.02.16.0045.01

(B1)%2 =12 exp[er iay

7 —1Im(ay 1og(2)
27 J)

01.02.16.0124.01

i(2k-Dn

-5 k-3 x 2k-Dr m+1
Zml/n::ervn( m ) _pyn N* Nt [\ ————— < — lsks{
" e D" /ime /\ne /\ - <ag(2 < - /\ 5

01.02.16.0125.01

i@knmy Qk+rx k- m-1
Zrr|1/n::2m/n( ™ ) _11/n; Nt Nt T < 1_k5\‘ J
@) e D ment Anent /\-——— <ago) — 1=

01.02.16.0126.01
Vs

m m
@M == 7 (~1)w > eNt \nen A\x- % <agd<r\/-r<agd <-n+ -

Sum of thedirect function

01.02.16.0127.01
an

2+ (-22= 2(—22)6‘/2 cos(?)

01.02.16.0128.01

A-(-22= 22(—22)% sin(a?ﬂ)

Power of the product of the direct function

01.02.16.0129.01
n-Im(ay logox)-Im(a; log(y))

(Xal yaz)b _ eZs’bir{ 2 J Xbal ybaz

01.02.16.0130.01
m-Im(a; log(x)-Im(a, Iog(y))—lm(ag Iog(z))

2ibr
0O yP2 zas)b —e l 2m

Xbal ybaz Zba3
01.02.16.0131.01

b zéb”rzzﬂ'm(akmg(zk))
] _

01.02.16.0132.01

() 2P =1L fire [R/\O< r<

NI -

Related transformations

01.02.16.0046.01
z 1
z-1 5 ZE

)

Identities
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Functional identities

Univariate functional identities

01.02.17.0001.01

1
Z_a = —
01.02.17.0005.01
z\arl a{%:b)J arg(z-b)
2=(2) ) o5
b/ \b

01.02.17.0006.01

Z\a ri ag(z-x)
za=xa(—) eza { 21 J/;x<0
X
Biivariate functional identities

01.02.17.0002.01

X+y 9() +9(y)
9 = g =x" \xeR /\yeR /\ x+y
(X—y) 90 - 9y Axer \yer \

01.02.17.0003.01

lgx+iy)l = 1900 +gG Yl ;9@ =cZ* [\ xeR \yeR

Other identities

01.02.17.0004.01

IR TRy e
—|-1(1+2z" =0/;neN* Az +0
k=1 & =1 4 T &) jaker G T & l

Complex characteristics

Real part

01.02.19.0001.01

Re(x®) == x?¥® cog(Im(a) log(x)) /; xe R Ax> 0
01.02.19.0002.01

Re(Z) = |7? cos(atan ' (Re(2), Im(2)) /; ae R

01.02.19.0003.01
Re(?) = |z? cos(aarg(2)) /; a€ R

01.02.19.0004.01

a a
1 Im(2)2 Im(2)?
Re(?) == - ||Re(2) - Re(2) | — +|Re(2+Re(2) | — /iaeRARe2 +0
2 Re(2)? Re(2)

01.02.19.0005.01
ra

Re((i y?) == ly? 005(?) jaeRAyeR
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01.02.19.0006.01

o @ (-a), Im2? Y
RZ) =) ) —— (1~ Ref2) [#] /iaeR
ji=01=0 (I - j)!j!(%)j 4(Re(2 - 1)

01.02.19.0007.01

—a; 1 1
Re(Z) == Féjfif[. 11 5(1—Re(z)+\/|m(z)2+(1— Re(2))2 ) E(1— Re2 — v Im(2? + (1 - Re(2)’ J] /;aeR
P55

01.02.19.0008.01
4 e
Re(Z") == —11( .)| IRe(2™ 21 ;neN*
o2 ]Z;( I o | Im@* Re@™ ) /ine
01.02.19.0009.01
Re(Z) == [ZR¥® ™M@ @YD cog(Im(a) log(|2)) + arg(2) Re(a))
01.02.19.0010.01
Re(Z) = exp(—tan"!(Re(2), Im(2)) Im(a)) |2°*® cos(Im(a) log(2) + tan"*(Re(2), Im(2)) Re(a))

Imaginary part

01.02.19.0011.01
IM(A) == xR sin(Im(a) log(x)) /; x€ R A x> 0
01.02.19.0012.01

Im(2%) = |z® sin(atan™'(Re(2), Im(2))) /; ae R

01.02.19.0013.01
Im(Z) = |72 sin(aarg(2)) /;ac R

01.02.19.0014.01
a

Re(2) Im(2)? \/ Im(2)? \/ Im(2)?
Im(7) = Re(2 -Re2) | - - Re(2+Re2)| |/;acRAReg2 £ 0

21m(2) - Re(2)? Re(2)? B Re(2)?

01.02.19.0015.01
Ta
Im((E y)®) == sgn(y) Iy sin(;) ;jaeRAyeR
01.02.19.0016.01
) ' n 2j+1 2j-1
—_— _ + n-2j-1 ,. +
Im2") = JZ;( 1)1(2j+1)|m(z) "1 Re2" 21 i neN
01.02.19.0017.01
IM(Z) = |Z7® ¢~'M@ 292 gin(Im(a) log(|2)) + arg(2) Re(a))
01.02.19.0018.01
Im(Z) == exp(-Im(a) tan""(Re(2), IM(2))) 2% sin(Im(@) log(|2)) + tan"'(Re(2), IM(2)) Re(a))

Absolute value

01.02.19.0019.01
1| = XR@ /: x> 0
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01.02.19.0020.01
|7 =12%/;aeR

01.02.19.0021.01
|Z| == exp(i alm(log(2))) /;iae R

01.02.19.0022.01
|7 = expiaarg(2) /;iaeR

01.02.19.0023.01
|7 == exp(Re(alog(2)))

01.02.19.0024.01
|7 == exp(Re(a) log(|2)) - Im(a) arg(2))

01.02.19.0025.01

17| = |2I%® exp(-Im(a) tan"'(Re(2), IM(2)))

01.02.19.0026.01
12 = |2R*® exp(~Im(a) arg(2)

Argument

01.02.19.0027.01
arg(x®) == tan~*(cos(Im(a) log(x)), sin(lm(a) log(x))) /; x>0

01.02.19.0028.01
ag?)=aag2/;acRA-n<aag®<n

01.02.19.0029.01

arg(?) = arg(e @) ;ae R
01.02.19.0030.01

arg(Z) = tan*(cos(atan(Re(2), Im(2))), sin(atan(Re(2), Im(2)))) /; ae R
01.02.19.0031.01

Vs Vs
arg(Z) = Im(alog(2) /; — <Im(a) < /\ z>0
log(2) log(2)

01.02.19.0032.01

arg(Z) == Im(a) log(|2]) + arg(2) Re(a) /; — <Im(a) < /\ z>0
log(2) log(2)
01.02.19.0033.01
m—aarg(2
ag(?)=aag2+2n 2—J
T

01.02.19.0034.01

m—Im(alog(2)
—— | +Im(alog(2)
2n

ag(?) = 271{

01.02.19.0035.01
7 —Im(a) log(|2)) — arg(2) Re(a)
2n

arg(Z) == Im(a) log(|z)) + arg(2) Re(a) + 2n

01.02.19.0036.01
arg(Z%) == tan™*(cos(Im(a) log(|2)) + tan™*(Re(2), IM(2)) Re(@)), sin(Im(a) log(2)) + tan™*(Re(2), Im(2)) Re(a)))
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Conjugate value

01.02.19.0037.01
x@ == xR¥@ (cos(Im(a) log(x)) — i sin(lm(a) log(x))) /; xe R Ax > 0
01.02.19.0049.01
—2iarg(a)

A=27c

01.02.19.0050.01

ag(2+m

2a:: ez;‘a(n{ o J—arg(z))

01.02.19.0038.01
7 =7 (coqatan'(Re(2), Im(2))) - i sin(atan*(Re(2), Im(2)))) /; ae R

01.02.19.0039.01
7 = |27 exp(-arg(2) Im(@) — i (Im(a) log(|2)) + arg(2) Re(a)))
01.02.19.0040.01
7 == exp(-Im(a) tan"}(Re(2), Im(2))) [Z7*?
(cos(Im(a) log(|2)) + tan™(Re(2), Im(2)) Re(@)) — i sin(Im(a) log(|2)) + tan™(Re(2), Im(2)) Re(a)))

01.02.19.0051.01
2 == Acos2arg@)-iasnag@) ,-2aag(2) (i cos2arg@)+sin2arg(@)

Signum value

01.02.19.0041.01
sgn(@) = X'M@ /- x > 0

01.02.19.0042.01
sgn(@) ==sgn(2® /,aeR

01.02.19.0043.01
sgn(#) == exp(aRe(log(2)) /; iaeR

01.02.19.0044.01
sgn(?) = 2% /;iaeR

01.02.19.0045.01
sgn(Z) = 2 exp(-Re(alog(2)))

01.02.19.0046.01
sgn(Z) == |2"'"™@ exp(i Re(@) arg(2))

01.02.19.0047.01
() = 12"'™@ exp(i Re(a) tan"*(Re(2), Im(2)))

01.02.19.0048.01
sgn(Z) == exp(i (Im(a) log(|2)) + arg(2) Re(@)))

Differentiation

Low-order differentiation

With respect to z
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01.02.20.0001.01

02
— =aA!
0z
01.02.20.0002.01
82

— =a@-1)2?
7

With respect to a

01.02.20.0003.01

02
— =Zlog(2)
da

01.02.20.0004.01
822 )

— =Zlog“(2

9a?

Symbolic differentiation

With respect to z

01.02.20.0005.02

oA A
—=@-n+1),27"/;neN
97" "

01.02.20.0021.01
Nb+c2? n
—=c"@-n+1,(b+c2" " /;neN
0z

01.02.20.0022.01

PCZ+b)" 0 @2Kk=n+ Dy @-k+ DK (c2+b)"

== /ineN
0z kzo (n-k!@2"2
01.02.20.0006.02
(9“(022 + b)a a-n 1-n n
—————=2"(c)"(cZ +h) (a—n+1)n2F1( ,——a-n+1, —+1|/;neN
47" 2 c?

01.02.20.0023.01

Ob+cVz )a D (D" (K @—Kk+ Dyt (b+cVz )a'k
— = /ineN
62” k=0 (n _ k)! (2 \/?)Zn—k

01.02.20.0024.01

M2 +b? Kk (DI (=n-vj+kv+1),@-k+ DKz +b)**

— ==ZZ /ineN

k=0 j=0 j1k—jrzk

01.02.20.0007.02

I92*  (n-ay LD ny 0
o7 "a( n )Z a—k(k)g(z)

k=0

nZk

/ineN
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01.02.20.0008.02

? n (_1)k n k
o ::(n+1)2—(n) ( k-1 /ineN
k k
k=0
01.02.20.0025.01

n f@ . ) )

) ki X -1 k+Dog@ Tt Mg
(4 o 027% S U+DIn-KIk-D! o

01.02.20.0009.02
MA@ MK (Dl @ak-aj-n+1), fOA)

= /ineN
oz k=0 j=0 jl(k—j)rzak

01.02.20.0010.02
() D, 2k-n+1)yn
#) =Y Y 0(2) neN
97" i (=K@

01.02.20.0011.01
onf(d n 1 1
ﬁ = (_1)“(n—1)!27(n) f<k>[—)/; neN*
4 o k-przen (k) Az

01.02.20.0012.02

MVZ) 0 D R

== . kf“‘)(\/?)/;neN
.
0z 0 (n-Kk!(2Vz)

With respect to a

01.02.20.0013.02
n

o =7Zlog"@/;neN

01.02.20.0014.02

M () n
=log"(2) Z 22 8® f0(A) 1 neN
oal k=0

Fractional integro-differentiation

With respect to z
01.02.20.0015.01
2 T@+l)#e

— = —/;—a¢N’
97 T@-a+1l)

01.02.20.0016.01
rz (@) —a
a—za == TCexp(z, a) 2
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01.02.20.0026.01
()7 (-a), &

aoeZNaeZNha<0Aha<a

ka _ e (o922 V@) g acZAa<0
97 (—a-1)!T(a—a+1)
fad a-a True
T'(a—a+1)
01.02.20.0027.01
(-1)® (-ac), (b2 z® ecZNaceZhac<0Aac<a
(b 2)? ~1)2 (log(b )+ Cy(-a.0)~CU(@c—a+1
_ | o dogbFyscp-accyac-ast) b2z acezZAhac<0
57 c(-ac-!T'(ac-a+l)
T(ac+l) a_—q
facaD (bt True
01.02.20.0017.01
8 (b+c2)? aa(CZ N2 cz
—=bz%Mb+c2 (—+1) 2F1(—a, l;l—ar;——)
0z b b

01.02.20.0018.01

[ b
o (cZ+b)’  pze Tc

-a

Fi|-a; —a, —-a; 1-a; y—

_1x1x1| —a, a, a,

9z r-a) X
“c
01.02.20.0019.01
_b
& (cZ +b) c
- prze
az"
4

01.02.20.0028.01

—a
_b
Cc
-z| |z+ /—9 z+ /—9 [
C C C
—-a —-a
_b
Cc
z+ -2
Cc

leOxO

z Z
1-ai;; T
7+ | -2 [-2 2
Cc (o

a 2ia \1 g[%) arg(f(0) ‘ .
0" f(2 a ] P © T(k-—a+1l) & (-1 [k
= e f(O)aZ Z - ( . ) pj,k Zk_a /i
0z ril-a o Tk-—a+1) 0 a-] J
1 K jm+m-k
Pro=1/\ pjx= D ™) pjm [\ keN* /\ £(0) %0
fOk m!

With respect toa

01.02.20.0020.01
@

oa”

Integration

Indefinite integration

=a? 7 (alog(2)” Q(-a, 0, alog(2)

For thedirect function with respect to z
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01.02.21.0001.01

Za+1
fzaclz: lia+ -1
a+1

01.02.21.0002.01

1
f— dz==109(2
z

For thedirect function with respect to a

01.02.21.0003.01

2
fza da==
log(2)

01.02.21.0004.01

fa"‘l Zda==-a" (-alog(2) * I'(a, —alog(2))

Definite integration

For thedirect function itself

01.02.21.0005.01

1 1
f t*dt=——/;Re(@) > -1
0 a+1l

01.02.21.0006.01
1 z-1

Involving the direct function

01.02.21.0007.01

1 1
f B (t+1)°dt==—— ,F(a+1, -ba+2-1)/;Re(a) > -1
0 a+1l

01.02.21.0009.01
1

fl
*Vi-2 y1-me

01.02.21.0010.01

1@
f_

0

dt=K(m)

dt = E(m)
1-t2

01.02.21.0011.01
1 1

fo (1-nt?)y1-12 y1-mt?
01.02.21.0012.01

1 ivm
t=—iK(l-m) - —— K(m)

) d
fl V1-£ y1-mt? v-m

dt=TIn|m
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01.02.21.0013.01

oo 1 [ m-1 m ] i 1
f dt=—il1- | — | — K(l-m)-—K(—]
P12 {1-me moym-i V-m M

01.02.21.0014.01

foo[\/l—mt2 _\/—mt2 ]dt:

o ) o G b)) G

1
m m-1 m

01.02.21.0015.01

00

1
f at
! (1-ntY)V1-t2 Yy 1-mt?

) i ) s

01.02.21.0016.01

)l

3

f dt:[l—i]K(m)—n‘K(l—m)
° Vi-t2 y1-mt? v-m

01.02.21.0017.01

o 1 i 1 m-1 m vVm
f dt=K(@m) - K(—) + [1— ) K(1l-m)
* Vice Viime vam 0V e v
/m—l [ m m-1
[1_ m m—l]K( m )

01.02.21.0018.01

00 1 ; 1
f dt=K(m) — ! K(—)+
® Ji-e Ji-me V-m M

01.02.21.0019.01

foo[\/l—mt2 _\/—mt2 ]dt:

E(m)—\/H[E(l)+[1—m . ]i(iK[l‘i)‘E(l‘i))+ 1_mK(i)]

1
Vom

m m-1 m

Involving related functions

01.02.21.0008.01

1 1
f tlog(t) d't = — /i Re(a) > -1
0 (a+1)?

Multipleintegration
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01.02.21.0020.01
1 A1 1 1 V2 3
[ one i
0 Jo 2 4 2

(x2y2+1)\/1l Iogz(xy)+§ -2

01.02.21.0021.01
1 1 1 V2 1
ff dydx::«/?[——l]{(—)
0 Jo 2 2
(xy?+ 1)\/\/Iogz(xy)+ ? -2 \/Iogz(xy)+ é

Integral transforms

Fourier exp transforms
01.02.22.0001.01
Ft" (0 = (=)" V27 6V /;neN

01.02.22.0002.01

Int + i g x5 (x)
Ft"O(1)] (X) = ineN
V2r xwl

01.02.22.0029.01

1 b/g
ﬁ[ﬂ(x) - i\/;sgnw

01.02.22.0003.01

1 " T
|| 0= — xLsgn(x) /; n e N*
tn n-n'V 2

01.02.22.0004.01

G(t) anl l-n—l
77[—n] X) == ———— (2y(n) — log(x®) + i 7 sgN(x)) /; n € N*
t 2vV2rx (n-1)!

01.02.22.0005.01

1l+a ar

_a a
(7) ? T@+1 [(—1+(—1)a)cos( 5 )sgn(z)—i(1+(—1)a)sin[7ﬂ)) /; ~1<Re(a) <OAIM(2) =0

Filt?] (2 = -
Vanr

Inverse Fourier exp transforms

01.02.22.0006.01
FUM 0 =i"V2r 6§"x) /;neN

01.02.22.0007.01
it 4+ X 60 (%)
FOH 001 (9 = fineN

Var o
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01.02.22.0008.01

1 i [z
-1 __ - -1 . +
t [t—n](x) = oD\ 2 X"tsgn(x) /; neN

01.02.22.0009.01
ot X1 (= -)n—l
71’1[%] (X) = e (20(n) - log(x?) — i 7 sgn(x)) /; n € N*
t 2vV2x (n-1)!

Fourier cos transforms
01.02.22.0010.01

Feit?"] 0 = (D" V2x 6%V /;neN

01.02.22.0011.01

2 (-1)"@2n-1)!
Fe[P"H 0= ,[ - ————— /;ineN*
4 X2n

01.02.22.0012.01
S\—N

Falt" () =

(A=EDMintx ™+ (D" + D76 (0) ineN
V2r

01.02.22.0013.01

1 [ —1)"x2"1 sgn(x
ﬁl[_] (X) o z w/’ neN*
t2n 2 2n-1!

01.02.22.0014.01

1 (_l)n X2n—2
"Fct[ ] (x) = (log(x*) - 2y(2n-1)) /;neN?
2t V2x 2n-2)
01.02.22.0015.01
1 in Xn—l
Fe| =] 00 = ————— (@~ DM (logh®) - 20(m) + L+ (~HM 7sHNC) /s n e N*
t 2vV2r (n-1)!

01.02.22.0016.01
2 _ad an
Felt] (0 =— [ = () 2 sjn(7)r(a+ 1) /; -1<Re@<0AImM(x) =0
T

01.02.22.0017.01

2 log(2)
Fei|Z](p) = -, — ————— /; Rellog(2) < [Im(p)|
T p?+log’@

Fourier sin transforms

01.02.22.0018.01

[2 D" @2m!
%t[tzn] (X o — w /7 neN
e X2n+l

01.02.22.0019.01
Fse[t2" (0 = (-D"V2r 6*"P(x) /;neN
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01.02.22.0020.01
;N x -1

Fsi[t"] () =

(D" =D irs®) X+ A+ (=DMl /;neN
V2r

01.02.22.0021.01

1 (_l)n x2n-1
%t[—] (x) = ——— (log(®) - 2y(n)) /; n e N*
t2n V2r 2n-1!

01.02.22.0022.01

1 f —1)" x2"2 gyn(x
%t[ ](X)::— z w/;neNJr
t2n-1 2 2n-2)!

01.02.22.0023.01

"fst[tin] 9 =

in Xn—l

————————— (@+ DM (log(x3) - 2y () + (- D" - Dizsgn(x) ; ne N*
2V2r (n-1)!

01.02.22.0024.01

2 _arl a
Fsilt?]1 (0 = | — sgn(x) (x¥) 2 cos(?ﬂ) Fa+1)/,-2<Re(@ <0AIM(X) =0
T

01.02.22.0025.01

2 P
Fs|2](p = || — ———— /;Relog@) < [Im(p)|
T 2 +logi(2)

Laplace transforms
01.02.22.0026.01
L[t @ =7%1T(a+1)/;Re(@>-1ARe(2 >0
01.02.22.0027.01

L[Z](p =

/s Re(log(2 - p) <0
p-log(2)

Hankel transforms
01.02.22.0028.01
2“3 7ol 1 3
A i [ — r(— (a+2v+ 3)) /;z>0 [\ Re@a+v) > -~ /\Ret@ <0
F%(ZV—23+1)) 4 2

Summation

Finite summation

Various sums

01.02.23.0001.01
i kn Bn+1(m + l) - Bn+1(o)

=y n+1

/imeNAneN*
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01.02.23.0002.01

m 1
D DK =~ €0+ (-)"Ea(m+ 1) frn eV
k=1

01.02.23.0019.01
no Crjnnttto1 o
Zk' (=K = ————+ = (8ij 0 + Sirjo) N +
i+j+1! 2

i+]

k=min(,j)+1 i+j-k+1

01.02.23.0003.01
n

1
Z(a+ kza==a(n+1)+-nn+1)z
k=0 2

01.02.23.0004.01
n a(1-21)
N

01.02.23.0020.01
x| 1
Z(x— K" = 2 (Bn(X) + Ba(x=[X])) : XERAX>0ANeN
n
k=1

01.02.23.0023.01

mo
Z e — _®(z, 5, a+ M+ 1) g I-Re@mD) @oim@smsD)-Dris ;M1 _ g _Re(a+ m+ 1))
k=0 (@ +

(l-Re@] + |[Re(@)] + 1) 8(Im(a + m+ 1))

3 o (0, ) v () e AT en A en
kmod 2,0 K i+j—k+1 '

(1_ @—(Ze(lm(a+m+l))—l)ns) Z<I)(Z, s a+ L—Re(a)J 4 1) +
(@+

(L-Re(@)] + |Re(@)] + 1) 6(Im(a))

|-Re(@ %)

(1- g @HIm@-Dris) [z(I)(z, s, a+|-Re@]+1)+

e—H(L—Re(a)J)(29(|m(a))—1)7r3'5(I)(Z’ s, Q)
01.02.23.0024.01

m P
272 =d(z,5,a)-Z"d(z, s, a+ m+1)
0 (@a+k?)

01.02.23.0025.01

P

-Re(a)]

v
-~ |=e1-Re@))
)3/2 (a+k)

k=0 {((a+ k)?

[—(1 — e GHM@)D7IS) gz, s, a+ | -Re(@)| + 1) 2@ 4 |d(z, s, @) -

(1 - em@oIm@bints) A-Re@l) (1 - g(Im(@) (L-Re(@)] + [Re@)] + 1)

(@+-Re@]?)"

(@+ -Re@]?)™

Z-Re@)

(@+-Re(a))?

|

)

] Z-Re@) |

] 0(l-Re(a) ) 2R

](1 - e—(29(|m(a))—1)m's) "
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01.02.23.0026.01

[-Re@)] 1 1
k=0 {((a+ k)z)S/2 @+k®|

(1 _ 67(2 G(Im(a))fl)zris) [{(S, a)—

1
6(L-Re@)))

(@+|-Re(@]?)**

(1— e~@UMm@-Dis) (1 _ gIm(a)) (- Re@)] + [Re(@)] + 1))]
(@+-Re(@?)**

Summed truncated generalized hypergeometric series

General case

01.02.23.0027.01

n Hle(aj)kzk
qi == qu(al! ey ap; bll cey bq; Z)_
k=0 k!Hj=l (bj)k
Zn+l ijzl (aj)n+l

T (b) p+1Fq+l(1,al+n+1,...,ap+n+1;n+2,b1+n+1,...,bq+n+1;z)/;neN
n+ D! !
j=1\~]

n+1

Case oFg

01.02.23.0028.01
n

v
E:zeZQ(n+1, 2/;neN

k=0 '
Case 1 Fg
01.02.23.0029.01
n_ (@) Z .
=1-22-2" @p12F1(1,a+n+1;n+2,2/;neN
= k!
Case >, F;
01.02.23.0030.01
N (@ (b)y 2 2 (@41 (Dnst
27 =,F(@b;c;)—- —F(1,a+n+1, b+n+1;n+2,c+n+1,2/;neN
k=0 k! (C)k (n+ 1)' (C)n+1
01.02.23.0031.01
noX B,(n+2,0) +log(1-2
= /ineN
k+1 z

k=0

] - (s, a+|-Re(@] + 1) (1 - g~ @m@-bris)
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Case

Case

Case

01.02.23.0032.01

$ 2L o gz) o Sl nen

0 2k+1  24/7
01.02.23.0033.01

1 .
n (E)kzk sn 1(VZ) 1 3\ 3 3 5
Z = - F(n+£) 3F2(1,n+5,n+5;n+2,n+5;z ineN

“2k+1)k! Nr 2rx

3k

01.02.23.0034.01
n_(ay)y (@) (ag), 2 -
———— =3Fz(ay, @, a; by, by 2 -
o K!(by)y (b

Zn+l (al)n+1 (a2)n+1 (a3)n+1

N+ 1)1 (01)nyg (D2)nyg

FaLn+ag+lLn+a+Ln+az+L,n+2,n+b+1,n+b,+1;2/;neN

01.02.23.0035.01

2
N p2kg)? A sn'(Vz) 4 i 5
- —E\/?z”+lr(n+2)23F2 1,n+2,n+2;n+§,n+3;z/;neN

o Ck+D!(k+1) z
1F1
01.02.23.0036.01
n_ (@), Z 2 @),
Z =.F@c2g- — (L, a+n+L;n+2,c+n+1;2/;neN
k=0 k! (C)¢ (N+1)! (Ons1
oF1
01.02.23.0037.01
n Zk Zn+l
Z =oFi(C2- —————— Fa(;n+2,c+n+12/;neN
s k! (o) N+ 1! (s

01.02.23.0038.01

n 3
Z—lzzcosh(zﬁ)—\/;zn*lllfz(l;n+£, n+2; z)/;neN

| 1=
k=0 k! 7).

N

01.02.23.0039.01

3 5
[dnh(zx/?)—\/?zmz 1Ifz(l; n+2,n+ 5 z)) /ineN

Infinite summation

01.02.23.0005.01

0

1
> =S ws0 -1

k=1
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01.02.23.0006.01

& 1
D (DKA = =040, - D)
7 2

01.02.23.0007.01
N ek = 920, @
k=0 2vq
01.02.23.0008.01
Z gt = ‘91( il QJ
2y ‘2
01.02.23.0009.01

Zq—k(kﬂ) _ 0(% \/E)

k=0 2vq

01.02.23.0010.01

0

1 b
E NI% k2==__(9’(_, )
=D kq 2 3 5 q

k=1

01.02.23.0011.01

i(—l)k 2k +1) gkt = %09
k=0 2 \4/?
01.02.23.0012.01
i(—l)k @2k+1) gD = - 0'2(: q)
k=0 2vq 2
01.02.23.0013.01
1 ilog(g)

& 1
DD @k+ Dz T = —
k=0 va

01.02.23.0014.01

k=0

01.02.23.0015.01

k=0
Gauss identity

01.02.23.0016.01

D d =000

01.02.23.0017.01

D =1Fd =040 9

> 1
2D @k D = %(‘

© 1
DDk @K+ 1) g2k = - 2 (9’3(—

4

4
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01.02.23.0018.01

& L3k 1 ilog(q)
5 capgirarn . L 109)

Pl q 2m

Gauss identity

01.02.23.0040.01

1)mn b_a—nrml _
_ e Z(b—a)"k(mk1)(—k—n+1)kzp(‘k+m‘1)(b+1)—

k=0

Z(a+k) b+k™ (m-1)!

™" (h—-g) M n-1 —
((m) 1)v((n i)v Z( -a) ( k1)kz(—k—m+1)mw(‘k+“‘1>(a+1)/;meN*/\neN+

Multidimensional summation

01.02.23.0021.01

0N — (kg + kg + ko + ... + k) (=) |Ogr+1(t) (W)
ZZZ Z = i1 s neNT AreN
koki ko ... Kk n! t

ko=1 k=1 ky=1

01.02.23.0022.01

DN [ﬁi]zzﬂ/;meN+

2
kmlhpmlg+l Kk g+l j=1 Ki

Products

Finite products

01.02.24.0001.01
n-1

k+2z 1 n-1
l—lr[ ] =n2""@2n7z I['(2 /;neN*
k=

Infinite products

01.02.24.0002.01

= 1 ilog(g)
[ [(-a9= '7[- )
k=1 ¥q 2n

Gauss identity

01.02.24.0003.01

= a1 ilog@)’
[ Ta-a9 ==—n( ] /;aeR

2n

Gauss identity

01.02.24.0004.01

== &4(01 q)

=~
1

fiN
[EnY
+

Qo
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01.02.24.0005.01
ke
1-?¢ (3. Va)
8
24
01.02.24.0013.01
2

© L (Glasher?)®
l—lkkz N
el 2ne”

01.02.24.0014.01
2

[Glaisherlz]?

243 v

00 1
ﬂ(z K+ 1)@x1? =

k=1

01.02.24.0015.01
1

7r3
[Tieq (4K + y@w? Glaisher 303 1\ 29 y
— = exp(— 5 -+ 2(‘1'0)(—2, —) -—= —]
J?il @ J N 3)(4]7)3 29/32 iz/; 64 4 192 96

Regularized infinite products

01.02.24.0006.01

k=0 2)

01.02.24.0007.01

— s

(K + Z) = 2zsinh(r 2)

=
11
o

01.02.24.0008.01

(K'+2) =27 (cosh(\/? T z) ~cos(V2 x z))

s

il
o

01.02.24.0009.01

2
(W2 + (k+ 2)2) = "

s

TGwW+2)T(Z-iw)

k=0
01.02.24.0010.01
oo | (2 ﬂ)n/2
[ Jk+2"-w = ————————/ineW
j2ni
k=0 H'J:é F[Z— e n W)
01.02.24.0011.01
o . 2m"? n-1
[ Jk+2"+w = : /i en
_ . jeni 2
k=0 1% F(z+ e w)
01.02.24.0012.01
S . @n"? n
ﬂ((k+z) W)= ——— "/ _eN

jmi

ixi 2
k=0 M F(z+ en W]
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Operations

Limit operation

01.02.25.0001.01

lim
&-0 P

=log(2)

01.02.25.0002.01
lim w (24 - 1) =log(2)

wW—00

01.02.25.0003.01
limx@b™=0/b>1

X—00
01.02.25.0004.01
7
lim —=0
a—oo a!

01.02.25.0005.01
Iing Zlog(z)==0/; Re(a) > 0
pa

01.02.25.0006.01
limz?log(z)==0/; Re(a) > 0
Z—00

Representations through more general functions

Through hypergeometric functions

Involving pFq
01.02.26.0001.01

7= 1Fo(-28;1-2)

Involving ,Fq

01.02.26.0002.01
Z=1Fy(-a;1-2

01.02.26.0003.01
7 == oFq(; ; alog (2)
Involving »F,

01.02.26.0004.01
Z=,F(-abb1l-2

Through Meijer G

Classical casesfor thedirect function itself
01.02.26.0048.01

a+1
2 =Ggi(z| @+ G}é(z )

a+l a
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01.02.26.0005.01

po b Gﬂ(z— 1| 8" l)
C(-a 0
01.02.26.0006.01
7 =Gyi(-alog(@ | 0)
01.02.26.0007.01
o= et )
01.02.26.0008.01
1
el
2
01.02.26.0009.01
-2 3 sin((a-byn) GZ’Z(Z a, b)
z-1 n "I b a

Classical casesfor thedirect function itself minus parts of its series expansion

01.02.26.0047.01

"ra (-pmt n+la+1
a_ - 12 ' :
z+1) kz(;(k) Ca GZ’Z(Z nel 0 )/,neN
01.02.26.0049.01
1 n n+1,0, :
——Zz“:n(—l)”‘leééz i ineN
1-z k=0 n+ 1, O, E

Classical casesinvolving unit step 6
01.02.26.0010.01

a 10 a+1
01-1z2)(1-2%=T (a+ 1)Gljl(z 0 )/; Re(a) > -1

01.02.26.0011.01

1
0(2d-1)(z-12=T(a+1) G‘l’;i(z a; )/; Re(a) > -1

Classical casesinvolving sgn

01.02.26.0012.01

1 1 n V) it v+1, 22
-z n —|Z v = sec| — ) G
(1-2s9n(1-12) - (2) 2,2 %
01.02.26.0013.01
n(l-2)(1-2sgn(l-|z)) = T CSC(WT)GM , v+1, g+1
Sy g == I 5 )22 0 g+ 1

Classical casesinvolving sgrt in the arguments
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01.02.26.0014.01

Vot o1 =L G;;g(z

2Vn

01.02.26.0015.01

(Vz+1 -1)ﬁ _ P e;;g[z
2Vn

01.02.26.0016.01

(Vzrl +vz) =-

Bop1-8
2 2]/;Z€£(—1,0)
0

1

2V

01.02.26.0017.01

B B
B B aaf | 177 5+1
(\/z+1—\/?) =——G5|z ; iz (=1, 0)
2V 0, 5
01.02.26.0018.01
B
(Vz+1 + 1) 1 Bl B
P _G%:S[z 2 2]
z+1 Vr B
01.02.26.0019.01
B
(Vz+1 -1 1 Bl B
L — _ngg[z 2! 2]
z+1 vr B, 0
01.02.26.0020.01
(Vz+1 + \/?)ﬁ 1 pe1 18
—::—Ggé V4 2 12 /;Z%(—l, O)
z+1 \/7 (0} >
01.02.26.0021.01
Wzrt vz L op
e géz 2 12 /iz¢(=1,0)
z+1 Vr 0,3

Classical casesinvolving sgrt in the arguments and unit step 6

01.02.26.0022.01

B+l B
o) ((1eVT-z) - (1-Viz) )= Va seEyz 7’5+1)/;ze<—1,0)
0,5
01.02.26.0023.01
vV ; N A 0.2 §+1’1_§
9(|Zl_l)((\/;+ Z_l) -(Vz - Z—l)):‘/;ﬂszzz 1
0 =
T2

01.02.26.0024.01

oL - 12) 5 5 o | £ B
—((1-\/1-2) +(1+\/1-z))==2x/7c52;zz 22 | /iz¢(-1,0
Vvi-z 0, 8
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01.02.26.0025.01

6012 - 1)

vz-1

01.02.26.0026.01

(VZ-vz=1)f +(Vz +vz=1) | =27 &}

|

61— 12) [\/1+\/— —Jl—ﬁ)ﬁ—(\/lm/? +\/1—\/7Jﬁ]==—2§1ﬁ\/7@§g[2

01.02.26.0027.01

a1 - [\/«/?+1+\/«/——1) (\/\/?+1—\/\/_—1]/3]::291«/7%215[2

01.02.26.0028.01

6(1-12)

Vvi-z

01.02.26.0029.01

[[\/1+\/— —\/1—\/?)ﬂ+(\/1+«/? +\/1—«/?)ﬁ]::2§+1«/?c;§;2

6012 -1)

vz-1

Generalized casesinvolving sgrt in the arguments

01.02.26.0030.01

[\/Zn)ﬁ = j_ G35z %

01.02.26.0031.01

01.02.26.0032.01

[m + z)ﬁ P Ggé[z,

2vVrn

01.02.26.0033.01

R . [ !

01.02.26.0034.01

Voo

[ Jp— 62:2

Z+1 23

01.02.26.0035.01

[(wm _w_l)‘l(wal+¢r_1f]:2i+lmgg

]/; Re(2 >0

§+1
N /i Re(2) >0
2

)/; Re(2 >0

z

4

B
4

B
4

)

0,

B+2
7

=

B+2
4

0,

M

N

1
0,3

+2

N ™ -l>|

+1

B
+1,l—z

z¢(=1,0)

]/; z¢(-1,0

1-

0,

N

B+2
4

|
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01.02.26.0036.01

B
VZ+1 +z B+l 1-8
1 L. 1 =7 =
= —G35|z, 5 L /i Re(2) >0
Z+1 T 03
01.02.26.0037.01
B
(\/22+1—z) 1 L[ 1 ¥, B+l
- G2:2 Z, E 1 / Re(Z) >0
VZ2+1 23 03

Generalized casesinvolving sgrt in the arguments and unit step 6

01.02.26.0038.01
61— |2) (1+E)B-(1-\/—)) \/—BGZZ[Z 5

01.02.26.0039.01

p+l B
22 +l]/; Re(2 >0
0,8

B Lia, 1-3
6(12 - 1) (z+\/22—1) —(z—\/ )) \/—BGZZZE 2 ] ]/Re(z)>0
2

01.02.26.0040.01

61— B B 1| 8 A1

- [(1-\/1-22) +(1+ 1—22) ]::2%7@5;‘2’[2, —| 22 ]/; Re(2) >0

Vi-2 2l op
01.02.26.0041.01

0zl - 1) B 1| &L
[(z—\jzz—l) +[Z+\/22—1)]——2\/_G22[Z§ 2 12 ]/ Re(2) >0

VZ2-1 0.3

01.02.26.0042.01

g2 p
s 1| 54,5 +1
9(1—|z|)((«/1+z—x/1—z)ﬁ—(\/1+z+«/1—z)B)::—za‘lﬁx/?eﬁ;g[z,E Y |hzec10
0 =
T2
01.02.26.0043.01
B B
B 1] -+1,1-~
0(|z|—1)((\/z—1 +\/z+1)ﬁ—(\/z+1—\/z—l)ﬁ)::ZE’lx/FﬁGgﬁz,E ‘ ol N
"2
01.02.26.0044.01
6(1-12) B B Fa 20 1 g?
((\/l+z—\/1—z) +(V1vz +\/l—z))==22 x/?ez;zz,E s |hze10
Vi-2 03

01.02.26.0045.01

6(2 - 1)

((\/z+1 —\/z—l)ﬁ+(\/z—l +\/Z+1)ﬁ)==2§+l‘/;621§ z

N

N

Through other functions

,8+2
4 ]/ Re(2) >0
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01.02.26.0046.01
M= (x;x"-2, /;in=2Vn-3eNAz¢ (0, )

Representations through equivalent functions

With inverse function

01.02.27.0013.01
[\09(2)]
m—Im|
a

2n

2iarn

() =

z

The left side of the above formula corresponds to the composition f(f<‘1>(z)) /; f(2) == 22, which generically does

not equal z. This relation aso reflects the invertibility of the power function 22 with respect to the variable z
because itsinverse -1 can coincide with the original function f , but for another value of the parameter a.

01.02.27.0014.01
log(2)
g/
a

(zl/"")a =z/i-n< Im(

The left side of above formula corresponds to composition f(f(‘l)(z)) /; f(2) == 22, which equal to z under restric-

log(2)

tion -7 < Im(T) < . This relation also reflects invertibility of power function 2 with respect to variable z

because itsinversion f-1 can coincides with original f but for other values of parameter a.

01.02.27.0015.01

2in | m-Im(alog(2)
(Za)l/a — QT{ 2n J z

The left side of above formula corresponds to composition fV(f(2)) /; f(2) = 2, which generically does not
equal to z. Thisrelation also reflects invertibility of power function Z with respect to variable z because its inver-
sion &9 can coincides with original f but for other values of parameter a.

01.02.27.0016.01
()" =2/; - <Im(@log2) = =

The l€ft side of above formula corresponds to composition fV(f(2)) /; f(2) == 22, which equal to z under restric-
tion —m < Im(alog(2)) < n. This relation also reflects invertibility of power function 2 with respect to variable z
because itsinversion f-1 can coincides with original f but for other values of parameter a.

01.02.27.0017.01
799,@ _ 5

Theleft side of above formula corresponds to composition f(f(‘l)(a)) /; f(a) == 22, which generically equal to a.

01.02.27.0018.01
- Im(alog(z))J
2n

2irm

log,(7) =a+

log(2)

The left side of above formula corresponds to composition &P (f(a)) /; f(a) == 72, which generically does not
equal to a.
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01.02.27.0019.01
log,(?)=a/; —m <Im(@alog(2) < x

The left side of above formula corresponds to composition f-V(f(a)) /; f(a) == 22, which equal to a under restric-
tion —m < Im(alog(2) < .

01.02.27.0020.01
- Im(zIog(a))J
2n

2in
log,(@®) =z+

log(a)

The left side of above formula corresponds to composition f(f(—l)(z)) /; f(2) ==log,(2), which generically does not

equal to z.

01.02.27.0021.01
log(@)=z/;aeRAz>0Va>0A-n<Im(zlog@) <n
The left side of above formula corresponds to composition f(f(*l)(z)) /; f(2) ==1og,(2), which equal to z under
restriction —z < Im(zlog(a)) < n.

01.02.27.0022.01
799,@ _ 5
The l€ft side of above formula corresponds to composition Y (f(2) /; f(2) = log,(2), which generically equal to
Z

01.02.27.0023.01

log(2)

| r-Im@alog@)
Zm{%halog(z)

logx(2) =

01.02.27.0024.01

1
loga(2 = — /; -7 < Im(alog(2) <
a

With related functions

01.02.27.0025.01
z=7 ¥

01.02.27.0004.01
A — p8l09®

01.02.27.0005.01
209@ __ 5log@

01.02.27.0006.01
log(a)
Z|09(Z) =a

With orthogonal polynomials

01.02.27.0007.01

= n!Z(_l)k(rr‘:i)Lﬁ(z)/; neN
k=0
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01.02.27.0008.01

nt L2l 1
== — —— H,ok@ /;neN
2 Hkin-20!

01.02.27.0009.01

ER
2= zné((k)_(k—l))un‘”@/; nen’

01.02.27.0010.01
n! 021 (—2k+n+2)
L= ) cW, @ /ineN
2 k=0 k! (A)7k+n+l

01.02.27.0011.01
n(@+b+2k+DT(@+b+k+1)(-n) b
(1-2"=2"T@+n+1) PAY@ /;neN
o T@a+k+DHr@+b+k+n+2)

01.02.27.0012.01

n (-DK@+b+2k+ ) @+b+k+1)(-n)
1-2" ==2”F(b+n+1)z

PEP@ ;ineN

P I'b+k+1)I'@+b+k+n+2)
Inequalities
01.02.29.0001.01
XY X
y—>X> y—/;0<x<y<1\/1<x<y
ooxoox

01.02.29.0002.01
X

yyy
[—) >—/;0<x<y<1lV1l<x<y
X xY

01.02.29.0003.01

log(x) 1t [Iog(X)
se(—l—@+e f)
X

O<x*—1-

2
/ixeRAXx=1
X

Zeros

01.02.30.0001.01
Z=0/;z=0ARe@ >0

Theorems

Gelfond-Schneider theorem

The number o, where , 8 are algebraic numbers, o # 0, 1, 8 ¢ Q, istranscendental.

Mellin transformation and Parseval relation
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0 y+ico ) y+ioco
. 1 . X dt 1 N A
f(9)= fxs”l fdxe f(X)= f f(9 x‘sds;ffl(—) fo(t) — == f f1(9 fa (9 x3ds.
2ni t t 2ni
0 y—ico 0 y=ico
Hilbert transformation
R 1 rfX 1
fyy=—- | —dxeo f(X)=—— —ydy.
rJ x-y rJy-x

The eigenfunctions of the Hilbert transformation are given by the following:

1 Rfxn) @+ix)"
—p [ ax=sno tn i fx = ——— A\nez
. X—y (l—iX)n+l

Zipf's law

The frequency f versustherank r in atext hasthe form f = r—#, where 8 ~ 0.6 for natural languages.

The quantum mechanical density of states of a d-dimensional lattice

The quantum mechanical density of states D(e) of a d-dimensional lattice exhibits van Hove singularities of the

d-1
form D(e) « 2, where g isthe energy.

Infinite tetration

The sequence

X, 3%,

convergesfor real x only if e™¢ < x < e¥/.

Differential-Algebraic Constants

To ensure the correctness of many formulas given in this collection over the whole complex plane, it is often
necessary to work with expressions of the form (22)a =(2%—i*, @ @Y /2, 2 )2~

(—22)a == 2(—2)% etc. (where a is a generic complex number). While in a textbook-mathematics setting these

expressions are often smplifiedto z, +1, 1, (- 1)¥2 7, etc, this cannot be done inside Mathematica. From a com-
plex function point of view the Riemann surface of such functions are made from disconnected sheets. Inside
Mathematica all branch cuts of all functions (that have branch cuts) follow uniquely from the branch cut of the
single power function (the logarithm function respectively). As aresult the branch cuts related to more complicated
functions such as (zz)a, @Y, @Y /2, z Y2 (-, (—22)a exist, athough they do not start and end at
branch points, but mostly extend from the origin to ¢ along opposite rays.

For instance we have:

BCA(2)") = BCA(i 2* (~i D) == {{(~i o0, 0), 1}, {(0, i o0), ~1}}

53
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lim ((x+ e)z)al = g 272 (xz)a1 [ix>0

e—>+0

lim (=) =272 () fix < 0

1/a 1/a

An expression of the form () / z,z(z®"are caled differential-algebraic constants because their derivative

vanishes generically everywhere as a complex function (but not as a generalized function).

History

—Ancient Egyptian, Babylonian, and Greek mathematicians

—Euclid knew a™a" == a™" for integersmand n

—N. Oresme (14th century) knew this rule even for fractional positive mand n, and also knew (ab)/" == a/n p¥/n
and (@) — (amP)¥d

—F. Viete (1593) derived the famous geometric series for 1/(1+x)

—Joh. Bernoulli (1697) defined arbitrary powersas 7 = (e'og(z))a == 21002

—L. Euler (1728) proved that i == ¢7/? and in 1748 used a series expansion for (1 + x) with rational a

— Martin Ohm (1823) was the first who fully develop the theory of the exponential Z, when both z and a are

complex numbers
— N. H. Abel (1826) first proved correctness of the series expansion of (1 + x)? in the unit circle for arbitrary a

The function 22 is encountered often in mathematics and the natural sciences.
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