
Power

Notations

Traditional name

Power function

Traditional notation

za

Mathematica StandardForm notation

Power@z, aD

Primary definition
01.02.02.0001.01

z0 � 1 �; z ¹ 0

01.02.02.0002.01

zk � z ´ z ´ ¼ ´ z � z zk-1 �; k Î N+

01.02.02.0003.01

za � â
k=0

¥ logk  HzL ak

k !

For complex numbers z and a, the function za gives the principal value of ãa logHzL.

Specific values

Specialized values

For fixed z

01.02.03.0001.01

z0 � 1 �; z ¹ 0

01.02.03.0002.01

z1�2 � z

01.02.03.0003.01

z1 � z

For fixed a



01.02.03.0004.01

0a � 0 �; ReHaL > 0

01.02.03.0005.01

0a � ¥� �; ReHaL < 0

01.02.03.0006.01

0a � È �; ReHaL � 0

01.02.03.0007.01

1a � 1

01.02.03.0008.01H-1La � ãä a Π

01.02.03.0009.01

äa � ã
ä a Π

2

01.02.03.0010.01

H-äLa � ã-
1

2
ä a Π

01.02.03.0011.01

za � ãa � expHaL �; z � ã

Values at fixed points

01.02.03.0012.01

00 � È

Values at infinities

01.02.03.0013.01

z¥ � 0 �;  z¤ < 1

01.02.03.0014.01

z¥ � ¥� �;  z¤ > 1

01.02.03.0015.01

x¥ � ¥ �; x > 1

01.02.03.0016.01

1¥ � È

01.02.03.0017.01H-1L¥ � È

01.02.03.0018.01

ä¥ � È

01.02.03.0019.01H-äL¥ � È

01.02.03.0020.01

z-¥ � 0 �;  z¤ > 1

01.02.03.0021.01

z-¥ � ¥� �;  z¤ < 1
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01.02.03.0022.01

x-¥ � ¥ �; x < 1

01.02.03.0023.01

1-¥ � È

01.02.03.0024.01H-1L-¥ � È

01.02.03.0025.01

ä-¥ � È

01.02.03.0026.01H-äL-¥ � È

01.02.03.0027.01

¥a � È

01.02.03.0028.01

¥a � 0 �; ReHaL < 0

01.02.03.0029.01

¥a � ¥ �; a > 0

01.02.03.0030.01

¥a � ¥� �; ReHaL > 0 ß ImHaL ¹ 0

01.02.03.0031.01

¥0 � È

01.02.03.0032.01

1

¥
� 0

01.02.03.0033.01

¥ä � È

01.02.03.0034.01

¥-¥ � 0

01.02.03.0035.01H-¥L-¥ � 0

01.02.03.0036.01Hä ¥L-¥ � 0

01.02.03.0037.01H-ä ¥L-¥ � 0

01.02.03.0038.01

¥� -¥ � 0

General characteristics

Domain and analyticity

za  is an analytical function of z and a which is defined over C2. For fixed z, it is an entire function of a.  For

positive integer a, za degenerates to a polynomial in z. 
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01.02.04.0001.01Hz * aL �za � HC Ä CL �C

Symmetries and periodicities

Parity

01.02.04.0002.01H-zLn � H-1Ln zn �; n Î Z

Mirror symmetry

01.02.04.0003.02

z�a � za �; z Ï H-¥, 0L
Periodicity

za is a periodic function with respect to a with period 2 ä Π
logHzL .

01.02.04.0004.01

za � z
a+

2 ä Π

logHzL

Homogeneity

01.02.04.0005.01HΛ zLa � Λa za �; Λ > 0 ê Λ + z ³ 0 ê a Î Z

01.02.04.0006.01

zΛ a � HzaLΛ �; -Π < ImHa logHzLL £ Π ê -1 < a £ 1 ê Λ Î Z

Scale symmetry

01.02.04.0007.01HzaLb � za b �; -Π < ImHa logHzLL £ Π ê -1 < a £ 1 ê b Î Z

Poles and essential singularities

With respect to a

For fixed z, the function za has only one singular point at a = ¥� .  It is an essential singular point. 

01.02.04.0008.01

SingaHzaL � 88¥� , ¥<<
With respect to z

For fixed a �; a Ï Z, the function za does not have poles and essential singularities.

01.02.04.0009.01

SingzHzaL � 8< �; a Ï Z

For positive integer a, the function za has a pole of order a at z = ¥� .  

01.02.04.0010.01

SingzHzaL � 88¥� , a<< �; a Î N+
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For negative integers a,  the function zahas a  pole of  order -a  at  the point z � 0 with residue ∆-a-1(1if  a � -1and 0

otherwise).

01.02.04.0011.01

SingzHzaL � 880, -a<< �; -a Î N+

01.02.04.0012.01

reszHzaL H0L � ∆-a-1 �; a Î Z

Branch points

With respect to a

For fixed z, the function za does not have branch points.

01.02.04.0013.01

BPaHzaL � 8<
With respect to z

For fixed noninteger a, the function za has two singular branch points: z � 0, z � ¥� .

For integer a, the function za does not have branch points. 

01.02.04.0014.01

BPzHzaL � 80, ¥� < �; a Ï Z

01.02.04.0015.01

BPzHzaL � 8< �; a Î Z

01.02.04.0016.01

RzHza, 0L � log �; a Ï Z ì a Ï Q

01.02.04.0017.01

RzHza, 0L � q �; a �
p

q
í p Î Z í q - 1 Î N+ í gcdHp, qL � 1

01.02.04.0018.01

RzHza, ¥� L � log �; a Ï Z ì a Ï Q

01.02.04.0019.01

RzHza, ¥� L � q �; a �
p

q
í p Î Z í q - 1 Î N+ í gcdHp, qL � 1

Branch cuts

With respect to a

For fixed z, the function zadoes not have branch cuts.

01.02.04.0020.01

BCaHzaL � 8<
With respect to z

For fixed noninteger a, the function za  is a single-valued function on the z-plane cut along the interval H-¥, 0L,
where it is continuous from above.
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For integer a, the function za does not have branch cuts.

01.02.04.0021.01

BCzHzaL � 88H-¥, 0L, -ä<<
01.02.04.0022.01

BCzHzaL � 8< �; a Î Z

01.02.04.0023.01

lim
Ε®+0

Hx + ä ΕLa � xa �; x < 0

01.02.04.0026.01

lim
Ε®+0

Hx + ä ΕLa � ãä Π a  x¤a �; x < 0

01.02.04.0027.01

lim
Ε®+0

Hx + ä ΕLa � ãä Π a H-xLa �; x < 0

01.02.04.0028.01

lim
Ε®+0

Hx - ä ΕLa � ã-ä Π a  x¤a �; x < 0

01.02.04.0024.01

lim
Ε®+0

Hx - ä ΕLa � ã-ä Π a H-xLa �; x < 0

01.02.04.0025.01

lim
Ε®+0

Hx - ä ΕLa � ã-2 ä Π a xa �; x < 0

Series representations

Generalized power series

Expansions at generic point a � a0

For the function itself

01.02.06.0022.01

za µ za0 1 + log HzL Ha - a0L +
1

2
log2HzL Ha - a0L2 + ¼ �; Ha ® a0L

01.02.06.0023.01

za µ za0 1 + log HzL Ha - a0L +
1

2
log2HzL Ha - a0L2 + OIHa - a0L3M

01.02.06.0024.01

za � za0 â
k=0

¥ logkHzL
k !

 Ha - a0Lk

01.02.06.0025.01

za � za0
0F0H; ; Ha - a0L logHzLL
01.02.06.0026.01

za µ za0 H1 + OHa - a0LL
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Expansions at a � 0

For the function itself

01.02.06.0001.02

za µ 1 + a logHzL +
1

6
log3HzL a3 +

1

2
log2HzL a2 + ¼ �; Ha ® 0L

01.02.06.0027.01

za µ 1 + a logHzL +
1

6
log3HzL a3 +

1

2
log2HzL a2 + OIa4M

01.02.06.0002.01

za � â
k=0

¥ logkHzL ak

k !

01.02.06.0003.01

za � 0F0H; ; a logHzLL
01.02.06.0004.02

za µ 1 + OHaL
01.02.06.0028.01

za � F¥Ha, zL �; FnHa, zL � â
k=0

n logkHzL ak

k !
� za QHn + 1, a logHzLL í n Î N

Summed form of the truncated series expansion.

Expansions at generic point z � z0

For the function itself

01.02.06.0029.01

za µ
1

z0

a
argJz-z0N

2 Π

z0

a
argJz-z0N

2 Π
+1

1 +
a Hz - z0L

z0

-
HH1 - aL aL Hz - z0L2

2 z0
2

+ ¼ �; Hz ® z0L
01.02.06.0030.01

za µ
1

z0

a
argJz-z0N

2 Π

z0

a
argJz-z0N

2 Π
+1

1 +
a

z0

 Hz - z0L -
H1 - aL a

2 z0
2

 Hz - z0L2 + OIHz - z0L3M
01.02.06.0031.01

za �
1

z0

a
argJz-z0N

2 Π

z0

a
argJz-z0N

2 Π
+1 â

k=0

¥ H-1Lk H-aLk z0
-k

k !
 Hz - z0Lk

01.02.06.0032.01

za � exp 2 Π ä a

Π - argJ z

z0
N - argHz0L

2 Π
â
k=0

¥ H-1Lk H-aLk z0
-k

k !
 Hz - z0Lk
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01.02.06.0033.01

za �
1

z0

a
argJz-z0N

2 Π

z0

a
argJz-z0N

2 Π
+1

1F0 -a; ; -
z - z0

z0

01.02.06.0034.01

za µ
1

z0

a
argJz-z0N

2 Π

z0

a
argJz-z0N

2 Π
+1 H1 + OHz - z0LL

Expansions of f HzLa at z � z0

01.02.06.0035.01

f HzLa µ f  Hz0La ã
2 ä a Π

1

2
-

argJ f Jz0NN
2 Π

-
1

2 Π
 arg

f HzL
f Jz0N 1 +

a f ¢Hz0L
f Hz0L Hz - z0L +

a

2 f Hz0L2
 IHa - 1L f ¢Hz0L2 + f Hz0L f ¢¢Hz0LM Hz - z0L2 + ¼ �;

Hz ® z0L
01.02.06.0036.01

f HzLa � a f  Hz0La ã
2 ä a Π

1

2
-

argJ f Jz0NN
2 Π

-
1

2 Π
 arg

f HzL
f Jz0N â

k=0

¥
k - a

k
â
j=0

k H-1L j

a - j

k
j

 p j,k Hz - z0Lk �;

p j,0 � 1 í p j,k �
1

f Hz0L k
 â
m=1

k j m + m - k

m!
 f HmLHz0L p j,k-m í k Î N+ í f  Hz0L ¹ 0

01.02.06.0037.01

f HzLn � f Hz0Ln â
k=0

¥

pn,k Hz - z0Lk �; p j,0 � 1 í p j,k �
1

f Hz0L k
 â
m=1

k j m + m - k

m!
 f HmLHz0L p j,k-m í k Î N+ í n Î N+ í f  Hz0L ¹ 0

01.02.06.0038.01

f HzLn � f Hz0Ln â
k=0

m n

pn,k Hz - z0Lk �; f HzL � â
k=0

m

ck zk í p j,0 � 1 í

p j,k �
1

f Hz0L k
 â
m=1

k j m + m - k

m!
 f HmLHz0L p j,k-m í k Î N+ í m Î N+ í n Î N+ í c j � 0 �; j > m ì f Hz0L ¹ 0

01.02.06.0039.01

f HzLa µ ã
2 ä a Π

1

2
-

argJ f Jz0NN
2 Π

-
1

2 Π
 arg

f HzL
f Jz0N f  Hz0La H1 + OHz - z0LL

Expansions on branch cuts

For the function itself

01.02.06.0040.01

za µ xa ã
2 a Π ä g argHz-xL

2 Π
w

1 +
a

z0

 Hz - xL -
H1 - aL a

2 z0
2

 Hz - xL2 + ¼ �; Hz ® xL ß x Î R ß x < 0
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01.02.06.0041.01

za µ xa ã
2 a Π ä g argHz-xL

2 Π
w

1 +
a

z0

 Hz - xL -
H1 - aL a

2 z0
2

 Hz - xL2 + OIHz - xL3M �; x Î R ß x < 0

01.02.06.0042.01

za � xa ã
2 a Π ä g argHz-xL

2 Π
w â

k=0

¥ H-1Lk H-aLk x-k

k !
 Hz - xLk �; x Î R ß x < 0

01.02.06.0043.01

za � xa ã
2 a Π ä g argHz-xL

2 Π
w

1F0 -a; ; -
z - x

x
�; x Î R ß x < 0

01.02.06.0044.01

za � ã
2 ä a Π g argHz-xL

2 Π
w

xa
z

x

a �; z

x
- 1 < 1 í x Î R í x < 0

01.02.06.0045.01

za µ xa ã
2 a Π ä g argHz-xL

2 Π
w H1 + OHz - xLL �; x Î R ß x < 0

Expansions at z � 1

For the function itself

General case

01.02.06.0011.02

za µ 1 + a Hz - 1L +
a Ha - 1L

2!
 Hz - 1L2 +

a Ha - 1L Ha - 2L
3!

 Hz - 1L3 + ¼ �; Hz ® 1L
01.02.06.0046.01

za µ 1 + a Hz - 1L +
a Ha - 1L

2!
 Hz - 1L2 +

a Ha - 1L Ha - 2L
3!

 Hz - 1L3 + OIHz - 1L4M
01.02.06.0012.01

za � â
k=0

¥ a

k
Hz - 1Lk �;  z - 1¤ < 1

01.02.06.0013.01

za � â
k=0

¥ H-1Lk H-aLk

k !
 Hz - 1Lk �;  z - 1¤ < 1

01.02.06.0014.01

za � 1F0H-a; ; 1 - zL
01.02.06.0015.02

za µ 1 + OHz - 1L
01.02.06.0047.01

za � F¥Hz, aL �; FnHz, aL � â
k=0

n H-1Lk H-aLk Hz - 1Lk

k !
� za + H-1Ln Hz - 1Ln+1 H-aLn+1 2F

�
1H1, -a + n + 1; n + 2; 1 - zL í n Î N

Summed form of the truncated series expansion.
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Special cases

01.02.06.0048.01

1

z
µ 1 + Hz - 1L2 - Hz - 1L3 + ¼ �; Hz ® 1L

01.02.06.0049.01

1

z
µ 1 + Hz - 1L2 - Hz - 1L3 + OIHz - 1L4M

01.02.06.0016.01

1

z
� â

k=0

¥ H-1Lk Hz - 1Lk �;  z - 1¤ < 1

01.02.06.0050.01

1

z
� 1F0H1; ; 1 - zL

01.02.06.0051.01

1

z
µ 1 + OHz - 1L

01.02.06.0052.01

1

z
� F¥HzL �; FnHzL � â

k=0

n H-1Lk Hz - 1Lk �
H-1Ln Hz - 1Ln+1 + 1

z
í n Î N

Summed form of the truncated series expansion.

Expansions of H1 + zLa at z � 0

For the function itself

General case

01.02.06.0005.02

H1 + zLa µ 1 + a z +
a Ha - 1L

2!
 z2 +

a Ha - 1L Ha - 2L
3!

 z3 + ¼ �; Hz ® 0L
01.02.06.0053.01

H1 + zLa µ 1 + a z +
a Ha - 1L

2!
 z2 +

a Ha - 1L Ha - 2L
3!

 z3 + OIz4M
01.02.06.0006.01

H1 + zLa � â
k=0

¥ a

k
zk �;  z¤ < 1

01.02.06.0007.01

H1 + zLa � â
k=0

¥ H-1Lk H-aLk

k !
 zk �;  z¤ < 1

01.02.06.0008.01H1 + zLa � 1F0H-a; ; -zL
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01.02.06.0009.02H1 + zLa µ 1 + OHzL
01.02.06.0054.01

H1 + zLa � F¥Hz, aL �; FnHz, aL � â
k=0

n H-1Lk H-aLk zk

k !
� Hz + 1La + H-1Ln zn+1 H-aLn+1 2F

�
1H1, -a + n + 1; n + 2; -zL í n Î N

Summed form of the truncated series expansion.

Special cases

01.02.06.0055.01

1

1 + z
µ 1 - z + z2 - z3 + ¼ �; Hz ® 0L

01.02.06.0056.01

1

1 + z
µ 1 - z + z2 - z3 + OIz4M

01.02.06.0010.01

1

1 + z
� â

k=0

¥ H-1Lk zk �;  z¤ < 1

01.02.06.0057.01

1

1 + z
� 1F0H1; ; -zL

01.02.06.0058.01

1

1 + z
µ 1 + OHzL

01.02.06.0059.01

1

1 + z
� F¥HzL �; FnHzL � â

k=0

n H-1Lk zk �
H-1Ln zn+1 + 1

z + 1
í n Î N

Summed form of the truncated series expansion.

Expansions of I1 + Úk=1
¥ ck zk Ma

 at z � 0

01.02.06.0060.01

1 + â
k=1

¥

ck zk

a

µ 1 + a c1 z +
1

2
a IHa - 1L c1

2 + 2 c2M z2 +
1

6
a IHa - 2L Ha - 1L c1

3 + 6 Ha - 1L c2 c1 + 6 c3M z3 + ¼ �; Hz ® 0L
01.02.06.0061.01

1 + â
k=1

¥

ck zk

a

µ 1 + a c1 z +
1

2
a IHa - 1L c1

2 + 2 c2M z2 +
1

6
a IHa - 2L Ha - 1L c1

3 + 6 Ha - 1L c2 c1 + 6 c3M z3 + OIz4M �; Hz ® 0L
01.02.06.0062.01

1 + â
k=1

¥

ck zk

a

� a â
k=0

¥
k - a

k
â
j=0

k H-1L j

a - j

k
j

p j,k zk �; p j,0 � 1 í p j,k �
1

k
 â
m=1

k H j m + m - kL cm p j,k-m í k Î N+ í a Ï N+
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01.02.06.0063.01

1 + â
k=1

¥

ck zk

n

� â
k=0

¥

pHn, kL zk �; p j,0 � 1 í p j,k �
1

k
 â
m=1

k H j m + m - kL cm p j,k-m í k Î N+ í n Î N+

01.02.06.0064.01

1 + â
k=1

m

ck zk

n

� â
k=0

m n

pn,k zk �;

p j,0 � 1 í p j,k �
1

k
 â
m=1

k H j m + m - kL cm p j,k-m í k Î N+ í m Î N+ í n Î N+ í c j � 0 �; j > m

01.02.06.0065.01

1 + â
k=1

¥

ck zk

a

µ 1 + OHzL
Expansions of H1 + zLa at z � ¥

For the function itself

General case

01.02.06.0066.01

H1 + zLa µ za 1 +
a

z
-

H1 - aL a

2 z2
+ ¼ �; H z¤ ® ¥L

01.02.06.0067.01

H1 + zLa µ za 1 +
a

z
-

H1 - aL a

2 z2
+ O

1

z3

01.02.06.0068.01

H1 + zLa � za â
k=0

¥ a

k
z-k �;  z¤ > 1

01.02.06.0069.01

H1 + zLa � za â
k=0

¥ H-1Lk H-aLk z-k

k !
�;  z¤ > 1

01.02.06.0070.01

H1 + zLa � ã

2 Π ä a
Π-argHzL-arg 1+

1

z

2 Π

 za 1F0 -a; ; -
1

z

01.02.06.0071.01

H1 + zLa � za 1F0 -a; ; -
1

z
�;  z¤ > 1

01.02.06.0072.01

H1 + zLa µ za 1 + O
1

z
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01.02.06.0073.01Hz + 1La � F¥Hz, aL �;
FnHz, aL � za â

k=0

n IH-1Lk H-aLkM z-k

k !
� 1 +

1

z

a

za +
H-1Ln GH-a + n + 1L

GH-aL  za-n-1
2F

�
1 1, -a + n + 1; n + 2; -

1

z
í n Î N

Summed form of the truncated series expansion.

Special cases

01.02.06.0074.01

1

1 + z
µ

1

z
 1 -

1

z
+

1

z2
- ¼ �; Hz ® 0L

01.02.06.0075.01

1

1 + z
µ

1

z
 1 -

1

z
+

1

z2
- O

1

z3

01.02.06.0076.01

1

1 + z
�

1

z
 â
k=0

¥ H-1Lk z-k �;  z¤ > 1

01.02.06.0077.01

1

1 + z
�

1

z
 1F0 1; ; -

1

z

01.02.06.0078.01

1

1 + z
µ

1

z
 1 + O

1

z

01.02.06.0079.01

1

1 + z
� F¥HzL �; FnHzL �

1

z
 â
k=0

¥ H-1Lk z-k �
zn+1 + H-1Ln

zn Iz2 + zM í n Î N

Summed form of the truncated series expansion.

Asymptotic series expansions

01.02.06.0017.01

za µ za �; Hz ® 0L
01.02.06.0018.01

za µ za �; H z¤ ® ¥L
01.02.06.0019.01

za µ za �; H a¤ ® ¥L
Residue representations

Representations of za

01.02.06.0080.01

za � â
j=0

¥

resIH-a logHzLL-s GHsL, 8s, - j<M
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01.02.06.0081.01

za �
1

GH-aL  â
j=0

¥

ressHH GH-a - sL Hz - 1L-sL GHsLL H- jL �;  z - 1¤ < 1

01.02.06.0082.01

za � -
1

GH-aL  â
j=0

¥

ressHHGHsL Hz - 1L-sL GH-a - sLL H j - aL �;  z - 1¤ > 1

Representations of H1 + zLa

01.02.06.0083.01

H1 + zLa � â
j=0

¥

resIH-a logHzLL-s GHs + 1L, 8s, - j<M
01.02.06.0020.01

H1 + zLa �
1

GH-aL  â
j=0

¥

ressHH GH-a - sL z-sL GHsLL H- jL �;  z¤ < 1

01.02.06.0021.01

H1 + zLa � -
1

GH-aL  â
j=0

¥

ressHHGHsL z-sL GH-a - sLL H j - aL �;  z¤ > 1

Integral representations

Contour integral representations

01.02.07.0001.01

H1 + zLa �
1

GH-aL 2 Π ä
 à

Γ-ä ¥

Γ+ä ¥

GHsL GH-a - sL z-s â s �; 0 < Γ < -ReHaL ì  argHzL¤ < Π

01.02.07.0002.01

H1 + zLa �
1

GH-aL 2 Π ä
 à

L
GHsL GH-a - sL z-s â s

Continued fraction representations
01.02.10.0001.01

H1 + zLa � 1 +
a z

1 +
H1 - aL z

3 +
H1 + aL z

5 +
H2 - aL z

5 +
H2 + aL z

9 +
H3 - aL z

7 + ¼

�; z Ï H-¥, -1L

01.02.10.0002.01

H1 + zLa � 1 + Kk

k

2
- H-1Lk a z,

1

2
I3 - H-1LkM k + H-1Lk

1

¥ �; z Ï H-¥, -1L
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01.02.10.0003.01

H1 + zLa � 1 +
a z

1 +
H1 - aL z

3 +
H1 + aL z

5 +
H2 - aL z

5 +
H2 + aL z

9 +
H3 - aL z

7 + ¼

�; z Ï H-¥, -1L

01.02.10.0004.01

H1 + zLa � 1 + Kk

k

2
- H-1Lk a z,

1

2
I3 - H-1LkM k + H-1Lk

1

¥ �; z Ï H-¥, -1L
01.02.10.0005.01

H1 + zLa �
1

1 -
a z

1 +
H1 + aL z

3 +
H1 - aL z

5 +
H2 + aL z

5 +
H2 - aL z

9 +
H3 + aL z

7 + ¼

�; z Ï H-¥, -1L

01.02.10.0006.01

H1 + zLa �
1

J1 + KkJz JH-1Lk a + f k

2
vN, 1

2
I3 - H-1LkM k + H-1LkN

1

¥N �; z Ï H-¥, -1L
01.02.10.0007.01

H1 + zLa �
1

1 -
a z

1 + H1 + aL z -
H1 + aL z H1 + zL

2 + H3 + aL z -
2 H2 + aL z H1 + zL
3 + H5 + aL z - ¼

�; ReHzL > -
1

2

01.02.10.0008.01

H1 + zLa �
1

1 - a z

1+Ha+1L z+KkH-k Ha+kL z Hz+1L,k+Ha+2 k+1L z+1L
1
¥

�; ReHzL > -
1

2

01.02.10.0009.01

H1 + zLa �
1

1 -
a z

1 + z +
H-1 + aL z

2 +
H-1 - aL z

3 H1 + zL +
H-2 + aL z

2 +
H-2 - aL z

5 H1 + zL +
H-3 + aL z

2 + ¼

�; z Ï H-¥, -1L
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01.02.10.0010.01

H1 + zLa �
1

J1 + KkJ-Jf k

2
v - H-1Lk aN z, 1

2
I1 - H-1LkM k Hz + 1L + H-1Lk + 1N

1

¥N �; z Ï H-¥, -1L
01.02.10.0011.01

H1 + zLa �
1

1 -
a z

1 + a z +
H1 - aL z

2 - H1 - aL z +
2 H2 - aL z

3 - H2 - aL z +
3 H3 - aL z

4 - H3 - aL z + ¼

�;  z¤ < 1

01.02.10.0012.01

H1 + zLa �
1

1 - a z

1+a z+KkHk Hk-aL z,k-Hk-aL z+1L
1
¥

�;  z¤ < 1

01.02.10.0013.01

H1 + zLa � 1 +
a z

1 +
H1 - aL z

2 1 -
1

2
H1 - aL z +

H2 - aL z

3 1 -
1

3
H2 - aL z + ¼

�;  z¤ < 1

01.02.10.0014.01

H1 + zLa � 1 +
z a

1 + KkJ Hk-aL z

k+1
, 1 - Hk-aL z

k+1
N
1

¥
�;  z¤ < 1

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

With respect to z

01.02.13.0001.01

z w¢HzL - a wHzL � 0 �; wHzL � za �; wH1L � 1

01.02.13.0003.01

z w¢HzL - a wHzL � 0 �; wHzL � c1 za

01.02.13.0004.01

w¢HzL -
a g¢HzL
gHzL  wHzL � 0 �; wHzL � c1 gHzLa

01.02.13.0005.01

w¢HzL -
a g¢HzL
gHzL +

h¢HzL
hHzL  wHzL � 0 �; wHzL � c1 hHzL gHzLa
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With respect to a

01.02.13.0006.01

w¢HaL - logHzL wHaL � 0 �; wHaL � c1 za

01.02.13.0007.01

w¢HaL - logHzL wHaL � 0 �; wHaL � za ì wH1L � z

01.02.13.0008.01

w¢HaL - logHzL g¢HaL wHaL � 0 �; wHaL � c1 zgHaL
01.02.13.0009.01

w¢HaL - logHzL g¢HaL +
h¢HaL
hHaL  wHaL � 0 �; wHaL � c1 hHaL zgHaL

Ordinary nonlinear differential equations

01.02.13.0002.01

wHaL w¢¢HaL - w¢HaL2 � 0 �; HwHaL � c1 za �; z � ãc2 L
Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

With respect to z

01.02.16.0006.01H-zLn � H-1Ln zn �; n Î Z

01.02.16.0001.01H-zLa � ã-ä a Π za �; ImHzL > 0 Þ ImHzL � 0 ß z < 0

01.02.16.0002.01H-zLa � ãä a Π za �; ImHzL < 0 Þ ImHzL � 0 ß z > 0

01.02.16.0047.01H-zLa � ã-ä a Π za �; argHzL > 0

01.02.16.0048.01H-zLa � ãä a Π za �; argHzL £ 0

01.02.16.0005.01

H-zLa � exp
a Π -z2

z
za

01.02.16.0003.01

H-zLa � exp ä a Π 1 + 2 -
argHzL

2 Π
za

01.02.16.0049.01

Hä zLa � äa za �; argHzL £
Π

2
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01.02.16.0050.01

Hä zLa � äa ã-2 ä a Π za �; argHzL >
Π

2

01.02.16.0051.01

Hä zLa � äa ã
2 ä a Π g 1

4
-

argHzL
2 Π

w
za

01.02.16.0052.01

H-ä zLa � H-äLa za �; argHzL > -
Π

2

01.02.16.0053.01

H-ä zLa � H-äLa ã2 ä a Π za �; argHzL £ -
Π

2

01.02.16.0054.01

H-ä zLa � H-äLa ã
2 ä a Π g 3

4
-

argHzL
2 Π

w
za

01.02.16.0007.01

1

z

a

� z-a �; z Ï H-¥, 0L ê a Î Z

01.02.16.0055.01

1

z

a

� z-a �; argHzL ¹ Π ê a Î Z

01.02.16.0056.01

1

z

a

� ã2 Π ä a z-a �; z Î R ß z < 0

01.02.16.0057.01

1

z

a

� z-a ã
2 Π ä a g argHzL+Π

2 Π
w

01.02.16.0058.01

-
1

z

a

� H-1La z-a �; ImHzL ³ 0

01.02.16.0059.01

-
1

z

a

� ã-Π ä a z-a �; ImHzL < 0

01.02.16.0060.01

-
1

z

a

� H-1La ã
2 Π ä a g argHzL

2 Π
w
 z-a

01.02.16.0061.01

ä

z

a

� äa z-a �; argHzL ³ -
Π

2

01.02.16.0062.01

ä

z

a

� äa ã-2 ä a Π z-a �; argHzL < -
Π

2

01.02.16.0063.01

ä

z

a

� äa ã
2 ä a Π g argHzL

2 Π
+

1

4
w

z-a
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01.02.16.0064.01

-
ä

z

a

� H-äLa z-a �; argHzL <
Π

2

01.02.16.0065.01

-
ä

z

a

� H-äLa ã2 ä a Π z-a �; argHzL ³
Π

2

01.02.16.0066.01

-
ä

z

a

� H-äLa ã
2 ä a Π g argHzL

2 Π
+

3

4
w

z-a

With respect to a

01.02.16.0067.01

z-a �
1

za

01.02.16.0068.01

zä a � HzaLä �; -Π < ImHa logHzLL £ Π

01.02.16.0069.01

zä a � HzaLä ã2 Π k �; -2 Π k - Π < ImHa logHzLL £ Π - 2 Π k ì k Î Z

01.02.16.0070.01

zä a � HzaLä ã
2 Π

Π-ImIa logHzLM
2 Π

01.02.16.0071.01

z-ä a � HzaL-ä �; -Π < ImHa logHzLL £ Π

01.02.16.0072.01

z-ä a � HzaL-ä ã-2 Π k �; -2 Π k - Π < ImHa logHzLL £ Π - 2 Π k ì k Î Z

01.02.16.0073.01

z-ä a � HzaL-ä ã
-2 Π

Π-ImIa logHzLM
2 Π

Addition formulas

With respect to z

01.02.16.0009.01

Hz1 + z2Ln � â
k=0

n n

k
z1

k z2
n-k �; n Î N+

01.02.16.0074.01

Hz1 + z2 + z3Ln � â
n1=0

n â
n2=0

n â
n3=0

n

∆n,n1+n2+n3
Hn1 + n2 + n3; n1, n2, n3L z1

n1 z2
n2 z3

n3 �; n Î N+

01.02.16.0010.01

Hz1 + z2 + ¼ + zmLn � â
n1=0

n â
n2=0

n

¼ â
nm=0

n

∆n,Úk=1
m nk

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL ä
k=1

m

zk
nk �; n Î N+

With respect to a
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01.02.16.0008.01

za1+a2 � za1 za2

01.02.16.0075.01

za1+a2+¼+am � ä
k=1

m

zak

Half-angle formulas

With respect to z

01.02.16.0011.01

K z

2
Oa

� 2-a za

With respect to a

01.02.16.0076.01

za�2 � za �; a Î R ì -Π < a argHzL £ Π

01.02.16.0077.01

za�2 � za �; -Π < ImHa logHzLL £ Π

01.02.16.0078.01

za�2 � H-1Lk za �; -2 Π k - Π < ImHa logHzLL £ Π - 2 Π k ì k Î Z

01.02.16.0079.01

za�2 � za ã
-Π ä

Π-ImIa logHzLM
2 Π

Multiple arguments

With respect to z

For products

01.02.16.0012.01Hc zLa � ca za �; c > 0

01.02.16.0013.01Hz1 z2La � z1
a z2

a �; z1 + z2 ³ 0 ê a Î Z

01.02.16.0014.01Iz - z2Ma
� H1 - zLa za

01.02.16.0015.01I-z2 - zMa
� H-zLa Hz + 1La

01.02.16.0080.01Hz1 z2La � z1
a z2

a �; argHz1L £ 0 ì -argHz1L - Π < argHz2L ê argHz1L ³ 0 ì argHz2L £ Π - argHz1L
01.02.16.0081.01Hz1 z2La � z1

a z2
a ã-2 Π ä a �; argHz1L ³ 0 ì argHz2L > Π - argHz1L

01.02.16.0082.01Hz1 z2La � z1
a z2

a ã2 Π ä a �; argHz1L £ 0 ì argHz2L £ -argHz1L - Π
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01.02.16.0016.01

Hz1 z2La � z1
a z2

a exp 2 Π ä a
Π - argHz1L - argHz2L

2 Π

01.02.16.0083.01

ä
k=1

n

zk

a

� ã
2 Π ä a

Π-Úk=1
n argJzk N

2 Π ä
k=1

n

zk
a �; n Î N+

For quotients

01.02.16.0019.01

z

z + 1

a

�
za

Hz + 1La

01.02.16.0020.01

z

z - 1

a

�
H-zLa

H1 - zLa

01.02.16.0021.01

z1

z2

a

�
1

J z2

z2-z1
Na

 
z1

z2 - z1

a �; z2 - z1 Î R ì z2 ¹ z1

01.02.16.0022.01

z1

z2

a

�
z1

a

z2
a

�; z2 - z1 ³ 0

01.02.16.0023.01

z1

z2

a

�
H-z1La

H-z2La
�; z2 - z1 < 0

01.02.16.0084.01

z1

z2

a

� z1
a z2

-a �; argHz1L £ 0 ì argHz2L < argHz1L + Π ê argHz1L > 0 ì argHz2L ³ argHz1L - Π

01.02.16.0085.01

z1

z2

a

� z1
a z2

-a ã-2 ä a Π �; argHz1L ³ 0 ì argHz2L < argHz1L - Π

01.02.16.0086.01

z1

z2

a

� z1
a z2

-a ã2 ä a Π �; argHz1L £ 0 ì argHz2L ³ argHz1L + Π

01.02.16.0087.01

z1

z2

a

� z1
a z2

-a ã
2 ä a Π

Π-argIz1 M+argIz2 M
2 Π

01.02.16.0024.01

a + z

b + z

c

�
1

J b+z

b-a
Nc

 
a + z

b - a

c �; a - b Î R ì a ¹ b

01.02.16.0025.01

z

1 - z

a

� za
1

1 - z

a
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01.02.16.0026.01

-
z

z + 1

a

� H-zLa
1

z + 1

a

01.02.16.0027.01

z1

z2

a

�
z1

z1 + z2

a z1 + z2

z2

a �; z1 + z2 Î R ì z1 + z2 ¹ 0

01.02.16.0028.01

z1

z2

a

� z1
a

1

z2

a �; z1 + z2 ³ 0

01.02.16.0029.01

z1

z2

a

� H-z1La -
1

z2

a �; z1 + z2 < 0

01.02.16.0030.01

a + z

b - z

c

�
a + z

a + b

c a + b

b - z

c �; a + b Î R ì a + b ¹ 0

With respect to a

For products

01.02.16.0017.01

za1 a2 � Hza1 La2 �; -Π < ImHa1 logHzLL £ Π ê -1 < a1 £ 1 ê a2 Î Z

01.02.16.0088.01

za1 a2 � Hza1 La2 ã-2 ä Π a2 k �; -2 Π k - Π < ImHa1 logHzLL £ Π - 2 Π k ì k Î Z

01.02.16.0018.01

za1 a2 � Hza1 La2 exp -2 ä Π a2

Π - ImHa1 logHzLL
2 Π

Power of arguments

With respect to z

01.02.16.0089.01

z
a

� za�2
01.02.16.0090.01

z2 � z �; -
Π

2
< argHzL £

Π

2

01.02.16.0091.01

z2 � -z �; -Π < argHzL £ -
Π

2
ë Π

2
< argHzL £ Π

01.02.16.0031.01

z2 � -ä z ä z

01.02.16.0092.01

-z2 � z -z
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01.02.16.0032.01

HznL1�n � z �; -
Π

n
< argHzL £

Π

n
í n Î N+

01.02.16.0093.01

HznL1�n � z �; Π

n
£ argHzL < -

Π

n
í n Î Z í n < 0

01.02.16.0033.01Iz1�nMn
� z �; n Î Z ß n ¹ 0

01.02.16.0034.01

Iz2Ma
� z2 a �; -

Π

2
< argHzL £

Π

2

01.02.16.0094.01

Iz2Ma
� ã2 ä a Π z2 a �; -Π < argHzL £ -

Π

2

01.02.16.0035.01

Iz2Ma
� ã-2 ä a Π z2 a �; Π

2
< argHzL £ Π

01.02.16.0095.01Iz2Ma
� H-ä zLa Hä zLa

01.02.16.0096.01I-z2Ma
� H-zLa za

01.02.16.0097.01Hza1 La2 � za1 a2 �; a1 Î R ì -Π < a1 argHzL £ Π

01.02.16.0098.01Hza1 La2 � za1 a2 ã2 Π ä a2 k �; a1 Î R ì -2 Π k - Π < a1 argHzL £ Π - 2 Π k ì k Î Z

01.02.16.0036.01Hza1 La2 � za1 a2 �; -Π < ImHa1 logHzLL £ Π ê -1 < a1 £ 1 ê a2 Î Z

01.02.16.0099.01Hza1 La2 � za1 a2 ã2 Π ä a2 k �; -2 Π k - Π < ImHa1 logHzLL £ Π - 2 Π k ì k Î Z

01.02.16.0037.01

Hza1 La2 � za1 a2  exp 2 Π ä a2

Π - ImHa1 logHzLL
2 Π

Exponent of arguments

With respect to z

01.02.16.0100.01HãzLa � ãa z �; -Π < ImHzL £ Π

01.02.16.0101.01HãzLa � ãa H2 ä Π k+zL �; -2 Π k - Π < ImHzL £ Π - 2 Π k ì k Î Z

01.02.16.0102.01

HãzLa � ãa z ã
2 ä Π a f Π-ImHzL

2 Π
v
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Some functions of arguments

With respect to z

01.02.16.0103.01

Hc zmLa � ca zm a ã
2 Π ä a

Π-argHcL-ImIm logHzLM
2 Π

01.02.16.0104.01

Hc ãzLa � ca ãa z ã
2 Π ä a

Π-argHcL-ImHzL
2 Π

01.02.16.0105.01

Hxa1 ya2 Lb � ã
2 ä b Π

Π-ImIa1 logHxLM-ImIa2 logHyLM
2 Π xb a1 yb a2

01.02.16.0106.01

Hxa1 ya2 za3 Lb � ã
2 ä b Π

Π-ImIa1 logHxLM-ImIa2 logHyLM-ImJa3 logHzLN
2 Π

xb a1 yb a2 zb a3

01.02.16.0107.01

ä
k=1

n

zk
ak

b

� ã
2 ä b Π

Π-Úk=1
n ImJak logJzk NN

2 Π ä
k=1

n

zk
b ak

Products, sums, and powers of the direct function

Products of the direct function

01.02.16.0038.01

za1 za2 � za1+a2

01.02.16.0040.01

x1
a x2

a � Hx1 x2La �; x1 > 0 ì x2 > 0 ê x1 x2 < 0

01.02.16.0041.01

x1
a x2

a � H-1L2 a Hx1 x2La �; x1 < 0 ì x2 < 0

01.02.16.0042.01

z1
a z2

a � Hz1 z2La �; z1 + z2 ³ 0 ê a Î Z

01.02.16.0108.01

z1
a z2

a � Hz1 z2La �; argHz1L £ 0 ì -argHz1L - Π < argHz2L ê argHz1L ³ 0 ì argHz2L £ Π - argHz1L
01.02.16.0109.01

z1
a z2

a � Hz1 z2La ã2 Π ä a �; argHz1L ³ 0 ì argHz2L > Π - argHz1L
01.02.16.0110.01

z1
a z2

a � Hz1 z2La ã-2 Π ä a �; argHz1L £ 0 ì argHz2L £ -argHz1L - Π

01.02.16.0043.01

z1
a z2

a � Hz1 z2La exp -2 Π ä a
Π - argHz1L - argHz2L

2 Π

01.02.16.0111.01

z1
a z2

m a � Hz1 z2
mLa ã

-2 Π ä a
-argIz1 M-ImIm logIz2 MM+Π

2 Π
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01.02.16.0112.01

z1
a1 z2

a2 � ãlogHz1L a1+logHz2L a2

01.02.16.0113.01

ä
k=1

n

zk
ak � ãÚk=1

n ak logIzkM �; n Î N+

01.02.16.0114.01

xb a1 yb a2 � ã
-2 ä b Π

-ImIa1 logHxLM-ImIa2 logHyLM+Π

2 Π Hxa1 ya2 Lb

01.02.16.0115.01

xb a1 yb a2 zb a3 � ã
-2 ä b Π

-ImIa1 logHxLM-ImIa2 logHyLM-ImJa3 logHzLN+Π

2 Π Hxa1 ya2 za3 Lb

01.02.16.0116.01

ä
k=1

n

zk
b ak � ã

-2 ä b Π
Π-Úk=1

n ImJak logJzk NN
2 Π ä

k=1

n

zk
ak

b

Quotients of the direct function

01.02.16.0039.01

za1

za2
� za1-a2

01.02.16.0117.01

z1
a

z2
a

�
z1

z2

a �; argHz1L £ 0 ì argHz2L < argHz1L + Π ê argHz1L > 0 ì argHz2L ³ argHz1L - Π

01.02.16.0118.01

z1
a

z2
a

�
z1

z2

a

 ã2 ä a Π �; argHz1L ³ 0 ì argHz2L < argHz1L - Π

01.02.16.0119.01

z1
a

z2
a

�
z1

z2

a

ã-2 ä a Π �; argHz1L £ 0 ì argHz2L ³ argHz1L + Π

01.02.16.0120.01

z1
a

z2
a

�
z1

z2

a

ã
-2 ä a Π

Π-argIz1 M+argIz2 M
2 Π

01.02.16.0121.01

z1
a1

z2
a2

� ãa1 logHz1L-a2 logHz2L

01.02.16.0122.01Ûk=1
n zk

ak

Ûk=1
m wk

bk

� ãÚk=1
n ak logIzkM-Úk=1

m bk logIwkM �; n Î N+ ì m Î N+

Power of the direct function

01.02.16.0044.01Hza1 La2 � za1 a2 �; -Π < ImHa1 logHzLL £ Π ê -1 < a1 £ 1 ê a2 Î Z
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01.02.16.0123.01Hza1 La2 � za1 a2 ã2 Π ä a2 k �; -2 Π k - Π < ImHa1 logHzLL £ Π - 2 Π k ì k Î Z

01.02.16.0045.01

Hza1 La2 � za1 a2  exp 2 Π ä a2

Π - ImHa1 logHzLL
2 Π

01.02.16.0124.01

HzmL1�n � zm�n ã
ä H2 k-1L Π

m

-
m

n H-1L1�n �; m Î N+ í n Î N+ í H2 k - 3L Π

m
< argHzL £

H2 k - 1L Π

m
í 1 £ k £

m + 1

2

01.02.16.0125.01

HzmL1�n � zm�n ã
-

ä H2 k-1L Π

m

-
m

n H-1L1�n �; m Î N+ í n Î N+ í -
H2 k + 1L Π

m
< argHzL £ -

H2 k - 1L Π

m
í 1 £ k £

m - 1

2

01.02.16.0126.01

HzmL1�n � zm�n H-1L-
m

n �; m

2
Î N+ í n Î N+ í Π -

Π

m
< argHzL £ Π ë -Π < argHzL £ -Π +

Π

m

Sum of the direct function

01.02.16.0127.01

za + H-zLa � 2 I-z2Ma�2
cos

a Π

2

01.02.16.0128.01

za - H-zLa � 2 z I-z2M a-1

2 sin
a Π

2

Power of the product of the direct function

01.02.16.0129.01

Hxa1 ya2 Lb � ã
2 ä b Π

Π-ImIa1 logHxLM-ImIa2 logHyLM
2 Π xb a1 yb a2

01.02.16.0130.01

Hxa1 ya2 za3 Lb � ã
2 ä b Π

Π-ImIa1 logHxLM-ImIa2 logHyLM-ImJa3 logHzLN
2 Π

 xb a1 yb a2 zb a3

01.02.16.0131.01

ä
k=1

n

zk
ak

b

� ã
2 ä b Π

Π-Úk=1
n ImJak logJzk NN

2 Π ä
k=1

n

zk
b ak

01.02.16.0132.01

HH-1Lr zrLb � H-1Lb r zb r �; r Î R í 0 < r £
1

2

Related transformations

01.02.16.0046.01

z
1

z-1

z

z

z-1

� z
z

z-1

z

1

z-1

Identities
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Functional identities

Univariate functional identities

01.02.17.0001.01

z-a �
1

za

01.02.17.0005.01

za �
z

b

a 1

b

a
argHz-bL

2 Π

b
a

argHz-bL
2 Π

+1

01.02.17.0006.01

za � xa
z

x

a

ã
2 a Π ä g argHz-xL

2 Π
w �; x < 0

Biivariate functional identities

01.02.17.0002.01

g
x + y

x - y
�

gHxL + gHyL
gHxL - gHyL �; gHxL � x1 í x Î R í y Î R í x ¹ y

01.02.17.0003.01

 gHx + ä yL¤ �  gHxL + gHä yL¤ �; gHzL � c z1 í x Î R í y Î R

Other identities

01.02.17.0004.01

â
k=1

n 1

zk

 -1 I1 + zk
n-1M ä

j=1

k-1 z j

z j - zk

 ä
j=k+1

n z j

z j - zk

� 0 �; n Î N+ ì z j ¹ 0

Complex characteristics

Real part

01.02.19.0001.01

ReHxaL � xReHaL cosHImHaL logHxLL �; x Î R ß x > 0

01.02.19.0002.01

ReHzaL �  z¤a cosIa tan-1HReHzL, ImHzLLM �; a Î R

01.02.19.0003.01

ReHzaL �  z¤a cosHa argHzLL �; a Î R

01.02.19.0004.01

ReHzaL �
1

2
ReHzL - ReHzL -

ImHzL2

ReHzL2

a

+ ReHzL + ReHzL -
ImHzL2

ReHzL2

a

�; a Î R ß ReHzL ¹ 0

01.02.19.0005.01

ReHHä yLaL �  y¤a cos
Π a

2
�; a Î R ì y Î R
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01.02.19.0006.01

ReHzaL � â
j=0

¥ â
l=0

¥ H-aL j+l

Hl - jL ! j ! J 1

2
N

j

 H1 - ReHzLLl
ImHzL2

4 HReHzL - 1L
j �; a Î R

01.02.19.0007.01

ReHzaL � F0 ´ 1 ´ 1
1 ´ 0 ´ 0

-a;;;

; 1

2
; 1

2
;

 
1

2
1 - ReHzL + ImHzL2 + H1 - ReHzLL2 ,

1

2
1 - ReHzL - ImHzL2 + H1 - ReHzLL2 �; a Î R

01.02.19.0008.01

ReHznL � â
j=0

f n

2
v H-1L j n

2 j
ImHzL2 j ReHzLn-2 j �; n Î N+

01.02.19.0009.01

ReHzaL �  z¤ReHaL ã-ImHaL argHzL cosHImHaL logH z¤L + argHzL ReHaLL
01.02.19.0010.01

ReHzaL � expI-tan-1HReHzL, ImHzLL ImHaLM  z¤ReHaL cosIImHaL logH z¤L + tan-1HReHzL, ImHzLL ReHaLM
Imaginary part

01.02.19.0011.01

ImHxaL � xReHaL sinHImHaL logHxLL �; x Î R ß x > 0

01.02.19.0012.01

ImHzaL �  z¤a sinIa tan-1HReHzL, ImHzLLM �; a Î R

01.02.19.0013.01

ImHzaL �  z¤a sinHa argHzLL �; a Î R

01.02.19.0014.01

ImHzaL �
ReHzL
2 ImHzL  -

ImHzL2

ReHzL2
ReHzL - ReHzL -

ImHzL2

ReHzL2

a

- -
ImHzL2

ReHzL2
ReHzL + ReHzL

a

�; a Î R ß ReHzL ¹ 0

01.02.19.0015.01

ImHHä yLaL � sgnHyL  y¤a sin
Π a

2
�; a Î R ì y Î R

01.02.19.0016.01

ImHznL � â
j=0

f n-1

2
v H-1L j n

2 j + 1
ImHzL2 j+1 ReHzLn-2 j-1 �; n Î N+

01.02.19.0017.01

ImHzaL �  z¤ReHaL ã-ImHaL argHzL sinHImHaL logH z¤L + argHzL ReHaLL
01.02.19.0018.01

ImHzaL � expI-ImHaL tan-1HReHzL, ImHzLLM  z¤ReHaL sinIImHaL logH z¤L + tan-1HReHzL, ImHzLL ReHaLM
Absolute value

01.02.19.0019.01 xa¤ � xReHaL �; x > 0
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01.02.19.0020.01 za¤ �  z¤a �; a Î R

01.02.19.0021.01 za¤ � expHä a ImHlogHzLLL �; ä a Î R

01.02.19.0022.01 za¤ � expHä a argHzLL �; ä a Î R

01.02.19.0023.01 za¤ � expHReHa logHzLLL
01.02.19.0024.01 za¤ � expHReHaL logH z¤L - ImHaL argHzLL
01.02.19.0025.01 za¤ �  z¤ReHaL expI-ImHaL tan-1HReHzL, ImHzLLM
01.02.19.0026.01 za¤ �  z¤ReHaL expH-ImHaL argHzLL

Argument

01.02.19.0027.01

argHxaL � tan-1HcosHImHaL logHxLL, sinHImHaL logHxLLL �; x > 0

01.02.19.0028.01

argHzaL � a argHzL �; a Î R ì -Π < a argHzL £ Π

01.02.19.0029.01

argHzaL � argIãä a argHzLM �; a Î R

01.02.19.0030.01

argHzaL � tan-1IcosIa tan-1HReHzL, ImHzLLM, sinIa tan-1HReHzL, ImHzLLMM �; a Î R

01.02.19.0031.01

argHzaL � ImHa logHzLL �; -
Π

logHzL < ImHaL £
Π

logHzL í z > 0

01.02.19.0032.01

argHzaL � ImHaL logH z¤L + argHzL ReHaL �; -
Π

logHzL < ImHaL £
Π

logHzL í z > 0

01.02.19.0033.01

argHzaL � a argHzL + 2 Π
Π - a argHzL

2 Π

01.02.19.0034.01

argHzaL � 2 Π
Π - ImHa logHzLL

2 Π
+ ImHa logHzLL

01.02.19.0035.01

argHzaL � ImHaL logH z¤L + argHzL ReHaL + 2 Π
Π - ImHaL logH z¤L - argHzL ReHaL

2 Π

01.02.19.0036.01

argHzaL � tan-1IcosIImHaL logH z¤L + tan-1HReHzL, ImHzLL ReHaLM, sinIImHaL logH z¤L + tan-1HReHzL, ImHzLL ReHaLMM
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Conjugate value

01.02.19.0037.01

xa � xReHaL HcosHImHaL logHxLL - ä sinHImHaL logHxLLL �; x Î R ß x > 0

01.02.19.0049.01

za � za ã-2 ä argHaL

01.02.19.0050.01

z�a � za ã
2 ä a KΠ g argHzL+Π

2 Π
w-argHzLO

01.02.19.0038.01

za �  z¤a IcosIa tan-1HReHzL, ImHzLLM - ä sinIa tan-1HReHzL, ImHzLLMM �; a Î R

01.02.19.0039.01

za �  z¤ReHaL expH-argHzL ImHaL - ä HImHaL logH z¤L + argHzL ReHaLLL
01.02.19.0040.01

za � expI-ImHaL tan-1HReHzL, ImHzLLM  z¤ReHaL
IcosIImHaL logH z¤L + tan-1HReHzL, ImHzLL ReHaLM - ä sinIImHaL logH z¤L + tan-1HReHzL, ImHzLL ReHaLMM

01.02.19.0051.01

za � za cosH2 argHaLL-ä a sinH2 argHaLL ã-2 a argHzL Hä cosH2 argHaLL+sinH2 argHaLLL

Signum value

01.02.19.0041.01

sgnHxaL � xä ImHaL �; x > 0

01.02.19.0042.01

sgnHzaL � sgnHzLa �; a Î R

01.02.19.0043.01

sgnHzaL � expHa ReHlogHzLLL �; ä a Î R

01.02.19.0044.01

sgnHzaL �  z¤a �; ä a Î R

01.02.19.0045.01

sgnHzaL � za expH-ReHa logHzLLL
01.02.19.0046.01

sgnHzaL �  z¤ä ImHaL expHä ReHaL argHzLL
01.02.19.0047.01

sgnHzaL �  z¤ä ImHaL expIä ReHaL tan-1HReHzL, ImHzLLM
01.02.19.0048.01

sgnHzaL � expHä HImHaL logH z¤L + argHzL ReHaLLL
Differentiation

Low-order differentiation

With respect to z
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01.02.20.0001.01

¶za

¶z
� a za-1

01.02.20.0002.01

¶2 za

¶z2
� a Ha - 1L za-2

With respect to a

01.02.20.0003.01

¶za

¶a
� za logHzL

01.02.20.0004.01

¶2 za

¶a2
� za log2HzL

Symbolic differentiation 

With respect to z

01.02.20.0005.02

¶n za

¶zn
� Ha - n + 1Ln za-n �; n Î N

01.02.20.0021.01

¶n Hb + c zLa

¶zn
� cn Ha - n + 1Ln Hb + c zLa-n �; n Î N

01.02.20.0022.01

¶n Ic z2 + bMa

¶zn
� â

k=0

n H2 k - n + 1L2 Hn-kL Ha - k + 1Lk ck Ic z2 + bMa-k

Hn - kL ! H2 zLn-2 k
�; n Î N

01.02.20.0006.02

¶n Ic z2 + bMa

¶zn
� 2n Hc zLn Ic z2 + bMa-n Ha - n + 1Ln 2F1

1 - n

2
, -

n

2
; a - n + 1;

b

c z2
+ 1 �; n Î N

01.02.20.0023.01

¶n Ib + c z Na

¶zn
� â

k=0

n H-1Ln-k HkL2 Hn-kL Ha - k + 1Lk ck Ib + c z Na-k

Hn - kL ! I2 z N2 n-k
�; n Î N

01.02.20.0024.01

¶n Hc zΝ + bLa

¶zn
� â

k=0

n â
j=0

k H-1L j H-n - Ν j + k Ν + 1Ln Ha - k + 1Lk ck Hc zΝ + bLa-k

j ! Hk - jL ! zn-Ν k
�; n Î N

01.02.20.0007.02

¶n gHzLa

¶zn
� a

n - a

n â
k=0

n H-1Lk

a - k
 

n

k
gHzLa-k

¶n gHzLk

¶zn
�; n Î N
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01.02.20.0008.02

¶n 1

gHzL
¶zn

� Hn + 1L â
k=0

n H-1Lk

k + 1
 

n

k
gHzL-k-1

¶n gHzLk

¶zn
�; n Î N

01.02.20.0025.01

¶n f HzL
gHzL

¶zn
� n! â

k=0

n ¶n-k f HzL
¶zn-k

â
j=0

k H-1L j Hk + 1L gHzL- j-1

H j + 1L ! Hn - kL ! Hk - jL !
 
¶k gHzL j

¶zk
�; n Î N

01.02.20.0009.02

¶n f HzaL
¶zn

� â
k=0

n â
j=0

k H-1L j Ha k - a j - n + 1Ln f HkLHzaL
j ! Hk - jL ! zn-a k

�; n Î N

01.02.20.0010.02

¶n f Iz2M
¶zn

� â
k=0

n H2 k - n + 1L2 Hn-kL
Hn - kL ! H2 zLn-2 k

 f HkLIz2M �; n Î N

01.02.20.0011.01

¶n f J 1

z
N

¶zn
� H-1Ln Hn - 1L ! â

k=1

n 1

Hk - 1L ! zk+n
 

n

k
f HkL 1

z
�; n Î N+

01.02.20.0012.02

¶n f I z N
¶zn

� â
k=0

n H-1Ln-k HkL2 Hn-kL
Hn - kL ! I2 z N2 n-k

 f HkLI z N �; n Î N

With respect to a

01.02.20.0013.02

¶n za

¶an
� za lognHzL �; n Î N

01.02.20.0014.02

¶n f HzaL
¶an

� lognHzL â
k=0

n

zk a Sn
HkL f HkLHzaL �; n Î N

Fractional integro-differentiation

With respect to z

01.02.20.0015.01

¶Α za

¶zΑ
�

GHa + 1L za-Α

GHa - Α + 1L �; -a Ï N+

01.02.20.0016.01

¶Α za

¶zΑ
� FCexp

HΑL Hz, aL za-Α
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01.02.20.0026.01

¶Α za

¶zΑ
�

H-1LΑ H-aLΑ za-Α Α Î Z ß a Î Z ß a < 0 ß a < Α

H-1La-1 HlogHzL+ΨH-aL-ΨHa-Α+1LLH-a-1L! GHa-Α+1L  za-Α a Î Z ß a < 0

GHa+1L
GHa-Α+1L  za-Α True

01.02.20.0027.01

¶Α Hb zcLa

¶zΑ
�

H-1LΑ H-a cLΑ Hb zcLa z-Α Α Î Z ß a c Î Z ß a c < 0 ß a c < Α

H-1La c-1 HlogHb zcL+c ΨH-a cL-c ΨHa c-Α+1LL
c H-a c-1L! GHa c-Α+1L  Hb zcLa z-Α a c Î Z ß a c < 0

GHa c+1L
GHa c-Α+1L  Hb zcLa z-Α True

01.02.20.0017.01

¶Α Hb + c zLa

¶zΑ
� b z-Α Hb + c zLa-1

c z

b
+ 1

1-a

2F
�

1 -a, 1; 1 - Α; -
c z

b

01.02.20.0018.01

¶Α Ic z2 + bMa

¶zΑ
�

ba z-Α

GH1 - ΑL
- b

c

- b

c
- z

-a

- b

c

z + - b

c

-a

 F1 -Α; -a, -a; 1 - Α;
z

z + - b

c

, -
z

- b

c
- z

�; Α Ï N+

01.02.20.0019.01

¶Α Ic z2 + bMa

¶zΑ
� ba z-Α

- b

c

- b

c
- z

-a

- b

c

z + - b

c

-a

F
�

1 ´ 0 ´ 0
1 ´ 1 ´ 1 -Α; a; a;

1 - Α;;;
 

z

z + - b

c

, -
z

- b

c
- z

01.02.20.0028.01

¶Α f HzLa

¶zΑ
�

a

GH1 - aL  ã

2 ä a Π
1

2
-

arg
f HzL
f H0L

2 Π
-

argH f H0LL
2 Π

f H0La â
k=0

¥ GHk - a + 1L
GHk - Α + 1L â

j=0

k H-1L j

a - j
 

k
j

 p j,k zk-Α �;

p j,0 � 1 í p j,k �
1

f H0L k
 â
m=1

k j m + m - k

m!
 f HmLH0L p j,k-m í k Î N+ í f H0L ¹ 0

With respect to a

01.02.20.0020.01

¶Α za

¶aΑ
� a-Α za Ha logHzLLΑ QH-Α, 0, a logHzLL

Integration

Indefinite integration

For the direct function with respect to z
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01.02.21.0001.01

à za â z �
za+1

a + 1
�; a ¹ -1

01.02.21.0002.01

à 1

z
 â z � logHzL

For the direct function with respect to a

01.02.21.0003.01

à za â a �
za

logHzL
01.02.21.0004.01

à aΑ-1 za â a � -aΑ H-a logHzLL-Α GHΑ, -a logHzLL
Definite integration

For the direct function itself

01.02.21.0005.01

à
0

1

ta â t �
1

a + 1
�; ReHaL > -1

01.02.21.0006.01

à
0

1

zt  â t �
z - 1

logHzL
Involving the direct function

01.02.21.0007.01

à
0

1

ta Ht + 1Lb â t �
1

a + 1
 2F1Ha + 1, -b; a + 2; -1L �; ReHaL > -1

01.02.21.0009.01

à
0

1 1

1 - t2 1 - m t2

 â t � KHmL
01.02.21.0010.01

à
0

1 1 - m t2

1 - t2

 â t � EHmL
01.02.21.0011.01

à
0

1 1

I1 - n t2M 1 - t2 1 - m t2

 â t � PHn È mL
01.02.21.0012.01

à
1

¥ 1

1 - t2 1 - m t2

 â t � -ä KH1 - mL -
ä m

-m
 KHmL
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01.02.21.0013.01

à
1

¥ 1

1 - t2 1 - m t2

 â t � -ä 1 -
m - 1

m

m

m - 1
KH1 - mL -

ä

-m
K

1

m

01.02.21.0014.01

à
1

¥ 1 - m t2

1 - t2

-
-m t2

-t2

 â t �

-ä -m - m E
1

m
+ 1 - m - 1

1

m - 1
ä

1

m
 K 1 -

1

m
- E 1 -

1

m
+

1 - m

m
K

1

m

01.02.21.0015.01

à
1

¥ 1

I1 - n t2M 1 - t2 1 - m t2

 â t �

-
ä

-m
 K

1

m
+ ä 1 -

m

m - 1

m - 1

m
K 1 -

1

m
+

n

m - n
P

m - 1

m - n

m - 1

m
- P

1

n

1

m

01.02.21.0016.01

à
0

¥ 1

1 - t2 1 - m t2

 â t � 1 -
ä m

-m
KHmL - ä KH1 - mL

01.02.21.0017.01

à
0

¥ 1

1 - t2 1 - m t2

 â t � KHmL -
ä

-m
 K

1

m
+ 1 -

m - 1

m

m

m - 1

m

-m
 KH1 - mL

01.02.21.0018.01

à
0

¥ 1

1 - t2 1 - m t2

 â t � KHmL -
ä

-m
 K

1

m
+

1

-m
 1 -

m - 1

m

m

m - 1
K

m - 1

m

01.02.21.0019.01

à
0

¥ 1 - m t2

1 - t2

-
-m t2

-t2

 â t �

EHmL - m E
1

m
+ 1 - m - 1

1

m - 1
ä

1

m
 K 1 -

1

m
- E 1 -

1

m
+

1 - m

m
K

1

m

Involving related functions

01.02.21.0008.01

à
0

1

ta logHtL â t � -
1

Ha + 1L2
�; ReHaL > -1

Multiple integration
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01.02.21.0020.01

à
0

1à
0

1 1

Ix2 y2 + 1M log2Hx yL + Π2

4
- Π

2

 â y â x �
1

2
Π 1 -

2

4
Ζ

3

2

01.02.21.0021.01

à
0

1à
0

1 1

Ix2 y2 + 1M log2Hx yL + Π2

4
- Π

2
log2Hx yL + Π2

4

 â y â x � Π
2

2
- 1 Ζ

1

2

Integral transforms

Fourier exp transforms

01.02.22.0001.01

Ft@tnD HxL � H-äLn 2 Π ∆HnLHxL �; n Î N

01.02.22.0002.01

Ft@tn ΘHtLD HxL �
än+1 n! + ä-n Π xn+1 ∆HnLHxL

2 Π xn+1
�; n Î N

01.02.22.0029.01

FtB 1

t
F HxL � ä

Π

2
sgnHxL

01.02.22.0003.01

FtB 1

tn
F HxL �

än

Hn - 1L !
 

Π

2
xn-1 sgnHxL �; n Î N+

01.02.22.0004.01

FtB ΘHtL
tn

F HxL �
xn-1 än-1

2 2 Π Hn - 1L !
 I2 ΨHnL - logIx2M + ä Π sgnHxLM �; n Î N+

01.02.22.0005.01

Ft@taD HzL � -
ä

2 Π
 Iz2M-

1+a

2 GHa + 1L H-1 + H-1LaL cos
a Π

2
sgnHzL - ä H1 + H-1LaL sin

a Π

2
�; -1 < ReHaL < 0 ß ImHzL � 0

Inverse Fourier exp transforms

01.02.22.0006.01

Ft
-1@tnD HxL � än 2 Π ∆HnLHxL �; n Î N

01.02.22.0007.01

Ft
-1@tn ΘHtLD HxL �

ä-n-1 n! + än Π xn+1 ∆HnLHxL
2 Π xn+1

�; n Î N
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01.02.22.0008.01

Ft
-1B 1

tn
F HxL �

H-äLn

Hn - 1L !
 

Π

2
xn-1 sgnHxL �; n Î N+

01.02.22.0009.01

Ft
-1B ΘHtL

tn
F HxL �

xn-1 H-äLn-1

2 2 Π Hn - 1L !
 I2 ΨHnL - logIx2M - ä Π sgnHxLM �; n Î N+

Fourier cos transforms

01.02.22.0010.01

FctAt2 nE HxL � H-1Ln 2 Π ∆H2 nLHxL �; n Î N

01.02.22.0011.01

FctAt2 n-1E HxL �
2

Π
 

H-1Ln H2 n - 1L !

x2 n
�; n Î N+

01.02.22.0012.01

Fct@tnD HxL �
H-äL-n

2 Π
 IH1 - H-1LnL ä n! x-n-1 + HH-1Ln + 1L Π ∆HnLHxLM �; n Î N

01.02.22.0013.01

FctB 1

t2 n
F HxL �

Π

2
 

H-1Ln x2 n-1 sgnHxL
H2 n - 1L !

�; n Î N+

01.02.22.0014.01

FctB 1

t2 n-1
F HxL �

H-1Ln x2 n-2

2 Π H2 n - 2L !
 IlogIx2M - 2 ΨH2 n - 1LM �; n Î N+

01.02.22.0015.01

FctB 1

tn
F HxL �

än xn-1

2 2 Π Hn - 1L !
 IH1 - H-1LnL ä IlogIx2M - 2 ΨHnLM + H1 + H-1LnL Π sgnHxLM �; n Î N+

01.02.22.0016.01

Fct@taD HxL � -
2

Π
Ix2M-

a+1

2  sin
a Π

2
GHa + 1L �; -1 < ReHaL < 0 ß ImHxL � 0

01.02.22.0017.01

FctAztE HpL � -
2

Π
 

logHzL
p2 + log2HzL �; ReHlogHzLL <  ImHpL¤

Fourier sin transforms

01.02.22.0018.01

FstAt2 nE HxL �
2

Π
 

H-1Ln H2 nL !

x2 n+1
�; n Î N

01.02.22.0019.01

FstAt2 n-1E HxL � H-1Ln 2 Π ∆H2 n-1LHxL �; n Î N+

http://functions.wolfram.com 37



01.02.22.0020.01

Fst@tnD HxL �
ä-n x-n-1

2 Π
 IHH-1Ln - 1L ä Π ∆HnLHxL xn+1 + H1 + H-1LnL n!M �; n Î N

01.02.22.0021.01

FstB 1

t2 n
F HxL �

H-1Ln x2 n-1

2 Π H2 n - 1L !
IlogIx2M - 2 ΨHnLM �; n Î N+

01.02.22.0022.01

FstB 1

t2 n-1
F HxL � -

Π

2
 

H-1Ln x2 n-2 sgnHxL
H2 n - 2L !

�; n Î N+

01.02.22.0023.01

FstB 1

tn
F HxL �

än xn-1

2 2 Π Hn - 1L !
IH1 + H-1LnL IlogIx2M - 2 ΨHnLM + HH-1Ln - 1L ä Π sgnHxLM �; n Î N+

01.02.22.0024.01

Fst@taD HxL �
2

Π
sgnHxL Ix2M-

a+1

2 cos
a Π

2
GHa + 1L �; -2 < ReHaL < 0 ß ImHxL � 0

01.02.22.0025.01

FstAztE HpL �
2

Π
 

p

p2 + log2HzL �; ReHlogHzLL <  ImHpL¤

Laplace transforms

01.02.22.0026.01

Lt@taD HzL � z-a-1 GHa + 1L �; ReHaL > -1 ß ReHzL > 0

01.02.22.0027.01

LtAztE HpL �
1

p - logHzL �; ReHlogHzL - pL < 0

Hankel transforms

01.02.22.0028.01

Ht;Ν@taD HzL �
2a+

1

2 z-a-1

GJ 1

4
H2 Ν - 2 a + 1LN  G

1

4
H2 a + 2 Ν + 3L �; z > 0 í ReHa + ΝL > -

3

2
í ReHaL < 0

Summation

Finite summation

Various sums

01.02.23.0001.01

â
k=1

m

kn �
Bn+1Hm + 1L - Bn+1H0L

n + 1
�; m Î N ì n Î N+
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01.02.23.0002.01

â
k=1

m H-1Lk kn �
1

2
HEnH0L + H-1Lm EnHm + 1LL �; n Î N+

01.02.23.0019.01

â
k=0

n

ki Hn - kL j �
Hi! j !L ni+ j+1

Hi + j + 1L !
+

1

2
I∆i j,0 + ∆i+ j,0M ni+ j +

â
k=minHi, jL+1

i+ j

∆k mod 2,0

Bk

k
H-1L j i

i + j - k + 1
+ H-1Li j

i + j - k + 1
ni+ j-k+1 �; n Î N ì i Î N ì j Î N

01.02.23.0003.01

â
k=0

n Ha + k zL � a Hn + 1L +
1

2
n Hn + 1L z

01.02.23.0004.01

â
k=0

n

a zk �
a I1 - zn+1M

1 - z

01.02.23.0020.01

â
k=1

dxt Hx - kLn-1 �
1

n
 HBnHxL + BnHx - dxtLL �; x Î R ì x > 0 ì n Î N+

01.02.23.0023.01

â
k=0

m zk

Ha + kLs
� -FHz, s, a + m + 1L ã-ΘHd-ReHa+m+1LtL H2 ΘHImHa+m+1LL-1L Π ä s zm+1 - ΘHd-ReHa + m + 1LtL

I1 - ã-H2 ΘHImHa+m+1LL-1L Π ä sM z FHz, s, a + d-ReHaLt + 1L +
Hd-ReHaLt + dReHaLt + 1L ΘHImHa + m + 1LL

IHa + d-ReHaLtL2Ms�2 zd-ReHaLt +

I1 - ã-H2 ΘHImHaLL-1L Π ä sM z FHz, s, a + d-ReHaLt + 1L +
Hd-ReHaLt + dReHaLt + 1L ΘHImHaLL

IHa + d-ReHaLtL2Ms�2 ΘHd-ReHaLtL zd-ReHaLt +

ã-ΘHd-ReHaLtL H2 ΘHImHaLL-1L Π ä s FHz, s, aL
01.02.23.0024.01

â
k=0

m zk

IHa + kL2Ms�2 � FHz, s, aL - zm+1 FHz, s, a + m + 1L
01.02.23.0025.01

â
k=0

d-ReHaLt zk

IHa + kL2Ms�2 -
zk

Ha + kLs
� ΘHd-ReHaLtL

-I1 - ã-H2 ΘHImHaLL-1L Π ä sM FHz, s, a + d-ReHaLt + 1L zd-ReHaLt+1 + FHz, s, aL -
zd-ReHaLt

IHa + d-ReHaLtL2Ms�2 I1 - ã-H2 ΘHImHaLL-1L Π ä sM +

II1 - ã-H2 ΘHImHaLL-1L Π ä sM zd-ReHaLtM H1 - ΘHImHaLL Hd-ReHaLt + dReHaLt + 1LL
IHa + d-ReHaLtL2Ms�2
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01.02.23.0026.01

â
k=0

d-ReHaLt 1

IHa + kL2Ms�2 -
1

Ha + kLs
�

ΘHd-ReHaLtL I1 - ã-H2 ΘHImHaLL-1L Π ä sM ΖHs, aL -
1

IHa + d-ReHaLtL2Ms�2 - ΖHs, a + d-ReHaLt + 1L I1 - ã-H2 ΘHImHaLL-1L Π ä sM +

I1 - ã-H2 ΘHImHaLL-1L Π ä sM H1 - ΘHImHaLL Hd-ReHaLt + dReHaLt + 1LL
IHa + d-ReHaLtL2Ms�2

Summed truncated generalized hypergeometric series

General case

01.02.23.0027.01

â
k=0

n Ûj=1
p Ia jMk

zk

k ! Ûj=1
q Ib jMk

� pFqIa1, ¼, ap; b1, ¼, bq; zM -

zn+1 Ûj=1
p Ia jMn+1

Hn + 1L ! Ûj=1
q Ib jMn+1

 p+1Fq+1I1, a1 + n + 1, ¼, ap + n + 1; n + 2, b1 + n + 1, ¼, bq + n + 1; zM �; n Î N

Case 0 F0

01.02.23.0028.01

â
k=0

n zk

k !
� ãz QHn + 1, zL �; n Î N

Case 1 F0

01.02.23.0029.01

â
k=0

n HaLk zk

k !
� H1 - zL-a - zn+1 HaLn+1 2F

�
1H1, a + n + 1; n + 2; zL �; n Î N

Case 2 F1

01.02.23.0030.01

â
k=0

n HaLk HbLk zk

k ! HcLk

� 2F1Ha, b; c; zL -
zn+1 HaLn+1 HbLn+1

Hn + 1L ! HcLn+1

 3F2H1, a + n + 1, b + n + 1; n + 2, c + n + 1; zL �; n Î N

01.02.23.0031.01

â
k=0

n zk

k + 1
� -

BzHn + 2, 0L + logH1 - zL
z

�; n Î N
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01.02.23.0032.01

â
k=0

n zk

2 k + 1
�

1

2 z
 2 tanh-1I z N - Bz n +

3

2
, 0 �; n Î N

01.02.23.0033.01

â
k=0

n J 1

2
N
k

zk

H2 k + 1L k !
�

sin-1I z N
z

-
zn+1

2 Π
G n +

3

2

2

3F
�

2 1, n +
3

2
, n +

3

2
; n + 2, n +

5

2
; z �; n Î N

Case 3 F2

01.02.23.0034.01

â
k=0

n Ha1Lk Ha2Lk Ha3Lk zk

k ! Hb1Lk Hb2Lk

� 3F2Ha1, a2, a3; b1, b2; zL -

zn+1 Ha1Ln+1 Ha2Ln+1 Ha3Ln+1

Hn + 1L ! Hb1Ln+1 Hb2Ln+1

 4F3H1, n + a1 + 1, n + a2 + 1, n + a3 + 1; n + 2, n + b1 + 1, n + b2 + 1; zL �; n Î N

01.02.23.0035.01

â
k=0

n 22 k k !2 zk

H2 k + 1L ! Hk + 1L �
sin-1I z N2

z
-

1

2
Π zn+1 GHn + 2L2

3F
�

2 1, n + 2, n + 2; n +
5

2
, n + 3; z �; n Î N

Case 1 F1

01.02.23.0036.01

â
k=0

n HaLk zk

k ! HcLk

� 1F1Ha; c; zL -
zn+1 HaLn+1

Hn + 1L ! HcLn+1

 2F2H1, a + n + 1; n + 2, c + n + 1; zL �; n Î N

Case 0 F1

01.02.23.0037.01

â
k=0

n zk

k ! HcLk

� 0F1H; c; zL -
zn+1

Hn + 1L ! HcLn+1

 1F2H1; n + 2, c + n + 1; zL �; n Î N

01.02.23.0038.01

â
k=0

n zk

k ! J 1

2
N
k

� coshI2 z N - Π zn+1
1F

�
2 1; n +

3

2
, n + 2; z �; n Î N

01.02.23.0039.01

â
k=0

n zk

k ! J 3

2
N
k

�
1

2 z
 sinhI2 z N - Π zn+

3

2 1F
�

2 1; n + 2, n +
5

2
; z �; n Î N

Infinite summation

01.02.23.0005.01

â
k=1

¥

qk2
�

1

2
HJ3H0, qL - 1L
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01.02.23.0006.01

â
k=1

¥ H-1Lk qk2
�

1

2
HJ4H0, qL - 1L

01.02.23.0007.01

â
k=0

¥

qk2+k �
J2H0, qL
2 q

4

01.02.23.0008.01

â
k=0

¥

qk Hk+1L �
1

2 q
4

 J1

Π

2
, q

01.02.23.0009.01

â
k=0

¥

q
1

2
k Hk+1L �

1

2 q
8

 J1

Π

2
, q

01.02.23.0010.01

â
k=1

¥ H-1Lk k qk2
� -

1

4
J3

¢
Π

2
, q

01.02.23.0011.01

â
k=0

¥ H-1Lk H2 k + 1L qk Hk+1L �
J1

¢ H0, qL
2 q

4

01.02.23.0012.01

â
k=0

¥ H-1Lk H2 k + 1L qk Hk+1L � -
1

2 q
4

 J2
¢

Π

2
, q

01.02.23.0013.01

â
k=0

¥ H-1Lk H2 k + 1L q
1

2
k Hk+1L �

1

q
8

 Η -
ä logHqL

2 Π

3

01.02.23.0014.01

â
k=0

¥ H-1Lk H2 k + 1L qH2 k+1L2
� -

1

4
J3

¢
Π

4
, q

01.02.23.0015.01

â
k=0

¥ H-1Lk H2 k + 1L qH2 k+1L2
�

1

4
J4

¢
Π

4
, q

Gauss' identity

01.02.23.0016.01

â
k=-¥

¥

qk2
� J3H0, qL
01.02.23.0017.01

â
k=-¥

¥ H-1Lk qk2
� J4H0, qL
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01.02.23.0018.01

â
k=-¥

¥ H-1Lk q
1

2
k H3 k-1L �

1

q
24

 Η -
ä logHqL

2 Π

Gauss' identity

01.02.23.0040.01

â
k=1

¥ 1

Ha + kLn Hb + kLm
�

H-1Lm+n Hb - aL-n

Hm - 1L !
 â
k=0

m-1 Hb - aL-k m - 1

k
H-k - n + 1Lk ΨH-k+m-1LHb + 1L -

H-1Lm+n Hb - aL-m

Hm - 1L ! Hn - 1L !
 â
k=0

n-1 Hb - aL-k n - 1

k
k ! H-k - m + 1Lm-1 ΨH-k+n-1LHa + 1L �; m Î N+ ì n Î N+

Multidimensional summation

01.02.23.0021.01

ã
k0=1

n

ã
k1=1

n

ã
k2=1

n

¼ ã
kr=1

n
ΘHn - Hk0 + k1 + k2 + ¼ + krLL

k0 k1 k2 ¼ kr

� -
H-1Ln+r

n!
 

logr+1HtL
t

HnL
Èt�1 �; n Î N+ ì r Î N

01.02.23.0022.01

â
k1=1

¥ â
k2=k1+1

¥

¼ â
km=km-1+1

¥ ä
j=1

m 1

k j
2

�
Π2 m

H2 m + 1L !
�; m Î N+

Products

Finite products

01.02.24.0001.01

ä
k=0

n-1

G
k + z

n
� n

1

2
-z H2 ΠL n-1

2 GHzL �; n Î N+

Infinite products

01.02.24.0002.01

ä
k=1

¥ I1 - qkM �
1

q
24

 Η -
ä logHqL

2 Π

Gauss' identity

01.02.24.0003.01

ä
k=1

¥ I1 - qkMa
�

1

qa�24
 Η -

ä logHqL
2 Π

a �; a Î R

Gauss' identity

01.02.24.0004.01

ä
k=1

¥ 1 - qk

1 + qk
� J4H0, qL
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01.02.24.0005.01

ä
k=1

¥ 1 - q2 k

1 - q2 k-1
�

J1I Π

2
, q M

2 q
8

01.02.24.0013.01

ä
k=1

¥

k
1

k2 �
Glaisher12

2 Π ãý

Π2

6

01.02.24.0014.01

ä
k=1

¥ H2 k + 1L 1

H2 k+1L2 �
Glaisher12

24�3 Π ãý

Π2

8

01.02.24.0015.01

Ûk=1
¥ H4 k + 1L 1

H4 k+1L3

Ûj=1
¥ H4 j + 3L 1

H4 j+3L3
�

Glaisher

29�32 Π
32

 exp -
3 ΖH3L
64 Π2

- Ζ¢H-1L + 2 ΖH1,0L -2,
1

4
-

29

192
-

ý

96

Π3

Regularized infinite products

01.02.24.0006.01

ä
k=0

¥ Hk + zL �
2 Π

GHzL
01.02.24.0007.01

ä
k=0

¥ Ik2 + z2M � 2 z sinhHΠ zL
01.02.24.0008.01

ä
k=0

¥ Ik4 + z4M � 2 z2 JcoshI 2 Π zN - cosI 2 Π zNN
01.02.24.0009.01

ä
k=0

¥ Iw2 + Hk + zL2M �
2 Π

GHä w + zL GHz - ä wL
01.02.24.0010.01

ä
k=0

¥ HHk + zLn - wnL �
H2 ΠLn�2

Ûj=0
n-1 G z - ã

j 2 Π ä

n w

�; n Î N+

01.02.24.0011.01

ä
k=0

¥ HHk + zLn + wnL �
H2 ΠLn�2

Ûj=0
n-1 G z + ã

j 2 Π ä

n w

�; n - 1

2
Î N

01.02.24.0012.01

ä
k=0

¥ HHk + zLn + wnL �
H2 ΠLn�2

Ûj=0
n-1 G z + ã

j Π ä

n w

�; n

2
Î N
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Operations

Limit operation

01.02.25.0001.01

lim
¶®0

z¶ - 1

¶
� logHzL

01.02.25.0002.01

lim
Ω®¥

Ω Iz1�Ω - 1M � logHzL
01.02.25.0003.01

lim
x®¥

xa b-x � 0 �; b > 1

01.02.25.0004.01

lim
a®¥

za

a!
� 0

01.02.25.0005.01

lim
z®0

za logHzL � 0 �; ReHaL > 0

01.02.25.0006.01

lim
z®¥

z-a logHzL � 0 �; ReHaL > 0

Representations through more general functions

Through hypergeometric functions

Involving pF
�

q

01.02.26.0001.01

za � 1F
�

0H-a; ; 1 - zL
Involving pFq

01.02.26.0002.01

za � 1F0H-a; ; 1 - zL
01.02.26.0003.01

za � 0F0H; ; a log HzLL
Involving 2F1

01.02.26.0004.01

za � 2F1H-a, b; b; 1 - zL
Through Meijer G

Classical cases for the direct function itself

01.02.26.0048.01

za � G0,1
1,0Hz È aL + G1,2

1,1 z
a + 1

a + 1, a
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01.02.26.0005.01

za �
1

G H-aL  G1,1
1,1 z - 1

a + 1

0

01.02.26.0006.01

za � G0,1
1,0H-a log HzL È 0L

01.02.26.0007.01

H1 + zLa �
1

G H-aL  G1,1
1,1 z

a + 1

0

01.02.26.0008.01

1

1 - z
� Π G2,2

1,1 z
0, 1

2

0, 1

2

01.02.26.0009.01

za - zb

z - 1
�

sin HHa - bL ΠL
Π

G2,2
2,2 z

a, b

b, a

Classical cases for the direct function itself minus parts of its series expansion 

01.02.26.0047.01

Hz + 1La - â
k=0

n a

k
zk �

H-1Ln-1

GH-aL G2,2
1,2 z

n + 1, a + 1

n + 1, 0
�; n Î N

01.02.26.0049.01

1

1 - z
- â

k=0

n

zk � Π H-1Ln-1 G3,3
1,2 z

n + 1, 0, 1

2

n + 1, 0, 1

2

�; n Î N

Classical cases involving unit step Θ

01.02.26.0010.01

ΘH1 -  z¤L H1 - zLa � G Ha + 1L G1,1
1,0 z

a + 1

0
�; Re HaL > -1

01.02.26.0011.01

Θ H z¤ - 1L Hz - 1La � G Ha + 1L G1,1
0,1 z

a + 1

0
�; Re HaL > -1

Classical cases involving sgn

01.02.26.0012.01

HH1 - zL sgn H1 -  z¤LLΝ �
Π

G H-ΝL sec 
Π Ν

2
G2,2

1,1 z
Ν + 1, Ν+1

2

0, Ν+1

2

01.02.26.0013.01

sgn H1 -  z¤L HH1 - zL sgn H1 -  z¤LLΝ � -
Π

G H-ΝL  csc 
Ν Π

2
 G2,2

1,1 z
Ν + 1, Ν

2
+ 1

0, Ν

2
+ 1

Classical cases involving sqrt in the arguments
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01.02.26.0014.01

I z + 1 + 1NΒ
� -

Β

2 Π
 G2,2

1,2 z
Β+1

2
,

Β

2
+ 1

0, Β

01.02.26.0015.01

I z + 1 - 1NΒ
�

Β

2 Π
 G2,2

1,2 z
Β+1

2
,

Β

2
+ 1

Β, 0

01.02.26.0016.01

I z + 1 + z NΒ
� -

Β

2 Π
G2,2

2,1 z

Β

2
+ 1, 1 -

Β

2

0, 1

2

�; z Ï H-1, 0L
01.02.26.0017.01

I z + 1 - z NΒ
�

Β

2 Π
 G2,2

2,1 z
1 -

Β

2
,

Β

2
+ 1

0, 1

2

�; z Ï H-1, 0L
01.02.26.0018.01

I z + 1 + 1NΒ

z + 1
�

1

Π
 G2,2

1,2 z
Β+1

2
,

Β

2

0, Β

01.02.26.0019.01

I z + 1 - 1NΒ

z + 1
�

1

Π
 G2,2

1,2 z
Β+1

2
,

Β

2

Β, 0

01.02.26.0020.01

I z + 1 + z NΒ

z + 1
�

1

Π
 G2,2

2,1 z

Β+1

2
,

1-Β

2

0, 1

2

�; z Ï H-1, 0L
01.02.26.0021.01

I z + 1 - z NΒ

z + 1
�

1

Π
 G2,2

2,1 z

1-Β

2
,

Β+1

2

0, 1

2

�; z Ï H-1, 0L
Classical cases involving sqrt in the arguments and unit step Θ

01.02.26.0022.01

ΘH1 -  z¤L KI1 + 1 - z NΒ
- I1 - 1 - z NΒO � Π Β G2,2

2,0 z
Β+1

2
,

Β

2
+ 1

0, Β
�; z Ï H-1, 0L

01.02.26.0023.01

ΘH z¤ - 1L KI z + z - 1 NΒ
- I z - z - 1 NΒO � Π Β G2,2

0,2 z

Β

2
+ 1, 1 -

Β

2

0, 1

2

01.02.26.0024.01

ΘH1 -  z¤L
1 - z

 KI1 - 1 - z NΒ
+ I1 + 1 - z NΒO � 2 Π G2,2

2,0 z
Β

2
,

Β+1

2

0, Β
�; z Ï H-1, 0L
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01.02.26.0025.01

ΘH z¤ - 1L
z - 1

 KI z - z - 1 NΒ
+ I z + z - 1 NΒO � 2 Π G2,2

0,2 z

Β+1

2
,

1-Β

2

0, 1

2

01.02.26.0026.01

ΘH1 -  z¤L 1 + z - 1 - z
Β

- 1 + z + 1 - z
Β

� -2
Β

2
-1 Β Π G2,2

2,0 z

Β+2

4
,

Β

4
+ 1

0,
Β

2

�; z Ï H-1, 0L
01.02.26.0027.01

ΘH z¤ - 1L z + 1 + z - 1
Β

- z + 1 - z - 1
Β

� 2
Β

2
-1 Π Β G2,2

0,2 z

Β

4
+ 1, 1 -

Β

4

0, 1

2

01.02.26.0028.01

ΘH1 -  z¤L
1 - z

1 + z - 1 - z
Β

+ 1 + z + 1 - z
Β

� 2
Β

2
+1 Π G2,2

2,0 z

Β

4
,

Β+2

4

0,
Β

2

�; z Ï H-1, 0L
01.02.26.0029.01

ΘH z¤ - 1L
z - 1

z + 1 - z - 1
Β

+ z + 1 + z - 1
Β

� 2
Β

2
+1 Π G2,2

0,2 z

Β+2

4
, 1 -

Β+2

4

0, 1

2

Generalized cases involving sqrt in the arguments

01.02.26.0030.01

z2 + 1 + 1
Β

� -
Β

2 Π
 G2,2

1,2 z,
1

2

Β+1

2
,

Β

2
+ 1

0, Β

01.02.26.0031.01

z2 + 1 - 1
Β

�
Β

2 Π
G2,2

1,2 z,
1

2

Β+1

2
,

Β

2
+ 1

Β, 0
�; Re HzL > 0

01.02.26.0032.01

z2 + 1 + z
Β

� -
Β

2 Π
 G2,2

2,1 z,
1

2

Β

2
+ 1, 1 -

Β

2

0, 1

2

�; Re HzL > 0

01.02.26.0033.01

z2 + 1 - z
Β

�
Β

2 Π
G2,2

2,1 z,
1

2

1 -
Β

2
,

Β

2
+ 1

0, 1

2

�; Re HzL > 0

01.02.26.0034.01

z2 + 1 + 1
Β

z2 + 1

�
1

Π
 G2,2

1,2 z,
1

2

Β+1

2
,

Β

2

0, Β

01.02.26.0035.01

z2 + 1 - 1
Β

z2 + 1

�
1

Π
 G2,2

1,2 z,
1

2

Β+1

2
,

Β

2

Β, 0
�; Re HzL > 0
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01.02.26.0036.01

z2 + 1 + z
Β

z2 + 1

�
1

Π
 G2,2

2,1 z,
1

2

Β+1

2
,

1-Β

2

0, 1

2

�; Re HzL > 0

01.02.26.0037.01

z2 + 1 - z
Β

z2 + 1

�
1

Π
 G2,2

2,1 z,
1

2

1-Β

2
,

Β+1

2

0, 1

2

�; Re HzL > 0

Generalized cases involving sqrt in the arguments and unit step Θ

01.02.26.0038.01

ΘH1 -  z¤L 1 + 1 - z2
Β

- 1 - 1 - z2
Β

� Π Β G2,2
2,0 z,

1

2

Β+1

2
,

Β

2
+ 1

0, Β
�; Re HzL > 0

01.02.26.0039.01

ΘH z¤ - 1L z + z2 - 1
Β

- z - z2 - 1
Β

� Π Β G2,2
0,2 z,

1

2

Β

2
+ 1, 1 -

Β

2

0, 1

2

�; Re HzL > 0

01.02.26.0040.01

ΘH1 -  z¤L
1 - z2

 1 - 1 - z2
Β

+ 1 + 1 - z2
Β

� 2 Π G2,2
2,0 z,

1

2

Β

2
,

Β+1

2

0, Β
�; Re HzL > 0

01.02.26.0041.01

ΘH z¤ - 1L
z2 - 1

z - z2 - 1
Β

+ z + z2 - 1
Β

� 2 Π G2,2
0,2 z,

1

2

Β+1

2
,

1-Β

2

0, 1

2

�; Re HzL > 0

01.02.26.0042.01

ΘH1 -  z¤L KI 1 + z - 1 - z NΒ
- I 1 + z + 1 - z NΒO � -2

Β

2
-1 Β Π G2,2

2,0 z,
1

2

Β+2

4
,

Β

4
+ 1

0,
Β

2

�; z Ï H-1, 0L
01.02.26.0043.01

ΘH z¤ - 1L KI z - 1 + z + 1 NΒ
- I z + 1 - z - 1 NΒO � 2

Β

2
-1 Π Β G2,2

0,2 z,
1

2

Β

4
+ 1, 1 -

Β

4

0, 1

2

01.02.26.0044.01

ΘH1 -  z¤L
1 - z2

KI 1 + z - 1 - z NΒ
+ I 1 + z + 1 - z NΒO � 2

Β

2
+1 Π G2,2

2,0 z,
1

2

Β

4
,

Β+2

4

0,
Β

2

�; z Ï H-1, 0L
01.02.26.0045.01

ΘH z¤ - 1L
z2 - 1

KI z + 1 - z - 1 NΒ
+ I z - 1 + z + 1 NΒO � 2

Β

2
+1 Π G2,2

0,2 z,
1

2

Β+2

4
, 1 -

Β+2

4

0, 1

2

�; Re HzL > 0

Through other functions
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01.02.26.0046.01

z1�n � Hx; xn - zLn
-1 �; n � 2 ê n - 3 Î N ì z Ï H0, ¥L

Representations through equivalent functions

With inverse function

01.02.27.0013.01

Iz1�aMa � ã

2 ä a Π
Π-Im

logHzL
a

2 Π

z

The left side of the above formula corresponds to the composition f I f H-1LHzLM �; f HzL � za, which generically does

not equal z.  This relation also reflects the invertibility of the power function za  with respect  to the variable z

because its inverse f H-1L can coincide with the original function f , but for another value of the parameter a.

01.02.27.0014.01

Iz1�aMa � z �; -Π < Im
logHzL

a
£ Π

The left side of above formula corresponds to composition f I f H-1LHzLM �; f HzL � za, which equal to z under restric-

tion -Π < ImJ logHzL
a

N £ Π.  This relation also reflects invertibility of power function za  with respect  to variable z

because its inversion f H-1L can coincides with original f but for other values of parameter a.

01.02.27.0015.01

HzaL1�a � ã
2 ä Π

a
 

Π-ImIa logHzLM
2 Π z

The left  side of  above formula corresponds to composition f H-1LH f HzLL �; f HzL � za,  which generically does not

equal to z. This relation also reflects invertibility of power function za  with respect to variable z because its inver-

sion f H-1L can coincides with original f but for other values of parameter a.

01.02.27.0016.01HzaL1�a � z �; -Π < ImHa logHzLL £ Π

The left side of above formula corresponds to composition f H-1LH f HzLL �; f HzL � za, which equal to z under restric-

tion -Π < ImHa logHzLL £ Π. This relation also reflects invertibility of power function za  with respect to variable z

because its inversion f H-1L can coincides with original f but for other values of parameter a.

01.02.27.0017.01

zlogzHaL � a

The left side of above formula corresponds to composition f I f H-1LHaLM �; f HaL � za, which generically equal to a.

01.02.27.0018.01

logzHzaL � a +
2 ä Π

logHzL
Π - ImHa logHzLL

2 Π

The left  side of above formula corresponds to composition f H-1LH f HaLL �; f HaL � za,  which generically does not

equal to a.
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01.02.27.0019.01

logzHzaL � a �; -Π < ImHa logHzLL £ Π

The left side of above formula corresponds to composition f H-1LH f HaLL �; f HaL � za, which equal to a under restric-

tion -Π < ImHa logHzLL £ Π.

01.02.27.0020.01

logaHazL � z +
2 ä Π

logHaL  
Π - ImHz logHaLL

2 Π

The left side of above formula corresponds to composition f I f H-1LHzLM �; f HzL � logaHzL, which generically does not

equal to z.

01.02.27.0021.01

logaHazL � z �; a Î R ß z > 0 ê a > 0 ì -Π < ImHz logHaLL £ Π

The left  side of above formula corresponds to composition f I f H-1LHzLM �; f HzL � logaHzL,  which equal to z  under

restriction -Π < ImHz logHaLL £ Π.

01.02.27.0022.01

zlogzHaL � a

The left side of above formula corresponds to composition f H-1LH f HzLL �; f HzL � logaHzL, which generically equal to

z.

01.02.27.0023.01

logza HzL �
logHzL

2 ä Π f Π-ImHa logHzLL
2 Π

v + a logHzL
01.02.27.0024.01

logza HzL �
1

a
�; -Π < ImHa logHzLL £ Π

With related functions

01.02.27.0025.01

z =  z¤ ãä argHzL
01.02.27.0004.01

za � ãa logHzL
01.02.27.0005.01

zlogHaL � alogHzL
01.02.27.0006.01

z
logHaL
logHzL � a

With orthogonal polynomials

01.02.27.0007.01

zn � n! â
k=0

n H-1Lk n + Λ

n - k
Lk

ΛHzL �; n Î N
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01.02.27.0008.01

zn �
n!

2n
â
k=0

dn�2t 1

k ! Hn - 2 kL !
 Hn-2 kHzL �; n Î N

01.02.27.0009.01

zn � 2-n â
k=0

f n

2
v

n

k
-

n

k - 1
Un-2 kHzL �; n Î N+

01.02.27.0010.01

zn �
n!

2n
â
k=0

dn�2t H-2 k + n + ΛL
k ! HΛL-k+n+1

 Cn-2 k
HΛL HzL �; n Î N

01.02.27.0011.01

H1 - zLn � 2n GHa + n + 1L â
k=0

n Ha + b + 2 k + 1L GHa + b + k + 1L H-nLk

GHa + k + 1L GHa + b + k + n + 2L  Pk
Ha,bLHzL �; n Î N

01.02.27.0012.01

H1 - zLn � 2n GHb + n + 1L â
k=0

n H-1Lk Ha + b + 2 k + 1L GHa + b + k + 1L H-nLk

GHb + k + 1L GHa + b + k + n + 2L  Pk
Ha,bLHzL �; n Î N

Inequalities
01.02.29.0001.01

yxy

xyx
>

y

x
>

yx

xy
�; 0 < x < y < 1 ê 1 < x < y

01.02.29.0002.01

y

x

x y

>
yx

xy
�; 0 < x < y < 1 ê 1 < x < y

01.02.29.0003.01

0 < x1�x - 1 -
logHxL

x
£ ã -1 - ã + ã

1+
1

ã
logHxL

x

2 �; x Î R ß x ³ 1

Zeros
01.02.30.0001.01

za � 0 �; z � 0 ß ReHaL > 0

Theorems

Gelfond-Schneider theorem

The number ΑΒ, where Α, Β are algebraic numbers, Α ¹ 0, 1, Β Ï Q, is transcendental.

Mellin transformation and Parseval relation
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f
`
 HsL � à

0

¥

xs-1 f  HxL â x � f  HxL �
1

2 Π ä
 à
Γ-ä ¥

Γ+ä ¥

f
`
 HsL x-s â s; à

0

¥

f1 
x

t
 f2 HtL 

â t

t
�

1

2 Π ä
 à
Γ-ä ¥

Γ+ä ¥

f1
`

 HsL f2
`

 HsL x-s â s.

Hilbert transformation

f
`
 HyL �

1

Π
 à
-¥

¥
f  HxL
x - y

 â x � f  HxL � -
1

Π
 à
-¥

¥
f
`
 HyL

y - x
 â y.

The eigenfunctions of the Hilbert transformation are given by the following:

1

Π
 P à

-¥

¥
f  Hx, nL
x - y

 â x � sgnHnL f Hy, nL �; f Hx, nL �
H1 + ä xLn

H1 - ä xLn+1
í n Î Z

Zipf's law

The frequency f  versus the rank r in a text has the form f = r-Β, where Β » 0.6 for natural languages.

The quantum mechanical density of states of a  d-dimensional lattice

The quantum mechanical density of states DH¶L of a  d-dimensional lattice exhibits van Hove singularities of the

form DH¶L µ ¶
d-1

2 , where ¶ is the energy.

Infinite tetration

The sequence

xx, xxx
, xxxx

, ¼

converges for real x only if ã-ã £ x £ ã1�ã.

Differential-Algebraic Constants

To ensure the correctness of many formulas given in this collection over the whole complex plane, it is often

necessary  to  work  with  expressions  of  the  form  Iz2Ma
� Hä zLa H-ä zLa  ,  HzaL1�a,  HzaL1�a � z,  z  Hz-aL1�a,  H-zaL1�a,

I-z2Ma
� zaH-zLa,etc.  (where  a  is  a  generic  complex  number).  While  in  a  textbook-mathematics  setting  these

expressions are often simplified to z, ±1, 1,  H-1L1�a z, etc, this cannot be done inside Mathematica. From a com-

plex function point of view the Riemann surface of such functions are made from disconnected sheets.  Inside

Mathematica  all branch cuts of all functions (that have branch cuts) follow uniquely from the branch cut of the

single power function (the logarithm function respectively). As a result the branch cuts related to more complicated

functions such as Iz2Ma
,  HzaL1�a,  HzaL1�a � z,  z  Hz-aL1�a,  H-zaL1�a, I-z2Ma

 exist,  although they do not start and end at

branch points, but mostly extend from the origin to ¥�  along opposite rays.

For instance we have:

BCzIIz2MaM � BCzIHä zLa H-ä zLaM � 88H-ä ¥, 0L, 1<, 8H0, ä ¥L, -1<<
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lim
Ε®+0

IHx + ΕL2Ma
� ã-2 ä Π a Ix2Ma �; ä x > 0

lim
Ε®+0

IHx - ΕL2Ma
� ã-2 ä Π a Ix2Ma �; ä x < 0

An expression of the form  HzaL1�a � z , z Hz-aL1�aare called differential-algebraic constants because their derivative

vanishes generically everywhere as a complex function (but not as a generalized function).

History

– Ancient Egyptian, Babylonian, and Greek mathematicians

– Euclid knew am an � am+n  for integers m and n

– N. Oresme (14th century) knew this rule even for fractional positive m and n, and also knew Ha bL1�n � a1�n b1�n
and HamLp�q � Ham pL1�q
– F. Viete (1593) derived the famous geometric series for 1/(1+x)

– Joh. Bernoulli (1697) defined arbitrary powers as za
� IãlogHzLMa � ãa logHzL

– L. Euler (1728) proved that ää � ã-Π�2 and in 1748 used a series expansion for H1 + xLa with rational a

–  Martin Ohm (1823) was the first who fully develop the theory of the exponential za, when both z and a are

complex numbers

–  N. H. Abel (1826) first proved correctness of the series expansion of H1 + xLa in the unit circle for arbitrary a

The function za is encountered often in mathematics and the natural sciences.
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