
ProductLog

Notations

Traditional name

Lambert function

Traditional notation

WHzL
Mathematica StandardForm notation

ProductLog@zD
LambertW@zD

Primary definition
01.31.02.0001.01

WHzL � W0HzL
Specific values

Values at fixed points

01.31.03.0001.01

WH0L � 0

01.31.03.0007.01

W -
Π

2
�

ä Π

2

01.31.03.0008.01

W -
1

ã
� -1

Values at infinities

01.31.03.0002.01

WH¥L � ¥

01.31.03.0003.01

WH-¥L � ¥

01.31.03.0004.01

WHä ¥L � ¥



01.31.03.0005.01

WH-ä ¥L � ¥

01.31.03.0006.01

WH¥� L � ¥

General characteristics

Domain and analyticity

WHzL is an analytical function of z which is defined over the whole complex z-plane.

01.31.04.0001.01

z�WHzL � C�C

Symmetries and periodicities

Mirror symmetry

01.31.04.0002.01

WHz�L � WHzL �; z Ï -¥, -
1

ã

Periodicity

No periodicity

Poles and essential singularities

The function WHzL does not have poles and essential singularities.

01.31.04.0003.01

SingzHWHzLL � 8<
Branch points

The function WHzL has two branch points: z � - 1
ã

, z � ¥� .

01.31.04.0004.01

BPzHWHzLL � :-
1

ã
, ¥� >

01.31.04.0005.01

RzHWHzL, 0L � log

01.31.04.0006.01

Rz WHzL, -
1

ã
� 2

01.31.04.0007.01

RzHWHzL, ¥� L � log

Branch cuts

http://functions.wolfram.com 2



The function WHzL is a single-valued function on the z-plane cut along the interval I-¥, - 1
ã

M, where it is continuous from

above.

01.31.04.0008.01

BCzHWHzLL � :: -¥, -
1

ã
, -ä>>

01.31.04.0009.01

lim
Ε®+0

WHx + ä ΕL � WHxL �; x < -
1

ã

01.31.04.0010.01

lim
Ε®+0

WHx - ä ΕL � W-1HxL �; x < -
1

ã

Series representations

Generalized power series

Expansions at z � 0

01.31.06.0001.02

WHzL µ z - z2 +
3 z3

2
- ¼ �; Hz ® 0L

01.31.06.0008.01

WHzL µ z - z2 +
3 z3

2
- OIz4M

01.31.06.0002.01

WHzL � â
k=1

¥ H-kLk-1 zk

k !
�;  z¤ <

1

ã

01.31.06.0003.02

WHzL µ z + OIz2M
Expansions at z � - 1

ã

01.31.06.0004.02

WHzL µ -1 + 2 ã z +
1

ã
-

2 ã

3
 z +

1

ã
+

11 ã3�2
18 2

 z +
1

ã

3�2
+ ¼ �; z ® -

1

ã

01.31.06.0009.01

WHzL µ -1 + 2 ã z +
1

ã
-

2 ã

3
 z +

1

ã
+

11 ã3�2
18 2

 z +
1

ã

3�2
+ O z +

1

ã

2
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01.31.06.0005.01

WHzL � â
k=0

¥

ck pk �; p � 2 ã z + 1 í  ã z + 1¤ < 1 í c0 � -1 í c1 � 1 í

a0 � 2 í a1 � -1 í ak � â
j=2

k-1

c j c1- j+k í ck � -
ak

2
+

k - 1

k + 1
 K ak-2

4
+

ck-2

2
O -

ck-1

k + 1

01.31.06.0006.02

WHzL µ -1 + O z +
1

ã

Expansions at z � ¥

01.31.06.0007.02

WHzL � logHzL - logHlogHzLL - â
k=0

¥ H-1Lk

logkHzL â
j=1

k Sk
Hk- j+1L

j !
 log jHlogHzLL �; H z¤ ® ¥L

Integral representations

On the real axis

Of the direct function

01.31.07.0001.01

WHzL � 1 + HlogHzL - 1L exp
ä

2 Π
 à

0

¥ 1

t + 1
 log

logHzL + t - logHtL - ä Π

logHzL + t - logHtL + ä Π
 â t �; z Ï -

1

ã
, 0

Dispersion relation

01.31.07.0002.01

WHzL � à
-¥

-
1

ã
-

1

Π
 Im

¶WHxL
¶ x

log 1 -
z

x
 â x �; z Ï -¥, -

1

ã

Limit representations
01.31.09.0001.01

WHxL � lim
n®¥

x expH-x expH-¼ x expH-xLLL
n-times

�; 0 < x < ã

01.31.09.0002.01

WH-logHxLL � -logHxL lim
n®¥

xx
..
.x

 n -times �; ã-ã < x < ã1�ã

Differential equations

Ordinary nonlinear differential equations

01.31.13.0001.01

w¢HzL z HwHzL + 1L - wHzL � 0 �; wHzL � WHc1 zL
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Transformations

Transformations and argument simplifications

01.31.16.0001.01

WHx logHxLL � logHxL �; x >
1

ã

01.31.16.0002.01

W -
logHxL

x
� -logHxL �; 0 £ x £ ã

01.31.16.0003.01

W -
logHx + 1L
x Hx + 1L1�x � -

x + 1

x
logHx + 1L �; -1 < x < 0

Products, sums, and powers of the direct function

Sums of the direct function

01.31.16.0004.01

WHxL + WHyL � W x y
1

WHxL +
1

WHyL �; x > 0 ê y > 0

01.31.16.0005.01

ww � z �; w �
logHzL

WHlogHzLL
Related transformations

01.31.16.0006.01

ãΑ WHzL � zΑ WHzL-Α

Identities

Functional identities

01.31.17.0001.01

ãn wHzL � zn wHzL-n �; wHzL � WHzL ß n Î Z

Complex characteristics

Real part

01.31.19.0001.01

ReHWHx + ä yLL � â
k=1

¥ H-kLk-1

k !
 Ix2 + y2Mk�2

cosIk tan-1Hx, yLM �; x2 + y2 <
1

ã2

Imaginary part
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01.31.19.0002.01

ImHWHx + ä yLL � â
k=1

¥ H-kLk-1

k !
 Ix2 + y2Mk�2

sinIk tan-1Hx, yLM �; x2 + y2 <
1

ã2

Absolute value

01.31.19.0003.01

 WHx + ä yL¤ � W x2 + y2

Argument

01.31.19.0004.01

argHWHx + ä yLL � â
k=1

¥ H-kLk-1

k !
tan-1IcosIk tan-1Hx, yLM, sinIk tan-1Hx, yLMM �; x2 + y2 <

1

ã2

Conjugate value

01.31.19.0005.01

WHx + ä yL � â
k=1

¥ H-kLk-1

k !
 IcosIk tan-1Hx, yLM - ä sinIk tan-1Hx, yLMM Ix2 + y2Mk�2 �; x2 + y2 <

1

ã2

Differentiation

Low-order differentiation

01.31.20.0001.01

¶WHzL
¶z

�
WHzL

z HWHzL + 1L
01.31.20.0002.01

¶2 WHzL
¶z2

� -
WHzL2 HWHzL + 2L

z2 HWHzL + 1L3

Symbolic differentiation 

01.31.20.0003.01

¶n WHzL
¶zn

� â
k=0

¥ H-k - nLk+n-1 Hk + 1Ln zk

Hk + nL !
�;  z¤ <

1

ã
í n Î N+

01.31.20.0006.01

¶n WHzL
¶zn

� booleHn � 0, WHzLL +
n! WHzLn

zn HWHzL + 1L2 n-1
â
q=0

n â
m=0

q â
k=0

q-m â
j=0

q-k-m H-1Lq- j+n-1 Hk + nL j+k+n-1 k + n
n

H-2 nLq- j-k-m

j ! Hk + nL ! Hq - j - k - mL !
 WHzLq �;

n Î N+

Eric Weisstein and Oleg Marichev
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01.31.20.0004.01

¶n WHzL
¶zn

�
ã-n WHzL PolHn, WHzLL

HWHzL + 1L2 n-1
�; PolHn + 1, wL � Hw + 1L PolH0,1LHn, wL - Hw n + 3 n - 1L PolHn, wL í PolH1, wL � 1 í n Î N+

Fractional integro-differentiation

01.31.20.0005.01

¶Α WHzL
¶zΑ

� â
k=1

¥ H-kLk-1 zk-Α

GHk - Α + 1L �;  z¤ <
1

ã

Integration

Indefinite integration

Involving only one direct function

01.31.21.0001.01

à WHzL â z �
z IWHzL2 - WHzL + 1M

WHzL
Involving one direct function and elementary functions

Involving power function

01.31.21.0002.01

à zΑ-1 WHzL â z �
1

Α2
 Iã-HΑ-1L WHzL-WHzL zΑ HΑ GHΑ + 1, -Α WHzLL - GHΑ + 2, -Α WHzLLL H-Α WHzLL-ΑM

Definite integration

For the direct function itself

01.31.21.0003.01

à
0

1

WHtL â t �
H2 WH1L - 1L I2 WH1L2 + 1M

8 WH1L2
+

1

8

01.31.21.0004.01

à
0

1

-
logIãW@x logHxLDM

x
 â x �

Π2

6

Operations

Limit operation

01.31.25.0001.01

lim
n®¥

m*HnL
n

- WHnL � 0 �; Sn
Hm*HnLL ³ Sn

HmL í 0 £ m £ n

Representations through more general functions
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Through other functions

01.31.26.0001.01

WHzL � W0HzL
Representations through equivalent functions

With inverse function

01.31.27.0001.01

ãWHzL WHzL � z

With related functions

01.31.27.0002.01

ãΑ WHzL � zΑ WHzL-Α

Theorems

Periodic solutions of the two species Lotka-Volterra model 

A  closed  form  solution  for  periodic  solutions  of  the  two  species  Lotka-Volterra  model

x¢HtL � Α xHtL H1 - yHtLL, y¢HtL � Β yHtL H1 - xHtLL is given by  yHtL � -W -c1 xHtL Β

Α ã-
Β

Α
 xHtL .

Solution of the bootstrap equation

A solution of the bootstrap equation z � 2 WHzL - ãWHzL + 1 , appearing for instance in the renormalization group

equations, is given as WHzL � Kz - 2 WK- ã
z-1

2 � 2O - 1O � 2.

The number of rooted trees

The number of rooted trees on n labeled points is @znD WHzL.
History

– J. H. Lambert (1758)

– L. Euler (1764, 1779)
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© 2001-2008, Wolfram Research, Inc.

http://functions.wolfram.com 9


