
ProductLog2

Notations

Traditional name

Generalized Lambert function

Traditional notation

WkHzL
Mathematica StandardForm notation

ProductLog@k, zD
LambertW@k, zD

Primary definition
01.32.02.0001.01

z � w ãw �; w � WkHzL ì k Î Z

Specific values

Specialized values

01.32.03.0001.01

W0HzL � WHzL
01.32.03.0002.01

WkH0L � -¥ �; k ¹ 0

01.32.03.0003.01

W-1 -
Π

2
� -

ä Π

2

01.32.03.0004.01

W-1 -
1

ã
� -1

General characteristics

Domain and analyticity

WkHzL is an analytical function of z which is defined over C. 



01.32.04.0001.01Hk * zL �WkHzL � HZ Ä CL �C

Symmetries and periodicities

Periodicity

No periodicity

Poles and essential singularities

With respect to z

The function WkHzL does not have poles and essential singularities.

01.32.04.0002.01

SingzHWkHzLL � 8<
Branch points

With respect to z

The function WkHzL, k ¹ 0, k ¹ 1, has two branch points: z � 0,  z � ¥� .

01.32.04.0003.01

BPzHWkHzLL � 80, ¥� < �; k Ï 80, 1<
The function W0HzL has two branch points: z � - 1

ã
,  z � ¥� .

01.32.04.0004.01

BPzHW0HzLL � :-
1

ã
, ¥� >

The function W1HzL has three branch points: z � 0,  z � - 1
ã

,  z � ¥� .

01.32.04.0005.01

BPzHW1HzLL � :0, -
1

ã
, ¥� >

01.32.04.0006.01

RzHWkHzL, 0L � log

01.32.04.0007.01

Rz W1HzL, -
1

ã
� 2

01.32.04.0008.01

RzHWkHzL, ¥� L � log

Branch cuts

With respect to z
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The function WkHzL, k ¹ 0, is a single-valued function on the z-plane cut along the interval H-¥, 0L, where it is

continuous from above.

01.32.04.0009.01

BCzHWkHzLL � 88H-¥, 0L, -ä<< �; k Ï 80, 1<
01.32.04.0010.01

lim
Ε®+0

WkHx + ä ΕL � WkHxL �; k ¹ 0 ì k ¹ 1 ì x < 0

01.32.04.0011.01

lim
Ε®+0

WkHx - ä ΕL � Wk-1HxL �; k ¹ 0 ì k ¹ 1 ì x < 0

01.32.04.0012.01

BCzHW0HzLL � :: -¥, -
1

ã
, -ä>>

01.32.04.0013.01

lim
Ε®+0

W0Hx + ä ΕL � W0HxL �; x < -
1

ã

01.32.04.0014.01

lim
Ε®+0

W0Hx - ä ΕL � W-1HxL �; x < -
1

ã

01.32.04.0015.01

BCzHW1HzLL � :: -¥, -
1

ã
, -ä>, : -

1

ã
, 0 , -ä>>

01.32.04.0016.01

lim
Ε®+0

W1Hx + ä ΕL � W1HxL �; x < 0

01.32.04.0017.01

lim
Ε®+0

W1Hx - ä ΕL � W0HxL �; x < -
1

ã

01.32.04.0018.01

lim
Ε®+0

W1Hx - ä ΕL � W-1HxL �; -
1

ã
< x < 0

Series representations

Asymptotic series expansions

01.32.06.0001.02

WkHzL µ w - Ζ +
Ζ

w
-

2 Ζ - Ζ2

2 w2
+

Ζ I6 - 9 Ζ + 2 Ζ2M
6 w3

+ ¼ �;
Hz ® 0 È ¥L í w � 2 ä Π k + logHzL í Ζ � logHwL í Ø Jk � 0 í  z¤ < ã2N í Ø k � -1 í z Î -

1

ã
, 0
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01.32.06.0002.01

WkHzL � w - Ζ - â
n=1

¥

w-n â
m=1

n H-1Ln

m!
 Sn

H-m+n+1L Ζm �;
Hz ® 0 È ¥L í w � 2 ä Π k + logHzL í Ζ � logHwL í Ø Jk � 0 í  z¤ < ã2N í Ø k � -1 í z Î -

1

ã
, 0

01.32.06.0003.01

WkHzL µ logHzL + 2 ä Π k - logH2 ä Π k + logHzLL 1 + O
1

logHzL �; H z¤ ® 0 È ¥L ì k ¹ 0 ì k ¹ 1

01.32.06.0004.01

WkHzL � H2 ä Π k + logHzLL - logH2 ä Π k + logHzLL - â
p=0

¥ H-1Lp

H2 ä Π k + logHzLLp â
j=1

p Sp
Hp- j+1L

log jH2 ä Π k + logHzLL
j !

�; H z¤ ® 0 È ¥L

Integral representations

On the real axis

Of the direct function

01.32.07.0001.01

WkHzL � 1 + HlogHzL + 2 ä Π k - 1L exp
ä

2 Π
 à

0

¥ 1

t + 1
 log

logHzL + t - logHtL + H2 k - 1L ä Π

logHzL + t - logHtL + H2 k + 1L ä Π
 â t �; k Î Z í z Ï -

1

ã
, 0

Limit representations
01.32.09.0001.01

W-1H-logHxLL � -logHxL lim
n®¥

logxIlogxI¼logxHeLMM
n-times

�; x > 1

Differential equations

Ordinary nonlinear differential equations

01.32.13.0001.01

w¢HzL z HwHzL + 1L - wHzL � 0 �; wHzL � WkHc1 zL
Identities

Functional identities

01.32.17.0001.01

ãn wHzL � zn wHzL-n �; wHzL � WkHzL ì n Î Z

Differentiation

Low-order differentiation
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01.32.20.0001.01

¶WkHzL
¶z

�
WkHzL

z HWkHzL + 1L
01.32.20.0002.01

¶2 WkHzL
¶z2

� -
WkHzL2 HWkHzL + 2L

z2 HWkHzL + 1L3

Symbolic differentiation 

01.32.20.0003.01

¶n WkHzL
¶zn

� booleHn � 0, WkHzLL +
n! WkHzLn

zn HWkHzL + 1L2 n-1
â
q=0

n â
m=0

q â
l=0

q-m â
j=0

q-l-m H-1Lq- j+n-1 Hl + nL j+l+n-1 l + n
n

H-2 nLq- j-l-m

j ! Hl + nL ! Hq - j - l - mL !
 WkHzLq �;

n Î N+

Eric Weisstein and Oleg Marichev

Integration

Indefinite integration

Involving only one direct function

01.32.21.0001.01

à WkHzL â z �
z IWkHzL2 - WkHzL + 1M

WkHzL
Involving one direct function and elementary functions

Involving power function

01.32.21.0002.01

à zΑ-1 WkHzL â z �
1

Α2
 Iã-HΑ-1L WkHzL-WkHzL zΑ HΑ GHΑ + 1, -Α WkHzLL - GHΑ + 2, -Α WkHzLLL H-Α WkHzLL-ΑM

Representations through equivalent functions

With inverse function

01.32.27.0001.01

ãWkHzL WkHzL � z

With related functions

01.32.27.0002.01

ãn WkHzL � zn WkHzL-n �; n Î Z

01.32.27.0003.01

logHWkHzLL � logHzL - WkHzL +2 ä Π k
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01.32.27.0004.01

logHW-1HzLL � logHzL - W-1HzL - 2 ä Π �; z Ï -¥, -
1

ã
í z Ï H0, ¥L

01.32.27.0005.01

logHW-1HxLL � logHxL - W-1HxL �; -
1

ã
< x < 0

History

– J. H. Lambert (1758)

– L. Euler (1764, 1779)

- R. Corless, D. Knuth (1993)

http://functions.wolfram.com 6



Copyright
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involving the special functions of mathematics. For a key to the notations used here, see 

http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for 

example: 

http://functions.wolfram.com/Constants/E/

To refer to a particular formula, cite functions.wolfram.com followed by the citation number.
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