
RamanujanTauTheta

Notations

Traditional name

Ramanujan tau theta function

Traditional notation

ΤΘHzL
Mathematica StandardForm notation

RamanujanTauTheta@zD

Primary definition
10.12.02.0001.01

ΤΘHzL � -logH2 ΠL z -
ä

2
 HlogGH6 + ä zL - logGH6 - ä zLL

Specific values

Specialized values

10.12.03.0001.01

ΤΘHxL � ImHlogGHä x + 6LL - logH2 ΠL x �; x Î R

10.12.03.0002.01

ΤΘH-5 ä + ä nL �
1

2
ä 2 H5 - nL logH2 ΠL + log

n!

H10 - nL !
�; n Î Z ß 0 £ n £ 10

10.12.03.0003.01

ΤΘH6 ä + ä nL � -ä ¥ �; n Î N

10.12.03.0004.01

ΤΘH-6 ä - ä nL � ä ¥ �; n Î N

10.12.03.0005.01

ΤΘ 6 ä -
ä n

2
�

1

2
ä Hn - 12L logH2 ΠL + log

I11 - n

2
M !

I n

2
- 1M !

�; n Î Z ß 0 < n £ 23

10.12.03.0006.01

ΤΘ -
11 ä

2
- ä n �

1

2
ä logI16 Π2M n - ä Π n + 11 logH4 ΠL - â

k=1

n

logH2 k - 1L - â
k=1

n+11

logH2 k - 1L �; n Î N



10.12.03.0007.01

ΤΘ
11 ä

2
+ ä n �

1

2
ä -logI16 Π2M n + ä Π n - 11 logH4 ΠL + â

k=1

n

logH2 k - 1L + â
k=1

n+11

logH2 k - 1L �; n Î N

10.12.03.0008.01

ΤΘ -
17 ä

3
- ä n �

1

6
ä 6 logH6 ΠL n - 3 ä Π n + 31 logH2 ΠL +

69 logH3L
2

+ 6 log G
1

3
- 3 â

k=1

n

logH3 k - 1L - 3 â
k=1

n+11

logH3 k - 1L �; n Î N

10.12.03.0009.01

ΤΘ -
17 ä

3
+ ä n �

1

6
ä

69 logH3L
2

+ 31 logH2 ΠL - 6 n logH6 ΠL + 6 log G
1

3
+ 3 â

k=1

n

logH3 k - 2L - 3 â
k=1

11-n

logH3 k - 1L �;
n Î N ß n £ 11

10.12.03.0010.01

ΤΘ -
16 ä

3
- ä n �

1

6
ä 6 logH6 ΠL n - 3 ä Π n + 35 logH2 ΠL +

63 logH3L
2

- 6 log G
1

3
- 3 â

k=1

n

logH3 k - 2L - 3 â
k=1

n+11

logH3 k - 2L �; n Î N

10.12.03.0011.01

ΤΘ -
16 ä

3
+ ä n �

1

6
ä

63 logH3L
2

+ 35 logH2 ΠL - 6 n logH6 ΠL - 6 log G
1

3
- 3 â

k=1

11-n

logH3 k - 2L + 3 â
k=1

n

logH3 k - 1L �;
n Î N ß n £ 11

10.12.03.0012.01

ΤΘ
16 ä

3
- ä n �

1

6
ä -

63 logH3L
2

- 35 logH2 ΠL + 6 n logH6 ΠL + 6 log G
1

3
+ 3 â

k=1

11-n

logH3 k - 2L - 3 â
k=1

n

logH3 k - 1L �;
n Î N ß n £ 11

10.12.03.0013.01

ΤΘ
16 ä

3
+ ä n �

1

6
ä -6 logH6 ΠL n + 3 ä Π n - 35 logH2 ΠL -

63 logH3L
2

+ 6 log G
1

3
+ 3 â

k=1

n

logH3 k - 2L + 3 â
k=1

n+11

logH3 k - 2L �; n Î N

10.12.03.0014.01

ΤΘ
17 ä

3
- ä n �

1

6
ä -

69 logH3L
2

- 31 logH2 ΠL + 6 n logH6 ΠL - 6 log G
1

3
- 3 â

k=1

n

logH3 k - 2L + 3 â
k=1

11-n

logH3 k - 1L �;
n Î N ß n £ 11

10.12.03.0015.01

ΤΘ
17 ä

3
+ ä n �

1

6
ä -6 logH6 ΠL n + 3 ä Π n - 31 logH2 ΠL -

69 logH3L
2

- 6 log G
1

3
+ 3 â

k=1

n

logH3 k - 1L + 3 â
k=1

n+11

logH3 k - 1L �; n Î N
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10.12.03.0016.01

ΤΘ -
23 ä

4
- ä n �

1

4
ä 4 logH8 ΠL n - 2 ä Π n + 66 logH2L + 21 logHΠL + 4 log G

1

4
- 2 â

k=1

n

logH4 k - 1L - 2 â
k=1

n+11

logH4 k - 1L �; n Î N

10.12.03.0017.01

ΤΘ -
23 ä

4
+ ä n �

1

4
ä 66 logH2L + 21 logHΠL - 4 n logH8 ΠL + 4 log G

1

4
+ 2 â

k=1

n

logH4 k - 3L - 2 â
k=1

11-n

logH4 k - 1L �;
n Î N ß n £ 11

10.12.03.0018.01

ΤΘ -
21 ä

4
- ä n �

ä

4
4 logH8 ΠL n - 2 ä Π n + 66 logH2L + 23 logHΠL - 4 log G

1

4
- 2 â

k=1

n

logH4 k - 3L - 2 â
k=1

n+11

logH4 k - 3L �; n Î N

10.12.03.0019.01

ΤΘ -
21 ä

4
+ ä n �

1

4
ä 66 logH2L + 23 logHΠL - 4 n logH8 ΠL - 4 log G

1

4
- 2 â

k=1

11-n

logH4 k - 3L + 2 â
k=1

n

logH4 k - 1L �;
n Î N ß n £ 11

10.12.03.0020.01

ΤΘ
21 ä

4
- ä n �

1

4
ä -66 logH2L - 23 logHΠL + 4 n logH8 ΠL + 4 log G

1

4
+ 2 â

k=1

11-n

logH4 k - 3L - 2 â
k=1

n

logH4 k - 1L �;
n Î N ß n £ 11

10.12.03.0021.01

ΤΘ
21 ä

4
+ ä n �

ä

4
-4 logH8 ΠL n + 2 ä Π n - 66 logH2L - 23 logHΠL + 4 log G

1

4
+ 2 â

k=1

n

logH4 k - 3L + 2 â
k=1

n+11

logH4 k - 3L �; n Î N

10.12.03.0022.01

ΤΘ
23 ä

4
- ä n �

1

4
ä -66 logH2L - 21 logHΠL + 4 n logH8 ΠL - 4 log G

1

4
- 2 â

k=1

n

logH4 k - 3L + 2 â
k=1

11-n

logH4 k - 1L �;
n Î N ß n £ 11

10.12.03.0023.01

ΤΘ
23 ä

4
+ ä n �

1

4
ä -4 logH8 ΠL n + 2 ä Π n - 66 logH2L - 21 logHΠL - 4 log G

1

4
+ 2 â

k=1

n

logH4 k - 1L + 2 â
k=1

n+11

logH4 k - 1L �; n Î N

10.12.03.0024.01

ΤΘ ä -5 -
p

q
+ n �

ä

2 q
 

2 Hp - Hn - 5L qL logH2 ΠL - H2 n - 11L q logHqL + q logG 1 -
p

q
- q logG

p

q
+ q â

k=1

n

logHq k - pL - q â
k=1

11-n

logHq k - q + pL �;
n Î Z ì 0 £ n £ 11 ì p Î N+ ì q Î N+ ì p < q
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10.12.03.0025.01

ΤΘ ä -5 -
p

q
- n �

ä

2 q
q H2 n + 11L logHqL - ä n Π q + 2 Hp + Hn + 5L qL logH2 ΠL + q logG 1 -

p

q
-

q logG
p

q
- q â

k=1

n

logHp + k q - qL - q â
k=1

n+11

logHp + k q - qL �; n Î N ì p Î N+ ì q Î N+ ì p < q

10.12.03.0026.01

ΤΘ ä 5 +
p

q
+ n �

ä

2 q
ä n Π q - q H2 n + 11L logHqL - 2 Hp + Hn + 5L qL logH2 ΠL - q logG 1 -

p

q
+

q logG
p

q
+ q â

k=1

n

logHp + k q - qL + q â
k=1

n+11

logHp + k q - qL �; n Î N ì p Î N+ ì q Î N+ ì p < q

Values at fixed points

10.12.03.0027.01

ΤΘH-10 äL � ä ¥

10.12.03.0028.01

ΤΘ -
19 ä

2
� 2 Π -

1

2
ä log

649 979 752 131 084 375

274 877 906 944 Π19

10.12.03.0029.01

ΤΘH-9 äL � ä ¥

10.12.03.0030.01

ΤΘ -
17 ä

2
�

1

2
3 Π - ä log

3 201 870 700 153 125

17 179 869 184 Π17

10.12.03.0031.01

ΤΘH-8 äL � ä ¥

10.12.03.0032.01

ΤΘ -
15 ä

2
� Π -

1

2
ä log

23 717 560 741 875

1 073 741 824 Π15

10.12.03.0033.01

ΤΘH-7 äL � ä ¥

10.12.03.0034.01

ΤΘ -
13 ä

2
�

1

2
Π - ä log

316 234 143 225

67 108 864 Π13

10.12.03.0035.01

ΤΘH-6 äL � ä ¥

10.12.03.0036.01

ΤΘ -
11 ä

2
� -

1

2
ä log

13 749 310 575

222 Π11

10.12.03.0037.01

ΤΘH-5 äL � -
1

2
ä log

14 175

4 Π10
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10.12.03.0038.01

ΤΘ -
9 ä

2
� -

1

2
ä log

654 729 075

218 Π9

10.12.03.0039.01

ΤΘH-4 äL � -
1

2
ä log

2835

2 Π8

10.12.03.0040.01

ΤΘ -
7 ä

2
� -

1

2
ä log

11 486 475

214 Π7

10.12.03.0041.01

ΤΘH-3 äL � -
1

2
ä log

315

Π6

10.12.03.0042.01

ΤΘ -
5 ä

2
� -

1

2
ä log

135 135

210 Π5

10.12.03.0043.01

ΤΘH-2 äL � -
1

2
ä log

105

2 Π4

10.12.03.0044.01

ΤΘ -
3 Π

2
� -

1

2
ä log

1287

64 Π3

10.12.03.0045.01

ΤΘH-äL � -
1

2
ä log

15

2 Π2

10.12.03.0046.01

ΤΘ -
ä

2
� -

1

2
ä log

11

4 Π

10.12.03.0047.01

ΤΘH0L � 0

10.12.03.0048.01

ΤΘ
ä

2
�

1

2
ä log

11

4 Π

10.12.03.0049.01

ΤΘHäL �
1

2
ä log

15

2 Π2

10.12.03.0050.01

ΤΘ
3 ä

2
�

1

2
ä log

1287

64 Π3

10.12.03.0051.01

ΤΘH2 äL �
1

2
ä log

105

2 Π4

http://functions.wolfram.com 5



10.12.03.0052.01

ΤΘ
5 ä

2
�

1

2
ä log

135 135

210 Π5

10.12.03.0053.01

ΤΘH3 äL �
1

2
ä log

315

Π6

10.12.03.0054.01

ΤΘ
7 ä

2
�

1

2
ä log

11 486 475

214 Π7

10.12.03.0055.01

ΤΘH4 äL �
1

2
ä log

2835

2 Π8

10.12.03.0056.01

ΤΘ
9 ä

2
�

1

2
ä log

654 729 075

218 Π9

10.12.03.0057.01

ΤΘH5 äL �
1

2
ä log

14 175

4 Π10

10.12.03.0058.01

ΤΘ
11 ä

2
�

1

2
ä log

13 749 310 575

222 Π11

10.12.03.0059.01

ΤΘH6 äL � -ä ¥

10.12.03.0060.01

ΤΘ
13 ä

2
�

1

2
-Π + ä log

316 234 143 225

67 108 864 Π13

10.12.03.0061.01

ΤΘH7 äL � -ä ¥

10.12.03.0062.01

ΤΘ
15 ä

2
� -Π +

1

2
ä log

23 717 560 741 875

1 073 741 824 Π15

10.12.03.0063.01

ΤΘH8 äL � -ä ¥

10.12.03.0064.01

ΤΘ
17 ä

2
�

1

2
-3 Π + ä log

3 201 870 700 153 125

17 179 869 184 Π17

10.12.03.0065.01

ΤΘH9 äL � -ä ¥

10.12.03.0066.01

ΤΘ
19 ä

2
� -2 Π +

1

2
ä log

649 979 752 131 084 375

274 877 906 944 Π19
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10.12.03.0067.01

ΤΘH10 äL � -ä ¥

Values at infinities

10.12.03.0068.01

ΤΘH¥L � ¥

10.12.03.0069.01

ΤΘH-¥L � -¥

10.12.03.0070.01

ΤΘHä ¥L � ¥�

10.12.03.0071.01

ΤΘH-ä ¥L � ¥�

10.12.03.0072.01

ΤΘH¥� L � ¥�

General characteristics

Domain and analyticity

ΤΘHzL is an analytical function of z which is defined over the whole complex z-plane. 

10.12.04.0001.01

z�ΤΘHzL � C�C

Symmetries and periodicities

Parity

ΤΘHzL is an odd function.

10.12.04.0002.01

ΤΘH-zL � -ΤΘHzL
Mirror symmetry

10.12.04.0003.01

ΤΘHz�L � ΤΘHzL �; ä z Ï H-¥, -6L ì ä z Ï H6, ¥L
Periodicity

No periodicity

Poles and essential singularities

The function ΤΘHzL does not have poles and essential singularities.

10.12.04.0004.01

SingzHΤΘHzLL � 8<
Branch points

http://functions.wolfram.com 7



The function ΤΘHzL has infinitely many branch points: z � ± ä H6 + kL �; k Î N and z � ¥� . All these are logarithmic branch

points.

10.12.04.0005.01

BPzHΤΘHzLL � 886 ä + k ä �; k Î N<, 8-6 ä - k ä �; k Î N<, ¥� <
10.12.04.0006.01

RzHΤΘHzL, 6 ä + k äL � log �; k Î N

10.12.04.0007.01

RzHΤΘHzL, -6 ä - k äL � log �; k Î N

10.12.04.0008.01

RzHΤΘHzL, ¥� L � log

Branch cuts

The  function  ΤΘHzL  is  a  single-valued  function  on  the  z-plane  cut  along  the  intervals  8-ä ¥, -6 ä<  and  86 ä, ä ¥<.  At

ä z Î 8-ä ¥, -6 ä< ê ä z Î 86 ä, ä ¥< potentially multiple branch cuts are situated over each other (at ä z there are d6 + ä zt,

respectively d6 - ä zt branch cuts overlapping).

The function ΤΘHzL is continuous from the left on the interval 8-ä ¥, -6 ä< and from the right on the interval 86 ä, ä ¥<.
10.12.04.0009.01

BCzHΤΘHzLL � 888-ä ¥, -6 ä<, 1<, 886 ä, ä ¥<, -1<<
10.12.04.0010.01

lim
Ε®+0

ΤΘHx - ΕL � ΤΘHxL �; ä x > 6

10.12.04.0011.01

lim
Ε®+0

ΤΘHx + ΕL � ΤΘHxL + Π d6 - ä xt �; ä x > 6

10.12.04.0012.01

lim
Ε®+0

ΤΘHx - ΕL � ΤΘHxL �; ä x < -6

10.12.04.0013.01

lim
Ε®+0

ΤΘHx - ΕL � ΤΘHxL - Π d6 + ä xt �; ä x < -6

Series representations

Generalized power series

Expansions on branch cuts

For the function itself

In the lower half-plane
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10.12.06.0001.01

ΤΘHzL µ ΤΘHz0L - Π H6 + d-ä z0tL argH-ä Hz - z0LL
2 Π

-
1

2
H2 logH2 ΠL - ΨHä z0 + 6L - ΨH6 - ä z0LL Hz - z0L +

1

4
ä IΨH1LHä z0 + 6L - ΨH1LH6 - ä z0LM Hz - z0L2 + ¼ �; Hz ® z0L ì ä z0 Î R ì ä z0 > 6 ì ä z0 Ï Z

10.12.06.0002.01

ΤΘHzL µ ΤΘHz0L - Π H6 + d-ä z0tL argH-ä Hz - z0LL
2 Π

-
1

2
H2 logH2 ΠL - ΨHä z0 + 6L - ΨH6 - ä z0LL Hz - z0L +

1

4
ä IΨH1LHä z0 + 6L - ΨH1LH6 - ä z0LM Hz - z0L2 + OIHz - z0L3M �; ä z0 Î R ì ä z0 > 6 ì ä z0 Ï Z

10.12.06.0003.01

ΤΘHzL � ΤΘHz0L - Π
argH-ä Hz - z0LL

2 Π
H6 + d-ä z0tL -

1

2
ä â

k=1

¥ H-äLk

k !
 I2 ∆k-1 logH2 ΠL + H-1Lk ΨHk-1LH6 + ä z0L - ΨHk-1LH6 - ä z0LM Hz - z0Lk �; ä z0 Î R ì ä z0 > 6 ì ä z0 Ï Z

10.12.06.0004.01

ΤΘHzL µ ΤΘHz0L - Π Hd-ä z0t + 6L argH-ä Hz - z0LL
2 Π

H1 + OHz - z0LL �; ä z0 Î R ì ä z0 > 6 ì ä z0 Ï Z

In the upper half-plane

10.12.06.0005.01

ΤΘHzL µ ΤΘHz0L + Π
argHä Hz - z0LL

2 Π
H6 + dä z0tL -

1

2
H2 logH2 ΠL - ΨHä z0 + 6L - ΨH6 - ä z0LL Hz - z0L -

ä

4
 IΨH1LH6 - ä z0L - ΨH1LH6 + ä z0LM Hz - z0L2 + ¼ �; Hz ® z0L ì ä z0 Î R ì ä z0 < -6 ì ä z0 Ï Z

10.12.06.0006.01

ΤΘHzL µ ΤΘHz0L + Π
argHä Hz - z0LL

2 Π
H6 + dä z0tL -

1

2
H2 logH2 ΠL - ΨHä z0 + 6L - ΨH6 - ä z0LL Hz - z0L -

ä

4
 IΨH1LH6 - ä z0L - ΨH1LH6 + ä z0LM Hz - z0L2 + OIHz - z0L3M �; ä z0 Î R ì ä z0 < -6 ì ä z0 Ï Z

10.12.06.0007.01

ΤΘHzL � ΤΘHz0L + Π
argHä Hz - z0LL

2 Π
H6 + dä z0tL +

1

2
ä â

k=1

¥ äk

k !
 I2 ∆k-1 logH2 ΠL - ΨHk-1LH6 + ä z0L + H-1Lk ΨHk-1LH6 - ä z0LM Hz - z0Lk �;

ä z0 Î R ì ä z0 < -6 ì ä z0 Ï Z

10.12.06.0008.01

ΤΘHzL µ ΤΘHz0L + Π
argHä Hz - z0LL

2 Π
Hdä z0t + 6L H1 + OHz - z0LL �; ä z0 Î R ì ä z0 < -6 ì ä z0 Ï Z

Expansions at z � 0

10.12.06.0009.01

ΤΘHzL µ -logH2 ΠL +
137

60
- ý z -

1

6
ΨH2LH6L z3 +

1

120
ΨH4LH6L z5 + ¼ �; Hz ® 0L
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10.12.06.0010.01

ΤΘHzL µ -logH2 ΠL +
137

60
- ý z -

1

3

256 103

216 000
- ΖH3L z3 +

1

5

806 108 207

777 600 000
- ΖH5L z5 + OIz7M

10.12.06.0011.01

ΤΘHzL � z â
k=0

¥ H-1Lk ΨH2 kLH6L
H2 k + 1L !

- logH2 ΠL ∆k z2 k �;  z¤ < 6

10.12.06.0012.01

ΤΘHzL µ -logH2 ΠL +
137

60
- ý z I1 + OIz2MM �; Hz ® 0L

Expansions at z � 6 ä

10.12.06.0013.01

ΤΘHzL µ
1

2
ä logHä Hz - 6 äLL +

1

2
ä logH39 916 800L - 6 ä logH2 ΠL +

1

2
-2 logH2 ΠL +

83 711

27 720
- 2 ý Hz - 6 äL +

239 437 889 ä

614 718 720
 Hz - 6 äL2 + ¼ �; Hz ® 6 äL

10.12.06.0014.01

ΤΘHzL µ
1

2
ä logHä Hz - 6 äLL +

1

2
ä logH39 916 800L - 6 ä logH2 ΠL +

1

2
-2 logH2 ΠL +

83 711

27 720
- 2 ý Hz - 6 äL +

239 437 889 ä

614 718 720
 Hz - 6 äL2 + OIHz - 6 äL3M

10.12.06.0015.01

ΤΘHzL �
ä

2
logHä Hz - 6 äLL - 6 ä logH2 ΠL -

ä

2
â
k=0

¥ äk I-2 ∆1-k logH2 ΠL + ΨHk-1LH1L - H-1Lk ΨHk-1LH12LM
k !

 Hz - 6 äLk �;  z - 6 ä¤ < 1

10.12.06.0016.01

ΤΘHzL µ
1

2
ä logHä Hz - 6 äLL + ä

1

2
logH11!L - 6 logH2 ΠL H1 + OHz - 6 äLL

Expansions at z � -6 ä

10.12.06.0017.01

ΤΘHzL µ -
1

2
ä logH-ä Hz + 6 äLL -

1

2
ä logH39 916 800L + 6 ä logH2 ΠL +

1

2
-2 logH2 ΠL +

83 711

27 720
- 2 ý Hz + 6 äL -

239 437 889 ä

614 718 720
 Hz + 6 äL2 + ¼ �; Hz ® -6 äL

10.12.06.0018.01

ΤΘHzL µ -
1

2
ä logH-ä Hz + 6 äLL -

1

2
ä logH39 916 800L + 6 ä logH2 ΠL +

1

2
-2 logH2 ΠL +

83 711

27 720
- 2 ý Hz + 6 äL -

239 437 889 ä

614 718 720
 Hz + 6 äL2 + OIHz + 6 äL3M

10.12.06.0019.01

ΤΘHzL � -
ä

2
logH-ä Hz + 6 äLL + 6 ä logH2 ΠL +

ä

2
â
k=0

¥ H-äLk I-2 ∆1-k logH2 ΠL + ΨHk-1LH1L - H-1Lk ΨHk-1LH12LM
k !

 Hz + 6 äLk �;  z + 6 ä¤ < 1
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10.12.06.0020.01

ΤΘHzL µ -
1

2
ä logH-ä Hz + 6 äLL + ä 6 logH2 ΠL -

logH11!L
2

H1 + OHz + 6 äLL
Expansions at z � z0 �; z0 ¹ ±6 ä ± ä n

10.12.06.0021.01

ΤΘHzL µ ΤΘHz0L -
1

2
H2 logH2 ΠL - ΨHä z0 + 6L - ΨH6 - ä z0LL Hz - z0L +

1

4
ä IΨH1LHä z0 + 6L - ΨH1LH6 - ä z0LM Hz - z0L2 + ¼ �;

Hz ® z0L í z0
2 ¹ -Hk + 6L2 í k Î Z

10.12.06.0022.01

ΤΘHzL µ ΤΘHz0L -
1

2
H2 logH2 ΠL - ΨHä z0 + 6L - ΨH6 - ä z0LL Hz - z0L +

1

4
ä IΨH1LHä z0 + 6L - ΨH1LH6 - ä z0LM Hz - z0L2 + OIHz - z0L3M �;

z0
2 ¹ -Hk + 6L2 í k Î Z

10.12.06.0023.01

ΤΘHzL � ΤΘHz0L - logH2 ΠL Hz - z0L -
1

2
ä â

k=1

¥ äk IΨHk-1LH6 + ä z0L - H-1Lk ΨHk-1LH6 - ä z0LM
k !

 Hz - z0Lk �;
Hz ® z0L í z0

2 ¹ -Hk + 6L2 í k Î Z

10.12.06.0024.01

ΤΘHzL µ ΤΘHz0L H1 + OHz - z0LL �; z0
2 ¹ -Hk + 6L2 í k Î Z

Expansions at z � 6 ä + ä n

10.12.06.0025.01

ΤΘHzL µ
ä

2
logHä Hz - ä Hn + 6LLL - n Π

argHä Hz - ä Hn + 6LLL
2 Π

- ä Hn + 6L logH2 ΠL +

1

2
ä logHn! Hn + 11L !L -

n Π

2
+

1

2
H-2 logH2 ΠL + ΨHn + 1L + ΨHn + 12LL Hz - ä Hn + 6LL +

ä

4

Π2

3
- ΨH1LHn + 1L - ΨH1LHn + 12L Hz - ä Hn + 6LL2 + ¼ �; Hz ® ä Hn + 6LL ß n Î N

10.12.06.0026.01

ΤΘHzL µ
ä

2
logHä Hz - ä Hn + 6LLL - n Π

argHä Hz - ä Hn + 6LLL
2 Π

- ä Hn + 6L logH2 ΠL +

1

2
ä logHn! Hn + 11L !L -

n Π

2
+

1

2
H-2 logH2 ΠL + ΨHn + 1L + ΨHn + 12LL Hz - ä Hn + 6LL +

ä

4

Π2

3
- ΨH1LHn + 1L - ΨH1LHn + 12L Hz - ä Hn + 6LL2 + OIHz - ä Hn + 6LL3M �; n Î N

10.12.06.0027.01

ΤΘHzL �
ä

2
logHä Hz - ä Hn + 6LLL - Π

argHä Hz - ä Hn + 6LLL
2 Π

n -
Π n

2
- ä Hn + 6L logH2 ΠL -

ä

2
 â
k=0

¥ äk I-2 ∆k-1 logH2 ΠL + I1 + H-1LkM ΨHk-1LH1L - H-1Lk IΨHk-1LHn + 1L + ΨHk-1LHn + 12LMM
k !

 Hz - ä Hn + 6LLk �;  z - ä Hn + 6L¤ <

1 ß n Î N
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10.12.06.0028.01

ΤΘHzL µ
1

2
ä logHä Hz - ä Hn + 6LLL +

-Π
argHä Hz - ä Hn + 6LLL

2 Π
n -

Π n

2
- ä Hn + 6L logH2 ΠL +

ä

2
logHn! Hn + 11L !L H1 + OHz - ä Hn + 6LLL �; n Î N

Expansions at z � -6 ä - ä n

10.12.06.0029.01

ΤΘHzL µ -
ä

2
logH-ä Hz + ä Hn + 6LLL + n Π

argH-ä Hz + ä Hn + 6LLL
2 Π

+

ä Hn + 6L logH2 ΠL -
ä

2
logHn! Hn + 11L !L +

n Π

2
+

1

2
H-2 logH2 ΠL + ΨHn + 1L + ΨHn + 12LL Hz + ä Hn + 6LL -

ä

4
-ΨH1LHn + 1L +

Π2

3
- ΨH1LHn + 12L Hz + ä Hn + 6LL2 + ¼ �; Hz ® -ä Hn + 6LL ß n Î N

10.12.06.0030.01

ΤΘHzL µ -
ä

2
logH-ä Hz + ä Hn + 6LLL + n Π

argH-ä Hz + ä Hn + 6LLL
2 Π

+

ä Hn + 6L logH2 ΠL -
ä

2
logHn! Hn + 11L !L +

n Π

2
+

1

2
H-2 logH2 ΠL + ΨHn + 1L + ΨHn + 12LL Hz + ä Hn + 6LL -

ä

4
-ΨH1LHn + 1L +

Π2

3
- ΨH1LHn + 12L Hz + ä Hn + 6LL2 + OIHz + ä Hn + 6LL3M �; n Î N

10.12.06.0031.01

ΤΘHzL � -
ä

2
logH-ä Hz + ä Hn + 6LLL + Π

argH-ä Hz + ä Hn + 6LLL
2 Π

n +
Π n

2
+ ä Hn + 6L logH2 ΠL +

ä

2
 â
k=0

¥ H-äLk I-2 ∆k-1 logH2 ΠL + I1 + H-1LkM ΨHk-1LH1L - H-1Lk IΨHk-1LHn + 1L + ΨHk-1LHn + 12LMM
k !

 Hz + ä Hn + 6LLk �;  ä Hn + 6L + z¤ <

1 ß n Î N

10.12.06.0032.01

ΤΘHzL µ -
ä

2
logH-ä Hz + ä Hn + 6LLL +

Π
argH-ä Hz + ä Hn + 6LLL

2 Π
n +

Π n

2
+ ä Hn + 6L logH2 ΠL -

1

2
ä logHn! Hn + 11L !L H1 + OHz + ä Hn + 6LLL �; n Î N

Asymptotic series expansions

10.12.06.0033.01

ΤΘHzL µ z logHzL + ä Π
Π - 2 argHzL

4 Π
+ ä Π

3

4
-

argHzL
2 Π

- logH2 ΠL - 1  z +
11 Π

4
+

11 Π

2

Π - 2 argHzL
4 Π

-

11 Π

2

3

4
-

argHzL
2 Π

-
1

z
 â
k=0

¥ H-1Lk 62 k â
j=0

k 6-2 j H2 kL ! B2 j+1

2 H j + 1L H2 j + 1L ! H2 k - 2 jL !
-

18

k + 1
+

33

2 k + 1
z-2 k �; H z¤ ® ¥L
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10.12.06.0034.01

ΤΘHzL µ z logHzL + ä Π
Π - 2 argHzL

4 Π
+ ä Π

3

4
-

argHzL
2 Π

- logH2 ΠL - 1  z +

11 Π

4
+

11 Π

2

Π - 2 argHzL
4 Π

-
11 Π

2

3

4
-

argHzL
2 Π

-
59

4 z
 1 + O

1

z2
�; H z¤ ® ¥L

10.12.06.0035.01

ΤΘHzL µ

H-1 - logH2 ΠL + ä Π + logHzLL z argHzL £ - Π

2H-logH2 ΠL + logHzL - 1L z - Π

2
< argHzL £ - Π

2H-1 - logH2 ΠL - ä Π + logHzLL z True

�; H z¤ ® ¥L

Other series representations

10.12.06.0036.01

ΤΘHzL �
1

4
-4 z HlogH2 ΠL + 1L + H-11 ä + 2 zL logHä z + 6L + H11 ä + 2 zL logH6 - ä zL - ä â

k=2

¥ Hk - 1L ΖHk, ä z + 7L - ΖHk, 7 - ä zL
k Hk + 1L �;

 ImHzL¤ < 6

Integral representations

On the real axis

Of the direct function

10.12.07.0001.01

ΤΘHzL �
1

2
H-äL à

6-ä z

ä z+6

ΨHtL â t - z logH2 ΠL
10.12.07.0002.01

ΤΘHzL � -
ä

2
à

0

¥ ã-t

t Hãt - 1L  I2 ãt ä z - 2 ä z - ãä t H4 ä+zL + ãt H-ä z-4LM â t - z logH2 ΠL �;  ImHzL¤ < 6

10.12.07.0003.01

ΤΘHzL �
1

4
H-4 z HlogH2 ΠL + 1L + H-11 ä + 2 zL logHä z + 6L + H11 ä + 2 zL logH6 - ä zLL -

ä

2
à

0

¥ 1

t
 Iã-t Hä z+6L - ãä t H6 ä+zLM 1

2
-

1

t
+

1

ãt - 1
 â t �;  ImHzL¤ < 6

10.12.07.0004.01

ΤΘHzL � -
1

2
ä à

0

¥ 1

t
 

Ht + 1L-ä z-6 - Ht + 1Lä z-6

logHt + 1L + 2 ã-t ä z  â t + z H-logH2 ΠLL �;  ImHzL¤ < 6

10.12.07.0005.01

ΤΘHzL � -logH2 ΠL z - z - ä à
0

¥ tan-1J t

ä z+6
N - ä tanh-1J t

6 ä+z
N

ã2 Π t - 1
 â t +

1

2
z logHä z + 6L +

1

4
HH11 ä + 2 zL logH6 - ä zL - 11 ä logHä z + 6LL �;

 ImHzL¤ < 6

Differential equations
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Ordinary linear differential equations and wronskians

For the direct function itself

10.12.13.0001.01

¶wHzL
¶z

�
1

2
HΨHä z + 6L + ΨH6 - ä zLL - logH2 ΠL �; wHzL � ΤΘHzL

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

10.12.16.0001.01

ΤΘH-zL � -ΤΘHzL
10.12.16.0002.01

ΤΘHz + ä L � ΤΘHzL +
1

2
ä HlogH5 + ä zL + logH6 - ä zLL - ä logH2 ΠL

10.12.16.0003.01

ΤΘHz - äL � ΤΘHzL + ä logH2 ΠL -
1

2
ä HlogHä z + 6L + logH5 - ä zLL

10.12.16.0004.01

ΤΘHz + ä nL � ΤΘHzL - ä n logH2 ΠL +
1

2
ä â

k=1

n

logH6 - k + ä zL + â
k=0

n-1

logH6 + k - ä zL �; n Î N

10.12.16.0005.01

ΤΘHz - ä nL � ΤΘHzL + ä n logH2 ΠL -
1

2
ä â

k=0

n-1

logH6 + k + ä zL + â
k=1

n

logH6 - k - ä zL �; n Î N

Multiple arguments

Argument involving numeric multiples of variable

10.12.16.0006.01

ΤΘH2 zL � ΤΘHzL + ΤΘ z +
ä

2
+

1

2
ä logH2 ΠL + â

k=0

2

logH3 + k + ä zL - â
k=0

2

logH3 + k - ä zL + â
k=0

1

log
7

2
+ k + ä z - â

k=0

2

log
7

2
+ k - ä z + 2 z logH2L

10.12.16.0007.01

ΤΘH3 zL � ΤΘHzL + ΤΘ z +
ä

3
+ ΤΘ z +

2 ä

3
+

1

2
ä 2 logH2 ΠL - â

k=2

5

logHk - ä zL + â
k=2

5

logHk + ä zL +

â
k=2

4

log k + ä z +
1

3
+ â

k=2

4

log k + ä z +
2

3
- â

k=2

5

log k - ä z +
1

3
- â

k=2

5

log k - ä z +
2

3
+ 3 z logH3L

Identities
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Recurrence identities

Consecutive neighbors

10.12.17.0001.01

ΤΘHzL � ΤΘHz + äL + ä logH2 ΠL -
1

2
ä HlogH5 + ä zL + logH6 - ä zLL

10.12.17.0002.01

ΤΘHzL � ΤΘHz - äL - ä logH2 ΠL +
1

2
ä HlogHä z + 6L + logH5 - ä zLL

Distant neighbors

10.12.17.0003.01

ΤΘHzL � ΤΘHz + ä nL -
1

2
ä â

k=1

n

logH-k + ä z + 6L + â
k=0

n-1

logHk - ä z + 6L + ä n logH2 ΠL �; n Î N

10.12.17.0004.01

ΤΘHzL � ΤΘHz - ä nL +
1

2
ä â

k=0

n-1

logHk + ä z + 6L + â
k=1

n

logH-k - ä z + 6L - ä n logH2 ΠL �; n Î N

Complex characteristics

Real part

10.12.19.0001.01

ReHΤΘHx + ä yLL �

-ý x - logH2 ΠL x -
1

2
tan-1H6 - y, xL +

1

2
tan-1Hy + 6, -xL +

1

2
â
k=1

¥ 2 x

k
- tan-1

k - y + 6

k
,

x

k
+ tan-1

k + y + 6

k
, -

x

k

Imaginary part

10.12.19.0002.01

ImHΤΘHx + ä yLL � -ý y - logH2 ΠL y +
1

4
logIx2 + Hy - 6L2M -

1

4
logIx2 + Hy + 6L2M +

1

4
â
k=1

¥ 4 y

k
+ log

k2 - 2 Hy - 6L k + x2 + Hy - 6L2

k2
- log

x2 + Hy + 6L2 + 2 k Hy + 6L
k2

+ 1

Differentiation

Low-order differentiation

10.12.20.0001.01

¶ΤΘHzL
¶z

�
1

2
H-2 logH2 ΠL + ΨHä z + 6L + ΨH6 - ä zLL

10.12.20.0002.01

¶2 ΤΘHzL
¶z2

�
1

2
ä IΨH1LHä z + 6L - ΨH1LH6 - ä zLM
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Symbolic differentiation 

10.12.20.0003.01

¶n ΤΘHzL
¶zn

� -logH2 ΠL H2 - nLn z1-n +
1

2
än-1 IΨHn-1LHä z + 6L + H-1Ln-1 ΨHn-1LH6 - ä zLM �; n Î N

10.12.20.0004.01

¶n ΤΘHzL
¶zn

� -logH2 ΠL H2 - nLn z1-n +
1

2
än-1 Hn - 1L ! HH-1Ln ΖHn, ä z + 6L - ΖHn, 6 - ä zLL �; n Î Z ß n ³ 2

Fractional integro-differentiation

10.12.20.0005.01

¶Α ΤΘHzL
¶zΑ

� â
k=0

¥ H-1Lk ΨH2 kLH6L z2 k-Α+1

GH2 k - Α + 2L -
logH2 ΠL z1-Α

GH2 - ΑL

Integration

Indefinite integration

Involving only one direct function

10.12.21.0001.01

à ΤΘHzL â z � -
1

2
logH2 ΠL z2 -

1

2
ΨH-2LHä z + 6L -

1

2
ΨH-2LH6 - ä zL

10.12.21.0002.01

à ΤΘHzL â z � â
k=0

¥ 1

2 k + 1
 

H-1Lk ΨH2 kLH6L
H2 k + 1L !

- logH2 ΠL ∆k z2 k+1

Involving one direct function and elementary functions

Involving power function

10.12.21.0003.01

à zn ΤΘHzL â z � -
logH2 ΠL zn+2

n + 2
-

n! zn

2
â
k=0

n Hä zL-k

Hn - kL !
IH-1Lk ΨH-k-2LHä z + 6L + ΨH-k-2LH6 - ä zLM �; n Î N

10.12.21.0004.01

à zn ΤΘHa + b zL â z �

-logH2 ΠL 
a

n + 1
+

b z

n + 2
zn+1 -

zn n!

2 b
 â
k=0

n Hä b zL-k IH-1Lk ΨH-k-2LH6 + ä a + ä b zL + ΨH-k-2LH6 - ä a - ä b zLM
Hn - kL !

�; n Î N

Definite integration

For the direct function itself
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10.12.21.0005.01

à
z

z+1

ΤΘHtL â t �
1

2
I-2 z logH2 ΠL - logH2 ΠL - ΨH-2LH-ä Hz + H1 + 6 äLLL + ΨH-2LH6 + ä zL - ΨH-2LHH6 + äL + ä zL + ΨH-2LH6 - ä zLM �;

ä z Ï H-¥, -6L ì ä z Ï H6, ¥L
Representations through more general functions

Through other functions

10.12.26.0001.01

ΤΘHzL � -z logH2 ΠL -
1

2
ä IΖH1,0LH0, 6 + ä zL - ΖH1,0LH0, 6 - ä zLM �;  ImHzL¤ < 6

Representations through equivalent functions

With related functions

10.12.27.0001.01

ΤΘHzL � -z logH2 ΠL -
1

2
ä HlogHGHä z + 6LL - logHGH6 - ä zLLL �;  ReHzL¤ £

9

5
í  ImHzL¤ < 6

10.12.27.0002.01

ΤΘHzL ® -ä log
ΤZHzL

ΤLHä z + 6L
10.12.27.0003.01

ΤΘHzL �
1

4
-4 z logH2L - 23 ä logHΠL + 2 ä logGH6 - ä zL - 2 ä logG -ä z -

11

2
- 4 J

23 ä

2
- 2 z

10.12.27.0004.01

ΤΘHzL � -ä log
ã

1

2
HlogGHä z+6L-logGH6-ä zLL H2 ΠL-ä z GH6 - ä zL

ä z Iz2 + 1M Iz2 + 4M Iz2 + 9M Iz2 + 16M Iz2 + 25M GH-ä z - 5L
History
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