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Notations

Traditional name

Riemann-Siegel function Z

Traditional notation

Z(2)

Mathematica StandardForm notation

Ri emannSi egel Z[z]

Primary definition
10.04.02.0001.01

, 1
Z(2) = ¢'""? g(u' z+ 5)

Specific values

Specialized values

10.04.03.0001.01

200 =7 eqfitnfiogr( 2+ 1)) fix+ ) ixer
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i
Z(—+2ik)::0/; k e N*
2
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i
Z(—— —Zik] =0/;keN*
2
10.04.03.0004.01

K 1
3i (=K 22 gkl
A5 +2

— +2ik|== ——Byisn /; keN
k+DVQRk+ 1!
10.04.03.0005.01
3i ik+1 2k—% ﬂ.k+1
Z(—?—zik)ZZ— sz+2/;k€N

k+DVR2k+1)!
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Values at fixed points

10.04.03.0006.01
Z(0 !
0= [—)
¢ 2

10.04.03.0007.01

10.04.03.0008.01

10.04.03.0009.01

General characteristics

Domain and analyticity

Z(2) isan anaytical function of zwhich is defined over the whole complex z-plane.
10.04.04.0001.01
z2—Z(2::C—C
Symmetries and periodicities
Parity
Z(2) is an even function.

10.04.04.0002.01
Z(-2)==Z(2)

Mirror symmetry

10.04.04.0003.01

1 1
20=2@/iz¢ (—oo, ——)/\u’ZeE (—, oo)
2 2
Periodicity
No periodicity

Poles and essential singularities

The function Z(2) does not have poles and essential singularities.
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10.04.04.0004.01
Sing (2(2)) = ()

Branch points

The function Z(2) has infinitely many branch points: z== +i (% + 2k) /; ke N and z== co. All these are square root-type
branch points.
10.04.04.0005.01
i i
BPZ(2) = {{5 +2ki s keN], {_E - 2ki ke N}, &}
10.04.04.0006.01

i
‘RZ(Z(Z), 5 + 2ki) =2/;keN
10.04.04.0007.01
i
RZ(Z(Z), —5 - 2kn?) =2/;keN

10.04.04.0008.01
RAZ(2), s0) ==

Branch cuts

The function Z(2) is a single-valued function on the z-plane cut along the intervals {—i co, —%} and {% icof. At

ize {—ioo, —%} \/u’ze {g u'oo} potentially multiple branch cuts are situated over each other (at i z there are [% + %J
respectively [% - %J branch cuts overlapping).

The function Z(2) is continuous from the |&ft on the interval {—i co, —%} and from the right on the interval {% i co}.

10.04.04.0009.01 A .
sozier= ({2} 3 {51} -1)

10.04.04.0010.01

1
lim Z(x—€)==Z(X) /; i x> 5

e—>+0

10.04.04.0011.01

1 ix 1
lim Z(X+ €) == Z(X) exp(n';r{— - —J] [iiX> —
e->+0 4 2 2

10.04.04.0012.01

lim Z(x+€) =2Z(X) /;iXx<——
e—>+0 2

10.04.04.0013.01

Jrixe-;
/,EX<—E

lim Z Z ( i T E‘X+:L
m —€) = exp|—im| —+ —
im Z(x—€) = Z(x) exp| —i {2

e—>+0

Series representations
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Generalized power series

Expansionsat z == %

10.04.06.0013.01
1 i iy 1 2
2@ ——|1- E (y —log(2 7)) (Z— 5) + E (—6(|Og(27r) +7) (y — 3log(2n)) + 22+ 48(”(0)) (Z— 5) B

2i(e-)
é (~18y210g(27) + (2log’(27) + 7% + 48y,) log(2 ) — 109° — ¥ (6 (I0g’ (2 7) — 8y, ) + 72) — 96y, + 16 £(3))

=) ol

10.04.06.0001.02
1

Zi(z—%)

3

Z(2) oc —

. . 1 .2 .

[1— %(y— log(2 7)) (z— %) + e (-6(0g(27) +¥) (y — 3log(2 1)) + n° + 48" (0)) (z— %) - ;—6(—187/2 log(27) +
E’ 3 ﬂ 4

(2logz(2n) +7°+48y,)log(27) — 105° —y(6(logz(2n) -8y,)+7%) - 96, + 16 {(3)) (z— E) +0 (z— 5) ]]

10.04.06.0002.02

S
\/7.

Expansionsat z== — £

10.04.06.0014.01

1 j iy 1 i\
2(2) o ————— (1+ g(y- log(2 7)) [z+ %) + e (-6 (log2m) +7y) (y — 3l0g(2 1)) + 72 + 48" (0)) (z+ g) +

—2ﬁ(z+ %)

;—6 (~18y210g(27) + (2log’(27) + 7% + 48y,) log(2 1) — 109° — ¥ (6 (I0g” (2 7) — 8y, ) + 72) — 96y, + 16 £(3))

et) o el

3
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10.04.06.0003.02

1
Z2(2) « —

—2z’(z+ %)

j ; 1 N2 g
[1+ %(y— log(2 7)) (z+ %) * s (-6(0g(27) +y) (y — 3log(2 1)) + 7 + 48,7 (0)) [z+ 2] + ;—6(—18y2 log(27) +

)

(210g°27) + 72 + 48y;) log(2x) — 10y° — y (6 (log*(27) — 8y,) + 7%) — 96y, + 16 £(3)) [z+ %) +0

10.04.06.0004.02

1 i
) oc ———— (1+ O(z+ E))

—2i(z+ %)

Expansionsat z== 7y /; zy # —n

10.04.06.0005.02

2(2) < L(z9)

1 (1 iz 4w+ 3)
]_ (4 2)_7

1 i2| ad

3 Og(n)—¢[7+z
ol i T e Sl ) )

T == — =2, —+—||-|¥| =+ —|+¢| - - —|-2log(x
L imy (1 iy ( 1)

[¢[Z+7]+¢[Z—7]— Og(ﬂ)]§ ﬂZo+£ -

o}
é’ EZO+5

[+
{EZO‘FE -

(z-20)° +O((z—-2)°)|/; (z> 2) An&N*

Expansionsat z== 5 + 2ik
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10.04.06.0006.01
k-1

2@ o (-1 2253 7399 0¢3) 15K Qi1 22K+ 1) i(z— ——2i k)
J:o\/1+4j+2uz 2

1 i
[ ((4w(2k+ D+vy-2log(dn) - w(k )]{(2k+1)+4§’(2k+1))[z—i—Zik)—
472k+1) 2

[g(z k+1) [4Iog (m) — 161og(2 ) log(n) + 4y log(m) + 2 — 72 + 16 log’(2 1) +

(
(

1
Yl k+ )(Iog(256)+4log(yr) 8(//(2k+l)—2]v)+16(//(1)(2k+1)—24"[2,k+§)]+

3202k +1)

Ul k+ —) +16y(2k + 1)* - 8y log(2 ) + 8(~log(16) — 2log(m) + y) (2K + 1) +

1
8[—Iog(16) —2log(r) — (//(k+ 5) +4yk+1) + y) 2k+1)+16"(2k+ 1)]

. 3 .
[Z—;—Zik) ]]/;(Z—>§+2ik)/\kel\l+

l’ 2
(- - -2iK +0
2

10.04.06.0007.01

k-1

2@) o (-1 2261 0739904 5) 13K o1 sk 1) 217(2— ‘ —2ik) (1+O(z— . 2ik)) /
J:o\/l+4j+2uz 2 2
(Z—) g+2u‘k]/\ker\l+

Expansionsat z== - — 2ik

10.04.06.0008.01

1 1y 1 k-1 2 -
2 o (-1F 27212 ) i 1k D || | e \/—Zﬁ(u i+zik)
o V1+4j-2iz 2
1 .
[ 472K+ 1) ((4¢’(2k+1)+7’ 2log(4 ) - lﬁ(k+ ]){(2k+l)+4§(2k+1)][z+%+2ik)_

[4(2 k+1) [4 log®(r) — 16 log(2 ) log(n) + 4y log(x) + ¥2 — 7% + 16 10g”(2 x1) +
32/2k+1)

w(k+ —) +16y(2k+ 1)* - 8ylog(2x) + 8(—log(16) — 21og(n) +7) Y2k + 1) +
1
w(k+ )(Iog(256) +4log(m) -8y (2k+1) - 2v) + 16y P2k + 1) — 2;[2, K+ 5)] +

1
8[—Iog(16) —2log(r) — (//(k+ 5) +4y2k+1) +7v) ’Rk+1)+167"2k+ 1)]

+O[(z+£+2ik]3]]/; (H—g—zik)/\kew

E‘ 2
(Z+—+2ik]
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10.04.06.0009.01

k l 2 . .
Z(Z)K(_l)kz-zk-le—%logr(m ) ——k Q@K' Z2k+ 1)[1_[ 7]\/—2i(z+g+2ik) (1+O(z+g+2ik))/;

o V1+4j-2iz
i
[Z—)—E—Zik)/\keNJr

Asymptotic series expansions
10.04.06.0010.01

¢ log(k
200 o 2 Z cos(d(x) — xlog(k))

Q(p) Q9(p)

F (=127

X yon

Q'(p  Qp) QP 9®p) Q9(p)
D P s @)% . P i
647 184327°

\A/Y 48\/?713/2

X 1
Y = _ = _ =V ) {27([ 2 ——)] xeR (X—)OO)
l Zn_/\p /\ P cos(z p) PP 16 /\ /\
10.04.06.0011.01
) i (4 Z+n v 2 ) ) iz
R E— P (PR
8z
( 3i 9 183 2277 212829 1364445 326341455i
+ — = + - + - + -
16z 51272 81927 5242887 838860872 2684354567° 42949672967

8198081325 3781776345585 23339010744567 17654423117199729

+ - + -
5497558138887 87960930222087° 2814749767106567° 4503599627 370496 21

215619469740469809 241858525676475612513:  1468114834103562061 701

+ +
28823037615171174472 46116860184273879047°  147573952589676412928 74

2284179415871077852696 767 i 1
+O[—)]§(uz+ )/ |arg(Z)| <7r/\(|z| - 00)
2361183241434 822606848 72° 716

10.04.06.0012.01

. i'(422+7r\/;) Lox

Z(2) < 47 exp B — n‘?(zz)i {(i z+ ;) (1 + oe)) /i lard @) <7 /\ (12 - o)

Identities

Recurrence identities

10.04.17.0001.01
angliz-3)
Z(z+2i) == Z(2)
Vi1-2iz V2iz-3 g“(iz+ %)

647> 38407* 53084167°

e
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10.04.17.0002.01
(4" {(m’ Qin+2) + %)
Z(z+2in) = Z(2) /;neN
(s V@k=2i2-3)A-4k+2:2) )¢[iz+ 3)

10.04.17.0003.01
V-2iz-3 V2iz+1 g(iz+ g)
Z(z—-2i) = Z(2)
47rg“(iz+ %)

10.04.17.0004.01
(4ﬂ)’”{(2n+iz+ %) n
Z(z-2in)= [[V13+4k-2i915-4k+2i2 |Z@ /ineN
{(iz+ %) k=1

Differentiation

Low-order differentiation
10.04.20.0001.01

9Z(2) [u iz 1 1 iz é’(ﬂ’2+ %)
=2(2|- (—2Iog(n>+w[— + —] +w(— - —))+
0z 4 2 4 4 2

10.04.20.0002.01

8Z(2) 1Z 2( (1)(1 iZ) (1)(1 u’zD [(1 iZJ (1 iZ) o) )
= 52012000 -5 ) gt ) UG )t ) ) -

07 4 2 4 2 4
8 g’[' 1)(¢[1 nTZJ 1/1(1 iZ) 2log( )J 16 g"[ 1)
iZ+ — —+—|+yl--—|-2log(n)| - iZ+ —
fiz+3) 4 2 4 2 diz+?)

Symbolic differentiation

10.04.20.0003.02
anz(z) k m (_1)] E‘rm—n—k (9(2)] (n)(m) ak0(z)"FJ

oz :Z(Z)g; 2 kJU]

m=0j=0 m! {(iz+ %)

Integration

Definite integration

10.04.21.0001.01

«(3- V8 costlog(2) t)) Z(t?
f dt =nlog(2)
0

2,1
t+4

Representations through equivalent functions
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With related functions

10.04.27.0001.01

1
7(2) == i 32 (1 7+ _)
(@ =e""7(li >

History

—B. Riemann (1859)
—C. L. Siegel (1932)
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