
Sin

Notations

Traditional name

Sine

Traditional notation

sinHzL
Mathematica StandardForm notation

Sin@zD

Primary definition
01.06.02.0001.01

sinHzL �
ãä z - ã-ä z

2 ä

Specific values

Specialized values

01.06.03.0001.01

sinHΠ mL � 0 �; m Î Z

01.06.03.0002.01

sin Π
1

2
+ m � H-1Lm �; m Î Z

Values at fixed points

01.06.03.0003.01

sinH0L � 0

01.06.03.0004.01

sin
Π

12
�

3 - 1

2 2

01.06.03.0005.01

sin
Π

12
� Iz; 16 z4 - 16 z2 + 1M

3

-1



01.06.03.0006.01

sin
Π

10
�

5 - 1

4

01.06.03.0007.01

sin
Π

9
� -

ä KI-1 + ä 3 N4�3
- I-1 - ä 3 N4�3O

4 2
3

01.06.03.0008.01

sin
Π

9
� Iz; 64 z6 - 96 z4 + 36 z2 - 3M

4

-1

01.06.03.0009.01

sin
Π

9
� -

1

2
H-1L7�18 I-1 + H-1L2�9M

01.06.03.0010.01

sin
Π

8
�

2 - 2

2

01.06.03.0011.01

sin
Π

8
� Iz; 8 z4 - 8 z2 + 1M

3

-1

01.06.03.0012.01

sin
Π

8
� -

1

2
H-1L3�8 J-1 + -1

4 N
01.06.03.0013.01

sin
Π

7
� -

1

24
ä 2 Iä + 3 N ä 7 +

ä 7

2
+

3 21

2
3 +

2 7 Iä + 3 N
7 -

ä 7

2
-

3 21

2

3

+ 7 -
ä 7

2
-

3 21

2
3 I2 + 2 ä 3 N - 4 7 ä -

2 7 I-ä + 3 N
7 +

ä 7

2
+

3 21

2

3

01.06.03.0014.01

sin
Π

7
� Iz; 64 z6 - 112 z4 + 56 z2 - 7M

4

-1

01.06.03.0015.01

sin
Π

7
� -

1

2
H-1L5�14 I-1 + H-1L2�7M

01.06.03.0016.01

sin
Π

6
�

1

2
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01.06.03.0017.01

sin
Π

5
�

1

2

5 - 5

2

01.06.03.0018.01

sin
Π

5
� Iz; 16 z4 - 20 z2 + 5M

3

-1

01.06.03.0019.01

sin
2 Π

9
�

ä -1 - ä 3
3

- -1 + ä 3
3

2 2
3

01.06.03.0020.01

sin
2 Π

9
� Iz; 64 z6 - 96 z4 + 36 z2 - 3M

5

-1

01.06.03.0021.01

sin
2 Π

9
� -

1

2
H-1L5�18 I-1 + H-1L4�9M

01.06.03.0022.01

sin
Π

4
�

2

2

01.06.03.0023.01

sin
2 Π

7
�

1

12 22�3 7 - 21 ä 3
3

 -2 7 7 +
ä 7

2
+

3 21

2
3 - 2 ä 21 7 +

ä 7

2
+

3 21

2
3 +

4 7 7 -
ä 7

2
-

3 21

2
3 + 2 22�3 75�6 1 - 3 ä 3

3

+ 3 14 + ä 7 + 3 21
3 I14 - ä 7 - 3 21 N2�3

+

2 I14 + ä 7 + 3 21 N2�3
14 - ä 7 - 3 21

3

ä + 14 + ä 7 + 3 21
3 I14 - ä 7 - 3 21 N2�3

ä

01.06.03.0024.01

sin
2 Π

7
� Iz; 64 z6 - 112 z4 + 56 z2 - 7M

5

-1

01.06.03.0025.01

sin
2 Π

7
� -

1

2
H-1L3�14 I-1 + H-1L4�7M

01.06.03.0026.01

sin
3 Π

10
�

5 + 1

4

01.06.03.0027.01

sin
Π

3
�

3

2
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01.06.03.0028.01

sin
3 Π

8
�

2 + 2

2

01.06.03.0029.01

sin
3 Π

8
� Iz; 8 z4 - 8 z2 + 1M

4

-1

01.06.03.0030.01

sin
3 Π

8
� -

1

2
-1

8 I-1 + H-1L3�4M
01.06.03.0031.01

sin
2 Π

5
�

1

2

5 + 5

2

01.06.03.0032.01

sin
2 Π

5
� Iz; 16 z4 - 20 z2 + 5M

4

-1

01.06.03.0033.01

sin
5 Π

12
�

1 + 3

2 2

01.06.03.0034.01

sin
5 Π

12
� Iz; 16 z4 - 16 z2 + 1M

4

-1

01.06.03.0035.01

sin
3 Π

7
�

1

12 22�3 7 - 21 ä 3
3

 4 7 7 +
ä 7

2
+

3 21

2
3 + 2 22�3 75�6 1 - 3 ä 3

3

-

2 ä I14 - ä 7 - 3 21 N2�3
14 + ä 7 + 3 21

3

+ 3 I14 + ä 7 + 3 21 N2�3
14 - ä 7 - 3 21

3

-

ä 14 - ä 7 - 3 21
3 I14 + ä 7 + 3 21 N2�3

+ 2 7 7 -
ä 7

2
-

3 21

2
3 Iä + 3 N ä

01.06.03.0036.01

sin
3 Π

7
� Iz; 64 z6 - 112 z4 + 56 z2 - 7M

6

-1

01.06.03.0037.01

sin
3 Π

7
� -

1

2
-1

14 I-1 + H-1L6�7M
01.06.03.0038.01

sin
4 Π

9
�

I-ä + 3 N -1 + ä 3
3

+ Iä + 3 N -1 - ä 3
3

4 2
3
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01.06.03.0039.01

sin
4 Π

9
� Iz; 64 z6 - 96 z4 + 36 z2 - 3M

6

-1

01.06.03.0040.01

sin
4 Π

9
� -

1

2
-1

18 I-1 + H-1L8�9M
01.06.03.0041.01

sin
Π

2
� 1

01.06.03.0042.01

sin
5 Π

9
�

I-ä + 3 N -1 + ä 3
3

+ Iä + 3 N -1 - ä 3
3

4 2
3

01.06.03.0043.01

sin
5 Π

9
� Iz; 64 z6 - 96 z4 + 36 z2 - 3M

6

-1

01.06.03.0044.01

sin
5 Π

9
� -

1

2
H-1L17�18 K1 + -1

9 O
01.06.03.0045.01

sin
4 Π

7
�

1

12 22�3 7 - 21 ä 3
3

 4 7 7 +
ä 7

2
+

3 21

2
3 + 2 22�3 75�6 1 - 3 ä 3

3

-

2 ä I14 - ä 7 - 3 21 N2�3
14 + ä 7 + 3 21

3

+ 3 I14 + ä 7 + 3 21 N2�3
14 - ä 7 - 3 21

3

-

ä 14 - ä 7 - 3 21
3 I14 + ä 7 + 3 21 N2�3

+ 2 7 7 -
ä 7

2
-

3 21

2
3 Iä + 3 N ä

01.06.03.0046.01

sin
4 Π

7
� Iz; 64 z6 - 112 z4 + 56 z2 - 7M

6

-1

01.06.03.0047.01

sin
4 Π

7
� -

1

2
H-1L13�14 J1 + -1

7 N
01.06.03.0048.01

sin
7 Π

12
�

1 + 3

2 2

01.06.03.0049.01

sin
7 Π

12
� Iz; 16 z4 - 16 z2 + 1M

4

-1
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01.06.03.0050.01

sin
3 Π

5
�

1

2

5 + 5

2

01.06.03.0051.01

sin
3 Π

5
� Iz; 16 z4 - 20 z2 + 5M

4

-1

01.06.03.0052.01

sin
5 Π

8
�

2 + 2

2

01.06.03.0053.01

sin
5 Π

8
� Iz; 8 z4 - 8 z2 + 1M

4

-1

01.06.03.0054.01

sin
5 Π

8
� -

1

2
H-1L7�8 J1 + -1

4 N
01.06.03.0055.01

sin
2 Π

3
�

3

2

01.06.03.0056.01

sin
7 Π

10
�

5 + 1

4

01.06.03.0057.01

sin
5 Π

7
�

1

12 22�3 7 - 21 ä 3
3

 -2 7 7 +
ä 7

2
+

3 21

2
3 - 2 ä 21 7 +

ä 7

2
+

3 21

2
3 +

4 7 7 -
ä 7

2
-

3 21

2
3 + 2 22�3 75�6 1 - 3 ä 3

3

+ 3 14 + ä 7 + 3 21
3 I14 - ä 7 - 3 21 N2�3

+

2 I14 + ä 7 + 3 21 N2�3
14 - ä 7 - 3 21

3

ä + 14 + ä 7 + 3 21
3 I14 - ä 7 - 3 21 N2�3

ä

01.06.03.0058.01

sin
5 Π

7
� Iz; 64 z6 - 112 z4 + 56 z2 - 7M

5

-1

01.06.03.0059.01

sin
5 Π

7
� -

1

2
H-1L11�14 I1 + H-1L3�7M

01.06.03.0060.01

sin
3 Π

4
�

2

2
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01.06.03.0061.01

sin
7 Π

9
�

ä -1 - ä 3
3

- -1 + ä 3
3

2 2
3

01.06.03.0062.01

sin
7 Π

9
� Iz; 64 z6 - 96 z4 + 36 z2 - 3M

5

-1

01.06.03.0063.01

sin
7 Π

9
� -

1

2
H-1L13�18 I1 + H-1L5�9M

01.06.03.0064.01

sin
4 Π

5
�

1

2

5 - 5

2

01.06.03.0065.01

sin
4 Π

5
� Iz; 16 z4 - 20 z2 + 5M

3

-1

01.06.03.0066.01

sin
5 Π

6
�

1

2

01.06.03.0067.01

sin
6 Π

7
� -

1

24
ä 2 Iä + 3 N ä 7 +

ä 7

2
+

3 21

2
3 +

2 7 Iä + 3 N
7 -

ä 7

2
-

3 21

2

3

+ 7 -
ä 7

2
-

3 21

2
3 I2 + 2 ä 3 N - 4 7 ä -

2 7 I-ä + 3 N
7 +

ä 7

2
+

3 21

2

3

01.06.03.0068.01

sin
6 Π

7
� Iz; 64 z6 - 112 z4 + 56 z2 - 7M

4

-1

01.06.03.0069.01

sin
6 Π

7
� -

1

2
H-1L9�14 I1 + H-1L5�7M

01.06.03.0070.01

sin
7 Π

8
�

2 - 2

2

01.06.03.0071.01

sin
7 Π

8
� Iz; 8 z4 - 8 z2 + 1M

3

-1
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01.06.03.0072.01

sin
7 Π

8
� -

1

2
H-1L5�8 I1 + H-1L3�4M

01.06.03.0073.01

sin
8 Π

9
� -

ä KI-1 + ä 3 N4�3
- I-1 - ä 3 N4�3O

4 2
3

01.06.03.0074.01

sin
8 Π

9
� Iz; 64 z6 - 96 z4 + 36 z2 - 3M

4

-1

01.06.03.0075.01

sin
8 Π

9
� -

1

2
H-1L11�18 I1 + H-1L7�9M

01.06.03.0076.01

sin
9 Π

10
�

5 - 1

4

01.06.03.0077.01

sin
11 Π

12
�

3 - 1

2 2

01.06.03.0078.01

sin
11 Π

12
� Iz; 16 z4 - 16 z2 + 1M

3

-1

01.06.03.0079.01

sinHΠL � 0

01.06.03.0080.01

sin
13 Π

12
� -

3 - 1

2 2

01.06.03.0081.01

sin
13 Π

12
� Iz; 16 z4 - 16 z2 + 1M

2

-1

01.06.03.0082.01

sin
11 Π

10
� -

5 - 1

4

01.06.03.0083.01

sin
10 Π

9
� -

ä KI-1 - ä 3 N4�3
- I-1 + ä 3 N4�3O

4 2
3

01.06.03.0084.01

sin
10 Π

9
� Iz; 64 z6 - 96 z4 + 36 z2 - 3M

3

-1
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01.06.03.0085.01

sin
10 Π

9
�

1

2
H-1L11�18 I1 + H-1L7�9M

01.06.03.0086.01

sin
9 Π

8
� -

1

2
2 - 2

01.06.03.0087.01

sin
9 Π

8
� Iz; 8 z4 - 8 z2 + 1M

2

-1

01.06.03.0088.01

sin
9 Π

8
�

1

2
H-1L5�8 I1 + H-1L3�4M

01.06.03.0089.01

sin
8 Π

7
� -

1

24
ä 2 I1 - ä 3 N 7 +

ä 7

2
+

3 21

2
3 -

I2 + 2 ä 3 N 7 -
ä 7

2
-

3 21

2
3 +

2 7 I-ä + 3 N
7 +

ä 7

2
+

3 21

2

3

+ 4 7 ä -
2 7 Iä + 3 N
7 -

ä 7

2
-

3 21

2

3

01.06.03.0090.01

sin
8 Π

7
� Iz; 64 z6 - 112 z4 + 56 z2 - 7M

3

-1

01.06.03.0091.01

sin
8 Π

7
�

1

2
H-1L9�14 I1 + H-1L5�7M

01.06.03.0092.01

sin
7 Π

6
� -

1

2

01.06.03.0093.01

sin
6 Π

5
� -

1

2

5 - 5

2

01.06.03.0094.01

sin
6 Π

5
� Iz; 16 z4 - 20 z2 + 5M

2

-1

01.06.03.0095.01

sin
11 Π

9
� -

ä -1 - ä 3
3

- -1 + ä 3
3

2 2
3
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01.06.03.0096.01

sin
11 Π

9
� Iz; 64 z6 - 96 z4 + 36 z2 - 3M

2

-1

01.06.03.0097.01

sin
11 Π

9
�

1

2
H-1L13�18 I1 + H-1L5�9M

01.06.03.0098.01

sin
5 Π

4
� -

2

2

01.06.03.0099.01

sin
9 Π

7
� - -2 7 7 +

ä 7

2
+

3 21

2
3 - 2 ä 21 7 +

ä 7

2
+

3 21

2
3 + 4 7 7 -

ä 7

2
-

3 21

2
3 +

2 22�3 75�6 1 - 3 ä 3
3

+ 3 14 + ä 7 + 3 21
3 I14 - ä 7 - 3 21 N2�3

+ 2 I14 + ä 7 + 3 21 N2�3

14 - ä 7 - 3 21
3

ä + 14 + ä 7 + 3 21
3 I14 - ä 7 - 3 21 N2�3

ä � 12 22�3 7 - 21 ä 3
3

01.06.03.0100.01

sin
9 Π

7
� Iz; 64 z6 - 112 z4 + 56 z2 - 7M

2

-1

01.06.03.0101.01

sin
9 Π

7
�

1

2
H-1L11�14 I1 + H-1L3�7M

01.06.03.0102.01

sin
13 Π

10
� -

5 + 1

4

01.06.03.0103.01

sin
4 Π

3
� -

3

2

01.06.03.0104.01

sin
11 Π

8
� -

2 + 2

2

01.06.03.0105.01

sin
11 Π

8
� Iz; 8 z4 - 8 z2 + 1M

1

-1

01.06.03.0106.01

sin
11 Π

8
�

1

2
H-1L7�8 J1 + -1

4 N
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01.06.03.0107.01

sin
7 Π

5
� -

1

2

5 + 5

2

01.06.03.0108.01

sin
7 Π

5
� Iz; 16 z4 - 20 z2 + 5M

1

-1

01.06.03.0109.01

sin
17 Π

12
� -

3 + 1

2 2

01.06.03.0110.01

sin
17 Π

12
� Iz; 16 z4 - 16 z2 + 1M

1

-1

01.06.03.0111.01

sin
10 Π

7
�

1

6 22�3 7 - 21 ä 3
3

 I 7 - ä 21 N 7 -
ä 7

2
-

3 21

2
3 - 22�3 75�6 1 - 3 ä 3

3

+
1

2
ä 14 - 42 ä 3

3

I1 + ä 3 N 14 + ä 7 + 3 21
3

+ 2 14 - ä 7 - 3 21
3

- 4 7 7 +
ä 7

2
+

3 21

2
3

01.06.03.0112.01

sin
10 Π

7
� Iz; 64 z6 - 112 z4 + 56 z2 - 7M

1

-1

01.06.03.0113.01

sin
10 Π

7
�

1

2
H-1L13�14 J1 + -1

7 N
01.06.03.0114.01

sin
13 Π

9
� -

I-ä + 3 N -1 + ä 3
3

+ Iä + 3 N -1 - ä 3
3

4 2
3

01.06.03.0115.01

sin
13 Π

9
� Iz; 64 z6 - 96 z4 + 36 z2 - 3M

1

-1

01.06.03.0116.01

sin
13 Π

9
�

1

2
H-1L17�18 K1 + -1

9 O
01.06.03.0117.01

sin
3 Π

2
� -1

http://functions.wolfram.com 11



01.06.03.0118.01

sin
14 Π

9
� -

I-ä + 3 N -1 + ä 3
3

+ Iä + 3 N -1 - ä 3
3

4 2
3

01.06.03.0119.01

sin
14 Π

9
� Iz; 64 z6 - 96 z4 + 36 z2 - 3M

1

-1

01.06.03.0120.01

sin
14 Π

9
�

1

2
-1

18 I-1 + H-1L8�9M
01.06.03.0121.01

sin
11 Π

7
�

1

6 22�3 7 - 21 ä 3
3

 I 7 - ä 21 N 7 -
ä 7

2
-

3 21

2
3 - 22�3 75�6 1 - 3 ä 3

3

+
1

2
ä 14 - 42 ä 3

3

I1 + ä 3 N 14 + ä 7 + 3 21
3

+ 2 14 - ä 7 - 3 21
3

- 4 7 7 +
ä 7

2
+

3 21

2
3

01.06.03.0122.01

sin
11 Π

7
� Iz; 64 z6 - 112 z4 + 56 z2 - 7M

1

-1

01.06.03.0123.01

sin
11 Π

7
�

1

2
-1

14 I-1 + H-1L6�7M
01.06.03.0124.01

sin
19 Π

12
� -

3 + 1

2 2

01.06.03.0125.01

sin
19 Π

12
� Iz; 16 z4 - 16 z2 + 1M

1

-1

01.06.03.0126.01

sin
8 Π

5
� -

1

2

5 + 5

2

01.06.03.0127.01

sin
8 Π

5
� Iz; 16 z4 - 20 z2 + 5M

1

-1

01.06.03.0128.01

sin
13 Π

8
� -

2 + 2

2
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01.06.03.0129.01

sin
13 Π

8
� Iz; 8 z4 - 8 z2 + 1M

1

-1

01.06.03.0130.01

sin
13 Π

8
�

1

2
-1

8 I-1 + H-1L3�4M
01.06.03.0131.01

sin
5 Π

3
� -

3

2

01.06.03.0132.01

sin
17 Π

10
� -

5 + 1

4

01.06.03.0133.01

sin
12 Π

7
� - -2 7 7 +

ä 7

2
+

3 21

2
3 - 2 ä 21 7 +

ä 7

2
+

3 21

2
3 + 4 7 7 -

ä 7

2
-

3 21

2
3 +

2 22�3 75�6 1 - 3 ä 3
3

+ 3 14 + ä 7 + 3 21
3 I14 - ä 7 - 3 21 N2�3

+ 2 I14 + ä 7 + 3 21 N2�3

14 - ä 7 - 3 21
3

ä + 14 + ä 7 + 3 21
3 I14 - ä 7 - 3 21 N2�3

ä � 12 22�3 7 - 21 ä 3
3

01.06.03.0134.01

sin
12 Π

7
� Iz; 64 z6 - 112 z4 + 56 z2 - 7M

2

-1

01.06.03.0135.01

sin
12 Π

7
�

1

2
H-1L3�14 I-1 + H-1L4�7M

01.06.03.0136.01

sin
7 Π

4
� -

2

2

01.06.03.0137.01

sin
16 Π

9
� -

ä -1 - ä 3
3

- -1 + ä 3
3

2 2
3

01.06.03.0138.01

sin
16 Π

9
� Iz; 64 z6 - 96 z4 + 36 z2 - 3M

2

-1

01.06.03.0139.01

sin
16 Π

9
�

1

2
H-1L5�18 I-1 + H-1L4�9M
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01.06.03.0140.01

sin
9 Π

5
� -

1

2

5 - 5

2

01.06.03.0141.01

sin
9 Π

5
� Iz; 16 z4 - 20 z2 + 5M

2

-1

01.06.03.0142.01

sin
11 Π

6
� -

1

2

01.06.03.0143.01

sin
13 Π

7
� -

1

24
ä 2 I1 - ä 3 N 7 +

ä 7

2
+

3 21

2
3 -

I2 + 2 ä 3 N 7 -
ä 7

2
-

3 21

2
3 +

2 7 I-ä + 3 N
7 +

ä 7

2
+

3 21

2

3

+ 4 7 ä -
2 7 Iä + 3 N
7 -

ä 7

2
-

3 21

2

3

01.06.03.0144.01

sin
13 Π

7
� Iz; 64 z6 - 112 z4 + 56 z2 - 7M

3

-1

01.06.03.0145.01

sin
13 Π

7
�

1

2
H-1L5�14 I-1 + H-1L2�7M

01.06.03.0146.01

sin
15 Π

8
� -

2 - 2

2

01.06.03.0147.01

sin
15 Π

8
� Iz; 8 z4 - 8 z2 + 1M

2

-1

01.06.03.0148.01

sin
15 Π

8
�

1

2
H-1L3�8 J-1 + -1

4 N
01.06.03.0149.01

sin
17 Π

9
� -

ä KI-1 - ä 3 N4�3
- I-1 + ä 3 N4�3O

4 2
3

01.06.03.0150.01

sin
17 Π

9
� Iz; 64 z6 - 96 z4 + 36 z2 - 3M

3

-1
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01.06.03.0151.01

sin
17 Π

9
�

1

2
H-1L7�18 I-1 + H-1L2�9M

01.06.03.0152.01

sin
19 Π

10
� -

5 - 1

4

01.06.03.0153.01

sin
23 Π

12
� -

3 - 1

2 2

01.06.03.0154.01

sin
23 Π

12
� Iz; 16 z4 - 16 z2 + 1M

2

-1

01.06.03.0155.01

sinH2 ΠL � 0

01.06.03.0156.01

sin
Π

17
�

1

4
. 8 - . 2 . 2 8 2 I 17 + 17N + 6 17 + 2 I17 - 17 N - 34 I17 - 17 N + 34 +

17 - 2 I17 - 17 N + 15

01.06.03.0157.01

sin
Π

30
�

1

4

3

2
K5 - 5 O -

5 + 1

8

sinI n Π
m

M can be expressed using only square roots if n Î Z and m is a product of a power of 2 and distinct Fermat

primes {3, 5, 17, 257, …}. 

Values at infinities

01.06.03.0158.01

sinHä ¥L � ä ¥

01.06.03.0159.01

sinH-ä ¥L � -ä ¥

01.06.03.0160.01

sinH¥� L � È

General characteristics

Domain and analyticity

 sinHzL is an entire analytical function of z which is defined over the whole complex z-plane.

01.06.04.0001.01

z�sinHzL � C�C

http://functions.wolfram.com 15



Symmetries and periodicities

Parity

sinHzL is an odd function.

01.06.04.0002.01

sinH-zL � -sinHzL
Mirror symmetry

01.06.04.0003.01

sinHz�L � sinHzL
Periodicity

 sinHzL is a periodic function with period 2 Π.

01.06.04.0009.01

sinHz + 2 ΠL � sinHzL
01.06.04.0004.01

sinHz + 2 Π mL � sinHzL �; m Î Z

01.06.04.0005.01

sinHz + Π mL � H-1Lm sinHzL �; m Î Z

Poles and essential singularities

The function sinHzL has only one singular point at z = ¥� .  It is an essential singular point. 

01.06.04.0006.01

SingzHsinHzLL � 88¥� , ¥<<
Branch points

The function sinHzL does not have branch points.

01.06.04.0007.01

BPzHsinHzLL � 8<
Branch cuts

The function sinHzL does not have branch cuts.

01.06.04.0008.01

BCzHsinHzLL � 8<
Series representations

Generalized power series

Expansions at z � z0
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For the function itself

01.06.06.0030.01

sinHzL µ sinHz0L + cos Hz0L Hz - z0L -
1

2
sinHz0L Hz - z0L2 + ¼ �; Hz ® z0L

01.06.06.0031.01

sinHzL µ sinHz0L + cos Hz0L Hz - z0L -
1

2
sinHz0L Hz - z0L2 + OIHz - z0L3M

01.06.06.0032.01

sinHzL � â
k=0

¥ 1

k !
 sin

Π k

2
+ z0 Hz - z0Lk

01.06.06.0033.01

sinHzL �
1

2
ä Iã-ä z0

0F0H; ; -ä Hz - z0LL - ãä z0
0F0H; ; ä Hz - z0LLM

01.06.06.0034.01

sinHzL µ sinHz0L H1 + OHz - z0LL
01.06.06.0035.01

sinHzL � F¥Hz, z0L �; FnHz, z0L � â
k=0

n sinJ Π k

2
+ z0N Hz - z0Lk

k !
�

1

2
ä Iã-ä z QHn + 1, -ä Hz - z0LL - ãä z QHn + 1, ä Hz - z0LLM í n Î N

Summed form of the truncated series expansion.

Expansions at z � 0

For the function itself

01.06.06.0001.02

sinHzL µ z -
z3

6
+

z5

120
- ¼ �; Hz ® 0L

01.06.06.0036.01

sinHzL µ z -
z3

6
+

z5

120
- OIz7M

01.06.06.0002.01

sinHzL � â
k=0

¥ H-1Lk z2 k+1H2 k + 1L !

01.06.06.0003.01

sinHzL � z 0F1 ;
3

2
; -

z2

4

01.06.06.0004.02

sinHzL µ z + OIz3M
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01.06.06.0037.01

sinHzL � F¥HzL �; FnHzL � z â
k=0

n H-1Lk z2 kH2 k + 1L !
� sinHzL +

H-1Ln z2 n+3H2 n + 3L !
1F2 1; n + 2, n +

5

2
; -

z2

4
í n Î N

Summed form of the truncated series expansion.

For powers of the function

For the second power

01.06.06.0005.02

sin2HzL µ z2 -
z4

3
+

2 z6

45
- ¼ �; Hz ® 0L

01.06.06.0038.01

sin2HzL µ z2 -
z4

3
+

2 z6

45
- OIz8M

01.06.06.0006.01

sin2HzL � â
k=1

¥ H-1Lk-1 22 k-1 z2 kH2 kL !

01.06.06.0007.01

sin2HzL � z2
1F2 1; 2,

3

2
; -z2

01.06.06.0039.01

sin2HzL µ z2 + OIz4M
01.06.06.0040.01

sin2HzL � F¥HzL �; FmHzL �
1

2
z2 â

j=0

m H-1L j 22 H j+1L z2 j

GH2 j + 3L � sin2HzL +
1

2
Π z4I-z2Mm

1F
�

2 1; m +
5

2
, m + 3; -z2 í m Î N

Summed form of the truncated series expansion.

For the third power

01.06.06.0008.02

sin3HzL µ z3 -
z5

2
+

13 z7

120
- ¼ �; Hz ® 0L

01.06.06.0041.01

sin3HzL µ z3 -
z5

2
+

13 z7

120
- OIz9M

01.06.06.0009.01

sin3HzL �
1

4
â
k=1

¥ H-1Lk-1 I32 k+1 - 3M z2 k+1H2 k + 1L !
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01.06.06.0042.01

sin3HzL �
3 z

4
0F1 ;

3

2
; -

z2

4
- 0F1 ;

3

2
; -

9

4
 z2

01.06.06.0043.01

sin3HzL µ z3 + OIz5M
01.06.06.0044.01

sin3HzL � F¥HzL �; FmHzL �
1

4
z3 â

j=0

m H-1L j I-3 + 32 j+3M z2 jH2 j + 3L !
�

sin3HzL +
3 H-zLm zm+5

4 GH2 m + 6L  9m+2
1F2 1; m + 3, m +

7

2
; -

9 z2

4
- 1F2 1; m + 3, m +

7

2
; -

z2

4
í m Î N

Summed form of the truncated series expansion.

For symbolical integer power

01.06.06.0045.01

sinnHzL µ zn 1 -
21-nHn + 2L !

 â
k=0

f n-1

2
v H-1Lk n

k
Hn - 2 kLn+2 z2 +

21-nHn + 4L !
â
k=0

f n-1

2
v H-1Lk n

k
Hn - 2 kLn+4  z4 + ¼ �; Hz ® 0L ì n Î N+

01.06.06.0046.01

sinnHzL µ zn 1 -
21-nHn + 2L !

 â
k=0

f n-1

2
v H-1Lk n

k
Hn - 2 kLn+2 z2 +

21-nHn + 4L !
â
k=0

f n-1

2
v H-1Lk n

k
Hn - 2 kLn+4  z4 + OIz6M �; n Î N+

01.06.06.0047.01

sinnHzL � 21-n zn â
j=0

¥ H-1L jH2 j + nL !
â
k=0

f n-1

2
v H-1Lk n

k
Hn - 2 kL2 j+n z2 j �; n Î N+

01.06.06.0048.01

sinnHzL �
21-n zn

n!
 â

k=0

f n-1

2
v H-1Lk n

k
Hn - 2 kLn

1F2 1;
n + 1

2
,

n

2
+ 1; -

Hn - 2 kL2 z2

4
�; n Î N+

01.06.06.0049.01

sinnHzL µ znI1 + OIz2MM �; n Î N+
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01.06.06.0050.01

sinnHzL � F¥HzL �; FmHzL � 21-n zn â
j=0

m H-1L jH2 j + nL !
â
k=0

f n-1

2
v H-1Lk n

k
Hn - 2 kL2 j+n  z2 j �

21-n zn â
k=0

f n-1

2
v H-1Lk n

k
Hn - 2 kLn

1

n!
 1F2 1;

n

2
+

1

2
,

n

2
+ 1; -

Hn - 2 kL2 z2

4
-

I-Hn - 2 kL2 z2Mm+1

GH2 m + n + 3L  1F2 1;
n + 3

2
+ m, m +

n

2
+ 2; -

Hn - 2 kL2 z2

4
í m Î N í n Î N+

Summed form of the truncated series expansion.

For symbolical power

01.06.06.0051.01

sinaHzL � ã

2 ä a Π
1

2
-

arg
sinHzL

z

2 Π
-

argHzL
2 Π

a za â
k=0

¥
k - a

k
â
j=0

k H-1L j

a - j
 

k
j

 p j,k  zk �;
p j,0 � 1 í p j,k �

1

k
 â
m=1

k H j m + m - kL I-m + 2 e m

2
u + 1M H-1Lm�2 p j,k-mHm + 1L !

í k Î N+

01.06.06.0052.01

IzΒ sinHzLMa
� ã

2 ä a Π
1

2
-

arg
sinHzL

z

2 Π
-

ImII Β+1M logHzLM
2 Π

a zHΒ+1L a â
k=0

¥
k - a

k
â
j=0

k H-1L j

a - j
 

k
j

 p j,k  zk �;
p j,0 � 1 í p j,k �

1

k
 â
m=1

k H j m + m - kL I-m + 2 e m

2
u + 1M H-1Lm�2 p j,k-mHm + 1L !

í k Î N+

Expansions at z � Π
2

For the function itself

01.06.06.0010.02

sinHzL µ 1 -
1

2
z -

Π

2

2

+
1

24
z -

Π

2

4

- ¼ �; z ®
Π

2

01.06.06.0053.01

sinHzL µ 1 -
1

2
z -

Π

2

2

+
1

24
z -

Π

2

4

- O z -
Π

2

6

01.06.06.0011.01

sinHzL � â
k=0

¥ H-1LkH2 kL !
 z -

Π

2

2 k
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01.06.06.0012.01

sinHzL � 0F1 ;
1

2
; -

1

4
z -

Π

2

2

01.06.06.0013.02

sinHzL µ 1 + O z -
Π

2

2

01.06.06.0054.01

sinHzL � F¥HzL �;
FnHzL � â

k=0

n H-1LkH2 kL !
 z -

Π

2

2 k

� sinHzL +
H-1Ln Π

22 n+2
z -

Π

2

2+2 n

 1F
�

2 1; n +
3

2
, n + 2; -

1

4
 z -

Π

2

2 í n Î N

Summed form of the truncated series expansion.

For powers of the function

For the second power

01.06.06.0014.02

sin2HzL µ 1 - z -
Π

2

2

+
1

3
z -

Π

2

4

- ¼ �; z ®
Π

2

01.06.06.0055.01

sin2HzL µ 1 - z -
Π

2

2

+
1

3
z -

Π

2

4

- O z -
Π

2

6

01.06.06.0015.01

sin2HzL � 1 + â
k=1

¥ H-1Lk 22 k-1H2 kL !
 z -

Π

2

2 k

01.06.06.0016.01

sin2HzL �
1

2
0F1 ;

1

2
; - z -

Π

2

2

+
1

2

01.06.06.0056.01

sin2HzL µ 1 + O z -
Π

2

2

01.06.06.0057.01

sin2HzL � F¥HzL �;
FmHzL � 1 +

1

2
â
j=1

m H-1L j 22 jH2 jL !
 z -

Π

2

2 j

� sin2HzL +
H-1Lm Π

2
 z -

Π

2

2+2 m

1F
�

2 1; m +
3

2
, m + 2; - z -

Π

2

2 í m Î N

Summed form of the truncated series expansion.

For the third power
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01.06.06.0017.02

sin3HzL µ 1 -
3

2
z -

Π

2

2

+
7

8
z -

Π

2

4

- ¼ �; z ®
Π

2

01.06.06.0058.01

sin3HzL µ 1 -
3

2
z -

Π

2

2

+
7

8
z -

Π

2

4

- O z -
Π

2

6

01.06.06.0018.01

sin3HzL �
1

4
â
k=0

¥ H-1Lk I32 k + 3MH2 kL !
 z -

Π

2

2 k

01.06.06.0059.01

sin3HzL �
3

4
0F1 ;

1

2
; -

1

4
 z -

Π

2

2

+
1

4
0F1 ;

1

2
; -

9

4
 z -

Π

2

2

01.06.06.0060.01

sin3HzL µ 1 + O z -
Π

2

2

01.06.06.0061.01

sin3HzL � F¥HzL �; FmHzL � 1 +
1

4
â
j=1

m H-1L j I3 + 32 jMH2 jL !
 z -

Π

2

2 j

� sin3HzL + H-1Lm 2-2 m-4 Π z -
Π

2

2+2 m

 

3 1F
�

2 1; m +
3

2
, m + 2; -

1

4
 z -

Π

2

2

+ 32 m+2
1F

�
2 1; m +

3

2
, m + 2; -

9

4
 z -

Π

2

2 í m Î N

Summed form of the truncated series expansion.

For symbolical integer power

01.06.06.0062.01

sinnHzL µ 1 +
1

2n+2
H1 + H-1LnL ne n

2
u Kn - 2 g n

2
wO2

- 2n+1 n z -
Π

2

2

+

1

3 2n+4
2n+1 n H3 n - 2L - H1 + H-1LnL ne n

2
u Kn - 2 g n

2
wO4

z -
Π

2

4

+ ¼ �; z ®
Π

2
í n Î N+

01.06.06.0063.01

sinnHzL µ 1 +
1

2n+2
H1 + H-1LnL ne n

2
u Kn - 2 g n

2
wO2

- 2n+1 n z -
Π

2

2

+

1

3 2n+4
2n+1 n H3 n - 2L - H1 + H-1LnL ne n

2
u Kn - 2 g n

2
wO4

z -
Π

2

4

+ O z -
Π

2

6 �; n Î N+

01.06.06.0064.01

sinnHzL � 1 + 21-n â
j=1

¥ H-1L jH2 jL !
â
k=0

f n-1

2
v

n

k
Hn - 2 kL2 j z -

Π

2

2 j �; n Î N+
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01.06.06.0065.01

sinnHzL � 2-n
n
n

2

H1 - n mod 2L + 21-n â
k=0

f n-1

2
v

n

k 0F1 ;
1

2
; -

Hn - 2 kL2

4
 z -

Π

2

2 �; n Î N+

01.06.06.0066.01

sinnHzL µ 1 + O z -
Π

2

2 �; n Î N+

01.06.06.0067.01

sinnHzL � F¥HzL �; FmHzL � 1 + 21-n â
j=1

m 1H2 jL !
 H-1L j â

k=0

f n-1

2
v

n

k
Hn - 2 kL2 j  z -

Π

2

2 j

� sinnHzL +

H-1Lm Π

22 m+n+1
 z -

Π

2

2+2 m

 â
k=0

f n-1

2
v

n

k
Hn - 2 kL2 m+2

1F
�

2 1; m +
3

2
, m + 2; -

Hn - 2 kL2

4
 z -

Π

2

2 í m Î N í n Î N+

Summed form of the truncated series expansion.

q-series

01.06.06.0019.01

sinHzL �
1

2 ä
 q -

1

q
�; q � ãä Π z

Exponential Fourier series

01.06.06.0020.01

sinHa xL � -
2 sinHa ΠL

Π
 â
k=1

¥ H-1Lk k sinHk xL
k2 - a2

�; a Ï Z ì -Π < x < Π

Asymptotic series expansions

01.06.06.0021.01

sinHzL µ sinHzL �; H z¤ ® ¥L
01.06.06.0022.01

sinHzL µ
ä

2
ã-ä z �; Iz ® ãä Φ ¥M í 0 < Φ < Π

01.06.06.0023.01

sinHzL µ -
ä

2
 ãä z �; Iz ® ãä Φ ¥M í -Π < Φ < 0

01.06.06.0068.01

sinHzL µ

- ä

2
ãä z -Π < argHzL < 0

1

2
ä ã-ä z 0 < argHzL < Π

sinHzL True

�; H z¤ ® ¥L
Other series representations
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01.06.06.0025.01

sinHzL � Π â
k=0

¥ H-1Lk 2 k +
z

Π

1

k !
 

z

Π k

3

01.06.06.0026.01

sinHzL � 2 â
k=0

¥ H-1Lk J2 k+1HzL
01.06.06.0027.01

sinHn zL
sinHzL � â

j=0

n ä
k=1
k¹ j

n sinIz + Θ j - ΘkM
sinIΘ j - ΘkM �; n Î N ì Θ j ¹ Θk

01.06.06.0028.01

log
sinHzL

z
� â

k=1

¥ H-1Lk 22 k-1 B2 k z2 k

k H2 kL !
�; 1.780467 <  z¤ £ Π

01.06.06.0029.01

sinHzL � z â
k=n

¥ H-1Lk-n 2 k

k - n

k - n - z

c Π
+ 1

2 k + 1
- â

k=n-1

¥ H-1Lk-n 2 k

k - n + 1

k + n + z

c Π

2 k + 1
�; n Î Z

Everett series

Residue representations

01.06.06.0024.01

sinHzL �
Π

2
z â

j=0

¥

ress

J z2

4
N-s

GJ 3

2
- sN  GHsL  H- jL

Dual Taylor series representations

01.06.06.0069.01

sinHxL ΘHxL µ â
k=0

¥ H-1Lk
¶2 k ∆HxL

¶ x2 k

01.06.06.0070.01

sinHΛ xL ΘHxL µ â
k=0

¥ H-1Lk
¶2 k ∆HxL

¶ x2 k
Λ-1-2 k �; HΛ ® ¥L

Integral representations

On the real axis

Of the direct function

01.06.07.0001.01

sinHzL � z à
0

1

cosHz tL â t
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Contour integral representations

01.06.07.0002.01

sinHzL �
Π z

2
 

1

2 Π ä
 à

Γ-ä ¥

Γ+ä ¥

ã
s-

z2

4 s s-
3

2  â s �; Γ > 0

01.06.07.0003.01

sinHxL �
Π

2 Π ä
à

Γ-ä ¥

Γ+ä ¥ GHsL
GJ 3

2
- sN  K x

2
O-2 s+1

 â s �; 0 < Γ < 1 ì x > 0

01.06.07.0004.01

sinHzL �
Π z

4 ä
 à

L

GHsL
GJs + 1

2
N GJ 1

2
- sN GJ 3

2
- sN  -

z2

4

-s

 â s

Product representations
01.06.08.0001.01

sinHzL � zä
k=1

¥

1 -
z2

Π2 k2

01.06.08.0002.01

sinHzL � z ä
k=-¥

k¹0

¥

1 -
z

Π k
ã

z

Π k

01.06.08.0003.01

sinHzL � zä
k=1

¥

cos
z

2k
�;  z¤ < 1

01.06.08.0004.01

sinHzL � zä
k=1

¥

1 -
4

3
sin2

z

3k

Limit representations
01.06.09.0001.01

sinHzL �
Π

2
 lim
n®¥

H-1Ln

4n n!
H2 n+1

z

2 n

01.06.09.0002.01

sinHzL � lim
n®¥

H-1Ln Π2 n+1

4 H2 nL !
 E2 n

z

Π

01.06.09.0003.01

sinHzL � lim
a®¥

Se a, q,
z

a
�; q Î R
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01.06.09.0004.01

sinHzL � - lim
a®¥

1

a
 Ce¢ a, q,

z

a
�; q Î R

01.06.09.0005.01

sinHzL � -Π lim
n®¥

1

logHnL  â
k=1

n ΜHkL
k

log
n

k
frac 

k z

2 Π

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

01.06.13.0001.01

w¢¢HzL + wHzL � 0 �; wHzL � sinHzL ì wH0L � 0 ì w¢H0L � 1

01.06.13.0002.01

w¢¢HzL + wHzL � 0 �; wHzL � c1 cosHzL + c2 sinHzL
01.06.13.0003.01

WzHcosHzL, sinHzLL � 1

01.06.13.0004.01

w¢¢HzL + a wHzL + b � 0 �; wHzL � -
b

a
+ c1 cosI a zN + c2 sinI a zN

01.06.13.0005.01

WzJcosI a zN, sinI a zNN � a

01.06.13.0007.01

w¢¢HzL -
g¢¢HzL
g¢HzL  w¢HzL + g¢HzL2 wHzL � 0 �; wHzL � c1 cosHgHzLL + c2 sinHgHzLL
01.06.13.0008.01

WzHcosHgHzLL, sinHg HzLLL � g¢HzL
01.06.13.0009.01

w¢¢HzL -
2 h¢HzL
hHzL +

g¢¢HzL
g¢HzL w¢HzL + g¢HzL2 +

2 h¢HzL2

hHzL2
+

h¢HzL g¢¢HzL
hHzL g¢HzL -

h¢¢HzL
hHzL wHzL � 0 �; wHzL � c1 hHzL cosHgHzLL + c2 hHzL sinHgHzLL

01.06.13.0010.01

WzHhHzL cosHgHzLL, hHzL sinHg HzLLL � hHzL2 g¢HzL
01.06.13.0011.01

z2 w¢¢HzL - Hr + 2 s - 1L z w¢HzL + Ia2 r2 z2 r + s Hr + sLM wHzL � 0 �; wHzL � c1 zs cosHa zrL + c2 zs sinHa zrL
01.06.13.0012.01

WzHzs cosHa zrL, zs sinHa zrLL � a r zr+2 s-1

01.06.13.0013.01

w¢¢HzL - HlogHrL + 2 logHsLL w¢HzL + Ia2 log2HrL r2 z + logHsL HlogHrL + logHsLLM wHzL � 0 �; wHzL � c1 sz cosHa rzL + c2 sz sinHa rzL
01.06.13.0014.01

WzHsz cosHa rzL, sz sinHa rzLL � a rz s2 z logHrL
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Ordinary nonlinear differential equations

01.06.13.0006.02

w¢HzL - 1 - HwHzLL2 � 0 �; wHzL � sinHzL í wH0L � 0 í  ReHzL¤ <
Π

2

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

01.06.16.0001.01

sinH-zL � -sinHzL
01.06.16.0002.01

sinHa Hb zcLmL �
Hb zcLm

bm zm c
 sinHa bm zm cL �; 2 m Î Z

01.06.16.0003.01

sin z2 �
z2

z
 sinHzL

Argument involving inverse trigonometric and hyperbolic functions

Involving sin-1

01.06.16.0004.01

sinIsin-1HzLM � z

01.06.16.0017.01

sin
1

2
sin-1HzL �

z 1 - 1 - z2

2 z2

01.06.16.0128.01

sinIä sin-1HzLM � -
1

2
ä ä z + 1 - z2

-ä

ä z + 1 - z2
2 ä

- 1

01.06.16.0129.01

sinIa sin-1HzLM � -
1

2
ä ä z + 1 - z2

-a

ä z + 1 - z2
2 a

- 1

01.06.16.0029.01

sinIn sin-1HzLM � z â
k=0

f n-1

2
v H-1Lk n - k - 1

k
2n-2 k-1 I1 - z2M n-1

2
-k �; n Î N+

01.06.16.0030.01

sinIn sin-1HzLM � z Un-1 1 - z2
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01.06.16.0056.01

sinK n

2
 sin-1HzLO � z 1 - z2 + 1

n

2
-1 â

k=0

f n-1

2
v H-1Lk n - k - 1

k
2n�2-k-1

1 - 1 - z2

z2

k �; n Î N+

01.06.16.0057.01

sinK n

2
 sin-1HzLO �

z 1 - 1 - z2

2 z2

 Un-1

1 - z2 + 1

2
�; n Î N+

Involving cos-1

01.06.16.0005.01

sinIcos-1HzLM � 1 - z2

01.06.16.0018.01

sin
1

2
cos-1HzL �

1 - z

2

01.06.16.0130.01

sinIä cos-1HzLM �
1

2
ä ã-

Π

2 ä z + 1 - z2
-ä

ãΠ ä z + 1 - z2
2 ä

- 1

01.06.16.0131.01

sinIa cos-1HzLM � -
1

2
ä ã-

1

2
ä a Π ä z + 1 - z2

a

ãä a Π ä z + 1 - z2
-2 a

- 1

01.06.16.0031.01

sinIn cos-1HzLM � 1 - z2 â
k=0

f n-1

2
v H-1Lk n - k - 1

k
2n-2 k-1 zn-2 k-1 �; n Î N+

01.06.16.0032.01

sinIn cos-1HzLM � 1 - z2 Un-1HzL
01.06.16.0058.01

sinK n

2
cos-1HzLO � 1 - z â

k=0

f n-1

2
v H-1Lk n - k - 1

k
2n�2-k-1 Hz + 1L n-1

2
-k �; n Î N+

01.06.16.0059.01

sinK n

2
cos-1HzLO �

1 - z

2
 Un-1

z + 1

2
�; n Î N+

Involving tan-1
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01.06.16.0006.01

sinItan-1HzLM �
z

1 + z2

01.06.16.0007.01

sinItan-1Hx, yLM �
y

x2 + y2

01.06.16.0019.01

sin
1

2
tan-1HzL �

z

2 z2

 1 -
1

z2 + 1

01.06.16.0132.01

sin
1

2
tan-1Hx, yL �

ä 1 -
x+ä y

x2+y2

2
x+ä y

x2+y2

01.06.16.0133.01

sinIä tan-1HzLM �
1

2
ä IH1 - ä zLä - Hä z + 1LäM Iz2 + 1M-

ä

2

01.06.16.0134.01

sinIä tan-1Hx, yLM � -
1

2
ä

x + ä y

x2 + y2

-ä

x + ä y

x2 + y2

2 ä

- 1

01.06.16.0135.01

sinIa tan-1HzLM �
1

2
ä HH1 - ä zLa - Hä z + 1LaL Iz2 + 1M-

a

2

01.06.16.0136.01

sinIa tan-1Hx, yLM � -
1

2
ä

x + ä y

x2 + y2

-a

x + ä y

x2 + y2

2 a

- 1

01.06.16.0033.01

sinIn tan-1HzLM � Iz2 + 1M-
n

2 â
k=0

f n-1

2
v H-1Lk n

2 k + 1
z2 k+1 �; n Î N+

01.06.16.0034.01

sinIn tan-1HzLM �
z

z2 + 1

 Un-1

1

z2 + 1

�; n Î N+

01.06.16.0137.01

sinIä tan-1Hx, yLM � -
1

2
ä

x + ä y

x2 + y2

-ä

x + ä y

x2 + y2

2 ä

- 1
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01.06.16.0138.01

sinIa tan-1Hx, yLM � -
1

2
ä

x + ä y

x2 + y2

-a

x + ä y

x2 + y2

2 a

- 1

01.06.16.0035.01

sinIn tan-1Hx, yLM �
xn-1 yIx2 + y2Mn�2 â

k=0

f n-1

2
v H-1Lk n - k - 1

k
2n-2 k-1

x2 + y2

x2

k �; n Î N+

01.06.16.0036.01

sinIn tan-1Hx, yLM �
y

x2 + y2

Un-1

x

x2 + y2

01.06.16.0060.01

sinK n

2
 tan-1HzLO �

z

z2 + 1

1 +
1

z2 + 1

n

2
-1 â

k=0

f n-1

2
v H-1Lk n - k - 1

k
2

n

2
-k-1 z2 + 1

z2 + 1 + 1

k �; n Î N+

01.06.16.0061.01

sinK n

2
tan-1HzLO �

z

2 z2

 1 -
1

z2 + 1

Un-1

1

2
 1 +

1

z2 + 1

�; n Î N+

Involving cot-1

01.06.16.0008.01

sinIcot-1HzLM �
-z

z -1 - z2

01.06.16.0020.01

sin
1

2
cot-1HzL �

z

2
 

1

z2
 1 -

1

1 + 1

z2

01.06.16.0139.01

sinIä cot-1HzLM �
1

2
ä 1 +

1

z2

-
ä

2 -ä + z

z

ä

-
ä + z

z

ä

01.06.16.0140.01

sinIa cot-1HzLM �
1

2
ä 1 +

1

z2

-
a

2 -ä + z

z

a

-
ä + z

z

a

01.06.16.0037.01

sinIn cot-1HzLM � 1 +
1

z2

-
n

2 â
k=0

f n-1

2
v H-1Lk n

2 k + 1
z-2 k-1 �; n Î N+
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01.06.16.0038.01

sinIn cot-1HzLM �
-z

z -z2 - 1

Un-1

-z2

-z2 - 1

�; n Î N+

01.06.16.0062.01

sinK n

2
 cot-1HzLO �

1

z 1 + 1

z2

-z2

-z2 - 1

+ 1

n

2
-1 â

k=0

f n-1

2
v H-1Lk n - k - 1

k
2

n

2
-k-1 1 - 1 +

1

z2
- 1 z2

k �; n Î N+

01.06.16.0063.01

sinK n

2
cot-1HzLO �

z

2
 

1

z2
1 -

-z2

-z2 - 1

Un-1

1

2
 

-z2

-z2 - 1

+ 1 �; n Î N+

Involving csc-1

01.06.16.0009.01

sinIcsc-1HzLM �
1

z

01.06.16.0021.01

sin
1

2
csc-1HzL �

z

2
 

1

z2
 1 - 1 -

1

z2

01.06.16.0141.01

sinIä csc-1HzLM � -
1

2
ä 1 -

1

z2
+

ä

z

2 ä

- 1 1 -
1

z2
+

ä

z

-ä

01.06.16.0142.01

sinIa csc-1HzLM � -
1

2
ä 1 -

1

z2
+

ä

z

2 a

- 1 1 -
1

z2
+

ä

z

-a

01.06.16.0039.01

sinIn csc-1HzLM �
1

z
 â

k=0

f n-1

2
v H-1Lk n - k - 1

k
2n-2 k-1 1 -

1

z2

n-1

2
-k �; n Î N+

01.06.16.0040.01

sinIn csc-1HzLM �
1

z
 Un-1 1 -

1

z2
�; n Î N+
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01.06.16.0064.01

sinK n

2
 csc-1HzLO �

1

z
 

z2 - 1

z2

+ 1

n

2
-1 â

k=0

f n-1

2
v H-1Lk n - k - 1

k
2

n

2
-k-1 z2 - z2 z2 - 1

k �; n Î N+

01.06.16.0065.01

sinK n

2
 csc-1HzLO �

z

2
 

1

z2
1 - 1 -

1

z2
Un-1

1

2
 1 -

1

z2
+ 1 �; n Î N+

Involving sec-1

01.06.16.0010.01

sinIsec-1HzLM � 1 -
1

z2

01.06.16.0022.01

sin
1

2
sec-1HzL �

z - 1

2 z

01.06.16.0143.01

sinIä sec-1HzLM �
1

2
ä ã-

Π

2 ãΠ 1 -
1

z2
+

ä

z

2 ä

- 1 1 -
1

z2
+

ä

z

-ä

01.06.16.0144.01

sinIa sec-1HzLM � -
1

2
ã-

1

2
ä a Π ä ãä a Π - 1 -

1

z2
+

ä

z

2 a

1 -
1

z2
+

ä

z

-a

01.06.16.0041.01

sinIn sec-1HzLM � 1 -
1

z2
â
k=0

f n-1

2
v H-1Lk n - k - 1

k
2n-2 k-1 z2 k-n+1 �; n Î N+

01.06.16.0042.01

sinIn sec-1HzLM � 1 -
1

z2
Un-1

1

z

01.06.16.0066.01

sinK n

2
sec-1HzLO �

z + 1

z

n-1

2 z - 1

z
â
k=0

f n-1

2
v H-1Lk n - k - 1

k
2

n

2
-k-1 z

z + 1

k �; n Î N+

01.06.16.0067.01

sinK n

2
sec-1HzLO �

1

2
 

z - 1

z
Un-1

1

2
 

z + 1

z
�; n Î N+
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Involving sinh-1

01.06.16.0145.01

sinIsinh-1HzLM � -
1

2
ä z + z2 + 1

-ä

z + z2 + 1
2 ä

- 1

01.06.16.0011.01

sinIä sinh-1HzLM � ä z

01.06.16.0023.01

sin
ä

2
sinh-1HzL �

ä z

2 z2

 1 + z2 - 1

01.06.16.0146.01

sinIa sinh-1HzLM � -
1

2
ä z + z2 + 1

-ä a

z + z2 + 1
2 ä a

- 1

01.06.16.0043.01

sinIä n sinh-1HzLM � ä z â
k=0

f n-1

2
v H-1Lk n - k - 1

k
2n-2 k-1 Iz2 + 1M n-1

2
-k �; n Î N+

01.06.16.0044.01

sinIä n sinh-1HzLM � ä z Un-1 z2 + 1 �; n Î N+

01.06.16.0068.01

sin
ä n

2
 sinh-1HzL � ä z z2 + 1 + 1

n

2
-1 â

k=0

f n-1

2
v H-1Lk n - k - 1

k
2

n

2
-k-1 z2 + 1 - 1

z2

k �; n Î N+

01.06.16.0069.01

sin
ä n

2
 sinh-1HzL �

ä z

2 z2 + 1 + 1

Un-1

z2 + 1 + 1

2
�; n Î N+

Involving cosh-1

01.06.16.0147.01

sinIcosh-1HzLM � -
1

2
ä Iz + z - 1 z + 1 N-ä KIz + z - 1 z + 1 N2 ä

- 1O
01.06.16.0012.01

sinIä cosh-1HzLM � ä z - 1 z + 1

01.06.16.0024.01

sin
ä

2
cosh-1HzL �

ä z - 1

2
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01.06.16.0148.01

sinIa cosh-1HzLM � -
1

2
ä Iz + z - 1 z + 1 N-ä a KIz + z - 1 z + 1 N2 ä a

- 1O
01.06.16.0045.01

sinIä n cosh-1HzLM � ä z - 1 z + 1 â
k=0

f n-1

2
v H-1Lk n - k - 1

k
2n-2 k-1 zn-2 k-1 �; n Î N+

01.06.16.0046.01

sinIä n cosh-1HzLM � ä z - 1 z + 1 Un-1HzL �; n Î N+

01.06.16.0070.01

sin
ä n

2
cosh-1HzL � ä z - 1 â

k=0

f n-1

2
v H-1Lk n - k - 1

k
2

n

2
-k-1 Hz + 1L n-1

2
-k �; n Î N+

01.06.16.0071.01

sin
ä n

2
cosh-1HzL �

ä z - 1

2
 Un-1

z + 1

2
�; n Î N+

Involving tanh-1

01.06.16.0149.01

sinItanh-1HzLM �
1

2
ä I1 - z2M-

ä

2 IH1 - zLä - Hz + 1LäM
01.06.16.0013.01

sinIä tanh-1HzLM �
ä z

1 - z2

01.06.16.0025.01

sin
ä

2
tanh-1HzL �

ä z

2 z2

 
1

1 - z2

- 1

01.06.16.0150.01

sinIa tanh-1HzLM �
1

2
ä I1 - z2M-

1

2
Hä aL IH1 - zLä a - Hz + 1Lä aM

01.06.16.0047.01

sinIä n tanh-1HzLM � ä I1 - z2M-
n

2 â
k=0

f n-1

2
v

n

2 k + 1
z2 k+1 �; n Î N+

01.06.16.0048.01

sinIä n tanh-1HzLM �
ä z

1 - z2

 Un-1

1

1 - z2

�; n Î N+
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01.06.16.0072.01

sin
ä n

2
 tanh-1HzL �

ä z

1 - z2

 1 +
1

1 - z2

n

2
-1 â

k=0

f n-1

2
v H-1Lk n - k - 1

k
2n�2-k-1

1 - z2

1 - z2 + 1

k �; n Î N+

01.06.16.0073.01

sin
ä n

2
 tanh-1HzL �

ä z

2 -z2

 1 -
1

1 - z2

Un-1

1

2
 1 +

1

1 - z2

�; n Î N+

Involving coth-1

01.06.16.0151.01

sinIcoth-1HzLM �
1

2
ä 1 -

1

z

ä

- 1 +
1

z

ä

1 -
1

z2

-
ä

2

01.06.16.0014.01

sinIä coth-1HzLM �
ä z2

z z2 - 1

01.06.16.0026.01

sin
ä

2
coth-1HzL �

ä z

2
 

1

z2
 

1

1 - 1

z2

- 1

01.06.16.0152.01

sinIa coth-1HzLM �
1

2
ä 1 -

1

z2

-
1

2
Hä aL

1 -
1

z

ä a

- 1 +
1

z

ä a

01.06.16.0049.01

sinIä n coth-1HzLM � ä 1 -
1

z2

-
n

2 â
k=0

f n-1

2
v

n

2 k + 1
z-2 k-1 �; n Î N+

01.06.16.0051.01

sinIä n coth-1HzLM �
ä z2

z z2 - 1

 Un-1

z2

z2 - 1

�; n Î N+

01.06.16.0074.01

sin
ä n

2
 coth-1HzL �

ä

z 1 - 1

z2

 
z2

z2 - 1

+ 1

n

2
-1 â

k=0

f n-1

2
v H-1Lk n - k - 1

k
2

n

2
-k-1 1 -

1

z2
- 1 z2 + 1

k �; n Î N+
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01.06.16.0075.01

sin
ä n

2
 coth-1HzL � -

ä z

2
 -

1

z2
1 -

z2

z2 - 1

Un-1

1

2
 

z2

z2 - 1

+ 1 �; n Î N+

Involving csch-1

01.06.16.0153.01

sinIcsch-1HzLM �
1

2
ä 1 +

1

z2
+

1

z

-ä

-
1

2
ä 1 +

1

z2
+

1

z

ä

01.06.16.0015.01

sinIä csch-1HzLM �
ä

z

01.06.16.0027.01

sin
ä

2
csch-1HzL �

ä z

2
 

1

z2
 1 +

1

z2
- 1

01.06.16.0154.01

sinIa csch-1HzLM �
1

2
ä 1 +

1

z2
+

1

z

-ä a

-
1

2
ä 1 +

1

z2
+

1

z

ä a

01.06.16.0052.01

sinIä n csch-1HzLM �
ä

z
 â

k=0

f n-1

2
v H-1Lk n - k - 1

k
2n-2 k-1 1 +

1

z2

n-1

2
-k �; n Î N+

01.06.16.0053.01

sinIä n csch-1HzLM �
ä

z
Un-1 1 +

1

z2
�; n Î N+

01.06.16.0076.01

sin
ä n

2
csch-1HzL �

ä

z
1 +

1

z2
+ 1

n

2
-1 â

k=0

f n-1

2
v

n - k - 1

k
2

n

2
-k-1 z2 + -z2 -z2 - 1

k �; n Î N+

01.06.16.0077.01

sin
ä n

2
 csch-1HzL � -

ä z

2
 -

1

z2
1 - 1 +

1

z2
Un-1

1

2
 1 +

1

z2
+ 1 �; n Î N+

Involving sech-1
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01.06.16.0155.01

sinIsech-1HzLM �
1

2
ä

1

z
- 1 1 +

1

z
+

1

z

-ä

-
1

2
ä

1

z
- 1 1 +

1

z
+

1

z

ä

01.06.16.0016.01

sinIä sech-1HzLM �
ä

z
 

1 - z

1 + z
H1 + zL

01.06.16.0028.01

sin
ä

2
sech-1HzL �

ä 1 - z

2

1

z

01.06.16.0156.01

sinIa sech-1HzLM �
1

2
ä

1

z
- 1 1 +

1

z
+

1

z

-ä a

-
1

2
ä

1

z
- 1 1 +

1

z
+

1

z

ä a

01.06.16.0054.01

sinIä n sech-1HzLM � ä
1 - z

1 + z
H1 + zL â

k=0

f n-1

2
v H-1Lk n - k - 1

k
2n-2 k-1 z2 k-n �; n Î N+

01.06.16.0055.01

sinIä n sech-1HzLM �
ä

z
 

1 - z

1 + z
H1 + zL Un-1

1

z
�; n Î N+

01.06.16.0078.01

sin
ä n

2
 sech-1HzL � ä

1 - z

z
â
k=0

f n-1

2
v H-1Lk n - k - 1

k
2

n

2
-k-1 z + 1

z

n-1

2
-k �; n Î N+

01.06.16.0079.01

sin
ä n

2
sech-1HzL �

ä

2

1 - z

z
Un-1

1

2
 

z + 1

z
�; n Î N+

Argument involving complex components

01.06.16.0080.01

sinHargHzLL �
ImHzL z¤

01.06.16.0081.01

sinHargHzLL + ä cosHargHzLL �
ä z� z¤

01.06.16.0082.01

sinHa argHzLL �
ReHzL  z¤-a

2 ImHzL  -
ImHzL2

ReHzL2
ReHzL - ReHzL -

ImHzL2

ReHzL2

a

- ReHzL + ReHzL -
ImHzL2

ReHzL2

a

01.06.16.0083.01

sinHa argHzLL �
ä  z¤-a  ImHzL¤  ReHzL¤

2 ImHzL ReHzL  ReHzL -
ä  ImHzL¤  ReHzL¤

ReHzL a

- ReHzL +
ä  ImHzL¤  ReHzL¤

ReHzL a
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Addition formulas

01.06.16.0084.01

sinHa + bL � sinHaL cosHbL + cosHaL sinHbL
01.06.16.0085.01

sinHa - bL � sinHaL cosHbL - cosHaL sinHbL
01.06.16.0086.01

sinHa + ä bL � sinHaL coshHbL + ä cosHaL sinhHbL
01.06.16.0087.01

sinHa - ä bL � sinHaL coshHbL - ä cosHaL sinhHbL
Half-angle formulas

01.06.16.0088.02

sinK z

2
O �

1 - cosHzL
2

�; 0 < ReHzL < 2 Π Þ ReHzL � 0 ß ImHzL ³ 0 Þ ReHzL � 2 Π ß ImHzL £ 0

01.06.16.0089.01

sinK z

2
O � H-1Lf ReHzL

2 Π
v

1 - 1 + H-1Lf ReHzL
2 Π

v+f-
ReHzL
2 Π

v
ΘH-ImHzLL 1 - cosHzL

2

Multiple arguments

Argument involving numeric multiples of variable

01.06.16.0090.01

sinH2 zL � 2 sinHzL cosHzL
01.06.16.0091.01

sinH3 zL � 3 sinHzL - 4 sin3HzL
01.06.16.0092.01

sinH3 zL � 3 cos2HzL sinHzL - sin3HzL
Argument involving symbolic multiples of variable

01.06.16.0093.01

sinHn zL � sinHzL â
k=0

f n-1

2
v H-1Lk n - k - 1

k
2n-2 k-1 cosn-2 k-1HzL �; n Î N+

01.06.16.0094.01

sinHn zL � â
k=0

f n-1

2
v H-1Lk n

2 k + 1
sin2 k+1HzL cos-2 k+n-1HzL �; n Î N+

01.06.16.0095.01

sinHn zL � 2n-1 ä
k=0

n-1

sin
Π k

n
+ z �; n Î N+

01.06.16.0096.01

sinHn zL � sinHzL Un-1HcosHzLL
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01.06.16.0157.01

sinHa zL �
1

2 ä
 HcosHzL + ä sinHzLLa ã

-2 ä Π a f Π-ReHzL
2 Π

v
- HcosHzL - ä sinHzLLa ã

-2 ä Π a f ReHzL+Π

2 Π
v

Some functions of arguments

01.06.16.0158.01

sinHa Hb zcLmL � sinHa bm zm cL �; -Π < argHbL + ImHc logHzLL £ Π

01.06.16.0159.01

sin z2 � sinHzL �; -
Π

2
< argHzL £

Π

2

01.06.16.0160.01

sin z2 � -sinHzL �; -Π < argHzL £ -
Π

2
ë Π

2
< argHzL £ Π

01.06.16.0161.01

sin z2 �
z2

z
 sinHzL

01.06.16.0162.01

sin a b z2 �
b z2

b z
 sinKa b zO

01.06.16.0163.01

sin a b z33

� -
ä ã-ä a b

3
z

6 b2�3 z2
 -1 + ã2 ä a b

3
z b

3
z b z33

+ Ib z3M2�3
+ b2�3 z2 + ã

1

2
ä a b

3
z b z33

- b
3

z

-1 + ãä a b
3

z 2 z b
3

+ b z33

cosh
1

2
3 a b

3
z - ä 3 1 + ãä a b

3
z b z33

sinh
1

2
3 a b

3
z

01.06.16.0164.01

sin a b z44 �
b

4
z

2 Ib z4M3�4  b z2 + b z4 sinKa b
4

zO + b z2 - b z4 sinhKa b
4

zO
01.06.16.0165.01

sinIa Hb znL1�nM �
1

2
ä â

i=0

n-1 I-ä a Hb znL1�nMi

i!
 1Fn 1;

i + 1

n
,

i + 2

n
, ¼,

i + n

n
;

H-äLn an b zn

nn
-

Iä a Hb znL1�nMi

i!
 1Fn 1;

i + 1

n
,

i + 2

n
, ¼,

i + n

n
;

än an b zn

nn
�; n Î N+

Products, sums, and powers of the direct function

Products of the direct function

01.06.16.0097.01

sinHaL sinHbL �
1

2
HcosHa - bL - cosHa + bLL
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Products involving the direct function

01.06.16.0098.01

sinHaL cosHbL �
1

2
HsinHa - bL + sinHa + bLL

01.06.16.0113.01

ä
k=1

n

sinHzkL � H-2L-n â
k1=-1
D k1=2

1 â
k2=-1
D k2=2

1

¼ â
kn=-1
D kn=2

1

cos â
j=1

n

k j z j +
Π

2

Sums of the direct function

01.06.16.0099.01

sinHaL + sinHbL � 2 cos
a - b

2
sin

a + b

2

01.06.16.0100.01

sinHaL - sinHbL � 2 cos
a + b

2
sin

a - b

2

Sums involving the direct function

Involving other trigonometric functions

Involving cos 

01.06.16.0114.01

sinHzL + cosHzL � 2 cos z -
Π

4

01.06.16.0115.01

sinHzL - cosHzL � - 2 cos z +
Π

4

01.06.16.0116.01

sinHaL + cosHbL � 2 cos
a - b

2
-

Π

4
cos

a + b

2
-

Π

4

01.06.16.0117.01

sinHaL - cosHbL � -2 cos
a + b

2
+

Π

4
cos

a - b

2
+

Π

4

01.06.16.0118.01

a sinHzL + b cosHzL � a 1 +
b2

a2
sin z + tan-1

b

a

Involving hyperbolic functions

Involving sinh 
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01.06.16.0119.01

sinHzL + ä sinhHzL � 2 cos
z ã-

1

4
Hä ΠL

2
sin

z ã
ä Π

4

2

01.06.16.0120.01

sinHzL - ä sinhHzL � 2 cos
z ã

ä Π

4

2
sin

z ã-
1

4
Hä ΠL

2

01.06.16.0121.01

sinHaL + ä sinhHbL � 2 cos
1

2
Ha - ä bL sin

1

2
Ha + b äL

01.06.16.0122.01

sinHaL - ä sinhHbL � 2 cos
1

2
Ha + b äL sin

1

2
Ha - ä bL

Involving cosh 

01.06.16.0123.01

sinHzL + coshHzL � 2 cos
z ã-

1

4
Hä ΠL

2
-

Π

4
cos

z ã
ä Π

4

2
-

Π

4

01.06.16.0124.01

sinHzL - coshHzL � -2 cos
ã

ä Π

4 z

2
+

Π

4
cos

ã-
1

4
Hä ΠL z

2
+

Π

4

01.06.16.0125.01

sinHaL + coshHbL � 2 cos
1

2
Ha - ä bL -

Π

4
cos

1

2
Ha + b äL -

Π

4

01.06.16.0126.01

sinHaL - coshHbL � -2 cos
1

2
Ha + b äL +

Π

4
cos

1

2
Ha - ä bL +

Π

4

Powers of the direct function

01.06.16.0101.01

sin2HzL �
1

2
H1 - cosH2 zLL

01.06.16.0102.01

sin3HzL �
1

4
H3 sinHzL - sinH3 zLL

01.06.16.0103.01

sin2 nHzL � 2-2 n 2 n

n
+ 21-2 n â

k=0

n-1 H-1Ln-k 2 n

k
cosH2 Hn - kL zL �; n Î N+

01.06.16.0127.01

sin2 nHzL � 21-2 n â
k=0

n-1 H-1Ln-k 2 n

k
HcosH2 Hn - kL zL - 1L �; n Î N+
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01.06.16.0104.01

sin2 n-1HzL � 22-2 n â
k=0

n-1 H-1Ln-k-1 2 n - 1

k
sinHH2 n - 2 k - 1L zL �; n Î N+

01.06.16.0105.01

sinnHzL � 2-n
n
n

2

H1 - n mod 2L - 21-n â
k=0

f n-1

2
v H-1Lk+n-1 n

k
cos

Π n

2
+ Hn - 2 kL z �; n Î N+

Powers involving the direct function

01.06.16.0106.01HcosHzL + ä sinHzLLn � cosHn zL + ä sinHn zL �; n Î N+

De Moivre's theorem

01.06.16.0107.01HcosHzL + ä sinHzLLn � ãä n z �; n Î N+

01.06.16.0108.01HcosHzL - ä sinHzLLn � cosHn zL - ä sinHn zL �; n Î N+

01.06.16.0109.01HcosHzL - ä sinHzLLn � ã-ä n z �; n Î N+

Sums of powers involving the direct function

01.06.16.0110.01

sin2HaL - sin2HbL � sinHa - bL sinHa + bL
01.06.16.0111.01

sin2HaL - cos2HbL � -cosHa - bL cosHa + bL
Related transformations

01.06.16.0112.01

sinIa sin-1HzLM �
z2

z
 sin

1

2
a cos-1I1 - 2 z2M

Identities

Functional identities

Univariate functional identities

01.06.17.0001.01

sin2H2 zL � 4 I1 - sin2HzLM sin2HzL
01.06.17.0002.01

sin4Hz1 + z2L - 2 I-2 sin2Hz2L sin2Hz1L + sin2Hz1L + sin2Hz2LM sin2Hz1 + z2L + Isin2Hz1L - sin2Hz2LM2
� 0
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01.06.17.0003.01

sinHzL � n sin
z

n
ä
k=1

f n

2
v

1 -
sin2J z

n
N

sin2J 4 k Π

2 n
N �; n - 1

2
Î N+

Biivariate functional identities

01.06.17.0004.01 gHx + ä yL¤ �  gHxL + gHä yL¤ �; gHzL � c sinHd zL ì d Î R ì x Î R ì y Î R

01.06.17.0005.01

gHx + yL gHx - yL � gHxL2 - gHyL2 �; gHzL � sinHc zL ì x Î R ì y Î R

Complex characteristics

Real part

01.06.19.0001.01

ReHsinHx + ä yLL � coshHyL sinHxL
Imaginary part

01.06.19.0002.01

ImHsinHx + ä yLL � cosHxL sinhHyL
Absolute value

01.06.19.0003.01

 sinHx + ä yL¤ �
coshH2 yL - cosH2 xL

2

01.06.19.0004.01 sinHx + ä yL¤ � cosh2HyL sin2HxL + cos2HxL sinh2HyL
01.06.19.0008.01 sinHx + ä yL¤ �  sinHxL + sinHä yL¤ �; x Î R ì y Î R

Argument

01.06.19.0005.01

argHsinHx + ä yLL � tan-1HcotHxL tanhHyLL +
Π

2
 sgn sgnHcosHxL sinhHyLL +

1

2
H1 - sgnHcoshHyL sinHxLLL

01.06.19.0006.01

argHsinHx + ä yLL � tan-1HcoshHyL sinHxL, cosHxL sinhHyLL
Conjugate value

01.06.19.0007.01

sinHx + ä yL � coshHyL sinHxL - ä cosHxL sinhHyL
Differentiation
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Low-order differentiation

01.06.20.0001.01

¶sinHzL
¶z

� cosHzL
01.06.20.0002.01

¶2 sinHzL
¶z2

� -sinHzL
Symbolic differentiation 

01.06.20.0003.02

¶n sinHzL
¶zn

� sin z +
Π n

2
�; n Î N

01.06.20.0004.01

¶n f HsinHzLL
¶zn

�

â
m=1

n 1

m!
 â

j=0

m-1 m

j â
l=0

m- j H-1L j 2 j-m sin jHzL H j + 2 l - mLn exp -
ä

2
 Hn Π - H j + 2 l - mL HΠ - 2 zLL  

m - j

l
f HmLHsinHzLL �; n Î N+

01.06.20.0005.02

¶n f HsinHzLL
¶zn

� â
m=0

n f HmLHsinHzLL
m!

¶n HsinHyL - sinHzLLm

¶ yn
�. 8y ® z< �; n Î N

01.06.20.0007.02

¶n sinHa z + bL
¶zn

� an sin a z + b +
n Π

2
�; n Î N

01.06.20.0011.01

¶n sinmHzL
¶zn

� äm+n 2-m â
k=0

m H-1Lk m

k
H2 k - mLn ãH2 k-mL ä z �; m Î N ì n Î N+

01.06.20.0012.01

¶n sinmHzL
¶zn

� 2-m â
k=0

f m-1

2
v H-1Lk m

k
Hm - 2 kLn Iän-m ãHm-2 kL ä z + äm-n ã-Hm-2 kL ä zM �; m Î N ì n Î N+

01.06.20.0008.02

¶n sinmHzL
¶zn

� 21-m â
k=0

f m-1

2
v H-1Lk+m m

k
Hm - 2 kLn cos

1

2
Π Hm + nL + Hm - 2 kL z �; m Î N ì n Î N+

01.06.20.0013.01

¶n sinmHzL
¶zn

� 2-m â
k=0

f m-1

2
v H-1Lk m

k
Hm - 2 kLn HHän-m + äm-nL cosHHm - 2 kL zL + ä Hän-m - äm-nL sinHHm - 2 kL zLL �; m Î N ì n Î N+
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01.06.20.0014.01

¶n sinmHzL
¶zn

� 2-m â
k=0

f m-1

2
v H-1Lk m

k
Hm - 2 kLn ä Hän-m - äm-nL â

j=0

f m-1

2
v-k H-1L j m - 2 k

2 j + 1
sin2 j+1HzL cos-2 j-2 k+m-1HzL +

Hän-m + äm-nL â
j=0

f m

2
v-k H-1L j m - 2 k

2 j
sin2 jHzL cos-2 j-2 k+mHzL �; m Î N ì n Î N+

Fractional integro-differentiation

01.06.20.0006.01

¶Α sinHzL
¶zΑ

� 2Α-1 Π z1-Α
1F

�
2 1; 1 -

Α

2
,

3

2
-

Α

2
; -

z2

4

01.06.20.0009.01

¶Α sinHa z + bL
¶zΑ

� 2Α-1 Π z-Α a z cosHbL 1F
�

2 1; 1 -
Α

2
,

3

2
-

Α

2
; -

1

4
a2 z2 + 2 1F

�
2 1;

1

2
-

Α

2
, 1 -

Α

2
; -

1

4
a2 z2 sinHbL

01.06.20.0010.01

¶Α sinnHzL
¶zΑ

�

2-n H1 - n mod 2L z-Α

GH1 - ΑL  
n
n

2

- 2Α-n Π z-Α â
k=0

f n-1

2
v H-1Lk+n-1 n

k
2 cos

n Π

2
1F

�
2 1;

1

2
-

Α

2
, 1 -

Α

2
; -

1

4
Hn - 2 kL2 z2 -

Hn - 2 kL z 1F
�

2 1; 1 -
Α

2
,

3

2
-

Α

2
; -

1

4
Hn - 2 kL2 z2 sin

n Π

2
�; n Î N+

01.06.20.0015.01

¶Α IzΒ sinHzLMa

¶zΑ
� ã

2 ä a Π
1

2
-

arg
sinHzL

z

2 Π
-

ImII Β+1M logHzLM
2 Π

a zHΒ+1L a-Α â
k=0

¥
k - a

k
â
j=0

k H-1L j

a - j
 

k
j

 p j,k  FCexp
HΑL Hz, H Β + 1L a + kL zk �;

p j,0 � 1 í p j,k �
1

k
 â
m=1

k H j m + m - kL I-m + 2 e m

2
u + 1M H-1Lm�2 p j,k-mHm + 1L !

í k Î N+

Integration

Indefinite integration

Involving only one direct function

01.06.21.0024.01à sinHb + a zL â z � -
cosHb + a zL

a

01.06.21.0025.01à sinHa zL â z � -
cosHa zL

a
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01.06.21.0026.01à sinHzL â z � -cosHzL
Involving one direct function and elementary functions

Involving power function

Involving power

Power arguments

01.06.21.0027.01à sinHa zrL â z � -
ä z

2 r
Hä a zrL-1�r G

1

r
, ä a zr - H-ä a zrL-1�r G

1

r
, -ä a zr

01.06.21.0028.01

à sinIa z2M â z �
1

a
 

Π

2
S a

2

Π
z

01.06.21.0029.01

à sinIa z N â z �
2 sinIa z N - 2 a z cosIa z N

a2

01.06.21.0030.01à sinHa HzrLpL â z �
ä z

2 p r
H-ä a HzrLpL-

1

p r G
1

p r
, -ä a HzrLp - Hä a HzrLpL-

1

p r G
1

p r
, ä a HzrLp

01.06.21.0031.01

à sinIa HzrL1�rM â z � -
z HzrL-1�r cosIa HzrL1�rM

a

01.06.21.0032.01

à sin a z2  â z � -

z2 cos a z2

a z

Involving zΑ-1and arguments a z

01.06.21.0033.01à zΑ-1 sinHa zL â z �
1

2
ä zΑ HE1-ΑH-ä a zL - E1-ΑHä a zLL

01.06.21.0034.01à zΑ-1 sinHzL â z �
1

2
ä zΑ Iz2M-Α HHä zLΑ GHΑ, -ä zL - H-ä zLΑ GHΑ, ä zLL

01.06.21.0035.01à zn sinHa zL â z � -
än HGHn + 1, -ä a zL + H-1Ln GHn + 1, ä a zLL

2 an+1
�; n Î Z
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01.06.21.0036.01

à zn sinHa zL â z �
1

2
ä H-ä aL-n-1

EiH-ä a zL + H-1Ln EiHä a zLH-n - 1L !
+

ãä a z â
k=0

n H-ä a zLkHn + 1Lk-n

- â
k=n+1

-1 H-ä a zLkHn + 1Lk-n

+ H-1Ln ã-ä a z â
k=0

n Hä a zLkHn + 1Lk-n

- â
k=n+1

-1 Hä a zLkHn + 1Lk-n

�; n Î Z

01.06.21.0037.01à z sinHa zL â z �
sinHa zL - a z cosHa zL

a2

01.06.21.0038.01

à z2 sinHa zL â z �
I2 - a2 z2M cosHa zL + 2 a z sinHa zL

a3

01.06.21.0039.01

à z3 sinHa zL â z �
3 Ia2 z2 - 2M sinHa zL - a z Ia2 z2 - 6M cosHa zL

a4

01.06.21.0040.01

à z4 sinHa zL â z �
4 a z Ia2 z2 - 6M sinHa zL - Ia4 z4 - 12 a2 z2 + 24M cosHa zL

a5

01.06.21.0041.01

à z5 sinHa zL â z �
5 Ia4 z4 - 12 a2 z2 + 24M sinHa zL - a z Ia4 z4 - 20 a2 z2 + 120M cosHa zL

a6

01.06.21.0042.01

à z6 sinHa zL â z �
I-a6 z6 + 30 a4 z4 - 360 a2 z2 + 720M cosHa zL + 6 a z Ia4 z4 - 20 a2 z2 + 120M sinHa zL

a7

01.06.21.0043.01à z7 sinHa zL â z �
1

a8
 I7 Ia6 z6 - 30 a4 z4 + 360 a2 z2 - 720M sinHa zL - a z Ia6 z6 - 42 a4 z4 + 840 a2 z2 - 5040M cosHa zLM

01.06.21.0044.01à z8 sinHa zL â z �

1

a9
 I8 a z Ia6 z6 - 42 a4 z4 + 840 a2 z2 - 5040M sinHa zL - Ia8 z8 - 56 a6 z6 + 1680 a4 z4 - 20 160 a2 z2 + 40 320M cosHa zLM

01.06.21.0045.01à sinHa zL
z

 â z � SiHa zL
01.06.21.0046.01à sinHa zL

z2
 â z � a CiHa zL -

sinHa zL
z

01.06.21.0047.01

à sinHa zL
z3

 â z � -
a2 SiHa zL z2 + a cosHa zL z + sinHa zL

2 z2
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01.06.21.0048.01

à sinHa zL
z4

 â z � -
a3 CiHa zL z3 + a cosHa zL z + I2 - a2 z2M sinHa zL

6 z3

01.06.21.0049.01

à sinHa zL
z5

 â z �
a4 SiHa zL z4 + a Ia2 z2 - 2M cosHa zL z + Ia2 z2 - 6M sinHa zL

24 z4

01.06.21.0050.01

à zn+
1

2 sinHa zL â z � -
än a-n-1 z

2 a2 z2

 ä a z G n +
3

2
, -ä a z + H-1Ln -ä a z G n +

3

2
, ä a z �; n Î Z

01.06.21.0051.01

à zn+
1

2 sinHa zL â z � -
ä H-1Ln Hä aL-n-1 z

2 a2 z2

 J ä a z erfcI -ä a z N + H-1Ln -ä a z erfcI ä a z NN G n +
3

2
+

ãä a z ä a z â
k=0

n H-ä a zLk+
1

2Jn + 3

2
N
k-n

- â
k=n+1

-1 H-ä a zLk+
1

2Jn + 3

2
N
k-n

+ H-1Ln ã-ä a z -ä a z â
k=0

n Hä a zLk+
1

2Jn + 3

2
N
k-n

- â
k=n+1

-1 Hä a zLk+
1

2Jn + 3

2
N
k-n

�; n Î Z

01.06.21.0052.01

à z sinHa zL â z �
1

a3�2  
Π

2
C a

2

Π
z -

z cosHa zL
a

01.06.21.0053.01

à z3�2 sinHa zL â z �
1

4 a5�2  2 a z H3 sinHa zL - 2 a z cosHa zLL - 3 2 Π S a
2

Π
z

01.06.21.0054.01

à z5�2 sinHa zL â z �
1

8 a7�2  2 a z II15 - 4 a2 z2M cosHa zL + 10 a z sinHa zLM - 15 2 Π C a
2

Π
z

01.06.21.0055.01

à z7�2 sinHa zL â z �
1

16 a9�2  105 2 Π S a
2

Π
z + 2 a z II70 a z - 8 a3 z3M cosHa zL + 7 I4 a2 z2 - 15M sinHa zLM

01.06.21.0056.01à z9�2 sinHa zL â z �

1

32 a11�2  945 2 Π C a
2

Π
z - 2 a z II16 a4 z4 - 252 a2 z2 + 945M cosHa zL + 18 a z I35 - 4 a2 z2M sinHa zLM

01.06.21.0057.01

à sinHa zL
z

 â z �
2 Π

a
S a

2

Π
z

01.06.21.0058.01

à sinHa zL
z3�2  â z � 2 a 2 Π C a

2

Π
z -

2 sinHa zL
z
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01.06.21.0059.01

à sinHa zL
z5�2  â z � -

2

3 z3�2 2 a3�2 2 Π S a
2

Π
z z3�2 + 2 a cosHa zL z + sinHa zL

01.06.21.0060.01

à sinHa zL
z7�2  â z �

1

15 z5�2  -8 a5�2 2 Π C a
2

Π
z z5�2 - 4 a cosHa zL z + 2 I4 a2 z2 - 3M sinHa zL

01.06.21.0061.01

à sinHa zL
z9�2  â z �

2

105 z7�2 8 a7�2 2 Π S a
2

Π
z z7�2 + 2 a I4 a2 z2 - 3M cosHa zL z + I4 a2 z2 - 15M sinHa zL

Involving zΑ-1and arguments a z + b

01.06.21.0062.01à zΑ-1 sinHb + a zL â z �
1

2
ä ã-ä b zΑ Iã2 ä b E1-ΑH-ä a zL - E1-ΑHä a zLM

01.06.21.0063.01à zn sinHb + a zL â z � -
1

2
än a-n-1 Iãä b GHn + 1, -ä a zL + H-1Ln ã-ä b GHn + 1, ä a zLM �; n Î Z

01.06.21.0064.01

à zn sinHb + a zL â z �
1

2
ä H-ä aL-n-1

ã-ä b EiH-ä a zL + H-1Ln ãä b EiHä a zLH-n - 1L !
+

ãä b+ä a z â
k=0

n H-ä a zLkHn + 1Lk-n

- â
k=n+1

-1 H-ä a zLkHn + 1Lk-n

+ H-1Ln ã-ä b-ä a z â
k=0

n Hä a zLkHn + 1Lk-n

- â
k=n+1

-1 Hä a zLkHn + 1Lk-n

�; n Î Z

01.06.21.0065.01à z sinHb + a zL â z �
sinHb + a zL - a z cosHb + a zL

a2

01.06.21.0066.01

à z2 sinHb + a zL â z �
I2 - a2 z2M cosHb + a zL + 2 a z sinHb + a zL

a3

01.06.21.0067.01

à z3 sinHb + a zL â z �
3 Ia2 z2 - 2M sinHb + a zL - a z Ia2 z2 - 6M cosHb + a zL

a4

01.06.21.0068.01

à z4 sinHb + a zL â z �
4 a z Ia2 z2 - 6M sinHb + a zL - Ia4 z4 - 12 a2 z2 + 24M cosHb + a zL

a5

01.06.21.0069.01

à z5 sinHb + a zL â z �
5 Ia4 z4 - 12 a2 z2 + 24M sinHb + a zL - a z Ia4 z4 - 20 a2 z2 + 120M cosHb + a zL

a6
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01.06.21.0070.01à sinHb + a zL
z

 â z � CiHa zL sinHbL + cosHbL SiHa zL
01.06.21.0071.01à sinHb + a zL

z2
 â z � a cosHbL CiHa zL -

sinHb + a zL + a z sinHbL SiHa zL
z

01.06.21.0072.01

à sinHb + a zL
z3

 â z � -
a2 CiHa zL sinHbL z2 + a2 cosHbL SiHa zL z2 + a cosHb + a zL z + sinHb + a zL

2 z2

01.06.21.0073.01à sinHb + a zL
z4

 â z � -
1

6 z3
 Ia3 cosHbL CiHa zL z3 - a3 sinHbL SiHa zL z3 - a2 sinHb + a zL z2 + a cosHb + a zL z + 2 sinHb + a zLM

01.06.21.0074.01à sinHb + a zL
z5

 â z �

1

24 z4
 Ia4 CiHa zL sinHbL z4 + a4 cosHbL SiHa zL z4 + a3 cosHb + a zL z3 + a2 sinHb + a zL z2 - 2 a cosHb + a zL z - 6 sinHb + a zLM

01.06.21.0075.01à zn+
1

2 sinHb + a zL â z �

-
ä

2 a2 z2

 Hä aL-n-1 z H-1Ln ãä b ä a z G n +
3

2
, -ä a z + ã-ä b -ä a z G n +

3

2
, ä a z �; n Î Z

01.06.21.0076.01à zn+
1

2 sinHb + a zL â z �

-
ä H-1Ln Hä aL-n-1 ã-ä b z

2 a2 z2

 Jã2 ä b ä a z erfcI -ä a z N + H-1Ln -ä a z erfcI ä a z NN G n +
3

2
+ ã2 ä b+ä a z ä a z

â
k=0

n H-ä a zLk+
1

2Jn + 3

2
N
k-n

- â
k=n+1

-1 H-ä a zLk+
1

2Jn + 3

2
N
k-n

+ H-1Ln ã-ä a z -ä a z â
k=0

n Hä a zLk+
1

2Jn + 3

2
N
k-n

- â
k=n+1

-1 Hä a zLk+
1

2Jn + 3

2
N
k-n

�; n Î Z

01.06.21.0077.01

à z sinHb + a zL â z � -
1

2 a3�2  2 a z cosHb + a zL - 2 Π cosHbL C a
2

Π
z + 2 Π S a

2

Π
z sinHbL

01.06.21.0078.01à z3�2 sinHb + a zL â z �
1

4 a5�2  

-3 2 Π cosHbL S a
2

Π
z - 3 2 Π C a

2

Π
z sinHbL + 2 a z H3 sinHb + a zL - 2 a z cosHb + a zLL

http://functions.wolfram.com 50



01.06.21.0079.01

à z5�2 sinHb + a zL â z �
1

8 a7�2  -15 2 Π cosHbL C a
2

Π
z +

15 2 Π S a
2

Π
z sinHbL + 2 a z II15 - 4 a2 z2M cosHb + a zL + 10 a z sinHb + a zLM

01.06.21.0080.01

à z7�2 sinHb + a zL â z �
1

16 a9�2  105 2 Π cosHbL S a
2

Π
z +

105 2 Π C a
2

Π
z sinHbL + 2 a z II70 a z - 8 a3 z3M cosHb + a zL + 7 I4 a2 z2 - 15M sinHb + a zLM

01.06.21.0081.01

à z9�2 sinHb + a zL â z �
1

32 a11�2  945 2 Π cosHbL C a
2

Π
z - 945 2 Π S a

2

Π
z sinHbL -

2 a z II16 a4 z4 - 252 a2 z2 + 945M cosHb + a zL + 18 a z I35 - 4 a2 z2M sinHb + a zLM
01.06.21.0082.01

à sinHb + a zL
z

 â z �
2 Π

a
 cosHbL S a

2

Π
z + C a

2

Π
z sinHbL

01.06.21.0083.01

à sinHb + a zL
z3�2  â z � 2 a 2 Π cosHbL C a

2

Π
z - 2 a 2 Π S a

2

Π
z sinHbL -

2 sinHb + a zL
z

01.06.21.0084.01à sinHb + a zL
z5�2  â z � -

1

3 z3�2  

2 2 a3�2 2 Π cosHbL S a
2

Π
z z3�2 + 2 a3�2 2 Π C a

2

Π
z sinHbL z3�2 + 2 a cosHb + a zL z + sinHb + a zL

01.06.21.0085.01

à sinHb + a zL
z7�2  â z � -

1

15 z5�2  2 4 a5�2 2 Π cosHbL C a
2

Π
z z5�2 -

4 a5�2 2 Π S a
2

Π
z sinHbL z5�2 - 4 a2 sinHb + a zL z2 + 2 a cosHb + a zL z + 3 sinHb + a zL
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01.06.21.0086.01à sinHb + a zL
z9�2  â z �

1

105 z7�2  2 8 a7�2 2 Π cosHbL S a
2

Π
z z7�2 + 8 a7�2 2 Π C a

2

Π
z sinHbL z7�2 + 8 a3 cosHb + a zL z3 +

4 a2 sinHb + a zL z2 - 6 a cosHb + a zL z - 15 sinHb + a zL
Involving zΑ-1and arguments a  zr

01.06.21.0087.01à zΑ-1 sinHa zrL â z � -
ä zΑ

2 r
Hä a zrL-

Α

r G
Α

r
, ä a zr - H-ä a zrL-

Α

r G
Α

r
, -ä a zr

01.06.21.0088.01à sinHa zrL
z

 â z �
SiHa zrL

r

01.06.21.0089.01

à z2 n sinIa z2M â z �
ä z

4

H-ä aL-n

-ä a z2

 erfc -ä a z2 G n +
1

2
+ ãä a z2 â

k=0

n-1 I-ä a z2Mk+
1

2

Jn + 1

2
N
k-n+1

- ãä a z2 â
k=n

-1 I-ä a z2Mk+
1

2

Jn + 1

2
N
k-n+1

-

Hä aL-n

ä a z2

erfc ä a z2 G n +
1

2
+ ã-ä a z2 â

k=0

n-1 Iä a z2Mk+
1

2

Jn + 1

2
N
k-n+1

- ã-ä a z2 â
k=n

-1 Iä a z2Mk+
1

2

Jn + 1

2
N
k-n+1

�; n Î Z

01.06.21.0090.01

à z2 n-1 sinIa z2M â z �
1

4
ä H-ä aL-n

H-1Ln-1 EiIä a z2MH-nL !
+ ãä a z2 â

k=0

n-1 I-ä a z2Mk

HnLk-n+1

- ãä a z2 â
k=n

-1 I-ä a z2Mk

HnLk-n+1

-

Hä aL-n
H-1Ln-1 EiI-ä a z2MH-nL !

+ ã-ä a z2 â
k=0

n-1 Iä a z2Mk

HnLk-n+1

- ã-ä a z2 â
k=n

-1 Iä a z2Mk

HnLk-n+1

�; n Î Z

01.06.21.0091.01

à z sinIa z2M â z � -
cosIa z2M

2 a

01.06.21.0092.01

à z2 sinIa z2M â z �
1

4

2 Π

a3�2 C a
2

Π
z -

2 z cosIa z2M
a

01.06.21.0093.01

à z3 sinIa z2M â z �
sinIa z2M - a z2 cosIa z2M

2 a2
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01.06.21.0094.01

à z4 sinIa z2M â z �
1

8

6 z sinIa z2M - 4 a z3 cosIa z2M
a2

-
3 2 Π

a5�2 S a
2

Π
z

01.06.21.0095.01

à z5 sinIa z2M â z �
2 a sinIa z2M z2 + I2 - a2 z4M cosIa z2M

2 a3

01.06.21.0096.01

à sinIa z2M
z

 â z �
1

2
SiIa z2M

01.06.21.0097.01

à sinIa z2M
z2

 â z � a 2 Π C a
2

Π
z -

sinIa z2M
z

01.06.21.0098.01

à sinIa z2M
z3

 â z �
1

2
a CiIa z2M -

sinIa z2M
z2

01.06.21.0099.01

à sinIa z2M
z4

 â z � -
1

3 z3
 2 2 Π z3 S a

2

Π
z a3�2 + 2 z2 cosIa z2M a + sinIa z2M

01.06.21.0100.01

à sinIa z2M
z5

 â z � -
a2 SiIa z2M z4 + a cosIa z2M z2 + sinIa z2M

4 z4

01.06.21.0101.01

à zn sinIa z N â z � ä a-2 Hn+1L H-1Ln-1
EiI-ä a z NH-2 n - 2L !

+ ãä a z â
k=0

2 n+1 I-ä a z Nk

H2 n + 2Lk-2 n-1

- ãä a z â
k=2 n+2

-1 I-ä a z Nk

H2 n + 2Lk-2 n-1

-

ã-ä a z â
k=0

2 n+1 Iä a z Nk

H2 n + 2Lk-2 n-1

+ ã-ä a z â
k=2 n+2

-1 Iä a z Nk

H2 n + 2Lk-2 n-1

-
EiIä a z NH-2 n - 2L !

�; n Î Z

01.06.21.0102.01

à z sinIa z N â z � -
2 Ja z Ia2 z - 6M cosIa z N - 3 Ia2 z - 2M sinIa z NN

a4

01.06.21.0103.01

à z2 sinIa z N â z � -
2 Ja z Iz2 a4 - 20 z a2 + 120M cosIa z N - 5 Iz2 a4 - 12 z a2 + 24M sinIa z NN

a6

01.06.21.0104.01à z3 sinIa z N â z �

-
1

a8
 J2 Ja z Iz3 a6 - 42 z2 a4 + 840 z a2 - 5040M cosIa z N - 7 Iz3 a6 - 30 z2 a4 + 360 z a2 - 720M sinIa z NNN
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01.06.21.0105.01à z4 sinIa z N â z � -
1

a10
 J2 Ja z Iz4 a8 - 72 z3 a6 + 3024 z2 a4 - 60 480 z a2 + 362 880M cosIa z N -

9 Iz4 a8 - 56 z3 a6 + 1680 z2 a4 - 20 160 z a2 + 40 320M sinIa z NNN
01.06.21.0106.01à z5 sinIa z N â z �

-
1

a12
 J2 Ja z Iz5 a10 - 110 z4 a8 + 7920 z3 a6 - 332 640 z2 a4 + 6 652 800 z a2 - 39 916 800M cosIa z N - 11

Iz5 a10 - 90 z4 a8 + 5040 z3 a6 - 151 200 z2 a4 + 1 814 400 z a2 - 3 628 800M sinIa z NNN
01.06.21.0107.01

á sinIa z N
z

 â z � 2 SiIa z N
01.06.21.0108.01

á sinIa z N
z2

 â z � -
z SiIa z N a2 + z cosIa z N a + sinIa z N

z

01.06.21.0109.01

á sinIa z N
z3

 â z �
z2 SiIa z N a4 + z Ia2 z - 2M cosIa z N a + Ia2 z - 6M sinIa z N

12 z2

01.06.21.0110.01

á sinIa z N
z4

 â z � -
1

360 z3
 Jz3 SiIa z N a6 + z Iz2 a4 - 2 z a2 + 24M cosIa z N a + Iz2 a4 - 6 z a2 + 120M sinIa z NN

01.06.21.0111.01

á sinIa z N
z5

 â z �

1

20 160 z4
 Jz4 SiIa z N a8 + z Iz3 a6 - 2 z2 a4 + 24 z a2 - 720M cosIa z N a + Iz3 a6 - 6 z2 a4 + 120 z a2 - 5040M sinIa z NN

Involving zΑ-1and arguments a  zr  +b

01.06.21.0112.01à zΑ-1 sinHa zr + bL â z �
ä zΑ

2 r
ãä b H-ä a zrL-

Α

r G
Α

r
, -ä a zr - ã-ä b Hä a zrL-

Α

r G
Α

r
, ä a zr

01.06.21.0113.01à sinHa zr + bL
z

 â z �
CiHa zrL sinHbL + cosHbL SiHa zrL

r

01.06.21.0114.01à zn sinIa z2 + bM â z �
1

4
ä zn+1 ãä b I-ä a z2M-

n+1

2 G
n + 1

2
, -ä a z2 - ã-ä b Iä a z2M-

n+1

2 G
n + 1

2
, ä a z2 �; n Î Z
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01.06.21.0115.01à z2 n sinIa z2 + bM â z �

1

4
ä z ãä b I-ä a z2M-

1

2 H-ä aL-n erfc -ä a z2 G n +
1

2
+ ãä a z2 â

k=0

n-1 I-ä a z2Mk+
1

2

Jn + 1

2
N
k-n+1

- ãä a z2 â
k=n

-1 I-ä a z2Mk+
1

2

Jn + 1

2
N
k-n+1

-

ã-ä b Iä a z2M-
1

2 Hä aL-n erfc ä a z2 G n +
1

2
+ ã-ä a z2 â

k=0

n-1 Iä a z2Mk+
1

2

Jn + 1

2
N
k-n+1

- ã-ä a z2 â
k=n

-1 Iä a z2Mk+
1

2

Jn + 1

2
N
k-n+1

�; n Î Z

01.06.21.0116.01à z2 n-1 sinIa z2 + bM â z �

1

4
ä ãä b H-ä aL-n

H-1Ln-1 EiIä a z2MH-nL !
+ ãä a z2

Sum
I-ä a z2Mk

HnLk-n+1

, 8k, 0, n - 1< - ãä a z2
Sum

I-ä a z2Mk

HnLk-n+1

, 8k, n, -1< -

ã-ä b Hä aL-n
H-1Ln-1 EiI-ä a z2MH-nL !

+ ã-ä a z2
Sum

Iä a z2Mk

HnLk-n+1

, 8k, 0, n - 1< - ã-ä a z2
Sum

Iä a z2Mk

HnLk-n+1

, 8k, n, -1< �; n Î Z

01.06.21.0117.01

à z sinIa z2 + bM â z � -
cosIa z2 + bM

2 a

01.06.21.0118.01

à z2 sinIa z2 + bM â z � -

2 a z cosIa z2 + bM - 2 Π cosHbL C a 2

Π
z + 2 Π S a 2

Π
z sinHbL

4 a3�2
01.06.21.0119.01

à z3 sinIa z2 + bM â z �
sinIa z2 + bM - a z2 cosIa z2 + bM

2 a2

01.06.21.0120.01à z4 sinIa z2 + bM â z �

-
1

8 a5�2  3 2 Π cosHbL S a
2

Π
z + 3 2 Π C a

2

Π
z sinHbL + 2 a z I2 a z2 cosIa z2 + bM - 3 sinIa z2 + bMM

01.06.21.0121.01

à z5 sinIa z2 + bM â z �
2 a sinIa z2 + bM z2 + I2 - a2 z4M cosIa z2 + bM

2 a3

01.06.21.0122.01

à sinIa z2 + bM
z

 â z �
1

2
ICiIa z2M sinHbL + cosHbL SiIa z2MM
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01.06.21.0123.01

à sinIa z2 + bM
z2

 â z � a 2 Π cosHbL C a
2

Π
z -

a 2 Π z S a 2

Π
z sinHbL + sinIa z2 + bM

z

01.06.21.0124.01

à sinIa z2 + bM
z3

 â z �
1

2
a cosHbL CiIa z2M - a sinHbL SiIa z2M -

sinIa z2 + bM
z2

01.06.21.0125.01

à sinIa z2 + bM
z4

 â z �

-
1

3 z3
 2 2 Π z3 cosHbL S a

2

Π
z a3�2 + 2 2 Π z3 C a

2

Π
z sinHbL a3�2 + 2 z2 cosIa z2 + bM a + sinIa z2 + bM

01.06.21.0126.01

à sinIa z2 + bM
z5

 â z � -
a2 CiIa z2M sinHbL z4 + a2 cosHbL SiIa z2M z4 + a cosIa z2 + bM z2 + sinIa z2 + bM

4 z4

01.06.21.0127.01à zΑ-1 sinI z a + bN â z � ä zΑ Kãä b I-ä a z N-2 Α
GI2 Α, -ä a z N - ã-ä b Iä a z N-2 Α

GI2 Α, ä a z NO
01.06.21.0128.01à zn sinI z a + bN â z � ä zn+1 Kãä b I-ä a z N-2 Hn+1L

GI2 Hn + 1L, -ä a z N - ã-ä b Iä a z N-2 Hn+1L
GI2 Hn + 1L, ä a z NO �; n Î Z

01.06.21.0129.01à zn sinI z a + bN â z �

H-1Ln-1 ä a-2 Hn+1L ãä b -
EiIä a z NH-2 Hn + 1LL !

+ ãä a z â
k=0

2 Hn+1L-1 I-ä a z Nk

H2 Hn + 1LLk-2 Hn+1L+1

- ãä a z â
k=2 Hn+1L

-1 I-ä a z Nk

H2 Hn + 1LLk-2 Hn+1L+1

-

ã-ä b -
EiI-ä a z NH-2 Hn + 1LL !

+ ã-ä a z â
k=0

2 Hn+1L-1 Iä a z Nk

H2 Hn + 1LLk-2 Hn+1L+1

- ã-ä a z â
k=2 Hn+1L

-1 Iä a z Nk

H2 Hn + 1LLk-2 Hn+1L+1

�; n Î Z

01.06.21.0130.01

à z sinI z a + bN â z �
6 Ia2 z - 2M sinI z a + bN - 2 a z Ia2 z - 6M cosI z a + bN

a4

01.06.21.0131.01à z2 sinI z a + bN â z �
1

a6
 J10 Iz Ia2 z - 12M a2 + 24M sinI z a + bN - 2 a z Iz Ia2 z - 20M a2 + 120M cosI z a + bNN

01.06.21.0132.01à z3 sinI z a + bN â z �

1

a8
 J14 Ia2 z Iz Ia2 z - 30M a2 + 360M - 720M sinI z a + bN - 2 a z Ia2 z Iz Ia2 z - 42M a2 + 840M - 5040M cosI z a + bNN
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01.06.21.0133.01à z4 sinI z a + bN â z �
1

a10
 J18 Iz Ia2 z Iz Ia2 z - 56M a2 + 1680M - 20 160M a2 + 40 320M sinI z a + bN -

2 a z Iz Ia2 z Iz Ia2 z - 72M a2 + 3024M - 60 480M a2 + 362 880M cosI z a + bNN
01.06.21.0134.01à z5 sinI z a + bN â z �

-
1

a12
 J2 Ja z Iz5 a10 - 110 z4 a8 + 7920 z3 a6 - 332 640 z2 a4 + 6 652 800 z a2 - 39 916 800M cosI z a + bN -

11 Iz5 a10 - 90 z4 a8 + 5040 z3 a6 - 151 200 z2 a4 + 1 814 400 z a2 - 3 628 800M sinI z a + bNNN
01.06.21.0135.01

á sinI z a + bN
z

 â z � 2 JCiIa z N sinHbL + cosHbL SiIa z NN
01.06.21.0136.01

á sinI z a + bN
z2

 â z � -
z JCiIa z N sinHbL + cosHbL SiIa z NN a2 + z cosI z a + bN a + sinI z a + bN

z

01.06.21.0137.01

á sinI z a + bN
z3

 â z �

1

12 z2
 Jz2 CiIa z N sinHbL a4 + z2 cosHbL SiIa z N a4 + z Ia2 z - 2M cosI z a + bN a + Ia2 z - 6M sinI z a + bNN

01.06.21.0138.01

á sinI z a + bN
z4

 â z � -
1

360 z3
 Jz3 CiIa z N sinHbL a6 + z3 cosHbL SiIa z N a6 +

z Iz Ia2 z - 2M a2 + 24M cosI z a + bN a + Iz Ia2 z - 6M a2 + 120M sinI z a + bNN
01.06.21.0139.01

á sinI z a + bN
z5

 â z �
1

20 160 z4
 

J24 a3 cosI z a + bN z3�2 - 2 a5 cosI z a + bN z5�2 + a7 cosI z a + bN z7�2 + a8 CiIa z N sinHbL z4 + a8 cosHbL SiIa z N z4 +

a6 sinI z a + bN z3 - 6 a4 sinI z a + bN z2 + 120 a2 sinI z a + bN z - 720 a cosI z a + bN z - 5040 sinI z a + bNN
Involving rational functions

Involving Ha z + bL-n

01.06.21.0140.01à sinHc zL
b + a z

 â z �
1

a
 cos

b c

a
Si c

b

a
+ z - Ci c

b

a
+ z sin

b c

a
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01.06.21.0141.01à sinHc zLHb + a zL2
 â z �

1

a2
 c cos

b c

a
Ci c

b

a
+ z + c sin

b c

a
Si c

b

a
+ z -

a sinHc zL
b + a z

01.06.21.0142.01

à sinHc zLHb + a zL3
 â z � -

1

2 a3
 cos

b c

a
Si c

b

a
+ z c2 - c2 Ci c

b

a
+ z sin

b c

a
+

a Hc Hb + a zL cosHc zL + a sinHc zLLHb + a zL2

01.06.21.0143.01à sinHc zLHb + a zL4
 â z �

-
1

6 a4
 cos

b c

a
Ci c

b

a
+ z + sin

b c

a
Si c

b

a
+ z c3 +

a2 cosHc zL cHb + a zL2
-

a IIc2 z2 - 2M a2 + 2 b c2 z a + b2 c2M sinHc zLHb + a zL3

01.06.21.0144.01

à sinHc zLHb + a zL5
 â z �

1

24 a5
 - Ci c

b

a
+ z sin

b c

a
- cos

b c

a
Si c

b

a
+ z c4 +

a IIc2 z2 - 2M a2 + 2 b c2 z a + b2 c2M cosHc zL cHb + a zL3
+

a2 IIc2 z2 - 6M a2 + 2 b c2 z a + b2 c2M sinHc zLHb + a zL4

01.06.21.0145.01à sinHc zLHb + a zL6
 â z �

1

120 a6
 cos

b c

a
Ci c

b

a
+ z + sin

b c

a
Si c

b

a
+ z c5 +

a2 IIc2 z2 - 6M a2 + 2 b c2 z a + b2 c2M cosHc zL cHb + a zL4
-

1Hb + a zL5
 Ia IIc4 z4 - 2 c2 z2 + 24M a4 + 4 b c2 z Ic2 z2 - 1M a3 + 2 b2 c2 I3 c2 z2 - 1M a2 + 4 b3 c4 z a + b4 c4M sinHc zLM

01.06.21.0146.01

à z sinHc zL
b + a z

 â z � -
a cosHc zL - b c CiJc J b

a
+ zNN sinJ b c

a
N + b c cosJ b c

a
N SiJc J b

a
+ zNN

a2 c

01.06.21.0147.01

à z2 sinHc zL
b + a z

 â z �
1

a3 c2
 -b2 Ci c

b

a
+ z sin

b c

a
c2 + b2 cos

b c

a
Si c

b

a
+ z c2 + a Hc Hb - a zL cosHc zL + a sinHc zLL

01.06.21.0148.01à z sinHc zLHb + a zL2
 â z �

1

a3 Hb + a zL  

-Hb + a zL Ci c
b

a
+ z b c cos

b c

a
+ a sin

b c

a
+ a b sinHc zL + Hb + a zL a cos

b c

a
- b c sin

b c

a
Si c

b

a
+ z
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01.06.21.0149.01

à z2 sinHc zLHb + a zL2
 â z �

1

a4 c Hb + a zL  b c Hb + a zL Ci c
b

a
+ z b c cos

b c

a
+ 2 a sin

b c

a
-

a Ic sinHc zL b2 + a Hb + a zL cosHc zLM + b c Hb + a zL b c sin
b c

a
- 2 a cos

b c

a
Si c

b

a
+ z

01.06.21.0150.01

à z3 sinHc zLHb + a zL2
 â z �

1

a5
 -

Ha z - 2 bL cosHc zL a2

c
+

Iz a3 + b a2 + b3 c2M sinHc zL a

c2 Hb + a zL -

b2 Ci c
b

a
+ z b c cos

b c

a
+ 3 a sin

b c

a
+ b c sin

b c

a
- 3 a cos

b c

a
Si c

b

a
+ z

01.06.21.0151.01

à z4 sinHc zLHb + a zL2
 â z �

1

a6 c3 Hb + a zL  

b3 Hb + a zL Ci c
b

a
+ z b c cos

b c

a
+ 4 a sin

b c

a
c3 + b3 Hb + a zL b c sin

b c

a
- 4 a cos

b c

a
Si c

b

a
+ z c3 -

a Ia Hb + a zL IIc2 z2 - 2M a2 - 2 b c2 z a + 3 b2 c2M cosHc zL + c I-2 z2 a4 + 2 b2 a2 + b4 c2M sinHc zLM
Involving Ia z2 + bM-n

01.06.21.0152.01

à sinHc zL
a z2 + b

 â z �
1

2 a b
 Ci c

ä b

a
+ z sinh

b c

a
+

Ci c -
ä b

a
+ z sinh

b c

a
+ ä cosh

b c

a
Si c

ä b

a
+ z + Si

ä b c

a
- c z

01.06.21.0153.01à sinHzL
z2 - 1

 â z �
1

2
HsinH1L CiH1 - zL - cosH1L HSiH1 - zL + SiHz + 1LL + CiHz + 1L sinH1LL

01.06.21.0154.01

à z sinHc zL
a z2 + b

 â z �
1

2 a
 -ä Ci c

ä b

a
+ z sinh

b c

a
+

ä Ci c -
ä b

a
+ z sinh

b c

a
+ cosh

b c

a
Si c

ä b

a
+ z + Si c -

ä b

a
+ z
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01.06.21.0155.01

á sinHc zLIa z2 + bM2
 â z �

1

4 a b3�2 Ia z2 + bM  -Ia z2 + bM Ci c
ä b

a
+ z b c cosh

b c

a
- a sinh

b c

a
-

Ia z2 + bM Ci c -
ä b

a
+ z b c cosh

b c

a
- a sinh

b c

a
-

ä Ia z2 + bM b c sinh
b c

a
- a cosh

b c

a
Si c

ä b

a
+ z + a Ia z2 + bM cosh

b c

a

Si c -
ä b

a
+ z + b 2 a ä z sinHc zL + c Ia z2 + bM sinh

b c

a
Si

ä b c

a
- c z

01.06.21.0156.01

á z sinHc zLIa z2 + bM2
 â z �

1

4 a3�2  -
2 a sinHc zL

a z2 + b
+

c ä cosh
b c

a
Ci c

ä b

a
+ z - sinh

b c

a
Si c

ä b

a
+ z

b
+

c sinh
b c

a
Si

ä b c

a
- c z - ä cosh

b c

a
Ci c -

ä b

a
+ z

b

Involving Ia z2 + b z + cM-n

01.06.21.0157.01à sinHd zL
a z2 + b z + c

 â z �

1

b2 - 4 a c

 -Ci

d b + 2 a z - b2 - 4 a c

2 a
sin

b - b2 - 4 a c d

2 a
+ Ci

d b + 2 a z + b2 - 4 a c

2 a

sin

b + b2 - 4 a c d

2 a
+ cos

b - b2 - 4 a c d

2 a
Si

d b + 2 a z - b2 - 4 a c

2 a
-

cos

b + b2 - 4 a c d

2 a
Si

d b + 2 a z + b2 - 4 a c

2 a
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01.06.21.0158.01à z sinHd zL
a z2 + b z + c

 â z �
1

2 a b2 - 4 a c

 

- b2 - 4 a c - b Ci

d b + 2 a z - b2 - 4 a c

2 a
sin

b - b2 - 4 a c d

2 a
- cos

b - b2 - 4 a c d

2 a

Si

d b + 2 a z - b2 - 4 a c

2 a
- b + b2 - 4 a c Ci

d b + 2 a z + b2 - 4 a c

2 a

sin

b + b2 - 4 a c d

2 a
- cos

b + b2 - 4 a c d

2 a
Si

d b + 2 a z + b2 - 4 a c

2 a

01.06.21.0159.01

á sinHd zLIa z2 + b z + cM2
 â z � Hc + z Hb + a zLL

Ci

d b + 2 a z - b2 - 4 a c

2 a
b2 - 4 a c d cos

b - b2 - 4 a c d

2 a
+ 2 a sin

b - b2 - 4 a c d

2 a
+

Ci

d b + 2 a z + b2 - 4 a c

2 a
b2 - 4 a c d cos

b + b2 - 4 a c d

2 a
- 2 a sin

b + b2 - 4 a c d

2 a
-

b2 - 4 a c Hb + 2 a zL sinHd zL � JIb2 - 4 a cM3�2 Hc + z Hb + a zLLN +
1Ib2 - 4 a cM3�2  

b2 - 4 a c d sin

b - b2 - 4 a c d

2 a
- 2 a cos

b - b2 - 4 a c d

2 a
Si

d b + 2 a z - b2 - 4 a c

2 a
+

2 a cos

b + b2 - 4 a c d

2 a
+ b2 - 4 a c d sin

b + b2 - 4 a c d

2 a
Si

d b + 2 a z + b2 - 4 a c

2 a
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01.06.21.0160.01

á z sinHd zLIa z2 + b z + cM2
 â z �

1

2 a Ib2 - 4 a cM3�2  - -b2 + b2 - 4 a c b + 4 a c d cos

b - b2 - 4 a c d

2 a
- 2 a b sin

b - b2 - 4 a c d

2 a

Ci

d b + 2 a z - b2 - 4 a c

2 a
+

1

2 a Ib2 - 4 a cM3�2  2 a b sin

b + b2 - 4 a c d

2 a
- b2 + b2 - 4 a c b - 4 a c d cos

b + b2 - 4 a c d

2 a

Ci

d b + 2 a z + b2 - 4 a c

2 a
+

H2 c + b zL sinHd zLIb2 - 4 a cM Hc + z Hb + a zLL +

1

2 a Ib2 - 4 a cM3�2  2 a b cos

b - b2 - 4 a c d

2 a
+ b2 - b2 - 4 a c b - 4 a c d sin

b - b2 - 4 a c d

2 a

Si

d b + 2 a z - b2 - 4 a c

2 a
+

1

2 a Ib2 - 4 a cM3�2  -2 a b cos

b + b2 - 4 a c d

2 a
- b2 + b2 - 4 a c b - 4 a c d sin

b + b2 - 4 a c d

2 a

Si

d b + 2 a z + b2 - 4 a c

2 a

Involving algebraic functions

Involving Ha z + bLΒ
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01.06.21.0161.01à Hb + a zLΒ sinHd + c zL â z �

-
1

2 c
 Hb + a zLΒ

c2 Hb + a zL2

a2

-Β

G Β + 1, -
ä c Hb + a zL

a
cos

b c

a
- d - ä sin

b c

a
- d

ä c Hb + a zL
a

Β

+

-
ä c Hb + a zL

a

Β

G Β + 1,
ä c Hb + a zL

a
cos

b c

a
- d + ä sin

b c

a
- d

01.06.21.0162.01à Hb + a zLΒ sinHc zL â z �

-
1

2 c
 Hb + a zLΒ

c2 Hb + a zL2

a2

-Β

G Β + 1, -
ä c Hb + a zL

a
cos

b c

a
- ä sin

b c

a

ä c Hb + a zL
a

Β

+ -
ä c Hb + a zL

a

Β

G Β + 1,
ä c Hb + a zL

a
cos

b c

a
+ ä sin

b c

a

01.06.21.0163.01

à Hb + a zL3�2 sinHc zL â z �
1

4 a2 J c

a
N5�2  -3 a 2 Π cos

b c

a
S

c

a

2

Π
b + a z +

3 a 2 Π C
c

a

2

Π
b + a z sin

b c

a
- 2

c

a
b + a z H2 c Hb + a zL cosHc zL - 3 a sinHc zLL

01.06.21.0164.01à a z + b sinHc zL â z �
1

2 c c

a

 

-2
c

a
b + a z cosHc zL + 2 Π cos

b c

a
C

c

a

2

Π
b + a z + 2 Π S

c

a

2

Π
b + a z sin

b c

a

01.06.21.0165.01

à sinHc zL
a z + b

 â z �
1

c
 

c

a
2 Π cos

b c

a
S

c

a

2

Π
b + a z - C

c

a

2

Π
b + a z sin

b c

a

01.06.21.0166.01à sinHc zLHb + a zL3�2  â z �

2

a

c

a
2 Π cos

b c

a
C

c

a

2

Π
b + a z +

c

a
2 Π S

c

a

2

Π
b + a z sin

b c

a
-

sinHc zL
b + a z

Involving exponential function
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Involving exp

Involving ab z sinHc zL
01.06.21.0167.01

à ab z sinHc zL â z �
ab z Hb logHaL sinHc zL - c cosHc zLL

c2 + b2 log2HaL
01.06.21.0168.01

à ãb z sinHc zL â z �
ãb z Hb sinHc zL - c cosHc zLL

b2 + c2

01.06.21.0169.01

à ãä a z sinHa zL â z � -
ã2 ä a z - 2 ä a z

4 a

01.06.21.0170.01

à ã-ä a z sinHa zL â z � -
2 ä a z + ã-2 ä a z

4 a

01.06.21.0171.01à ã-a z sinHa zL â z � -
ã-a z HcosHa zL + sinHa zLL

2 a

Involving ab z+e sinHc zL
01.06.21.0172.01

à ab z+e sinHc zL â z �
ab z+e Hb logHaL sinHc zL - c cosHc zLL

c2 + b2 log2HaL
01.06.21.0173.01

à ãe+b z sinHc zL â z �
ãe+b z Hb sinHc zL - c cosHc zLL

b2 + c2

01.06.21.0174.01

à ãe-ä a z sinHa zL â z � -
2 a ãe ä z + ãe-2 ä a z

4 a

01.06.21.0175.01

à ãe+ä a z sinHa zL â z �
ãe I2 ä a z - ã2 ä a zM

4 a

Involving ab z sinHc z + dL
01.06.21.0176.01

à ab z sinHd + c zL â z �
ab z Hb logHaL sinHd + c zL - c cosHd + c zLL

c2 + b2 log2HaL

http://functions.wolfram.com 64



01.06.21.0177.01

à ãb z sinHd + c zL â z �
ãb z Hb sinHd + c zL - c cosHd + c zLL

b2 + c2

01.06.21.0178.01

à ã-ä a z sinHd + a zL â z � -
2 a ãä d ä z + ã-ä d -2 ä a z

4 a

01.06.21.0179.01

à ãä a z sinHd + a zL â z �
ã-ä d I2 ä a z - ã2 ä Hd+a zLM

4 a

Involving ab z+e sinHc z + dL
01.06.21.0180.01

à ab z+e sinHd + c zL â z �
ab z+e Hb logHaL sinHd + c zL - c cosHd + c zLL

c2 + b2 log2HaL
01.06.21.0181.01

à ãe+b z sinHd + c zL â z �
ãe+b z Hb sinHd + c zL - c cosHd + c zLL

b2 + c2

01.06.21.0182.01

à ãe-ä a z sinHd + a zL â z � -
2 a ãe+ä d ä z + ãe-ä d -2 ä a z

4 a

01.06.21.0183.01

à ãe+ä a z sinHd + a zL â z �
ãe-ä d I2 ä a z - ã2 ä Hd+a zLM

4 a

Involving ab zr
sinHc zL

01.06.21.0184.01

à ab z2
sinHc zL â z �

ä Π

4 b log
1

2 HaL  ã
c2

4 b logHaL erfi
-ä c + 2 b z logHaL

2 b log
1

2 HaL - erfi
ä c + 2 b z logHaL
2 b log

1

2 HaL
01.06.21.0185.01

à ãb z2
sinHc zL â z �

Π

4 b
 ã

c2

4 b erf
c + 2 ä b z

2 b
+ erf

c - 2 ä b z

2 b

01.06.21.0186.01à ãz2
sinHzL â z �

1

4
ã

4
Π erf

1

2
- ä z + erf ä z +

1

2

01.06.21.0187.01à ab z sinHc zL â z �

ä b Π

4 Hä cL3�2  ã
ä b2 log2 HaL

4 c logHaL ã
-

ä b2 log2 HaL
2 c erf

2 ä c z - b logHaL
2 ä c

+ erfi
2 ä c z + b logHaL

2 ä c
-

ab z cosHc zL
c
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01.06.21.0188.01

à ãb z sinHc zL â z �
ä b Π

4 Hä cL3�2  ã
ä b2

4 c ã
-

ä b2

2 c erf
2 ä c z - b

2 ä c
+ erfi

b + 2 ä c z

2 ä c
-

ãb z cosHc zL
c

Involving ab zr +e sinHc zL
01.06.21.0189.01

à ab z2+e sinHc zL â z �
ä Π

4 b log
1

2 HaL  ae ã
c2

4 b logHaL erfi
-ä c + 2 b z logHaL

2 b log
1

2 HaL - erfi
ä c + 2 b z logHaL
2 b log

1

2 HaL
01.06.21.0190.01

à ãb z2+e sinHc zL â z �
Π

4 b
 ã

c2

4 b
+e

erf
c + 2 ä b z

2 b
+ erf

c - 2 ä b z

2 b

01.06.21.0191.01à ab z +e sinHc zL â z �

ä b Π

4 Hä cL3�2  ae ã
ä b2 log2 HaL

4 c logHaL ã
-

ä b2 log2 HaL
2 c erf

2 ä c z - b logHaL
2 ä c

+ erfi
2 ä c z + b logHaL

2 ä c
-

ab z +e cosHc zL
c

01.06.21.0192.01

à ãb z +e sinHc zL â z �
ä b Π

4 Hä cL3�2  ã
ä b2

4 c
+e

ã
-

ä b2

2 c erf
2 ä c z - b

2 ä c
+ erfi

b + 2 ä c z

2 ä c
-

ãb z +e cosHc zL
c

Involving ab zr +d z sinHc zL
01.06.21.0193.01

à ab z2+d z sinHc zL â z �
ä Π

4 b log
1

2 HaL  a
-

d2

4 b  ã
c Ic-2 ä d logHaLM

4 b logHaL ã
ä c d

b erfi
-ä c + Hd + 2 b zL logHaL

2 b log
1

2 HaL - erfi
ä c + Hd + 2 b zL logHaL

2 b log
1

2 HaL
01.06.21.0194.01

à ãb z2+d z sinHc zL â z �
ä Π

4 b
 ã

Hc-ä dL2
4 b ã

ä c d

b erfi
d - ä c + 2 b z

2 b
- erfi

d + ä c + 2 b z

2 b

01.06.21.0195.01

à a z b+d z sinHc zL â z � -
1

2

ã-ä c z a z b+d z

c + d ä logHaL +
ãä c z a z b+d z

c - ä d logHaL +

b Π logHaL ä ã

b2 log2 HaL
4 I-ä c-d logHaLM erf

-2 ä c z -b logHaL-2 d z logHaL
2 -ä c-d logHaL

2 H-ä c - d logHaLL3�2 -

ä ã

b2 log2 HaL
4 Iä c-d logHaLM erf

2 ä c z -b logHaL-2 d z logHaL
2 ä c-d logHaL

2 Hä c - d logHaLL3�2
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01.06.21.0196.01à ã z b+d z sinHc zL â z �

1

2
-b Π

ä ã
b2

4 H-d-ä c L erf -b-2 ä c z -2 d z

2 -d-ä c

2 H-d - ä c L3�2 -

ä ã
b2

4 Hä c-dL erf -b-2 d z +2 ä c z

2 ä c-d

2 Hä c - dL3�2 -
ã z b-ä c z+d z

c + ä d
-

ã z b+d z+ä c z

c - ä d

Involving ab zr +d z+e sinHc zL
01.06.21.0197.01

à ab z2+d z+e sinHc zL â z �
ä Π

4 b log
1

2 HaL  a
e-

d2

4 b ã
c Ic-2 ä d logHaLM

4 b logHaL ã
ä c d

b erfi
-ä c + Hd + 2 b zL logHaL

2 b log
1

2 HaL + erfi
-ä c - Hd + 2 b zL logHaL

2 b log
1

2 HaL
01.06.21.0198.01

à ãb z2+d z+e sinHc zL â z �
ä Π

4 b
ã

Hc-ä dL2
4 b

+e
ã

ä c d

b erfi
d - ä c + 2 b z

2 b
- erfi

d + ä c + 2 b z

2 b

01.06.21.0199.01

à a z b+e+d z sinHc zL â z � -
1

2
ae

ã-ä c z a z b+d z

c + d ä logHaL +
ãä c z a z b+d z

c - ä d logHaL +

b ä Π logHaL ã

b2 log2 HaL
4 I-ä c-d logHaLM erf

-2 ä c z -b logHaL-2 d z logHaL
2 -ä c-d logHaL

2 H-ä c - d logHaLL3�2 -

ã

b2 log2 HaL
4 Iä c-d logHaLM erf

2 ä c z -b logHaL-2 d z logHaL
2 ä c-d logHaL

2 Hä c - d logHaLL3�2
01.06.21.0200.01à ã z b+e+d z sinHc zL â z �

-
1

2
ãe

ã z b-ä c z+d z

c + ä d
+

ã z b+d z+ä c z

c - ä d
+ ä b Π

ã
b2

4 H-d-ä c L erf -b-2 ä c z -2 d z

2 -d-ä c

2 H-d - ä c L3�2 -

ã
b2

4 Hä c-dL erf -b-2 d z +2 ä c z

2 ä c-d

2 Hä c - dL3�2

Involving ab zr
sinHf z + gL

01.06.21.0201.01

à ab z2
sinH f z + gL â z �

ä ã
f 2

4 b logHaL -ä g
Π erfi

-ä f +2 b z logHaL
2 b logHaL - ã2 ä g erfi

ä f +2 b z logHaL
2 b logHaL

4 b logHaL
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01.06.21.0202.01

à ãb z2
sinH f z + gL â z �

ã
f 2

4 b
-ä g

Π erf
f +2 ä b z

2 b
+ ã2 ä g erf

f -2 ä b z

2 b

4 b

01.06.21.0203.01

à a z b sinH f z + gL â z �
1

4 f f 2

 ã
-

ä Jb2 log2 HaL+4 f Hg+ f zLN
4 f b ãä f z ä f Π erfi

-2 ä f z + b logHaL
2 -ä f

logHaL +

ã
ä b2 log2 HaL

4 f b ã
1

4
ä

b2 log2 HaL
f

+8 g+4 f z
-ä f Π erfi

2 ä f z + b logHaL
2 ä f

logHaL - 2 ab z I1 + ã2 ä Hg+ f zLM f 2

01.06.21.0204.01à ã z b sinH f z + gL â z �

1

4
ã-ä g -

2 ãb z -ä f z I1 + ã2 ä Hg+ f zLM
f

+

b ã
ä Jb2+8 f gN

4 f ä Π erfi
b+2 ä f z

2 ä fHä f L3�2 -

b ã
-

ä b2

4 f f Π erfi
b-2 ä f z

2 -ä fH-ä f L5�2

Involving ab zr +e sinHf z + gL
01.06.21.0205.01

à ab z2+e sinH f z + gL â z �

ä ae ã
f 2

4 b logHaL -ä g
Π erfi

-ä f +2 b z logHaL
2 b logHaL - ã2 ä g erfi

ä f +2 b z logHaL
2 b logHaL

4 b logHaL
01.06.21.0206.01

à ãb z2+e sinH f z + gL â z �

ã
f 2

4 b
+e-ä g

Π erf
f +2 ä b z

2 b
+ ã2 ä g erf

f -2 ä b z

2 b

4 b

01.06.21.0207.01

à a z b+e sinH f z + gL â z �
1

4 f f 2

 ae ã
-

ä Jb2 log2 HaL+4 f Hg+ f zLN
4 f b ãä f z ä f Π erfi

-2 ä f z + b logHaL
2 -ä f

logHaL +

ã
ä b2 log2 HaL

4 f b ã
1

4
ä

b2 log2 HaL
f

+8 g+4 f z
-ä f Π erfi

2 ä f z + b logHaL
2 ä f

logHaL - 2 ab z I1 + ã2 ä Hg+ f zLM f 2
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01.06.21.0208.01à ã z b+e sinH f z + gL â z �

1

4
ãe-ä g -

2 ãb z -ä f z I1 + ã2 ä Hg+ f zLM
f

+

b ã
ä Jb2+8 f gN

4 f ä Π erfi
b+2 ä f z

2 ä fHä f L3�2 -

b ã
-

ä b2

4 f f Π erfi
b-2 ä f z

2 -ä fH-ä f L5�2

Involving ab zr +d z sinHf z + gL
01.06.21.0209.01à ab z2+d z sinH f z + gL â z �

1

4 b logHaL  ä a
-

d2

4 b ã
f 2-2 ä Hd f +2 b gL logHaL

4 b logHaL Π ã
ä d f

b erfi
-ä f + Hd + 2 b zL logHaL

2 b logHaL - ã2 ä g erfi
ä f + Hd + 2 b zL logHaL

2 b logHaL
01.06.21.0210.01

à ãb z2+d z sinH f z + gL â z �

ä ã
-

d2+2 ä f d- f 2+4 ä b g

4 b Π ã
ä d f

b erfi
d-ä f +2 b z

2 b
- ã2 ä g erfi

d+ä f +2 b z

2 b

4 b

01.06.21.0211.01à a z b+d z sinH f z + gL â z �

-
ã-ä Hg+ f zL a z b+d z

2 H f + d ä logHaLL -
ãä Hg+ f zL a z b+d z

2 H f - ä d logHaLL -

ä b ã

-ä b2 log2 HaL+4 d g logHaL-4 ä f g

4 I f +d ä logHaLM Π erfi
-2 ä f z +Jb+2 d z N logHaL

2 -ä f +d logHaL logHaL
4 H-ä f + d logHaLL3�2 +

ä b ã
-

b2 log2 HaL-4 ä d g logHaL+4 f g

4 Iä f +d logHaLM Π erfi
b logHaL+2 z Hä f +d logHaLL

2 ä f +d logHaL logHaL
4 Hä f + d logHaLL3�2

01.06.21.0212.01à ã z b+d z sinH f z + gL â z �

1

4
ã-ä g 2 ã z b+d z-ä f z -

1

f + ä d
-

ã2 ä Hg+ f zL
f - ä d

+

b ã
b2

-4 d-4 ä f
+2 ä g

ä Π erfi
b+2 Hd+ä f L z

2 d+ä fHd + ä f L3�2 -

ä b ã
b2

4 ä f -4 d Π erfi
b+2 Hd-ä f L z

2 d-ä fHd - ä f L3�2

Involving ab zr +d z+e sinHf z + gL
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01.06.21.0213.01à ab z2+d z+e sinH f z + gL â z �

1

4 b logHaL  ä a
e-

d2

4 b ã
f 2-2 ä Hd f +2 b gL logHaL

4 b logHaL Π ã
ä d f

b erfi
-ä f + Hd + 2 b zL logHaL

2 b logHaL - ã2 ä g erfi
ä f + Hd + 2 b zL logHaL

2 b logHaL
01.06.21.0214.01

à ãb z2+d z+e sinH f z + gL â z �

ä ã
-

d2+2 ä f d- f 2-4 b e+4 ä b g

4 b Π ã
ä d f

b erfi
d-ä f +2 b z

2 b
- ã2 ä g erfi

d+ä f +2 b z

2 b

4 b

01.06.21.0215.01

à a z b+d z+e sinH f z + gL â z � -
ã-ä Hg+ f zL a z b+e+d z

2 H f + d ä logHaLL -
ãä Hg+ f zL a z b+e+d z

2 H f - ä d logHaLL -

ä b ã

-ä Jb2-4 d eN log2 HaL+4 He f +d gL logHaL-4 ä f g

4 I f +d ä logHaLM Π erfi
-2 ä f z + Ib + 2 d z N logHaL

2 -ä f + d logHaL logHaL � I4 H-ä f + d logHaLL3�2M +

ä b ã
-

Jb2-4 d eN log2 HaL-4 ä He f +d gL logHaL+4 f g

4 Iä f +d logHaLM Π erfi
b logHaL+2 z Hä f +d logHaLL

2 ä f +d logHaL logHaL
4 Hä f + d logHaLL3�2

01.06.21.0216.01à ã z b+d z+e sinH f z + gL â z �
1

4
ãe-ä g

2 ã z b+d z-ä f z -
1

f + ä d
-

ã2 ä Hg+ f zL
f - ä d

+

b ã
b2

-4 d-4 ä f
+2 ä g

ä Π erfi
b+2 Hd+ä f L z

2 d+ä fHd + ä f L3�2 -

ä b ã
b2

4 ä f -4 d Π erfi
b+2 Hd-ä f L z

2 d-ä fHd - ä f L3�2

Involving ab z sinIc zr M
01.06.21.0217.01

à ab z sinIc z2M â z �
ä Π

4 ä c
 ã

-
ä b2 log2 HaL

4 c erf
2 ä c z - b logHaL

2 ä c
- ã

ä b2 log2 HaL
4 c erfi

2 ä c z + b logHaL
2 ä c

01.06.21.0218.01

à ãb z sinIc z2M â z �
ä Π

4 ä c
 ã

-
ä b2

4 c erf
2 ä c z - b

2 ä c
- ã

ä b2

4 c erfi
b + 2 ä c z

2 ä c

01.06.21.0219.01

à ab z sinIc z N â z �
sinIc z N ab z

b logHaL -

c ã
c2

4 b logHaL Π erfi
ä c+2 b z logHaL

2 b logHaL
4 Hb logHaLL3�2 +

c ã
c2

4 b logHaL Π erfi
ä c-2 b z logHaL

2 b logHaL
4 Hb logHaLL3�2
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01.06.21.0220.01

à ãb z sinIc z N â z � -

c ã
c2

4 b Π erfi 2 z b+ä c

2 b

4 b3�2 +

c ã
c2

4 b Π erfi ä c-2 b z

2 b

4 b3�2 +
ãb z sinIc z N

b

Involving ab z+e sinIc zr M
01.06.21.0221.01

à ab z+e sinIc z2M â z �
ä Π

4 ä c
 ae ã

-
ä b2 log2 HaL

4 c erf
2 ä c z - b logHaL

2 ä c
- ã

ä b2 log2 HaL
4 c erfi

2 ä c z + b logHaL
2 ä c

01.06.21.0222.01

à ãb z+e sinIc z2M â z �
ä Π

4 ä c
 ã

e-
ä b2

4 c erf
2 ä c z - b

2 ä c
- ã

e+
ä b2

4 c erfi
b + 2 ä c z

2 ä c

01.06.21.0223.01

à ab z+e sinIc z N â z �
sinIc z N ab z+e

b logHaL -

c ae ã
c2

4 b logHaL Π erfi
ä c+2 b z logHaL

2 b logHaL
4 Hb logHaLL3�2 +

c ae ã
c2

4 b logHaL Π erfi
ä c-2 b z logHaL

2 b logHaL
4 Hb logHaLL3�2

01.06.21.0224.01

à ãb z+e sinIc z N â z � -

c ã
c2

4 b
+e

Π erfi 2 z b+ä c

2 b

4 b3�2 +

c ã
c2

4 b
+e

Π erfi ä c-2 b z

2 b

4 b3�2 +
ãb z+e sinIc z N

b

Involving ab zr
sinIc zr M

01.06.21.0225.01à ab zr
sinHc zrL â z �

-
ä z

2 r
G

1

r
, ä zr Hc + b ä logHaLL Hä zr Hc + b ä logHaLLL-1�r - G

1

r
, -zr Hä c + b logHaLL H-ä zr Hc - ä b logHaLLL-1�r

01.06.21.0226.01à ãb zr
sinHc zrL â z � -

ä z

2 r
H-Hb - ä cL zrL-1�r G

1

r
, -Hb - ä cL zr - H-Hb + ä c L zrL-1�r G

1

r
, -Hb + ä c L zr

01.06.21.0227.01à ab z2
sinIc z2M â z � -

1

4 Ic2 + b2 log2HaLM  

K Π KerfiKz ä c + b logHaL O ä c + b logHaL Hc + b ä logHaLL + erfiKz -ä c + b logHaL O -ä c + b logHaL Hc - ä b logHaLLOO
01.06.21.0228.01

à ãb z2
sinIc z2M â z �

ä Π J b - ä c Hb + ä c L erfiJ b - ä c zN - Hb - ä cL b + ä c erfiJ b + ä c zNN
4 Ib2 + c2M
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01.06.21.0229.01à ab z sinIc z N â z �
1Ic2 + b2 log2HaLM2

 J2 ab z

JJc2 + b logHaL J z c2 + b logHaL Ib z logHaL - 1NNN sinIc z N - c cosIc z N J z c2 + b logHaL Ib z logHaL - 2NNNN
01.06.21.0230.01à ãb z sinIc z N â z �

1Ib2 + c2M2
 J2 ãb z JJc2 + b J z c2 + b Ib z - 1NNN sinIc z N - c J z c2 + b Ib z - 2NN cosIc z NNN

Involving ab zr +e sinIc zr M
01.06.21.0231.01à ab zr+e sinHc zrL â z �

-
ä z ae

2 r
G

1

r
, ä zr Hc + b ä logHaLL Hä zr Hc + b ä logHaLLL-1�r - G

1

r
, -zr Hä c + b logHaLL H-ä zr Hc - ä b logHaLLL-1�r

01.06.21.0232.01à ãb zr+e sinHc zrL â z � -
ä z ãe

2 r
H-Hb - ä cL zrL-1�r G

1

r
, -Hb - ä cL zr - H-Hb + ä c L zrL-1�r G

1

r
, -Hb + ä c L zr

01.06.21.0233.01à ab z2+e sinIc z2M â z � -
1

4 Ic2 + b2 log2HaLM  Π ae

KerfiKz ä c + b logHaL O ä c + b logHaL Hc + b ä logHaLL + erfiKz -ä c + b logHaL O -ä c + b logHaL Hc - ä b logHaLLO
01.06.21.0234.01

à ãb z2+e sinIc z2M â z �
ä Π ãe J b - ä c Hb + ä c L erfiJ b - ä c zN - Hb - ä cL b + ä c erfiJ b + ä c zNN

4 Ib2 + c2M
01.06.21.0235.01à ab z +e sinIc z N â z �

1Ic2 + b2 log2HaLM2
 J2 ab z +e

JJc2 + b logHaL J z c2 + b logHaL Ib z logHaL - 1NNN sinIc z N - c cosIc z N J z c2 + b logHaL Ib z logHaL - 2NNNN
01.06.21.0236.01à ãb z +e sinIc z N â z �

1Ib2 + c2M2
 J2 ãb z +e JJc2 + b J z c2 + b Ib z - 1NNN sinIc z N - c J z c2 + b Ib z - 2NN cosIc z NNN

Involving ab zr +d z  sinIc zr M
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01.06.21.0237.01à ab z2+d z sinIc z2M â z �

1

4 Ic2 + b2 log2HaLM  ä Π ã

b d2 log3 HaL
-2 c2-2 b2 log2 HaL ã

d2 log2 HaL
4 Iä c+b logHaLM erfi

Hd + 2 b zL logHaL - 2 ä c z

2 -ä c + b logHaL -ä c + b logHaL Hä c + b logHaLL +

ã
d2 log2 HaL

-4 ä c+4 b logHaL erfi
2 ä c z + Hd + 2 b zL logHaL

2 ä c + b logHaL Hä c - b logHaLL ä c + b logHaL
01.06.21.0238.01à ãb z2+d z sinIc z2M â z �

ä Π

4 Ib2 + c2M  ã
b d2

-2 b2-2 c2 Hä c - bL b + ä c ã
d2

4 b-4 ä c erfi
d + 2 b z + 2 ä c z

2 b + ä c
+ Hb + ä c L b - ä c ã

d2

4 Hb+ä c L erfi
d + 2 b z - 2 ä c z

2 b - ä c

01.06.21.0239.01

à a z b+d z sinIc z N â z �
sinIc z N a z b+d z

d logHaL +

ã
-

Iä c-b logHaLM2
4 d logHaL Π erfi

ä c-b logHaL-2 d z logHaL
2 d logHaL Hc + b ä logHaLL

4 Hd logHaLL3�2 -

ã
-

Iä c+b logHaLM2
4 d logHaL Π erfi

ä c+b logHaL+2 d z logHaL
2 d logHaL Hc - ä b logHaLL

4 Hd logHaLL3�2
01.06.21.0240.01à ã z b+d z sinIc z N â z �

-

Hc - ä bL ã
-

Hb+ä c L2
4 d Π erfi b+ä c +2 d z

2 d

4 d3�2 +

Hc + ä b L ã
-

Hä c-bL2
4 d Π erfi -b+ä c -2 d z

2 d

4 d3�2 +
ã z b+d z sinIc z N

d

Involving ab zr +d z+e sinIc zr M
01.06.21.0241.01à ab z2+d z+e sinIc z2M â z �

ä ae Π

4 Ic2 + b2 log2HaLM  ã

b d2 log3 HaL
-2 c2-2 b2 log2 HaL ã

d2 log2 HaL
4 Iä c+b logHaLM erfi

Hd + 2 b zL logHaL - 2 ä c z

2 -ä c + b logHaL -ä c + b logHaL Hä c + b logHaLL +

ã
d2 log2 HaL

-4 ä c+4 b logHaL erfi
2 ä c z + Hd + 2 b zL logHaL

2 ä c + b logHaL Hä c - b logHaLL ä c + b logHaL
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01.06.21.0242.01à ãb z2+d z+e sinIc z2M â z �

ä Π

4 Ib2 + c2M  ã
b d2

-2 b2-2 c2
+e Hä c - bL b + ä c ã

d2

4 b-4 ä c erfi
d + 2 b z + 2 ä c z

2 b + ä c
+ Hb + ä c L b - ä c ã

d2

4 Hb+ä c L erfi
d + 2 b z - 2 ä c z

2 b - ä c

01.06.21.0243.01

à a z b+e+d z sinIc z N â z �
sinIc z N a z b+e+d z

d logHaL +

ã
e logHaL-

Iä c-b logHaLM2
4 d logHaL Π erfi

ä c-b logHaL-2 d z logHaL
2 d logHaL Hc + b ä logHaLL

4 Hd logHaLL3�2 -

ã
e logHaL-

Iä c+b logHaLM2
4 d logHaL Π erfi

ä c+b logHaL+2 d z logHaL
2 d logHaL Hc - ä b logHaLL

4 Hd logHaLL3�2
01.06.21.0244.01à ã z b+e+d z sinIc z N â z �

-

Hc - ä bL ã
e-

Hb+ä c L2
4 d Π erfi b+ä c +2 d z

2 d

4 d3�2 +

Hc + ä b L ã
e-

Hä c-bL2
4 d Π erfi -b+ä c -2 d z

2 d

4 d3�2 +
ã z b+e+d z sinIc z N

d

Involving ad z sinIc zr + gM
01.06.21.0245.01à ad z sinIc z2 + gM â z �

-
1

4 c
 ã

-
1

4
ä

d2 log2 HaL
c

+4 g
Π -ä c erfi

d logHaL - 2 ä c z

2 -ä c
+ ä c ã

1

2
ä

d2 log2 HaL
c

+4 g
erfi

2 ä c z + d logHaL
2 ä c

01.06.21.0246.01

à ãd z sinIc z2 + gM â z � -
Π

4 c
 ã

-
ä d2

4 c
-ä g

-ä c erfi
d - 2 ä c z

2 -ä c
+ ä c ã

ä Jd2+4 c gN
2 c erfi

d + 2 ä c z

2 ä c

01.06.21.0247.01à ad z sinI z c + gN â z �

-
1

4 Hd logHaLL3�2  ä ã-ä J z c+gN 2 K-1 + ã2 ä J z c+gNO d logHaL ad z - ä c ã
1

4
c

c

d logHaL +4 ä z
Π erfi

-ä c + 2 d z logHaL
2 d logHaL -

ä c ã
c2

4 d logHaL +ä z c+2 ä g
Π erfi

ä c + 2 d z logHaL
2 d logHaL
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01.06.21.0248.01

à ãd z sinI z c + gN â z � -
1

4 d3�2  ä ã-ä J z c+gN

2 d ãd z K-1 + ã2 ä J z c+gNO - c ã
c Jc+4 ä d z N

4 d Π erf
c + 2 ä d z

2 d
+ c ã

c2

4 d
+ä z c+2 ä g

Π erf
c - 2 ä d z

2 d

Involving ad z+e sinIc zr + gM
01.06.21.0249.01à ad z+e sinIc z2 + gM â z �

-
1

4 c
 ae ã

-
1

4
ä

d2 log2 HaL
c

+4 g
Π -ä c erfi

d logHaL - 2 ä c z

2 -ä c
+ ä c ã

1

2
ä

d2 log2 HaL
c

+4 g
erfi

2 ä c z + d logHaL
2 ä c

01.06.21.0250.01

à ãd z+e sinIc z2 + gM â z � -
Π

4 c
 ã

-
ä d2

4 c
+e-ä g

-ä c erfi
d - 2 ä c z

2 -ä c
+ ä c ã

ä Jd2+4 c gN
2 c erfi

d + 2 ä c z

2 ä c

01.06.21.0251.01à ad z+e sinI z c + gN â z �

-
1

4 Hd logHaLL3�2  ä ae ã-ä J z c+gN 2 K-1 + ã2 ä J z c+gNO d logHaL ad z - ä c ã
1

4
c

c

d logHaL +4 ä z
Π erfi

-ä c + 2 d z logHaL
2 d logHaL -

ä c ã
c2

4 d logHaL +ä z c+2 ä g
Π erfi

ä c + 2 d z logHaL
2 d logHaL

01.06.21.0252.01

à ãd z+e sinI z c + gN â z � -
1

4 d3�2  ä ãe-ä J z c+gN

2 d ãd z K-1 + ã2 ä J z c+gNO - c ã
c Jc+4 ä d z N

4 d Π erf
c + 2 ä d z

2 d
+ c ã

c2

4 d
+ä z c+2 ä g

Π erf
c - 2 ä d z

2 d

Involving ab zr
 sinIc zr + gM

01.06.21.0253.01à ab zr
sinHc zr + gL â z �

-
1

2 r
 ä z ã-ä g G

1

r
, ä zr Hc + b ä logHaLL Hä zr Hc + b ä logHaLLL-1�r - ãä g G

1

r
, -zr Hä c + b logHaLL H-zr Hä c + b logHaLLL-1�r

01.06.21.0254.01à ãb zr
sinHc zr + gL â z �

ä z

2 r
ãä g H-Hb + ä c L zrL-1�r G

1

r
, -Hb + ä c L zr - ã-ä g Hä Hc + ä b L zrL-1�r G

1

r
, ä Hc + ä b L zr
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01.06.21.0255.01

à ab z2
sinIc z2 + gM â z �

1

4
ä Π

ã-ä g erfiKz -ä c + b logHaL O
-ä c + b logHaL -

ãä g erfiKz ä c + b logHaL O
ä c + b logHaL

01.06.21.0256.01

à ãb z2
sinIc z2 + gM â z �

1

4
ä Π

ã-ä g erfiJ b - ä c zN
b - ä c

-
ãä g erfiJ b + ä c zN

b + ä c

01.06.21.0257.01à ab z sinI z c + gN â z � -
1Ic2 + b2 log2HaLM2

 J2 ab z Jc cosI z c + gN I z c2 + b2 z log2HaL - 2 b logHaLN -

Ib3 z log3HaL - b2 log2HaL + b c2 z logHaL + c2N sinI z c + gNNN
01.06.21.0258.01à ãb z sinI z c + gN â z �

1Ib2 + c2M2
 

J2 ãb z JI z b3 - b2 + c2 z b + c2N sinI z c + gN - c I z b2 - 2 b + c2 z N cosI z c + gNNN
Involving ab zr +e  sinIc zr + gM

01.06.21.0259.01à ab zr+e sinHc zr + gL â z �

1

2 r
 ä ae ã-ä g z ã2 ä g G

1

r
, zr H-ä c - b logHaLL Hzr H-ä c - b logHaLLL-1�r - G

1

r
, ä zr Hc + b ä logHaLL Hä zr Hc + b ä logHaLLL-1�r

01.06.21.0260.01à ãb zr+e sinHc zr + gL â z �
ä z

2 r
ãe+ä g H-Hb + ä c L zrL-1�r G

1

r
, -Hb + ä c L zr - ãe-ä g Hä Hc + ä b L zrL-1�r G

1

r
, ä Hc + ä b L zr

01.06.21.0261.01

à ab z2+e sinIc z2 + gM â z �
1

4
ä ae ã-ä g Π

erfiKz -ä c + b logHaL O
-ä c + b logHaL -

ã2 ä g erfiKz ä c + b logHaL O
ä c + b logHaL

01.06.21.0262.01

à ãb z2+e sinIc z2 + gM â z �
1

4
ä Π

ãe-ä g erfiJ b - ä c zN
b - ä c

-
ãe+ä g erfiJ b + ä c zN

b + ä c

01.06.21.0263.01à a z b+e sinI z c + gN â z �

1Ic2 + b2 log2HaLM2
 J2 a z b+e JIb3 z log3HaL - b2 log2HaL + b c2 z logHaL + c2N sinI z c + gN - c

cosI z c + gN I z c2 + b2 z log2HaL - 2 b logHaLNNN
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01.06.21.0264.01à ãb z +e sinI z c + gN â z �
1Ib2 + c2M2

 

J2 ãb z +e JI z b3 - b2 + c2 z b + c2N sinI z c + gN - c I z b2 - 2 b + c2 z N cosI z c + gNNN
Involving ab zr +d z sinIc zr + gM

01.06.21.0265.01à ab z2+d z sinIc z2 + gM â z �

1

4 Ic2 + b2 log2HaLM  ä a
-

b d2 log2 HaL
2 Jc2+b2 log2 HaLN Π ã

d2 log2 HaL
4 ä c+4 b logHaL -ä g

erfi
Hd + 2 b zL logHaL - 2 ä c z

2 -ä c + b logHaL -ä c + b logHaL Hä c + b logHaLL +

ã
d2 log2 HaL

-4 ä c+4 b logHaL +ä g
ä erfi

2 ä c z + Hd + 2 b zL logHaL
2 ä c + b logHaL Hc + b ä logHaLL ä c + b logHaL

01.06.21.0266.01à ãb z2+d z sinIc z2 + gM â z �
1

4 Ib2 + c2M  

ä ã
-

b d2

2 Jb2+c2N -ä g

Π b - ä c Hb + ä c L ã
d2

4 b+4 ä c erfi
d + 2 Hb - ä cL z

2 b - ä c
- Hb - ä cL b + ä c ã

d2

4 b-4 ä c
+2 ä g

erfi
d + 2 Hb + ä c L z

2 b + ä c

01.06.21.0267.01

à a z b+d z sinI z c + gN â z � -
1

4 Hd logHaLL3�2  ä a
-

b2

4 d ã
-

ä Jb c+2 d J z c+gNN
2 d

2 ã
ä b c

2 d K-1 + ã2 ä J z c+gNO d logHaL a
Jb+2 d z N2

4 d + ã

c Jc+4 ä Jb+d z N logHaLN
4 d logHaL Π erfi

-ä c + Ib + 2 d z N logHaL
2 d logHaL

H-ä c + b logHaLL - ä ã
c2

4 d logHaL +ä z c+2 ä g
Π erfi

ä c + Ib + 2 d z N logHaL
2 d logHaL Hc - ä b logHaLL

01.06.21.0268.01à ã z b+d z sinI z c + gN â z �

-
1

4 d3�2  ä ã
-

b2+2 ä c b+4 d ä J z c+gN
4 d 2 d ã

b2+2 ä c b+4 d z b+4 d2 z

4 d K-1 + ã2 ä J z c+gNO - Hb + ä c L ã
c2

4 d
+ä z c+2 ä g

Π erfi
b + ä c + 2 d z

2 d
+ Hb - ä cL ã

c Jc+4 ä b +4 ä d z N
4 d Π erfi

b - ä c + 2 d z

2 d

Involving ab zr +d z+e sinIc zr + gM
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01.06.21.0269.01à ab z2+d z+e sinIc z2 + gM â z �

1

4 Ic2 + b2 log2HaLM  ä a
e-

b d2 log2 HaL
2 Jc2+b2 log2 HaLN Π ã

d2 log2 HaL
4 ä c+4 b logHaL -ä g

erfi
Hd + 2 b zL logHaL - 2 ä c z

2 -ä c + b logHaL -ä c + b logHaL Hä c + b logHaLL +

ã
d2 log2 HaL

-4 ä c+4 b logHaL +ä g
ä erfi

2 ä c z + Hd + 2 b zL logHaL
2 ä c + b logHaL Hc + b ä logHaLL ä c + b logHaL

01.06.21.0270.01

à ãb z2+d z+e sinIc z2 + gM â z �
1

4 Ib2 + c2M  ä ã
-

b d2

2 Jb2+c2N +e-ä g

Π

b - ä c Hb + ä c L ã
d2

4 b+4 ä c erfi
d + 2 Hb - ä cL z

2 b - ä c
- Hb - ä cL b + ä c ã

d2

4 b-4 ä c
+2 ä g

erfi
d + 2 Hb + ä c L z

2 b + ä c

01.06.21.0271.01

à a z b+d z+e sinI z c + gN â z � -
1

4 Hd logHaLL3�2  ä a
e-

b2

4 d ã
-

ä Jb c+2 d J z c+gNN
2 d

2 ã
ä b c

2 d K-1 + ã2 ä J z c+gNO d logHaL a
Jb+2 d z N2

4 d + ã

c Jc+4 ä Jb+d z N logHaLN
4 d logHaL Π erfi

-ä c + Ib + 2 d z N logHaL
2 d logHaL

H-ä c + b logHaLL - ä ã
c2

4 d logHaL +ä z c+2 ä g
Π erfi

ä c + Ib + 2 d z N logHaL
2 d logHaL Hc - ä b logHaLL

01.06.21.0272.01à ã z b+d z+e sinI z c + gN â z �

-
1

4 d3�2  ä ã
-

b2+2 ä c b-4 d Je-ä J z c+gNN
4 d 2 d ã

b2+2 ä c b+4 d z b+4 d2 z

4 d K-1 + ã2 ä J z c+gNO - Hb + ä c L ã
c2

4 d
+ä z c+2 ä g

Π erfi
b + ä c + 2 d z

2 d
+ Hb - ä cL ã

c Jc+4 ä b +4 ä d z N
4 d Π erfi

b - ä c + 2 d z

2 d

Involving rational functions of exp

Involving Ia + b ãd z M-n
sinHc z + eL

01.06.21.0273.01

à sinHc zLIa + b ãd zMn
 â z � -

a-n

2 c
 ãä c z

2F1

ä c

d
, n;

d + ä c

d
; -

b ãd z

a
+ ã-ä c z

2F1 -
ä c

d
, n;

d - ä c

d
; -

b ãd z

a
�; n Î N+
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01.06.21.0274.01

à sinHe + c zLIa + b ãd zMn
 â z � -

a-n

2 c
 ãä e+ä c z

2F1

ä c

d
, n;

d + ä c

d
; -

b ãd z

a
+ ã-ä e-ä c z

2F1 -
ä c

d
, n;

d - ä c

d
; -

b ãd z

a
�; n Î N+

Involving ãp z Ia + b ãd z M-n
sinHc z + eL

01.06.21.0275.01

à ãp z sinHc zLIa + b ãd zMn
 â z � -

1

2 Hc + ä pL Hc - ä pL  a-n ãH-ä c+pL z Hc - ä pL 2F1

-ä c + p

d
, n;

d - ä c + p

d
; -

b ãd z

a
+

ãHä c+pL z Hc + ä pL 2F1

ä c + p

d
, n;

d + ä c + p

d
; -

b ãd z

a
�; n Î N+

01.06.21.0276.01

à ãp z sinHe + c zLIa + b ãd zMn
 â z � -

1

2 Hc + ä pL Hc - ä pL  a-n ã-ä e ãH-ä c+pL z Hc - ä pL 2F1

-ä c + p

d
, n;

d - ä c + p

d
; -

b ãd z

a
+

ã2 ä e+Hä c+pL z Hc + ä pL 2F1

ä c + p

d
, n;

d + ä c + p

d
; -

b ãd z

a
�; n Î N+

Involving algebraic functions of exp

Involving Ia + b ãd z MΒ
sinHc + ezL

01.06.21.0277.01à Ia + b ãd zMΒ
sinHc zL â z �

-
ã-ä c z Ia + b ãd zMΒ

2 c
 

ãd z b

a
+ 1

-Β

ã2 ä c z
2F1

ä c

d
, - Β; 1 +

ä c

d
; -

b ãd z

a
+ 2F1 -

ä c

d
, - Β; 1 -

ä c

d
; -

b ãd z

a

01.06.21.0278.01à Ia + b ãd zMΒ
sinHe + c zL â z �

-
1

2 c
 ã-ä He+c zL Ia + b ãd zMΒ ãd z b

a
+ 1

-Β

ã2 ä He+c zL
2F1

ä c

d
, - Β; 1 +

ä c

d
; -

b ãd z

a
+ 2F1 -

ä c

d
, - Β; 1 -

ä c

d
; -

b ãd z

a

Involving ãp z Ia + b ãd z MΒ
sinHc z + eL

01.06.21.0279.01

à ãp z Ia + b ãd zMΒ
sinHc zL â z � -

1

2 Hc + ä pL Hc - ä pL  Ia + b ãd zMΒ ãd z b

a
+ 1

-Β

ãH-ä c+pL z Hc - ä pL 2F1

-ä c + p

d
, - Β;

d - ä c + p

d
; -

b ãd z

a
+ ãHä c+pL z Hc + ä pL 2F1

ä c + p

d
, - Β;

d + ä c + p

d
; -

b ãd z

a
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01.06.21.0280.01à ãp z Ia + b ãd zMΒ
sinHe + c zL â z �

-
1

2 Hc + ä pL Hc - ä pL  ã-ä e Ia + b ãd zMΒ ãd z b

a
+ 1

-Β

ãH-ä c+pL z Hc - ä pL 2F1

-ä c + p

d
, - Β;

d - ä c + p

d
; -

b ãd z

a
+

ã2 ä e+Hä c+pL z Hc + ä pL 2F1

ä c + p

d
, - Β;

d + ä c + p

d
; -

b ãd z

a

Involving exponential function and a power function

Involving exp and power

Involving zΑ-1 ãb z sinHc zL
01.06.21.0281.01à zΑ-1 ãb z sinHc zL â z � -

1

2
ä zΑ IH-Hb - ä cL zL-Α GHΑ, -Hb - ä cL zL - H-Hb + ä c L zL-Α GHΑ, -Hb + ä c L zLM

01.06.21.0282.01à zΑ-1 ãä c z sinHc zL â z �
1

2
ä zΑ 2-Α GHΑ, -2 ä c zL H-ä c zL-Α +

1

Α

01.06.21.0283.01à zΑ-1 ã-ä c z sinHc zL â z � -
1

2
ä zΑ 2-Α GHΑ, 2 ä c zL Hä c zL-Α +

1

Α

01.06.21.0284.01à zn ãb z sinHc zL â z �

1

2
ä zn+1 HH-ä c - bL zL-n-1

H-1L-n EiHHä c + bL zLH-n - 1L !
+ ãHä c+bL z â

k=0

n HH-ä c - bL zLkHn + 1Lk-n

- ãHä c+bL z â
k=n+1

-1 HH-ä c - bL zLkHn + 1Lk-n

-

HHä c - bL zL-n-1
H-1L-n EiHH-ä c + bL zLH-n - 1L !

+ ãH-ä c+bL z â
k=0

n HHä c - bL zLkHn + 1Lk-n

- ãH-ä c+bL z â
k=n+1

-1 HHä c - bL zLkHn + 1Lk-n

�; n Î Z

01.06.21.0285.01

à zn ãb z sinHc zL â z � -
ä

2
 n! Hä c - bL-n-1 ãHb-ä cL z â

k=0

n HHä c - bL zLk

k !
- H-b - ä c L-n-1 ãHb+ä c L z â

k=0

n H-Hb + ä c L zLk

k !
�; n Î N

01.06.21.0286.01

à z ãb z sinHc zL â z �
ãb z IIz b3 - b2 + c2 z b + c2M sinHc zL - c Iz b2 - 2 b + c2 zM cosHc zLMIb2 + c2M2

01.06.21.0287.01

à z ãä c z sinHc zL â z �
2 ä c2 z2 - ã2 ä c z Hä + 2 c zL

8 c2
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01.06.21.0288.01

à z ã-ä c z sinHc zL â z �
1

8

ã-2 ä c z Hä - 2 c zL
c2

- 2 ä z2

01.06.21.0289.01à z2 ãb z sinHc zL â z �
1Ib2 + c2M3

 Iãb z IIz2 b5 - 2 z b4 + 2 Ic2 z2 + 1M b3 + c2 Ic2 z2 - 6M b + 2 c4 zM sinHc zL -

c Iz2 b4 - 4 z b3 + 2 Ic2 z2 + 3M b2 - 4 c2 z b + c2 Ic2 z2 - 2MM cosHc zLMM
01.06.21.0290.01

à z2 ãä c z sinHc zL â z �
4 c3 ä z3 + ã2 ä c z I-6 c2 z2 - 6 ä c z + 3M

24 c3

01.06.21.0291.01

à z2 ã-ä c z sinHc zL â z �
ã-2 ä c z I-2 c2 z2 + 2 ä c z + 1M

8 c3
-

ä z3

6

01.06.21.0292.01à z3 ãb z sinHc zL â z �

1Ib2 + c2M4
 ãb z IIz3 b7 - 3 z2 b6 + 3 z Ic2 z2 + 2M b5 - 3 Ic2 z2 + 2M b4 + 3 c2 z Ic2 z2 - 4M b3 + 3 c2 Ic2 z2 + 12M b2 +

c4 z Ic2 z2 - 18M b + 3 c4 Ic2 z2 - 2MM sinHc zL -

c Iz3 b6 - 6 z2 b5 + 3 z Ic2 z2 + 6M b4 - 12 Ic2 z2 + 2M b3 + 3 c2 z Ic2 z2 + 4M b2 - 6 c2 Ic2 z2 - 4M b + c4 z Ic2 z2 - 6MM cosHc zLM
01.06.21.0293.01à z4 ãb z sinHc zL â z �

1Ib2 + c2M5
 ãb z IIz4 b9 - 4 z3 b8 + 4 z2 Ic2 z2 + 3M b7 - 8 z Ic2 z2 + 3M b6 + 6 Ic4 z4 - 2 c2 z2 + 4M b5 + 120 c2 z b4 +

4 c2 Ic4 z4 - 15 c2 z2 - 60M b3 + 8 c4 z Ic2 z2 + 15M b2 + c4 Ic4 z4 - 36 c2 z2 + 120M b + 4 c6 z Ic2 z2 - 6MM sinHc zL -

c Iz4 b8 - 8 z3 b7 + 4 z2 Ic2 z2 + 9M b6 - 24 z Ic2 z2 + 4M b5 + 6 Ic4 z4 + 10 c2 z2 + 20M b4 - 24 c4 z3 b3 +

4 c2 Ic4 z4 + 3 c2 z2 - 60M b2 + I96 c4 z - 8 c6 z3M b + c4 Ic4 z4 - 12 c2 z2 + 24MM cosHc zLM
01.06.21.0294.01à z5 ãb z sinHc zL â z �

1Ib2 + c2M6
 Iãb z IIz5 b11 - 5 z4 b10 + 5 z3 Ic2 z2 + 4M b9 - 15 z2 Ic2 z2 + 4M b8 + 10 z Ic4 z4 + 12M b7 - 10 Ic4 z4 - 24 c2 z2 + 12M b6 +

10 c2 z Ic4 z4 - 12 c2 z2 - 108M b5 + 10 c2 Ic4 z4 + 60 c2 z2 + 180M b4 + 5 c4 z Ic4 z4 - 32 c2 z2 - 120M b3 +

15 c4 Ic4 z4 + 16 c2 z2 - 120M b2 + c6 z Ic4 z4 - 60 c2 z2 + 600M b + 5 c6 Ic4 z4 - 12 c2 z2 + 24MM sinHc zL -

c Iz5 b10 - 10 z4 b9 + 5 z3 Ic2 z2 + 12M b8 - 40 z2 Ic2 z2 + 6M b7 + 10 z Ic4 z4 + 16 c2 z2 + 60M b6 -

60 Ic4 z4 + 4 c2 z2 + 12M b5 + 10 c2 z Ic4 z4 + 12 c2 z2 - 60M b4 - 40 c2 Ic4 z4 - 6 c2 z2 - 60M b3 +

5 c4 z Ic4 z4 - 216M b2 - 10 c4 Ic4 z4 - 24 c2 z2 + 72M b + c6 z Ic4 z4 - 20 c2 z2 + 120MM cosHc zLMM
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01.06.21.0295.01

à z-n ãb z sinHc zL â z �
ä ãH-b-ä cL z

2 Ib2 + c2M Hn - 1L !

-Hä c - bLn Hb + ä c L ã2 b z Hn - 1L ! â
k=1

n-1 Hä c - bLk-n zk-nH1 - nLk

- H-b - ä cLn Hä c - bL ã2 Hb+ä c L z Hn - 1L ! â
k=1

n-1 H-b - ä cLk-n zk-nH1 - nLk

+

H-1Ln ãHb+ä c L z HHb + ä c L EiHHb - ä cL zL Hä c - bLn + H-b - ä cLn EiHHb + ä c L zL Hä c - bLL �; n Î N+

01.06.21.0296.01

à ãb z sinHc zL
z

 â z �
1

2
ä HEiHHb - ä cL zL - EiHHb + ä c L zLL

01.06.21.0297.01

à ãä c z sinHc zL
z

 â z � -
1

2
ä HEiH2 ä c zL - logHzLL

01.06.21.0298.01

à ã-ä c z sinHc zL
z

 â z �
1

2
ä HEiH-2 ä c zL - logHzLL

01.06.21.0299.01

à ãb z sinHc zL
z2

 â z �
ä ãHb-ä cL z I-1 + ã2 ä c zM + Hc + ä b L z EiHHb - ä cL zL + Hc - ä bL z EiHHb + ä c L zL

2 z

01.06.21.0300.01

à ãä c z sinHc zL
z2

 â z �
ä I-1 + ã2 ä c zM + 2 c z EiH2 ä c zL

2 z

01.06.21.0301.01

à ã-ä c z sinHc zL
z2

 â z �
ä - ä ã-2 ä c z + 2 c z EiH-2 ä c zL

2 z

01.06.21.0302.01

à ãb z sinHc zL
z3

 â z �

1

4 z2
 ä I-Hb + ä c L2 EiHHb + ä c L zL z2 + Hb - ä cL2 EiHHb - ä cL zL z2 + ãHb-ä cL z I-b z + ä c z + ã2 ä c z Hb z + ä c z + 1L - 1MM

01.06.21.0303.01

à ãb z sinHc zL
z4

 â z � -
1

12
ä EiHHb + ä c L zL Hb + ä c L3 +

ãHb-ä cL z IHb - ä cL2 z2 + Hb - ä cL z + 2M
z3

- Hb - ä cL3 EiHHb - ä cL zL -
ãHb+ä c L z IHb + ä c L2 z2 + Hb + ä c L z + 2M

z3
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01.06.21.0304.01

à ãb z sinHc zL
z5

 â z � -
1

48
ä EiHHb + ä c L zL Hb + ä c L4 +

ãHb-ä cL z IHb - ä cL3 z3 + Hb - ä cL2 z2 + 2 Hb - ä cL z + 6M
z4

-

Hb - ä cL4 EiHHb - ä cL zL -
ãHb+ä c L z IHb + ä c L3 z3 + Hb + ä c L2 z2 + 2 Hb + ä c L z + 6M

z4

01.06.21.0305.01à zn+
1

2 ãb z sinHc zL â z �

1

2
ä zn+

3

2 HH-ä c - bL zL-n-
3

2 erfcK H-ä c - bL z O G n +
3

2
+ ãHä c+bL z â

k=0

n HH-ä c - bL zLk+
1

2Jn + 3

2
N
k-n

- ãHä c+bL z â
k=n+1

-1 HH-ä c - bL zLk+
1

2Jn + 3

2
N
k-n

-

HHä c - bL zL-n-
3

2 erfcK Hä c - bL z O G n +
3

2
+ ãH-ä c+bL z â

k=0

n HHä c - bL zLk+
1

2Jn + 3

2
N
k-n

- ãH-ä c+bL z â
k=n+1

-1 HHä c - bL zLk+
1

2Jn + 3

2
N
k-n

�; n Î Z

01.06.21.0306.01à z ãb z sinHc zL â z � -
1

2
ä z3�2

1

2
Π JerfJ -Hb + ä c L z N - 1N - ãHb+ä c L z -Hb + ä c L zH-Hb + ä c L zL3�2 +

ãHb-ä cL z -Hb - ä cL z - 1

2
Π JerfJ -Hb - ä cL z N - 1NH-Hb - ä cL zL3�2

01.06.21.0307.01

à z3�2 ãb z sinHc zL â z � -
1

8
ä z5�2 2 ãHb+ä c L z -Hb + ä c L z H2 b z + 2 ä c z - 3L + 3 Π erfJ -Hb + ä c L z N - 3 ΠH-Hb + ä c L zL5�2 +

1H-Hb - ä cL zL5�2  Kã-ä c z K3 ãä c z Π - 2 ãb z -Hb - ä cL z H2 b z - 2 ä c z - 3LO - 3 Π erfK -Hb - ä cL z OO
01.06.21.0308.01à z5�2 ãb z sinHc zL â z � -

1

2
ä z7�2

K2 ãHb+ä c L z -Hb + ä c L z I4 b2 z2 - 4 c2 z2 - 10 ä c z + 2 b H4 ä c z - 5L z + 15M - 15 Π erfK -Hb + ä c L z O + 15 Π O �
K8 Hb + ä c L3 z3 -Hb + ä c L z O +

1H-Hb - ä cL zL7�2  ãHb-ä cL z H-Hb - ä cL zL5�2 -

5

8
Kã-ä c z K2 ãb z -Hb - ä cL z H2 b z - 2 ä c z - 3L - 3 ãä c z Π O + 3 Π erfK -Hb - ä cL z OO
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01.06.21.0309.01à z7�2 ãb z sinHc zL â z �

-
1

2
ä z9�2 1H-Hb - ä cL zL9�2  ãHb-ä cL z H-Hb - ä cL zL7�2 +

7

16
ã-ä c z K2 ãb z -Hb - ä cL z I4 b2 z2 - 4 c2 z2 + 10 ä c z +

2 b H-4 ä c z - 5L z + 15M - 15 ãä c z Π erfK -Hb - ä cL z O + 15 ãä c z Π O -
1H-Hb + ä c L zL9�2  

ãHb+ä c L z H-Hb + ä c L zL7�2 +
7

16
K2 ãHb+ä c L z -Hb + ä c L z I4 b2 z2 - 4 c2 z2 - 10 ä c z + 2 b H4 ä c z - 5L z + 15M -

15 Π erfK -Hb + ä c L z O + 15 Π O
01.06.21.0310.01à z9�2 ãb z sinHc zL â z �

-
1

2
ä z11�2 1H-Hb - ä cL zL11�2  ãHb-ä cL z H-Hb - ä cL zL9�2 +

9

2
ãHb-ä cL z H-Hb - ä cL zL7�2 +

7

16
ã-ä c z K2 ãb z -Hb - ä cL z I4 b2 z2 -

4 c2 z2 + 10 ä c z + 2 b H-4 ä c z - 5L z + 15M - 15 ãä c z Π erfK -Hb - ä cL z O + 15 ãä c z Π O -

1H-Hb + ä c L zL11�2  ãHb+ä c L z H-Hb + ä c L zL9�2 +
9

2
ãHb+ä c L z H-Hb + ä c L zL7�2 +

7

16
K2 ãHb+ä c L z -Hb + ä c L z

I4 b2 z2 - 4 c2 z2 - 10 ä c z + 2 b H4 ä c z - 5L z + 15M - 15 Π erfK -Hb + ä c L z O + 15 Π O
01.06.21.0311.01

à ãb z sinHc zL
z

 â z �
1

2 Ib2 + c2M  Kä Π K b - ä c Hb + ä c L erfiK b - ä c z O - Hb - ä cL b + ä c erfiK b + ä c z OOO
01.06.21.0312.01

à ãb z sinHc zL
z3�2  â z �

-
1

z
 Kä K- Π -Hb + ä c L z erfK -Hb + ä c L z O - ãHb+ä c L z + ãHb-ä cL z + Π -Hb - ä cL z erfK -Hb - ä cL z O +

Π -Hb + ä c L z - Π -Hb - ä cL z OO
01.06.21.0313.01

à ãb z sinHc zL
z5�2  â z �

1

3 z3�2  Kä K-2 Π erfK -Hb + ä c L z O H-Hb + ä c L zL3�2 + 2 Π H-Hb + ä c L zL3�2 - 2 Π H-Hb - ä cL zL3�2 + ãHb+ä c L z -

ãHb-ä cL z + 2 Hb + ä c L ãHb+ä c L z z - 2 Hb - ä cL ãHb-ä cL z z + 2 Π H-Hb - ä cL zL3�2 erfK -Hb - ä cL z OOO
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01.06.21.0314.01

à ãb z sinHc zL
z7�2  â z �

-
1

15 z5�2  Kä K-4 Π erfK -Hb + ä c L z O H-Hb + ä c L zL5�2 + 4 Π H-Hb + ä c L zL5�2 - 4 Π H-Hb - ä cL zL5�2 - 3 ãHb+ä c L z +

3 ãHb-ä cL z - 4 Hb + ä c L2 ãHb+ä c L z z2 + 4 Hb - ä cL2 ãHb-ä cL z z2 - 2 Hb + ä c L ãHb+ä c L z z +

2 Hb - ä cL ãHb-ä cL z z + 4 Π H-Hb - ä cL zL5�2 erfK -Hb - ä cL z OOO
01.06.21.0315.01

à ãb z sinHc zL
z9�2  â z �

1

105 z7�2  Kä K-8 Π erfK -Hb + ä c L z O H-Hb + ä c L zL7�2 + 8 Π H-Hb + ä c L zL7�2 - 8 Π H-Hb - ä cL zL7�2 + 15 ãHb+ä c L z -

15 ãHb-ä cL z + 8 Hb + ä c L3 ãHb+ä c L z z3 - 8 Hb - ä cL3 ãHb-ä cL z z3 + 4 Hb + ä c L2 ãHb+ä c L z z2 - 4 Hb - ä cL2 ãHb-ä cL z z2 +

6 Hb + ä c L ãHb+ä c L z z - 6 Hb - ä cL ãHb-ä cL z z + 8 Π H-Hb - ä cL zL7�2 erfK -Hb - ä cL z OOO
Involving zΑ-1 ãb z+e sinHc zL

01.06.21.0316.01à zΑ-1 ãb z+e sinHc zL â z � -
1

2
ä zΑ ãe IH-Hb - ä cL zL-Α GHΑ, -Hb - ä cL zL - H-Hb + ä c L zL-Α GHΑ, -Hb + ä c L zLM

01.06.21.0317.01à zΑ-1 ãä c z+e sinHc zL â z �
1

2
ä zΑ ãe 2-Α GHΑ, -2 ä c zL H-ä c zL-Α +

1

Α

01.06.21.0318.01à zΑ-1 ãe-ä c z sinHc zL â z � -
1

2
ä zΑ ãe 2-Α GHΑ, 2 ä c zL Hä c zL-Α +

1

Α

01.06.21.0319.01à zn ãb z+e sinHc zL â z �

1

2
ä zn+1 ãe HH-ä c - bL zL-n-1

H-1L-n EiHHä c + bL zLH-n - 1L !
+ ãHä c+bL z â

k=0

n HH-ä c - bL zLkHn + 1Lk-n

- ãHä c+bL z â
k=n+1

-1 HH-ä c - bL zLkHn + 1Lk-n

-

HHä c - bL zL-n-1
H-1L-n EiHH-ä c + bL zLH-n - 1L !

+ ãH-ä c+bL z â
k=0

n HHä c - bL zLkHn + 1Lk-n

- ãH-ä c+bL z â
k=n+1

-1 HHä c - bL zLkHn + 1Lk-n

�; n Î Z

01.06.21.0320.01

à zn ãb z+e sinHc zL â z � -
ä ãe

2
 n! Hä c - bL-n-1 ãHb-ä cL z â

k=0

n HHä c - bL zLk

k !
- H-b - ä c L-n-1 ãHb+ä c L z â

k=0

n H-Hb + ä c L zLk

k !
�; n Î N

01.06.21.0321.01

à z ãb z+e sinHc zL â z �
ãb z+e IIz b3 - b2 + c2 z b + c2M sinHc zL - c Iz b2 - 2 b + c2 zM cosHc zLMIb2 + c2M2
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01.06.21.0322.01

à z ãc z+e sinHc zL â z �
ãc z+e HH1 - c zL cosHc zL + c z sinHc zLL

2 c2

01.06.21.0323.01à z ãe-c z sinHc zL â z � -
ãe-c z HHc z + 1L cosHc zL + c z sinHc zLL

2 c2

01.06.21.0324.01à z2 ãb z+e sinHc zL â z �
1Ib2 + c2M3

 ãb z+e IIz2 b5 - 2 z b4 + 2 Ic2 z2 + 1M b3 + c2 Ic2 z2 - 6M b + 2 c4 zM sinHc zL -

c Iz2 b4 - 4 z b3 + 2 Ic2 z2 + 3M b2 - 4 c2 z b + c2 Ic2 z2 - 2MM cosHc zLM
01.06.21.0325.01

à z2 ãc z+e sinHc zL â z � -
ãc z+e Hc z - 1L HHc z - 1L cosHc zL - Hc z + 1L sinHc zLL

2 c3

01.06.21.0326.01à z2 ãe-c z sinHc zL â z � -
ãe-c z Hc z + 1L HHc z + 1L cosHc zL + Hc z - 1L sinHc zLL

2 c3

01.06.21.0327.01à z3 ãb z+e sinHc zL â z �

1Ib2 + c2M4
 ãb z+e IIz3 b7 - 3 z2 b6 + 3 z Ic2 z2 + 2M b5 - 3 Ic2 z2 + 2M b4 + 3 c2 z Ic2 z2 - 4M b3 + 3 c2 Ic2 z2 + 12M b2 +

c4 z Ic2 z2 - 18M b + 3 c4 Ic2 z2 - 2MM sinHc zL -

c Iz3 b6 - 6 z2 b5 + 3 z Ic2 z2 + 6M b4 - 12 Ic2 z2 + 2M b3 + 3 c2 z Ic2 z2 + 4M b2 - 6 c2 Ic2 z2 - 4M b + c4 z Ic2 z2 - 6MM cosHc zLM
01.06.21.0328.01à z4 ãb z+e sinHc zL â z �

1Ib2 + c2M5
 ãb z+e IIz4 b9 - 4 z3 b8 + 4 z2 Ic2 z2 + 3M b7 - 8 z Ic2 z2 + 3M b6 + 6 Ic4 z4 - 2 c2 z2 + 4M b5 + 120 c2 z b4 +

4 c2 Ic4 z4 - 15 c2 z2 - 60M b3 + 8 c4 z Ic2 z2 + 15M b2 + c4 Ic4 z4 - 36 c2 z2 + 120M b + 4 c6 z Ic2 z2 - 6MM sinHc zL -

c Iz4 b8 - 8 z3 b7 + 4 z2 Ic2 z2 + 9M b6 - 24 z Ic2 z2 + 4M b5 + 6 Ic4 z4 + 10 c2 z2 + 20M b4 - 24 c4 z3 b3 +

4 c2 Ic4 z4 + 3 c2 z2 - 60M b2 + I96 c4 z - 8 c6 z3M b + c4 Ic4 z4 - 12 c2 z2 + 24MM cosHc zLM
01.06.21.0329.01à z5 ãb z+e sinHc zL â z �

1Ib2 + c2M6
 ãb z+e IIz5 b11 - 5 z4 b10 + 5 z3 Ic2 z2 + 4M b9 - 15 z2 Ic2 z2 + 4M b8 + 10 z Ic4 z4 + 12M b7 - 10 Ic4 z4 - 24 c2 z2 + 12M b6 +

10 c2 z Ic4 z4 - 12 c2 z2 - 108M b5 + 10 c2 Ic4 z4 + 60 c2 z2 + 180M b4 + 5 c4 z Ic4 z4 - 32 c2 z2 - 120M b3 +

15 c4 Ic4 z4 + 16 c2 z2 - 120M b2 + c6 z Ic4 z4 - 60 c2 z2 + 600M b + 5 c6 Ic4 z4 - 12 c2 z2 + 24MM sinHc zL -

c Iz5 b10 - 10 z4 b9 + 5 z3 Ic2 z2 + 12M b8 - 40 z2 Ic2 z2 + 6M b7 + 10 z Ic4 z4 + 16 c2 z2 + 60M b6 -

60 Ic4 z4 + 4 c2 z2 + 12M b5 + 10 c2 z Ic4 z4 + 12 c2 z2 - 60M b4 - 40 c2 Ic4 z4 - 6 c2 z2 - 60M b3 +

5 c4 z Ic4 z4 - 216M b2 - 10 c4 Ic4 z4 - 24 c2 z2 + 72M b + c6 z Ic4 z4 - 20 c2 z2 + 120MM cosHc zLM
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01.06.21.0330.01

à z-n ãb z+e sinHc zL â z �
ä ãH-b-ä cL z+e

2 Ib2 + c2M Hn - 1L !

-Hä c - bLn Hb + ä c L ã2 b z Hn - 1L ! â
k=1

n-1 Hä c - bLk-n zk-nH1 - nLk

- H-b - ä cLn Hä c - bL ã2 Hb+ä c L z Hn - 1L ! â
k=1

n-1 H-b - ä cLk-n zk-nH1 - nLk

+

H-1Ln ãHb+ä c L z HHb + ä c L EiHHb - ä cL zL Hä c - bLn + H-b - ä cLn EiHHb + ä c L zL Hä c - bLL �; n Î N+

01.06.21.0331.01

à ãe+b z sinHc zL
z

 â z �
1

2
ä ãe HEiHHb - ä cL zL - EiHHb + ä c L zLL

01.06.21.0332.01

à ãä c z+e sinHc zL
z

 â z � -
1

2
ä ãe HEiH2 ä c zL - logHzLL

01.06.21.0333.01

à ãe-ä c z sinHc zL
z

 â z �
1

2
ä ãe HEiH-2 ä c zL - logHzLL

01.06.21.0334.01

à ãb z+e sinHc zL
z2

 â z � ãe 
ä ãHb-ä cL z I-1 + ã2 ä c zM + Hc + ä b L z EiHHb - ä cL zL + Hc - ä bL z EiHHb + ä c L zL

2 z

01.06.21.0335.01

à ãä c z+e sinHc zL
z2

 â z � ãe 
ä I-1 + ã2 ä c zM + 2 c z EiH2 ä c zL

2 z

01.06.21.0336.01

à ãe-ä c z sinHc zL
z2

 â z � ãe 
ä - ä ã-2 ä c z + 2 c z EiH-2 ä c zL

2 z

01.06.21.0337.01

à ãb z+e sinHc zL
z3

 â z �

1

4 z2
 ä ãe I-Hb + ä c L2 EiHHb + ä c L zL z2 + Hb - ä cL2 EiHHb - ä cL zL z2 + ãHb-ä cL z I-b z + ä c z + ã2 ä c z Hb z + ä c z + 1L - 1MM

01.06.21.0338.01

à ãb z+e sinHc zL
z4

 â z � -
1

12
ä ãe EiHHb + ä c L zL Hb + ä c L3 +

ãHb-ä cL z IHb - ä cL2 z2 + Hb - ä cL z + 2M
z3

- Hb - ä cL3 EiHHb - ä cL zL -
ãHb+ä c L z IHb + ä c L2 z2 + Hb + ä c L z + 2M

z3
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01.06.21.0339.01

à ãb z+e sinHc zL
z5

 â z � -
1

48
ä ãe EiHHb + ä c L zL Hb + ä c L4 +

ãHb-ä cL z IHb - ä cL3 z3 + Hb - ä cL2 z2 + 2 Hb - ä cL z + 6M
z4

-

Hb - ä cL4 EiHHb - ä cL zL -
ãHb+ä c L z IHb + ä c L3 z3 + Hb + ä c L2 z2 + 2 Hb + ä c L z + 6M

z4

01.06.21.0340.01à zn+
1

2 ãb z+e sinHc zL â z �
1

2
ä zn+

3

2 ãe

HH-ä c - bL zL-n-
3

2 erfcK H-ä c - bL z O G n +
3

2
+ ãHä c+bL z â

k=0

n HH-ä c - bL zLk+
1

2Jn + 3

2
N
k-n

- ãHä c+bL z â
k=n+1

-1 HH-ä c - bL zLk+
1

2Jn + 3

2
N
k-n

-

HHä c - bL zL-n-
3

2 erfcK Hä c - bL z O G n +
3

2
+ ãH-ä c+bL z â

k=0

n HHä c - bL zLk+
1

2Jn + 3

2
N
k-n

- ãH-ä c+bL z â
k=n+1

-1 HHä c - bL zLk+
1

2Jn + 3

2
N
k-n

�; n Î Z

01.06.21.0341.01à z ãb z+e sinHc zL â z � -
1

2
ä z3�2 ãe

1

2
Π JerfJ -Hb + ä c L z N - 1N - ãHb+ä c L z -Hb + ä c L zH-Hb + ä c L zL3�2 +

ãHb-ä cL z -Hb - ä cL z - 1

2
Π JerfJ -Hb - ä cL z N - 1NH-Hb - ä cL zL3�2

01.06.21.0342.01

à z3�2 ãb z+e sinHc zL â z � -
1

8
ä z5�2 ãe

2 ãHb+ä c L z -Hb + ä c L z H2 b z + 2 ä c z - 3L + 3 Π erfJ -Hb + ä c L z N - 3 ΠH-Hb + ä c L zL5�2 +

1H-Hb - ä cL zL5�2  Kã-ä c z K3 ãä c z Π - 2 ãb z -Hb - ä cL z H2 b z - 2 ä c z - 3LO - 3 Π erfK -Hb - ä cL z OO
01.06.21.0343.01à z5�2 ãb z+e sinHc zL â z � -

1

2
ä z7�2 ãe

K2 ãHb+ä c L z -Hb + ä c L z I4 b2 z2 - 4 c2 z2 - 10 ä c z + 2 b H4 ä c z - 5L z + 15M - 15 Π erfK -Hb + ä c L z O + 15 Π O �
K8 Hb + ä c L3 z3 -Hb + ä c L z O +

1H-Hb - ä cL zL7�2  ãHb-ä cL z H-Hb - ä cL zL5�2 -

5

8
Kã-ä c z K2 ãb z -Hb - ä cL z H2 b z - 2 ä c z - 3L - 3 ãä c z Π O + 3 Π erfK -Hb - ä cL z OO
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01.06.21.0344.01à z7�2 ãb z+e sinHc zL â z �

-
1

2
ä z9�2 ãe

1H-Hb - ä cL zL9�2  ãHb-ä cL z H-Hb - ä cL zL7�2 +
7

16
ã-ä c z K2 ãb z -Hb - ä cL z I4 b2 z2 - 4 c2 z2 + 10 ä c z +

2 b H-4 ä c z - 5L z + 15M - 15 ãä c z Π erfK -Hb - ä cL z O + 15 ãä c z Π O -
1H-Hb + ä c L zL9�2  

ãHb+ä c L z H-Hb + ä c L zL7�2 +
7

16
K2 ãHb+ä c L z -Hb + ä c L z I4 b2 z2 - 4 c2 z2 - 10 ä c z + 2 b H4 ä c z - 5L z + 15M -

15 Π erfK -Hb + ä c L z O + 15 Π O
01.06.21.0345.01à z9�2 ãb z+e sinHc zL â z �

-
1

2
ä z11�2 ãe

1H-Hb - ä cL zL11�2  ãHb-ä cL z H-Hb - ä cL zL9�2 +
9

2
ãHb-ä cL z H-Hb - ä cL zL7�2 +

7

16
ã-ä c z K2 ãb z -Hb - ä cL z I4 b2 z2 -

4 c2 z2 + 10 ä c z + 2 b H-4 ä c z - 5L z + 15M - 15 ãä c z Π erfK -Hb - ä cL z O + 15 ãä c z Π O -

1H-Hb + ä c L zL11�2  ãHb+ä c L z H-Hb + ä c L zL9�2 +
9

2
ãHb+ä c L z H-Hb + ä c L zL7�2 +

7

16
K2 ãHb+ä c L z -Hb + ä c L z

I4 b2 z2 - 4 c2 z2 - 10 ä c z + 2 b H4 ä c z - 5L z + 15M - 15 Π erfK -Hb + ä c L z O + 15 Π O
01.06.21.0346.01

à ãb z+e sinHc zL
z

 â z � ãe 
1

2 Ib2 + c2M  Kä Π K b - ä c Hb + ä c L erfiK b - ä c z O - Hb - ä cL b + ä c erfiK b + ä c z OOO
01.06.21.0347.01

à ãe+b z sinHc zL
z3�2  â z �

-
1

z
 Kä ãe K- Π -Hb + ä c L z erfK -Hb + ä c L z O - ãHb+ä c L z + ãHb-ä cL z + Π -Hb - ä cL z erfK -Hb - ä cL z O +

Π -Hb + ä c L z - Π -Hb - ä cL z OO
01.06.21.0348.01

à ãb z+e sinHc zL
z5�2  â z �

1

3 z3�2  ä ãe K-2 Π erfK -Hb + ä c L z O H-Hb + ä c L zL3�2 + 2 Π H-Hb + ä c L zL3�2 - 2 Π H-Hb - ä cL zL3�2 +

ãHb+ä c L z - ãHb-ä cL z + 2 Hb + ä c L ãHb+ä c L z z - 2 Hb - ä cL ãHb-ä cL z z + 2 Π H-Hb - ä cL zL3�2 erfK -Hb - ä cL z OO
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01.06.21.0349.01

à ãb z+e sinHc zL
z7�2  â z �

-
1

15 z5�2  ä ãe K-4 Π erfK -Hb + ä c L z O H-Hb + ä c L zL5�2 + 4 Π H-Hb + ä c L zL5�2 - 4 Π H-Hb - ä cL zL5�2 -

3 ãHb+ä c L z + 3 ãHb-ä cL z - 4 Hb + ä c L2 ãHb+ä c L z z2 + 4 Hb - ä cL2 ãHb-ä cL z z2 -

2 Hb + ä c L ãHb+ä c L z z + 2 Hb - ä cL ãHb-ä cL z z + 4 Π H-Hb - ä cL zL5�2 erfK -Hb - ä cL z OO
01.06.21.0350.01

à ãb z+e sinHc zL
z9�2  â z �

1

105 z7�2  ä ãe K-8 Π erfK -Hb + ä c L z O H-Hb + ä c L zL7�2 + 8 Π H-Hb + ä c L zL7�2 - 8 Π H-Hb - ä cL zL7�2 +

15 ãHb+ä c L z - 15 ãHb-ä cL z + 8 Hb + ä c L3 ãHb+ä c L z z3 - 8 Hb - ä cL3 ãHb-ä cL z z3 + 4 Hb + ä c L2 ãHb+ä c L z z2 -

4 Hb - ä cL2 ãHb-ä cL z z2 + 6 Hb + ä c L ãHb+ä c L z z - 6 Hb - ä cL ãHb-ä cL z z + 8 Π H-Hb - ä cL zL7�2 erfK -Hb - ä cL z OO
Involving zΑ-1 ãb z sinHc z + dL

01.06.21.0351.01à zΑ-1 ãb z sinHc z + dL â z �
1

2
ä ã-ä d zΑ Iã2 ä d E1-ΑH-Hb + ä c L zL - E1-ΑH-Hb - ä cL zLM

01.06.21.0352.01à zn ãb z sinHd + c zL â z �

1

2
ä ã-ä d zn+1 ã2 ä d HH-ä c - bL zL-n-1

H-1L-n EiHHä c + bL zLH-n - 1L !
+ ãHä c+bL z â

k=0

n HH-ä c - bL zLkHn + 1Lk-n

- ãHä c+bL z â
k=n+1

-1 HH-ä c - bL zLkHn + 1Lk-n

-

HHä c - bL zL-n-1
H-1L-n EiHH-ä c + bL zLH-n - 1L !

+ ãH-ä c+bL z â
k=0

n HHä c - bL zLkHn + 1Lk-n

- ãH-ä c+bL z â
k=n+1

-1 HHä c - bL zLkHn + 1Lk-n

�; n Î Z

01.06.21.0353.01à zn+
1

2 ãb z sinHc z + dL â z �
1

2
ä ã-ä d zn+

3

2

ã2 ä d HH-ä c - bL zL-n-
3

2 erfcK H-ä c - bL z O G n +
3

2
+ ãHä c+bL z â

k=0

n HH-ä c - bL zLk+
1

2Jn + 3

2
N
k-n

- ãHä c+bL z â
k=n+1

-1 HH-ä c - bL zLk+
1

2Jn + 3

2
N
k-n

-

HHä c - bL zL-n-
3

2 erfcK Hä c - bL z O G n +
3

2
+ ãH-ä c+bL z â

k=0

n HHä c - bL zLk+
1

2Jn + 3

2
N
k-n

- ãH-ä c+bL z â
k=n+1

-1 HHä c - bL zLk+
1

2Jn + 3

2
N
k-n

�; n Î Z

01.06.21.0354.01

à z ãb z sinHc z + dL â z �
ãb z II-b2 + Ib2 + c2M z b + c2M sinHd + c zL - c IIb2 + c2M z - 2 bM cosHd + c zLMIb2 + c2M2
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Involving zΑ-1 ãb z+e sinHc z + dL
01.06.21.0355.01à zΑ-1 ãb z+e sinHc z + dL â z �

1

2
ä ã-ä d+e zΑ Iã2 ä d E1-ΑH-Hb + ä c L zL - E1-ΑH-Hb - ä cL zLM

01.06.21.0356.01à zn ãb z+e sinHd + c zL â z �

1

2
ä ãe-ä d zn+1 ã2 ä d HH-ä c - bL zL-n-1

H-1L-n EiHHä c + bL zLH-n - 1L !
+ ãHä c+bL z â

k=0

n HH-ä c - bL zLkHn + 1Lk-n

- ãHä c+bL z â
k=n+1

-1 HH-ä c - bL zLkHn + 1Lk-n

-

HHä c - bL zL-n-1
H-1L-n EiHH-ä c + bL zLH-n - 1L !

+ ãH-ä c+bL z â
k=0

n HHä c - bL zLkHn + 1Lk-n

- ãH-ä c+bL z â
k=n+1

-1 HHä c - bL zLkHn + 1Lk-n

�; n Î Z

01.06.21.0357.01à zn+
1

2 ãb z+e sinHc z + dL â z �
1

2
ä ãe-ä d zn+

3

2

ã2 ä d HH-ä c - bL zL-n-
3

2 erfcK H-ä c - bL z O G n +
3

2
+ ãHä c+bL z â

k=0

n HH-ä c - bL zLk+
1

2Jn + 3

2
N
k-n

- ãHä c+bL z â
k=n+1

-1 HH-ä c - bL zLk+
1

2Jn + 3

2
N
k-n

-

HHä c - bL zL-n-
3

2 erfcK Hä c - bL z O G n +
3

2
+ ãH-ä c+bL z â

k=0

n HHä c - bL zLk+
1

2Jn + 3

2
N
k-n

- ãH-ä c+bL z â
k=n+1

-1 HHä c - bL zLk+
1

2Jn + 3

2
N
k-n

�; n Î Z

01.06.21.0358.01

à z ãb z+e sinHc z + dL â z �
ãb z+e II-b2 + Ib2 + c2M z b + c2M sinHd + c zL - c IIb2 + c2M z - 2 bM cosHd + c zLMIb2 + c2M2

Involving zn ãb zr
sinHc zL

01.06.21.0359.01

à zn ãb z2
sinHc zL â z �

ä

4 b
ã

c2

4 b â
k=0

n

2k-n b-n-
1

2 H-ä cLn-k Hä c + 2 b zLk+1 -
Hä c + 2 b zL2

b

1

2
H-k-1L

n

k
G

k + 1

2
, -

Hä c + 2 b zL2

4 b
-

â
k=0

n

2k-n b-n-
1

2 Hä cLn-k -
Hä c - 2 b zL2

b

1

2
H-k-1L H-ä c + 2 b zLk+1 n

k
G

k + 1

2
, -

Hä c - 2 b zL2

4 b
�; n Î N
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01.06.21.0360.01à zn ãb z sinHc zL â z �

ä 2-2 Hn+1L Hä cL-2 n-2 ã
ä b2

4 c ã
-

ä b2

2 c â
k=0

n â
m=0

k H-1Lk-m 4k b-k-m+2 n Ib - 2 ä c z Nk+m
-

ä Ib - 2 ä c z N2

c

1

2
H-k-m-1L

k
m

n

k
b Ib - 2 ä c z N G

1

2
Hk + m + 1L, -

ä Ib - 2 ä c z N2

4 c
-

2 ä c -
ä Ib - 2 ä c z N2

c
G

1

2
Hk + m + 2L, -

ä Ib - 2 ä c z N2

4 c
-

â
k=0

n â
m=0

k H-1Lk-m 4k b-k-m+2 n Ib + 2 ä c z Nk+m
ä Ib + 2 ä c z N2

c

1

2
H-k-m-1L

k
m

n

k

b Ib + 2 ä c z N G
1

2
Hk + m + 1L, ä Ib + 2 ä c z N2

4 c
+

2
ä Ib + 2 ä c z N2

c
c ä G

1

2
Hk + m + 2L, ä Ib + 2 ä c z N2

4 c
�; n Î N

Involving zn ãb zr +e sinHc zL
01.06.21.0361.01à zn ãb z2+e sinHc zL â z �

ä

4 b
ã

c2

4 b
+e â

k=0

n

2k-n b-n-
1

2 H-ä cLn-k Hä c + 2 b zLk+1 -
Hä c + 2 b zL2

b

1

2
H-k-1L

n

k
G

k + 1

2
, -

Hä c + 2 b zL2

4 b
-

â
k=0

n

2k-n b-n-
1

2 Hä cLn-k -
Hä c - 2 b zL2

b

1

2
H-k-1L H-ä c + 2 b zLk+1 n

k
G

k + 1

2
, -

Hä c - 2 b zL2

4 b
�; n Î N
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01.06.21.0362.01à zn ãb z +e sinHc zL â z �

ä 2-2 Hn+1L Hä cL-2 n-2 ã
ä b2

4 c
+e

ã
-

ä b2

2 c â
k=0

n â
m=0

k H-1Lk-m 4k b-k-m+2 n Ib - 2 ä c z Nk+m
-

ä Ib - 2 ä c z N2

c

1

2
H-k-m-1L

k
m

n

k
b Ib - 2 ä c z N G

1

2
Hk + m + 1L, -

ä Ib - 2 ä c z N2

4 c
-

2 ä c -
ä Ib - 2 ä c z N2

c
G

1

2
Hk + m + 2L, -

ä Ib - 2 ä c z N2

4 c
-

â
k=0

n â
m=0

k H-1Lk-m 4k b-k-m+2 n Ib + 2 ä c z Nk+m
ä Ib + 2 ä c z N2

c

1

2
H-k-m-1L

k
m

n

k

b Ib + 2 ä c z N G
1

2
Hk + m + 1L, ä Ib + 2 ä c z N2

4 c
+

2
ä Ib + 2 ä c z N2

c
c ä G

1

2
Hk + m + 2L, ä Ib + 2 ä c z N2

4 c
�; n Î N

Involving zn ãb zr +d z sinHc zL
01.06.21.0363.01à zn ãb z2+d z sinHc zL â z �

1

4
ä b-n-1 ã

-
Hd+ä c L2

4 b â
q=0

n

2q-n H-d - ä c Ln-q Hd + ä c + 2 b zLq+1 -
Hd + ä c + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + ä c + 2 b zL2

4 b
-

ã
-

Hd-ä cL2
4 b â

q=0

n

2q-n Hä c - dLn-q Hd - ä c + 2 b zLq+1 -
Hd - ä c + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd - ä c + 2 b zL2

4 b
�; n Î N
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01.06.21.0364.01à zn ã z b+d z sinHc zL â z �

ä 2-2 n-2 Hd - ä cL-2 Hn+1L ã
b2

4 ä c-4 d â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd - ä cL z Nh+k
-

Ib + 2 Hd - ä cL z N2

d - ä c

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd - ä cL z N G

1

2
Hh + k + 1L, -

Ib + 2 Hd - ä cL z N2

4 Hd - ä cL +

2 -
Ib + 2 Hd - ä cL z N2

d - ä c
Hd - ä cL G

1

2
Hh + k + 2L, -

Ib + 2 Hd - ä cL z N2

4 Hd - ä cL -

Hd + ä c L-2 Hn+1L ã
-

b2

4 Hd+ä c L â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd + ä c L z Nh+k
-

Ib + 2 Hd + ä c L z N2

d + ä c

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd + ä c L z N G

1

2
Hh + k + 1L, -

Ib + 2 Hd + ä c L z N2

4 Hd + ä c L +

2 -
Ib + 2 Hd + ä c L z N2

d + ä c
Hd + ä c L G

1

2
Hh + k + 2L, -

Ib + 2 Hd + ä c L z N2

4 Hd + ä c L �; n Î N

Involving zn ãb zr +d z+e sinHc zL
01.06.21.0365.01à zn ãb z2+d z+e sinHc zL â z �

ä ãe

4 b
 

ã
-

Hd+ä c L2
4 b â

q=0

n

2q-n b-n-
1

2 H-d - ä c Ln-q Hd + ä c + 2 b zLq+1 -
Hd + ä c + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + ä c + 2 b zL2

4 b
-

ã
-

Hä c-dL2
4 b

â
q=0

n

2q-n b-n-
1

2 Hä c - dLn-q Hd - ä c + 2 b zLq+1 -
Hd - ä c + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd - ä c + 2 b zL2

4 b
�; n Î N
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01.06.21.0366.01à zn ã z b+e+d z sinHc zL â z �

ä 2-2 Hn+1L ãe Hd - ä cL-2 Hn+1L ã
b2

4 ä c-4 d â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd - ä cL z Nh+k
Ib + 2 Hd - ä cL z N2

ä c - d

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd - ä cL z N G

1

2
Hh + k + 1L, Ib + 2 Hd - ä cL z N2

4 Hä c - dL +

2
Ib + 2 Hd - ä cL z N2

ä c - d
Hd - ä cL G

1

2
Hh + k + 2L, Ib + 2 Hd - ä cL z N2

4 Hä c - dL -

Hd + ä c L-2 Hn+1L ã
-

b2

4 Hd+ä c L â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd + ä c L z Nh+k
-

Ib + 2 Hd + ä c L z N2

d + ä c

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd + ä c L z N G

1

2
Hh + k + 1L, -

Ib + 2 Hd + ä c L z N2

4 Hd + ä c L +

2 -
Ib + 2 Hd + ä c L z N2

d + ä c
Hd + ä c L G

1

2
Hh + k + 2L, -

Ib + 2 Hd + ä c L z N2

4 Hd + ä c L �; n Î N

Involving zn ãb zr
sinHf z + gL

01.06.21.0367.01à zn ãb z2
sinH f z + gL â z �

1

4
ä b-n-1 ã

f 2

4 b
+ä g â

q=0

n

2q-n H-ä f Ln-q Hä f + 2 b zLq+1 -
Hä f + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hä f + 2 b zL2

4 b
-

ã
f 2

4 b
-ä g â

q=0

n

2q-n Hä f Ln-q H-ä f + 2 b zLq+1 -
H-ä f + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

H-ä f + 2 b zL2

4 b
�; n Î N
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01.06.21.0368.01à zn ã z b sinH f z + gL â z �

ä 2-2 Hn+1L ã-ä g ã
-

ä b2

4 f H-ä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib - 2 ä f z Nh+k
-

ä Ib - 2 ä f z N2

f

1

2
H-h-k-1L

k

h

n

k
b Ib - 2 ä f z N G

1

2
Hh + k + 1L, -

ä Ib - 2 ä f z N2

4 f
-

2 ä f -
ä Ib - 2 ä f z N2

f
G

1

2
Hh + k + 2L, -

ä Ib - 2 ä f z N2

4 f
-

ã
ä b2

4 f
+2 ä g Hä f L-2 Hn+1L â

k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 ä f z Nh+k
ä Ib + 2 ä f z N2

f

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 ä f z N G

1

2
Hh + k + 1L, ä Ib + 2 ä f z N2

4 f
+

2
ä Ib + 2 ä f z N2

f
f ä G

1

2
Hh + k + 2L, ä Ib + 2 ä f z N2

4 f
�; n Î N

Involving zn ãb zr +e sinHf z + gL
01.06.21.0369.01à zn ãb z2+e sinH f z + gL â z �

1

4
ä b-n-1 ã

f 2

4 b
+e+ä g â

q=0

n

2q-n H-ä f Ln-q Hä f + 2 b zLq+1 -
Hä f + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hä f + 2 b zL2

4 b
-

ã
f 2

4 b
+e-ä g â

q=0

n

2q-n Hä f Ln-q H-ä f + 2 b zLq+1 -
H-ä f + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

H-ä f + 2 b zL2

4 b
�; n Î N
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01.06.21.0370.01à zn ã z b+e sinH f z + gL â z �

ä 2-2 Hn+1L ãe-ä g ã
-

ä b2

4 f H-ä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib - 2 ä f z Nh+k
-

ä Ib - 2 ä f z N2

f

1

2
H-h-k-1L

k

h

n

k
b Ib - 2 ä f z N G

1

2
Hh + k + 1L, -

ä Ib - 2 ä f z N2

4 f
-

2 ä f -
ä Ib - 2 ä f z N2

f
G

1

2
Hh + k + 2L, -

ä Ib - 2 ä f z N2

4 f
-

ã
ä b2

4 f
+2 ä g Hä f L-2 Hn+1L â

k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 ä f z Nh+k
ä Ib + 2 ä f z N2

f

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 ä f z N G

1

2
Hh + k + 1L, ä Ib + 2 ä f z N2

4 f
+

2
ä Ib + 2 ä f z N2

f
f ä G

1

2
Hh + k + 2L, ä Ib + 2 ä f z N2

4 f
�; n Î N

Involving zn ãb zr +d z sinHf z + gL
01.06.21.0371.01à zn ãb z2+d z sinH f z + gL â z �

1

4
ä b-n-1

ã
-

Hd+ä f L2
4 b

+ä g â
q=0

n

2q-n H-d - ä f Ln-q Hd + ä f + 2 b zLq+1 -
Hd + ä f + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + ä f + 2 b zL2

4 b
-

ã
-

Hd-ä f L2
4 b

-ä g

â
q=0

n

2q-n Hä f - dLn-q Hd - ä f + 2 b zLq+1 -
Hd - ä f + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd - ä f + 2 b zL2

4 b
�; n Î N
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01.06.21.0372.01à zn ã z b+d z sinHg + f zL â z �

ä 2-2 Hn+1L ã-ä g ã
-

b2

4 Hd-ä f L Hd - ä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd - ä f L z Nh+k
-

Ib + 2 Hd - ä f L z N2

d - ä f

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd - ä f L z N G

1

2
Hh + k + 1L, -

Ib + 2 Hd - ä f L z N2

4 Hd - ä f L +

2 -
Ib + 2 Hd - ä f L z N2

d - ä f
Hd - ä f L G

1

2
Hh + k + 2L, -

Ib + 2 Hd - ä f L z N2

4 Hd - ä f L -

ã
2 ä g-

b2

4 Hd+ä f L Hd + ä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd + ä f L z Nh+k
-

Ib + 2 Hd + ä f L z N2

d + ä f

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd + ä f L z N G

1

2
Hh + k + 1L, -

Ib + 2 Hd + ä f L z N2

4 Hd + ä f L +

2 -
Ib + 2 Hd + ä f L z N2

d + ä f
Hd + ä f L G

1

2
Hh + k + 2L, -

Ib + 2 Hd + ä f L z N2

4 Hd + ä f L �; n Î N

Involving zn ãb zr +d z+e sinHf z + gL
01.06.21.0373.01à zn ãb z2+d z+e sinH f z + gL â z �

1

4
ä b-n-1

ã
-

Hd+ä f L2
4 b

+e+ä g â
q=0

n

2q-n H-d - ä f Ln-q Hd + ä f + 2 b zLq+1 -
Hd + ä f + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + ä f + 2 b zL2

4 b
-

ã
-

Hd-ä f L2
4 b

+e-ä g

â
q=0

n

2q-n Hä f - dLn-q Hd - ä f + 2 b zLq+1 -
Hd - ä f + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd - ä f + 2 b zL2

4 b
�; n Î N
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01.06.21.0374.01à zn ã z b+d z+e sinHg + f zL â z �

ä 2-2 Hn+1L ãe-ä g ã
-

b2

4 Hd-ä f L Hd - ä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd - ä f L z Nh+k
-

Ib + 2 Hd - ä f L z N2

d - ä f

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd - ä f L z N G

1

2
Hh + k + 1L, -

Ib + 2 Hd - ä f L z N2

4 Hd - ä f L +

2 -
Ib + 2 Hd - ä f L z N2

d - ä f
Hd - ä f L G

1

2
Hh + k + 2L, -

Ib + 2 Hd - ä f L z N2

4 Hd - ä f L -

ã
2 ä g-

b2

4 Hd+ä f L Hd + ä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd + ä f L z Nh+k
-

Ib + 2 Hd + ä f L z N2

d + ä f

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd + ä f L z N G

1

2
Hh + k + 1L, -

Ib + 2 Hd + ä f L z N2

4 Hd + ä f L +

2 -
Ib + 2 Hd + ä f L z N2

d + ä f
Hd + ä f L G

1

2
Hh + k + 2L, -

Ib + 2 Hd + ä f L z N2

4 Hd + ä f L �; n Î N

Involving zn ãb z sinIc zr M
01.06.21.0375.01

à zn ãb z sinIc z2M â z �
1

4
ä Hä cL-n-1 ã

ä b2

4 c â
k=0

n

2k-n H-bLn-k Hb + 2 ä c zLk+1
ä Hb + 2 ä c zL2

c

1

2
H-k-1L

n

k
G

k + 1

2
,

ä Hb + 2 ä c zL2

4 c
-

1

4
ä H-ä cL-n-1 ã

-
ä b2

4 c â
k=0

n

2k-n H-bLn-k Hb - 2 ä c zLk+1 -
ä Hb - 2 ä c zL2

c

1

2
H-k-1L

n

k
G

k + 1

2
, -

ä Hb - 2 ä c zL2

4 c
�; n Î N
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01.06.21.0376.01

à zn ãb z sinIc z N â z � ä 4-n-1 b-2 Hn+1L ã
c2

4 b

â
k=0

n â
h=0

k H-1Lk-h 4k H-ä cL-h-k+2 n -
Iä c - 2 b z N2

b

1

2
H-h-k-1L I2 b z - ä cNh+k k

h

n

k
c ä Iä c - 2 b z N

G
1

2
Hh + k + 1L, -

Iä c - 2 b z N2

4 b
+ 2 -

Iä c - 2 b z N2

b
b G

1

2
Hh + k + 2L, -

Iä c - 2 b z N2

4 b
-

â
k=0

n â
h=0

k H-1Lk-h 4k Hä cL-h-k+2 n I2 z b + ä c Nh+k
-

I2 z b + ä c N2

b

1

2
H-h-k-1L

k

h

n

k

c ä I2 z b + ä c N G
1

2
Hh + k + 1L, -

I2 z b + ä c N2

4 b
+

2 -
I2 z b + ä c N2

b
b G

1

2
Hh + k + 2L, -

I2 z b + ä c N2

4 b
�; n Î N

Involving zn ãb z+e sinIc zr M
01.06.21.0377.01à zn ãb z+e sinIc z2M â z �

1

4
ä Hä cL-n-1 ã

ä b2

4 c
+e â

k=0

n

2k-n H-bLn-k Hb + 2 ä c zLk+1
ä Hb + 2 ä c zL2

c

1

2
H-k-1L

n

k
G

k + 1

2
,

ä Hb + 2 ä c zL2

4 c
-

1

4
ä H-ä cL-n-1 ã

e-
ä b2

4 c â
k=0

n

2k-n H-bLn-k Hb - 2 ä c zLk+1 -
ä Hb - 2 ä c zL2

c

1

2
H-k-1L

n

k
G

k + 1

2
, -

ä Hb - 2 ä c zL2

4 c
�; n Î N
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01.06.21.0378.01

à zn ãb z+e sinIc z N â z � ä 4-n-1 b-2 Hn+1L ã
c2

4 b
+e

â
k=0

n â
h=0

k H-1Lk-h 4k H-ä cL-h-k+2 n -
Iä c - 2 b z N2

b

1

2
H-h-k-1L I2 b z - ä cNh+k k

h

n

k
c ä Iä c - 2 b z N

G
1

2
Hh + k + 1L, -

Iä c - 2 b z N2

4 b
+ 2 -

Iä c - 2 b z N2

b
b G

1

2
Hh + k + 2L, -

Iä c - 2 b z N2

4 b
-

â
k=0

n â
h=0

k H-1Lk-h 4k Hä cL-h-k+2 n I2 z b + ä c Nh+k
-

I2 z b + ä c N2

b

1

2
H-h-k-1L

k

h

n

k

c ä I2 z b + ä c N G
1

2
Hh + k + 1L, -

I2 z b + ä c N2

4 b
+

2 -
I2 z b + ä c N2

b
b G

1

2
Hh + k + 2L, -

I2 z b + ä c N2

4 b
�; n Î N

Involving zΑ-1 ãb zr
sinIc zr M

01.06.21.0379.01à zΑ-1 ãb zr
sinHc zrL â z �

ä zΑ

2 r
 HH-b - ä cL zrL-

Α

r G
Α

r
, H-b - ä cL zr - HHä c - bL zrL-

Α

r G
Α

r
, Hä c - bL zr

01.06.21.0380.01

à ãb zr
sinHc zrL
z

 â z �
ä HEiHHb - ä cL zrL - EiHHb + ä c L zrLL

2 r
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01.06.21.0381.01à z2 n ãb z2
sinIc z2M â z �

1

4
ä z

1

H-b - ä cL z2

 H-b - ä cL-n erfc H-b - ä cL z2 G n +
1

2
+ ãHb+ä c L z2 â

k=0

n-1 IH-b - ä cL z2Mk+
1

2

Jn + 1

2
N
k-n+1

- ãHb+ä c L z2

â
k=n

-1 IH-b - ä cL z2Mk+
1

2

Jn + 1

2
N
k-n+1

-
1

Hä c - bL z2

 

Hä c - bL-n erfc Hä c - bL z2 G n +
1

2
+ ãHb-ä cL z2 â

k=0

n-1 IHä c - bL z2Mk+
1

2

Jn + 1

2
N
k-n+1

- ãHb-ä cL z2 â
k=n

-1 IHä c - bL z2Mk+
1

2

Jn + 1

2
N
k-n+1

�; n Î Z

01.06.21.0382.01à z2 n-1 ãb z2
sinIc z2M â z �

1

4
ä H-b - ä cL-n

H-1Ln-1 EiIHb + ä c L z2MH-nL !
+ ãHb+ä c L z2 â

k=0

n-1 IH-b - ä cL z2Mk

HnLk-n+1

- ãHb+ä c L z2 â
k=n

-1 IH-b - ä cL z2Mk

HnLk-n+1

-

Hä c - bL-n
H-1Ln-1 EiIHb - ä cL z2MH-nL !

+ ãHb-ä cL z2 â
k=0

n-1 IHä c - bL z2Mk

HnLk-n+1

- ãHb-ä cL z2 â
k=n

-1 IHä c - bL z2Mk

HnLk-n+1

�; n Î Z

01.06.21.0383.01

à z ãb z2
sinIc z2M â z �

ãb z2 Ib sinIc z2M - c cosIc z2MM
2 Ib2 + c2M

01.06.21.0384.01

à z2 ãb z2
sinIc z2M â z � -

1

4
ä z3

1

2
Π erf -Hb + ä c L z2 - 1 - ãHb+ä c L z2

-Hb + ä c L z2

I-Hb + ä c L z2M3�2 +

ãHb-ä cL z2
-Hb - ä cL z2 - 1

2
Π erf -Hb - ä cL z2 - 1

I-Hb - ä cL z2M3�2
01.06.21.0385.01

à z3 ãb z2
sinIc z2M â z �

ãb z2 IIz2 b3 - b2 + c2 z2 b + c2M sinIc z2M - c Ib2 z2 + c2 z2 - 2 bM cosIc z2MM
2 Ib2 + c2M2
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01.06.21.0386.01à z4 ãb z2
sinIc z2M â z �

-
1

16
ä z5

1I-Hb + ä c L z2M5�2  2 ãHb+ä c L z2
-Hb + ä c L z2 I2 b z2 + 2 c ä z2 - 3M + 3 Π erf -Hb + ä c L z2 - 3 Π +

1I-Hb - ä cL z2M5�2  -2 ãHb-ä cL z2
-Hb - ä cL z2 I2 b z2 - 2 ä c z2 - 3M - 3 Π erf -Hb - ä cL z2 + 3 Π

01.06.21.0387.01à z5 ãb z2
sinIc z2M â z �

1

2 Ib2 + c2M3
 Jãb z2 IIz4 b5 - 2 z2 b4 + 2 Ic2 z4 + 1M b3 + c2 Ic2 z4 - 6M b + 2 c4 z2M sinIc z2M -

c Ib4 z4 - 4 b3 z2 - 4 b c2 z2 + c2 Ic2 z4 - 2M + 2 b2 Ic2 z4 + 3MM cosIc z2MMN
01.06.21.0388.01

á ãb z2
sinIc z2M
z

 â z �
1

4
ä IEiIHb - ä cL z2M - EiIHb + ä c L z2MM

01.06.21.0389.01

á ãb z2
sinIc z2M
z2

 â z �

-
1

2 z
 ä - Π -Hb + ä c L z2 erf -Hb + ä c L z2 - ãHb+ä c L z2

+ ãHb-ä cL z2
+ Π -Hb - ä cL z2 erf -Hb - ä cL z2 +

Π -Hb + ä c L z2 - Π -Hb - ä cL z2

01.06.21.0390.01

á ãb z2
sinIc z2M
z3

 â z �
Hc - ä bL EiIHb + ä c L z2M z2 + Hc + ä b L EiIHb - ä cL z2M z2 + ãHb-ä cL z2 I-1 + ã2 ä c z2 M ä

4 z2

01.06.21.0391.01

á ãb z2
sinIc z2M
z4

 â z �

1

6 z3
 ä -2 Π erf -Hb + ä c L z2 I-Hb + ä c L z2M3�2

+ 2 Π I-Hb + ä c L z2M3�2
- 2 Π I-Hb - ä cL z2M3�2

+ ãHb+ä c L z2
-

ãHb-ä cL z2
+ 2 Hb + ä c L ãHb+ä c L z2

z2 - 2 Hb - ä cL ãHb-ä cL z2
z2 + 2 Π I-Hb - ä cL z2M3�2

erf -Hb - ä cL z2

01.06.21.0392.01

á ãb z2
sinIc z2M
z5

 â z �

1

8 z4
 Jä J-Hb + ä c L2 EiIHb + ä c L z2M z4 + Hb - ä cL2 EiIHb - ä cL z2M z4 + ãHb-ä cL z2 J-b z2 + c ä z2 + ã2 ä c z2 Ib z2 + c ä z2 + 1M - 1NNN
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01.06.21.0393.01à zn ãb z sinIc z N â z �

ä Hb + ä c L-2 Hn+1L H-1L2 n+1 EiIHb + ä c L z NH-2 n - 2L !
+ ãHb+ä c L z â

k=0

2 n+1 IH-b - ä cL z Nk

H2 n + 2Lk-2 n-1

- ãHb+ä c L z â
k=2 n+2

-1 IH-b - ä cL z Nk

H2 n + 2Lk-2 n-1

-

Hb - ä cL-2 Hn+1L
H-1L2 n+1 EiIHb - ä cL z NH-2 n - 2L !

+ ãHb-ä cL z â
k=0

2 n+1 IHä c - bL z Nk

H2 n + 2Lk-2 n-1

- ãHb-ä cL z â
k=2 n+2

-1 IHä c - bL z Nk

H2 n + 2Lk-2 n-1

�; n Î Z

01.06.21.0394.01à z ãb z sinIc z N â z �

2Ib2 + c2M4
 ãb z JIb7 z3�2 - 3 b6 z + b c4 Ic2 z - 18M z + 3 b3 c2 Ic2 z - 4M z + 3 b5 Iz c2 + 2M z + 3 c4 Ic2 z - 2M -

3 b4 Iz c2 + 2M + 3 b2 c2 Iz c2 + 12MN sinIc z N - c Ib6 z3�2 - 6 b5 z + c4 Ic2 z - 6M z +

3 b2 c2 Iz c2 + 4M z + 3 b4 Iz c2 + 6M z - 6 b c2 Ic2 z - 4M - 12 b3 Iz c2 + 2MN cosIc z NN
01.06.21.0395.01à z2 ãb z sinIc z N â z �

2Ib2 + c2M6
ãb z

JJ20 b Ib2 + c2M3 Ib2 - 3 c2M z3�2 + b Ib2 + c2M5
z5�2 - 5 Hb - cL Hb + cL Ib2 + c2M4

z2 - 60 Ib2 + c2M2 Ib4 - 6 c2 b2 + c4M z +

120 b Ib2 + c2M Ib4 - 10 c2 b2 + 5 c4M z - 120 Ib6 - 15 c2 b4 + 15 c4 b2 - c6MN sinIc z N -

c J20 I3 b2 - c2M Ib2 + c2M3
z3�2 + Ib2 + c2M5

z5�2 - 10 b Ib2 + c2M4
z2 - 240 b Hb - cL Hb + cL Ib2 + c2M2

z +

120 Ib2 + c2M I5 b4 - 10 c2 b2 + c4M z - 240 b I3 b4 - 10 c2 b2 + 3 c4MN cosIc z NN
01.06.21.0396.01à z3 ãb z sinIc z N â z �

2Ib2 + c2M8
 ãb z

JJ840 b Ib2 + c2M3 Ib4 - 10 c2 b2 + 5 c4M z3�2 + 42 b Ib2 + c2M5 Ib2 - 3 c2M z5�2 + b Ib2 + c2M7
z7�2 - 7 Hb - cL Hb + cL Ib2 + c2M6

z3 -

210 Ib2 + c2M4 Ib4 - 6 c2 b2 + c4M z2 - 2520 Ib2 + c2M2 Ib6 - 15 c2 b4 + 15 c4 b2 - c6M z +

5040 b Ib2 + c2M Ib6 - 21 c2 b4 + 35 c4 b2 - 7 c6M z - 5040 Ib8 - 28 c2 b6 + 70 c4 b4 - 28 c6 b2 + c8MN sinIc z N -

c J840 Ib2 + c2M3 I5 b4 - 10 c2 b2 + c4M z3�2 + 42 I3 b2 - c2M Ib2 + c2M5
z5�2 + Ib2 + c2M7

z7�2 - 14 b Ib2 + c2M6
z3 -

840 b Hb - cL Hb + cL Ib2 + c2M4
z2 - 5040 b Ib2 + c2M2 I3 b4 - 10 c2 b2 + 3 c4M z +

5040 Ib2 + c2M I7 b6 - 35 c2 b4 + 21 c4 b2 - c6M z - 40 320 b Ib6 - 7 c2 b4 + 7 c4 b2 - c6MN cosIc z NN
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01.06.21.0397.01à z4 ãb z sinIc z N â z �

2Ib2 + c2M10
 ãb z JJ60 480 b Ib2 + c2M3 Ib6 - 21 c2 b4 + 35 c4 b2 - 7 c6M z3�2 + 3024 b Ib2 + c2M5 Ib4 - 10 c2 b2 + 5 c4M z5�2 +

72 b Ib2 + c2M7 Ib2 - 3 c2M z7�2 + b Ib2 + c2M9
z9�2 - 9 Hb - cL Hb + cL Ib2 + c2M8

z4 -

504 Ib2 + c2M6 Ib4 - 6 c2 b2 + c4M z3 - 15 120 Ib2 + c2M4 Ib6 - 15 c2 b4 + 15 c4 b2 - c6M z2 - 181 440 Ib2 + c2M2

Ib8 - 28 c2 b6 + 70 c4 b4 - 28 c6 b2 + c8M z + 362 880 b Ib2 + c2M Ib2 - 3 c2M Ib6 - 33 c2 b4 + 27 c4 b2 - 3 c6M z -

362 880 Ib10 - 45 c2 b8 + 210 c4 b6 - 210 c6 b4 + 45 c8 b2 - c10MN sinIc z N -

c J60 480 Ib2 + c2M3 I7 b6 - 35 c2 b4 + 21 c4 b2 - c6M z3�2 + 3024 Ib2 + c2M5 I5 b4 - 10 c2 b2 + c4M z5�2 +

72 I3 b2 - c2M Ib2 + c2M7
z7�2 + Ib2 + c2M9

z9�2 - 18 b Ib2 + c2M8
z4 - 2016 b Hb - cL Hb + cL Ib2 + c2M6

z3 -

30 240 b Ib2 + c2M4 I3 b4 - 10 c2 b2 + 3 c4M z2 - 1 451 520 b Ib2 + c2M2 Ib6 - 7 c2 b4 + 7 c4 b2 - c6M z +

362 880 I9 b10 - 75 c2 b8 + 42 c4 b6 + 90 c6 b4 - 35 c8 b2 + c10M z -

725 760 b I5 b4 - 10 c2 b2 + c4M Ib4 - 10 c2 b2 + 5 c4MN cosIc z NN
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01.06.21.0398.01à z5 ãb z sinIc z N â z �
1Ib2 + c2M12

 

J2 ãb z JI330 b15 Iz4 c8 - 8 z3 c6 - 1056 z2 c4 - 16 128 z c2 + 20 160M z3�2 + 165 b17 Iz3 c6 + 6 z2 c4 - 144 z c2 + 2016M z5�2 +

55 b19 Iz2 c4 + 12 z c2 + 144M z7�2 + 11 b21 Iz c2 + 10M z9�2 + b23 z11�2 - 11 b22 z5 - 99 b20 Iz c2 + 10M z4 -

55 b18 I7 z2 c4 + 36 z c2 + 1008M z3 - 165 b16 I5 z3 c6 - 114 z2 c4 - 3024 z c2 + 10 080M z2 -

990 b14 Iz4 c8 - 104 z3 c6 - 3360 z2 c4 - 40 320 z c2 + 20 160M z +

462 b13 Iz5 c10 - 30 z4 c8 - 2400 z3 c6 - 43 200 z2 c4 - 475 200 z c2 + 86 400M z +

462 b11 c2 Iz5 c10 - 60 z4 c8 - 3600 z3 c6 - 23 040 z2 c4 + 302 400 z c2 - 4 665 600M z +

330 b9 c4 Iz5 c10 - 98 z4 c8 - 3696 z3 c6 + 110 880 z2 c4 + 3 769 920 z c2 + 33 264 000M z +

165 b7 c6 Iz5 c10 - 144 z4 c8 - 1344 z3 c6 + 354 816 z2 c4 + 3 991 680 z c2 - 31 933 440M z +

55 b5 c8 Iz5 c10 - 198 z4 c8 + 5184 z3 c6 + 508 032 z2 c4 - 11 975 040 z c2 - 215 550 720M z +

11 b3 c10 Iz5 c10 - 260 z4 c8 + 18 000 z3 c6 - 34 473 600 z c2 + 558 835 200M z +

b c12 Iz5 c10 - 330 z4 c8 + 39 600 z3 c6 - 2 328 480 z2 c4 + 59 875 200 z c2 - 439 084 800M z +

990 b8 c4 Iz5 c10 + 238 z4 c8 - 3696 z3 c6 - 332 640 z2 c4 - 3 326 400 z c2 - 19 958 400M +

462 b10 c2 Iz5 c10 + 660 z4 c8 + 7920 z3 c6 - 316 800 z2 c4 - 5 227 200 z c2 + 5 702 400M +

99 b2 c10 Iz5 c10 - 20 z4 c8 - 5040 z3 c6 + 403 200 z2 c4 - 8 668 800 z c2 + 26 611 200M +

11 c12 Iz5 c10 - 90 z4 c8 + 5040 z3 c6 - 151 200 z2 c4 + 1 814 400 z c2 - 3 628 800M -

462 b12 Iz5 c10 - 510 z4 c8 - 13 920 z3 c6 - 129 600 z2 c4 - 1 857 600 z c2 + 86 400M +

165 b6 c6 I5 z5 c10 + 624 z4 c8 - 38 976 z3 c6 - 887 040 z2 c4 + 19 958 400 z c2 + 223 534 080M +

55 b4 c8 I7 z5 c10 + 342 z4 c8 - 60 480 z3 c6 + 1 088 640 z2 c4 + 43 908 480 z c2 - 359 251 200MN sinIc z N -

c I330 b14 Iz4 c8 + 72 z3 c6 + 864 z2 c4 + 181 440M z3�2 + 165 b16 Iz3 c6 + 66 z2 c4 + 1200 z c2 + 14 112M z5�2 +

55 b18 Iz2 c4 + 52 z c2 + 720M z7�2 + 11 b20 Iz c2 + 30M z9�2 + b22 z11�2 - 22 b21 z5 - 220 b19 Iz c2 + 18M z4 -

990 b17 Iz2 c4 + 28 z c2 + 336M z3 - 2640 b15 Iz3 c6 + 30 z2 c4 + 336 z c2 + 5040M z2 -

4620 b13 Iz4 c8 + 24 z3 c6 - 288 z2 c4 - 8640 z c2 + 43 200M z +

165 b6 c6 Iz5 c10 + 16 z4 c8 - 6720 z3 c6 + 64 512 z2 c4 + 7 539 840 z c2 + 31 933 440M z +

330 b8 c4 Iz5 c10 + 42 z4 c8 - 5040 z3 c6 - 110 880 z2 c4 + 1 995 840 z c2 + 35 925 120M z +

462 b10 c2 Iz5 c10 + 60 z4 c8 - 2640 z3 c6 - 126 720 z2 c4 - 1 425 600 z c2 - 13 305 600M z +

462 b12 Iz5 c10 + 70 z4 c8 - 480 z3 c6 - 60 480 z2 c4 - 820 800 z c2 + 950 400M z +

55 b4 c8 Iz5 c10 - 18 z4 c8 - 6336 z3 c6 + 362 880 z2 c4 + 2 540 160 z c2 - 199 584 000M z +

11 b2 c10 Iz5 c10 - 60 z4 c8 - 2160 z3 c6 + 483 840 z2 c4 - 19 958 400 z c2 + 195 955 200M z +

c12 Iz5 c10 - 110 z4 c8 + 7920 z3 c6 - 332 640 z2 c4 + 6 652 800 z c2 - 39 916 800M z -

5544 b11 Iz5 c10 + 10 z4 c8 - 1440 z3 c6 - 36 000 z2 c4 - 360 000 z c2 + 86 400M -

4620 b9 c2 Iz5 c10 - 12 z4 c8 - 2640 z3 c6 - 31 680 z2 c4 + 95 040 z c2 - 1 900 800M -

2640 b7 c4 Iz5 c10 - 42 z4 c8 - 3024 z3 c6 + 55 440 z2 c4 + 1 995 840 z c2 + 11 975 040M -

990 b5 c6 Iz5 c10 - 80 z4 c8 - 1344 z3 c6 + 201 600 z2 c4 + 443 520 z c2 - 31 933 440M -

220 b3 c8 Iz5 c10 - 126 z4 c8 + 4032 z3 c6 + 181 440 z2 c4 - 9 072 000 z c2 + 39 916 800M -

22 b c10 Iz5 c10 - 180 z4 c8 + 15 120 z3 c6 - 604 800 z2 c4 + 9 072 000 z c2 - 21 772 800MN cosIc z NNN
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01.06.21.0399.01

á ãb z sinIc z N
z

 â z � ä JEiIHb - ä cL z N - EiIHb + ä c L z NN
01.06.21.0400.01

á ãb z sinIc z N
z2

 â z �
1

2 z
 Jä J-z EiIHb + ä c L z N Hb + ä c L2 +

ãHb-ä cL z J- z b + ã2 ä c z I z b + ä c z + 1N + ä c z - 1N + Hb - ä cL2 z EiIHb - ä cL z NNN
01.06.21.0401.01

á ãb z sinIc z N
z3

 â z �

-
1

24
ä EiIHb + ä c L z N Hb + ä c L4 +

ãHb-ä cL z IHb - ä cL3 z3�2 + Hb - ä cL2 z + 2 Hb - ä cL z + 6N
z2

- Hb - ä cL4 EiIHb - ä cL z N -

ãHb+ä c L z IHb + ä c L3 z3�2 + Hb + ä c L2 z + 2 Hb + ä c L z + 6N
z2

01.06.21.0402.01

á ãb z sinIc z N
z4

 â z � -
1

720
ä EiIHb + ä c L z N Hb + ä c L6 -

1

z3
 JãHb+ä c L z I2 Hb + ä c L3 z3�2 + Hb + ä c L5 z5�2 + Hb + ä c L4 z2 + 6 Hb + ä c L2 z + 24 Hb + ä c L z + 120NN +

1

z3
 JãHb-ä cL z I2 Hb - ä cL3 z3�2 + Hb - ä cL5 z5�2 + Hb - ä cL4 z2 + 6 Hb - ä cL2 z + 24 Hb - ä cL z + 120NN -

Hb - ä cL6 EiIHb - ä cL z N
01.06.21.0403.01

á ãb z sinIc z N
z5

 â z �

-
1

40 320
 ä EiIHb + ä c L z N Hb + ä c L8 -

1

z4
 JãHb+ä c L z I24 Hb + ä c L3 z3�2 + 2 Hb + ä c L5 z5�2 + Hb + ä c L7 z7�2 +

Hb + ä c L6 z3 + 6 Hb + ä c L4 z2 + 120 Hb + ä c L2 z + 720 Hb + ä c L z + 5040NN +

1

z4
 JãHb-ä cL z I24 Hb - ä cL3 z3�2 + 2 Hb - ä cL5 z5�2 + Hb - ä cL7 z7�2 + Hb - ä cL6 z3 + 6 Hb - ä cL4 z2 +

120 Hb - ä cL2 z + 720 Hb - ä cL z + 5040NN - Hb - ä cL8 EiIHb - ä cL z N
Involving zΑ-1 ãb zr +e sinIc zr M
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01.06.21.0404.01à zΑ-1 ãb zr+e sinHc zrL â z �
ä zΑ

2 r
 ãe HH-b - ä cL zrL-

Α

r G
Α

r
, H-b - ä cL zr - HHä c - bL zrL-

Α

r G
Α

r
, Hä c - bL zr

01.06.21.0405.01

à ãb zr+e sinHc zrL
z

 â z �
ä ãe HEiHHb - ä cL zrL - EiHHb + ä c L zrLL

2 r

01.06.21.0406.01à z2 n ãb z2+e sinIc z2M â z �

1

4
ä z ãe

1

H-b - ä cL z2

 H-b - ä cL-n erfc H-b - ä cL z2 G n +
1

2
+ ãHb+ä c L z2 â

k=0

n-1 IH-b - ä cL z2Mk+
1

2

Jn + 1

2
N
k-n+1

-

ãHb+ä c L z2 â
k=n

-1 IH-b - ä cL z2Mk+
1

2

Jn + 1

2
N
k-n+1

-
1

Hä c - bL z2

 

Hä c - bL-n erfc Hä c - bL z2 G n +
1

2
+ ãHb-ä cL z2 â

k=0

n-1 IHä c - bL z2Mk+
1

2

Jn + 1

2
N
k-n+1

- ãHb-ä cL z2 â
k=n

-1 IHä c - bL z2Mk+
1

2

Jn + 1

2
N
k-n+1

�; n Î Z

01.06.21.0407.01à z2 n-1 ãb z2+e sinIc z2M â z �

1

4
ä ãe H-b - ä cL-n

H-1Ln-1 EiIHb + ä c L z2MH-nL !
+ ãHb+ä c L z2 â

k=0

n-1 IH-b - ä cL z2Mk

HnLk-n+1

- ãHb+ä c L z2 â
k=n

-1 IH-b - ä cL z2Mk

HnLk-n+1

-

Hä c - bL-n
H-1Ln-1 EiIHb - ä cL z2MH-nL !

+ ãHb-ä cL z2 â
k=0

n-1 IHä c - bL z2Mk

HnLk-n+1

- ãHb-ä cL z2 â
k=n

-1 IHä c - bL z2Mk

HnLk-n+1

�; n Î Z

01.06.21.0408.01

à z ãb z2+e sinIc z2M â z �
ãb z2+e Ib sinIc z2M - c cosIc z2MM

2 Ib2 + c2M
01.06.21.0409.01

à z2 ãb z2+e sinIc z2M â z � -
1

4
ä z3 ãe

1

2
Π erf -Hb + ä c L z2 - 1 - ãHb+ä c L z2

-Hb + ä c L z2

I-Hb + ä c L z2M3�2 +

ãHb-ä cL z2
-Hb - ä cL z2 - 1

2
Π erf -Hb - ä cL z2 - 1

I-Hb - ä cL z2M3�2
01.06.21.0410.01

à z3 ãb z2+e sinIc z2M â z �
ãb z2+e IIz2 b3 - b2 + c2 z2 b + c2M sinIc z2M - c Ib2 z2 + c2 z2 - 2 bM cosIc z2MM

2 Ib2 + c2M2
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01.06.21.0411.01à z4 ãb z2+e sinIc z2M â z �

-
1

16
ä z5 ãe

1I-Hb + ä c L z2M5�2  2 ãHb+ä c L z2
-Hb + ä c L z2 I2 b z2 + 2 c ä z2 - 3M + 3 Π erf -Hb + ä c L z2 - 3 Π +

1I-Hb - ä cL z2M5�2  -2 ãHb-ä cL z2
-Hb - ä cL z2 I2 b z2 - 2 ä c z2 - 3M - 3 Π erf -Hb - ä cL z2 + 3 Π

01.06.21.0412.01à z5 ãb z2+e sinIc z2M â z �
1

2 Ib2 + c2M3
 ãb z2+e IIz4 b5 - 2 z2 b4 + 2 Ic2 z4 + 1M b3 + c2 Ic2 z4 - 6M b + 2 c4 z2M sinIc z2M -

c Ib4 z4 - 4 b3 z2 - 4 b c2 z2 + c2 Ic2 z4 - 2M + 2 b2 Ic2 z4 + 3MM cosIc z2MM
01.06.21.0413.01

á ãb z2+e sinIc z2M
z

 â z �
1

4
ä ãe IEiIHb - ä cL z2M - EiIHb + ä c L z2MM

01.06.21.0414.01

á ãb z2+e sinIc z2M
z2

 â z � -
1

2 z
 ä ãe - Π -Hb + ä c L z2 erf -Hb + ä c L z2 - ãHb+ä c L z2

+

ãHb-ä cL z2
+ Π -Hb - ä cL z2 erf -Hb - ä cL z2 + Π -Hb + ä c L z2 - Π -Hb - ä cL z2

01.06.21.0415.01

á ãb z2+e sinIc z2M
z3

 â z � ãe 
Hc - ä bL EiIHb + ä c L z2M z2 + Hc + ä b L EiIHb - ä cL z2M z2 + ãHb-ä cL z2 I-1 + ã2 ä c z2 M ä

4 z2

01.06.21.0416.01

á ãb z2+e sinIc z2M
z4

 â z �

1

6 z3
 ä ãe -2 Π erf -Hb + ä c L z2 I-Hb + ä c L z2M3�2

+ 2 Π I-Hb + ä c L z2M3�2
- 2 Π I-Hb - ä cL z2M3�2

+ ãHb+ä c L z2
-

ãHb-ä cL z2
+ 2 Hb + ä c L ãHb+ä c L z2

z2 - 2 Hb - ä cL ãHb-ä cL z2
z2 + 2 Π I-Hb - ä cL z2M3�2

erf -Hb - ä cL z2

01.06.21.0417.01

á ãb z2+e sinIc z2M
z5

 â z �

1

8 z4
 Jä ãe J-Hb + ä c L2 EiIHb + ä c L z2M z4 + Hb - ä cL2 EiIHb - ä cL z2M z4 + ãHb-ä cL z2 J-b z2 + c ä z2 + ã2 ä c z2 Ib z2 + c ä z2 + 1M - 1NNN
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01.06.21.0418.01à zn ãb z +e sinIc z N â z �

ä ãe Hb + ä c L-2 Hn+1L H-1L2 n+1 EiIHb + ä c L z NH-2 n - 2L !
+ ãHb+ä c L z â

k=0

2 n+1 IH-b - ä cL z Nk

H2 n + 2Lk-2 n-1

- ãHb+ä c L z â
k=2 n+2

-1 IH-b - ä cL z Nk

H2 n + 2Lk-2 n-1

-

Hb - ä cL-2 Hn+1L
H-1L2 n+1 EiIHb - ä cL z NH-2 n - 2L !

+ ãHb-ä cL z â
k=0

2 n+1 IHä c - bL z Nk

H2 n + 2Lk-2 n-1

- ãHb-ä cL z â
k=2 n+2

-1 IHä c - bL z Nk

H2 n + 2Lk-2 n-1

�; n Î Z

01.06.21.0419.01à z ãb z +e sinIc z N â z �

2Ib2 + c2M4
 ãb z +e JIb7 z3�2 - 3 b6 z + b c4 Ic2 z - 18M z + 3 b3 c2 Ic2 z - 4M z + 3 b5 Iz c2 + 2M z +

3 c4 Ic2 z - 2M - 3 b4 Iz c2 + 2M + 3 b2 c2 Iz c2 + 12MN sinIc z N - c Ib6 z3�2 - 6 b5 z + c4 Ic2 z - 6M z +

3 b2 c2 Iz c2 + 4M z + 3 b4 Iz c2 + 6M z - 6 b c2 Ic2 z - 4M - 12 b3 Iz c2 + 2MN cosIc z NN
01.06.21.0420.01à z2 ãb z +e sinIc z N â z �

2Ib2 + c2M6
ãb z +e

JJ20 b Ib2 + c2M3 Ib2 - 3 c2M z3�2 + b Ib2 + c2M5
z5�2 - 5 Hb - cL Hb + cL Ib2 + c2M4

z2 - 60 Ib2 + c2M2 Ib4 - 6 c2 b2 + c4M z +

120 b Ib2 + c2M Ib4 - 10 c2 b2 + 5 c4M z - 120 Ib6 - 15 c2 b4 + 15 c4 b2 - c6MN sinIc z N -

c J20 I3 b2 - c2M Ib2 + c2M3
z3�2 + Ib2 + c2M5

z5�2 - 10 b Ib2 + c2M4
z2 - 240 b Hb - cL Hb + cL Ib2 + c2M2

z +

120 Ib2 + c2M I5 b4 - 10 c2 b2 + c4M z - 240 b I3 b4 - 10 c2 b2 + 3 c4MN cosIc z NN
01.06.21.0421.01à z3 ãb z +e sinIc z N â z �

2Ib2 + c2M8
 ãb z +e

JJ840 b Ib2 + c2M3 Ib4 - 10 c2 b2 + 5 c4M z3�2 + 42 b Ib2 + c2M5 Ib2 - 3 c2M z5�2 + b Ib2 + c2M7
z7�2 - 7 Hb - cL Hb + cL Ib2 + c2M6

z3 -

210 Ib2 + c2M4 Ib4 - 6 c2 b2 + c4M z2 - 2520 Ib2 + c2M2 Ib6 - 15 c2 b4 + 15 c4 b2 - c6M z +

5040 b Ib2 + c2M Ib6 - 21 c2 b4 + 35 c4 b2 - 7 c6M z - 5040 Ib8 - 28 c2 b6 + 70 c4 b4 - 28 c6 b2 + c8MN sinIc z N -

c J840 Ib2 + c2M3 I5 b4 - 10 c2 b2 + c4M z3�2 + 42 I3 b2 - c2M Ib2 + c2M5
z5�2 + Ib2 + c2M7

z7�2 - 14 b Ib2 + c2M6
z3 -

840 b Hb - cL Hb + cL Ib2 + c2M4
z2 - 5040 b Ib2 + c2M2 I3 b4 - 10 c2 b2 + 3 c4M z +

5040 Ib2 + c2M I7 b6 - 35 c2 b4 + 21 c4 b2 - c6M z - 40 320 b Ib6 - 7 c2 b4 + 7 c4 b2 - c6MN cosIc z NN
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01.06.21.0422.01à z4 ãb z +e sinIc z N â z �

2Ib2 + c2M10
 ãb z +e JJ60 480 b Ib2 + c2M3 Ib6 - 21 c2 b4 + 35 c4 b2 - 7 c6M z3�2 + 3024 b Ib2 + c2M5 Ib4 - 10 c2 b2 + 5 c4M z5�2 +

72 b Ib2 + c2M7 Ib2 - 3 c2M z7�2 + b Ib2 + c2M9
z9�2 - 9 Hb - cL Hb + cL Ib2 + c2M8

z4 -

504 Ib2 + c2M6 Ib4 - 6 c2 b2 + c4M z3 - 15 120 Ib2 + c2M4 Ib6 - 15 c2 b4 + 15 c4 b2 - c6M z2 - 181 440 Ib2 + c2M2

Ib8 - 28 c2 b6 + 70 c4 b4 - 28 c6 b2 + c8M z + 362 880 b Ib2 + c2M Ib2 - 3 c2M Ib6 - 33 c2 b4 + 27 c4 b2 - 3 c6M z -

362 880 Ib10 - 45 c2 b8 + 210 c4 b6 - 210 c6 b4 + 45 c8 b2 - c10MN sinIc z N -

c J60 480 Ib2 + c2M3 I7 b6 - 35 c2 b4 + 21 c4 b2 - c6M z3�2 + 3024 Ib2 + c2M5 I5 b4 - 10 c2 b2 + c4M z5�2 +

72 I3 b2 - c2M Ib2 + c2M7
z7�2 + Ib2 + c2M9

z9�2 - 18 b Ib2 + c2M8
z4 - 2016 b Hb - cL Hb + cL Ib2 + c2M6

z3 -

30 240 b Ib2 + c2M4 I3 b4 - 10 c2 b2 + 3 c4M z2 - 1 451 520 b Ib2 + c2M2 Ib6 - 7 c2 b4 + 7 c4 b2 - c6M z +

362 880 I9 b10 - 75 c2 b8 + 42 c4 b6 + 90 c6 b4 - 35 c8 b2 + c10M z -

725 760 b I5 b4 - 10 c2 b2 + c4M Ib4 - 10 c2 b2 + 5 c4MN cosIc z NN
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01.06.21.0423.01à z5 ãb z +e sinIc z N â z �
1Ib2 + c2M12

 

J2 ãb z +e JI330 b15 Iz4 c8 - 8 z3 c6 - 1056 z2 c4 - 16 128 z c2 + 20 160M z3�2 + 165 b17 Iz3 c6 + 6 z2 c4 - 144 z c2 + 2016M z5�2 +

55 b19 Iz2 c4 + 12 z c2 + 144M z7�2 + 11 b21 Iz c2 + 10M z9�2 + b23 z11�2 - 11 b22 z5 - 99 b20 Iz c2 + 10M z4 -

55 b18 I7 z2 c4 + 36 z c2 + 1008M z3 - 165 b16 I5 z3 c6 - 114 z2 c4 - 3024 z c2 + 10 080M z2 -

990 b14 Iz4 c8 - 104 z3 c6 - 3360 z2 c4 - 40 320 z c2 + 20 160M z +

462 b13 Iz5 c10 - 30 z4 c8 - 2400 z3 c6 - 43 200 z2 c4 - 475 200 z c2 + 86 400M z +

462 b11 c2 Iz5 c10 - 60 z4 c8 - 3600 z3 c6 - 23 040 z2 c4 + 302 400 z c2 - 4 665 600M z +

330 b9 c4 Iz5 c10 - 98 z4 c8 - 3696 z3 c6 + 110 880 z2 c4 + 3 769 920 z c2 + 33 264 000M z +

165 b7 c6 Iz5 c10 - 144 z4 c8 - 1344 z3 c6 + 354 816 z2 c4 + 3 991 680 z c2 - 31 933 440M z +

55 b5 c8 Iz5 c10 - 198 z4 c8 + 5184 z3 c6 + 508 032 z2 c4 - 11 975 040 z c2 - 215 550 720M z +

11 b3 c10 Iz5 c10 - 260 z4 c8 + 18 000 z3 c6 - 34 473 600 z c2 + 558 835 200M z +

b c12 Iz5 c10 - 330 z4 c8 + 39 600 z3 c6 - 2 328 480 z2 c4 + 59 875 200 z c2 - 439 084 800M z +

990 b8 c4 Iz5 c10 + 238 z4 c8 - 3696 z3 c6 - 332 640 z2 c4 - 3 326 400 z c2 - 19 958 400M +

462 b10 c2 Iz5 c10 + 660 z4 c8 + 7920 z3 c6 - 316 800 z2 c4 - 5 227 200 z c2 + 5 702 400M +

99 b2 c10 Iz5 c10 - 20 z4 c8 - 5040 z3 c6 + 403 200 z2 c4 - 8 668 800 z c2 + 26 611 200M +

11 c12 Iz5 c10 - 90 z4 c8 + 5040 z3 c6 - 151 200 z2 c4 + 1 814 400 z c2 - 3 628 800M -

462 b12 Iz5 c10 - 510 z4 c8 - 13 920 z3 c6 - 129 600 z2 c4 - 1 857 600 z c2 + 86 400M +

165 b6 c6 I5 z5 c10 + 624 z4 c8 - 38 976 z3 c6 - 887 040 z2 c4 + 19 958 400 z c2 + 223 534 080M +

55 b4 c8 I7 z5 c10 + 342 z4 c8 - 60 480 z3 c6 + 1 088 640 z2 c4 + 43 908 480 z c2 - 359 251 200MN sinIc z N -

c I330 b14 Iz4 c8 + 72 z3 c6 + 864 z2 c4 + 181 440M z3�2 + 165 b16 Iz3 c6 + 66 z2 c4 + 1200 z c2 + 14 112M z5�2 +

55 b18 Iz2 c4 + 52 z c2 + 720M z7�2 + 11 b20 Iz c2 + 30M z9�2 + b22 z11�2 - 22 b21 z5 - 220 b19 Iz c2 + 18M z4 -

990 b17 Iz2 c4 + 28 z c2 + 336M z3 - 2640 b15 Iz3 c6 + 30 z2 c4 + 336 z c2 + 5040M z2 -

4620 b13 Iz4 c8 + 24 z3 c6 - 288 z2 c4 - 8640 z c2 + 43 200M z +

165 b6 c6 Iz5 c10 + 16 z4 c8 - 6720 z3 c6 + 64 512 z2 c4 + 7 539 840 z c2 + 31 933 440M z +

330 b8 c4 Iz5 c10 + 42 z4 c8 - 5040 z3 c6 - 110 880 z2 c4 + 1 995 840 z c2 + 35 925 120M z +

462 b10 c2 Iz5 c10 + 60 z4 c8 - 2640 z3 c6 - 126 720 z2 c4 - 1 425 600 z c2 - 13 305 600M z +

462 b12 Iz5 c10 + 70 z4 c8 - 480 z3 c6 - 60 480 z2 c4 - 820 800 z c2 + 950 400M z +

55 b4 c8 Iz5 c10 - 18 z4 c8 - 6336 z3 c6 + 362 880 z2 c4 + 2 540 160 z c2 - 199 584 000M z +

11 b2 c10 Iz5 c10 - 60 z4 c8 - 2160 z3 c6 + 483 840 z2 c4 - 19 958 400 z c2 + 195 955 200M z +

c12 Iz5 c10 - 110 z4 c8 + 7920 z3 c6 - 332 640 z2 c4 + 6 652 800 z c2 - 39 916 800M z -

5544 b11 Iz5 c10 + 10 z4 c8 - 1440 z3 c6 - 36 000 z2 c4 - 360 000 z c2 + 86 400M -

4620 b9 c2 Iz5 c10 - 12 z4 c8 - 2640 z3 c6 - 31 680 z2 c4 + 95 040 z c2 - 1 900 800M -

2640 b7 c4 Iz5 c10 - 42 z4 c8 - 3024 z3 c6 + 55 440 z2 c4 + 1 995 840 z c2 + 11 975 040M -

990 b5 c6 Iz5 c10 - 80 z4 c8 - 1344 z3 c6 + 201 600 z2 c4 + 443 520 z c2 - 31 933 440M -

220 b3 c8 Iz5 c10 - 126 z4 c8 + 4032 z3 c6 + 181 440 z2 c4 - 9 072 000 z c2 + 39 916 800M -

22 b c10 Iz5 c10 - 180 z4 c8 + 15 120 z3 c6 - 604 800 z2 c4 + 9 072 000 z c2 - 21 772 800MN cosIc z NNN
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01.06.21.0424.01

á ãb z +e sinIc z N
z

 â z � ä ãe JEiIHb - ä cL z N - EiIHb + ä c L z NN
01.06.21.0425.01

á ãb z +e sinIc z N
z2

 â z �
1

2 z
 ä ãe J-z EiIHb + ä c L z N Hb + ä c L2 +

ãHb-ä cL z J- z b + ã2 ä c z I z b + ä c z + 1N + ä c z - 1N + Hb - ä cL2 z EiIHb - ä cL z NN
01.06.21.0426.01

á ãb z +e sinIc z N
z3

 â z �

-
1

24
ä ãe EiIHb + ä c L z N Hb + ä c L4 +

ãHb-ä cL z IHb - ä cL3 z3�2 + Hb - ä cL2 z + 2 Hb - ä cL z + 6N
z2

-

Hb - ä cL4 EiIHb - ä cL z N -
ãHb+ä c L z IHb + ä c L3 z3�2 + Hb + ä c L2 z + 2 Hb + ä c L z + 6N

z2

01.06.21.0427.01

á ãb z +e sinIc z N
z4

 â z � -
1

720
ä ãe EiIHb + ä c L z N Hb + ä c L6 -

1

z3
 JãHb+ä c L z I2 Hb + ä c L3 z3�2 + Hb + ä c L5 z5�2 + Hb + ä c L4 z2 + 6 Hb + ä c L2 z + 24 Hb + ä c L z + 120NN +

1

z3
 JãHb-ä cL z I2 Hb - ä cL3 z3�2 + Hb - ä cL5 z5�2 + Hb - ä cL4 z2 + 6 Hb - ä cL2 z + 24 Hb - ä cL z + 120NN -

Hb - ä cL6 EiIHb - ä cL z N
01.06.21.0428.01

á ãb z +e sinIc z N
z5

 â z �

-
1

40 320
 ä ãe EiIHb + ä c L z N Hb + ä c L8 -

1

z4
 JãHb+ä c L z I24 Hb + ä c L3 z3�2 + 2 Hb + ä c L5 z5�2 + Hb + ä c L7 z7�2 +

Hb + ä c L6 z3 + 6 Hb + ä c L4 z2 + 120 Hb + ä c L2 z + 720 Hb + ä c L z + 5040NN +

1

z4
 JãHb-ä cL z I24 Hb - ä cL3 z3�2 + 2 Hb - ä cL5 z5�2 + Hb - ä cL7 z7�2 + Hb - ä cL6 z3 + 6 Hb - ä cL4 z2 +

120 Hb - ä cL2 z + 720 Hb - ä cL z + 5040NN - Hb - ä cL8 EiIHb - ä cL z N
Involving zn  ãb zr +d z  sinIc zr M
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01.06.21.0429.01

à zn ãb z2+d z sinIc z2M â z �
ä

4 b + ä c
 ã

-
d2

4 Hb+ä c L

â
q=0

n

2q-n Hb + ä c L-n-
1

2 H-dLn-q Hd + 2 Hb + ä c L zLq+1 -
Hd + 2 Hb + ä c L zL2

b + ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 Hb + ä c L zL2

4 Hb + ä c L -

ä

4 b - ä c
ã

d2

4 ä c-4 b â
q=0

n

2q-n Hb - ä cL-n-
1

2 H-dLn-q Hd + 2 Hb - ä cL zLq+1

-
Hd + 2 Hb - ä cL zL2

b - ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 Hb - ä cL zL2

4 Hb - ä cL �; n Î N

01.06.21.0430.01à zn ã z b+d z sinIc z N â z �

ä 2-2 Hn+1L d-2 Hn+1L ã
-

b2-c2

2 d ã
Hb+ä c L2

4 d â
k=0

n â
h=0

k H-1Lk-h 4k Hb - ä cL-h-k+2 n Ib - ä c + 2 d z Nh+k
-

Ib - ä c + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
Hb - ä cL Ib - ä c + 2 d z N G

1

2
Hh + k + 1L, -

Ib - ä c + 2 d z N2

4 d
+

2 -
Ib - ä c + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib - ä c + 2 d z N2

4 d
-

ã
Hä c-bL2

4 d â
k=0

n â
h=0

k H-1Lk-h 4k Hb + ä c L-h-k+2 n Ib + ä c + 2 d z Nh+k
-

Ib + ä c + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
Hb + ä c L Ib + ä c + 2 d z N G

1

2
Hh + k + 1L, -

Ib + ä c + 2 d z N2

4 d
+

2 -
Ib + ä c + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + ä c + 2 d z N2

4 d
�; n Î N

Involving zn ãb zr +d z+e sinIc zr M
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01.06.21.0431.01à zn ãb z2+d z+e sinIc z2M â z �

1

4
ä ãe

1

b + ä c
 ã

-
d2

4 Hb+ä c L â
q=0

n

2q-n Hb + ä c L-n-
1

2 H-dLn-q Hd + 2 Hb + ä c L zLq+1 -
Hd + 2 Hb + ä c L zL2

b + ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 Hb + ä c L zL2

4 Hb + ä c L -
1

b - ä c
 ã

d2

4 ä c-4 b â
q=0

n

2q-n Hb - ä cL-n-
1

2 H-dLn-q

Hd + 2 Hb - ä cL zLq+1
Hd + 2 Hb - ä cL zL2

ä c - b

1

2
H-q-1L

n

q
G

q + 1

2
,

Hd + 2 Hb - ä cL zL2

4 Hä c - bL �; n Î N

01.06.21.0432.01à zn ã z b+d z+e sinIc z N â z �

ä 2-2 Hn+1L d-2 Hn+1L ã
-

b2-c2-2 d e

2 d ã
Hb+ä c L2

4 d â
k=0

n â
h=0

k H-1Lk-h 4k Hb - ä cL-h-k+2 n Ib - ä c + 2 d z Nh+k
-

Ib - ä c + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
Hb - ä cL Ib - ä c + 2 d z N G

1

2
Hh + k + 1L, -

Ib - ä c + 2 d z N2

4 d
+

2 -
Ib - ä c + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib - ä c + 2 d z N2

4 d
-

ã
Hä c-bL2

4 d â
k=0

n â
h=0

k H-1Lk-h 4k Hb + ä c L-h-k+2 n Ib + ä c + 2 d z Nh+k
-

Ib + ä c + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
Hb + ä c L Ib + ä c + 2 d z N G

1

2
Hh + k + 1L, -

Ib + ä c + 2 d z N2

4 d
+

2 -
Ib + ä c + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + ä c + 2 d z N2

4 d
�; n Î N

Involving zn ãd z sinIc zr + gM
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01.06.21.0433.01à zn ãd z sinIc z2 + gM â z �
1

4 ä c
 

ä ã
ä d2

4 c
+ä g â

q=0

n

2q-n Hä cL-n-
1

2 H-dLn-q Hd + 2 ä c zLq+1
ä Hd + 2 ä c zL2

c

1

2
H-q-1L

n

q
G

q + 1

2
,

ä Hd + 2 ä c zL2

4 c
-

1

4 -ä c
 

ä ã
-

ä d2

4 c
-ä g â

q=0

n

2q-n H-ä cL-n-
1

2 H-dLn-q Hd - 2 ä c zLq+1 -
ä Hd - 2 ä c zL2

c

1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hd - 2 ä c zL2

4 c
�; n Î N

01.06.21.0434.01à zn ãd z sinI z c + gN â z �

ä 2-2 Hn+1L ã-ä g d-2 Hn+1L ã
c2

4 d â
k=0

n â
h=0

k H-1Lk-h 4k H-ä cL-h-k+2 n I2 d z - ä cNh+k
-

I2 d z - ä cN2

d

1

2
H-h-k-1L

k

h

n

k
2 d -

I2 d z - ä cN2

d
G

1

2
Hh + k + 2L, -

I2 d z - ä cN2

4 d
-

ä c I2 d z - ä cN G
1

2
Hh + k + 1L, -

I2 d z - ä cN2

4 d
-

d-2 Hn+1L ã
c2

4 d
+2 ä g â

k=0

n â
h=0

k H-1Lk-h 4k Hä cL-h-k+2 n I2 z d + ä c Nh+k
-

I2 z d + ä c N2

d

1

2
H-h-k-1L

k

h

n

k
c ä I2 z d + ä c N G

1

2
Hh + k + 1L, -

I2 z d + ä c N2

4 d
+

2 -
I2 z d + ä c N2

d
d G

1

2
Hh + k + 2L, -

I2 z d + ä c N2

4 d
�; n Î N

Involving zn ãd z+e sinIc zr + gM
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01.06.21.0435.01à zn ãd z+e sinIc z2 + gM â z �
1

4 ä c
 

ä ã
ä d2

4 c
+e+ä g â

q=0

n

2q-n Hä cL-n-
1

2 H-dLn-q Hd + 2 ä c zLq+1
ä Hd + 2 ä c zL2

c

1

2
H-q-1L

n

q
G

q + 1

2
,

ä Hd + 2 ä c zL2

4 c
-

1

4 -ä c
 

ä ã
-

ä d2

4 c
+e-ä g â

q=0

n

2q-n H-ä cL-n-
1

2 H-dLn-q Hd - 2 ä c zLq+1 -
ä Hd - 2 ä c zL2

c

1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hd - 2 ä c zL2

4 c
�; n Î N

01.06.21.0436.01à zn ãd z+e sinI z c + gN â z �

ä 2-2 Hn+1L ãe-ä g d-2 Hn+1L ã
c2

4 d â
k=0

n â
h=0

k H-1Lk-h 4k H-ä cL-h-k+2 n I2 d z - ä cNh+k
-

I2 d z - ä cN2

d

1

2
H-h-k-1L

k

h

n

k
2 d -

I2 d z - ä cN2

d
G

1

2
Hh + k + 2L, -

I2 d z - ä cN2

4 d
-

ä c I2 d z - ä cN G
1

2
Hh + k + 1L, -

I2 d z - ä cN2

4 d
-

d-2 Hn+1L ã
c2

4 d
+2 ä g â

k=0

n â
h=0

k H-1Lk-h 4k Hä cL-h-k+2 n I2 z d + ä c Nh+k
-

I2 z d + ä c N2

d

1

2
H-h-k-1L

k

h

n

k
c ä I2 z d + ä c N G

1

2
Hh + k + 1L, -

I2 z d + ä c N2

4 d
+

2 -
I2 z d + ä c N2

d
d G

1

2
Hh + k + 2L, -

I2 z d + ä c N2

4 d
�; n Î N

Involving zΑ-1 ãb zr
 sinIc zr + gM

http://functions.wolfram.com 117



01.06.21.0437.01à zΑ-1 ãb zr
sinHc zr + gL â z � -

ä zΑ

2 r
ã-ä g HHä c - bL zrL-

Α

r G
Α

r
, Hä c - bL zr - ãä g H-Hb + ä c L zrL-

Α

r G
Α

r
, -Hb + ä c L zr

01.06.21.0438.01

à ãb zr
sinHc zr + gL

z
 â z �

EiHHb + ä c L zrL HsinHgL - ä cosHgLL + EiHHb - ä cL zrL Hä cosHgL + sinHgLL
2 r

01.06.21.0439.01à z2 n ãb z2
sinIc z2 + gM â z �

1

4
ä z ãä g IH-b - ä cL z2M-

1

2 H-b - ä cL-n erfc H-b - ä cL z2 G n +
1

2
+ ã-H-b-ä cL z2 â

k=0

n-1 IH-b - ä cL z2Mk+
1

2

Jn + 1

2
N
k-n+1

-

ã-H-b-ä cL z2 â
k=n

-1 IH-b - ä cL z2Mk+
1

2

Jn + 1

2
N
k-n+1

- ã-ä g IHä c - bL z2M-
1

2 Hä c - bL-n

erfc Hä c - bL z2 G n +
1

2
+ ã-Hä c-bL z2 â

k=0

n-1 IHä c - bL z2Mk+
1

2

Jn + 1

2
N
k-n+1

- ã-Hä c-bL z2 â
k=n

-1 IHä c - bL z2Mk+
1

2

Jn + 1

2
N
k-n+1

�; n Î Z

01.06.21.0440.01à z2 n-1 ãb z2
sinIc z2 + gM â z �

1

4
ä ãä g H-b - ä cL-n

H-1Ln-1 EiI-H-b - ä cL z2MH-nL !
+ ã-H-b-ä cL z2 â

k=0

n-1 IH-b - ä cL z2Mk

HnLk-n+1

- ã-H-b-ä cL z2 â
k=n

-1 IH-b - ä cL z2Mk

HnLk-n+1

-

ã-ä g Hä c - bL-n
H-1Ln-1 EiI-Hä c - bL z2MH-nL !

+ ã-Hä c-bL z2 â
k=0

n-1 IHä c - bL z2Mk

HnLk-n+1

- ã-Hä c-bL z2 â
k=n

-1 IHä c - bL z2Mk

HnLk-n+1

�; n Î Z

01.06.21.0441.01

à z ãb z2
sinIc z2 + gM â z �

ãb z2 Ib sinIc z2 + gM - c cosIc z2 + gMM
2 Ib2 + c2M
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01.06.21.0442.01

à z2 ãb z2
sinIc z2 + gM â z �

1

4
z3

1

2
Π erf -Hb + ä c L z2 - 1 - ãHb+ä c L z2

-Hb + ä c L z2

I-Hb + ä c L z2M3�2 +

1

2
Π erf -Hb - ä cL z2 - 1 - ãHb-ä cL z2

-Hb - ä cL z2

I-Hb - ä cL z2M3�2 sinHgL -

ä cosHgL 1

2
Π erf -Hb + ä c L z2 - 1 - ãHb+ä c L z2

-Hb + ä c L z2

I-Hb + ä c L z2M3�2 +

ãHb-ä cL z2
-Hb - ä cL z2 - 1

2
Π erf -Hb - ä cL z2 - 1

I-Hb - ä cL z2M3�2
01.06.21.0443.01

à z3 ãb z2
sinIc z2 + gM â z �

ãb z2 IIz2 b3 - b2 + c2 z2 b + c2M sinIc z2 + gM - c Ib2 z2 + c2 z2 - 2 bM cosIc z2 + gMM
2 Ib2 + c2M2

01.06.21.0444.01à z4 ãb z2
sinIc z2 + gM â z �

1

16
z5

1I-Hb + ä c L z2M5�2  2 ãHb+ä c L z2
-Hb + ä c L z2 I2 b z2 + 2 c ä z2 - 3M + 3 Π erf -Hb + ä c L z2 - 3 Π +

1I-Hb - ä cL z2M5�2  2 ãHb-ä cL z2
-Hb - ä cL z2 I2 b z2 - 2 ä c z2 - 3M + 3 Π erf -Hb - ä cL z2 - 3 Π sinHgL -

ä cosHgL 1I-Hb + ä c L z2M5�2  2 ãHb+ä c L z2
-Hb + ä c L z2 I2 b z2 + 2 c ä z2 - 3M + 3 Π erf -Hb + ä c L z2 - 3 Π +

1I-Hb - ä cL z2M5�2  -2 ãHb-ä cL z2
-Hb - ä cL z2 I2 b z2 - 2 ä c z2 - 3M - 3 Π erf -Hb - ä cL z2 + 3 Π

01.06.21.0445.01à z5 ãb z2
sinIc z2 + gM â z �

1

2 Ib2 + c2M3
 Jãb z2 IIz4 b5 - 2 z2 b4 + 2 Ic2 z4 + 1M b3 + c2 Ic2 z4 - 6M b + 2 c4 z2M sinIc z2 + gM -

c Ib4 z4 - 4 b3 z2 - 4 b c2 z2 + c2 Ic2 z4 - 2M + 2 b2 Ic2 z4 + 3MM cosIc z2 + gMMN
01.06.21.0446.01

á ãb z2
sinIc z2 + gM

z
 â z �

1

4
ä ã-ä g IEiIHb - ä cL z2M - ã2 ä g EiIHb + ä c L z2MM

http://functions.wolfram.com 119



01.06.21.0447.01

á ãb z2
sinIc z2 + gM

z2
 â z �

1

2 z
 ä Π ã-ä g -Hb - ä cL z2 erfc -Hb - ä cL z2 - ã2 ä g -Hb + ä c L z2 erfc -Hb + ä c L z2 - 2 ãb z2

sinIc z2 + gM
01.06.21.0448.01

á ãb z2
sinIc z2 + gM

z3
 â z �

1

4
Hc - ä bL ãä g EiIHb + ä c L z2M + Hc + ä b L ã-ä g EiIHb - ä cL z2M -

2 ãb z2
sinIc z2 + gM

z2

01.06.21.0449.01

á ãb z2
sinIc z2 + gM

z4
 â z � -

1

6 z3
 K-2 ä Π cosHgL KHb - ä cL3�2 erfiK b - ä c zO - Hb + ä c L3�2 erfiK b + ä c zOO z3 -

2 Π KerfiK b + ä c zO Hb + ä c L3�2 + Hb - ä cL3�2 erfiK b - ä c zOO sinHgL z3 +

J-2 ä Π I-Hb + ä c L z2M3�2
+ 2 ä Π I-Hb - ä cL z2M3�2

+ ãHb+ä c L z2 I2 Hc - ä bL z2 - äM + ãHb-ä cL z2 I2 Hc + ä b L z2 + äMN cosHgL +J2 Π I-Hb + ä c L z2M3�2
+ 2 Π I-Hb - ä cL z2M3�2

+ ãHb+ä c L z2 I2 Hb + ä c L z2 + 1M + ãHb-ä cL z2 I2 Hb - ä cL z2 + 1MN sinHgLO
01.06.21.0450.01

á ãb z2
sinIc z2 + gM

z5
 â z �

1

8 z4
 JHb + ä c L2 EiIHb + ä c L z2M HsinHgL - ä cosHgLL z4 + Hb - ä cL2 EiIHb - ä cL z2M Hä cosHgL + sinHgLL z4 +

ãHb-ä cL z2
ä JJ-b z2 + c ä z2 + ã2 ä c z2 Ib z2 + c ä z2 + 1M - 1N cosHgL - Jã2 ä c z2 I-ä b z2 + c z2 - äM - ä Ib z2 - ä c z2 + 1MN sinHgLNN

01.06.21.0451.01à zn ãb z sinI z c + gN â z � ä ãä g H-b - ä cL-2 Hn+1L

-
EiI-H-b - ä cL z NH-2 Hn + 1LL !

+ ã-H-b-ä cL z â
k=0

2 n+1 IH-b - ä cL z Nk

H2 Hn + 1LLk-2 n-1

- ã-H-b-ä cL z â
k=2 Hn+1L

-1 IH-b - ä cL z Nk

H2 Hn + 1LLk-2 n-1

- ä ã-ä g

Hä c - bL-2 Hn+1L -
EiI-Hä c - bL z NH-2 Hn + 1LL !

+ ã-Hä c-bL z â
k=0

2 n+1 IHä c - bL z Nk

H2 Hn + 1LLk-2 n-1

- ã-Hä c-bL z â
k=2 Hn+1L

-1 IHä c - bL z Nk

H2 Hn + 1LLk-2 n-1

�; n Î Z

01.06.21.0452.01à z ãb z sinI z c + gN â z �
1Ib2 + c2M4

 2 ãb z

JJb Ib2 + c2M3
z3�2 - 3 Hb - cL Hb + cL Ib2 + c2M2

z + 6 b Ib2 + c2M Ib2 - 3 c2M z - 6 Ib4 - 6 c2 b2 + c4MN sinI z c + gN -

c JIb2 + c2M3
z3�2 - 6 b Ib2 + c2M2

z + 6 I3 b2 - c2M Ib2 + c2M z - 24 b Hb - cL Hb + cLN cosI z c + gNN
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01.06.21.0453.01à z2 ãb z sinI z c + gN â z �
1Ib2 + c2M6

 2 ãb z

JJ20 b Ib2 + c2M3 Ib2 - 3 c2M z3�2 + b Ib2 + c2M5
z5�2 - 5 Hb - cL Hb + cL Ib2 + c2M4

z2 - 60 Ib2 + c2M2 Ib4 - 6 c2 b2 + c4M z +

120 b Ib2 + c2M Ib4 - 10 c2 b2 + 5 c4M z - 120 Ib6 - 15 c2 b4 + 15 c4 b2 - c6MN sinI z c + gN -

c J20 I3 b2 - c2M Ib2 + c2M3
z3�2 + Ib2 + c2M5

z5�2 - 10 b Ib2 + c2M4
z2 - 240 b Hb - cL Hb + cL Ib2 + c2M2

z +

120 Ib2 + c2M I5 b4 - 10 c2 b2 + c4M z - 240 b I3 b4 - 10 c2 b2 + 3 c4MN cosI z c + gNN
01.06.21.0454.01à z3 ãb z sinI z c + gN â z �

1Ib2 + c2M8
 2 ãb z

JJ840 b Ib2 + c2M3 Ib4 - 10 c2 b2 + 5 c4M z3�2 + 42 b Ib2 + c2M5 Ib2 - 3 c2M z5�2 + b Ib2 + c2M7
z7�2 - 7 Hb - cL Hb + cL Ib2 + c2M6

z3 -

210 Ib2 + c2M4 Ib4 - 6 c2 b2 + c4M z2 - 2520 Ib2 + c2M2 Ib6 - 15 c2 b4 + 15 c4 b2 - c6M z +

5040 b Ib2 + c2M Ib6 - 21 c2 b4 + 35 c4 b2 - 7 c6M z - 5040 Ib8 - 28 c2 b6 + 70 c4 b4 - 28 c6 b2 + c8MN
sinI z c + gN - c J840 Ib2 + c2M3 I5 b4 - 10 c2 b2 + c4M z3�2 + 42 I3 b2 - c2M Ib2 + c2M5

z5�2 + Ib2 + c2M7
z7�2 -

14 b Ib2 + c2M6
z3 - 840 b Hb - cL Hb + cL Ib2 + c2M4

z2 - 5040 b Ib2 + c2M2 I3 b4 - 10 c2 b2 + 3 c4M z +

5040 Ib2 + c2M I7 b6 - 35 c2 b4 + 21 c4 b2 - c6M z - 40 320 b Ib6 - 7 c2 b4 + 7 c4 b2 - c6MN cosI z c + gNN
01.06.21.0455.01à z4 ãb z sinI z c + gN â z �

1Ib2 + c2M10
 2 ãb z JJ60 480 b Ib2 + c2M3 Ib6 - 21 c2 b4 + 35 c4 b2 - 7 c6M z3�2 + 3024 b Ib2 + c2M5 Ib4 - 10 c2 b2 + 5 c4M z5�2 +

72 b Ib2 + c2M7 Ib2 - 3 c2M z7�2 + b Ib2 + c2M9
z9�2 - 9 Hb - cL Hb + cL Ib2 + c2M8

z4 -

504 Ib2 + c2M6 Ib4 - 6 c2 b2 + c4M z3 - 15 120 Ib2 + c2M4 Ib6 - 15 c2 b4 + 15 c4 b2 - c6M z2 - 181 440 Ib2 + c2M2

Ib8 - 28 c2 b6 + 70 c4 b4 - 28 c6 b2 + c8M z + 362 880 b Ib2 + c2M Ib2 - 3 c2M Ib6 - 33 c2 b4 + 27 c4 b2 - 3 c6M z -

362 880 Ib10 - 45 c2 b8 + 210 c4 b6 - 210 c6 b4 + 45 c8 b2 - c10MN sinI z c + gN -

c J60 480 Ib2 + c2M3 I7 b6 - 35 c2 b4 + 21 c4 b2 - c6M z3�2 + 3024 Ib2 + c2M5 I5 b4 - 10 c2 b2 + c4M z5�2 +

72 I3 b2 - c2M Ib2 + c2M7
z7�2 + Ib2 + c2M9

z9�2 - 18 b Ib2 + c2M8
z4 - 2016 b Hb - cL Hb + cL Ib2 + c2M6

z3 -

30 240 b Ib2 + c2M4 I3 b4 - 10 c2 b2 + 3 c4M z2 - 1 451 520 b Ib2 + c2M2 Ib6 - 7 c2 b4 + 7 c4 b2 - c6M z +

362 880 I9 b10 - 75 c2 b8 + 42 c4 b6 + 90 c6 b4 - 35 c8 b2 + c10M z -

725 760 b I5 b4 - 10 c2 b2 + c4M Ib4 - 10 c2 b2 + 5 c4MN cosI z c + gNN
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01.06.21.0456.01à z5 ãb z sinI z c + gN â z �
1Ib2 + c2M12

 

J2 ãb z JI330 b15 Iz4 c8 - 8 z3 c6 - 1056 z2 c4 - 16 128 z c2 + 20 160M z3�2 + 165 b17 Iz3 c6 + 6 z2 c4 - 144 z c2 + 2016M z5�2 +

55 b19 Iz2 c4 + 12 z c2 + 144M z7�2 + 11 b21 Iz c2 + 10M z9�2 + b23 z11�2 - 11 b22 z5 - 99 b20 Iz c2 + 10M z4 -

55 b18 I7 z2 c4 + 36 z c2 + 1008M z3 - 165 b16 I5 z3 c6 - 114 z2 c4 - 3024 z c2 + 10 080M z2 -

990 b14 Iz4 c8 - 104 z3 c6 - 3360 z2 c4 - 40 320 z c2 + 20 160M z +

462 b13 Iz5 c10 - 30 z4 c8 - 2400 z3 c6 - 43 200 z2 c4 - 475 200 z c2 + 86 400M z +

462 b11 c2 Iz5 c10 - 60 z4 c8 - 3600 z3 c6 - 23 040 z2 c4 + 302 400 z c2 - 4 665 600M z +

330 b9 c4 Iz5 c10 - 98 z4 c8 - 3696 z3 c6 + 110 880 z2 c4 + 3 769 920 z c2 + 33 264 000M z +

165 b7 c6 Iz5 c10 - 144 z4 c8 - 1344 z3 c6 + 354 816 z2 c4 + 3 991 680 z c2 - 31 933 440M z +

55 b5 c8 Iz5 c10 - 198 z4 c8 + 5184 z3 c6 + 508 032 z2 c4 - 11 975 040 z c2 - 215 550 720M z +

11 b3 c10 Iz5 c10 - 260 z4 c8 + 18 000 z3 c6 - 34 473 600 z c2 + 558 835 200M z +

b c12 Iz5 c10 - 330 z4 c8 + 39 600 z3 c6 - 2 328 480 z2 c4 + 59 875 200 z c2 - 439 084 800M z +

990 b8 c4 Iz5 c10 + 238 z4 c8 - 3696 z3 c6 - 332 640 z2 c4 - 3 326 400 z c2 - 19 958 400M +

462 b10 c2 Iz5 c10 + 660 z4 c8 + 7920 z3 c6 - 316 800 z2 c4 - 5 227 200 z c2 + 5 702 400M +

99 b2 c10 Iz5 c10 - 20 z4 c8 - 5040 z3 c6 + 403 200 z2 c4 - 8 668 800 z c2 + 26 611 200M +

11 c12 Iz5 c10 - 90 z4 c8 + 5040 z3 c6 - 151 200 z2 c4 + 1 814 400 z c2 - 3 628 800M -

462 b12 Iz5 c10 - 510 z4 c8 - 13 920 z3 c6 - 129 600 z2 c4 - 1 857 600 z c2 + 86 400M +

165 b6 c6 I5 z5 c10 + 624 z4 c8 - 38 976 z3 c6 - 887 040 z2 c4 + 19 958 400 z c2 + 223 534 080M +

55 b4 c8 I7 z5 c10 + 342 z4 c8 - 60 480 z3 c6 + 1 088 640 z2 c4 + 43 908 480 z c2 - 359 251 200MN sinI z c + gN -

c I330 b14 Iz4 c8 + 72 z3 c6 + 864 z2 c4 + 181 440M z3�2 + 165 b16 Iz3 c6 + 66 z2 c4 + 1200 z c2 + 14 112M z5�2 +

55 b18 Iz2 c4 + 52 z c2 + 720M z7�2 + 11 b20 Iz c2 + 30M z9�2 + b22 z11�2 - 22 b21 z5 - 220 b19 Iz c2 + 18M z4 -

990 b17 Iz2 c4 + 28 z c2 + 336M z3 - 2640 b15 Iz3 c6 + 30 z2 c4 + 336 z c2 + 5040M z2 -

4620 b13 Iz4 c8 + 24 z3 c6 - 288 z2 c4 - 8640 z c2 + 43 200M z +

165 b6 c6 Iz5 c10 + 16 z4 c8 - 6720 z3 c6 + 64 512 z2 c4 + 7 539 840 z c2 + 31 933 440M z +

330 b8 c4 Iz5 c10 + 42 z4 c8 - 5040 z3 c6 - 110 880 z2 c4 + 1 995 840 z c2 + 35 925 120M z +

462 b10 c2 Iz5 c10 + 60 z4 c8 - 2640 z3 c6 - 126 720 z2 c4 - 1 425 600 z c2 - 13 305 600M z +

462 b12 Iz5 c10 + 70 z4 c8 - 480 z3 c6 - 60 480 z2 c4 - 820 800 z c2 + 950 400M z +

55 b4 c8 Iz5 c10 - 18 z4 c8 - 6336 z3 c6 + 362 880 z2 c4 + 2 540 160 z c2 - 199 584 000M z +

11 b2 c10 Iz5 c10 - 60 z4 c8 - 2160 z3 c6 + 483 840 z2 c4 - 19 958 400 z c2 + 195 955 200M z +

c12 Iz5 c10 - 110 z4 c8 + 7920 z3 c6 - 332 640 z2 c4 + 6 652 800 z c2 - 39 916 800M z -

5544 b11 Iz5 c10 + 10 z4 c8 - 1440 z3 c6 - 36 000 z2 c4 - 360 000 z c2 + 86 400M -

4620 b9 c2 Iz5 c10 - 12 z4 c8 - 2640 z3 c6 - 31 680 z2 c4 + 95 040 z c2 - 1 900 800M -

2640 b7 c4 Iz5 c10 - 42 z4 c8 - 3024 z3 c6 + 55 440 z2 c4 + 1 995 840 z c2 + 11 975 040M -

990 b5 c6 Iz5 c10 - 80 z4 c8 - 1344 z3 c6 + 201 600 z2 c4 + 443 520 z c2 - 31 933 440M -

220 b3 c8 Iz5 c10 - 126 z4 c8 + 4032 z3 c6 + 181 440 z2 c4 - 9 072 000 z c2 + 39 916 800M -

22 b c10 Iz5 c10 - 180 z4 c8 + 15 120 z3 c6 - 604 800 z2 c4 + 9 072 000 z c2 - 21 772 800MN cosI z c + gNNN

http://functions.wolfram.com 122



01.06.21.0457.01

á ãb z sinI z c + gN
z

 â z � ä ã-ä g JEiIHb - ä cL z N - ã2 ä g EiIHb + ä c L z NN
01.06.21.0458.01

á ãb z sinI z c + gN
z2

 â z �
1

2 z
 ä ã-ä g K-ã2 ä g z EiIHb + ä c L z N Hb + ä c L2 +

ãHb-ä cL z K- z b + ã2 ä J z c+gN I z b + ä c z + 1N + ä c z - 1O + Hb - ä cL2 z EiIHb - ä cL z NO
01.06.21.0459.01

á ãb z sinI z c + gN
z3

 â z �
1

24
ä ã-ä g -ã2 ä g EiIHb + ä c L z N Hb + ä c L4 +

1

z2
 JãHb-ä cL z J-b3 z3�2 - ä c3 z3�2 + c2 z + 2 ä c z + b I3 z c2 + 2 ä z c - 2N z + b2 I3 ä c z3�2 - zM - 6NN +

1

z2
 Jã z Hb+ä c L+2 ä g Jb3 z3�2 - ä c3 z3�2 - c2 z + 2 ä c z + b2 I3 c ä z3�2 + zM + b I-3 c2 z3�2 + 2 ä c z + 2 z N + 6NN +

Hb - ä cL4 EiIHb - ä cL z N
01.06.21.0460.01

á ãb z sinI z c + gN
z4

 â z �
1

720
ä ã-ä g -ã2 ä g EiIHb + ä c L z N Hb + ä c L6 -

1

z3
 Jã z Hb+ä c L+2 ä g I-2 Hb + ä c L3 z3�2 - Hb + ä c L5 z5�2 - Hb + ä c L4 z2 - 6 Hb + ä c L2 z - 24 Hb + ä c L z - 120NN +

1

z3
 JãHb-ä cL z I-2 Hb - ä cL3 z3�2 - Hb - ä cL5 z5�2 - Hb - ä cL4 z2 - 6 Hb - ä cL2 z - 24 Hb - ä cL z - 120NN +

Hb - ä cL6 EiIHb - ä cL z N
01.06.21.0461.01

á ãb z sinI z c + gN
z5

 â z �

1

40 320
 ä ã-ä g -ã2 ä g EiIHb + ä c L z N Hb + ä c L8 -

1

z4
 Jã z Hb+ä c L+2 ä g I-24 Hb + ä c L3 z3�2 - 2 Hb + ä c L5 z5�2 -

Hb + ä c L7 z7�2 - Hb + ä c L6 z3 - 6 Hb + ä c L4 z2 - 120 Hb + ä c L2 z - 720 Hb + ä c L z - 5040NN +

1

z4
 JãHb-ä cL z I-24 Hb - ä cL3 z3�2 - 2 Hb - ä cL5 z5�2 - Hb - ä cL7 z7�2 - Hb - ä cL6 z3 - 6 Hb - ä cL4 z2 -

120 Hb - ä cL2 z - 720 Hb - ä cL z - 5040NN + Hb - ä cL8 EiIHb - ä cL z N
Involving zΑ-1 ãb zr +e  sinIc zr + gM
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01.06.21.0462.01à zΑ-1 ãb zr+e sinHc zr + gL â z � -
ä zΑ

2 r
ãe-ä g HHä c - bL zrL-

Α

r G
Α

r
, Hä c - bL zr - ãe+ä g H-Hb + ä c L zrL-

Α

r G
Α

r
, -Hb + ä c L zr

01.06.21.0463.01

à ãb zr+e sinHc zr + gL
z

 â z � ãe 
EiHHb + ä c L zrL HsinHgL - ä cosHgLL + EiHHb - ä cL zrL Hä cosHgL + sinHgLL

2 r

01.06.21.0464.01à z2 n ãb z2+e sinIc z2 + gM â z �

1

4
ä z ãe ãä g IH-b - ä cL z2M-

1

2 H-b - ä cL-n erfc H-b - ä cL z2 G n +
1

2
+ ã-H-b-ä cL z2 â

k=0

n-1 IH-b - ä cL z2Mk+
1

2

Jn + 1

2
N
k-n+1

-

ã-H-b-ä cL z2 â
k=n

-1 IH-b - ä cL z2Mk+
1

2

Jn + 1

2
N
k-n+1

- ã-ä g IHä c - bL z2M-
1

2 Hä c - bL-n

erfc Hä c - bL z2 G n +
1

2
+ ã-Hä c-bL z2 â

k=0

n-1 IHä c - bL z2Mk+
1

2

Jn + 1

2
N
k-n+1

- ã-Hä c-bL z2 â
k=n

-1 IHä c - bL z2Mk+
1

2

Jn + 1

2
N
k-n+1

�; n Î Z

01.06.21.0465.01à z2 n-1 ãb z2+e sinIc z2 + gM â z �

1

4
ä ãe ãä g H-b - ä cL-n

H-1Ln-1 EiI-H-b - ä cL z2MH-nL !
+ ã-H-b-ä cL z2 â

k=0

n-1 IH-b - ä cL z2Mk

HnLk-n+1

- ã-H-b-ä cL z2 â
k=n

-1 IH-b - ä cL z2Mk

HnLk-n+1

-

ã-ä g Hä c - bL-n
H-1Ln-1 EiI-Hä c - bL z2MH-nL !

+ ã-Hä c-bL z2 â
k=0

n-1 IHä c - bL z2Mk

HnLk-n+1

- ã-Hä c-bL z2 â
k=n

-1 IHä c - bL z2Mk

HnLk-n+1

�; n Î Z

01.06.21.0466.01

à z ãb z2+e sinIc z2 + gM â z �
ãb z2+e Ib sinIc z2 + gM - c cosIc z2 + gMM

2 Ib2 + c2M
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01.06.21.0467.01

à z2 ãb z2+e sinIc z2 + gM â z �
1

4
z3 ãe

1

2
Π erf -Hb + ä c L z2 - 1 - ãHb+ä c L z2

-Hb + ä c L z2

I-Hb + ä c L z2M3�2 +

1

2
Π erf -Hb - ä cL z2 - 1 - ãHb-ä cL z2

-Hb - ä cL z2

I-Hb - ä cL z2M3�2 sinHgL -

ä cosHgL 1

2
Π erf -Hb + ä c L z2 - 1 - ãHb+ä c L z2

-Hb + ä c L z2

I-Hb + ä c L z2M3�2 +

ãHb-ä cL z2
-Hb - ä cL z2 - 1

2
Π erf -Hb - ä cL z2 - 1

I-Hb - ä cL z2M3�2
01.06.21.0468.01à z3 ãb z2+e sinIc z2 + gM â z �

1

2 Ib2 + c2M2
 ãb z2+e IIz2 b3 - b2 + c2 z2 b + c2M sinIc z2 + gM - c Ib2 z2 + c2 z2 - 2 bM cosIc z2 + gMM

01.06.21.0469.01à z4 ãb z2+e sinIc z2 + gM â z �

1

16
z5 ãe

1I-Hb + ä c L z2M5�2  2 ãHb+ä c L z2
-Hb + ä c L z2 I2 b z2 + 2 c ä z2 - 3M + 3 Π erf -Hb + ä c L z2 - 3 Π +

1I-Hb - ä cL z2M5�2  2 ãHb-ä cL z2
-Hb - ä cL z2 I2 b z2 - 2 ä c z2 - 3M + 3 Π erf -Hb - ä cL z2 - 3 Π sinHgL -

ä cosHgL 1I-Hb + ä c L z2M5�2  2 ãHb+ä c L z2
-Hb + ä c L z2 I2 b z2 + 2 c ä z2 - 3M + 3 Π erf -Hb + ä c L z2 - 3 Π +

1I-Hb - ä cL z2M5�2  -2 ãHb-ä cL z2
-Hb - ä cL z2 I2 b z2 - 2 ä c z2 - 3M - 3 Π erf -Hb - ä cL z2 + 3 Π

01.06.21.0470.01à z5 ãb z2+e sinIc z2 + gM â z �
1

2 Ib2 + c2M3
 ãb z2+e IIz4 b5 - 2 z2 b4 + 2 Ic2 z4 + 1M b3 + c2 Ic2 z4 - 6M b + 2 c4 z2M sinIc z2 + gM -

c Ib4 z4 - 4 b3 z2 - 4 b c2 z2 + c2 Ic2 z4 - 2M + 2 b2 Ic2 z4 + 3MM cosIc z2 + gMM
01.06.21.0471.01

á ãb z2+e sinIc z2 + gM
z

 â z �
1

4
ä ãe-ä g IEiIHb - ä cL z2M - ã2 ä g EiIHb + ä c L z2MM
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01.06.21.0472.01

á ãb z2+e sinIc z2 + gM
z2

 â z �

1

2 z
 ãe ä Π ã-ä g -Hb - ä cL z2 erfc -Hb - ä cL z2 - ã2 ä g -Hb + ä c L z2 erfc -Hb + ä c L z2 - 2 ãb z2

sinIc z2 + gM
01.06.21.0473.01

á ãb z2+e sinIc z2 + gM
z3

 â z �
1

4
 ãe Hc - ä bL ãä g EiIHb + ä c L z2M + Hc + ä b L ã-ä g EiIHb - ä cL z2M -

2 ãb z2
sinIc z2 + gM

z2

01.06.21.0474.01

á ãb z2+e sinIc z2 + gM
z4

 â z � -
1

6 z3
 ãe K-2 ä Π cosHgL KHb - ä cL3�2 erfiK b - ä c zO - Hb + ä c L3�2 erfiK b + ä c zOO z3 -

2 Π KerfiK b + ä c zO Hb + ä c L3�2 + Hb - ä cL3�2 erfiK b - ä c zOO sinHgL z3 +

J-2 ä Π I-Hb + ä c L z2M3�2
+ 2 ä Π I-Hb - ä cL z2M3�2

+ ãHb+ä c L z2 I2 Hc - ä bL z2 - äM + ãHb-ä cL z2 I2 Hc + ä b L z2 + äMN cosHgL +J2 Π I-Hb + ä c L z2M3�2
+ 2 Π I-Hb - ä cL z2M3�2

+ ãHb+ä c L z2 I2 Hb + ä c L z2 + 1M + ãHb-ä cL z2 I2 Hb - ä cL z2 + 1MN sinHgLO
01.06.21.0475.01

á ãb z2+e sinIc z2 + gM
z5

 â z �

1

8 z4
 ãe JHb + ä c L2 EiIHb + ä c L z2M HsinHgL - ä cosHgLL z4 + Hb - ä cL2 EiIHb - ä cL z2M Hä cosHgL + sinHgLL z4 +

ãHb-ä cL z2
ä JJ-b z2 + c ä z2 + ã2 ä c z2 Ib z2 + c ä z2 + 1M - 1N cosHgL - Jã2 ä c z2 I-ä b z2 + c z2 - äM - ä Ib z2 - ä c z2 + 1MN sinHgLNN

01.06.21.0476.01à zn ãb z +e sinI z c + gN â z � ä ãe+ä g H-b - ä cL-2 Hn+1L

-
EiI-H-b - ä cL z NH-2 Hn + 1LL !

+ ã-H-b-ä cL z â
k=0

2 n+1 IH-b - ä cL z Nk

H2 Hn + 1LLk-2 n-1

- ã-H-b-ä cL z â
k=2 Hn+1L

-1 IH-b - ä cL z Nk

H2 Hn + 1LLk-2 n-1

- ä ãe-ä g

Hä c - bL-2 Hn+1L -
EiI-Hä c - bL z NH-2 Hn + 1LL !

+ ã-Hä c-bL z â
k=0

2 n+1 IHä c - bL z Nk

H2 Hn + 1LLk-2 n-1

- ã-Hä c-bL z â
k=2 Hn+1L

-1 IHä c - bL z Nk

H2 Hn + 1LLk-2 n-1

�; n Î Z

01.06.21.0477.01à z ãb z +e sinI z c + gN â z �
1Ib2 + c2M4

 2 ãb z +e

JJb Ib2 + c2M3
z3�2 - 3 Hb - cL Hb + cL Ib2 + c2M2

z + 6 b Ib2 + c2M Ib2 - 3 c2M z - 6 Ib4 - 6 c2 b2 + c4MN sinI z c + gN -

c JIb2 + c2M3
z3�2 - 6 b Ib2 + c2M2

z + 6 I3 b2 - c2M Ib2 + c2M z - 24 b Hb - cL Hb + cLN cosI z c + gNN
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01.06.21.0478.01à z2 ãb z +e sinI z c + gN â z �
1Ib2 + c2M6

 2 ãb z +e

JJ20 b Ib2 + c2M3 Ib2 - 3 c2M z3�2 + b Ib2 + c2M5
z5�2 - 5 Hb - cL Hb + cL Ib2 + c2M4

z2 - 60 Ib2 + c2M2 Ib4 - 6 c2 b2 + c4M z +

120 b Ib2 + c2M Ib4 - 10 c2 b2 + 5 c4M z - 120 Ib6 - 15 c2 b4 + 15 c4 b2 - c6MN sinI z c + gN -

c J20 I3 b2 - c2M Ib2 + c2M3
z3�2 + Ib2 + c2M5

z5�2 - 10 b Ib2 + c2M4
z2 - 240 b Hb - cL Hb + cL Ib2 + c2M2

z +

120 Ib2 + c2M I5 b4 - 10 c2 b2 + c4M z - 240 b I3 b4 - 10 c2 b2 + 3 c4MN cosI z c + gNN
01.06.21.0479.01à z3 ãb z +e sinI z c + gN â z �

1Ib2 + c2M8
 2 ãb z +e

JJ840 b Ib2 + c2M3 Ib4 - 10 c2 b2 + 5 c4M z3�2 + 42 b Ib2 + c2M5 Ib2 - 3 c2M z5�2 + b Ib2 + c2M7
z7�2 - 7 Hb - cL Hb + cL Ib2 + c2M6

z3 -

210 Ib2 + c2M4 Ib4 - 6 c2 b2 + c4M z2 - 2520 Ib2 + c2M2 Ib6 - 15 c2 b4 + 15 c4 b2 - c6M z +

5040 b Ib2 + c2M Ib6 - 21 c2 b4 + 35 c4 b2 - 7 c6M z - 5040 Ib8 - 28 c2 b6 + 70 c4 b4 - 28 c6 b2 + c8MN
sinI z c + gN - c J840 Ib2 + c2M3 I5 b4 - 10 c2 b2 + c4M z3�2 + 42 I3 b2 - c2M Ib2 + c2M5

z5�2 + Ib2 + c2M7
z7�2 -

14 b Ib2 + c2M6
z3 - 840 b Hb - cL Hb + cL Ib2 + c2M4

z2 - 5040 b Ib2 + c2M2 I3 b4 - 10 c2 b2 + 3 c4M z +

5040 Ib2 + c2M I7 b6 - 35 c2 b4 + 21 c4 b2 - c6M z - 40 320 b Ib6 - 7 c2 b4 + 7 c4 b2 - c6MN cosI z c + gNN
01.06.21.0480.01à z4 ãb z +e sinI z c + gN â z �

1Ib2 + c2M10
 2 ãb z +e JJ60 480 b Ib2 + c2M3 Ib6 - 21 c2 b4 + 35 c4 b2 - 7 c6M z3�2 + 3024 b Ib2 + c2M5 Ib4 - 10 c2 b2 + 5 c4M z5�2 +

72 b Ib2 + c2M7 Ib2 - 3 c2M z7�2 + b Ib2 + c2M9
z9�2 - 9 Hb - cL Hb + cL Ib2 + c2M8

z4 -

504 Ib2 + c2M6 Ib4 - 6 c2 b2 + c4M z3 - 15 120 Ib2 + c2M4 Ib6 - 15 c2 b4 + 15 c4 b2 - c6M z2 - 181 440 Ib2 + c2M2

Ib8 - 28 c2 b6 + 70 c4 b4 - 28 c6 b2 + c8M z + 362 880 b Ib2 + c2M Ib2 - 3 c2M Ib6 - 33 c2 b4 + 27 c4 b2 - 3 c6M z -

362 880 Ib10 - 45 c2 b8 + 210 c4 b6 - 210 c6 b4 + 45 c8 b2 - c10MN sinI z c + gN -

c J60 480 Ib2 + c2M3 I7 b6 - 35 c2 b4 + 21 c4 b2 - c6M z3�2 + 3024 Ib2 + c2M5 I5 b4 - 10 c2 b2 + c4M z5�2 +

72 I3 b2 - c2M Ib2 + c2M7
z7�2 + Ib2 + c2M9

z9�2 - 18 b Ib2 + c2M8
z4 - 2016 b Hb - cL Hb + cL Ib2 + c2M6

z3 -

30 240 b Ib2 + c2M4 I3 b4 - 10 c2 b2 + 3 c4M z2 - 1 451 520 b Ib2 + c2M2 Ib6 - 7 c2 b4 + 7 c4 b2 - c6M z +

362 880 I9 b10 - 75 c2 b8 + 42 c4 b6 + 90 c6 b4 - 35 c8 b2 + c10M z -

725 760 b I5 b4 - 10 c2 b2 + c4M Ib4 - 10 c2 b2 + 5 c4MN cosI z c + gNN
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01.06.21.0481.01à z5 ãb z +e sinI z c + gN â z �
1Ib2 + c2M12

 

J2 ãb z +e JI330 b15 Iz4 c8 - 8 z3 c6 - 1056 z2 c4 - 16 128 z c2 + 20 160M z3�2 + 165 b17 Iz3 c6 + 6 z2 c4 - 144 z c2 + 2016M z5�2 +

55 b19 Iz2 c4 + 12 z c2 + 144M z7�2 + 11 b21 Iz c2 + 10M z9�2 + b23 z11�2 - 11 b22 z5 - 99 b20 Iz c2 + 10M z4 -

55 b18 I7 z2 c4 + 36 z c2 + 1008M z3 - 165 b16 I5 z3 c6 - 114 z2 c4 - 3024 z c2 + 10 080M z2 -

990 b14 Iz4 c8 - 104 z3 c6 - 3360 z2 c4 - 40 320 z c2 + 20 160M z +

462 b13 Iz5 c10 - 30 z4 c8 - 2400 z3 c6 - 43 200 z2 c4 - 475 200 z c2 + 86 400M z +

462 b11 c2 Iz5 c10 - 60 z4 c8 - 3600 z3 c6 - 23 040 z2 c4 + 302 400 z c2 - 4 665 600M z +

330 b9 c4 Iz5 c10 - 98 z4 c8 - 3696 z3 c6 + 110 880 z2 c4 + 3 769 920 z c2 + 33 264 000M z +

165 b7 c6 Iz5 c10 - 144 z4 c8 - 1344 z3 c6 + 354 816 z2 c4 + 3 991 680 z c2 - 31 933 440M z +

55 b5 c8 Iz5 c10 - 198 z4 c8 + 5184 z3 c6 + 508 032 z2 c4 - 11 975 040 z c2 - 215 550 720M z +

11 b3 c10 Iz5 c10 - 260 z4 c8 + 18 000 z3 c6 - 34 473 600 z c2 + 558 835 200M z +

b c12 Iz5 c10 - 330 z4 c8 + 39 600 z3 c6 - 2 328 480 z2 c4 + 59 875 200 z c2 - 439 084 800M z +

990 b8 c4 Iz5 c10 + 238 z4 c8 - 3696 z3 c6 - 332 640 z2 c4 - 3 326 400 z c2 - 19 958 400M +

462 b10 c2 Iz5 c10 + 660 z4 c8 + 7920 z3 c6 - 316 800 z2 c4 - 5 227 200 z c2 + 5 702 400M +

99 b2 c10 Iz5 c10 - 20 z4 c8 - 5040 z3 c6 + 403 200 z2 c4 - 8 668 800 z c2 + 26 611 200M +

11 c12 Iz5 c10 - 90 z4 c8 + 5040 z3 c6 - 151 200 z2 c4 + 1 814 400 z c2 - 3 628 800M -

462 b12 Iz5 c10 - 510 z4 c8 - 13 920 z3 c6 - 129 600 z2 c4 - 1 857 600 z c2 + 86 400M +

165 b6 c6 I5 z5 c10 + 624 z4 c8 - 38 976 z3 c6 - 887 040 z2 c4 + 19 958 400 z c2 + 223 534 080M +

55 b4 c8 I7 z5 c10 + 342 z4 c8 - 60 480 z3 c6 + 1 088 640 z2 c4 + 43 908 480 z c2 - 359 251 200MN sinI z c + gN -

c I330 b14 Iz4 c8 + 72 z3 c6 + 864 z2 c4 + 181 440M z3�2 + 165 b16 Iz3 c6 + 66 z2 c4 + 1200 z c2 + 14 112M z5�2 +

55 b18 Iz2 c4 + 52 z c2 + 720M z7�2 + 11 b20 Iz c2 + 30M z9�2 + b22 z11�2 - 22 b21 z5 - 220 b19 Iz c2 + 18M z4 -

990 b17 Iz2 c4 + 28 z c2 + 336M z3 - 2640 b15 Iz3 c6 + 30 z2 c4 + 336 z c2 + 5040M z2 -

4620 b13 Iz4 c8 + 24 z3 c6 - 288 z2 c4 - 8640 z c2 + 43 200M z +

165 b6 c6 Iz5 c10 + 16 z4 c8 - 6720 z3 c6 + 64 512 z2 c4 + 7 539 840 z c2 + 31 933 440M z +

330 b8 c4 Iz5 c10 + 42 z4 c8 - 5040 z3 c6 - 110 880 z2 c4 + 1 995 840 z c2 + 35 925 120M z +

462 b10 c2 Iz5 c10 + 60 z4 c8 - 2640 z3 c6 - 126 720 z2 c4 - 1 425 600 z c2 - 13 305 600M z +

462 b12 Iz5 c10 + 70 z4 c8 - 480 z3 c6 - 60 480 z2 c4 - 820 800 z c2 + 950 400M z +

55 b4 c8 Iz5 c10 - 18 z4 c8 - 6336 z3 c6 + 362 880 z2 c4 + 2 540 160 z c2 - 199 584 000M z +

11 b2 c10 Iz5 c10 - 60 z4 c8 - 2160 z3 c6 + 483 840 z2 c4 - 19 958 400 z c2 + 195 955 200M z +

c12 Iz5 c10 - 110 z4 c8 + 7920 z3 c6 - 332 640 z2 c4 + 6 652 800 z c2 - 39 916 800M z -

5544 b11 Iz5 c10 + 10 z4 c8 - 1440 z3 c6 - 36 000 z2 c4 - 360 000 z c2 + 86 400M -

4620 b9 c2 Iz5 c10 - 12 z4 c8 - 2640 z3 c6 - 31 680 z2 c4 + 95 040 z c2 - 1 900 800M -

2640 b7 c4 Iz5 c10 - 42 z4 c8 - 3024 z3 c6 + 55 440 z2 c4 + 1 995 840 z c2 + 11 975 040M -

990 b5 c6 Iz5 c10 - 80 z4 c8 - 1344 z3 c6 + 201 600 z2 c4 + 443 520 z c2 - 31 933 440M -

220 b3 c8 Iz5 c10 - 126 z4 c8 + 4032 z3 c6 + 181 440 z2 c4 - 9 072 000 z c2 + 39 916 800M -

22 b c10 Iz5 c10 - 180 z4 c8 + 15 120 z3 c6 - 604 800 z2 c4 + 9 072 000 z c2 - 21 772 800MN cosI z c + gNNN
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01.06.21.0482.01

á ãb z +e sinI z c + gN
z

 â z � ä ãe-ä g JEiIHb - ä cL z N - ã2 ä g EiIHb + ä c L z NN
01.06.21.0483.01

á ãb z +e sinI z c + gN
z2

 â z �
1

2 z
 ä ãe-ä g K-ã2 ä g z EiIHb + ä c L z N Hb + ä c L2 +

ãHb-ä cL z K- z b + ã2 ä J z c+gN I z b + ä c z + 1N + ä c z - 1O + Hb - ä cL2 z EiIHb - ä cL z NO
01.06.21.0484.01

á ãb z +e sinI z c + gN
z3

 â z �
1

24
ä ãe-ä g -ã2 ä g EiIHb + ä c L z N Hb + ä c L4 +

1

z2
 JãHb-ä cL z J-b3 z3�2 - ä c3 z3�2 + c2 z + 2 ä c z + b I3 z c2 + 2 ä z c - 2N z + b2 I3 ä c z3�2 - zM - 6NN +

1

z2
 Jã z Hb+ä c L+2 ä g Jb3 z3�2 - ä c3 z3�2 - c2 z + 2 ä c z + b2 I3 c ä z3�2 + zM + b I-3 c2 z3�2 + 2 ä c z + 2 z N + 6NN +

Hb - ä cL4 EiIHb - ä cL z N
01.06.21.0485.01

á ãb z +e sinI z c + gN
z4

 â z �
1

720
ä ãe-ä g -ã2 ä g EiIHb + ä c L z N Hb + ä c L6 -

1

z3
 Jã z Hb+ä c L+2 ä g I-2 Hb + ä c L3 z3�2 - Hb + ä c L5 z5�2 - Hb + ä c L4 z2 - 6 Hb + ä c L2 z - 24 Hb + ä c L z - 120NN +

1

z3
 JãHb-ä cL z I-2 Hb - ä cL3 z3�2 - Hb - ä cL5 z5�2 - Hb - ä cL4 z2 - 6 Hb - ä cL2 z - 24 Hb - ä cL z - 120NN +

Hb - ä cL6 EiIHb - ä cL z N
01.06.21.0486.01

á ãb z +e sinI z c + gN
z5

 â z �

1

40 320
 ä ãe-ä g -ã2 ä g EiIHb + ä c L z N Hb + ä c L8 -

1

z4
 Jã z Hb+ä c L+2 ä g I-24 Hb + ä c L3 z3�2 - 2 Hb + ä c L5 z5�2 -

Hb + ä c L7 z7�2 - Hb + ä c L6 z3 - 6 Hb + ä c L4 z2 - 120 Hb + ä c L2 z - 720 Hb + ä c L z - 5040NN +

1

z4
 JãHb-ä cL z I-24 Hb - ä cL3 z3�2 - 2 Hb - ä cL5 z5�2 - Hb - ä cL7 z7�2 - Hb - ä cL6 z3 - 6 Hb - ä cL4 z2 -

120 Hb - ä cL2 z - 720 Hb - ä cL z - 5040NN + Hb - ä cL8 EiIHb - ä cL z N
Involving zn ãb zr +d z sinIc zr + gM
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01.06.21.0487.01à zn ãb z2+d z sinIc z2 + gM â z �

1

4 b + ä c
 ä ã

-
d2

4 Hb+ä c L +ä g â
q=0

n

2q-n Hb + ä c L-n-
1

2 H-dLn-q Hd + 2 Hb + ä c L zLq+1 -
Hd + 2 Hb + ä c L zL2

b + ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 Hb + ä c L zL2

4 Hb + ä c L -
1

4 b - ä c
 ä ã

-
d2

4 Hb-ä cL -ä g â
q=0

n

2q-n Hb - ä cL-n-
1

2 H-dLn-q

Hd + 2 b z - 2 ä c zLq+1 -
Hd + 2 b z - 2 ä c zL2

b - ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b z - 2 ä c zL2

4 Hb - ä cL �; n Î N

01.06.21.0488.01à zn ã z b+d z sinI z c + gN â z �

ä 2-2 Hn+1L ã-ä g d-2 Hn+1L ã
-

Hb-ä cL2
4 d â

k=0

n â
h=0

k H-1Lk-h 4k Hb - ä cL-h-k+2 n Ib - ä c + 2 d z Nh+k
-

Ib - ä c + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
Hb - ä cL Ib - ä c + 2 d z N G

1

2
Hh + k + 1L, -

Ib - ä c + 2 d z N2

4 d
+

2 -
Ib - ä c + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib - ä c + 2 d z N2

4 d
-

d-2 Hn+1L ã
2 ä g-

Hb+ä c L2
4 d â

k=0

n â
h=0

k H-1Lk-h 4k Hb + ä c L-h-k+2 n Ib + ä c + 2 d z Nh+k
-

Ib + ä c + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
Hb + ä c L Ib + ä c + 2 d z N G

1

2
Hh + k + 1L, -

Ib + ä c + 2 d z N2

4 d
+

2 -
Ib + ä c + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + ä c + 2 d z N2

4 d
�; n Î N
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Involving zn ãb zr +d z+e sinIc zr + gM
01.06.21.0489.01à zn ãb z2+d z+e sinIc z2 + gM â z �

1

4 b + ä c
 ä ã

-
d2

4 Hb+ä c L +e+ä g â
q=0

n

2q-n Hb + ä c L-n-
1

2 H-dLn-q Hd + 2 Hb + ä c L zLq+1 -
Hd + 2 Hb + ä c L zL2

b + ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 Hb + ä c L zL2

4 Hb + ä c L -
1

4 b - ä c
 ä ã

-
d2

4 Hb-ä cL +e-ä g â
q=0

n

2q-n Hb - ä cL-n-
1

2 H-dLn-q

Hd + 2 b z - 2 ä c zLq+1 -
Hd + 2 b z - 2 ä c zL2

b - ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b z - 2 ä c zL2

4 Hb - ä cL �; n Î N
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01.06.21.0490.01à zn ã z b+d z+e sinI z c + gN â z �

ä 2-2 Hn+1L ãe-ä g d-2 Hn+1L ã
-

Hb-ä cL2
4 d â

k=0

n â
h=0

k H-1Lk-h 4k Hb - ä cL-h-k+2 n Ib - ä c + 2 d z Nh+k
-

Ib - ä c + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
Hb - ä cL Ib - ä c + 2 d z N G

1

2
Hh + k + 1L, -

Ib - ä c + 2 d z N2

4 d
+

2 -
Ib - ä c + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib - ä c + 2 d z N2

4 d
-

d-2 Hn+1L ã
2 ä g-

Hb+ä c L2
4 d â

k=0

n â
h=0

k H-1Lk-h 4k Hb + ä c L-h-k+2 n Ib + ä c + 2 d z Nh+k
-

Ib + ä c + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
Hb + ä c L Ib + ä c + 2 d z N G

1

2
Hh + k + 1L, -

Ib + ä c + 2 d z N2

4 d
+

2 -
Ib + ä c + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + ä c + 2 d z N2

4 d
�; n Î N

Involving exponential and algebraic functions

Involving exp and algebraic functions

Involving Ha z + bLΒ dz

01.06.21.0491.01à Ha z + bLΒ dz sinHc z + eL â z �

1

2 a
 ä d

-
b

a ã
-

ä Hb c+a eL
a Hb + a zLΒ+1 ã2 ä e E-Β -

ä Hb + a zL Hc - ä logHdLL
a

- ã
2 ä b c

a E-Β

ä Hb + a zL Hc + ä logHdLL
a

01.06.21.0492.01

à Ha z + bLΒ ãp z sinHc z + eL â z �
ä ã

-
ä Hb c+a eL+b p

a Hb + a zLΒ+1

2 a
 ã2 ä e E-Β -

ä Hc - ä pL Hb + a zL
a

- ã
2 ä b c

a E-Β

ä Hc + ä pL Hb + a zL
a
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01.06.21.0493.01

à Ha z + bLΒ dz sinHc zL â z �
ä d

-
b

a

2 a
 ã

-
ä b c

a Hb + a zLΒ+1 E-Β -
ä Hb + a zL Hc - ä logHdLL

a
- ã

2 ä b c

a E-Β

ä Hb + a zL Hc + ä logHdLL
a

01.06.21.0494.01à Ha z + bLΒ ãp z sinHc zL â z �
ä

2 a
ã

-
b Hä c+pL

a Hb + a zLΒ+1 E-Β -
ä Hc - ä pL Hb + a zL

a
- ã

2 ä b c

a E-Β

ä Hc + ä pL Hb + a zL
a

01.06.21.0495.01

à ãp z sinHc zL
a z + b

 â z �
1

2 Ic2 + p2M b + a z
 ã

-
b Hä c+pL

a Π -ã
2 ä b c

a Hc - ä pL ä Hc + ä pL Hb + a zL
a

erfc
ä Hc + ä pL Hb + a zL

a
+

-
ä Hc - ä pL Hb + a zL

a
H-Hc + ä pLL erfc -

ä Hc - ä pL Hb + a zL
a

Arguments involving polynomials

Involving a z2 + b z + c

01.06.21.0496.01

à sinIa z2 + b z + cM â z �
1

a
 

Π

2
cos

b2

4 a
- c S

b + 2 a z

a 2 Π
- C

b + 2 a z

a 2 Π
sin

b2

4 a
- c

Involving a z2 + b z

01.06.21.0497.01

à sinIa z2 + b zM â z �
1

a
 

Π

2
cos

b2

4 a
S

b + 2 a z

a 2 Π
- C

b + 2 a z

a 2 Π
sin

b2

4 a

Involving a z2 + c

01.06.21.0498.01

à sinIa z2 + cM â z �
1

a
 

Π

2
cosHcL S a

2

Π
z + C a

2

Π
z sinHcL

Arguments involving rational functions

Involving a z2 + b

z2
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01.06.21.0499.01à sin a z2 +
b

z2
 â z �

-
1

8
ä Π

1

-ä a
 ã-2 -ä a -ä b ã4 -ä a -ä b erf -ä a z +

-ä b

z
- 1 - erf

-ä b

z
- -ä a z + 1 +

ã-2 ä a ä b -ã4 ä a ä b erf ä a z +
ä b

z
- 1 + erf

ä b

z
- ä a z - 1

ä a

Involving a z2 + b

z2 + c

01.06.21.0500.01à sin a z2 +
b

z2
+ c  â z �

-
1

8
ä ã-ä c Π

1

-ä a
 ã-2 -ä a -ä b +2 ä c ã4 -ä a -ä b erf -ä a z +

-ä b

z
- 1 - erf

-ä b

z
- -ä a z + 1 +

ã-2 ä a ä b -ã4 ä a ä b erf ä a z +
ä b

z
- 1 + erf

ä b

z
- ä a z - 1

ä a

Arguments involving algebraic functions

Involving a z + b z + c

01.06.21.0501.01à sinIa z + z b + cN â z �

-
1

2 a3�2  2 a cosI z b + c + a zN + b 2 Π cos
b2

4 a
- c S

2 z a + b

a 2 Π
- b 2 Π C

2 z a + b

a 2 Π
sin

b2

4 a
- c

Involving a z + b z

01.06.21.0502.01

à sinI z b + a zN â z � -
cosI z b + a zN

a
-

b

a3�2  
Π

2
cos

b2

4 a
S

2 z a + b

a 2 Π
- C

2 z a + b

a 2 Π
sin

b2

4 a
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Involving a zr + c

01.06.21.0503.01à sinHa zr + cL â z �
ä

2 r
ãä c z H-ä a zrL-1�r G

1

r
, -ä a zr - ã-ä c z Hä a zrL-1�r G

1

r
, ä a zr

01.06.21.0504.01

à sinIa z2 + cM â z �
1

a
 

Π

2
cosHcL S a

2

Π
z + C a

2

Π
z sinHcL

01.06.21.0505.01

à sinI z a + cN â z �
2 sinI z a + cN - 2 a z cosI z a + cN

a2

Arguments involving exponential functions

01.06.21.0506.01à sinHazL â z �
SiHazL
logHaL

01.06.21.0507.01à sinHãzL â z � SiHãzL
Arguments involving trigonometric functions

Involving tan

01.06.21.0508.01à sinHtanHzLL â z �
1

4 ã
 II-1 + ã2M CiHä - tanHzLL + I-1 + ã2M CiHä + tanHzLL + I1 + ã2M ä HSiHä - tanHzLL + SiHä + tanHzLLLM

01.06.21.0509.01à sinHa tanHzLL â z �
1

2
HCiH-a H-ä + tanHzLLL sinhHaL + CiHa Hä + tanHzLLL sinhHaL + ä coshHaL HSiHa Hä + tanHzLLL + SiHä a - a tanHzLLLL

Involving cot

01.06.21.0510.01à sinHcotHzLL â z � -
1

4 ã
 II-1 + ã2M CiHä - cotHzLL + I-1 + ã2M CiHä + cotHzLL + I1 + ã2M ä HSiHä - cotHzLL + SiHä + cotHzLLLM

01.06.21.0511.01à sinHa cotHzLL â z �
1

2
H-CiH-a H-ä + cotHzLLL sinhHaL - CiHa Hä + cotHzLLL sinhHaL - ä coshHaL HSiHa Hä + cotHzLLL + SiHä a - a cotHzLLLL

Arguments involving hyperbolic functions

Involving tanh
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01.06.21.0512.01à sinHtanhHzLL â z �
1

2
H-CiH1 - tanhHzLL sinH1L - CiHtanhHzL + 1L sinH1L + cosH1L HSiH1 - tanhHzLL + SiHtanhHzL + 1LLL

01.06.21.0513.01à sinHa tanhHzLL â z �
1

2
H-CiHtanhHzL a + aL sinHaL - CiHa - a tanhHzLL sinHaL + cosHaL HSiHtanhHzL a + aL + SiHa - a tanhHzLLLL

Involving coth

01.06.21.0514.01à sinHcothHzLL â z �
1

2
H-CiH1 - cothHzLL sinH1L - CiHcothHzL + 1L sinH1L + cosH1L HSiH1 - cothHzLL + SiHcothHzL + 1LLL

01.06.21.0515.01à sinHa cothHzLL â z �
1

2
H-CiHcothHzL a + aL sinHaL - CiHa - a cothHzLL sinHaL + cosHaL HSiHcothHzL a + aL + SiHa - a cothHzLLLL

Arguments involving inverse trigonometric functions

Involving sin-1

01.06.21.0516.01

à sinIsin-1HzLM â z �
z2

2

01.06.21.0517.01

à sinIa sin-1HzLM â z �
cosIHa - 1L sin-1HzLM

2 - 2 a
-

cosIHa + 1L sin-1HzLM
2 Ha + 1L

Involving cos-1

01.06.21.0518.01à sinIcos-1HzLM â z �
1

2
1 - z2 z + sin-1HzL

01.06.21.0519.01

à sinIa cos-1HzLM â z �
1

2

sinIHa + 1L cos-1HzLM
a + 1

+
sinIcos-1HzL - a cos-1HzLM

a - 1

Involving tan-1

01.06.21.0520.01à sinItan-1HzLM â z � z2 + 1
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01.06.21.0521.01à sinIa tan-1HzLM â z �
1

2 Ia2 - 4M  ã-ä a tan-1HzL
KHa - 2L KHa + 2L K-ä J-1 + ã2 ä a tan-1HzLN z - ã2 ä a tan-1HzL

2F1K a

2
, 1;

a

2
+ 1; -ã2 ä tan-1HzLO + 2F1K-

a

2
, 1; 1 -

a

2
; -ã2 ä tan-1HzLOO +

a ã2 ä Ha+1L tan-1HzL
2F1K a

2
+ 1, 1;

a

2
+ 2; -ã2 ä tan-1HzLOO - a Ha + 2L ã2 ä tan-1HzL

2F1K1 -
a

2
, 1; 2 -

a

2
; -ã2 ä tan-1HzLOO

Involving cot-1

01.06.21.0522.01

à sinIcot-1HzLM â z �

1 + 1

z2
z sinh-1HzL

z2 + 1

01.06.21.0523.01à sinIa cot-1HzLM â z �
1

2 Ia2 - 4M  ã-ä a cot-1HzL
KHa - 2L KHa + 2L K-ä J-1 + ã2 ä a cot-1HzLN z + ã2 ä a cot-1HzL

2F1K a

2
, 1;

a

2
+ 1; ã2 ä cot-1HzLO - 2F1K-

a

2
, 1; 1 -

a

2
; ã2 ä cot-1HzLOO +

a ã2 ä Ha+1L cot-1HzL
2F1K a

2
+ 1, 1;

a

2
+ 2; ã2 ä cot-1HzLOO - a Ha + 2L ã2 ä cot-1HzL

2F1K1 -
a

2
, 1; 2 -

a

2
; ã2 ä cot-1HzLOO

Involving csc-1

01.06.21.0524.01à sinIcsc-1HzLM â z � logHzL
01.06.21.0525.01à sinIa csc-1HzLM â z �

1

a2 - 1
 ã-ä a csc-1HzL Ha - 1L ãä a csc-1HzL a ãä Ha+1L csc-1HzL

2F1

a + 1

2
, 1;

a + 3

2
; ã2 ä csc-1HzL + Ha + 1L z sinIa csc-1HzLM -

a Ha + 1L ãä csc-1HzL
2F1

1

2
-

a

2
, 1;

3

2
-

a

2
; ã2 ä csc-1HzL

Involving sec-1

01.06.21.0526.01

à sinIsec-1HzLM â z �

z2 cot-1 z2 - 1 + z2 - 1

z
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01.06.21.0527.01à sinIa sec-1HzLM â z �

-
1

2 Ia2 - 1M  ä ã-ä a sec-1HzL Ha - 1L Ha + 1L J-1 + ã2 ä a sec-1HzLN z - 2 a ãä H2 a+1L sec-1HzL
2F1

a + 1

2
, 1;

a + 3

2
; -ã2 ä sec-1HzL +

2 a Ha + 1L ãä sec-1HzL
2F1

1

2
-

a

2
, 1;

3

2
-

a

2
; -ã2 ä sec-1HzL

Arguments involving inverse hyperbolic functions

Involving sinh-1

01.06.21.0528.01à sinIsinh-1HzLM â z �
1

2
z sinIsinh-1HzLM - z2 + 1 cosIsinh-1HzLM

01.06.21.0529.01

à sinIa sinh-1HzLM â z �
z sinIa sinh-1HzLM - a z2 + 1 cosIa sinh-1HzLM

a2 + 1

Involving cosh-1

01.06.21.0530.01

à sinIcosh-1HzLM â z �
1

2
z sinIcosh-1HzLM -

z - 1

z + 1
Hz + 1L cosIcosh-1HzLM

01.06.21.0531.01

à sinIa cosh-1HzLM â z �

z sinIa cosh-1HzLM - a z-1

z+1
Hz + 1L cosIa cosh-1HzLM

a2 + 1

Involving tanh-1

01.06.21.0532.01à sinItanh-1HzLM â z �

1

10
ä ã-ä tanh-1HzL -5 ã2 ä tanh-1HzL z + 5 z - 5 ã2 ä tanh-1HzL

2F1

ä

2
, 1; 1 +

ä

2
; -ã2 tanh-1HzL + 5 2F1 -

ä

2
, 1; 1 -

ä

2
; -ã2 tanh-1HzL +

ãH2+2 ä L tanh-1HzL H1 + 2 ä L 2F1 1 +
ä

2
, 1; 2 +

ä

2
; -ã2 tanh-1HzL - H1 - 2 ä L ã2 tanh-1HzL

2F1 1 -
ä

2
, 1; 2 -

ä

2
; -ã2 tanh-1HzL
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01.06.21.0533.01à sinIa tanh-1HzLM â z �

-
1

2 Ia2 + 4M  ä ã-ä a tanh-1HzL Ha + 2 ä L Ha - 2 ä L J-1 + ã2 ä a tanh-1HzLN z + ã2 ä a tanh-1HzL
2F1

ä a

2
, 1; 1 +

ä a

2
; -ã2 tanh-1HzL -

2F1 -
1

2
Hä aL, 1; 1 -

ä a

2
; -ã2 tanh-1HzL - a ã2 H1+ä aL tanh-1HzL

2F1 1 +
ä a

2
, 1; 2 +

ä a

2
; -ã2 tanh-1HzL +

a Ha - 2 ä L ã2 tanh-1HzL
2F1 1 -

ä a

2
, 1; 2 -

ä a

2
; -ã2 tanh-1HzL

Involving coth-1

01.06.21.0534.01à sinIcoth-1HzLM â z �

-
1

10
ä ã-ä coth-1HzL 5 ã2 ä coth-1HzL z - 5 z + 5 ã2 ä coth-1HzL

2F1

ä

2
, 1; 1 +

ä

2
; ã2 coth-1HzL - 5 2F1 -

ä

2
, 1; 1 -

ä

2
; ã2 coth-1HzL +

ãH2+2 ä L coth-1HzL H1 + 2 ä L 2F1 1 +
ä

2
, 1; 2 +

ä

2
; ã2 coth-1HzL - H1 - 2 ä L ã2 coth-1HzL

2F1 1 -
ä

2
, 1; 2 -

ä

2
; ã2 coth-1HzL

01.06.21.0535.01à sinIa coth-1HzLM â z � -
1

2 Ia2 + 4M  ä ã-ä a coth-1HzL Ha + 2 ä L
Ha - 2 ä L J-1 + ã2 ä a coth-1HzLN z + ã2 ä a coth-1HzL

2F1

ä a

2
, 1; 1 +

ä a

2
; ã2 coth-1HzL - 2F1 -

1

2
Hä aL, 1; 1 -

ä a

2
; ã2 coth-1HzL +

a ã2 H1+ä aL coth-1HzL
2F1 1 +

ä a

2
, 1; 2 +

ä a

2
; ã2 coth-1HzL - a Ha - 2 ä L ã2 coth-1HzL

2F1 1 -
ä a

2
, 1; 2 -

ä a

2
; ã2 coth-1HzL

Involving csch-1

01.06.21.0536.01à sinIcsch-1HzLM â z �
1

2
-

ä

2
ãH1+äL csch-1HzL

2F1

1

2
+

ä

2
, 1;

3

2
+

ä

2
; ã2 csch-1HzL +

1

2
+

ä

2
ãH1-äL csch-1HzL

2F1

1

2
-

ä

2
, 1;

3

2
-

ä

2
; ã2 csch-1HzL + z sinIcsch-1HzLM

01.06.21.0537.01à sinIa csch-1HzLM â z �
1

2 Ia2 + 1M  ä ã-ä a csch-1HzL 2 a Ha - äL ãcsch-1HzL
2F1

1

2
-

ä a

2
, 1;

3

2
-

ä a

2
; ã2 csch-1HzL -

Ha + äL Ha - äL J-1 + ã2 ä a csch-1HzLN z + 2 a ã2 a ä csch-1HzL+csch-1HzL
2F1

1

2
+

ä a

2
, 1;

3

2
+

ä a

2
; ã2 csch-1HzL

Involving sech-1
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01.06.21.0538.01à sinIsech-1HzLM â z � -
1

2
-

ä

2
ãH1+äL sech-1HzL

2F1

1

2
+

ä

2
, 1;

3

2
+

ä

2
; -ã2 sech-1HzL +

-
1

2
-

ä

2
ãH1-äL sech-1HzL

2F1

1

2
-

ä

2
, 1;

3

2
-

ä

2
; -ã2 sech-1HzL + z sinIsech-1HzLM

01.06.21.0539.01à sinIa sech-1HzLM â z � -
1

2 Ia2 + 1M  ä ã-ä a sech-1HzL
Ha + äL Ha - äL J-1 + ã2 ä a sech-1HzLN z - 2 a ã2 a ä sech-1HzL+sech-1HzL

2F1

1

2
+

ä a

2
, 1;

3

2
+

ä a

2
; -ã2 sech-1HzL +

2 a Ha - äL ãsech-1HzL
2F1

1

2
-

ä a

2
, 1;

3

2
-

ä a

2
; -ã2 sech-1HzL

Arguments involving polynomials or algebraic functions and power factors

Involving power

Involving zn sinIc zr + f zM
01.06.21.0540.01à zn sinIa z2 + b zM â z �

1

2n+2 an+1
 Hä H-bLn Hb + 2 a zLL ã

-
ä b2

4 a â
j=0

n

-
2 b + 4 a z

b

j

-
ä Hb + 2 a zL2

a

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hb + 2 a zL2

4 a
-

ã
ä b2

2 a â
j=0

n

-
2 b + 4 a z

b

j ä Hb + 2 a zL2

a

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hb + 2 a zL2

4 a
�; n Î N
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01.06.21.0541.01

à zn sinI z a + b zN â z � ä 4-n-1 a2 n b-2 n-2 ã
-

ä a2

4 b

ã
ä a2

2 b â
j=0

n â
h=0

j

4 j -
a + 2 b z

a

h+ j ä Ia + 2 b z N2

b

1

2
H-h- j-1L

j

h

n

j
a Ia + 2 b z N G

1

2
Hh + j + 1L, ä Ia + 2 b z N2

4 b
+

2
ä Ia + 2 b z N2

b
b ä G

1

2
Hh + j + 2L, ä Ia + 2 b z N2

4 b
-

â
j=0

n â
h=0

j

4 j -
a + 2 b z

a

h+ j

-
ä Ia + 2 b z N2

b

1

2
H-h- j-1L

j

h

n

j
a Ia + 2 b z N G

1

2
Hh + j + 1L,

-
ä Ia + 2 b z N2

4 b
- 2 ä b -

ä Ia + 2 b z N2

b
G

1

2
Hh + j + 2L, -

ä Ia + 2 b z N2

4 b
�; n Î N

Involving zn sinIa zr + b z + cM
01.06.21.0542.01à zn sinIa z2 + b z + cM â z �

1

2n+2 an+1
 Hä H-bLn Hb + 2 a zLL ã

-
ä Jb2+4 a cN

4 a ã2 ä c â
j=0

n

-
2 b + 4 a z

b

j

-
ä Hb + 2 a zL2

a

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hb + 2 a zL2

4 a
-

ã
ä b2

2 a â
j=0

n

-
2 b + 4 a z

b

j ä Hb + 2 a zL2

a

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hb + 2 a zL2

4 a
�; n Î N
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01.06.21.0543.01

à zn sinI z a + c + b zN â z � ä 4-n-1 a2 n b-2 n-2 ã
-

ä a2

4 b
-ä c

ã
ä a2

2 b â
j=0

n â
h=0

j

4 j -
a + 2 b z

a

h+ j ä Ia + 2 b z N2

b

1

2
H-h- j-1L

j

h

n

j
a Ia + 2 b z N G

1

2
Hh + j + 1L, ä Ia + 2 b z N2

4 b
+

2
ä Ia + 2 b z N2

b
b ä G

1

2
Hh + j + 2L, ä Ia + 2 b z N2

4 b
-

ã2 ä c â
j=0

n â
h=0

j

4 j -
a + 2 b z

a

h+ j

-
ä Ia + 2 b z N2

b

1

2
H-h- j-1L

j

h

n

j
a Ia + 2 b z N G

1

2
Hh + j + 1L,

-
ä Ia + 2 b z N2

4 b
- 2 ä b -

ä Ia + 2 b z N2

b
G

1

2
Hh + j + 2L, -

ä Ia + 2 b z N2

4 b
�; n Î N

Arguments involving polynomials or algebraic functions and factors involving exponential 
functions 

Involving exp

Involving ad z sinIc zr + f zM
01.06.21.0544.01à ad z sinIc z2 + f zM â z �

-
1

4 c
 a

-
d f

2 c ã
-

ä J f 2+d2 log2 HaLN
4 c Π -ä c ã

ä f 2

2 c erfi
d logHaL - ä H f + 2 c zL

2 -ä c
+ ä c ã

ä d2 log2 HaL
2 c erfi

ä H f + 2 c zL + d logHaL
2 ä c

01.06.21.0545.01

à ãd z sinIc z2 + f zM â z � -
1

4 c
 ã

-
ä Jd2-2 ä f d+ f 2N

4 c Π -ä c ã
ä f 2

2 c erfi
d - ä H f + 2 c zL

2 -ä c
+ ä c ã

ä d2

2 c erfi
d + ä H f + 2 c zL

2 ä c
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01.06.21.0546.01

à ad z sinI z c + f zN â z �
1

4
ä 2 ä ã-ä J z c+ f zN ã2 ä J z c+ f zN

f - ä d logHaL +
1

f + d ä logHaL ad z +

ä c ã
c2

-4 ä f +4 d logHaL Π erfi
2 d z logHaL-ä Jc+2 f z N

2 -ä f +d logHaLH-ä f + d logHaLL3�2 +

ä c ã
c2

4 ä f +4 d logHaL Π erfi
ä c+2 z Hä f +d logHaLL

2 ä f +d logHaLHä f + d logHaLL3�2
01.06.21.0547.01à ãd z sinI z c + f zN â z �

ãd z-ä f z-ä c z
ã2 ä J z c+ f zN
2 ä d - 2 f

+
1

-2 f - 2 ä d
+

c ã
c2

4 d-4 ä f ä Π erf
c+2 H f +ä d L z

2 d-ä f

4 Hd - ä f L3�2 -

c ã
c2

4 d+4 ä f Π erfi
2 z Hd+ä f L+ä c

2 d+ä f

4 Hd + ä f L3�2

Involving ad z+e sinIc zr + f zM
01.06.21.0548.01à ad z+e sinIc z2 + f zM â z �

-
1

4 c
 a

e-
d f

2 c ã
-

ä J f 2+d2 log2 HaLN
4 c Π -ä c ã

ä f 2

2 c erfi
d logHaL - ä H f + 2 c zL

2 -ä c
+ ä c ã

ä d2 log2 HaL
2 c erfi

ä H f + 2 c zL + d logHaL
2 ä c

01.06.21.0549.01

à ãd z+e sinIc z2 + f zM â z � -
1

4 c
 ã

-
ä Jd2-2 ä f d+ f 2+4 ä c e N

4 c Π -ä c ã
ä f 2

2 c erfi
d - ä H f + 2 c zL

2 -ä c
+ ä c ã

ä d2

2 c erfi
d + ä H f + 2 c zL

2 ä c

01.06.21.0550.01

à ae+d z sinI z c + f zN â z �
1

4
ä ae 2 ã-ä J z c+ f zN ä

ã2 ä J z c+ f zN
f - ä d logHaL +

1

f + d ä logHaL ad z +

c ã
c2

-4 ä f +4 d logHaL ä Π erfi
2 d z logHaL-ä Jc+2 f z N

2 -ä f +d logHaLH-ä f + d logHaLL3�2 +

c ã
c2

4 ä f +4 d logHaL ä Π erfi
ä c+2 z Hä f +d logHaLL

2 ä f +d logHaLHä f + d logHaLL3�2
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01.06.21.0551.01

à ãd z+e sinI z c + f zN â z � ãe+d z-ä f z-ä c z
ã2 ä J z c+ f zN
2 ä d - 2 f

+
1

-2 f - 2 ä d
+

c ã
c2+4 d e-4 ä e f

4 d-4 ä f ä Π erf
c+2 H f +ä d L z

2 d-ä f

4 Hd - ä f L3�2 -

c ã
c2+4 d e+4 ä e f

4 d+4 ä f Π erfi
2 z Hd+ä f L+ä c

2 d+ä f

4 Hd + ä f L3�2
Involving ab zr

sinIc zr + f zM
01.06.21.0552.01à ab z2

sinIc z2 + f zM â z �

1

4 Ic2 + b2 log2HaLM  ä a

b f 2

2 Jc2+b2 log2 HaLN Π ã
-

f 2

4 ä c+4 b logHaL erfi
2 b z logHaL - ä H f + 2 c zL

2 -ä c + b logHaL -ä c + b logHaL Hä c + b logHaLL +

ã
-

f 2

-4 ä c+4 b logHaL erfi
ä H f + 2 c zL + 2 b z logHaL

2 ä c + b logHaL Hä c - b logHaLL ä c + b logHaL
01.06.21.0553.01à ãb z2

sinIc z2 + f zM â z �
1

4 Ib2 + c2M  

ä ã

b f 2

2 Jb2+c2N Π Hä c - bL b + ä c ã
-

f 2

4 b-4 ä c erfi
2 b z + ä H f + 2 c zL

2 b + ä c
+ Hb + ä c L b - ä c ã

-
f 2

4 b+4 ä c erfi
2 b z - ä H f + 2 c zL

2 b - ä c

01.06.21.0554.01

à ab z sinI z c + f zN â z � -
ab z cosI z c + f zN

f
-

ã
ä c2-2 b logHaL c-ä b2 log2 HaL

4 f Π erfi
b logHaL-ä Jc+2 f z N

2 -ä f
Hc + b ä logHaLL

4 H-ä f L3�2 -

ã
ä J-c2+2 b ä logHaL c+b2 log2 HaLN

4 f Π erfi
ä c+2 ä f z +b logHaL

2 ä f
Hc - ä b logHaLL

4 Hä f L3�2
01.06.21.0555.01à ãb z sinI z c + f zN â z �

-

Hc + ä b L ã
-ä b2-2 c b+c2 ä

4 f Π erfi
b-ä Jc+2 f z N

2 -ä f

4 H-ä f L3�2 -

Hc - ä bL ã
ä Jb2+2 ä c b-c2N

4 f Π erfi
b+ä c +2 ä f z

2 ä f

4 Hä f L3�2 -
ãb z cosI z c + f zN

f

Involving ab zr +e sinIc zr + f zM
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01.06.21.0556.01à ab z2+e sinIc z2 + f zM â z �

1

4 Ic2 + b2 log2HaLM  ä a

b f 2

2 Jc2+b2 log2 HaLN +e

Π ã
-

f 2

4 ä c+4 b logHaL erfi
2 b z logHaL - ä H f + 2 c zL

2 -ä c + b logHaL -ä c + b logHaL Hä c + b logHaLL +

ã
-

f 2

-4 ä c+4 b logHaL erfi
ä H f + 2 c zL + 2 b z logHaL

2 ä c + b logHaL Hä c - b logHaLL ä c + b logHaL
01.06.21.0557.01

à ãb z2+e sinIc z2 + f zM â z �
1

4 Ib2 + c2M  ä ã

b f 2

2 Jb2+c2N +e

Π

Hä c - bL b + ä c ã
-

f 2

4 b-4 ä c erfi
2 b z + ä H f + 2 c zL

2 b + ä c
+ Hb + ä c L b - ä c ã

-
f 2

4 b+4 ä c erfi
2 b z - ä H f + 2 c zL

2 b - ä c

01.06.21.0558.01à a z b+e sinI z c + f zN â z �

-
a z b+e cosI z c + f zN

f
-

ã
ä c2-ä b2 log2 HaL+H4 e f -2 b cL logHaL

4 f Π erfi
b logHaL-ä Jc+2 f z N

2 -ä f
Hc + b ä logHaLL

4 H-ä f L3�2 -

ã
ä J-c2+b2 log2 HaL+2 Hb c-2 e f L ä logHaLN

4 f Π erfi
ä c+2 ä f z +b logHaL

2 ä f
Hc - ä b logHaLL

4 Hä f L3�2
01.06.21.0559.01

à ã z b+e sinI z c + f zN â z � -

Hc + ä b L ã
-ä b2-2 c b+4 e f +c2 ä

4 f Π erfi
b-ä Jc+2 f z N

2 -ä f

4 H-ä f L3�2 -

Hc - ä bL ã
ä Jb2-c2+2 Hb c-2 e f L äN

4 f Π erfi
b+ä c +2 ä f z

2 ä f

4 Hä f L3�2 -
ã z b+e cosI z c + f zN

f

Involving ab zr +d z sinIc zr + f zM
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01.06.21.0560.01à ab z2+d z sinIc z2 + f zM â z �
1

4 Ic2 + b2 log2HaLM  

ä a

b J f 2-d2 log2 HaLN
2 Jc2+b2 log2 HaLN +

d f

2 ä b logHaL-2 c
Π ã

d2 log2 HaL- f 2

4 ä c+4 b logHaL erfi
Hd + 2 b zL logHaL - ä H f + 2 c zL

2 -ä c + b logHaL -ä c + b logHaL Hä c + b logHaLL a

ä b d f logHaL
c2+b2 log2 HaL +

ã
d2 log2 HaL- f 2

-4 ä c+4 b logHaL erfi
ä H f + 2 c zL + Hd + 2 b zL logHaL

2 ä c + b logHaL ä c + b logHaL Hä c - b logHaLL
01.06.21.0561.01à ãb z2+d z sinIc z2 + f zM â z �

1

4 Hb + ä c L Hc + ä b L  ã
-

c ä Hd-ä f L2+2 b d Hd+ä f L
4 Jb2+c2N Π Hb - ä cL b + ä c ã

b Jd2+ f 2N+2 c Jd2- f 2N ä

4 Jb2+c2N erfi
d + ä f + 2 Hb + ä c L z

2 b + ä c
-

b - ä c Hb + ä c L ã

b Jd2+4 ä f d+ f 2N
4 Jb2+c2N erfi

d - ä H f + 2 Hc + ä b L zL
2 b - ä c

01.06.21.0562.01

à a z b+d z sinI z c + f zN â z � -
ã-ä J z c+ f zN a z b+d z

2 H f + d ä logHaLL +
ãä J z c+ f zN a z b+d z

2 H f - ä d logHaLL +

1

4 Hä f + d logHaLL3�2  ã
-

-c2+2 b ä logHaL c+b2 log2 HaL
4 Iä f +d logHaLM Π erfi

ä c + b logHaL + 2 z Hä f + d logHaLL
2 ä f + d logHaL Hc - ä b logHaLL +

ã

ä c2-2 b logHaL c-ä b2 log2 HaL
4 I f +d ä logHaLM Π erfi

Jb+2 d z N logHaL-ä Jc+2 f z N
2 -ä f +d logHaL Hc + b ä logHaLL

4 H-ä f + d logHaLL3�2
01.06.21.0563.01

à ã z b+d z sinI z c + f zN â z � -

Hc - ä bL ã
-

b2+2 ä c b-c2

4 Hd+ä f L Π erfi
b+ä c +2 Hd+ä f L z

2 d+ä f

4 Hd + ä f L3�2 -

ã z b+d z+ä J z c+ f zN
2 H f - ä dL -

ã z b+d z-ä J z c+ f zN
2 H f + ä d L -

Hc + ä b L ã
-ä b2-2 c b+c2 ä

4 H f +ä d L Π erfi
b-ä Jc+2 f z N+2 d z

2 d-ä f

4 Hd - ä f L3�2
Involving ab zr +d z+e sinIc zr + f zM
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01.06.21.0564.01à ab z2+d z+e sinIc z2 + f zM â z �

1

4 Ic2 + b2 log2HaLM  ä a
e+

b J f 2-d2 log2 HaLN
2 Jc2+b2 log2 HaLN +

d f

2 ä b logHaL-2 c
Π ã

d2 log2 HaL- f 2

4 ä c+4 b logHaL erfi
Hd + 2 b zL logHaL - ä H f + 2 c zL

2 -ä c + b logHaL -ä c + b logHaL
Hä c + b logHaLL a

ä b d f logHaL
c2+b2 log2 HaL + ã

d2 log2 HaL- f 2

-4 ä c+4 b logHaL erfi
ä H f + 2 c zL + Hd + 2 b zL logHaL

2 ä c + b logHaL ä c + b logHaL Hä c - b logHaLL
01.06.21.0565.01à ãb z2+d z+e sinIc z2 + f zM â z �

1

4 Ib2 + c2M  ä ã

4 e b2-2 d Hd+ä f L b+c J-ä d2-2 f d+4 c e+ f 2 äN
4 Jb2+c2N Π b + ä c Hb - ä cL ã

b Jd2+ f 2N+2 c Jd2- f 2N ä

4 Jb2+c2N erfi
-d - ä f - 2 b z - 2 ä c z

2 b + ä c
+

Hb + ä c L b - ä c ã

b Jd2+4 ä f d+ f 2N
4 Jb2+c2N erfi

d - ä H f + 2 Hc + ä b L zL
2 b - ä c

01.06.21.0566.01

à a z b+e+d z sinI z c + f zN â z � -ä
1

4
ae -ä 2 ã-ä J z c+ f zN ã2 ä J z c+ f zN

f - ä d logHaL +
1

f + d ä logHaL a z b+d z +

ã
Ic+b ä logHaLM2

-4 ä f +4 d logHaL Π erfi
Jb+2 d z N logHaL-ä Jc+2 f z N

2 -ä f +d logHaL H-ä c + b logHaLL
H-ä f + d logHaLL3�2 -

ã
Ic-ä b logHaLM2
4 ä f +4 d logHaL Π erfi

ä c+b logHaL+2 z Hä f +d logHaLL
2 ä f +d logHaL Hä c + b logHaLL

Hä f + d logHaLL3�2
01.06.21.0567.01

à ã z b+d z+e sinI z c + f zN â z � -

Hc - ä bL ã
-

b2-c2-4 d e+2 Hb c-2 e f L ä

4 Hd+ä f L Π erfi
b+ä c +2 Hd+ä f L z

2 d+ä f

4 Hd + ä f L3�2 -

ã z b+e+d z+ä J z c+ f zN
2 H f - ä dL -

ã z b+e+d z-ä J z c+ f zN
2 H f + ä d L -

Hc + ä b L ã
ä c2-2 b c-ä Jb2-4 d eN+4 e f

4 H f +ä d L Π erfi
b-ä Jc+2 f z N+2 d z

2 d-ä f

4 Hd - ä f L3�2
Involving ad z sinIc zr + f z + gM
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01.06.21.0568.01à ad z sinIc z2 + f z + gM â z � -
1

4 c
 

a
-

d f

2 c ã
-

ä J f 2+d2 log2 HaL+4 c gN
4 c Π -ä c ã

ä f 2

2 c erfi
d logHaL - ä H f + 2 c zL

2 -ä c
+ ä c ã

1

2
ä

d2 log2 HaL
c

+4 g
erfi

ä H f + 2 c zL + d logHaL
2 ä c

01.06.21.0569.01à ãd z sinIc z2 + f z + gM â z �

-
1

4 c
 ã

-
ä Jd2-2 ä f d+ f 2+4 c gN

4 c Π -ä c ã
ä f 2

2 c erfi
d - ä H f + 2 c zL

2 -ä c
+ ä c ã

ä Jd2+4 c gN
2 c erfi

d + ä H f + 2 c zL
2 ä c

01.06.21.0570.01

à ad z sinI z c + f z + gN â z � -
1

4
ä ã-ä g -2 ä ã-ä J z c+ f zN ã2 ä J z c+g+ f zN

f - ä d logHaL +
1

f + d ä logHaL ad z -

ä c ã
c2

-4 ä f +4 d logHaL Π erfi
2 d z logHaL-ä Jc+2 f z N

2 -ä f +d logHaLH-ä f + d logHaLL3�2 -

ä c ã
c2

4 ä f +4 d logHaL +2 ä g
Π erfi

ä c+2 z Hä f +d logHaLL
2 ä f +d logHaLHä f + d logHaLL3�2

01.06.21.0571.01à ãd z sinI z c + f z + gN â z �

-

c ã
-

-c2-4 ä d g+4 f g

4 Hd+ä f L Π erfi
2 z Hd+ä f L+ä c

2 d+ä f

4 Hd + ä f L3�2 -
ãd z+ä J z c+g+ f zN

2 H f - ä dL -
ãd z-ä J z c+g+ f zN

2 H f + ä d L -

c ã
4 d g+Jc2-4 f gN ä

4 H f +ä d L Π erfi
2 d z -ä Jc+2 f z N

2 d-ä f

4 Hd - ä f L3�2
Involving ad z+e sinIc zr + f z + gM

01.06.21.0572.01à ad z+e sinIc z2 + f z + gM â z � -
1

4 c
 

a
e-

d f

2 c ã
-

ä J f 2+d2 log2 HaL+4 c gN
4 c Π -ä c ã

ä f 2

2 c erfi
d logHaL - ä H f + 2 c zL

2 -ä c
+ ä c ã

1

2
ä

d2 log2 HaL
c

+4 g
erfi

ä H f + 2 c zL + d logHaL
2 ä c

01.06.21.0573.01à ãd z+e sinIc z2 + f z + gM â z �

-
1

4 c
 ã

-
ä Jd2-2 ä f d+ f 2+4 c Hg+ä e LN

4 c Π -ä c ã
ä f 2

2 c erfi
d - ä H f + 2 c zL

2 -ä c
+ ä c ã

ä Jd2+4 c gN
2 c erfi

d + ä H f + 2 c zL
2 ä c
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01.06.21.0574.01à ad z+e sinI z c + f z + gN â z �

-
ã-ä J z c+g+ f zN ae+d z

2 H f + d ä logHaLL -
ãä J z c+g+ f zN ae+d z

2 H f - ä d logHaLL -

c ã

4 d e ä log2 HaL+H4 e f +4 d gL logHaL+Jc2-4 f gN ä

4 I f +d ä logHaLM Π erfi
2 d z logHaL-ä Jc+2 f z N

2 -ä f +d logHaL
4 H-ä f + d logHaLL3�2 -

c ã
-

-c2-4 d e log2 HaL+4 f g-4 ä He f +d gL logHaL
4 Iä f +d logHaLM Π erfi

ä c+2 z Hä f +d logHaLL
2 ä f +d logHaL

4 Hä f + d logHaLL3�2
01.06.21.0575.01

à ad z+e sinI z c + f z + gN â z � -
1

4
ä ae ã-ä g -2 ä ã-ä J z c+ f zN ã2 ä J z c+g+ f zN

f - ä d logHaL +
1

f + d ä logHaL ad z -

ä c ã
c2

-4 ä f +4 d logHaL Π erfi
2 d z logHaL-ä Jc+2 f z N

2 -ä f +d logHaLH-ä f + d logHaLL3�2 -

ä c ã
c2

4 ä f +4 d logHaL +2 ä g
Π erfi

ä c+2 z Hä f +d logHaLL
2 ä f +d logHaLHä f + d logHaLL3�2

01.06.21.0576.01

à ãe+d z sinI z c + g + f zN â z � -

c ã
-

-c2-4 d e+4 f g-4 ä He f +d gL
4 Hd+ä f L Π erfi

2 z Hd+ä f L+ä c

2 d+ä f

4 Hd + ä f L3�2 -

ãe+d z+ä J z c+g+ f zN
2 H f - ä dL -

ãe+d z-ä J z c+g+ f zN
2 H f + ä d L -

c ã
4 e f +4 d g+4 ä d e +Jc2-4 f gN ä

4 H f +ä d L Π erfi
2 d z -ä Jc+2 f z N

2 d-ä f

4 Hd - ä f L3�2
Involving ab zr

sinIc zr + f z + gM
01.06.21.0577.01à ab z2

sinIc z2 + f z + gM â z �

1

4 Ic2 + b2 log2HaLM  ä a

b f 2

2 Jc2+b2 log2 HaLN Π ã
-

f 2

4 ä c+4 b logHaL -ä g
erfi

2 b z logHaL - ä H f + 2 c zL
2 -ä c + b logHaL -ä c + b logHaL Hä c + b logHaLL +

ã
ä g-

f 2

-4 ä c+4 b logHaL erfi
ä H f + 2 c zL + 2 b z logHaL

2 ä c + b logHaL Hä c - b logHaLL ä c + b logHaL
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01.06.21.0578.01

à ãb z2
sinIc z2 + f z + gM â z �

1

4 Ib2 + c2M  ä ã

b f 2

2 Jb2+c2N Π

Hä c - bL b + ä c ã
ä g-

f 2

4 b-4 ä c erfi
2 b z + ä H f + 2 c zL

2 b + ä c
+ Hb + ä c L b - ä c ã

-
f 2

4 b+4 ä c
-ä g

erfi
2 b z - ä H f + 2 c zL

2 b - ä c

01.06.21.0579.01à a z b sinI z c + f z + gN â z �

-
cosI z c + g + f zN ab z

f
-

ã
-ä b2 log2 HaL-2 b c logHaL+Jc2-4 f gN ä

4 f Π erfi
b logHaL-ä Jc+2 f z N

2 -ä f
Hc + b ä logHaLL

4 H-ä f L3�2 -

ã
ä J-c2+2 b ä logHaL c+b2 log2 HaL+4 f gN

4 f Π erfi
ä Jc+2 f z N+b logHaL

2 ä f
Hc - ä b logHaLL

4 Hä f L3�2
01.06.21.0580.01

à ãb z sinI z c + f z + gN â z � -

Hc + ä b L ã
-ä b2-2 c b+Jc2-4 f gN ä

4 f Π erfi
b-ä Jc+2 f z N

2 -ä f

4 H-ä f L3�2 -

Hc - ä bL ã
ä Jb2+2 ä c b-c2+4 f gN

4 f Π erfi
b+ä c +2 ä f z

2 ä f

4 Hä f L3�2 -
ãb z cosI z c + g + f zN

f

Involving ab zr +e sinIc zr + f z + gM
01.06.21.0581.01à ab z2+e sinIc z2 + f z + gM â z �

1

4 Ic2 + b2 log2HaLM  ä a

b f 2

2 Jc2+b2 log2 HaLN +e

Π ã
-

f 2

4 ä c+4 b logHaL -ä g
erfi

2 b z logHaL - ä H f + 2 c zL
2 -ä c + b logHaL -ä c + b logHaL Hä c + b logHaLL +

ã
ä g-

f 2

-4 ä c+4 b logHaL erfi
ä H f + 2 c zL + 2 b z logHaL

2 ä c + b logHaL Hä c - b logHaLL ä c + b logHaL
01.06.21.0582.01

à ãb z2+e sinIc z2 + f z + gM â z �
1

4 Ib2 + c2M  ä ã

b f 2

2 Jb2+c2N +e

Π

Hä c - bL b + ä c ã
ä g-

f 2

4 b-4 ä c erfi
2 b z + ä H f + 2 c zL

2 b + ä c
+ Hb + ä c L b - ä c ã

-
f 2

4 b+4 ä c
-ä g

erfi
2 b z - ä H f + 2 c zL

2 b - ä c
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01.06.21.0583.01à a z b+e sinI z c + f z + gN â z �

-
cosI z c + g + f zN a z b+e

f
-

ã
-ä b2 log2 HaL+H4 e f -2 b cL logHaL+Jc2-4 f gN ä

4 f Π erfi
b logHaL-ä Jc+2 f z N

2 -ä f
Hc + b ä logHaLL

4 H-ä f L3�2 -

ã
ä J-c2+b2 log2 HaL+4 f g+2 Hb c-2 e f L ä logHaLN

4 f Π erfi
ä Jc+2 f z N+b logHaL

2 ä f
Hc - ä b logHaLL

4 Hä f L3�2
01.06.21.0584.01

à ã z b+e sinI z c + f z + gN â z � -

Hc + ä b L ã
-ä b2-2 c b+4 e f +Jc2-4 f gN ä

4 f Π erfi
b-ä Jc+2 f z N

2 -ä f

4 H-ä f L3�2 -

Hc - ä bL ã
ä Jb2-c2+4 f g+2 Hb c-2 e f L äN

4 f Π erfi
b+ä c +2 ä f z

2 ä f

4 Hä f L3�2 -
ã z b+e cosI z c + g + f zN

f

Involving ab zr +d z sinIc zr + f z + gM
01.06.21.0585.01à ab z2+d z sinIc z2 + f z + gM â z �

1

4 Ic2 + b2 log2HaLM  ä a

b J f 2-d2 log2 HaLN
2 Jc2+b2 log2 HaLN +

d f

2 ä b logHaL-2 c
Π ã

d2 log2 HaL- f 2

4 ä c+4 b logHaL -ä g
erfi

Hd + 2 b zL logHaL - ä H f + 2 c zL
2 -ä c + b logHaL -ä c + b logHaL

Hä c + b logHaLL a

ä b d f logHaL
c2+b2 log2 HaL + ã

d2 log2 HaL- f 2

-4 ä c+4 b logHaL +ä g
erfi

ä H f + 2 c zL + Hd + 2 b zL logHaL
2 ä c + b logHaL ä c + b logHaL Hä c - b logHaLL

01.06.21.0586.01à ãb z2+d z sinIc z2 + f z + gM â z �
1

4 Hb + ä c L Hc + ä b L  

ã
-

c ä Hd-ä f L2+2 b d Hd+ä f L
4 Jb2+c2N Π Hb - ä cL b + ä c ã

b Jd2+ f 2N+2 c Jd2- f 2N ä

4 Jb2+c2N erfi
d + ä f + 2 Hb + ä c L z

2 b + ä c
HcosHgL + ä sinHgLL -

b - ä c Hb + ä c L ã

b Jd2+4 ä f d+ f 2N
4 Jb2+c2N erfi

d - ä H f + 2 Hc + ä b L zL
2 b - ä c

HcosHgL - ä sinHgLL

http://functions.wolfram.com 151



01.06.21.0587.01

à a z b+d z sinI z c + f z + gN â z � -ä
1

4
ã-ä g -ä 2 ã-ä J z c+ f zN ã2 ä J z c+g+ f zN

f - ä d logHaL +
1

f + d ä logHaL a z b+d z +

ã
Ic+b ä logHaLM2

-4 ä f +4 d logHaL Π erfi
Jb+2 d z N logHaL-ä Jc+2 f z N

2 -ä f +d logHaL H-ä c + b logHaLL
H-ä f + d logHaLL3�2 -

ã
Ic-ä b logHaLM2
4 ä f +4 d logHaL +2 ä g

Π erfi
ä c+b logHaL+2 z Hä f +d logHaLL

2 ä f +d logHaL Hä c + b logHaLL
Hä f + d logHaLL3�2

01.06.21.0588.01

à ã z b+d z sinI z c + f z + gN â z � -

Hc - ä bL ã
-

b2-c2+4 f g+2 Hb c-2 d gL ä

4 Hd+ä f L Π erfi
b+ä c +2 Hd+ä f L z

2 d+ä f

4 Hd + ä f L3�2 -

Hc + ä b L ã
-ä b2-2 c b+4 d g+Jc2-4 f gN ä

4 H f +ä d L Π erfi
b-ä Jc+2 f z N+2 d z

2 d-ä f

4 Hd - ä f L3�2 -
ã z b+d z+ä J z c+g+ f zN

2 H f - ä dL -
ã z b+d z-ä J z c+g+ f zN

2 H f + ä d L
Involving ab zr +d z+e sinIc zr + f z + gM

01.06.21.0589.01à ab z2+d z+e sinIc z2 + f z + gM â z �

1

4 Ic2 + b2 log2HaLM  ä a
e+

b J f 2-d2 log2 HaLN
2 Jc2+b2 log2 HaLN +

d f

2 ä b logHaL-2 c
Π ã

d2 log2 HaL- f 2

4 ä c+4 b logHaL -ä g
erfi

Hd + 2 b zL logHaL - ä H f + 2 c zL
2 -ä c + b logHaL -ä c + b logHaL

Hä c + b logHaLL a

ä b d f logHaL
c2+b2 log2 HaL + ã

d2 log2 HaL- f 2

-4 ä c+4 b logHaL +ä g
erfi

ä H f + 2 c zL + Hd + 2 b zL logHaL
2 ä c + b logHaL ä c + b logHaL Hä c - b logHaLL
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01.06.21.0590.01à ãb z2+d z+e sinIc z2 + f z + gM â z �
1

4 Hb - ä cL Hc - ä bL  

ã

4 e b2-2 d Hd+ä f L b+c J-ä d2-2 f d+4 c e+ f 2 äN
4 Jb2+c2N Π b + ä c Hb - ä cL ã

b Jd2+ f 2N+2 c Jd2- f 2N ä

4 Jb2+c2N erfi
-d - ä f - 2 b z - 2 ä c z

2 b + ä c
HcosHgL + ä sinHgLL +

Hb + ä c L b - ä c ã

b Jd2+4 ä f d+ f 2N
4 Jb2+c2N erfi

d - ä H f + 2 Hc + ä b L zL
2 b - ä c

HcosHgL - ä sinHgLL
01.06.21.0591.01

à a z b+d z+e sinI z c + f z + gN â z � -ä
1

4
ae ã-ä g -ä 2 ã-ä J z c+ f zN ã2 ä J z c+g+ f zN

f - ä d logHaL +
1

f + d ä logHaL a z b+d z +

ã
Ic+b ä logHaLM2

-4 ä f +4 d logHaL Π erfi
Jb+2 d z N logHaL-ä Jc+2 f z N

2 -ä f +d logHaL H-ä c + b logHaLL
H-ä f + d logHaLL3�2 -

ã
Ic-ä b logHaLM2
4 ä f +4 d logHaL +2 ä g

Π erfi
ä c+b logHaL+2 z Hä f +d logHaLL

2 ä f +d logHaL Hä c + b logHaLL
Hä f + d logHaLL3�2

01.06.21.0592.01

à ã z b+d z+e sinI z c + f z + gN â z � -

Hc - ä bL ã
-

b2-c2-4 d e+4 f g+2 Hb c-2 He f +d gLL ä

4 Hd+ä f L Π erfi
b+ä c +2 Hd+ä f L z

2 d+ä f

4 Hd + ä f L3�2 -

Hc + ä b L ã
-2 b c-ä Jb2-4 d eN+4 e f +4 d g+Jc2-4 f gN ä

4 H f +ä d L Π erfi
b-ä Jc+2 f z N+2 d z

2 d-ä f

4 Hd - ä f L3�2 -
ã z b+e+d z+ä J z c+g+ f zN

2 H f - ä dL -
ã z b+e+d z-ä J z c+g+ f zN

2 H f + ä d L
Arguments involving polynomials or algebraic functions and factors involving exponential 
function and a power function

Involving exp and power

Involving zn ãd z sinIc zr + f zM
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01.06.21.0593.01à zn ãd z sinIc z2 + f zM â z �

1

4 ä c
 ä ã

ä Hd+ä f L2
4 c  â

q=0

n

2q-n Hä cL-n-
1

2 H-d - ä f Ln-q Hd + ä f + 2 ä c zLq+1
ä Hd + ä f + 2 ä c zL2

c

1

2
H-q-1L

n

q

G
q + 1

2
,

ä Hd + ä f + 2 ä c zL2

4 c
-

1

4 -ä c
 ä ã

-
ä Hd-ä f L2

4 c â
q=0

n

2q-n H-ä cL-n-
1

2 Hä f - dLn-q

Hd - ä f - 2 ä c zLq+1 -
ä Hd - ä f - 2 ä c zL2

c

1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hd - ä f - 2 ä c zL2

4 c
�; n Î N

01.06.21.0594.01à zn ãd z sinI z c + f zN â z �

ä 2-2 Hn+1L ã
c2

4 Hd-ä f L Hd - ä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k H-ä cL-h-k+2 n I2 Hd - ä f L z - ä cNh+k
-

I2 Hd - ä f L z - ä cN2

d - ä f

1

2
H-h-k-1L

k

h

n

k
2 Hd - ä f L -

I2 Hd - ä f L z - ä cN2

d - ä f
G

1

2
Hh + k + 2L, -

I2 Hd - ä f L z - ä cN2

4 Hd - ä f L -

ä c I2 Hd - ä f L z - ä cN G
1

2
Hh + k + 1L, -

I2 Hd - ä f L z - ä cN2

4 Hd - ä f L -

ã
c2

4 Hd+ä f L Hd + ä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k Hä cL-h-k+2 n I2 z Hd + ä f L + ä c Nh+k
-

I2 z Hd + ä f L + ä c N2

d + ä f

1

2
H-h-k-1L

k

h

n

k
c ä I2 z Hd + ä f L + ä c N G

1

2
Hh + k + 1L, -

I2 z Hd + ä f L + ä c N2

4 Hd + ä f L +

2 -
I2 z Hd + ä f L + ä c N2

d + ä f
Hd + ä f L G

1

2
Hh + k + 2L, -

I2 z Hd + ä f L + ä c N2

4 Hd + ä f L �; n Î N

Involving zn ãd z+e sinIc zr + f zM
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01.06.21.0595.01à zn ãd z+e sinIc z2 + f zM â z �

1

4 ä c
 ä ã

ä Hd+ä f L2
4 c

+e â
q=0

n

2q-n Hä cL-n-
1

2 H-d - ä f Ln-q Hd + ä f + 2 ä c zLq+1
ä Hd + ä f + 2 ä c zL2

c

1

2
H-q-1L

n

q
G

q + 1

2
,

ä Hd + ä f + 2 ä c zL2

4 c
-

1

4 -ä c
 ä ã

e-
ä Hd-ä f L2

4 c â
q=0

n

2q-n H-ä cL-n-
1

2 Hä f - dLn-q

Hd - ä f - 2 ä c zLq+1 -
ä Hd - ä f - 2 ä c zL2

c

1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hd - ä f - 2 ä c zL2

4 c
�; n Î N

01.06.21.0596.01à zn ãd z+e sinI z c + f zN â z � ä 2-2 Hn+1L ãe

ã
c2

4 Hd-ä f L Hd - ä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k H-ä cL-h-k+2 n I2 Hd - ä f L z - ä cNh+k
-

I2 Hd - ä f L z - ä cN2

d - ä f

1

2
H-h-k-1L

k

h

n

k
2 Hd - ä f L -

I2 Hd - ä f L z - ä cN2

d - ä f
G

1

2
Hh + k + 2L, -

I2 Hd - ä f L z - ä cN2

4 Hd - ä f L -

ä c I2 Hd - ä f L z - ä cN G
1

2
Hh + k + 1L, -

I2 Hd - ä f L z - ä cN2

4 Hd - ä f L -

ã
c2

4 Hd+ä f L Hd + ä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k Hä cL-h-k+2 n I2 z Hd + ä f L + ä c Nh+k
-

I2 z Hd + ä f L + ä c N2

d + ä f

1

2
H-h-k-1L

k

h

n

k
c ä I2 z Hd + ä f L + ä c N G

1

2
Hh + k + 1L, -

I2 z Hd + ä f L + ä c N2

4 Hd + ä f L +

2 -
I2 z Hd + ä f L + ä c N2

d + ä f
Hd + ä f L G

1

2
Hh + k + 2L, -

I2 z Hd + ä f L + ä c N2

4 Hd + ä f L �; n Î N

Involving zn ãb zr
sinIc zr + f zM
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01.06.21.0597.01à zn ãb z2
sinIc z2 + f zM â z �

1

4 b + ä c
 ä ã

f 2

4 Hb+ä c L â
q=0

n

2q-n Hb + ä c L-n-
1

2 H-ä f Ln-q Hä f + 2 Hb + ä c L zLq+1 -
Hä f + 2 Hb + ä c L zL2

b + ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hä f + 2 Hb + ä c L zL2

4 Hb + ä c L -

1

4 b - ä c
 ä ã

f 2

4 Hb-ä cL â
q=0

n

2q-n Hb - ä cL-n-
1

2 Hä f Ln-q H-ä f + 2 b z - 2 ä c zLq+1 -
H-ä f + 2 b z - 2 ä c zL2

b - ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

H-ä f + 2 b z - 2 ä c zL2

4 Hb - ä cL �; n Î N
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01.06.21.0598.01à zn ã z b sinI z c + f zN â z �

ä 2-2 Hn+1L ã
-

ä Hb-ä cL2
4 f H-ä f L-2 Hn+1L â

k=0

n â
h=0

k H-1Lk-h 4k Hb - ä cL-h-k+2 n Ib - ä c - 2 ä f z Nh+k
-

ä Ib - ä c - 2 ä f z N2

f

1

2
H-h-k-1L

k

h

n

k
Hb - ä cL Ib - ä c - 2 ä f z N G

1

2
Hh + k + 1L, -

ä Ib - ä c - 2 ä f z N2

4 f
-

2 ä f -
ä Ib - ä c - 2 ä f z N2

f
G

1

2
Hh + k + 2L, -

ä Ib - ä c - 2 ä f z N2

4 f
-

ã
ä Hb+ä c L2

4 f Hä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k Hb + ä c L-h-k+2 n Ib + ä c + 2 ä f z Nh+k
ä Ib + ä c + 2 ä f z N2

f

1

2
H-h-k-1L

k

h

n

k
Hb + ä c L Ib + ä c + 2 ä f z N G

1

2
Hh + k + 1L, ä Ib + ä c + 2 ä f z N2

4 f
+

2
ä Ib + ä c + 2 ä f z N2

f
f ä G

1

2
Hh + k + 2L, ä Ib + ä c + 2 ä f z N2

4 f
�; n Î N

Involving zn ãb zr +e sinIc zr + f zM
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01.06.21.0599.01à zn ãb z2+e sinIc z2 + f zM â z �

1

4 b + ä c
 ä ã

f 2

4 Hb+ä c L +e â
q=0

n

2q-n Hb + ä c L-n-
1

2 H-ä f Ln-q Hä f + 2 Hb + ä c L zLq+1 -
Hä f + 2 Hb + ä c L zL2

b + ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hä f + 2 Hb + ä c L zL2

4 Hb + ä c L -

1

4 b - ä c
 ä ã

f 2

4 Hb-ä cL +e â
q=0

n

2q-n Hb - ä cL-n-
1

2 Hä f Ln-q H-ä f + 2 b z - 2 ä c zLq+1 -
H-ä f + 2 b z - 2 ä c zL2

b - ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

H-ä f + 2 b z - 2 ä c zL2

4 Hb - ä cL �; n Î N

http://functions.wolfram.com 158



01.06.21.0600.01à zn ã z b+e sinI z c + f zN â z � ä 2-2 Hn+1L ãe

ã
-

ä Hb-ä cL2
4 f H-ä f L-2 Hn+1L â

k=0

n â
h=0

k H-1Lk-h 4k Hb - ä cL-h-k+2 n Ib - ä c - 2 ä f z Nh+k
-

ä Ib - ä c - 2 ä f z N2

f

1

2
H-h-k-1L

k

h

n

k
Hb - ä cL Ib - ä c - 2 ä f z N G

1

2
Hh + k + 1L, -

ä Ib - ä c - 2 ä f z N2

4 f
-

2 ä f -
ä Ib - ä c - 2 ä f z N2

f
G

1

2
Hh + k + 2L, -

ä Ib - ä c - 2 ä f z N2

4 f
-

ã
ä Hb+ä c L2

4 f Hä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k Hb + ä c L-h-k+2 n Ib + ä c + 2 ä f z Nh+k
ä Ib + ä c + 2 ä f z N2

f

1

2
H-h-k-1L

k

h

n

k
Hb + ä c L Ib + ä c + 2 ä f z N G

1

2
Hh + k + 1L, ä Ib + ä c + 2 ä f z N2

4 f
+

2
ä Ib + ä c + 2 ä f z N2

f
f ä G

1

2
Hh + k + 2L, ä Ib + ä c + 2 ä f z N2

4 f
�; n Î N

Involving zn ãb zr +d z sinIc zr + f zM
01.06.21.0601.01à zn ãb z2+d z sinIc z2 + f zM â z �

ä

4 b + ä c
 ã

-
Hd+ä f L2
4 Hb+ä c L  â

q=0

n

2q-n Hb + ä c L-n-
1

2 H-d - ä f Ln-q Hd + ä f + 2 Hb + ä c L zLq+1 -
Hd + ä f + 2 Hb + ä c L zL2

b + ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + ä f + 2 Hb + ä c L zL2

4 Hb + ä c L -
ä

4 b - ä c
ã

-
Hd-ä f L2
4 Hb-ä cL  â

q=0

n

2q-n Hb - ä cL-n-
1

2 Hä f - dLn-q

Hd - ä f + 2 b z - 2 ä c zLq+1 -
Hd - ä f + 2 b z - 2 ä c zL2

b - ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd - ä f + 2 b z - 2 ä c zL2

4 Hb - ä cL �; n Î N
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01.06.21.0602.01

à zn ã z b+d z sinI z c + f zN â z � ä 2-2 Hn+1L ã
-

Hb-ä cL2
4 Hd-ä f L Hd - ä f L-2 Hn+1L

â
k=0

n â
h=0

k H-1Lk-h 4k Hb - ä cL-h-k+2 n Ib - ä c + 2 Hd - ä f L z Nh+k
-

Ib - ä c + 2 Hd - ä f L z N2

d - ä f

1

2
H-h-k-1L

k

h

n

k
Hb - ä cL Ib - ä c + 2 Hd - ä f L z N G

1

2
Hh + k + 1L, -

Ib - ä c + 2 Hd - ä f L z N2

4 Hd - ä f L +

2 -
Ib - ä c + 2 Hd - ä f L z N2

d - ä f
Hd - ä f L G

1

2
Hh + k + 2L, -

Ib - ä c + 2 Hd - ä f L z N2

4 Hd - ä f L -

ã
-

Hb+ä c L2
4 Hd+ä f L Hd + ä f L-2 Hn+1L â

k=0

n â
h=0

k H-1Lk-h 4k Hb + ä c L-h-k+2 n Ib + ä c + 2 Hd + ä f L z Nh+k

-
Ib + ä c + 2 Hd + ä f L z N2

d + ä f

1

2
H-h-k-1L

k

h

n

k

Hb + ä c L Ib + ä c + 2 Hd + ä f L z N G
1

2
Hh + k + 1L, -

Ib + ä c + 2 Hd + ä f L z N2

4 Hd + ä f L +

2 -
Ib + ä c + 2 Hd + ä f L z N2

d + ä f
Hd + ä f L G

1

2
Hh + k + 2L, -

Ib + ä c + 2 Hd + ä f L z N2

4 Hd + ä f L �; n Î N

Involving zn ãb zr +d z+e sinIc zr + f zM
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01.06.21.0603.01à zn ãb z2+d z+e sinIc z2 + f zM â z �

ä

4 b + ä c
 ã

-
Hd+ä f L2
4 Hb+ä c L +e â

q=0

n

2q-n Hb + ä c L-n-
1

2 H-d - ä f Ln-q Hd + ä f + 2 Hb + ä c L zLq+1 -
Hd + ä f + 2 Hb + ä c L zL2

b + ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + ä f + 2 Hb + ä c L zL2

4 Hb + ä c L -
ä

4 b - ä c
ã

-
Hd-ä f L2
4 Hb-ä cL +e

 â
q=0

n

2q-n Hb - ä cL-n-
1

2 Hä f - dLn-q

Hd - ä f + 2 b z - 2 ä c zLq+1 -
Hd - ä f + 2 b z - 2 ä c zL2

b - ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd - ä f + 2 b z - 2 ä c zL2

4 Hb - ä cL �; n Î N
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01.06.21.0604.01

à zn ã z b+d z+e sinI z c + f zN â z � ä 2-2 Hn+1L ãe ã
-

Hb-ä cL2
4 Hd-ä f L Hd - ä f L-2 Hn+1L

â
k=0

n â
h=0

k H-1Lk-h 4k Hb - ä cL-h-k+2 n Ib - ä c + 2 Hd - ä f L z Nh+k
-

Ib - ä c + 2 Hd - ä f L z N2

d - ä f

1

2
H-h-k-1L

k

h

n

k
Hb - ä cL Ib - ä c + 2 Hd - ä f L z N G

1

2
Hh + k + 1L, -

Ib - ä c + 2 Hd - ä f L z N2

4 Hd - ä f L +

2 -
Ib - ä c + 2 Hd - ä f L z N2

d - ä f
Hd - ä f L G

1

2
Hh + k + 2L, -

Ib - ä c + 2 Hd - ä f L z N2

4 Hd - ä f L -

ã
-

Hb+ä c L2
4 Hd+ä f L Hd + ä f L-2 Hn+1L â

k=0

n â
h=0

k H-1Lk-h 4k Hb + ä c L-h-k+2 n Ib + ä c + 2 Hd + ä f L z Nh+k

-
Ib + ä c + 2 Hd + ä f L z N2

d + ä f

1

2
H-h-k-1L

k

h

n

k

Hb + ä c L Ib + ä c + 2 Hd + ä f L z N G
1

2
Hh + k + 1L, -

Ib + ä c + 2 Hd + ä f L z N2

4 Hd + ä f L +

2 -
Ib + ä c + 2 Hd + ä f L z N2

d + ä f
Hd + ä f L G

1

2
Hh + k + 2L, -

Ib + ä c + 2 Hd + ä f L z N2

4 Hd + ä f L �; n Î N

Involving zn ãd z sinIc z2 + f z + gM
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01.06.21.0605.01

à zn ãd z sinIc z2 + f z + gM â z �
ä

4 ä c
 ã

ä Hd+ä f L2
4 c

+ä g

â
q=0

n

2q-n Hä cL-n-
1

2 H-d - ä f Ln-q Hd + ä f + 2 ä c zLq+1
ä Hd + ä f + 2 ä c zL2

c

1

2
H-q-1L

n

q
G

q + 1

2
,

ä Hd + ä f + 2 ä c zL2

4 c
-

ä

4 -ä c
 ã

-
ä Hd-ä f L2

4 c
-ä g â

q=0

n

2q-n H-ä cL-n-
1

2 Hä f - dLn-q Hd - ä f - 2 ä c zLq+1

-
ä Hd - ä f - 2 ä c zL2

c

1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hd - ä f - 2 ä c zL2

4 c
�; n Î N

01.06.21.0606.01à z ãd z sinIc z2 + f z + gM â z �

1

8 c3�2  ã
-

ä J3 d2-2 ä f d+ f 2+4 c2 z2N
4 c - -1

4
ã

ä Jd2+ f 2+2 c2 z2N
2 c Hd - ä f L Π erf

-1
4 H f + ä d + 2 c zL

2 c
Hä cosHgL + sinHgLL -

2 c ã
Hd-ä f L H- f +3 ä d +4 c zL

4 c II1 + ã2 ä z H f +c zLM cosHgL + I-1 + ã2 ä z H f +c zLM ä sinHgLM +

-1
4

ã
ä Jd2+c2 z2N

c H f - ä dL Π erfi
-1

4 H f - ä d + 2 c zL
2 c

HcosHgL + ä sinHgLL
Involving zn ãd z+e sinIc zr + f z + gM

01.06.21.0607.01à zn ãd z+e sinIc z2 + f z + gM â z �

1

4 ä c
 ä ã

ä Hd+ä f L2
4 c

+e+ä g â
q=0

n

2q-n Hä cL-n-
1

2 H-d - ä f Ln-q Hd + ä f + 2 ä c zLq+1
ä Hd + ä f + 2 ä c zL2

c

1

2
H-q-1L

n

q
G

q + 1

2
,

ä Hd + ä f + 2 ä c zL2

4 c
-

1

4 -ä c
 ä ã

-
ä Hd-ä f L2

4 c
+e-ä g â

q=0

n

2q-n H-ä cL-n-
1

2 Hä f - dLn-q

Hd - ä f - 2 ä c zLq+1 -
ä Hd - ä f - 2 ä c zL2

c

1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hd - ä f - 2 ä c zL2

4 c
�; n Î N
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01.06.21.0608.01à zn ãd z+e sinI z c + f z + gN â z � ä 2-2 Hn+1L ãe-ä g

ã
c2

4 Hd-ä f L Hd - ä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k H-ä cL-h-k+2 n I2 Hd - ä f L z - ä cNh+k
-

I2 Hd - ä f L z - ä cN2

d - ä f

1

2
H-h-k-1L

k

h

n

k
2 Hd - ä f L -

I2 Hd - ä f L z - ä cN2

d - ä f
G

1

2
Hh + k + 2L, -

I2 Hd - ä f L z - ä cN2

4 Hd - ä f L -

ä c I2 Hd - ä f L z - ä cN G
1

2
Hh + k + 1L, -

I2 Hd - ä f L z - ä cN2

4 Hd - ä f L -

ã
c2

4 Hd+ä f L +2 ä g Hd + ä f L-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k Hä cL-h-k+2 n I2 z Hd + ä f L + ä c Nh+k
-

I2 z Hd + ä f L + ä c N2

d + ä f

1

2
H-h-k-1L

k

h

n

k
c ä I2 z Hd + ä f L + ä c N G

1

2
Hh + k + 1L, -

I2 z Hd + ä f L + ä c N2

4 Hd + ä f L +

2 -
I2 z Hd + ä f L + ä c N2

d + ä f
Hd + ä f L G

1

2
Hh + k + 2L, -

I2 z Hd + ä f L + ä c N2

4 Hd + ä f L �; n Î N

Involving zn ãb zr
sinIc zr + f z + gM

01.06.21.0609.01à zn ãb z2
sinIc z2 + f z + gM â z �

1

4 b + ä c
 ä ã

f 2

4 Hb+ä c L +ä g â
q=0

n

2q-n Hb + ä c L-n-
1

2 H-ä f Ln-q Hä f + 2 Hb + ä c L zLq+1 -
Hä f + 2 Hb + ä c L zL2

b + ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hä f + 2 Hb + ä c L zL2

4 Hb + ä c L -
1

4 b - ä c
 ä ã

f 2

4 Hb-ä cL -ä g â
q=0

n

2q-n Hb - ä cL-n-
1

2 Hä f Ln-q

H-ä f + 2 b z - 2 ä c zLq+1 -
H-ä f + 2 b z - 2 ä c zL2

b - ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

H-ä f + 2 b z - 2 ä c zL2

4 Hb - ä cL �; n Î N
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01.06.21.0610.01à zn ã z b sinI z c + f z + gN â z � ä 2-2 Hn+1L ã-ä g

ã
-

ä Hb-ä cL2
4 f H-ä f L-2 Hn+1L â

k=0

n â
h=0

k H-1Lk-h 4k Hb - ä cL-h-k+2 n Ib - ä c - 2 ä f z Nh+k
-

ä Ib - ä c - 2 ä f z N2

f

1

2
H-h-k-1L

k

h

n

k
Hb - ä cL Ib - ä c - 2 ä f z N G

1

2
Hh + k + 1L, -

ä Ib - ä c - 2 ä f z N2

4 f
-

2 ä f -
ä Ib - ä c - 2 ä f z N2

f
G

1

2
Hh + k + 2L, -

ä Ib - ä c - 2 ä f z N2

4 f
-

ã
ä Hb+ä c L2

4 f
+2 ä g Hä f L-2 Hn+1L â

k=0

n â
h=0

k H-1Lk-h 4k Hb + ä c L-h-k+2 n Ib + ä c + 2 ä f z Nh+k
ä Ib + ä c + 2 ä f z N2

f

1

2
H-h-k-1L

k

h

n

k
Hb + ä c L Ib + ä c + 2 ä f z N G

1

2
Hh + k + 1L, ä Ib + ä c + 2 ä f z N2

4 f
+

2
ä Ib + ä c + 2 ä f z N2

f
f ä G

1

2
Hh + k + 2L, ä Ib + ä c + 2 ä f z N2

4 f
�; n Î N

Involving zn ãb zr +e sinIc zr + f z + gM
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01.06.21.0611.01à zn ãb z2+e sinIc z2 + f z + gM â z �

1

4 b + ä c
 ä ã

f 2

4 Hb+ä c L +e+ä g â
q=0

n

2q-n Hb + ä c L-n-
1

2 H-ä f Ln-q Hä f + 2 Hb + ä c L zLq+1 -
Hä f + 2 Hb + ä c L zL2

b + ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hä f + 2 Hb + ä c L zL2

4 Hb + ä c L -

1

4 b - ä c
 ä ã

f 2

4 Hb-ä cL +e-ä g â
q=0

n

2q-n Hb - ä cL-n-
1

2 Hä f Ln-q H-ä f + 2 b z - 2 ä c zLq+1

-
H-ä f + 2 b z - 2 ä c zL2

b - ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

H-ä f + 2 b z - 2 ä c zL2

4 Hb - ä cL �; n Î N
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01.06.21.0612.01à zn ã z b+e sinI z c + f z + gN â z � ä 2-2 Hn+1L ãe-ä g

ã
-

ä Hb-ä cL2
4 f H-ä f L-2 Hn+1L â

k=0

n â
h=0

k H-1Lk-h 4k Hb - ä cL-h-k+2 n Ib - ä c - 2 ä f z Nh+k
-

ä Ib - ä c - 2 ä f z N2

f

1

2
H-h-k-1L

k

h

n

k
Hb - ä cL Ib - ä c - 2 ä f z N G

1

2
Hh + k + 1L, -

ä Ib - ä c - 2 ä f z N2

4 f
-

2 ä f -
ä Ib - ä c - 2 ä f z N2

f
G

1

2
Hh + k + 2L, -

ä Ib - ä c - 2 ä f z N2

4 f
-

ã
ä Hb+ä c L2

4 f
+2 ä g Hä f L-2 Hn+1L â

k=0

n â
h=0

k H-1Lk-h 4k Hb + ä c L-h-k+2 n Ib + ä c + 2 ä f z Nh+k
ä Ib + ä c + 2 ä f z N2

f

1

2
H-h-k-1L

k

h

n

k
Hb + ä c L Ib + ä c + 2 ä f z N G

1

2
Hh + k + 1L, ä Ib + ä c + 2 ä f z N2

4 f
+

2
ä Ib + ä c + 2 ä f z N2

f
f ä G

1

2
Hh + k + 2L, ä Ib + ä c + 2 ä f z N2

4 f
�; n Î N

Involving zn ãb zr +d z sinIc zr + f z + gM
01.06.21.0613.01à zn ãb z2+d z sinIc z2 + f z + gM â z �

ä

4 b + ä c
 ã

-
Hd+ä f L2
4 Hb+ä c L +ä g â

q=0

n

2q-n Hb + ä c L-n-
1

2 H-d - ä f Ln-q Hd + ä f + 2 Hb + ä c L zLq+1 -
Hd + ä f + 2 Hb + ä c L zL2

b + ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + ä f + 2 Hb + ä c L zL2

4 Hb + ä c L -
ä

4 b - ä c
ã

-
Hd-ä f L2
4 Hb-ä cL -ä g â

q=0

n

2q-n Hb - ä cL-n-
1

2 Hä f - dLn-q

Hd - ä f + 2 b z - 2 ä c zLq+1 -
Hd - ä f + 2 b z - 2 ä c zL2

b - ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd - ä f + 2 b z - 2 ä c zL2

4 Hb - ä cL �; n Î N
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01.06.21.0614.01

à zn ã z b+d z sinI z c + f z + gN â z � ä 2-2 Hn+1L ã-ä g ã
-

Hb-ä cL2
4 Hd-ä f L Hd - ä f L-2 Hn+1L

â
k=0

n â
h=0

k H-1Lk-h 4k Hb - ä cL-h-k+2 n Ib - ä c + 2 Hd - ä f L z Nh+k
-

Ib - ä c + 2 Hd - ä f L z N2

d - ä f

1

2
H-h-k-1L

k

h

n

k
Hb - ä cL Ib - ä c + 2 Hd - ä f L z N G

1

2
Hh + k + 1L, -

Ib - ä c + 2 Hd - ä f L z N2

4 Hd - ä f L +

2 -
Ib - ä c + 2 Hd - ä f L z N2

d - ä f
Hd - ä f L G

1

2
Hh + k + 2L, -

Ib - ä c + 2 Hd - ä f L z N2

4 Hd - ä f L -

ã
2 ä g-

Hb+ä c L2
4 Hd+ä f L Hd + ä f L-2 Hn+1L â

k=0

n â
h=0

k H-1Lk-h 4k Hb + ä c L-h-k+2 n Ib + ä c + 2 Hd + ä f L z Nh+k

-
Ib + ä c + 2 Hd + ä f L z N2

d + ä f

1

2
H-h-k-1L

k

h

n

k

Hb + ä c L Ib + ä c + 2 Hd + ä f L z N G
1

2
Hh + k + 1L, -

Ib + ä c + 2 Hd + ä f L z N2

4 Hd + ä f L +

2 -
Ib + ä c + 2 Hd + ä f L z N2

d + ä f
Hd + ä f L G

1

2
Hh + k + 2L, -

Ib + ä c + 2 Hd + ä f L z N2

4 Hd + ä f L �; n Î N

Involving zn ãb zr +d z+e sinIc zr + f z + gM
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01.06.21.0615.01à zn ãb z2+d z+e sinIc z2 + f z + gM â z �

ä

4 b + ä c
 ã

-
Hd+ä f L2
4 Hb+ä c L +e+ä g â

q=0

n

2q-n Hb + ä c L-n-
1

2 H-d - ä f Ln-q Hd + ä f + 2 Hb + ä c L zLq+1 -
Hd + ä f + 2 Hb + ä c L zL2

b + ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + ä f + 2 Hb + ä c L zL2

4 Hb + ä c L -
ä

4 b - ä c
ã

-
Hd-ä f L2
4 Hb-ä cL +e-ä g â

q=0

n

2q-n Hb - ä cL-n-
1

2 Hä f - dLn-q

Hd - ä f + 2 b z - 2 ä c zLq+1 -
Hd - ä f + 2 b z - 2 ä c zL2

b - ä c

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd - ä f + 2 b z - 2 ä c zL2

4 Hb - ä cL �; n Î N
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01.06.21.0616.01

à zn ã z b+d z+e sinI z c + f z + gN â z � ä 2-2 Hn+1L ãe-ä g ã
-

Hb-ä cL2
4 Hd-ä f L Hd - ä f L-2 Hn+1L

â
k=0

n â
h=0

k H-1Lk-h 4k Hb - ä cL-h-k+2 n Ib - ä c + 2 Hd - ä f L z Nh+k
-

Ib - ä c + 2 Hd - ä f L z N2

d - ä f

1

2
H-h-k-1L

k

h

n

k
Hb - ä cL Ib - ä c + 2 Hd - ä f L z N G

1

2
Hh + k + 1L, -

Ib - ä c + 2 Hd - ä f L z N2

4 Hd - ä f L +

2 -
Ib - ä c + 2 Hd - ä f L z N2

d - ä f
Hd - ä f L G

1

2
Hh + k + 2L, -

Ib - ä c + 2 Hd - ä f L z N2

4 Hd - ä f L -

ã
2 ä g-

Hb+ä c L2
4 Hd+ä f L Hd + ä f L-2 Hn+1L â

k=0

n â
h=0

k H-1Lk-h 4k Hb + ä c L-h-k+2 n Ib + ä c + 2 Hd + ä f L z Nh+k

-
Ib + ä c + 2 Hd + ä f L z N2

d + ä f

1

2
H-h-k-1L

k

h

n

k

Hb + ä c L Ib + ä c + 2 Hd + ä f L z N G
1

2
Hh + k + 1L, -

Ib + ä c + 2 Hd + ä f L z N2

4 Hd + ä f L +

2 -
Ib + ä c + 2 Hd + ä f L z N2

d + ä f
Hd + ä f L G

1

2
Hh + k + 2L, -

Ib + ä c + 2 Hd + ä f L z N2

4 Hd + ä f L �; n Î N

Involving functions of the direct function

Involving powers of the direct function

Involving powers of sin

Involving sinv Ha zL
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01.06.21.0617.01

à sinΝHa zL â z � -
cosHa zL sinΝ+1Ha zL sin2Ha zL 1

2
H-Ν-1L

a
2F1

1

2
,

1 - Ν

2
;

3

2
; cos2Ha zL

01.06.21.0618.01à sin2Ha zL â z �
z

2
-

sinH2 a zL
4 a

01.06.21.0619.01à sin3Ha zL â z �
cosH3 a zL - 9 cosHa zL

12 a

01.06.21.0620.01à sin4Ha zL â z �
12 a z - 8 sinH2 a zL + sinH4 a zL

32 a

01.06.21.0621.01à sin5Ha zL â z � -
150 cosHa zL - 25 cosH3 a zL + 3 cosH5 a zL

240 a

01.06.21.0622.01à sin6Ha zL â z � -
-60 a z + 45 sinH2 a zL - 9 sinH4 a zL + sinH6 a zL

192 a

01.06.21.0623.01à sin7Ha zL â z �
-1225 cosHa zL + 245 cosH3 a zL - 49 cosH5 a zL + 5 cosH7 a zL

2240 a

01.06.21.0624.01à sin8Ha zL â z �
840 a z - 672 sinH2 a zL + 168 sinH4 a zL - 32 sinH6 a zL + 3 sinH8 a zL

3072 a

01.06.21.1614.01

à sin2 nHa zL â z �
J 1

2
N
n

2 a n!
 2 a z - cotHa zL â

k=1

n Hk - 1L ! sin2 kHa zLJ 1

2
N
k

�; n Î N

01.06.21.1615.01

à sin2 n+1Ha zL â z � -
n! cos2 n+1Ha zL

a
 â
k=0

n tan2 kHa zL
k ! J 3

2
N
n-k

�; n Î N

01.06.21.1616.01

à sin2 nHa zL â z �
cosHa zL sin2 n+1Ha zL

a H2 n + 1L 2F1 1, n + 1; n +
3

2
; sin2Ha zL +

a z J 1

2
N
n

a n!
-

J 1

2
N
n

sin-1HsinHa zLL cosHa zL
a n! cos2Ha zL �; n Î N

01.06.21.1617.01

à sin2 n+1Ha zL â z �
secHa zL sin2 n+2Ha zL

2 a Hn + 1L 2F1

1

2
, 1; n + 2; -tan2Ha zL -

cosHa zL n! sec2Ha zL
a J 3

2
N
n

�; n Î N
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01.06.21.0625.01à sin
3

2 Ha zL â z � -
2

3 a
 sin

1

2 Ha zL cosHa zL + F
1

4
HΠ - 2 a zL 2

01.06.21.0626.01à sin
1

2 Ha zL â z � -
2

a
 E

1

4
HΠ - 2 a zL 2

01.06.21.0627.01

á 1

sin
1

2 Ha zL  â z � -
2

a
 F

1

4
HΠ - 2 a zL 2

01.06.21.0628.01

á 1

sin
3

2 Ha zL  â z �
2

a
 E

1

4
HΠ - 2 a zL 2 -

cosHa zL
sin

1

2 Ha zL
01.06.21.0629.01

á 1

sin3Ha zL  â z � -
1

a sin3Ha zL  sinH2 a zL - 2 E
1

4
HΠ - 2 a zL 2 sin

3

2 Ha zL
01.06.21.0630.01

á 1

sin
5

2 Ha zL  â z � -
1

3 a
 

2 cosHa zL
sin

3

2 Ha zL + 2 F
1

4
HΠ - 2 a zL 2

01.06.21.0631.01

á 1

sin5Ha zL  â z � -
1

3 a sin5Ha zL  2 F
1

4
HΠ - 2 a zL 2 sin

5

2 Ha zL + sinH2 a zL
Involving sinv Ha z + bL

01.06.21.0632.01

à sinΝHb + a zL â z � -
cosHb + a zL sinΝ+1Hb + a zL sin2Hb + a zL 1

2
H-Ν-1L

a
2F1

1

2
,

1 - Ν

2
;

3

2
; cos2Hb + a zL

Involving sinv Ia z2 + b
z2 M
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01.06.21.0633.01à sinv a z2 +
b

z2
 â z � 2-v z

v
v

2

H1 - v mod 2L +

2-v-2 Π â
k=0

f v-1

2
v H-1Lk v

k

1

-ä a H2 k - vL  äv ã-2 -ä a H2 k-vL -ä b H2 k-vL ã4 -ä a H2 k-vL -ä b H2 k-vL

erf -ä a H2 k - vL z +
-ä b H2 k - vL

z
- 1 - erf

-ä b H2 k - vL
z

- -ä a H2 k - vL z + 1 +

1

ä a H2 k - vL  ä-v ã-2 ä a H2 k-vL ä b H2 k-vL ã4 ä a H2 k-vL ä b H2 k-vL

erf ä a H2 k - vL z +
ä b H2 k - vL

z
- 1 - erf

ä b H2 k - vL
z

- ä a H2 k - vL z + 1 �; v Î N+

Involving sinv Ia z2 + b
z2 + cM

01.06.21.0634.01à sinv a z2 +
b

z2
+ c  â z � 2-v z

v
v

2

H1 - v mod 2L + 2-v-2 Π

â
k=0

f v-1

2
v H-1Lk v

k
ã-ä J Π v

2
-c Hv-2 kLN 1

-ä a H2 k - vL  ã2 ä J Π v

2
-c Hv-2 kLN-2 -ä a H2 k-vL -ä b H2 k-vL ã4 -ä a H2 k-vL -ä b H2 k-vL

erf -ä a H2 k - vL z +
-ä b H2 k - vL

z
- 1 - erf

-ä b H2 k - vL
z

- -ä a H2 k - vL z + 1 +

1

ä a H2 k - vL  ã-2 ä a H2 k-vL ä b H2 k-vL ã4 ä a H2 k-vL ä b H2 k-vL erf ä a H2 k - vL z +
ä b H2 k - vL

z
- 1 -

erf
ä b H2 k - vL

z
- ä a H2 k - vL z + 1 �; v Î N+

Involving sinv Ia zr M
01.06.21.0635.01à sinvHa zrL â z � 2-v z

v
v

2

H1 - v mod 2L -
2-v z

r
 

â
i=0

f v-1

2
v H-1Li v

i
ã-

1

2
ä Π v G

1

r
, -ä a Hv - 2 iL zr H-ä a Hv - 2 iL zrL-1�r + ã

ä Π v

2 Hä a Hv - 2 iL zrL-1�r G
1

r
, ä a Hv - 2 iL zr �; v Î N+
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01.06.21.0636.01à sinvIa z2M â z � 2-v z
v
v

2

H1 - v mod 2L +

2
1

2
-v Π â

k=0

f v-1

2
v H-1Lk v

k
cosI Π v

2
M C 2

Π
a Hv - 2 kL z + S 2

Π
a Hv - 2 kL z sinI Π v

2
M

a Hv - 2 kL �; v Î N+

01.06.21.0637.01à sinvIa z N â z � 2-v z
v
v

2

H1 - v mod 2L +

22-v

a2
â
k=0

f v-1

2
v H-1Lk v

k
JcosI Π v

2
- a Hv - 2 kL z N - a Hv - 2 kL z sinI Π v

2
- a Hv - 2 kL z NN

Hv - 2 kL2
�; v Î N+

Involving sinv Ja Izr MpN
01.06.21.0638.01

à sinvHa HzrLpL â z � 2-v z
v
v

2

H1 - v mod 2L -
2-v z

p r
 â

k=0

f v-1

2
v H-1Lk v

k

ä-v G
1

p r
, -ä a Hv - 2 kL HzrLp H-ä a Hv - 2 kL HzrLpL-

1

p r + äv Hä a Hv - 2 kL HzrLpL-
1

p r G
1

p r
, ä a Hv - 2 kL HzrLp �; v Î N+

01.06.21.0639.01

à sinvIa HzrL1�rM â z � 2-v z
v
v

2

H1 - v mod 2L +
2 HzrL-1�r

a
â
k=0

f v-1

2
v

ãä k Π

2 k - v

v

k
sin a H2 k - vL HzrL1�r +

Π v

2
�; v Î N+

01.06.21.0640.01

à sinv a z2  â z � 2-v z
v
v

2

H1 - v mod 2L +
2

a z2

â
k=0

f v-1

2
v

ãä k Π

2 k - v

v

k
sin a z2 H2 k - vL +

Π v

2
�; v Î N+

Involving sinv Ia zr + bM
01.06.21.0641.01à sinvHa zr + bL â z �

2-v
v
v

2

H1 - v mod 2L z -
2-v z

r
â
k=0

f v-1

2
v H-1Lk v

k
ãä b Hv-2 kL-

ä Π v

2 G
1

r
, -ä a Hv - 2 kL zr H-ä a Hv - 2 kL zrL-

1

r + ã
ä Π v

2
-ä b Hv-2 kL

Hä a Hv - 2 kL zrL-
1

r G
1

r
, ä a Hv - 2 kL zr �; v Î N+
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01.06.21.0642.01

à sinvIa z2 + bM â z � 2-v z
v
v

2

H1 - v mod 2L +
2

1

2
-v Π

a
â
k=0

f v-1

2
v

1

v - 2 k
 H-1Lk v

k
 

cos 2 b k - b v +
Π v

2
C a

2

Π
v - 2 k z + S a

2

Π
v - 2 k z sin 2 b k - b v +

Π v

2
�; v Î N+

01.06.21.0643.01

à sinvI z a + bN â z � 2-v z
v
v

2

H1 - v mod 2L +
22-v

a2
 â

k=0

f v-1

2
v

1Hv - 2 kL2
 H-1Lk v

k

cos 2 b k - b v +
Π v

2
+ a H2 k - vL z + a H2 k - vL z sin 2 b k - b v +

Π v

2
+ a H2 k - vL z �; v Î N+

Involving sinv Ia zr + b zM
01.06.21.0644.01à sinvIa z2 + b zM â z �

2-v z
v
v

2

H1 - v mod 2L +
2

1

2
-v Π

a
 â

k=0

f v-1

2
v H-1Lk

v - 2 k

v

k
cos

1

4

Hv - 2 kL b2

a
+ 2 Π v C

v - 2 k Hb + 2 a zL
a 2 Π

+

S
v - 2 k Hb + 2 a zL

a 2 Π
sin

1

4

Hv - 2 kL b2

a
+ 2 Π v �; v Î N+

01.06.21.0645.01à sinvI z a + b zN â z � 2-v z
v
v

2

H1 - v mod 2L +

2-v

b3�2 â
k=0

f v-1

2
v

1Hv - 2 kL3�2  H-1Lk v

k
a 2 Π H2 k - vL cos

1

4

Hv - 2 kL a2

b
+ 2 Π v C

v - 2 k Ia + 2 b z N
b 2 Π

+

a 2 Π H2 k - vL S
v - 2 k Ia + 2 b z N

b 2 Π
sin

1

4

Hv - 2 kL a2

b
+ 2 Π v -

2 b v - 2 k sin Ia + b z N z H2 k - vL +
Π v

2
�; v Î N+

Involving sinv Ia zr + b z + cM
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01.06.21.0646.01à sinvIa z2 + b z + cM â z � 2-v z
v
v

2

H1 - v mod 2L +

1

a
 2

1

2
-v Π â

k=0

f v-1

2
v

1

v - 2 k
 H-1Lk v

k
cos

1

4

Hv - 2 kL b2

a
+ 8 c k - 4 c v + 2 Π v C

v - 2 k Hb + 2 a zL
a 2 Π

+

S
v - 2 k Hb + 2 a zL

a 2 Π
sin

1

4

Hv - 2 kL b2

a
+ 8 c k - 4 c v + 2 Π v �; v Î N+

01.06.21.0647.01à sinvI z a + b z + cN â z � 2-v z
v
v

2

H1 - v mod 2L +

2-v

b3�2 â
k=0

f v-1

2
v

1Hv - 2 kL3�2  H-1Lk v

k
a 2 Π H2 k - vL cos

1

4

Hv - 2 kL a2

b
+ 8 c k - 4 c v + 2 Π v C

v - 2 k Ia + 2 b z N
b 2 Π

+

a 2 Π H2 k - vL S
v - 2 k Ia + 2 b z N

b 2 Π
sin

1

4

Hv - 2 kL a2

b
+ 8 c k - 4 c v + 2 Π v -

2 b v - 2 k sin c H2 k - vL + Ia + b z N z H2 k - vL +
Π v

2
�; v Î N+

Involving products of the direct function

Involving products of two direct functions

Involving sinHc zL sinHa zL
01.06.21.0648.01à sinHc zL sinHa zL â z �

c cosHc zL sinHa zL - a cosHa zL sinHc zL
a2 - c2

Involving sinHc zL sinHa z + bL
01.06.21.0649.01à sinHc zL sinHa z + bL â z �

Ha + cL sinHb + Ha - cL zL + Hc - aL sinHb + Ha + cL zL
2 Ha - cL Ha + cL

Involving sinHc z + dL sinHa z + bL
01.06.21.0650.01à sinHc z + dL sinHa z + bL â z �

Hc - aL sinHb + d + Ha + cL zL + Ha + cL sinHb - d + a z - c zL
2 Ha - cL Ha + cL
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Involving sinHd zL sinIc zr M
01.06.21.0651.01à sinHd zL sinIc z2M â z �

1

2 c
 

Π

2
cos

d2

4 c
C

2 c z - d

c 2 Π
- cos

d2

4 c
C

d + 2 c z

c 2 Π
+ S

2 c z - d

c 2 Π
sin

d2

4 c
- S

d + 2 c z

c 2 Π
sin

d2

4 c

01.06.21.0652.01à sinHd zL sinIc z N â z �

1

4 d3�2  c 2 Π cos
c2

4 d
C

2 d z - c

d 2 Π
+ C

c + 2 d z

d 2 Π
+ S

2 d z - c

d 2 Π
+ S

c + 2 d z

d 2 Π
sin

c2

4 d
-

4 d cosHd zL sinIc z N
Involving sinHd z + eL sinIc zr M

01.06.21.0653.01

à sinHe + d zL sinIc z2M â z �
1

2 c
 

Π

2
cos

d2

4 c
+ e C

2 c z - d

c 2 Π
-

cos
d2

4 c
- e C

d + 2 c z

c 2 Π
- S

d + 2 c z

c 2 Π
sin

d2

4 c
- e + S

2 c z - d

c 2 Π
sin

d2

4 c
+ e

01.06.21.0654.01à sinHe + d zL sinIc z N â z �

1

4 d3�2  c 2 Π cos
c2

4 d
- e C

2 d z - c

d 2 Π
+ C

c + 2 d z

d 2 Π
+ S

2 d z - c

d 2 Π
+ S

c + 2 d z

d 2 Π
sin

c2

4 d
- e -

4 d cosHe + d zL sinIc z N
Involving sinIb zr M sinIc zr M

01.06.21.0655.01à sinHb zrL sinHc zrL â z � -
z

4 r
G

1

r
, H-ä b + ä cL zr HH-ä b + ä cL zrL-1�r -

HHä b + ä cL zrL-1�r G
1

r
, Hä b + ä cL zr - HH-ä b - ä cL zrL-1�r G

1

r
, H-ä b - ä cL zr + HHä b - ä cL zrL-1�r G

1

r
, Hä b - ä cL zr

01.06.21.0656.01

à sinIb z2M sinIc z2M â z �
1

2

Π

2

1

b - c
 C b - c

2

Π
z -

1

b + c
 C b + c

2

Π
z
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01.06.21.0657.01

à sinIb z N sinIc z N â z � z
sinIHb - cL z N

b - c
-

sinIHb + cL z N
b + c

+
cosIHb - cL z NHb - cL2

-
cosIHb + cL z NHb + cL2

Involving sinHd zL sinIc zr + gM
01.06.21.0658.01à sinHd zL sinIc z2 + gM â z �

1

2 -c c
 

Π

2
c cos

d2

4 c
- g C

d - 2 c z

-c 2 Π
- -c cos

d2

4 c
- g C

d + 2 c z

c 2 Π
- c

S
d - 2 c z

-c 2 Π
sin

d2

4 c
- g - -c S

d + 2 c z

c 2 Π
sin

d2

4 c
- g

01.06.21.0659.01à sinHd zL sinI z c + gN â z �

1

2

1

d3�2  c
Π

2
cos

c2

4 d
+ g C

2 d z - c

d 2 Π
+ cos

c2 - 4 d g

4 d
C

c + 2 d z

d 2 Π
+ S

c + 2 d z

d 2 Π
sin

c2 - 4 d g

4 d
+

S
2 d z - c

d 2 Π
sin

c2

4 d
+ g -

2 cosHd zL sinI z c + gN
d

Involving sinHd z + eL sinIc zr + gM
01.06.21.0660.01à sinHd z + eL sinIc z2 + gM â z �

1

2 -c c
 

Π

2
c cos

d2

4 c
+ e - g C

d - 2 c z

-c 2 Π
- -c cos

d2

4 c
- e - g C

d + 2 c z

c 2 Π
-

-c S
d + 2 c z

c 2 Π
sin

d2

4 c
- e - g - c S

d - 2 c z

-c 2 Π
sin

d2

4 c
+ e - g

01.06.21.0661.01à sinHd z + eL sinI z c + gN â z �

1

2

1

d3�2  c
Π

2
cos

c2

4 d
- e + g C

2 d z - c

d 2 Π
+ cos

c2 - 4 d He + gL
4 d

C
c + 2 d z

d 2 Π
+ S

c + 2 d z

d 2 Π

sin
c2 - 4 d He + gL

4 d
+ S

2 d z - c

d 2 Π
sin

c2

4 d
- e + g -

2 cosHe + d zL sinI z c + gN
d
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Involving sinIb zr M sinIc zr + gM
01.06.21.0662.01à sinHb zrL sinHc zr + gL â z �

1

4 r
 ã-ä g z -H-ä Hb - cL zrL-1�r G

1

r
, -ä Hb - cL zr - ã2 ä g Hä Hb - cL zrL-1�r G

1

r
, ä Hb - cL zr + ã2 ä g H-ä Hb + cL zrL-1�r

G
1

r
, -ä Hb + cL zr + Hä Hb + cL zrL-1�r G

1

r
, ä Hb + cL zr

01.06.21.0663.01à sinIb z2M sinIc z2 + gM â z �

1

2

Π

2

cosHgL C b - c 2

Π
z + S b - c 2

Π
z sinHgL

b - c
+

S b + c 2

Π
z sinHgL - cosHgL C b + c 2

Π
z

b + c

01.06.21.0664.01à sinIb z N sinI z c + gN â z �

1

2

2 cosIHb - cL z N IcosHgL + Hc - bL z sinHgLNHb - cL2
+

2 IHb - cL z cosHgL + sinHgLN sinIHb - cL z NHb - cL2
-

2 cosIHb + cL z N IcosHgL + Hb + cL z sinHgLNHb + cL2
-

2 IHb + cL z cosHgL - sinHgLN sinIHb + cL z NHb + cL2

Involving sinIb zr + eM sinIc zr + gM
01.06.21.0665.01à sinHb zr + eL sinHc zr + gL â z �

1

4 r
 ã-ä He+gL z -ã2 ä e G

1

r
, -ä Hb - cL zr H-ä Hb - cL zrL-1�r - ã2 ä g Hä Hb - cL zrL-1�r G

1

r
, ä Hb - cL zr +

ã2 ä He+gL H-ä Hb + cL zrL-1�r G
1

r
, -ä Hb + cL zr + Hä Hb + cL zrL-1�r G

1

r
, ä Hb + cL zr
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01.06.21.0666.01

à sinIb z2 + eM sinIc z2 + gM â z �
1

2

Π

2

cosHe - gL C b - c 2

Π
z - S b - c 2

Π
z sinHe - gL

b - c
+

S b + c 2

Π
z sinHe + gL - cosHe + gL C b + c 2

Π
z

b + c

01.06.21.0667.01à sinI z b + eN sinI z c + gN â z �

1

2

2 cosIHb - cL z N IcosHe - gL + Hb - cL z sinHe - gLNHb - cL2
+

2 IHb - cL z cosHe - gL - sinHe - gLN sinIHb - cL z NHb - cL2
-

2 cosIHb + cL z N IcosHe + gL + Hb + cL z sinHe + gLNHb + cL2
-

2 IHb + cL z cosHe + gL - sinHe + gLN sinIHb + cL z NHb + cL2

Involving sinHd zL sinIc zr + f zM
01.06.21.0668.01à sinHd zL sinIc z2 + f zM â z �

1

2 -c c
 

Π

2
c cos

Hd - f L2

4 c
C

d - f - 2 c z

-c 2 Π
- -c cos

Hd + f L2

4 c
C

d + f + 2 c z

c 2 Π
-

c S
d - f - 2 c z

-c 2 Π
sin

Hd - f L2

4 c
- -c S

d + f + 2 c z

c 2 Π
sin

Hd + f L2

4 c

01.06.21.0669.01

à sinHd zL sinI z c + f zN â z �
1

2

c Π

2
cosJ c2

4 Hd- f L N C
2 Hd- f L z -c

d- f 2 Π
+ S

2 Hd- f L z -c

d- f 2 Π
sinJ c2

4 Hd- f L N
Hd - f L3�2 +

c Π

2
cosJ c2

4 Hd+ f L N C
c+2 Hd+ f L z

d+ f 2 Π
+ S

c+2 Hd+ f L z

d+ f 2 Π
sinJ c2

4 Hd+ f L N
Hd + f L3�2 -

sinIc z - Hd - f L zN
d - f

-
sinI z c + Hd + f L zN

d + f

Involving sinHd z + eL sinIc zr + f zM
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01.06.21.0670.01à sinHd z + eL sinIc z2 + f zM â z �

1

2 -c c
 

Π

2
c cos

Hd - f L2

4 c
+ e C

d - f - 2 c z

-c 2 Π
- -c cos e -

Hd + f L2

4 c
C

d + f + 2 c z

c 2 Π
-

c S
d - f - 2 c z

-c 2 Π
sin

Hd - f L2

4 c
+ e + -c S

d + f + 2 c z

c 2 Π
sin e -

Hd + f L2

4 c

01.06.21.0671.01

à sinHd z + eL sinI z c + f zN â z �
1

2

c Π

2
cosJe - c2

4 Hd- f L N C
2 Hd- f L z -c

d- f 2 Π
- S

2 Hd- f L z -c

d- f 2 Π
sinJe - c2

4 Hd- f L N
Hd - f L3�2 +

c Π

2
cosJe - c2

4 Hd+ f L N C
c+2 Hd+ f L z

d+ f 2 Π
- S

c+2 Hd+ f L z

d+ f 2 Π
sinJe - c2

4 Hd+ f L N
Hd + f L3�2 +

sinI- z c + e + Hd - f L zN
d - f

-
sinI z c + e + Hd + f L zN

d + f

Involving sinIb zr M sinIc zr + f zM
01.06.21.0672.01à sinIb z2M sinIc z2 + f zM â z �

1

2 b - c b + c
 

Π

2
b + c cos

f 2

4 Hb - cL C
- f + 2 b z - 2 c z

b - c 2 Π
- b - c cos

f 2

4 Hb + cL C
f + 2 Hb + cL z

b + c 2 Π
+

b + c S
- f + 2 b z - 2 c z

b - c 2 Π
sin

f 2

4 Hb - cL - b - c S
f + 2 Hb + cL z

b + c 2 Π
sin

f 2

4 Hb + cL
01.06.21.0673.01

à sinIb z N sinI z c + f zN â z �
1

2
-

Hb - cL Π

2
cosJ Hb-cL2

4 f
N C

b-c-2 f z

- f 2 Π
- S

b-c-2 f z

- f 2 Π
sinJ Hb-cL2

4 f
N

H- f L3�2 +

Hb + cL Π

2
cosJ Hb+cL2

4 f
N C

b+c+2 f z

f 2 Π
+ S

b+c+2 f z

f 2 Π
sinJ Hb+cL2

4 f
N

f 3�2 -
sinI z Hb + cL + f zN

f
-

sinIHb - cL z - f zN
f
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Involving sinIb zr + eM sinIc zr + f zM
01.06.21.0674.01à sinIb z2 + eM sinIc z2 + f zM â z �

1

2 b - c b + c
 

Π

2
b + c cos e -

f 2

4 Hb - cL C
- f + 2 b z - 2 c z

b - c 2 Π
- b - c cos e -

f 2

4 Hb + cL C
f + 2 Hb + cL z

b + c 2 Π
-

b + c S
- f + 2 b z - 2 c z

b - c 2 Π
sin e -

f 2

4 Hb - cL + b - c S
f + 2 Hb + cL z

b + c 2 Π
sin e -

f 2

4 Hb + cL
01.06.21.0675.01

à sinI z b + eN sinI z c + f zN â z �
1

2
-

Hb - cL Π

2
cosJ Hb-cL2

4 f
+ eN C

b-c-2 f z

- f 2 Π
- S

b-c-2 f z

- f 2 Π
sinJ Hb-cL2

4 f
+ eN

H- f L3�2 +

Hb + cL Π

2
cosJe - Hb+cL2

4 f
N C

b+c+2 f z

f 2 Π
- S

b+c+2 f z

f 2 Π
sinJe - Hb+cL2

4 f
N

f 3�2 -

sinI z Hb + cL + e + f zN
f

-
sinI z Hb - cL + e - f zN

f

Involving sinIb zr + d zM sinIc zr + f zM
01.06.21.0676.01à sinIb z2 + d zM sinIc z2 + f zM â z �

1

2 b - c b + c
 

Π

2
b + c cos

Hd - f L2

4 Hb - cL C
d - f + 2 b z - 2 c z

b - c 2 Π
- b - c cos

Hd + f L2

4 Hb + cL C
d + f + 2 Hb + cL z

b + c 2 Π
+

b + c S
d - f + 2 b z - 2 c z

b - c 2 Π
sin

Hd - f L2

4 Hb - cL - b - c S
d + f + 2 Hb + cL z

b + c 2 Π
sin

Hd + f L2

4 Hb + cL
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01.06.21.0677.01

à sinI z b + d zN sinI z c + f zN â z �
1

2
-

Hb - cL Π

2
cosJ Hb-cL2

4 Hd- f L N C
b-c+2 Hd- f L z

d- f 2 Π
+ S

b-c+2 Hd- f L z

d- f 2 Π
sinJ Hb-cL2

4 Hd- f L N
Hd - f L3�2 +

Hb + cL Π

2
cosJ Hb+cL2

4 Hd+ f L N C
b+c+2 Hd+ f L z

d+ f 2 Π
+ S

b+c+2 Hd+ f L z

d+ f 2 Π
sinJ Hb+cL2

4 Hd+ f L N
Hd + f L3�2 +

sinI z Hb - cL + Hd - f L zN
d - f

-
sinI z Hb + cL + Hd + f L zN

d + f

Involving sinHd zL sinIc zr + f z + gM
01.06.21.0678.01à sinHd zL sinIc z2 + f z + gM â z �

1

2 -c c
 

Π

2
c cos

Hd - f L2

4 c
- g C

d - f - 2 c z

-c 2 Π
- -c cos

Hd + f L2

4 c
- g C

d + f + 2 c z

c 2 Π
-

c S
d - f - 2 c z

-c 2 Π
sin

Hd - f L2

4 c
- g - -c S

d + f + 2 c z

c 2 Π
sin

Hd + f L2

4 c
- g

01.06.21.0679.01

à sinHd zL sinI z c + f z + gN â z �
1

2

c Π

2
cosJ c2

4 Hd+ f L - gN C
c+2 Hd+ f L z

d+ f 2 Π
+ S

c+2 Hd+ f L z

d+ f 2 Π
sinJ c2

4 Hd+ f L - gN
Hd + f L3�2 +

c Π

2
cosJ c2

4 Hd- f L + gN C
2 Hd- f L z -c

d- f 2 Π
+ S

2 Hd- f L z -c

d- f 2 Π
sinJ c2

4 Hd- f L + gN
Hd - f L3�2 -

sinI z c + g - Hd - f L zN
d - f

-
sinI z c + g + Hd + f L zN

d + f

Involving sinHd z + eL sinIc zr + f z + gM
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01.06.21.0680.01à sinHd z + eL sinIc z2 + f z + gM â z �

1

2 -c c
 

Π

2
c cos

Hd - f L2

4 c
+ e - g C

d - f - 2 c z

-c 2 Π
- -c cos -

Hd + f L2

4 c
+ e + g C

d + f + 2 c z

c 2 Π
-

c S
d - f - 2 c z

-c 2 Π
sin

Hd - f L2

4 c
+ e - g + -c S

d + f + 2 c z

c 2 Π
sin -

Hd + f L2

4 c
+ e + g

01.06.21.0681.01à sinHd z + eL sinI z c + f z + gN â z �

1

2

1Hd - f L3�2  c
Π

2
cos -

c2

4 Hd - f L + e - g C
2 Hd - f L z - c

d - f 2 Π

- S
2 Hd - f L z - c

d - f 2 Π

sin -
c2

4 Hd - f L + e - g +

1Hd + f L3�2  c
Π

2
cos -

c2

4 Hd + f L + e + g C
c + 2 Hd + f L z

d + f 2 Π

- S
c + 2 Hd + f L z

d + f 2 Π

sin -
c2

4 Hd + f L + e + g +

sinI- z c + e - g + Hd - f L zN
d - f

-
sinI z c + e + g + Hd + f L zN

d + f

Involving sinIb zr M sinIc zr + f z + gM
01.06.21.0682.01à sinIb z2M sinIc z2 + f z + gM â z �

1

2 b - c b + c
 

Π

2
b + c cos

f 2

4 Hb - cL + g C
- f + 2 b z - 2 c z

b - c 2 Π
- b - c cos

f 2

4 Hb + cL - g C
f + 2 Hb + cL z

b + c 2 Π
-

b - c S
f + 2 Hb + cL z

b + c 2 Π
sin

f 2

4 Hb + cL - g + b + c S
- f + 2 b z - 2 c z

b - c 2 Π
sin

f 2

4 Hb - cL + g
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01.06.21.0683.01

à sinIb z N sinI z c + f z + gN â z �
1

2
-

Hb - cL Π

2
cosJ Hb-cL2

4 f
- gN C

b-c-2 f z

- f 2 Π
- S

b-c-2 f z

- f 2 Π
sinJ Hb-cL2

4 f
- gN

H- f L3�2 +

Hb + cL Π

2
cosJ Hb+cL2

4 f
- gN C

b+c+2 f z

f 2 Π
+ S

b+c+2 f z

f 2 Π
sinJ Hb+cL2

4 f
- gN

f 3�2 +

sinI- z Hb - cL + g + f zN
f

-
sinI z Hb + cL + g + f zN

f

Involving sinIb zr + eM sinIc zr + f z + gM
01.06.21.0684.01à sinIb z2 + eM sinIc z2 + f z + gM â z �

1

2 b - c b + c
 

Π

2
b + c cos -

f 2

4 Hb - cL + e - g C
- f + 2 b z - 2 c z

b - c 2 Π
- b - c cos -

f 2

4 Hb + cL + e + g C
f + 2 Hb + cL z

b + c 2 Π
-

b + c S
- f + 2 b z - 2 c z

b - c 2 Π
sin -

f 2

4 Hb - cL + e - g + b - c S
f + 2 Hb + cL z

b + c 2 Π
sin -

f 2

4 Hb + cL + e + g

01.06.21.0685.01à sinI z b + eN sinI z c + f z + gN â z �

1

2
-

1H- f L3�2  Hb - cL Π

2
cos

Hb - cL2

4 f
+ e - g C

b - c - 2 f z

- f 2 Π

- S
b - c - 2 f z

- f 2 Π

sin
Hb - cL2

4 f
+ e - g +

1

f 3�2  Hb + cL Π

2
cos -

Hb + cL2

4 f
+ e + g C

b + c + 2 f z

f 2 Π

- S
b + c + 2 f z

f 2 Π

sin -
Hb + cL2

4 f
+ e + g -

sinI z Hb + cL + e + g + f zN
f

-
sinI z Hb - cL + e - g - f zN

f

Involving sinIb zr + d zM sinIc zr + f z + gM
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01.06.21.0686.01à sinIb z2 + d zM sinIc z2 + f z + gM â z �
1

2 b - c b + c
 

Π

2
b + c cos

Hd - f L2

4 Hb - cL + g C
d - f + 2 b z - 2 c z

b - c 2 Π
- b - c cos

Hd + f L2

4 Hb + cL - g C
d + f + 2 Hb + cL z

b + c 2 Π
-

b - c S
d + f + 2 Hb + cL z

b + c 2 Π
sin

Hd + f L2

4 Hb + cL - g + b + c S
d - f + 2 b z - 2 c z

b - c 2 Π
sin

Hd - f L2

4 Hb - cL + g

01.06.21.0687.01à sinI z b + d zN sinI z c + f z + gN â z �

1

2

1Hd + f L3�2  Hb + cL Π

2
cos

Hb + cL2

4 Hd + f L - g C
b + c + 2 Hd + f L z

d + f 2 Π

+ S
b + c + 2 Hd + f L z

d + f 2 Π

sin
Hb + cL2

4 Hd + f L - g -

1Hd - f L3�2  Hb - cL Π

2
cos

Hb - cL2

4 Hd - f L + g C
b - c + 2 Hd - f L z

d - f 2 Π

+ S
b - c + 2 Hd - f L z

d - f 2 Π

sin
Hb - cL2

4 Hd - f L + g -

sinI- z Hb - cL + g - Hd - f L zN
d - f

-
sinI z Hb + cL + g + Hd + f L zN

d + f

Involving sinIb zr + d z + eM sinIc zr + f z + gM
01.06.21.0688.01

à sinIb z2 + d z + eM sinIc z2 + f z + gM â z �
1

2 b - c b + c
 

Π

2

b + c cos -
Hd - f L2

4 Hb - cL + e - g C
d - f + 2 b z - 2 c z

b - c 2 Π
- b - c cos -

Hd + f L2

4 Hb + cL + e + g C
d + f + 2 Hb + cL z

b + c 2 Π
-

b + c S
d - f + 2 b z - 2 c z

b - c 2 Π
sin -

Hd - f L2

4 Hb - cL + e - g + b - c S
d + f + 2 Hb + cL z

b + c 2 Π
sin -

Hd + f L2

4 Hb + cL + e + g
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01.06.21.0689.01

à sinI z b + d z + eN sinI z c + f z + gN â z �
1

2

1Hd - f L3�2  
Π

2
Hb - cL H-1L

cos -
Hb - cL2

4 Hd - f L + e - g C
b - c + 2 Hd - f L z

d - f 2 Π

- S
b - c + 2 Hd - f L z

d - f 2 Π

sin -
Hb - cL2

4 Hd - f L + e - g +
1Hd + f L3�2  

Hb + cL Π

2
cos -

Hb + cL2

4 Hd + f L + e + g C
b + c + 2 Hd + f L z

d + f 2 Π

- S
b + c + 2 Hd + f L z

d + f 2 Π

sin -
Hb + cL2

4 Hd + f L + e + g +

sinI z Hb - cL + e - g + Hd - f L zN
d - f

-
sinI z Hb + cL + e + g + Hd + f L zN

d + f

Involving products of several direct functions

Involving sinHa z + ΑL sinHb z + ΒL sinHc z + ΓL
01.06.21.0690.01à sinHa zL sinHb zL sinHc zL â z �

1

4

cosHHa - b - cL zL
a - b - c

+
cosHHa + b + cL zL

a + b + c
-

cosHHa + b - cL zL
a + b - c

-
cosHHa - b + cL zL

a - b + c

01.06.21.0691.01à sinHa z + ΑL sinHb z + ΒL sinHc z + ΓL â z �

1

4

cosHHa - b - cL zL cosHΑ - Β - ΓL
a - b - c

+
cosHHa + b + cL zL cosHΑ + Β + ΓL

a + b + c
+

sinHHa + b - cL zL sinHΑ + Β - ΓL
a + b - c

+

sinHHa - b + cL zL sinHΑ - Β + ΓL
a - b + c

-
sinHHa - b - cL zL sinHΑ - Β - ΓL

a - b - c
-

cosHHa + b - cL zL cosHΑ + Β - ΓL
a + b - c

-
cosHHa - b + cL zL cosHΑ - Β + ΓL

a - b + c
-

sinHHa + b + cL zL sinHΑ + Β + ΓL
a + b + c

01.06.21.0692.01à sinHzL sinHa + zL sinHb + zL â z �
1

12
H-3 cosHa - b - zL - 3 cosHa - b + zL - 3 cosHa + b + zL + cosHa + b + 3 zLL

Involving Ûk=1
n sinHak zL

01.06.21.0693.01

à ä
k=1

n

sinHak zL â z � H-2L-n â
k1=-1
D k1=2

1 â
k2=-1
D k2=2

1

¼ â
kn=-1
D kn=2

1 1Új=1
n Ik j  a jM  sin â

j=1

n

k j a j z +
Π

2

Involving products of powers of the direct function

http://functions.wolfram.com 187



Involving product of power of the direct function and the direct function

Involving sinHc zL sinΝHa zL
01.06.21.0694.01à sinHc zL sinΝHa zL â z � -

1

2 Ic2 - a2 Ν2M  ã-ä c z I1 - ã2 ä a zM-Ν
sinΝHa zL 

ã2 ä c z Hc + a ΝL 2F1

c - a Ν

2 a
, -Ν;

1

2

c

a
- Ν + 2 ; ã2 ä a z + Hc - a ΝL 2F1 -

c + a Ν

2 a
, -Ν; -

c + a HΝ - 2L
2 a

; ã2 ä a z

01.06.21.0695.01

à sinHc zL sinvHa zL â z � -
1

c
 2-v-1 2

v
v

2

cosHc zL H1 - v mod 2L +

c ä-v â
k=0

f v-1

2
v H-1Lk

ã-ä Hc+2 a k-a vL z

c + 2 a k - a v
+

ãä HΠ v+Hc+2 a k-a vL zL
c + 2 a k - a v

+
ãä Hc-2 a k+a vL z

c - 2 a k + a v
+

ãä HΠ v-Hc-2 a k+a vL zL
c - 2 a k + a v

v

k
�; v Î N+

01.06.21.0696.01à sinHc zL sin
1

2 Ha zL â z �
1

Ia2 - 4 c2M 1 - ã2 ä a z

 ã-ä c z sin
1

2 Ha zL
Ha + 2 cL ã2 ä c z

2F1

c

2 a
-

1

4
, -

1

2
;

c

2 a
+

3

4
; ã2 ä a z - Ha - 2 cL 2F1 -

a + 2 c

4 a
, -

1

2
;

3

4
-

c

2 a
; ã2 ä a z

01.06.21.0697.01

á sinHc zL
sin

1

2 Ha zL  â z �
1

Ia2 - 4 c2M sin
1

2 Ha zL  

ã-ä c z 1 - ã2 ä a z Ha + 2 cL 2F1

a - 2 c

4 a
,

1

2
;

5

4
-

c

2 a
; ã2 ä a z - Ha - 2 cL ã2 ä c z

2F1

a + 2 c

4 a
,

1

2
;

c

2 a
+

5

4
; ã2 ä a z

01.06.21.0698.01

à sinHHΝ + 2L zL sinΝHzL â z �
sinΝ+1HzL sinHz HΝ + 1LL

Ν + 1

01.06.21.0699.01

à sinHa zL sin
1

2 H2 a zL â z � -
sin

1

2 H2 a zL cosHa zL
2 a

-
cosHa zL

6 a sin2Ha zL4
2F1

3

4
,

3

4
;

7

4
; cos2Ha zL sin

1

2 H2 a zL
01.06.21.0700.01

á sinHa zL
sin

1

2 H2 a zL  â z � -
cscHa zL

a
2F1

1

4
,

1

4
;

5

4
; cos2Ha zL sin2Ha zL4

sin
1

2 H2 a zL
01.06.21.0701.01

à sinH2 a zL sinΝHa zL â z �
2 sinΝ+2Ha zL

a HΝ + 2L
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Involving sinHc z + dL sinv Ha zL
01.06.21.0702.01à sinHd + c zL sinΝHa zL â z �

1Ha Ν - cL Hc + a ΝL  

2-Ν-1 ã-ä c z I1 - ã2 ä a zM-Ν I-ä ã-ä a z I-1 + ã2 ä a zMMΝ
ã2 ä c z Hc + a ΝL 2F1

c - a Ν

2 a
, -Ν;

1

2

c

a
- Ν + 2 ; ã2 ä a z HcosHdL + ä sinHdLL +

Hc - a ΝL 2F1 -
c + a Ν

2 a
, -Ν; -

c + a HΝ - 2L
2 a

; ã2 ä a z HcosHdL - ä sinHdLL
01.06.21.0703.01

à sinHc z + dL sinvHa zL â z � -
1

c
 2-v-1 2

v
v

2

cosHd + c zL H1 - v mod 2L +

c ä-v â
k=0

f v-1

2
v H-1Lk ãä d

ã-ä H2 d+Hc+2 a k-a vL zL
c + 2 a k - a v

+
ãä HΠ v+Hc+2 a k-a vL zL

c + 2 a k - a v
+

ãä Hc-2 a k+a vL z

c - 2 a k + a v
+

ãä H-2 d+Π v-c z+2 a k z-a v zL
c - 2 a k + a v

v

k
�; v Î N+

Involving sinHc zL sinΝHa z + bL
01.06.21.0704.01à sinHc zL sinΝHa z + bL â z � -

1

2 Ic2 - a2 Ν2M  ã-ä c z I1 - ã2 ä Hb+a zLM-Ν
sinΝHb + a zL 

ã2 ä c z Hc + a ΝL 2F1

c - a Ν

2 a
, -Ν;

1

2

c

a
- Ν + 2 ; ã2 ä Hb+a zL + Hc - a ΝL 2F1 -

c + a Ν

2 a
, -Ν; -

c + a HΝ - 2L
2 a

; ã2 ä Hb+a zL
01.06.21.0705.01

à sinHc zL sinvHa z + bL â z � -
1

c
 2-v-1 2

v
v

2

cosHc zL H1 - v mod 2L + ä-v c â
k=0

f v-1

2
v H-1Lk ã-ä b H2 k+vL

ã-ä HHc+2 a k-a vL z-2 b vL
c + 2 a k - a v

+
ãä H4 b k+Π v+Hc+2 a k-a vL zL

c + 2 a k - a v
+

ãä H2 b v+Hc-2 a k+a vL zL
c - 2 a k + a v

+
ãä H4 b k+2 a z k+Π v-c z-a v zL

c - 2 a k + a v

v

k
�; v Î N+

Involving sinHc z + dL sinΝHa z + bL
01.06.21.0706.01à sinHd + c zL sinΝHb + a zL â z �

-
1

2 Ic2 - a2 Ν2M  ã-ä Hd+c zL I1 - ã2 ä Hb+a zLM-Ν
ã2 ä Hd+c zL Hc + a ΝL 2F1

c - a Ν

2 a
, -Ν;

1

2

c

a
- Ν + 2 ; ã2 ä Hb+a zL +

Hc - a ΝL 2F1 -
c + a Ν

2 a
, -Ν; -

c + a HΝ - 2L
2 a

; ã2 ä Hb+a zL sinΝHb + a zL
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01.06.21.0707.01à sinHd + c zL sinvHb + a zL â z �

-
1

c
 2-v-1 2

v
v

2

cosHd + c zL H1 - v mod 2L + c ä-v â
k=0

f v-1

2
v H-1Lk ãä Hd-b H2 k+vLL ãä H4 b k+Π v+Hc+2 a k-a vL zL

c + 2 a k - a v
+

ã-ä H2 d-2 b v+Hc+2 a k-a vL zL
c + 2 a k - a v

+
ãä H2 b v+Hc-2 a k+a vL zL

c - 2 a k + a v
+

ãä H-2 d+4 b k+Π v-c z+2 a k z-a v zL
c - 2 a k + a v

v

k
�; v Î N+

Involving sinIb zr M sinv Hc zL
01.06.21.0708.01

à sinIb z2M sinvHc zL â z �

2-v-
1

2 Π
v
v

2

S b 2

Π
z H1 - v mod 2L

b
-

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b
 cos

1

2
Π H1 - vL -

Hc v - 2 c sL2

4 b
C

-2 c s + c v - 2 b z

-b 2 Π
+

S
-2 c s + c v - 2 b z

-b 2 Π
sin

1

2
Π H1 - vL -

Hc v - 2 c sL2

4 b
+

1

-b
 cos

1

2
Π Hv + 1L -

H2 c s - c vL2

4 b

C
2 c s - c v - 2 b z

-b 2 Π
+ S

2 c s - c v - 2 b z

-b 2 Π
sin

1

2
Π Hv + 1L -

H2 c s - c vL2

4 b
�; v Î N+

01.06.21.0709.01

à sinIb z N sinvHc zL â z �

21-v
v
v

2

Hv mod 2 - 1L Jb z cosIb z N - sinIb z NN
b2

-

2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1Hc v - 2 c sL3�2  b 2 Π cos
1

2
Π Hv - 1L -

b2

4 Hc v - 2 c sL C
2 Hc v - 2 c sL z - b

2 Π c v - 2 c s
-

b 2 Π S
2 Hc v - 2 c sL z - b

2 Π c v - 2 c s
sin

1

2
Π Hv - 1L -

b2

4 Hc v - 2 c sL +

2 c v - 2 c s sin - z b +
1

2
Π Hv - 1L + Hc v - 2 c sL z +

1H2 c s - c vL3�2  

b 2 Π cos
b2

4 H2 c s - c vL +
1

2
Π Hv + 1L C

2 H2 c s - c vL z - b

2 Π 2 c s - c v
+ b 2 Π S

2 H2 c s - c vL z - b

2 Π 2 c s - c v

sin
b2

4 H2 c s - c vL +
1

2
Π Hv + 1L - 2 2 c s - c v sin z b +

1

2
Π Hv + 1L - H2 c s - c vL z �; v Î N+
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Involving sinIb zr + eM sinv Hc zL
01.06.21.0710.01

à sinIb z2 + eM sinvHc zL â z � -
2-v-

1

2 Π

b

v
v

2

H1 - v mod 2L -cosHeL S b
2

Π
z - C b

2

Π
z sinHeL -

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b
 cos -

Hc v - 2 c sL2

4 b
+ e +

1

2
Π H1 - vL C

-2 c s + c v - 2 b z

-b 2 Π
+ S

-2 c s + c v - 2 b z

-b 2 Π

sin -
Hc v - 2 c sL2

4 b
+ e +

1

2
Π H1 - vL +

1

-b
 cos -

H2 c s - c vL2

4 b
+ e +

1

2
Π Hv + 1L

C
2 c s - c v - 2 b z

-b 2 Π
+ S

2 c s - c v - 2 b z

-b 2 Π
sin -

H2 c s - c vL2

4 b
+ e +

1

2
Π Hv + 1L �; v Î N+

01.06.21.0711.01à sinI z b + eN sinvHc zL â z �

21-v
v
v

2

Hv mod 2 - 1L Jb z cosI z b + eN - sinI z b + eNN
b2

- 2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1Hc v - 2 c sL3�2  

b 2 Π cos
b2

4 Hc v - 2 c sL + e -
1

2
Π Hv - 1L C

2 Hc v - 2 c sL z - b

2 Π c v - 2 c s
+ b 2 Π S

2 Hc v - 2 c sL z - b

2 Π c v - 2 c s

sin
b2

4 Hc v - 2 c sL + e -
1

2
Π Hv - 1L - 2 c v - 2 c s sin z b + e -

1

2
Π Hv - 1L - Hc v - 2 c sL z +

1H2 c s - c vL3�2  b 2 Π cos
b2

4 H2 c s - c vL + e +
1

2
Π Hv + 1L C

2 H2 c s - c vL z - b

2 Π 2 c s - c v
+

b 2 Π S
2 H2 c s - c vL z - b

2 Π 2 c s - c v
sin

b2

4 H2 c s - c vL + e +
1

2
Π Hv + 1L -

2 2 c s - c v sin z b + e +
1

2
Π Hv + 1L - H2 c s - c vL z �; v Î N+

Involving sinIb zr + d zM sinv Hc zL
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01.06.21.0712.01à sinIb z2 + d zM sinvHc zL â z �

-

2-v-
1

2 Π
v
v

2

H1 - v mod 2L C d+2 b z

b 2 Π
sinJ d2

4 b
N - cosJ d2

4 b
N S d+2 b z

b 2 Π

b
- 2-v-

1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b
 cos

1

2
Π H1 - vL -

H-d - 2 c s + c vL2

4 b
C

-d - 2 c s + c v - 2 b z

-b 2 Π
+ S

-d - 2 c s + c v - 2 b z

-b 2 Π
sin

1

2
Π H1 - vL -

H-d - 2 c s + c vL2

4 b
+

1

-b
 cos

1

2
Π Hv + 1L -

H-d + 2 c s - c vL2

4 b

C
-d + 2 c s - c v - 2 b z

-b 2 Π
+ S

-d + 2 c s - c v - 2 b z

-b 2 Π
sin

1

2
Π Hv + 1L -

H-d + 2 c s - c vL2

4 b
�; v Î N+

01.06.21.0713.01

à sinI z b + d zN sinvHc zL â z �
1

d3�2  2-v-1
v
v

2

H1 - v mod 2L
-2 d cosI z b + d zN - b 2 Π cos

b2

4 d
S

b + 2 d z

d 2 Π
+ b 2 Π C

b + 2 d z

d 2 Π
sin

b2

4 d
- 2-v-1

â
s=0

f v-1

2
v H-1Ls+v v

s

1H-d - 2 c s + c vL3�2  b 2 Π cos
1

2
Π Hv - 1L -

b2

4 H-d - 2 c s + c vL C
2 H-d - 2 c s + c vL z - b

2 Π -d - 2 c s + c v
-

b 2 Π S
2 H-d - 2 c s + c vL z - b

2 Π -d - 2 c s + c v
sin

1

2
Π Hv - 1L -

b2

4 H-d - 2 c s + c vL +

2 -d - 2 c s + c v sin - z b +
1

2
Π Hv - 1L + H-d - 2 c s + c vL z +

1H-d + 2 c s - c vL3�2  b 2 Π cos
b2

4 H-d + 2 c s - c vL +
1

2
Π Hv + 1L C

2 H-d + 2 c s - c vL z - b

2 Π -d + 2 c s - c v
+

b 2 Π S
2 H-d + 2 c s - c vL z - b

2 Π -d + 2 c s - c v
sin

b2

4 H-d + 2 c s - c vL +
1

2
Π Hv + 1L -

2 -d + 2 c s - c v sin z b +
1

2
Π Hv + 1L - H-d + 2 c s - c vL z �; v Î N+

Involving sinIb zr + d z + eM sinv Hc zL
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01.06.21.0714.01à sinIb z2 + d z + eM sinvHc zL â z �

-
1

b
 2-v-

1

2 Π
v
v

2

H1 - v mod 2L C
d + 2 b z

b 2 Π
sin

d2

4 b
- e - cos

d2

4 b
- e S

d + 2 b z

b 2 Π
-

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b
 cos -

H-d - 2 c s + c vL2

4 b
+ e +

1

2
Π H1 - vL C

-d - 2 c s + c v - 2 b z

-b 2 Π
+

S
-d - 2 c s + c v - 2 b z

-b 2 Π
sin -

H-d - 2 c s + c vL2

4 b
+ e +

1

2
Π H1 - vL +

1

-b
 cos -

H-d + 2 c s - c vL2

4 b
+ e +

1

2
Π Hv + 1L C

-d + 2 c s - c v - 2 b z

-b 2 Π
+

S
-d + 2 c s - c v - 2 b z

-b 2 Π
sin -

H-d + 2 c s - c vL2

4 b
+ e +

1

2
Π Hv + 1L �; v Î N+

01.06.21.0715.01à sinI z b + d z + eN sinvHc zL â z �

1

d3�2  2-v-1
v
v

2

H1 - v mod 2L -2 d cosI z b + e + d zN - b 2 Π cos
b2

4 d
- e S

b + 2 d z

d 2 Π
+

b 2 Π C
b + 2 d z

d 2 Π
sin

b2

4 d
- e - 2-v-1 â

s=0

f v-1

2
v H-1Ls+v v

s

1H-d - 2 c s + c vL3�2  b 2 Π cos
b2

4 H-d - 2 c s + c vL + e -
1

2
Π Hv - 1L C

2 H-d - 2 c s + c vL z - b

2 Π -d - 2 c s + c v
+

b 2 Π S
2 H-d - 2 c s + c vL z - b

2 Π -d - 2 c s + c v
sin

b2

4 H-d - 2 c s + c vL + e -
1

2
Π Hv - 1L -

2 -d - 2 c s + c v sin z b + e -
1

2
Π Hv - 1L - H-d - 2 c s + c vL z +

1H-d + 2 c s - c vL3�2  b 2 Π cos
b2

4 H-d + 2 c s - c vL + e +
1

2
Π Hv + 1L C

2 H-d + 2 c s - c vL z - b

2 Π -d + 2 c s - c v
+

b 2 Π S
2 H-d + 2 c s - c vL z - b

2 Π -d + 2 c s - c v
sin

b2

4 H-d + 2 c s - c vL + e +
1

2
Π Hv + 1L -

2 -d + 2 c s - c v sin z b + e +
1

2
Π Hv + 1L - H-d + 2 c s - c vL z �; v Î N+

Involving sinIb zr M sinv Hf z + gL
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01.06.21.0716.01

à sinIb z2M sinvH f z + gL â z �
2-v-

1

2 H1 - v mod 2L
b

 Π
v
v

2

S b
2

Π
z -

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b
 cos

H2 f s - f vL2

4 b
+ g H2 s - vL -

1

2
Π Hv + 1L C

2 f s - f v - 2 b z

-b 2 Π
-

S
2 f s - f v - 2 b z

-b 2 Π
sin

H2 f s - f vL2

4 b
+ g H2 s - vL -

1

2
Π Hv + 1L +

1

-b
 cos -

H f v - 2 f sL2

4 b
+

1

2
Π H1 - vL + g H2 s - vL C

-2 f s + f v - 2 b z

-b 2 Π
+

S
-2 f s + f v - 2 b z

-b 2 Π
sin -

H f v - 2 f sL2

4 b
+

1

2
Π H1 - vL + g H2 s - vL �; v Î N+

01.06.21.0717.01

à sinIb z N sinvH f z + gL â z �

21-v
v
v

2

Hv mod 2 - 1L Jb z cosIb z N - sinIb z NN
b2

- 2-v-1

â
s=0

f v-1

2
v H-1Ls+v v

s

1H2 f s - f vL3�2  b 2 Π cos -
b2

4 H2 f s - f vL + 2 g s - g v -
1

2
Π Hv + 1L C

2 H2 f s - f vL z - b

2 Π 2 f s - f v

-

b 2 Π S
2 H2 f s - f vL z - b

2 Π 2 f s - f v

sin -
b2

4 H2 f s - f vL + 2 g s - g v -
1

2
Π Hv + 1L +

2 2 f s - f v sin - z b + 2 g s - g v -
1

2
Π Hv + 1L + H2 f s - f vL z +

1H f v - 2 f sL3�2  b 2 Π cos
b2

4 H f v - 2 f sL + 2 g s -
1

2
Π Hv - 1L - g v C

2 H f v - 2 f sL z - b

2 Π f v - 2 f s

+

b 2 Π S
2 H f v - 2 f sL z - b

2 Π f v - 2 f s

sin
b2

4 H f v - 2 f sL + 2 g s -
1

2
Π Hv - 1L - g v -

2 f v - 2 f s sin z b + 2 g s -
1

2
Π Hv - 1L - g v - H f v - 2 f sL z �; v Î N+

Involving sinIb zr + eM sinv Hf z + gL
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01.06.21.0718.01

à sinIb z2 + eM sinvH f z + gL â z � -

2-v-
1

2 Π
v
v

2

H1 - v mod 2L -cosHeL S b 2

Π
z - C b 2

Π
z sinHeL

b
-

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b
 cos -

H f v - 2 f sL2

4 b
+ e +

1

2
Π H1 - vL + g H2 s - vL C

-2 f s + f v - 2 b z

-b 2 Π
+

S
-2 f s + f v - 2 b z

-b 2 Π
sin -

H f v - 2 f sL2

4 b
+ e +

1

2
Π H1 - vL + g H2 s - vL +

1

-b
 cos -

H2 f s - f vL2

4 b
+ e - g H2 s - vL +

1

2
Π Hv + 1L C

2 f s - f v - 2 b z

-b 2 Π
+

S
2 f s - f v - 2 b z

-b 2 Π
sin -

H2 f s - f vL2

4 b
+ e - g H2 s - vL +

1

2
Π Hv + 1L �; v Î N+

01.06.21.0719.01

à sinI z b + eN sinvH f z + gL â z �

21-v
v
v

2

Hv mod 2 - 1L Jb z cosI z b + eN - sinI z b + eNN
b2

- 2-v-1

â
s=0

f v-1

2
v H-1Ls+v v

s

1H f v - 2 f sL3�2  b 2 Π cos
b2

4 H f v - 2 f sL + e + 2 g s -
1

2
Π Hv - 1L - g v C

2 H f v - 2 f sL z - b

2 Π f v - 2 f s

+

b 2 Π S
2 H f v - 2 f sL z - b

2 Π f v - 2 f s

sin
b2

4 H f v - 2 f sL + e + 2 g s -
1

2
Π Hv - 1L - g v -

2 f v - 2 f s sin z b + e + 2 g s -
1

2
Π Hv - 1L - g v - H f v - 2 f sL z +

1H2 f s - f vL3�2  b 2 Π cos
b2

4 H2 f s - f vL + e - 2 g s + g v +
1

2
Π Hv + 1L C

2 H2 f s - f vL z - b

2 Π 2 f s - f v

+

b 2 Π S
2 H2 f s - f vL z - b

2 Π 2 f s - f v

sin
b2

4 H2 f s - f vL + e - 2 g s + g v +
1

2
Π Hv + 1L -

2 2 f s - f v sin z b + e - 2 g s + g v +
1

2
Π Hv + 1L - H2 f s - f vL z �; v Î N+

Involving sinIb zr + d zM sinv Hf z + gL
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01.06.21.0720.01

à sinIb z2 + d zM sinvHg + f zL â z � -

2-v-
1

2 Π
v
v

2

H1 - v mod 2L C d+2 b z

b 2 Π
sinJ d2

4 b
N - cosJ d2

4 b
N S d+2 b z

b 2 Π

b
-

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b
 cos

H-d + 2 f s - f vL2

4 b
+ g H2 s - vL -

1

2
Π Hv + 1L C

-d + 2 f s - f v - 2 b z

-b 2 Π
-

S
-d + 2 f s - f v - 2 b z

-b 2 Π
sin

H-d + 2 f s - f vL2

4 b
+ g H2 s - vL -

1

2
Π Hv + 1L +

1

-b
 cos -

H-d - 2 f s + f vL2

4 b
+

1

2
Π H1 - vL + g H2 s - vL C

-d - 2 f s + f v - 2 b z

-b 2 Π
+

S
-d - 2 f s + f v - 2 b z

-b 2 Π
sin -

H-d - 2 f s + f vL2

4 b
+

1

2
Π H1 - vL + g H2 s - vL �; v Î N+

01.06.21.0721.01à sinI z b + d zN sinvHg + f zL â z �

1

d3�2  2-v-1
v
v

2

H1 - v mod 2L -2 d cosI z b + d zN - b 2 Π cos
b2

4 d
S

b + 2 d z

d 2 Π
+

b 2 Π C
b + 2 d z

d 2 Π
sin

b2

4 d
- 2-v-1 â

s=0

f v-1

2
v H-1Ls+v v

s

1H-d + 2 f s - f vL3�2  

b 2 Π cos -
b2

4 H-d + 2 f s - f vL + 2 g s - g v -
1

2
Π Hv + 1L C

2 H-d + 2 f s - f vL z - b

2 Π -d + 2 f s - f v

-

b 2 Π S
2 H-d + 2 f s - f vL z - b

2 Π -d + 2 f s - f v

sin -
b2

4 H-d + 2 f s - f vL + 2 g s - g v -
1

2
Π Hv + 1L +

2 -d + 2 f s - f v sin - z b + 2 g s - g v -
1

2
Π Hv + 1L + H-d + 2 f s - f vL z +

1H-d - 2 f s + f vL3�2  

b 2 Π cos
b2

4 H-d - 2 f s + f vL + 2 g s -
1

2
Π Hv - 1L - g v C

2 H-d - 2 f s + f vL z - b

2 Π -d - 2 f s + f v

+

b 2 Π S
2 H-d - 2 f s + f vL z - b

2 Π -d - 2 f s + f v

sin
b2

4 H-d - 2 f s + f vL + 2 g s -
1

2
Π Hv - 1L - g v -

2 -d - 2 f s + f v sin z b + 2 g s -
1

2
Π Hv - 1L - g v - H-d - 2 f s + f vL z �; v Î N+
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Involving sinIb zr + d z + eM sinv Hf z + gL
01.06.21.0722.01à sinIb z2 + d z + eM sinvH f z + gL â z �

-
1

b
 2-v-

1

2 Π
v
v

2

H1 - v mod 2L C
d + 2 b z

b 2 Π
sin

d2

4 b
- e - cos

d2

4 b
- e S

d + 2 b z

b 2 Π
-

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b
 cos -

H-d - 2 f s + f vL2

4 b
+ e +

1

2
Π H1 - vL + g H2 s - vL C

-d - 2 f s + f v - 2 b z

-b 2 Π
+

S
-d - 2 f s + f v - 2 b z

-b 2 Π
sin -

H-d - 2 f s + f vL2

4 b
+ e +

1

2
Π H1 - vL + g H2 s - vL +

1

-b
 cos -

H-d + 2 f s - f vL2

4 b
+ e - g H2 s - vL +

1

2
Π Hv + 1L C

-d + 2 f s - f v - 2 b z

-b 2 Π
+

S
-d + 2 f s - f v - 2 b z

-b 2 Π
sin -

H-d + 2 f s - f vL2

4 b
+ e - g H2 s - vL +

1

2
Π Hv + 1L �; v Î N+
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01.06.21.0723.01à sinI z b + d z + eN sinvH f z + gL â z �

1

d3�2  2-v-1
v
v

2

H1 - v mod 2L -2 d cosI z b + e + d zN - b 2 Π cos
b2

4 d
- e S

b + 2 d z

d 2 Π
+

b 2 Π C
b + 2 d z

d 2 Π
sin

b2

4 d
- e - 2-v-1 â

s=0

f v-1

2
v H-1Ls+v v

s

1H-d - 2 f s + f vL3�2  

b 2 Π cos
b2

4 H-d - 2 f s + f vL + e + 2 g s -
1

2
Π Hv - 1L - g v C

2 H-d - 2 f s + f vL z - b

2 Π -d - 2 f s + f v

+

b 2 Π S
2 H-d - 2 f s + f vL z - b

2 Π -d - 2 f s + f v

sin
b2

4 H-d - 2 f s + f vL + e + 2 g s -
1

2
Π Hv - 1L - g v -

2 -d - 2 f s + f v sin z b + e + 2 g s -
1

2
Π Hv - 1L - g v - H-d - 2 f s + f vL z +

1H-d + 2 f s - f vL3�2  

b 2 Π cos
b2

4 H-d + 2 f s - f vL + e - 2 g s + g v +
1

2
Π Hv + 1L C

2 H-d + 2 f s - f vL z - b

2 Π -d + 2 f s - f v

+

b 2 Π S
2 H-d + 2 f s - f vL z - b

2 Π -d + 2 f s - f v

sin
b2

4 H-d + 2 f s - f vL + e - 2 g s + g v +
1

2
Π Hv + 1L -

2 -d + 2 f s - f v sin z b + e - 2 g s + g v +
1

2
Π Hv + 1L - H-d + 2 f s - f vL z �; v Î N+

Involving sinHb zL sinv Ic zr M
01.06.21.0724.01à sinHb zL sinvIc z2M â z � -

2-v H1 - v mod 2L
b

 
v
v

2

cosHb zL - 2-v-
1

2 Π

â
k=0

f v-1

2
v

1

2 c k - c v
 H-1Lk+v v

k
S

2 H2 c k - c vL z - b

2 Π 2 c k - c v
- S

b + 2 H2 c k - c vL z

2 Π 2 c k - c v
cos

b2

4 H2 c k - c vL +
Π v

2
-

sin
b2

4 H2 c k - c vL +
Π v

2
C

2 H2 c k - c vL z - b

2 Π 2 c k - c v
- C

b + 2 H2 c k - c vL z

2 Π 2 c k - c v
�; v Î N+
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01.06.21.0725.01à sinHb zL sinvIc z N â z � -
2-v cosHb zL H1 - v mod 2L

b

v
v

2

-

1H-bL3�2  2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s
c 2 Π H2 s - vL cos

1

4

c2 Hv - 2 sL2

b
+ 2 Π v S

c Hv - 2 sL - 2 b z

-b 2 Π
-

cos
Π v

2
-

c2 Hv - 2 sL2

4 b
S

b I2 z b - 2 c s + c vNH-bL3�2 2 Π
+ C

-2 z b - 2 c s + c v

-b 2 Π

sin
1

4

c2 Hv - 2 sL2

b
+ 2 Π v + C

b I2 z b - 2 c s + c vNH-bL3�2 2 Π
sin

Π v

2
-

c2 Hv - 2 sL2

4 b
-

4 -b cos
Π v

2
+ c Hv - 2 sL z cosHb zL �; v Î N+

Involving sinHd z + eL sinv Ic zr M
01.06.21.0726.01à sinHe + d zL sinvIc z2M â z � -

2-v H1 - v mod 2L
d

v
v

2

cosHe + d zL -

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos

d2

4 Hc v - 2 c sL + e +
1

2
Π H1 - vL C

2 Hc v - 2 c sL z - d

2 Π c v - 2 c s
+

S
2 Hc v - 2 c sL z - d

2 Π c v - 2 c s
sin

d2

4 Hc v - 2 c sL + e +
1

2
Π H1 - vL +

1

2 c s - c v
 cos

d2

4 H2 c s - c vL + e +
1

2
Π Hv + 1L C

2 H2 c s - c vL z - d

2 Π 2 c s - c v
+

S
2 H2 c s - c vL z - d

2 Π 2 c s - c v
sin

d2

4 H2 c s - c vL + e +
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0727.01à sinHe + d zL sinvIc z N â z � -
2-v H1 - v mod 2L

d

v
v

2

cosHe + d zL -

2-v-1

H-dL3�2  â
s=0

f v-1

2
v H-1Ls+v v

s
c 2 Π H2 s - vL cos e -

c2 Hv - 2 sL2 + 2 d Π v

4 d
S

c Hv - 2 sL - 2 d z

-d 2 Π
-

cos -
c2 Hv - 2 sL2

4 d
+ e +

Π v

2
S

d I2 z d - 2 c s + c vNH-dL3�2 2 Π
+ C

d I2 z d - 2 c s + c vNH-dL3�2 2 Π

sin -
c2 Hv - 2 sL2

4 d
+ e +

Π v

2
- C

-2 z d - 2 c s + c v

-d 2 Π
sin -

c2 Hv - 2 sL2

4 d
+ e -

Π v

2
-

4 -d cos
Π v

2
+ c Hv - 2 sL z cosHe + d zL �; v Î N+

Involving sinIb zr M sinv Ic zr M
01.06.21.0728.01

à sinHb zrL sinvHc zrL â z �
ä 2-v-1 H1 - v mod 2L

r
z

v
v

2

H-ä b zrL-1�r G
1

r
, -ä b zr - Hä b zrL-1�r G

1

r
, ä b zr -

H2 ä L-v-1 z

r
 â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv G

1

r
, H-ä b - 2 ä c s + ä c vL zr HH-ä b - 2 ä c s + ä c vL zrL-1�r +

H-1Lv+1 HHä b - 2 ä c s + ä c vL zrL-1�r G
1

r
, Hä b - 2 ä c s + ä c vL zr + HH-ä b + 2 ä c s - ä c vL zrL-1�r

G
1

r
, H-ä b + 2 ä c s - ä c vL zr - HHä b + 2 ä c s - ä c vL zrL-1�r G

1

r
, Hä b + 2 ä c s - ä c vL zr �; v Î N+

01.06.21.0729.01

à sinIb z2M sinvIc z2M â z �
2-v-

1

2 Π H1 - v mod 2L
b

 
v
v

2

S b
2

Π
z -

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

1

2
Π H1 - vL C

2

Π
-b - 2 c s + c v z +

S
2

Π
-b - 2 c s + c v z sin

1

2
Π H1 - vL +

1

-b + 2 c s - c v
 

cos
1

2
Π Hv + 1L C

2

Π
-b + 2 c s - c v z + S

2

Π
-b + 2 c s - c v z sin

1

2
Π Hv + 1L �; v Î N+
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01.06.21.0730.01à sinIb z N sinvIc z N â z �

21-v

b2

v
v

2

H1 - v mod 2L JsinIb z N - b z cosIb z NN - 21-v â
s=0

f v-1

2
v H-1Ls+v v

s

1H-b - 2 c s + c vL2
 

cos
1

2
Π Hv - 1L + H-b - 2 c s + c vL z + H-b - 2 c s + c vL z sin

1

2
Π Hv - 1L + H-b - 2 c s + c vL z +

1H-b + 2 c s - c vL2
 cos

1

2
Π Hv + 1L - H-b + 2 c s - c vL z - H-b + 2 c s - c vL

z sin
1

2
Π Hv + 1L - H-b + 2 c s - c vL z �; v Î N+

Involving sinIb zr + eM sinv Ic zr M
01.06.21.0731.01à sinHb zr + eL sinvHc zrL â z �

1

r
 ä 2-v-1 z

v
v

2

ãä e H-ä b zrL-1�r G
1

r
, -ä b zr - ã-ä e Hä b zrL-1�r G

1

r
, ä b zr H1 - v mod 2L -

H2 ä L-v-1 z

r
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãä e G

1

r
, H-ä b - 2 ä c s + ä c vL zr HH-ä b - 2 ä c s + ä c vL zrL-1�r +

H-1Lv+1 ã-ä e HHä b - 2 ä c s + ä c vL zrL-1�r G
1

r
, Hä b - 2 ä c s + ä c vL zr + ãä e HH-ä b + 2 ä c s - ä c vL zrL-1�r

G
1

r
, H-ä b + 2 ä c s - ä c vL zr - ã-ä e HHä b + 2 ä c s - ä c vL zrL-1�r G

1

r
, Hä b + 2 ä c s - ä c vL zr �; v Î N+

01.06.21.0732.01

à sinIb z2 + eM sinvIc z2M â z � -
2-v-

1

2 Π

b

v
v

2

H1 - v mod 2L -cosHeL S b
2

Π
z - C b

2

Π
z sinHeL -

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos e +

1

2
Π H1 - vL C

2

Π
-b - 2 c s + c v z +

S
2

Π
-b - 2 c s + c v z sin e +

1

2
Π H1 - vL +

1

-b + 2 c s - c v
 cos e +

1

2
Π Hv + 1L

C
2

Π
-b + 2 c s - c v z + S

2

Π
-b + 2 c s - c v z sin e +

1

2
Π Hv + 1L �; v Î N+
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01.06.21.0733.01

à sinI z b + eN sinvIc z N â z �

21-v
v
v

2

H1 - v mod 2L JsinI z b + eN - b z cosI z b + eNN
b2

+

21-v â
k=0

f v-1

2
v H-1Lk v

k
sin e +

Π v

2
+ Hb + c H2 k - vLL z Hb - c H2 k - vLL2 +

Hb + c H2 k - vLL Hb - c H2 k - vLL z Hc H2 k - vL - bL cos e +
Π v

2
+ Hb + c H2 k - vLL z +

H-b - c H2 k - vLL cos e + Hb - c H2 k - vLL z -
Π v

2
+

Hb + c H2 k - vLL sin e + Hb - c H2 k - vLL z -
Π v

2
� IHb - c H2 k - vLL2 Hb + c H2 k - vLL2M �; v Î N+

Involving sinIb zr + d zM sinv Ic zr M
01.06.21.0734.01

à sinIb z2 + d zM sinvIc z2M â z � -
2-v-

1

2 Π

b

v
v

2

H1 - v mod 2L C
d + 2 b z

b 2 Π
sin

d2

4 b
- cos

d2

4 b
S

d + 2 b z

b 2 Π
-

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

d2

4 H-b - 2 c s + c vL +
1

2
Π H1 - vL C

2 H-b - 2 c s + c vL z - d

2 Π -b - 2 c s + c v
+

S
2 H-b - 2 c s + c vL z - d

2 Π -b - 2 c s + c v
sin

d2

4 H-b - 2 c s + c vL +
1

2
Π H1 - vL +

1

-b + 2 c s - c v
 cos

d2

4 H-b + 2 c s - c vL +
1

2
Π Hv + 1L C

2 H-b + 2 c s - c vL z - d

2 Π -b + 2 c s - c v
+

S
2 H-b + 2 c s - c vL z - d

2 Π -b + 2 c s - c v
sin

d2

4 H-b + 2 c s - c vL +
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0735.01

à sinI z b + d zN sinvIc z N â z �
1

d3�2  2-v-1
v
v

2

H1 - v mod 2L
-2 d cosI z b + d zN - b 2 Π cos

b2

4 d
S

b + 2 d z

d 2 Π
+ b 2 Π C

b + 2 d z

d 2 Π
sin

b2

4 d
- 2-v-1

â
s=0

f v-1

2
v H-1Ls+v v

s

1H-dL3�2  2 Π Hb - 2 c s + c vL cos
1

2
Π Hv + 1L -

H-b + 2 c s - c vL2

4 d
C

-b + 2 c s - c v - 2 d z

-d 2 Π
-

2 Π H-b + 2 c s - c vL S
-b + 2 c s - c v - 2 d z

-d 2 Π
sin

1

2
Π Hv + 1L -

H-b + 2 c s - c vL2

4 d
-

2 -d sin
1

2
Π Hv + 1L + d z - H-b + 2 c s - c vL z +

1H-dL3�2  2 Π Hb + 2 c s - c vL cos
H-b - 2 c s + c vL2

4 d
+

1

2
Π Hv - 1L C

-b - 2 c s + c v - 2 d z

-d 2 Π
+

2 Π H-b - 2 c s + c vL S
-b - 2 c s + c v - 2 d z

-d 2 Π
sin

H-b - 2 c s + c vL2

4 d
+

1

2
Π Hv - 1L +

2 -d sin
1

2
Π Hv - 1L - d z + H-b - 2 c s + c vL z �; v Î N+

Involving sinIb zr + d z + eM sinv Ic zr M
01.06.21.0736.01à sinIb z2 + d z + eM sinvIc z2M â z �

-
2-v-

1

2 Π

b

v
v

2

H1 - v mod 2L C
d + 2 b z

b 2 Π
sin

d2

4 b
- e - cos

d2

4 b
- e S

d + 2 b z

b 2 Π
-

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

d2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL C

2 H-b - 2 c s + c vL z - d

2 Π -b - 2 c s + c v
+

S
2 H-b - 2 c s + c vL z - d

2 Π -b - 2 c s + c v
sin

d2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL +

1

-b + 2 c s - c v
 cos

d2

4 H-b + 2 c s - c vL + e +
1

2
Π Hv + 1L C

2 H-b + 2 c s - c vL z - d

2 Π -b + 2 c s - c v
+

S
2 H-b + 2 c s - c vL z - d

2 Π -b + 2 c s - c v
sin

d2

4 H-b + 2 c s - c vL + e +
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0737.01à sinI z b + d z + eN sinvIc z N â z �

1

d3�2  2-v-1
v
v

2

H1 - v mod 2L -2 d cosI z b + e + d zN - b 2 Π cos
b2

4 d
- e S

b + 2 d z

d 2 Π
+

b 2 Π C
b + 2 d z

d 2 Π
sin

b2

4 d
- e - 2-v-1 â

s=0

f v-1

2
v H-1Ls+v v

s

1H-dL3�2  2 Π Hb + 2 c s - c vL cos -
H-b - 2 c s + c vL2

4 d
+ e -

1

2
Π Hv - 1L C

-b - 2 c s + c v - 2 d z

-d 2 Π
-

2 Π H-b - 2 c s + c vL S
-b - 2 c s + c v - 2 d z

-d 2 Π
sin -

H-b - 2 c s + c vL2

4 d
+ e -

1

2
Π Hv - 1L -

2 -d sin e -
1

2
Π Hv - 1L + d z - H-b - 2 c s + c vL z +

1H-dL3�2  2 Π Hb - 2 c s + c vL cos -
H-b + 2 c s - c vL2

4 d
+ e +

1

2
Π Hv + 1L C

-b + 2 c s - c v - 2 d z

-d 2 Π
-

2 Π H-b + 2 c s - c vL S
-b + 2 c s - c v - 2 d z

-d 2 Π
sin -

H-b + 2 c s - c vL2

4 d
+ e +

1

2
Π Hv + 1L -

2 -d sin e +
1

2
Π Hv + 1L + d z - H-b + 2 c s - c vL z �; v Î N+

Involving sinHd zL sinv Ic zr + gM
01.06.21.0738.01

à sinHd zL sinvIc z2 + gM â z �

2-v
v
v

2

H1 - v mod 2L sinJ 1

2
H-2 d z - ΠLN

d
-

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos

d2

4 Hc v - 2 c sL +
1

2
Π H1 - vL + g H2 s - vL C

2 Hc v - 2 c sL z - d

2 Π c v - 2 c s
+

S
2 Hc v - 2 c sL z - d

2 Π c v - 2 c s
sin

d2

4 Hc v - 2 c sL +
1

2
Π H1 - vL + g H2 s - vL +

1

2 c s - c v
 cos -

d2

4 H2 c s - c vL + g H2 s - vL -
1

2
Π Hv + 1L C

2 H2 c s - c vL z - d

2 Π 2 c s - c v
-

S
2 H2 c s - c vL z - d

2 Π 2 c s - c v
sin -

d2

4 H2 c s - c vL + g H2 s - vL -
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0739.01

à sinHd zL sinvI z c + gN â z � -

2-v
v
v

2

cosHd zL H1 - v mod 2L
d

- 2-v-1

â
s=0

f v-1

2
v H-1Ls+v v

s

1H-dL3�2  2 Π H2 c s - c vL cos -
Hc v - 2 c sL2

4 d
+ 2 g s -

1

2
Π Hv - 1L - g v C

-2 z d - 2 c s + c v

-d 2 Π
-

2 Π Hc v - 2 c sL S
-2 z d - 2 c s + c v

-d 2 Π
sin -

Hc v - 2 c sL2

4 d
+ 2 g s -

1

2
Π Hv - 1L - g v -

2 -d sin 2 g s -
1

2
Π Hv - 1L - g v + d z - Hc v - 2 c sL z +

1H-dL3�2  2 Π Hc v - 2 c sL cos
H2 c s - c vL2

4 d
+ 2 g s - g v -

1

2
Π Hv + 1L C

-2 z d + 2 c s - c v

-d 2 Π
+

2 Π H2 c s - c vL S
-2 z d + 2 c s - c v

-d 2 Π
sin

H2 c s - c vL2

4 d
+ 2 g s - g v -

1

2
Π Hv + 1L +

2 -d sin 2 g s - g v -
1

2
Π Hv + 1L - d z + H2 c s - c vL z �; v Î N+

Involving sinHd z + eL sinv Ic zr + gM
01.06.21.0740.01

à sinHe + d zL sinvIc z2 + gM â z � -

2-v
v
v

2

H1 - v mod 2L sinJe + 1

2
H2 d z + ΠLN

d
-

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos

d2

4 Hc v - 2 c sL + e +
1

2
Π H1 - vL + g H2 s - vL C

2 Hc v - 2 c sL z - d

2 Π c v - 2 c s
+

S
2 Hc v - 2 c sL z - d

2 Π c v - 2 c s
sin

d2

4 Hc v - 2 c sL + e +
1

2
Π H1 - vL + g H2 s - vL +

1

2 c s - c v
 cos

d2

4 H2 c s - c vL + e - g H2 s - vL +
1

2
Π Hv + 1L C

2 H2 c s - c vL z - d

2 Π 2 c s - c v
+

S
2 H2 c s - c vL z - d

2 Π 2 c s - c v
sin

d2

4 H2 c s - c vL + e - g H2 s - vL +
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0741.01

à sinHe + d zL sinvI z c + gN â z � -

2-v
v
v

2

cosHe + d zL H1 - v mod 2L
d

- 2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1H-dL3�2  2 Π H2 c s - c vL cos -
Hc v - 2 c sL2

4 d
+ e + 2 g s -

1

2
Π Hv - 1L - g v C

-2 z d - 2 c s + c v

-d 2 Π
-

2 Π Hc v - 2 c sL S
-2 z d - 2 c s + c v

-d 2 Π
sin -

Hc v - 2 c sL2

4 d
+ e + 2 g s -

1

2
Π Hv - 1L - g v -

2 -d sin e + 2 g s -
1

2
Π Hv - 1L - g v + d z - Hc v - 2 c sL z +

1H-dL3�2  2 Π Hc v - 2 c sL cos -
H2 c s - c vL2

4 d
+ e - 2 g s + g v +

1

2
Π Hv + 1L C

-2 z d + 2 c s - c v

-d 2 Π
-

2 Π H2 c s - c vL S
-2 z d + 2 c s - c v

-d 2 Π
sin -

H2 c s - c vL2

4 d
+ e - 2 g s + g v +

1

2
Π Hv + 1L -

2 -d sin e - 2 g s + g v +
1

2
Π Hv + 1L + d z - H2 c s - c vL z �; v Î N+

Involving sinIb zr M sinv Ic zr + gM
01.06.21.0742.01

à sinHb zrL sinvHc zr + gL â z �
ä 2-v-1 H1 - v mod 2L

r
z

v
v

2

H-ä b zrL-1�r G
1

r
, -ä b zr - Hä b zrL-1�r G

1

r
, ä b zr -

H2 ä L-v-1 z

r
 â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã2 ä g s-ä g v G

1

r
, H-ä b - 2 ä c s + ä c vL zr HH-ä b - 2 ä c s + ä c vL zrL-1�r +

H-1Lv+1 ã2 ä g s-ä g v HHä b - 2 ä c s + ä c vL zrL-1�r G
1

r
, Hä b - 2 ä c s + ä c vL zr + ãä g v-2 ä g s HH-ä b + 2 ä c s - ä c vL zrL-1�r

G
1

r
, H-ä b + 2 ä c s - ä c vL zr - ãä g v-2 ä g s HHä b + 2 ä c s - ä c vL zrL-1�r G

1

r
, Hä b + 2 ä c s - ä c vL zr �; v Î N+
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01.06.21.0743.01

à sinIb z2M sinvIc z2 + gM â z �
2-v-

1

2 Π H1 - v mod 2L
b

v
v

2

S b
2

Π
z -

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

1

2
Π H1 - vL + g H2 s - vL C

2

Π
-b - 2 c s + c v z +

S
2

Π
-b - 2 c s + c v z sin

1

2
Π H1 - vL + g H2 s - vL +

1

-b + 2 c s - c v
 cos g H2 s - vL -

1

2
Π Hv + 1L C

2

Π
-b + 2 c s - c v z -

S
2

Π
-b + 2 c s - c v z sin g H2 s - vL -

1

2
Π Hv + 1L �; v Î N+

01.06.21.0744.01

à sinIb z N sinvI z c + gN â z �
21-v

b2

v
v

2

H1 - v mod 2L JsinIb z N - b z cosIb z NN +

21-v â
s=0

f v-1

2
v H-1Ls v

s

1Hc Hv - 2 sL - bL2
 cos

1

2
Π H1 - vL + g Hv - 2 sL + Hc Hv - 2 sL - bL z +

Hc Hv - 2 sL - bL z sin
1

2
Π H1 - vL + g Hv - 2 sL + Hc Hv - 2 sL - bL z +

1H-b - c Hv - 2 sLL2
 cos

1

2
Π Hv + 1L - g Hv - 2 sL + H-b - c Hv - 2 sLL z +

H-b - c Hv - 2 sLL z sin
1

2
Π Hv + 1L - g Hv - 2 sL + H-b - c Hv - 2 sLL z �; v Î N+

Involving sinIb zr + eM sinv Ic zr + gM
01.06.21.0745.01à sinHb zr + eL sinvHc zr + gL â z �

ä 2-v-1 H1 - v mod 2L
r

z
v
v

2

ãä e H-ä b zrL-1�r G
1

r
, -ä b zr - ã-ä e Hä b zrL-1�r G

1

r
, ä b zr -

H2 ä L-v-1 z

r
 

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãä e+2 ä g s-ä g v G

1

r
, H-ä b - 2 ä c s + ä c vL zr HH-ä b - 2 ä c s + ä c vL zrL-1�r + H-1Lv+1 ã-ä e+2 ä g s-ä g v

HHä b - 2 ä c s + ä c vL zrL-1�r G
1

r
, Hä b - 2 ä c s + ä c vL zr + ãä e-2 ä g s+ä g v HH-ä b + 2 ä c s - ä c vL zrL-1�r

G
1

r
, H-ä b + 2 ä c s - ä c vL zr - ã-ä e-2 ä g s+ä g v HHä b + 2 ä c s - ä c vL zrL-1�r G

1

r
, Hä b + 2 ä c s - ä c vL zr �; v Î N+
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01.06.21.0746.01à sinIb z2 + eM sinvIc z2 + gM â z �

-
2-v-

1

2 Π  H1 - v mod 2L
b

v
v

2

-cosHeL S b
2

Π
z - C b

2

Π
z sinHeL - 2-v-

1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos e +

1

2
Π H1 - vL + g H2 s - vL C

2

Π
-b - 2 c s + c v z + S

2

Π
-b - 2 c s + c v z

sin e +
1

2
Π H1 - vL + g H2 s - vL +

1

-b + 2 c s - c v
 cos e - g H2 s - vL +

1

2
Π Hv + 1L

C
2

Π
-b + 2 c s - c v z + S

2

Π
-b + 2 c s - c v z sin e - g H2 s - vL +

1

2
Π Hv + 1L �; v Î N+

01.06.21.0747.01

à sinI z b + eN sinvI z c + gN â z �
21-v H1 - v mod 2L JsinI z b + eN - b z cosI z b + eNN

b2

v
v

2

+

21-v â
k=0

f v-1

2
v H-1Lk v

k
sin e +

Π v

2
- g Hv - 2 kL + Hb + c H2 k - vLL z Hb - c H2 k - vLL2 +

Hb + c H2 k - vLL Hb - c H2 k - vLL z Hc H2 k - vL - bL cos e +
Π v

2
- g Hv - 2 kL + Hb + c H2 k - vLL z -

Hb + c H2 k - vLL cos e + g Hv - 2 kL + Hb - c H2 k - vLL z -
Π v

2
+ Hb + c H2 k - vLL

sin e + g Hv - 2 kL + Hb - c H2 k - vLL z -
Π v

2
� IHb - c H2 k - vLL2 Hb + c H2 k - vLL2M �; v Î N+

Involving sinIb zr + d zM sinv Ic zr + gM
01.06.21.0748.01à sinIb z2 + d z + eM sinvIc z2 + gM â z �

-
2-v-

1

2 Π

b

v
v

2

H1 - v mod 2L C
d + 2 b z

b 2 Π
sin

d2

4 b
- e - cos

d2

4 b
- e S

d + 2 b z

b 2 Π
- 2-v-

1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

d2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL + g H2 s - vL C

2 H-b - 2 c s + c vL z - d

2 Π -b - 2 c s + c v
+

S
2 H-b - 2 c s + c vL z - d

2 Π -b - 2 c s + c v
sin

d2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL + g H2 s - vL +

1

-b + 2 c s - c v
 cos

d2

4 H-b + 2 c s - c vL + e - g H2 s - vL +
1

2
Π Hv + 1L C

2 H-b + 2 c s - c vL z - d

2 Π -b + 2 c s - c v
+

S
2 H-b + 2 c s - c vL z - d

2 Π -b + 2 c s - c v
sin

d2

4 H-b + 2 c s - c vL + e - g H2 s - vL +
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0749.01à sinI z b + d zN sinvI z c + gN â z �

1

d3�2  2-v-1
v
v

2

H1 - v mod 2L -2 d cosI z b + d zN - b 2 Π cos
b2

4 d
S

b + 2 d z

d 2 Π
+

b 2 Π C
b + 2 d z

d 2 Π
sin

b2

4 d
- 2-v-1 â

s=0

f v-1

2
v H-1Ls+v v

s

1H-dL3�2  2 Π Hb + 2 c s - c vL cos -
H-b - 2 c s + c vL2

4 d
+ 2 g s -

1

2
Π Hv - 1L - g v C

-b - 2 c s + c v - 2 d z

-d 2 Π
-

2 Π H-b - 2 c s + c vL S
-b - 2 c s + c v - 2 d z

-d 2 Π
sin -

H-b - 2 c s + c vL2

4 d
+ 2 g s -

1

2
Π Hv - 1L - g v -

2 -d sin 2 g s -
1

2
Π Hv - 1L - g v + d z - H-b - 2 c s + c vL z +

1H-dL3�2  2 Π Hb - 2 c s + c vL cos
H-b + 2 c s - c vL2

4 d
+ 2 g s - g v -

1

2
Π Hv + 1L C

-b + 2 c s - c v - 2 d z

-d 2 Π
+

2 Π H-b + 2 c s - c vL S
-b + 2 c s - c v - 2 d z

-d 2 Π
sin

H-b + 2 c s - c vL2

4 d
+ 2 g s - g v -

1

2
Π Hv + 1L +

2 -d sin 2 g s - g v -
1

2
Π Hv + 1L - d z + H-b + 2 c s - c vL z �; v Î N+

Involving sinIb zr + d z + eM sinv Ic zr + gM
01.06.21.0750.01à sinIb z2 + d z + eM sinvIc z2 + gM â z �

-
2-v-

1

2 Π

b

v
v

2

H1 - v mod 2L C
d + 2 b z

b 2 Π
sin

d2

4 b
- e - cos

d2

4 b
- e S

d + 2 b z

b 2 Π
- 2-v-

1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

d2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL + g H2 s - vL C

2 H-b - 2 c s + c vL z - d

2 Π -b - 2 c s + c v
+

S
2 H-b - 2 c s + c vL z - d

2 Π -b - 2 c s + c v
sin

d2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL + g H2 s - vL +

1

-b + 2 c s - c v
 cos

d2

4 H-b + 2 c s - c vL + e - g H2 s - vL +
1

2
Π Hv + 1L C

2 H-b + 2 c s - c vL z - d

2 Π -b + 2 c s - c v
+

S
2 H-b + 2 c s - c vL z - d

2 Π -b + 2 c s - c v
sin

d2

4 H-b + 2 c s - c vL + e - g H2 s - vL +
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0751.01

à sinI z b + d z + eN sinvI z c + gN â z �
1

d3�2  2-v-1
v
v

2

H1 - v mod 2L
-2 d cosI z b + e + d zN - b 2 Π cos

b2

4 d
- e S

b + 2 d z

d 2 Π
+ b 2 Π C

b + 2 d z

d 2 Π
sin

b2

4 d
- e -

2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1H-dL3�2  2 Π Hb + 2 c s - c vL cos -
H-b - 2 c s + c vL2

4 d
+ e + 2 g s -

1

2
Π Hv - 1L - g v

C
-b - 2 c s + c v - 2 d z

-d 2 Π
- 2 Π H-b - 2 c s + c vL S

-b - 2 c s + c v - 2 d z

-d 2 Π

sin -
H-b - 2 c s + c vL2

4 d
+ e + 2 g s -

1

2
Π Hv - 1L - g v -

2 -d sin e + 2 g s -
1

2
Π Hv - 1L - g v + d z - H-b - 2 c s + c vL z +

1H-dL3�2  

2 Π Hb - 2 c s + c vL cos -
H-b + 2 c s - c vL2

4 d
+ e - 2 g s + g v +

1

2
Π Hv + 1L C

-b + 2 c s - c v - 2 d z

-d 2 Π
-

2 Π H-b + 2 c s - c vL S
-b + 2 c s - c v - 2 d z

-d 2 Π
sin -

H-b + 2 c s - c vL2

4 d
+ e - 2 g s + g v +

1

2
Π Hv + 1L - 2 -d sin e - 2 g s + g v +

1

2
Π Hv + 1L + d z - H-b + 2 c s - c vL z �; v Î N+

Involving sinHd zL sinv Ic zr + f zM
01.06.21.0752.01

à sinHd zL sinvIc z2 + f zM â z �

2-v
v
v

2

H1 - v mod 2L sinJ 1

2
H-2 d z - ΠLN

d
-

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos

H-d - 2 f s + f vL2

4 Hc v - 2 c sL +
1

2
Π H1 - vL C

-d - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
+

S
-d - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
sin

H-d - 2 f s + f vL2

4 Hc v - 2 c sL +
1

2
Π H1 - vL +

1

2 c s - c v
 cos

H-d + 2 f s - f vL2

4 H2 c s - c vL +
1

2
Π Hv + 1L C

-d + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v
+

S
-d + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v
sin

H-d + 2 f s - f vL2

4 H2 c s - c vL +
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0753.01à sinHd zL sinvI z c + f zN â z �

-

2-v
v
v

2

cosHd zL H1 - v mod 2L
d

- 2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1H-d - 2 f s + f vL3�2  2 Π H2 c s - c vL
cos

1

2
Π Hv - 1L -

Hc v - 2 c sL2

4 H-d - 2 f s + f vL C
-2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

+ 2 Π Hc v - 2 c sL
S

-2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

sin
1

2
Π Hv - 1L -

Hc v - 2 c sL2

4 H-d - 2 f s + f vL +

2 -d - 2 f s + f v sin
1

2
Π Hv - 1L + H-d - 2 f s + f vL z + Hc v - 2 c sL z +

1H-d + 2 f s - f vL3�2  

2 Π Hc v - 2 c sL cos
H2 c s - c vL2

4 H-d + 2 f s - f vL +
1

2
Π Hv + 1L C

2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

-

2 Π H2 c s - c vL S
2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

sin
H2 c s - c vL2

4 H-d + 2 f s - f vL +
1

2
Π Hv + 1L -

2 -d + 2 f s - f v sin
1

2
Π Hv + 1L - H-d + 2 f s - f vL z - H2 c s - c vL z �; v Î N+

Involving sinHd z + eL sinv Ic zr + f zM
01.06.21.0754.01

à sinHd z + eL sinvIc z2 + f zM â z � -

2-v
v
v

2

H1 - v mod 2L sinJe + 1

2
H2 d z + ΠLN

d
- 2-v-

1

2 Π

â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos

H-d - 2 f s + f vL2

4 Hc v - 2 c sL + e +
1

2
Π H1 - vL C

-d - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
+

S
-d - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
sin

H-d - 2 f s + f vL2

4 Hc v - 2 c sL + e +
1

2
Π H1 - vL +

1

2 c s - c v
 cos

H-d + 2 f s - f vL2

4 H2 c s - c vL + e +
1

2
Π Hv + 1L C

-d + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v
+

S
-d + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v
sin

H-d + 2 f s - f vL2

4 H2 c s - c vL + e +
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0755.01à sinHd z + eL sinvI z c + f zN â z �

-

2-v
v
v

2

cosHe + d zL H1 - v mod 2L
d

- 2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1H-d - 2 f s + f vL3�2  2 Π H2 c s - c vL
cos

Hc v - 2 c sL2

4 H-d - 2 f s + f vL + e -
1

2
Π Hv - 1L C

-2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

- 2 Π

Hc v - 2 c sL S
-2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

sin
Hc v - 2 c sL2

4 H-d - 2 f s + f vL + e -
1

2
Π Hv - 1L -

2 -d - 2 f s + f v sin e -
1

2
Π Hv - 1L - H-d - 2 f s + f vL z - Hc v - 2 c sL z +

1H-d + 2 f s - f vL3�2  

2 Π Hc v - 2 c sL cos
H2 c s - c vL2

4 H-d + 2 f s - f vL + e +
1

2
Π Hv + 1L C

2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

-

2 Π H2 c s - c vL S
2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

sin
H2 c s - c vL2

4 H-d + 2 f s - f vL + e +
1

2
Π Hv + 1L -

2 -d + 2 f s - f v sin e +
1

2
Π Hv + 1L - H-d + 2 f s - f vL z - H2 c s - c vL z �; v Î N+

Involving sinIb zr M sinv Ic zr + f zM
01.06.21.0756.01

à sinIb z2M sinvIc z2 + f zM â z �

2-v-
1

2 Π
v
v

2

S b 2

Π
z H1 - v mod 2L

b
- 2-v-

1

2 Π

â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

H f v - 2 f sL2

4 H-b - 2 c s + c vL +
1

2
Π H1 - vL C

-2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
+

S
-2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
sin

H f v - 2 f sL2

4 H-b - 2 c s + c vL +
1

2
Π H1 - vL +

1

-b + 2 c s - c v
 cos

H2 f s - f vL2

4 H-b + 2 c s - c vL +
1

2
Π Hv + 1L C

2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
+

S
2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
sin

H2 f s - f vL2

4 H-b + 2 c s - c vL +
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0757.01à sinIb z N sinvI z c + f zN â z �

21-v
v
v

2

H1 - v mod 2L JsinIb z N - b z cosIb z NN
b2

- 2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1H f v - 2 f sL3�2  

2 Π Hb + 2 c s - c vL cos
1

2
Π Hv - 1L -

H-b - 2 c s + c vL2

4 H f v - 2 f sL C
-b - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

+

2 Π H-b - 2 c s + c vL S
-b - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

sin
1

2
Π Hv - 1L -

H-b - 2 c s + c vL2

4 H f v - 2 f sL +

2 f v - 2 f s sin
1

2
Π Hv - 1L + H f v - 2 f sL z + H-b - 2 c s + c vL z +

1H2 f s - f vL3�2  

2 Π Hb - 2 c s + c vL cos
H-b + 2 c s - c vL2

4 H2 f s - f vL +
1

2
Π Hv + 1L C

-b + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

-

2 Π H-b + 2 c s - c vL S
-b + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

sin
H-b + 2 c s - c vL2

4 H2 f s - f vL +
1

2
Π Hv + 1L -

2 2 f s - f v sin
1

2
Π Hv + 1L - H2 f s - f vL z - H-b + 2 c s - c vL z �; v Î N+

Involving sinIb zr + eM sinv Ic zr + f zM
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01.06.21.0758.01à sinIb z2 + eM sinvIc z2 + f zM â z �

2-v-
1

2

b
Π

v
v

2

H1 - v mod 2L cosHeL S b
2

Π
z + C b

2

Π
z sinHeL - 2-v-

1

2 Π

â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

H f v - 2 f sL2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL C

-2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
+

S
-2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
sin

H f v - 2 f sL2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL +

1

-b + 2 c s - c v
 cos

H2 f s - f vL2

4 H-b + 2 c s - c vL + e +
1

2
Π Hv + 1L C

2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
+

S
2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
sin

H2 f s - f vL2

4 H-b + 2 c s - c vL + e +
1

2
Π Hv + 1L �; v Î N+

01.06.21.0759.01à sinmI z b + eN sinvI z c + f zN â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v

1H f Hv - 2 kLL3�2  H-1Lk+v v

k
-c 2 Π Hv - 2 kL cos

Π v

2
-

c2 Hv - 2 kL
4 f

C
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL +

c 2 Π Hv - 2 kL S
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL sin
Π v

2
-

c2 Hv - 2 kL
4 f

+

2 f Hv - 2 kL sin
Π v

2
+ f Hv - 2 kL z + c Hv - 2 kL z +

1

b2
 2-m-v+2

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v

1Hm - 2 kL2
 H-1Lk+m m

k
cos 2 e k - e m + b H2 k - mL z -

m Π

2
+

b H2 k - mL z sin 2 e k - e m + b H2 k - mL z -
m Π

2
+ 2-m-v

â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1H f v - 2 f sL3�2  2 Π H-2 b k + b m + 2 c s - c vL cos -
H2 b k - b m - 2 c s + c vL2

4 H f v - 2 f sL +

2 e k - e m +
1

2
Π Hv - mL C

2 b k - b m - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

+
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2 Π H2 b k - b m - 2 c s + c vL S
2 b k - b m - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

sin -
H2 b k - b m - 2 c s + c vL2

4 H f v - 2 f sL + 2 e k - e m +
1

2
Π Hv - mL +

2 f v - 2 f s sin 2 e k - e m +
1

2
Π Hv - mL + H f v - 2 f sL z + H2 b k - b m - 2 c s + c vL z +

1H2 f s - f vL3�2  2 Π H-2 b k + b m - 2 c s + c vL cos -
H2 b k - b m + 2 c s - c vL2

4 H2 f s - f vL + 2 e k -

e m -
1

2
Π Hm + vL C

2 b k - b m + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

+

2 Π H2 b k - b m + 2 c s - c vL S
2 b k - b m + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

sin -
H2 b k - b m + 2 c s - c vL2

4 H2 f s - f vL + 2 e k - e m -
1

2
Π Hm + vL + 2 2 f s - f v

sin 2 e k - e m -
1

2
Π Hm + vL + H2 f s - f vL z + H2 b k - b m + 2 c s - c vL z �; m Î N+ ì v Î N+

Involving sinIb zr + d zM sinv Ic zr + f zM
01.06.21.0760.01à sinIb z2 + d zM sinvIc z2 + f zM â z �

2-v-
1

2

b
 Π

v
v

2

H1 - v mod 2L cos
d2

4 b
S

d + 2 b z

b 2 Π
- C

d + 2 b z

b 2 Π
sin

d2

4 b
- 2-v-

1

2 Π

â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

H-d - 2 f s + f vL2

4 H-b - 2 c s + c vL +
1

2
Π H1 - vL C

-d - 2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
+

S
-d - 2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
sin

H-d - 2 f s + f vL2

4 H-b - 2 c s + c vL +
1

2
Π H1 - vL +

1

-b + 2 c s - c v
 cos

H-d + 2 f s - f vL2

4 H-b + 2 c s - c vL +
1

2
Π Hv + 1L C

-d + 2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
+

S
-d + 2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
sin

H-d + 2 f s - f vL2

4 H-b + 2 c s - c vL +
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0761.01

à sinI z b + d zN sinvI z c + f zN â z �
1

d3�2  2-v-1
v
v

2

H1 - v mod 2L
-2 d cosI z b + d zN - b 2 Π cos

b2

4 d
S

b + 2 d z

d 2 Π
+ b 2 Π C

b + 2 d z

d 2 Π
sin

b2

4 d
-

2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1H-d - 2 f s + f vL3�2  2 Π Hb + 2 c s - c vL cos
1

2
Π Hv - 1L -

H-b - 2 c s + c vL2

4 H-d - 2 f s + f vL
C

-b - 2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

+ 2 Π H-b - 2 c s + c vL
S

-b - 2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

sin
1

2
Π Hv - 1L -

H-b - 2 c s + c vL2

4 H-d - 2 f s + f vL +

2 -d - 2 f s + f v sin
1

2
Π Hv - 1L + H-d - 2 f s + f vL z + H-b - 2 c s + c vL z +

1H-d + 2 f s - f vL3�2  2 Π Hb - 2 c s + c vL cos
H-b + 2 c s - c vL2

4 H-d + 2 f s - f vL +
1

2
Π Hv + 1L

C
-b + 2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

- 2 Π H-b + 2 c s - c vL
S

-b + 2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

sin
H-b + 2 c s - c vL2

4 H-d + 2 f s - f vL +
1

2
Π Hv + 1L -

2 -d + 2 f s - f v sin
1

2
Π Hv + 1L - H-d + 2 f s - f vL z - H-b + 2 c s - c vL z �; v Î N+

Involving sinIb zr + d z + eM sinv Ic zr + f zM
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01.06.21.0762.01à sinIb z2 + d z + eM sinvIc z2 + f zM â z �

-
2-v-

1

2 Π

b

v
v

2

H1 - v mod 2L C
d + 2 b z

b 2 Π
sin

d2

4 b
- e - cos

d2

4 b
- e S

d + 2 b z

b 2 Π
- 2-v-

1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

H-d - 2 f s + f vL2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL C

-d - 2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
+

S
-d - 2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
sin

H-d - 2 f s + f vL2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL +

1

-b + 2 c s - c v
 cos

H-d + 2 f s - f vL2

4 H-b + 2 c s - c vL + e +
1

2
Π Hv + 1L C

-d + 2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
+

S
-d + 2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
sin

H-d + 2 f s - f vL2

4 H-b + 2 c s - c vL + e +
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0763.01

à sinI z b + d z + eN sinvI z c + f zN â z �
1

d3�2  2-v-1
v
v

2

H1 - v mod 2L
-2 d cosI z b + e + d zN - b 2 Π cos

b2

4 d
- e S

b + 2 d z

d 2 Π
+ b 2 Π C

b + 2 d z

d 2 Π
sin

b2

4 d
- e -

2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1H-d - 2 f s + f vL3�2  2 Π Hb + 2 c s - c vL cos
H-b - 2 c s + c vL2

4 H-d - 2 f s + f vL + e -
1

2
Π Hv - 1L

C
-b - 2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

- 2 Π H-b - 2 c s + c vL
S

-b - 2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

sin
H-b - 2 c s + c vL2

4 H-d - 2 f s + f vL + e -
1

2
Π Hv - 1L -

2 -d - 2 f s + f v sin e -
1

2
Π Hv - 1L - H-d - 2 f s + f vL z - H-b - 2 c s + c vL z +

1H-d + 2 f s - f vL3�2  2 Π Hb - 2 c s + c vL cos
H-b + 2 c s - c vL2

4 H-d + 2 f s - f vL + e +
1

2
Π Hv + 1L

C
-b + 2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

- 2 Π H-b + 2 c s - c vL
S

-b + 2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

sin
H-b + 2 c s - c vL2

4 H-d + 2 f s - f vL + e +
1

2
Π Hv + 1L -

2 -d + 2 f s - f v sin e +
1

2
Π Hv + 1L - H-d + 2 f s - f vL z - H-b + 2 c s - c vL z �; v Î N+

Involving sinHd zL sinv Ic zr + f z + gM
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01.06.21.0764.01

à sinHd zL sinvIc z2 + f z + gM â z �

2-v
v
v

2

H1 - v mod 2L sinJ 1

2
H-2 d z - ΠLN

d
- 2-v-

1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos

H-d - 2 f s + f vL2

4 Hc v - 2 c sL +
1

2
Π H1 - vL + g H2 s - vL C

-d - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
+

S
-d - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
sin

H-d - 2 f s + f vL2

4 Hc v - 2 c sL +
1

2
Π H1 - vL + g H2 s - vL +

1

2 c s - c v
 cos -

H-d + 2 f s - f vL2

4 H2 c s - c vL + g H2 s - vL -
1

2
Π Hv + 1L C

-d + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v
-

S
-d + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v
sin -

H-d + 2 f s - f vL2

4 H2 c s - c vL + g H2 s - vL -
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0765.01

à sinHd zL sinvI z c + f z + gN â z � -

2-v
v
v

2

cosHd zL H1 - v mod 2L
d

-

2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1H-d + 2 f s - f vL3�2  2 Π Hc v - 2 c sL cos -
H2 c s - c vL2

4 H-d + 2 f s - f vL + 2 g s - g v -
1

2
Π Hv + 1L

C
2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

+ 2 Π H2 c s - c vL
S

2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

sin -
H2 c s - c vL2

4 H-d + 2 f s - f vL + 2 g s - g v -
1

2
Π Hv + 1L +

2 -d + 2 f s - f v sin 2 g s - g v -
1

2
Π Hv + 1L + H-d + 2 f s - f vL z + H2 c s - c vL z +

1H-d - 2 f s + f vL3�2  2 Π H2 c s - c vL cos
Hc v - 2 c sL2

4 H-d - 2 f s + f vL + 2 g s -
1

2
Π Hv - 1L - g v

C
-2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

- 2 Π Hc v - 2 c sL
S

-2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

sin
Hc v - 2 c sL2

4 H-d - 2 f s + f vL + 2 g s -
1

2
Π Hv - 1L - g v -

2 -d - 2 f s + f v sin 2 g s -
1

2
Π Hv - 1L - g v - H-d - 2 f s + f vL z - Hc v - 2 c sL z �; v Î N+

Involving sinHd z + eL sinv Ic zr + f z + gM
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01.06.21.0766.01

à sinHd z + eL sinvIc z2 + f z + gM â z � -

2-v
v
v

2

H1 - v mod 2L sinJe + 1

2
H2 d z + ΠLN

d
- 2-v-

1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos

H-d - 2 f s + f vL2

4 Hc v - 2 c sL + e +
1

2
Π H1 - vL + g H2 s - vL C

-d - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
+

S
-d - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
sin

H-d - 2 f s + f vL2

4 Hc v - 2 c sL + e +
1

2
Π H1 - vL + g H2 s - vL +

1

2 c s - c v
 cos

H-d + 2 f s - f vL2

4 H2 c s - c vL + e - g H2 s - vL +
1

2
Π Hv + 1L C

-d + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v
+

S
-d + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v
sin

H-d + 2 f s - f vL2

4 H2 c s - c vL + e - g H2 s - vL +
1

2
Π Hv + 1L �; v Î N+

01.06.21.0767.01à sinmHd z + eL sinvI z c + f z + gN â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+1

d

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m m

k
sinI Π m

2
+ e Hm - 2 kL + d Hm - 2 kL zM
m - 2 k

+

2-m-v
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1H f Hv - 2 kLL3�2  H-1Lk+v v

k
-c 2 Π Hv - 2 kL cos -

Hv - 2 kL c2

4 f
+

Π v

2
+ g Hv - 2 kL

C
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL + c 2 Π Hv - 2 kL S
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL sin -
Hv - 2 kL c2

4 f
+

Π v

2
+ g Hv - 2 kL + 2 f Hv - 2 kL sin

Π v

2
+ g Hv - 2 kL + f Hv - 2 kL z + c Hv - 2 kL z +

2-m-v â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
2 Π H2 c s - c vL cos -

Hc v - 2 c sL2

4 H2 d k - d m - 2 f s + f vL + 2 e k - e m -

2 g s + g v +
1

2
Π Hv - mL C

-2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

+ 2 Π Hc v - 2 c sL
S

-2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

sin -
Hc v - 2 c sL2

4 H2 d k - d m - 2 f s + f vL + 2 e k -

e m - 2 g s + g v +
1

2
Π Hv - mL + 2 2 d k - d m - 2 f s + f v sin 2 e k - e m - 2 g s + g v +

+ + � +
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1

2
Π Hv - mL + H2 d k - d m - 2 f s + f vL z + Hc v - 2 c sL z � H2 d k - d m - 2 f s + f vL3�2 +

2 Π Hc v - 2 c sL cos -
H2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL + 2 e k - e m + 2 g s - g v -
1

2
Π Hm + vL

C
2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

+ 2 Π H2 c s - c vL
S

2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

sin -
H2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL + 2 e k - e m + 2 g

s - g v -
1

2
Π Hm + vL + 2 2 d k - d m + 2 f s - f v sin 2 e k - e m + 2 g s - g v -

1

2
Π Hm + vL +

H2 d k - d m + 2 f s - f vL z + H2 c s - c vL z � H2 d k - d m + 2 f s - f vL3�2 �; m Î N+ ì v Î N+

Involving sinIb zr M sinv Ic zr + f z + gM
01.06.21.0768.01

à sinIb z2M sinvIc z2 + f z + gM â z �

2-v-
1

2 Π
v
v

2

S b 2

Π
z H1 - v mod 2L

b
- 2-v-

1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

H f v - 2 f sL2

4 H-b - 2 c s + c vL +
1

2
Π H1 - vL + g H2 s - vL C

-2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
+

S
-2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
sin

H f v - 2 f sL2

4 H-b - 2 c s + c vL +
1

2
Π H1 - vL + g H2 s - vL +

1

-b + 2 c s - c v
 cos -

H2 f s - f vL2

4 H-b + 2 c s - c vL + g H2 s - vL -
1

2
Π Hv + 1L C

2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
-

S
2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
sin -

H2 f s - f vL2

4 H-b + 2 c s - c vL + g H2 s - vL -
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0769.01

à sinI z bN sinvI z c + f z + gN â z �

21-v
v
v

2

Hv mod 2 - 1L Jb z cosIb z N - sinIb z NN
b2

-

2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1H2 f s - f vL3�2  2 Π Hb - 2 c s + c vL cos -
H-b + 2 c s - c vL2

4 H2 f s - f vL + 2 g s - g v -
1

2
Π Hv + 1L

C
-b + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

+ 2 Π H-b + 2 c s - c vL
S

-b + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

sin -
H-b + 2 c s - c vL2

4 H2 f s - f vL + 2 g s - g v -
1

2
Π Hv + 1L +

2 2 f s - f v sin 2 g s - g v -
1

2
Π Hv + 1L + H2 f s - f vL z + H-b + 2 c s - c vL z +

1H f v - 2 f sL3�2  2 Π Hb + 2 c s - c vL cos
H-b - 2 c s + c vL2

4 H f v - 2 f sL + 2 g s -
1

2
Π Hv - 1L - g v

C
-b - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

- 2 Π H-b - 2 c s + c vL
S

-b - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

sin
H-b - 2 c s + c vL2

4 H f v - 2 f sL + 2 g s -
1

2
Π Hv - 1L - g v -

2 f v - 2 f s sin 2 g s -
1

2
Π Hv - 1L - g v - H f v - 2 f sL z - H-b - 2 c s + c vL z �; v Î N+

Involving sinIb zr + eM sinv Ic zr + f z + gM
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01.06.21.0770.01à sinIb z2 + eM sinvIc z2 + f z + gM â z �

-
2-v-

1

2

b
Π

v
v

2

H1 - v mod 2L -cosHeL S b
2

Π
z - C b

2

Π
z sinHeL - 2-v-

1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

H f v - 2 f sL2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL + g H2 s - vL C

-2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
+

S
-2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
sin

H f v - 2 f sL2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL + g H2 s - vL +

1

-b + 2 c s - c v
 cos

H2 f s - f vL2

4 H-b + 2 c s - c vL + e - g H2 s - vL +
1

2
Π Hv + 1L

C
2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
+ S

2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v

sin
H2 f s - f vL2

4 H-b + 2 c s - c vL + e - g H2 s - vL +
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0771.01

à sinI z b + eN sinvI z c + f z + gN â z �

21-v
v
v

2

Hv mod 2 - 1L Jb z cosI z b + eN - sinI z b + eNN
b2

-

2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1H f v - 2 f sL3�2  2 Π Hb + 2 c s - c vL cos
H-b - 2 c s + c vL2

4 H f v - 2 f sL + e + 2 g s -
1

2
Π Hv - 1L - g v

C
-b - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

- 2 Π H-b - 2 c s + c vL
S

-b - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

sin
H-b - 2 c s + c vL2

4 H f v - 2 f sL + e + 2 g s -
1

2
Π Hv - 1L - g v -

2 f v - 2 f s sin e + 2 g s -
1

2
Π Hv - 1L - g v - H f v - 2 f sL z - H-b - 2 c s + c vL z +

1H2 f s - f vL3�2  2 Π Hb - 2 c s + c vL cos
H-b + 2 c s - c vL2

4 H2 f s - f vL + e - 2 g s + g v +
1

2
Π Hv + 1L

C
-b + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

- 2 Π H-b + 2 c s - c vL
S

-b + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

sin
H-b + 2 c s - c vL2

4 H2 f s - f vL + e - 2 g s + g v +
1

2
Π Hv + 1L -

2 2 f s - f v sin e - 2 g s + g v +
1

2
Π Hv + 1L - H2 f s - f vL z - H-b + 2 c s - c vL z �; v Î N+

Involving sinIb zr + d zM sinv Ic zr + f z + gM
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01.06.21.0772.01à sinIb z2 + d zM sinvIc z2 + f z + gM â z �

-
2-v-

1

2

b
Π

v
v

2

H1 - v mod 2L C
d + 2 b z

b 2 Π
sin

d2

4 b
- cos

d2

4 b
S

d + 2 b z

b 2 Π
-

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

H-d - 2 f s + f vL2

4 H-b - 2 c s + c vL +
1

2
Π H1 - vL + g H2 s - vL

C
-d - 2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
+ S

-d - 2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v

sin
H-d - 2 f s + f vL2

4 H-b - 2 c s + c vL +
1

2
Π H1 - vL + g H2 s - vL +

1

-b + 2 c s - c v
 

cos -
H-d + 2 f s - f vL2

4 H-b + 2 c s - c vL + g H2 s - vL -
1

2
Π Hv + 1L C

-d + 2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
-

S
-d + 2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
sin -

H-d + 2 f s - f vL2

4 H-b + 2 c s - c vL + g H2 s - vL -
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0773.01

à sinI z b + d zN sinvI z c + f z + gN â z �
1

d3�2  2-v-1
v
v

2

H1 - v mod 2L
-2 d cosI z b + d zN - b 2 Π cos

b2

4 d
S

b + 2 d z

d 2 Π
+ b 2 Π C

b + 2 d z

d 2 Π
sin

b2

4 d
-

2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1H-d + 2 f s - f vL3�2  2 Π Hb - 2 c s + c vL cos -
H-b + 2 c s - c vL2

4 H-d + 2 f s - f vL + 2 g s - g v -
1

2
Π Hv + 1L

C
-b + 2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

+ 2 Π H-b + 2 c s - c vL
S

-b + 2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

sin -
H-b + 2 c s - c vL2

4 H-d + 2 f s - f vL + 2 g s - g v -
1

2
Π Hv + 1L +

2 -d + 2 f s - f v sin 2 g s - g v -
1

2
Π Hv + 1L + H-d + 2 f s - f vL z + H-b + 2 c s - c vL z +

1H-d - 2 f s + f vL3�2  2 Π Hb + 2 c s - c vL cos
H-b - 2 c s + c vL2

4 H-d - 2 f s + f vL + 2 g s -
1

2
Π Hv - 1L - g v

C
-b - 2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

- 2 Π H-b - 2 c s + c vL
S

-b - 2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

sin
H-b - 2 c s + c vL2

4 H-d - 2 f s + f vL + 2 g s -
1

2
Π Hv - 1L - g v -

2 -d - 2 f s + f v sin 2 g s -
1

2
Π Hv - 1L - g v - H-d - 2 f s + f vL z - H-b - 2 c s + c vL z �; v Î N+

Involving sinIb zr + d z + eM sinv Ic zr + f z + gM
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01.06.21.0774.01à sinIb z2 + d z + eM sinvIc z2 + f z + gM â z �

-
2-v-

1

2 Π

b

v
v

2

H1 - v mod 2L C
d + 2 b z

b 2 Π
sin

d2

4 b
- e - cos

d2

4 b
- e S

d + 2 b z

b 2 Π
-

2-v-
1

2 Π â
s=0

f v-1

2
v H-1Ls+v v

s

1

-b - 2 c s + c v
 cos

H-d - 2 f s + f vL2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL + g H2 s - vL

C
-d - 2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v
+ S

-d - 2 f s + f v + 2 H-b - 2 c s + c vL z

2 Π -b - 2 c s + c v

sin
H-d - 2 f s + f vL2

4 H-b - 2 c s + c vL + e +
1

2
Π H1 - vL + g H2 s - vL +

1

-b + 2 c s - c v
 

cos
H-d + 2 f s - f vL2

4 H-b + 2 c s - c vL + e - g H2 s - vL +
1

2
Π Hv + 1L C

-d + 2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
+

S
-d + 2 f s - f v + 2 H-b + 2 c s - c vL z

2 Π -b + 2 c s - c v
sin

H-d + 2 f s - f vL2

4 H-b + 2 c s - c vL + e - g H2 s - vL +
1

2
Π Hv + 1L �; v Î N+
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01.06.21.0775.01à sinI z b + d z + eN sinvI z c + f z + gN â z �
1

d3�2  2-v-1
v
v

2

H1 - v mod 2L
-2 d cosI z b + e + d zN - b 2 Π cos

b2

4 d
- e S

b + 2 d z

d 2 Π
+ b 2 Π C

b + 2 d z

d 2 Π
sin

b2

4 d
- e -

2-v-1 â
s=0

f v-1

2
v H-1Ls+v v

s

1H-d - 2 f s + f vL3�2  2 Π Hb + 2 c s - c vL cos
H-b - 2 c s + c vL2

4 H-d - 2 f s + f vL + e + 2 g s -
1

2
Π Hv - 1L - g v

C
-b - 2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

- 2 Π H-b - 2 c s + c vL
S

-b - 2 c s + c v + 2 H-d - 2 f s + f vL z

2 Π -d - 2 f s + f v

sin
H-b - 2 c s + c vL2

4 H-d - 2 f s + f vL + e + 2 g s -
1

2
Π Hv - 1L - g v -

2 -d - 2 f s + f v sin e + 2 g s -
1

2
Π Hv - 1L - g v - H-d - 2 f s + f vL z - H-b - 2 c s + c vL z +

1H-d + 2 f s - f vL3�2  2 Π Hb - 2 c s + c vL cos
H-b + 2 c s - c vL2

4 H-d + 2 f s - f vL + e - 2 g s + g v +
1

2
Π Hv + 1L

C
-b + 2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

-

2 Π H-b + 2 c s - c vL S
-b + 2 c s - c v + 2 H-d + 2 f s - f vL z

2 Π -d + 2 f s - f v

sin
H-b + 2 c s - c vL2

4 H-d + 2 f s - f vL + e - 2 g s + g v +
1

2
Π Hv + 1L - 2 -d + 2 f s - f v

sin e - 2 g s + g v +
1

2
Π Hv + 1L - H-d + 2 f s - f vL z - H-b + 2 c s - c vL z �; v Î N+

Involving product of powers of two direct functions

Involving sinΜHc zL sinv Ha zL
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01.06.21.0776.01

à sinΜHc zL sinvHa zL â z �
ä 2-v I1 - ã2 ä c zM-Μ

sinΜHc zL
c Μ

 
v
v

2
2F1 -

Μ

2
, -Μ; 1 -

Μ

2
; ã2 ä c z H1 - v mod 2L +

c Μ ä-v â
k=0

f v-1

2
v H-1Lk v

k

ãä H-a z v+Π v+2 a k zL
-2 a k + a v + c Μ

2F1 -
-2 a k + a v + c Μ

2 c
, -Μ;

1

2

a H2 k - vL
c

- Μ + 2 ; ã2 ä c z +

ãä a Hv-2 kL z

2 a k - a v + c Μ
2F1 -

2 a k - a v + c Μ

2 c
, -Μ;

1

2

a Hv - 2 kL
c

- Μ + 2 ; ã2 ä c z �; v Î N+

01.06.21.0777.01

à sinmHc zL sinvHa zL â z � 2-m-v H-1Lm z
m
m

2

v
v

2

Hm mod 2 - 1L Hv mod 2 - 1L -

ä1-m

c

v
v

2

Hv mod 2 - 1L â
k=0

f m-1

2
v

m

k
 
H-1Lk ã-ä c Hm-2 kL z I-H-1Lm + ã2 ä c Hm-2 kL zM

2 k - m
-

H-1Lm ä1-v

a

m
m

2

Hm mod 2 - 1L â
s=0

f v-1

2
v

v

s
 
H-1Ls ã-ä a Hv-2 sL z I-H-1Lv + ã2 ä a Hv-2 sL zM

2 s - v
-

ä-m-v+1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Lm+s v

s
 

ãä HΠ v-H2 c k-2 a s+a vL z+m Hc z+ΠLL
-2 c k + c m + 2 a s - a v

+
ãä HΠ v+H2 c k-c m+2 a s-a vL zL
2 c k - c m + 2 a s - a v

+

ãä HHa Hv-2 sL-2 c kL z+m Hc z+ΠLL
c Hm - 2 kL + a Hv - 2 sL +

ãä H2 c k-c m-2 a s+a vL z

2 c k - c m - 2 a s + a v
�; m Î N+ ì v Î N+

01.06.21.0778.01à sinΜHc zL sinΝH2 c zL â z �

-
1

c HΝ + 1L  cosHc zL 2F1

Ν + 1

2
,

1

2
H-Μ - Ν + 1L; Ν + 3

2
; cos2Hc zL sinΜ+1Hc zL sin2Hc zL 1

2
H-Μ-Ν-1L

sinΝH2 c zL
01.06.21.0779.01à sin2Hc zL sin

1

2 Ha zL â z �

-4 Ia2 - 16 c2M 1 - ã2 ä a z E
1

4
HΠ - 2 a zL 2 - ä 2 a ã-2 ä c z -ä ã-ä a z I-1 + ã2 ä a zM Ha + 4 cL ã4 ä c z

2F1

c

a
-

1

4
, -

1

2
;

c

a
+

3

4
; ã2 ä a z + Ha - 4 cL 2F1 -

c

a
-

1

4
, -

1

2
;

3

4
-

c

a
; ã2 ä a z � 4 Ia3 - 16 a c2M 1 - ã2 ä a z

01.06.21.0780.01

à sin2Hc zL sin
1

2 H2 c zL â z � -
sin

3

2 H2 c zL + 3 EI Π

4
- c z É 2M

6 c
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01.06.21.0781.01

á sin2Hc zL
sin

1

2 Ha zL  â z � ã-
1

2
ä a z ä a 2 - 2 ã2 ä a z

Ha - 4 cL ã
1

2
ä Ha+4 cL z

2F1

c

a
+

1

4
,

1

2
;

c

a
+

5

4
; ã2 ä a z + Ha + 4 cL ã

1

2
ä Ha-4 cL z

2F1

1

4
-

c

a
,

1

2
;

5

4
-

c

a
; ã2 ä a z -

2 Ia2 - 16 c2M ã
ä a z

2 -ä ã-ä a z I-1 + ã2 ä a zM F
1

4
HΠ - 2 a zL 2 � K2 Ia3 - 16 a c2M -ä ã-ä a z I-1 + ã2 ä a zM O

01.06.21.0782.01

á sin2Hc zL
sin

1

2 H2 c zL  â z �

1

4 c sinH2 c zL + 1
 - 2 F sin-1HcosHc zL - sinHc zLL 1

2
HcosHc zL + sinHc zLL - 2 sin

1

2 H2 c zL sinH2 c zL + 1

01.06.21.0783.01

á sin7Hc zL
sin7H2 c zL  â z �

sin4H2 c zL
120 c sin2Hc zL4

sin7H2 c zL  3 secHc zL Isec2Hc zL - 6M sin2Hc zL4
- 5 cosHc zL 2F1

3

4
,

3

4
;

7

4
; cos2Hc zL

Involving sinΜHc zL sinΝHa z + bL
01.06.21.0784.01

à sinΜHc zL sinvHa z + bL â z �
ä 2-v I1 - ã2 ä c zM-Μ

sinΜHc zL
c Μ

 
v
v

2
2F1 -

Μ

2
, -Μ; 1 -

Μ

2
; ã2 ä c z H1 - v mod 2L + ä-v c Μ

â
k=0

f v-1

2
v H-1Lk ãä b Hv-2 kL v

k

ãä H4 b k+2 a z k-2 b v+Π v-a v zL
-2 a k + a v + c Μ

2F1 -
-2 a k + a v + c Μ

2 c
, -Μ;

1

2

a H2 k - vL
c

- Μ + 2 ; ã2 ä c z +

ãä a Hv-2 kL z

2 a k - a v + c Μ
2F1 -

2 a k - a v + c Μ

2 c
, -Μ;

1

2

a Hv - 2 kL
c

- Μ + 2 ; ã2 ä c z �; v Î N+
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01.06.21.0785.01

à sinmHc zL sinΝHa z + bL â z �
ä 2-m I1 - ã2 ä Hb+a zLM-Ν

sinΝHb + a zL
a Ν

 
m
m

2
2F1 -

Ν

2
, -Ν; 1 -

Ν

2
; ã2 ä Hb+a zL H1 - m mod 2L +

ä-m a Ν â
k=0

f m-1

2
v H-1Lk m

k

ãä H-c z m+Π m+2 c k zL
-2 c k + c m + a Ν

2F1 -
-2 c k + c m + a Ν

2 a
, -Ν;

1

2

c H2 k - mL
a

- Ν + 2 ; ã2 ä Hb+a zL +

ãä c Hm-2 kL z

2 c k - c m + a Ν
2F1 -

2 c k - c m + a Ν

2 a
, -Ν;

1

2

c Hm - 2 kL
a

- Ν + 2 ; ã2 ä Hb+a zL �; v Î N+

01.06.21.0786.01

à sinmHc zL sinvHa z + bL â z � ä 2-m-v ä H-1Lm-1 z
m
m

2

v
v

2

Hm mod 2 - 1L Hv mod 2 - 1L -

ä-m

c

v
v

2

Hv mod 2 - 1L â
k=0

f m-1

2
v H-1Lk ã-ä c Hm-2 kL z I-H-1Lm + ã2 ä c Hm-2 kL zM m

k

2 k - m
-

1

a
 H-1Lm ä-v

m
m

2

Hm mod 2 - 1L â
s=0

f v-1

2
v H-1Ls ã-ä Hb H2 s+vL+a Hv-2 sL zL I-H-1Lv ã4 ä b s + ã2 ä Hb v+a Hv-2 sL zLM v

s

2 s - v
+

ä-m-v â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Lm+s ã-ä b H2 s+vL ã-ä HH-2 c k+c m+2 a s-a vL z-2 b vL

-2 c k + c m + 2 a s - a v
+

ãä H2 b v+a z v-2 c k z-2 a s z+m Hc z+ΠLL
2 c k - c m + 2 a s - a v

+

ãä H4 b s+2 a z s+Π v+2 c k z-c m z-a v zL
c Hm - 2 kL + a Hv - 2 sL +

ãä H4 b s+2 a z s+Π v-2 c k z-a v z+m Hc z+ΠLL
2 c k - c m - 2 a s + a v

v

s
�; m Î N+ ì v Î N+

Involving sinΜHc z + dL sinv Ha z + bL
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01.06.21.0787.01à sinΜHd + c zL sinvHb + a zL â z �

ä 2-v I1 - ã2 ä Hd+c zLM-Μ
sinΜHd + c zL

c Μ
 

v
v

2
2F1 -

Μ

2
, -Μ; 1 -

Μ

2
; ã2 ä Hd+c zL H1 - v mod 2L + c Μ ä-v

â
k=0

f v-1

2
v H-1Lk ãä b Hv-2 kL v

k

ãä H4 b k+2 a z k-2 b v+Π v-a v zL
-2 a k + a v + c Μ

2F1 -
-2 a k + a v + c Μ

2 c
, -Μ;

1

2

a H2 k - vL
c

- Μ + 2 ; ã2 ä Hd+c zL +

ãä a Hv-2 kL z

2 a k - a v + c Μ
2F1 -

2 a k - a v + c Μ

2 c
, -Μ;

1

2

a Hv - 2 kL
c

- Μ + 2 ; ã2 ä Hd+c zL �; v Î N+

01.06.21.0788.01

à sinmHc z + dL sinvHa z + bL â z � 2-m-v ä ä H-1Lm-1 z
m
m

2

v
v

2

Hm mod 2 - 1L Hv mod 2 - 1L -

ä-m

c
 

v
v

2

Hv mod 2 - 1L â
k=0

f m-1

2
v

m

k
 
H-1Lk ã-ä Hd H2 k+mL+c Hm-2 kL zL I-H-1Lm ã4 ä d k + ã2 ä Hd m+c Hm-2 kL zLM

2 k - m
-

H-1Lm ä-v

a
 

m
m

2

Hm mod 2 - 1L â
s=0

f v-1

2
v

v

s
 
H-1Ls ã-ä Hb H2 s+vL+a Hv-2 sL zL I-H-1Lv ã4 ä b s + ã2 ä Hb v+a Hv-2 sL zLM

2 s - v
+ ä-m-v â

k=0

f m-1

2
v H-1Lk m

k

â
s=0

f v-1

2
v H-1Lm+s ãä Hd H2 k+mL-b H2 s+vLL v

s
 

ã-ä H2 d m-2 b v+H-2 c k+c m+2 a s-a vL zL
-2 c k + c m + 2 a s - a v

+
ãä H-4 d k-2 c z k+2 b v-2 a s z+a v z+m Hc z+ΠLL

2 c k - c m + 2 a s - a v
+

ãä H-2 d m-c z m+4 b s+Π v+2 c k z+2 a s z-a v zL
c Hm - 2 kL + a Hv - 2 sL +

ãä H-4 d k-2 c z k+4 b s+Π v+2 a s z-a v z+m Hc z+ΠLL
2 c k - c m - 2 a s + a v

�; m Î N+ ì v Î N+

Involving sinmHb zL sinv Ic zr M
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01.06.21.0789.01à sinmHb zL sinvIc z2M â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+1

b

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m m

k
sinI Π m

2
+ b Hm - 2 kL zM

m - 2 k
+ 2-m-v+

1

2 Π
m
m

2

H1 - m mod 2L

â
k=0

f v-1

2
v H-1Lk+v

c Hv - 2 kL v

k
cos

Π v

2
C

c 2

Π
Hv - 2 kL z

c Hv - 2 kL - S

c 2

Π
Hv - 2 kL z

c Hv - 2 kL sin
Π v

2
+ 2-m-v+

1

2 Π

â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos

H2 b k - b mL2

4 Hc v - 2 c sL +
1

2
Π Hm - vL C

2 b k - b m + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
+

S
2 b k - b m + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
sin

H2 b k - b mL2

4 Hc v - 2 c sL +
1

2
Π Hm - vL +

1

2 c s - c v
 cos

H2 b k - b mL2

4 H2 c s - c vL +
1

2
Π Hm + vL C

2 b k - b m + 2 H2 c s - c vL z

2 Π 2 c s - c v
+

S
2 b k - b m + 2 H2 c s - c vL z

2 Π 2 c s - c v
sin

H2 b k - b mL2

4 H2 c s - c vL +
1

2
Π Hm + vL �; m Î N+ ì v Î N+
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01.06.21.0790.01à sinmHb zL sinvIc z N â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+1

b

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m m

k
sinI Π m

2
+ b Hm - 2 kL zM

m - 2 k
+

1

c2
 2-m-v+2

m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v

1Hv - 2 kL2
 H-1Lk+v v

k
cos

Π v

2
+ c Hv - 2 kL z + c Hv - 2 kL z sin

Π v

2
+ c Hv - 2 kL z +

2-m-v â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1H2 b k - b mL3�2  2 Π H2 c s - c vL cos
1

2
Π Hv - mL -

Hc v - 2 c sL2

4 H2 b k - b mL C
2 z H2 b k - b mL - 2 c s + c v

2 b k - b m 2 Π
+

2 Π Hc v - 2 c sL S
2 z H2 b k - b mL - 2 c s + c v

2 b k - b m 2 Π
sin

1

2
Π Hv - mL -

Hc v - 2 c sL2

4 H2 b k - b mL +

2 2 b k - b m sin
1

2
Π Hv - mL + H2 b k - b mL z + Hc v - 2 c sL z +

1H2 b k - b mL3�2  2 Π Hc v - 2 c sL cos
H2 c s - c vL2

4 H2 b k - b mL +
1

2
Π Hm + vL C

2 z H2 b k - b mL + 2 c s - c v

2 b k - b m 2 Π
-

2 Π H2 c s - c vL S
2 z H2 b k - b mL + 2 c s - c v

2 b k - b m 2 Π
sin

H2 c s - c vL2

4 H2 b k - b mL +
1

2
Π Hm + vL -

2 2 b k - b m sin
1

2
Π Hm + vL - H2 b k - b mL z - H2 c s - c vL z �; m Î N+ ì v Î N+

Involving sinmHd z + eL sinv Ic zr M
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01.06.21.0791.01à sinmHe + d zL sinvIc z2M â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+1 H1 - v mod 2L
d

v
v

2
â
k=0

f m-1

2
v H-1Lk+m m

k
sinI Π m

2
+ e Hm - 2 kL + d Hm - 2 kL zM
m - 2 k

+ 2-m-v+
1

2 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk+v

c Hv - 2 kL v

k
cos

Π v

2
C

2

Π
 

c Hv - 2 kL z

c Hv - 2 kL - S
2

Π
 

c Hv - 2 kL z

c Hv - 2 kL sin
Π v

2
+

2-m-v+
1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k

â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos -

H2 d k - d mL2

4 Hc v - 2 c sL + e H2 k - mL -
1

2
Π Hm - vL C

2 d k - d m + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
-

S
2 d k - d m + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
sin -

H2 d k - d mL2

4 Hc v - 2 c sL + e H2 k - mL -
1

2
Π Hm - vL +

1

2 c s - c v
 cos -

H2 d k - d mL2

4 H2 c s - c vL + e H2 k - mL -
1

2
Π Hm + vL C

2 d k - d m + 2 H2 c s - c vL z

2 Π 2 c s - c v
-

S
2 d k - d m + 2 H2 c s - c vL z

2 Π 2 c s - c v
sin -

H2 d k - d mL2

4 H2 c s - c vL + e H2 k - mL -
1

2
Π Hm + vL �; m Î N+ ì v Î N+
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01.06.21.0792.01à sinmHe + d zL sinvIc z N â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+1 H1 - v mod 2L
d

v
v

2
â
k=0

f m-1

2
v H-1Lk+m m

k
sinI Π m

2
+ e Hm - 2 kL + d Hm - 2 kL zM
m - 2 k

+
1

c2
 2-m-v+2

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk+v

Hv - 2 kL2

v

k
cos

Π v

2
+ c Hv - 2 kL z + c Hv - 2 kL z sin

Π v

2
+ c Hv - 2 kL z +

2-m-v â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1H2 d k - d mL3�2  

2 Π H2 c s - c vL cos -
Hc v - 2 c sL2

4 H2 d k - d mL + 2 e k - e m +
1

2
Π Hv - mL C

2 z H2 d k - d mL - 2 c s + c v

2 d k - d m 2 Π
+

2 Π Hc v - 2 c sL S
2 z H2 d k - d mL - 2 c s + c v

2 d k - d m 2 Π
sin -

Hc v - 2 c sL2

4 H2 d k - d mL + 2 e k - e m +
1

2
Π

Hv - mL + 2 2 d k - d m sin 2 e k - e m +
1

2
Π Hv - mL + H2 d k - d mL z + Hc v - 2 c sL z +

1H2 d k - d mL3�2  2 Π Hc v - 2 c sL cos -
H2 c s - c vL2

4 H2 d k - d mL + 2 e k - e m -
1

2
Π Hm + vL

C
2 z H2 d k - d mL + 2 c s - c v

2 d k - d m 2 Π
+ 2 Π H2 c s - c vL

S
2 z H2 d k - d mL + 2 c s - c v

2 d k - d m 2 Π
sin -

H2 c s - c vL2

4 H2 d k - d mL + 2 e k - e m -
1

2
Π Hm + vL +

2 2 d k - d m sin 2 e k - e m -
1

2
Π Hm + vL + H2 d k - d mL z + H2 c s - c vL z �; m Î N+ ì v Î N+

Involving sinmIb zr M sinv Ic zr M
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01.06.21.0793.01à sinmHb zrL sinvHc zrL â z �

H-1Lm 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L -
1

r
 ä-m 2-m-v z

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k

H-1Lm G
1

r
, Hä b m - 2 ä b kL zr HHä b m - 2 ä b kL zrL-1�r + HH2 ä b k - ä b mL zrL-1�r G

1

r
, H2 ä b k - ä b mL zr -

1

r
 H-1Lm ä-v 2-m-v z

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv G

1

r
, Hä c v - 2 ä c kL zr HHä c v - 2 ä c kL zrL-1�r +

HH2 ä c k - ä c vL zrL-1�r G
1

r
, H2 ä c k - ä c vL zr -

1

r
 H2 ä L-m-v z â

k=0

f m-1

2
v H-1Lk m

k

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lm+v G

1

r
, H-2 b ä k + ä b m - 2 ä c s + ä c vL zr HH-2 b ä k + ä b m - 2 ä c s + ä c vL zrL-1�r +

H-1Lv HH2 ä b k - ä b m - 2 ä c s + ä c vL zrL-1�r G
1

r
, H2 ä b k - ä b m - 2 ä c s + ä c vL zr +

H-1Lm HH-2 b ä k + ä b m + 2 ä c s - ä c vL zrL-1�r G
1

r
, H-2 b ä k + ä b m + 2 ä c s - ä c vL zr +

HH2 ä b k - ä b m + 2 ä c s - ä c vL zrL-1�r G
1

r
, H2 ä b k - ä b m + 2 ä c s - ä c vL zr �; m Î N+ ì v Î N+

01.06.21.0794.01à sinmIb z2M sinvIc z2M â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v+
1

2 Π
v
v

2

H1 - v mod 2L 

â
k=0

f m-1

2
v H-1Lk+m

b Hm - 2 kL m

k
cos

m Π

2
C

b Hm - 2 kL
b Hm - 2 kL  

2

Π
z - S

b Hm - 2 kL
b Hm - 2 kL  

2

Π
z sin

m Π

2
+ 2-m-v+

1

2 Π

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk+v

c Hv - 2 kL v

k
cos

Π v

2
C

2

Π
 

c Hv - 2 kL z

c Hv - 2 kL - S
2

Π
 

c Hv - 2 kL z

c Hv - 2 kL sin
Π v

2
+

2-m-v+
1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
cos

1

2
Π Hm - vL C

2

Π
2 b k - b m - 2 c s + c v z +

S
2

Π
2 b k - b m - 2 c s + c v z sin

1

2
Π Hm - vL � K 2 b k - b m - 2 c s + c v O +

cos
1

2
Π Hm + vL C

2

Π
2 b k - b m + 2 c s - c v z + S

2

Π
2 b k - b m + 2 c s - c v z

sin
1

2
Π Hm + vL � K 2 b k - b m + 2 c s - c v O �; m Î N+ ì v Î N+
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01.06.21.0795.01à sinmIb z N sinvIc z N â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +
1

b2
 2-m-v+2

v
v

2

H1 - v mod 2L 

â
k=0

f m-1

2
v

1Hm - 2 kL2
 H-1Lk+m m

k
cos

Π m

2
+ b Hm - 2 kL z + b Hm - 2 kL z sin

Π m

2
+ b Hm - 2 kL z +

1

c2
 2-m-v+2

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk+v

Hv - 2 kL2

v

k
cos

Π v

2
+ c Hv - 2 kL z + c Hv - 2 kL z sin

Π v

2
+ c Hv - 2 kL z +

2-m-v+2 â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
cos

1

2
Π Hv - mL + H2 b k - b m - 2 c s + c vL z + H2 b k - b m - 2 c s + c vL

z sin
1

2
Π Hv - mL + H2 b k - b m - 2 c s + c vL z � H2 b k - b m - 2 c s + c vL2 +

cos
1

2
Π Hm + vL - H2 b k - b m + 2 c s - c vL z - H2 b k - b m + 2 c s - c vL z

sin
1

2
Π Hm + vL - H2 b k - b m + 2 c s - c vL z � H2 b k - b m + 2 c s - c vL2 �; m Î N+ ì v Î N+

Involving sinmHd zL sinv Ic zr + gM
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01.06.21.0796.01à sinmHd zL sinvIc z2 + gM â z �

2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +
2-m-v+1

d

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m m

k
sinJ2 d k z - 1

2
m H2 d z + ΠLN

2 k - m
+

2-m-v+
1

2 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

c Hv - 2 kL  

H-1Lk+v v

k
cos

Π v

2
+ g Hv - 2 kL C

c 2

Π
Hv - 2 kL z

c Hv - 2 kL - S

c 2

Π
Hv - 2 kL z

c Hv - 2 kL sin
Π v

2
+ g Hv - 2 kL +

2-m-v+
1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos

H2 d k - d mL2

4 Hc v - 2 c sL +
1

2
Π Hm - vL + g H2 s - vL C

2 d k - d m + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
+

S
2 d k - d m + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
sin

H2 d k - d mL2

4 Hc v - 2 c sL +
1

2
Π Hm - vL + g H2 s - vL +

1

2 c s - c v
 cos -

H2 d k - d mL2

4 H2 c s - c vL + g H2 s - vL -
1

2
Π Hm + vL C

2 d k - d m + 2 H2 c s - c vL z

2 Π 2 c s - c v
-

S
2 d k - d m + 2 H2 c s - c vL z

2 Π 2 c s - c v
sin -

H2 d k - d mL2

4 H2 c s - c vL + g H2 s - vL -
1

2
Π Hm + vL �; m Î N+ ì v Î N+
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01.06.21.0797.01à sinmHd zL sinvI z c + gN â z �

2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +
2-m-v+1

d

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m m

k
sinI Π m

2
+ d Hm - 2 kL zM

m - 2 k
+

1

c2
 2-m-v+2

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1Hv - 2 kL2
 H-1Lk+v v

k

cos 2 g k - g v + c H2 k - vL z -
Π v

2
+ c H2 k - vL z sin 2 g k - g v + c H2 k - vL z -

Π v

2
+

2-m-v â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1H2 d k - d mL3�2  2 Π Hc v - 2 c sL cos -
H2 c s - c vL2

4 H2 d k - d mL +

2 g s - g v -
1

2
Π Hm + vL C

2 z H2 d k - d mL + 2 c s - c v

2 d k - d m 2 Π
+ 2 Π H2 c s - c vL

S
2 z H2 d k - d mL + 2 c s - c v

2 d k - d m 2 Π
sin -

H2 c s - c vL2

4 H2 d k - d mL + 2 g s - g v -
1

2
Π Hm + vL +

2 2 d k - d m sin 2 g s - g v -
1

2
Π Hm + vL + H2 d k - d mL z + H2 c s - c vL z +

1H2 d k - d mL3�2  

2 Π H2 c s - c vL cos
Hc v - 2 c sL2

4 H2 d k - d mL + 2 g s - g v -
1

2
Π Hv - mL C

2 z H2 d k - d mL - 2 c s + c v

2 d k - d m 2 Π
-

2 Π Hc v - 2 c sL S
2 z H2 d k - d mL - 2 c s + c v

2 d k - d m 2 Π
sin

Hc v - 2 c sL2

4 H2 d k - d mL + 2 g s - g v -
1

2
Π Hv - mL -

2 2 d k - d m sin 2 g s - g v -
1

2
Π Hv - mL - H2 d k - d mL z - Hc v - 2 c sL z �; m Î N+ ì v Î N+

Involving sinmHd z + eL sinv Ic zr + gM
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01.06.21.0798.01à sinmHd z + eL sinvIc z2 + gM â z �

2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v+
1

2 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

c Hv - 2 kL  H-1Lk+v

v

k
cos

Π v

2
+ g Hv - 2 kL C

c 2

Π
Hv - 2 kL z

c Hv - 2 kL - S

c 2

Π
Hv - 2 kL z

c Hv - 2 kL sin
Π v

2
+ g Hv - 2 kL +

2-m-v+1

d

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m m

k
sinJe H2 k - mL + 2 d k z - 1

2
m H2 d z + ΠLN

2 k - m
+

2-m-v+
1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos -

H2 d k - d mL2

4 Hc v - 2 c sL + e H2 k - mL -
1

2
Π Hm - vL - g H2 s - vL C

2 d k - d m + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
-

S
2 d k - d m + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
sin -

H2 d k - d mL2

4 Hc v - 2 c sL + e H2 k - mL -
1

2
Π Hm - vL - g H2 s - vL +

1

2 c s - c v
 cos -

H2 d k - d mL2

4 H2 c s - c vL + e H2 k - mL + g H2 s - vL -
1

2
Π Hm + vL

C
2 d k - d m + 2 H2 c s - c vL z

2 Π 2 c s - c v
- S

2 d k - d m + 2 H2 c s - c vL z

2 Π 2 c s - c v

sin -
H2 d k - d mL2

4 H2 c s - c vL + e H2 k - mL + g H2 s - vL -
1

2
Π Hm + vL �; m Î N+ ì v Î N+
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01.06.21.0799.01à sinmHd z + eL sinvI z c + gN â z �

2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +
1

c2
 2-m-v+2

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1Hv - 2 kL2
 H-1Lk+v v

k

cos 2 g k - g v + c H2 k - vL z -
Π v

2
+ c H2 k - vL z sin 2 g k - g v + c H2 k - vL z -

Π v

2
+

2-m-v+1

d

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m m

k
sinI Π m

2
+ e Hm - 2 kL + d Hm - 2 kL zM
m - 2 k

+

2-m-v â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1H2 d k - d mL3�2  2 Π H2 c s - c vL cos -
Hc v - 2 c sL2

4 H2 d k - d mL + 2 e k - e m -

2 g s + g v +
1

2
Π Hv - mL C

2 z H2 d k - d mL - 2 c s + c v

2 d k - d m 2 Π
+ 2 Π Hc v - 2 c sL

S
2 z H2 d k - d mL - 2 c s + c v

2 d k - d m 2 Π
sin -

Hc v - 2 c sL2

4 H2 d k - d mL + 2 e k - e m - 2 g s + g v +
1

2
Π Hv - mL +

2 2 d k - d m sin 2 e k - e m - 2 g s + g v +
1

2
Π Hv - mL + H2 d k - d mL z + Hc v - 2 c sL z +

1H2 d k - d mL3�2  2 Π Hc v - 2 c sL cos -
H2 c s - c vL2

4 H2 d k - d mL + 2 e k - e m + 2 g s - g v -
1

2
Π Hm + vL

C
2 z H2 d k - d mL + 2 c s - c v

2 d k - d m 2 Π
+ 2 Π H2 c s - c vL S

2 z H2 d k - d mL + 2 c s - c v

2 d k - d m 2 Π

sin -
H2 c s - c vL2

4 H2 d k - d mL + 2 e k - e m + 2 g s - g v -
1

2
Π Hm + vL + 2 2 d k - d m

sin 2 e k - e m + 2 g s - g v -
1

2
Π Hm + vL + H2 d k - d mL z + H2 c s - c vL z �; m Î N+ ì v Î N+

Involving sinmIb zr M sinv Ic zr + gM
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01.06.21.0800.01à sinmHb zrL sinvHc zr + gL â z �

H-1Lm 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L -
1

r
 ä-m 2-m-v z

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k

H-1Lm G
1

r
, Hä b m - 2 ä b kL zr HHä b m - 2 ä b kL zrL-1�r + HH2 ä b k - ä b mL zrL-1�r G

1

r
, H2 ä b k - ä b mL zr -

1

r
 H-1Lm ä-v 2-m-v z

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã2 ä g k-ä g v G

1

r
, Hä c v - 2 ä c kL zr HHä c v - 2 ä c kL zrL-1�r +

ãä g v-2 ä g k HH2 ä c k - ä c vL zrL-1�r G
1

r
, H2 ä c k - ä c vL zr -

H2 ä L-m-v z

r
 â

k=0

f m-1

2
v H-1Lk m

k

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lm+v ã2 ä g s-ä g v G

1

r
, H-2 b ä k + ä b m - 2 ä c s + ä c vL zr HH-2 b ä k + ä b m - 2 ä c s + ä c vL zrL-1�r +

H-1Lv ã2 ä g s-ä g v HH2 ä b k - ä b m - 2 ä c s + ä c vL zrL-1�r G
1

r
, H2 ä b k - ä b m - 2 ä c s + ä c vL zr +

H-1Lm ãä g v-2 ä g s HH-2 b ä k + ä b m + 2 ä c s - ä c vL zrL-1�r G
1

r
, H-2 b ä k + ä b m + 2 ä c s - ä c vL zr +

ãä g v-2 ä g s HH2 ä b k - ä b m + 2 ä c s - ä c vL zrL-1�r G
1

r
, H2 ä b k - ä b m + 2 ä c s - ä c vL zr �; m Î N+ ì v Î N+
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01.06.21.0801.01à sinmIb z2M sinvIc z2 + gM â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v+
1

2 Π
v
v

2

H1 - v mod 2L 

â
k=0

f m-1

2
v H-1Lk+m

b Hm - 2 kL m

k
cos

m Π

2
C

b Hm - 2 kL 2

Π
z

b Hm - 2 kL - S

b Hm - 2 kL 2

Π
z

b Hm - 2 kL sin
m Π

2
+

2-m-v+
1

2 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

c Hv - 2 kL  

H-1Lk+v v

k
cos

Π v

2
+ g Hv - 2 kL C

c 2

Π
Hv - 2 kL z

c Hv - 2 kL - S

c 2

Π
Hv - 2 kL z

c Hv - 2 kL sin
Π v

2
+ g Hv - 2 kL +

2-m-v+
1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
cos

1

2
Π Hm - vL + g H2 s - vL C

2

Π
2 b k - b m - 2 c s + c v z +

S
2

Π
2 b k - b m - 2 c s + c v z sin

1

2
Π Hm - vL + g H2 s - vL � K 2 b k - b m - 2 c s + c v O +

cos g H2 s - vL -
1

2
Π Hm + vL C

2

Π
2 b k - b m + 2 c s - c v z - S

2

Π
2 b k - b m + 2 c s - c v z

sin g H2 s - vL -
1

2
Π Hm + vL � K 2 b k - b m + 2 c s - c v O �; m Î N+ ì v Î N+
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01.06.21.0802.01

à sinmI z bN sinvI z c + gN â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +
1

b2
 2-m-v+2

v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v

1H2 k - mL2
 H-1Lk m

k
cos b z H2 k - mL +

m Π

2
+ b H2 k - mL z sin b z H2 k - mL +

m Π

2
+

1

c2
 2-m-v+2

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1H2 k - vL2
 

H-1Lk v

k
cos c z H2 k - vL +

Π v

2
- g Hv - 2 kL + c H2 k - vL z sin c z H2 k - vL +

Π v

2
- g Hv - 2 kL +

2-m-v+2 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
cos

1

2
Π Hm - vL + g Hv - 2 sL + Hb H2 k - mL + c Hv - 2 sLL z +

Hb H2 k - mL + c Hv - 2 sLL z sin
1

2
Π Hm - vL + g Hv - 2 sL + Hb H2 k - mL + c Hv - 2 sLL z �

Hb H2 k - mL + c Hv - 2 sLL2 + cos
1

2
Π Hm + vL - g Hv - 2 sL + Hb H2 k - mL - c Hv - 2 sLL z +

Hb H2 k - mL - c Hv - 2 sLL z sin
1

2
Π Hm + vL - g Hv - 2 sL + Hb H2 k - mL - c Hv - 2 sLL z �

Hb H2 k - mL - c Hv - 2 sLL2 �; m Î N+ ì v Î N+

Involving sinmIa zr + eM sinv Ic zr + gM
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01.06.21.0803.01à sinmHb zr + eL sinvHc zr + gL â z � H-1Lm 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L -

1

r
 ä-m 2-m-v z

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
H-1Lm ã2 ä e k-ä e m G

1

r
, Hä b m - 2 ä b kL zr HHä b m - 2 ä b kL zrL-1�r +

ãä e m-2 ä e k HH2 ä b k - ä b mL zrL-1�r G
1

r
, H2 ä b k - ä b mL zr -

1

r
 H-1Lm ä-v 2-m-v z

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã2 ä g k-ä g v G

1

r
, Hä c v - 2 ä c kL zr HHä c v - 2 ä c kL zrL-1�r +

ãä g v-2 ä g k HH2 ä c k - ä c vL zrL-1�r G
1

r
, H2 ä c k - ä c vL zr -

H2 ä L-m-v z

r
 â

k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lm+v ã2 ä e k-ä e m+2 ä g s-ä g v G

1

r
, H-2 b ä k + ä b m - 2 ä c s + ä c vL zr

HH-2 b ä k + ä b m - 2 ä c s + ä c vL zrL-1�r + H-1Lv ã-2 e ä k+ä e m+2 ä g s-ä g v

HH2 ä b k - ä b m - 2 ä c s + ä c vL zrL-1�r G
1

r
, H2 ä b k - ä b m - 2 ä c s + ä c vL zr + H-1Lm ã2 ä e k-ä e m-2 ä g s+ä g v

HH-2 b ä k + ä b m + 2 ä c s - ä c vL zrL-1�r G
1

r
, H-2 b ä k + ä b m + 2 ä c s - ä c vL zr + ã-2 e ä k+ä e m-2 ä g s+ä g v

HH2 ä b k - ä b m + 2 ä c s - ä c vL zrL-1�r G
1

r
, H2 ä b k - ä b m + 2 ä c s - ä c vL zr �; m Î N+ ì v Î N+
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01.06.21.0804.01à sinmIb z2 + eM sinvIc z2 + gM â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+
1

2 Π
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m

b Hm - 2 kL m

k
cos

Π m

2
+ e Hm - 2 kL C

b Hm - 2 kL 2

Π
z

b Hm - 2 kL -

S

b Hm - 2 kL 2

Π
z

b Hm - 2 kL sin
Π m

2
+ e Hm - 2 kL + 2-m-v+

1

2 Π
m
m

2

H1 - m mod 2L

â
k=0

f v-1

2
v H-1Lk+v

c Hv - 2 kL v

k
cos

Π v

2
+ g Hv - 2 kL C

c 2

Π
Hv - 2 kL z

c Hv - 2 kL - S

c 2

Π
Hv - 2 kL z

c Hv - 2 kL sin
Π v

2
+ g Hv - 2 kL +

2-m-v+
1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1

2 b k - b m - 2 c s + c v
 cos e H2 k - mL -

1

2
Π Hm - vL - g H2 s - vL

C
2

Π
2 b k - b m - 2 c s + c v z - S

2

Π
2 b k - b m - 2 c s + c v z

sin e H2 k - mL -
1

2
Π Hm - vL - g H2 s - vL +

1

2 b k - b m + 2 c s - c v
 

cos e H2 k - mL + g H2 s - vL -
1

2
Π Hm + vL C

2

Π
2 b k - b m + 2 c s - c v z -

S
2

Π
2 b k - b m + 2 c s - c v z sin e H2 k - mL + g H2 s - vL -

1

2
Π Hm + vL �; m Î N+ ì v Î N+
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01.06.21.0805.01à sinmI z b + eN sinvI z c + gN â z �

2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +
1

b2
 2-m-v+2

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk

H2 k - mL2

m

k

cos -b z H2 k - mL + e Hm - 2 kL -
m Π

2
- b H2 k - mL z sin -b z H2 k - mL + e Hm - 2 kL -

m Π

2
+

1

c2
 2-m-v+2

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1H2 k - vL2
 H-1Lk v

k

cos c z H2 k - vL +
Π v

2
- g Hv - 2 kL + c H2 k - vL z sin c z H2 k - vL +

Π v

2
- g Hv - 2 kL +

2-m-v+2 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s

1Hb H2 k - mL + c Hv - 2 sLL2
 cos e Hm - 2 kL -

1

2
Π Hm - vL - g

Hv - 2 sL - Hb H2 k - mL + c Hv - 2 sLL z - Hb H2 k - mL + c Hv - 2 sLL z sin e Hm - 2 kL -

1

2
Π Hm - vL - g Hv - 2 sL - Hb H2 k - mL + c Hv - 2 sLL z +

1Hb H2 k - mL - c Hv - 2 sLL2
 

cos e Hm - 2 kL -
1

2
Π Hm + vL + g Hv - 2 sL - Hb H2 k - mL - c Hv - 2 sLL z - Hb H2 k - mL - c Hv - 2 sLL

z sin e Hm - 2 kL -
1

2
Π Hm + vL + g Hv - 2 sL - Hb H2 k - mL - c Hv - 2 sLL z �; m Î N+ ì v Î N+

Involving sinmHd zL sinv Ic zr + f zM
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01.06.21.0806.01à sinmHd zL sinvIc z2 + f zM â z �

2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +
2-m-v+1

d

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m m

k
sinJ2 d k z - 1

2
m H2 d z + ΠLN

2 k - m
+

2-m-v+
1

2 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

c Hv - 2 kL  H-1Lk+v v

k
cos

Π v

2
-

f 2 Hv - 2 kL
4 c

C
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL -

S
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL sin
Π v

2
-

f 2 Hv - 2 kL
4 c

+ 2-m-v+
1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos

H2 d k - d m - 2 f s + f vL2

4 Hc v - 2 c sL +
1

2
Π Hm - vL C

2 d k - d m - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
+

S
2 d k - d m - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
sin

H2 d k - d m - 2 f s + f vL2

4 Hc v - 2 c sL +
1

2
Π Hm - vL +

1

2 c s - c v
 cos

H2 d k - d m + 2 f s - f vL2

4 H2 c s - c vL +
1

2
Π Hm + vL C

2 d k - d m + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v
+

S
2 d k - d m + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v

sin
H2 d k - d m + 2 f s - f vL2

4 H2 c s - c vL +
1

2
Π Hm + vL �; m Î N+ ì v Î N+

01.06.21.0807.01à sinmHd zL sinvI z c + f zN â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+1

d

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m m

k
sinI Π m

2
+ d Hm - 2 kL zM

m - 2 k
+ 2-m-v

m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v

1H f Hv - 2 kLL3�2  H-1Lk+v v

k
-c 2 Π Hv - 2 kL cos

Π v

2
-

c2 Hv - 2 kL
4 f

C
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL +

c 2 Π Hv - 2 kL S
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL sin
Π v

2
-

c2 Hv - 2 kL
4 f

+

2 f Hv - 2 kL sin
Π v

2
+ f Hv - 2 kL z + c Hv - 2 kL z +
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2-m-v â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
2 Π H2 c s - c vL cos

1

2
Π Hv - mL -

Hc v - 2 c sL2

4 H2 d k - d m - 2 f s + f vL
C

-2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

+ 2 Π Hc v - 2 c sL
S

-2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

sin
1

2
Π Hv - mL -

Hc v - 2 c sL2

4 H2 d k - d m - 2 f s + f vL +

2 2 d k - d m - 2 f s + f v sin
1

2
Π Hv - mL + H2 d k - d m - 2 f s + f vL z + Hc v - 2 c sL z �

H2 d k - d m - 2 f s + f vL3�2 + 2 Π Hc v - 2 c sL cos
H2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL +
1

2
Π Hm + vL

C
2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

- 2 Π H2 c s - c vL
S

2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

sin
H2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL +
1

2
Π Hm + vL -

2 2 d k - d m + 2 f s - f v sin
1

2
Π Hm + vL - H2 d k - d m + 2 f s - f vL z - H2 c s - c vL z �

H2 d k - d m + 2 f s - f vL3�2 �; m Î N+ ì v Î N+

Involving sinmHd z + eL sinv Ic zr + f zM
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01.06.21.0808.01à sinmHd z + eL sinvIc z2 + f zM â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+
1

2 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

c Hv - 2 kL  H-1Lk+v v

k
cos

Π v

2
-

f 2 Hv - 2 kL
4 c

C
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL -

S
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL sin
Π v

2
-

f 2 Hv - 2 kL
4 c

+

2-m-v+1

d

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m m

k
sinJe H2 k - mL + 2 d k z - 1

2
m H2 d z + ΠLN

2 k - m
+ 2-m-v+

1

2 Π

â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos -

H2 d k - d m - 2 f s + f vL2

4 Hc v - 2 c sL + e H2 k - mL -
1

2
Π Hm - vL

C
2 d k - d m - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
- S

2 d k - d m - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s

sin -
H2 d k - d m - 2 f s + f vL2

4 Hc v - 2 c sL + e H2 k - mL -
1

2
Π Hm - vL +

1

2 c s - c v
 cos -

H2 d k - d m + 2 f s - f vL2

4 H2 c s - c vL + e H2 k - mL -
1

2
Π Hm + vL

C
2 d k - d m + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v
- S

2 d k - d m + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v

sin -
H2 d k - d m + 2 f s - f vL2

4 H2 c s - c vL + e H2 k - mL -
1

2
Π Hm + vL �; m Î N+ ì v Î N+

01.06.21.0809.01à sinmHe + d zL sinvI z c + f zN â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v

1H f Hv - 2 kLL3�2  H-1Lk+v v

k
-c 2 Π Hv - 2 kL cos

Π v

2
-

c2 Hv - 2 kL
4 f

C
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL +

c 2 Π Hv - 2 kL S
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL sin
Π v

2
-

c2 Hv - 2 kL
4 f

+

2 f Hv - 2 kL sin
Π v

2
+ f Hv - 2 kL z + c Hv - 2 kL z +

2-m-v+1
v
v

2

H1 - v mod 2L Úk=0

f m-1

2
v H-1Lk+m m

k
sinJ Π m

2
+e Hm-2 kL+d Hm-2 kL zN

m-2 k

d
+ 2-m-v
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â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
2 Π H2 c s - c vL cos -

Hc v - 2 c sL2

4 H2 d k - d m - 2 f s + f vL + 2 e k - e m +
1

2
Π Hv - mL

C
-2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

+

2 Π Hc v - 2 c sL S
-2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

sin -
Hc v - 2 c sL2

4 H2 d k - d m - 2 f s + f vL + 2 e k - e m +
1

2
Π Hv - mL + 2 2 d k - d m - 2 f s + f v

sin 2 e k - e m +
1

2
Π Hv - mL + H2 d k - d m - 2 f s + f vL z + Hc v - 2 c sL z �

H2 d k - d m - 2 f s + f vL3�2 + 2 Π Hc v - 2 c sL cos -
H2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL +

2 e k - e m -
1

2
Π Hm + vL C

2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

+

2 Π H2 c s - c vL S
2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

sin -
H2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL +

2 e k - e m -
1

2
Π Hm + vL + 2 2 d k - d m + 2 f s - f v sin 2 e k - e m -

1

2
Π Hm + vL +

H2 d k - d m + 2 f s - f vL z + H2 c s - c vL z � H2 d k - d m + 2 f s - f vL3�2 �; m Î N+ ì v Î N+

Involving sinmIb zr M sinv Ic zr + f zM
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01.06.21.0810.01à sinmIb z2M sinvIc z2 + f zM â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v+
1

2 Π
v
v

2

H1 - v mod 2L 

â
k=0

f m-1

2
v H-1Lk+m

b Hm - 2 kL m

k
cos

m Π

2
C

b Hm - 2 kL 2

Π
z

b Hm - 2 kL - S

b Hm - 2 kL 2

Π
z

b Hm - 2 kL sin
m Π

2
+

2-m-v+
1

2 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

c Hv - 2 kL  H-1Lk+v v

k
cos

Π v

2
-

f 2 Hv - 2 kL
4 c

C
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL -

S
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL sin
Π v

2
-

f 2 Hv - 2 kL
4 c

+ 2-m-v+
1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k

â
s=0

f v-1

2
v H-1Ls+v v

s
cos

H f v - 2 f sL2

4 H2 b k - b m - 2 c s + c vL +
1

2
Π Hm - vL C

-2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v
+

S
-2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v
sin

H f v - 2 f sL2

4 H2 b k - b m - 2 c s + c vL +
1

2
Π Hm - vL �

K 2 b k - b m - 2 c s + c v O + cos
H2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL +
1

2
Π Hm + vL

C
2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v
+ S

2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v

sin
H2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL +
1

2
Π Hm + vL � K 2 b k - b m + 2 c s - c v O �; m Î N+ ì v Î N+

01.06.21.0811.01à sinmIb z N sinvI z c + f zN â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v

1H f Hv - 2 kLL3�2  H-1Lk+v v

k
-c 2 Π Hv - 2 kL cos

Π v

2
-

c2 Hv - 2 kL
4 f

C
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL +

c 2 Π Hv - 2 kL S
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL sin
Π v

2
-

c2 Hv - 2 kL
4 f

+

2 f Hv - 2 kL sin
Π v

2
+ f Hv - 2 kL z + c Hv - 2 kL z +

1

b2
 2-m-v+2

v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v

1Hm - 2 kL2
 H-1Lk+m m

k
cos

m Π

2
- b H2 k - mL z - b H2 k - mL z sin

m Π

2
- b H2 k - mL z +
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2-m-v â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1H f v - 2 f sL3�2  2 Π H-2 b k + b m + 2 c s - c vL cos
1

2
Π Hv - mL -

H2 b k - b m - 2 c s + c vL2

4 H f v - 2 f sL
C

2 b k - b m - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

+ 2 Π H2 b k - b m - 2 c s + c vL
S

2 b k - b m - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

sin
1

2
Π Hv - mL -

H2 b k - b m - 2 c s + c vL2

4 H f v - 2 f sL +

2 f v - 2 f s sin
1

2
Π Hv - mL + H f v - 2 f sL z + H2 b k - b m - 2 c s + c vL z +

1H2 f s - f vL3�2  2 Π H-2 b k + b m - 2 c s + c vL cos
H2 b k - b m + 2 c s - c vL2

4 H2 f s - f vL +
1

2
Π Hm + vL

C
2 b k - b m + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

- 2 Π H2 b k - b m + 2 c s - c vL
S

2 b k - b m + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

sin
H2 b k - b m + 2 c s - c vL2

4 H2 f s - f vL +
1

2
Π Hm + vL -

2 2 f s - f v sin
1

2
Π Hm + vL - H2 f s - f vL z - H2 b k - b m + 2 c s - c vL z �; m Î N+ ì v Î N+

Involving sinmIb zr + eM sinv Ic zr + f zM
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01.06.21.0812.01

à sinmIb z2 + eM sinvIc z2 + f zM â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v+
1

2 Π
v
v

2
â
k=0

f m-1

2
v

1

b Hm - 2 kL  

H-1Lk+m m

k
cos

Π m

2
+ e Hm - 2 kL C

b Hm - 2 kL 2

Π
z

b Hm - 2 kL - S

b Hm - 2 kL 2

Π
z

b Hm - 2 kL sin
Π m

2
+ e Hm - 2 kL

H1 - v mod 2L + 2-m-v+
1

2 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

c Hv - 2 kL  H-1Lk+v v

k
cos

Π v

2
-

f 2 Hv - 2 kL
4 c

C
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL - S
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL sin
Π v

2
-

f 2 Hv - 2 kL
4 c

+

2-m-v+
1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
cos -

H f v - 2 f sL2

4 H2 b k - b m - 2 c s + c vL + e H2 k - mL -
1

2
Π Hm - vL

C
-2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v
- S

-2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v

sin -
H f v - 2 f sL2

4 H2 b k - b m - 2 c s + c vL + e H2 k - mL -
1

2
Π Hm - vL � K 2 b k - b m - 2 c s + c v O +

cos -
H2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL + e H2 k - mL -
1

2
Π Hm + vL C

2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v
-

S
2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v
sin -

H2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL +

e H2 k - mL -
1

2
Π Hm + vL � K 2 b k - b m + 2 c s - c v O �; m Î N+ ì v Î N+

01.06.21.0813.01à sinmI z b + eN sinvI z c + f zN â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v

1H f Hv - 2 kLL3�2  H-1Lk+v v

k
-c 2 Π Hv - 2 kL cos

Π v

2
-

c2 Hv - 2 kL
4 f

C
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL +

c 2 Π Hv - 2 kL S
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL sin
Π v

2
-

c2 Hv - 2 kL
4 f

+

+
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2 f Hv - 2 kL sin
Π v

2
+ f Hv - 2 kL z + c Hv - 2 kL z +

1

b2
 2-m-v+2

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v

1Hm - 2 kL2
 H-1Lk+m m

k
cos 2 e k - e m + b H2 k - mL z -

m Π

2
+

b H2 k - mL z sin 2 e k - e m + b H2 k - mL z -
m Π

2
+ 2-m-v

â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1H f v - 2 f sL3�2  2 Π H-2 b k + b m + 2 c s - c vL cos -
H2 b k - b m - 2 c s + c vL2

4 H f v - 2 f sL +

2 e k - e m +
1

2
Π Hv - mL C

2 b k - b m - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

+

2 Π H2 b k - b m - 2 c s + c vL S
2 b k - b m - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

sin -
H2 b k - b m - 2 c s + c vL2

4 H f v - 2 f sL + 2 e k - e m +
1

2
Π Hv - mL +

2 f v - 2 f s sin 2 e k - e m +
1

2
Π Hv - mL + H f v - 2 f sL z + H2 b k - b m - 2 c s + c vL z +

1H2 f s - f vL3�2  2 Π H-2 b k + b m - 2 c s + c vL cos -
H2 b k - b m + 2 c s - c vL2

4 H2 f s - f vL + 2 e k -

e m -
1

2
Π Hm + vL C

2 b k - b m + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

+

2 Π H2 b k - b m + 2 c s - c vL S
2 b k - b m + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

sin -
H2 b k - b m + 2 c s - c vL2

4 H2 f s - f vL + 2 e k - e m -
1

2
Π Hm + vL + 2 2 f s - f v

sin 2 e k - e m -
1

2
Π Hm + vL + H2 f s - f vL z + H2 b k - b m + 2 c s - c vL z �; m Î N+ ì v Î N+

Involving sinmIb zr + d zM sinv Ic zr + f zM
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01.06.21.0814.01à sinmIb z2 + d zM sinvIc z2 + f zM â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+
1

2 Π
v
v

2
â
k=0

f m-1

2
v

1

b Hm - 2 kL  H-1Lk+m m

k
cos

d2 Hm - 2 kL
4 b

-
m Π

2
C

d Hm - 2 kL + 2 b z Hm - 2 kL
b Hm - 2 kL 2 Π

+

S
d Hm - 2 kL + 2 b z Hm - 2 kL

b Hm - 2 kL 2 Π
sin

d2 Hm - 2 kL
4 b

-
m Π

2
H1 - v mod 2L +

2-m-v+
1

2 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

c Hv - 2 kL  H-1Lk+v v

k
cos

Π v

2
-

f 2 Hv - 2 kL
4 c

C
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL -

S
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL sin
Π v

2
-

f 2 Hv - 2 kL
4 c

+ 2-m-v+
1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

cos
H2 d k - d m - 2 f s + f vL2

4 H2 b k - b m - 2 c s + c vL +
1

2
Π Hm - vL C

2 d k - d m - 2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v
+

S
2 d k - d m - 2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v

sin
H2 d k - d m - 2 f s + f vL2

4 H2 b k - b m - 2 c s + c vL +
1

2
Π Hm - vL � K 2 b k - b m - 2 c s + c v O +

cos
H2 d k - d m + 2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL +
1

2
Π Hm + vL C

2 d k - d m + 2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v
+

S
2 d k - d m + 2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v

sin
H2 d k - d m + 2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL +
1

2
Π Hm + vL � K 2 b k - b m + 2 c s - c v O �; m Î N+ ì v Î N+

01.06.21.0815.01à sinmI z b + d zN sinvI z c + f zN â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v
v
v

2

â
k=0

f m-1

2
v

1Hd Hm - 2 kLL3�2  H-1Lk+m m

k
-b Hm - 2 kL 2 Π cos

b2 Hm - 2 kL
4 d

-
m Π

2
C

b Hm - 2 kL + 2 d z Hm - 2 kL
d Hm - 2 kL 2 Π

-

b Hm - 2 kL 2 Π S
b Hm - 2 kL + 2 d z Hm - 2 kL

d Hm - 2 kL 2 Π
sin

b2 Hm - 2 kL
4 d

-
m Π

2
+

2 d Hm - 2 kL sin
Π m

2
+ d Hm - 2 kL z + b Hm - 2 kL z H1 - v mod 2L + 2-m-v

m
m

2

H1 - m mod 2L
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â
k=0

f v-1

2
v

1H f Hv - 2 kLL3�2  H-1Lk+v v

k
-c 2 Π Hv - 2 kL cos

Π v

2
-

c2 Hv - 2 kL
4 f

C
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL +

c 2 Π Hv - 2 kL S
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL sin
Π v

2
-

c2 Hv - 2 kL
4 f

+

2 f Hv - 2 kL sin
Π v

2
+ f Hv - 2 kL z + c Hv - 2 kL z +

2-m-v â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
2 Π H-2 b k + b m + 2 c s - c vL cos

1

2
Π Hv - mL -

H2 b k - b m - 2 c s + c vL2

4 H2 d k - d m - 2 f s + f vL C
2 b k - b m - 2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

+

2 Π H2 b k - b m - 2 c s + c vL S
2 b k - b m - 2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

sin
1

2
Π Hv - mL -

H2 b k - b m - 2 c s + c vL2

4 H2 d k - d m - 2 f s + f vL + 2 2 d k - d m - 2 f s + f v sin
1

2
Π Hv - mL +

H2 d k - d m - 2 f s + f vL z + H2 b k - b m - 2 c s + c vL z � H2 d k - d m - 2 f s + f vL3�2 +

2 Π H-2 b k + b m - 2 c s + c vL cos
H2 b k - b m + 2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL +
1

2
Π Hm + vL

C
2 b k - b m + 2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

- 2 Π H2 b k - b m + 2 c s - c vL
S

2 b k - b m + 2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

sin
H2 b k - b m + 2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL +

1

2
Π Hm + vL - 2 2 d k - d m + 2 f s - f v sin

1

2
Π Hm + vL - H2 d k - d m + 2 f s - f vL z -

H2 b k - b m + 2 c s - c vL z � H2 d k - d m + 2 f s - f vL3�2 �; m Î N+ ì v Î N+

Involving sinmHd zL sinv Ic zr + f z + gM
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01.06.21.0816.01à sinmHd zL sinvIc z2 + f z + gM â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+1

d

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m m

k
sinJ2 d k z - 1

2
m H2 d z + ΠLN

2 k - m
+ 2-m-v+

1

2 Π
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v

1

c Hv - 2 kL  H-1Lk+v v

k
cos -

Hv - 2 kL f 2

4 c
+

Π v

2
+ g Hv - 2 kL C

f Hv - 2 kL + 2 c z Hv - 2 kL
2 Π c Hv - 2 kL -

S
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL sin -
Hv - 2 kL f 2

4 c
+

Π v

2
+ g Hv - 2 kL + 2-m-v+

1

2 Π

â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos

H2 d k - d m - 2 f s + f vL2

4 Hc v - 2 c sL +
1

2
Π Hm - vL + g H2 s - vL

C
2 d k - d m - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
+ S

2 d k - d m - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s

sin
H2 d k - d m - 2 f s + f vL2

4 Hc v - 2 c sL +
1

2
Π Hm - vL + g H2 s - vL +

1

2 c s - c v
 cos -

H2 d k - d m + 2 f s - f vL2

4 H2 c s - c vL + g H2 s - vL -
1

2
Π Hm + vL

C
2 d k - d m + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v
- S

2 d k - d m + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v

sin -
H2 d k - d m + 2 f s - f vL2

4 H2 c s - c vL + g H2 s - vL -
1

2
Π Hm + vL �; m Î N+ ì v Î N+

01.06.21.0817.01à sinmHd zL sinvI z c + f z + gN â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+1 H1 - v mod 2L
d

v
v

2
â
k=0

f m-1

2
v H-1Lk+m m

k
sinI Π m

2
+ d Hm - 2 kL zM

m - 2 k
+ 2-m-v

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1H f Hv - 2 kLL3�2  

H-1Lk+v v

k
-c 2 Π Hv - 2 kL cos -

Hv - 2 kL c2

4 f
+

Π v

2
+ g Hv - 2 kL C

c Hv - 2 kL + 2 f z Hv - 2 kL
2 Π f Hv - 2 kL +

c 2 Π Hv - 2 kL S
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL sin -
Hv - 2 kL c2

4 f
+

Π v

2
+ g Hv - 2 kL +

2 f Hv - 2 kL sin
Π v

2
+ g Hv - 2 kL + f Hv - 2 kL z + c Hv - 2 kL z +
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2-m-v â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
2 Π Hc v - 2 c sL cos -

H2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL + 2 g s -

g v -
1

2
Π Hm + vL C

2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

+

2 Π H2 c s - c vL S
2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

sin -
H2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL + 2 g s - g v -
1

2
Π Hm + vL + 2 2 d k - d m + 2 f s - f v

sin 2 g s - g v -
1

2
Π Hm + vL + H2 d k - d m + 2 f s - f vL z + H2 c s - c vL z �

H2 d k - d m + 2 f s - f vL3�2 + 2 Π H2 c s - c vL cos
Hc v - 2 c sL2

4 H2 d k - d m - 2 f s + f vL + 2 g s -

g v -
1

2
Π Hv - mL C

-2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

-

2 Π Hc v - 2 c sL S
-2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

sin
Hc v - 2 c sL2

4 H2 d k - d m - 2 f s + f vL +

2 g s - g v -
1

2
Π Hv - mL - 2 2 d k - d m - 2 f s + f v sin 2 g s - g v -

1

2
Π Hv - mL -

H2 d k - d m - 2 f s + f vL z - Hc v - 2 c sL z � H2 d k - d m - 2 f s + f vL3�2 �; m Î N+ ì v Î N+

Involving sinmHd z + eL sinv Ic zr + f z + gM
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01.06.21.0818.01à sinmHd z + eL sinvIc z2 + f z + gM â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+
1

2 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

c Hv - 2 kL  H-1Lk+v v

k
cos -

Hv - 2 kL f 2

4 c
+

Π v

2
+ g Hv - 2 kL

C
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL - S
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL sin -
Hv - 2 kL f 2

4 c
+

Π v

2
+ g Hv - 2 kL +

2-m-v+1
v
v

2

H1 - v mod 2L Úk=0

f m-1

2
v H-1Lk+m m

k
sinJe H2 k-mL+2 d k z-

1

2
m H2 d z+ΠLN

2 k-m

d
+ 2-m-v+

1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k

â
s=0

f v-1

2
v H-1Ls+v v

s

1

c v - 2 c s
 cos -

H2 d k - d m - 2 f s + f vL2

4 Hc v - 2 c sL + e H2 k - mL -
1

2
Π Hm - vL - g H2 s - vL

C
2 d k - d m - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s
- S

2 d k - d m - 2 f s + f v + 2 Hc v - 2 c sL z

2 Π c v - 2 c s

sin -
H2 d k - d m - 2 f s + f vL2

4 Hc v - 2 c sL + e H2 k - mL -
1

2
Π Hm - vL - g H2 s - vL +

1

2 c s - c v
 cos -

H2 d k - d m + 2 f s - f vL2

4 H2 c s - c vL + e H2 k - mL + g H2 s - vL -
1

2
Π Hm + vL

C
2 d k - d m + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v
- S

2 d k - d m + 2 f s - f v + 2 H2 c s - c vL z

2 Π 2 c s - c v

sin -
H2 d k - d m + 2 f s - f vL2

4 H2 c s - c vL + e H2 k - mL + g H2 s - vL -
1

2
Π Hm + vL �; m Î N+ ì v Î N+

01.06.21.0819.01à sinmHd z + eL sinvI z c + f z + gN â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+1

d

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m m

k
sinI Π m

2
+ e Hm - 2 kL + d Hm - 2 kL zM
m - 2 k

+

2-m-v
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1H f Hv - 2 kLL3�2  H-1Lk+v v

k
-c 2 Π Hv - 2 kL cos -

Hv - 2 kL c2

4 f
+

Π v

2
+ g Hv - 2 kL

C
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL + c 2 Π Hv - 2 kL S
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL sin -
Hv - 2 kL c2

4 f
+

+ + +

http://functions.wolfram.com 262



Π v

2
+ g Hv - 2 kL + 2 f Hv - 2 kL sin

Π v

2
+ g Hv - 2 kL + f Hv - 2 kL z + c Hv - 2 kL z +

2-m-v â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
2 Π H2 c s - c vL cos -

Hc v - 2 c sL2

4 H2 d k - d m - 2 f s + f vL + 2 e k - e m -

2 g s + g v +
1

2
Π Hv - mL C

-2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

+ 2 Π Hc v - 2 c sL
S

-2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

sin -
Hc v - 2 c sL2

4 H2 d k - d m - 2 f s + f vL + 2 e k -

e m - 2 g s + g v +
1

2
Π Hv - mL + 2 2 d k - d m - 2 f s + f v sin 2 e k - e m - 2 g s + g v +

1

2
Π Hv - mL + H2 d k - d m - 2 f s + f vL z + Hc v - 2 c sL z � H2 d k - d m - 2 f s + f vL3�2 +

2 Π Hc v - 2 c sL cos -
H2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL + 2 e k - e m + 2 g s - g v -
1

2
Π Hm + vL

C
2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

+ 2 Π H2 c s - c vL
S

2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

sin -
H2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL + 2 e k - e m + 2 g

s - g v -
1

2
Π Hm + vL + 2 2 d k - d m + 2 f s - f v sin 2 e k - e m + 2 g s - g v -

1

2
Π Hm + vL +

H2 d k - d m + 2 f s - f vL z + H2 c s - c vL z � H2 d k - d m + 2 f s - f vL3�2 �; m Î N+ ì v Î N+

Involving sinmIb zr M sinv Ic zr + f z + gM
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01.06.21.0820.01à sinmIb z2M sinvIc z2 + f z + gM â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v+
1

2 Π
v
v

2

H1 - v mod 2L 

â
k=0

f m-1

2
v H-1Lk+m

b Hm - 2 kL m

k
cos

m Π

2
C

b Hm - 2 kL 2

Π
z

b Hm - 2 kL - S

b Hm - 2 kL 2

Π
z

b Hm - 2 kL sin
m Π

2
+

2-m-v+
1

2 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

c Hv - 2 kL  H-1Lk+v v

k
cos -

Hv - 2 kL f 2

4 c
+

Π v

2
+ g Hv - 2 kL

C
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL - S
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL sin -
Hv - 2 kL f 2

4 c
+

Π v

2
+ g Hv - 2 kL +

2-m-v+
1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
cos

H f v - 2 f sL2

4 H2 b k - b m - 2 c s + c vL +
1

2
Π Hm - vL + g H2 s - vL

C
-2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v
+ S

-2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v

sin
H f v - 2 f sL2

4 H2 b k - b m - 2 c s + c vL +
1

2
Π Hm - vL + g H2 s - vL � K 2 b k - b m - 2 c s + c v O +

cos -
H2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL + g H2 s - vL -
1

2
Π Hm + vL C

2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v
-

S
2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v
sin -

H2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL +

g H2 s - vL -
1

2
Π Hm + vL � K 2 b k - b m + 2 c s - c v O �; m Î N+ ì v Î N+

01.06.21.0821.01à sinmIb z N sinvI z c + f z + gN â z �

2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1H f Hv - 2 kLL3�2  

H-1Lk+v v

k
-c 2 Π Hv - 2 kL cos -

Hv - 2 kL c2

4 f
+

Π v

2
+ g Hv - 2 kL C

c Hv - 2 kL + 2 f z Hv - 2 kL
2 Π f Hv - 2 kL +

c 2 Π Hv - 2 kL S
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL sin -
Hv - 2 kL c2

4 f
+

Π v

2
+ g Hv - 2 kL +

+
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2 f Hv - 2 kL sin
Π v

2
+ g Hv - 2 kL + f Hv - 2 kL z + c Hv - 2 kL z +

1

b2
 2-m-v+2

v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v

1Hm - 2 kL2
 H-1Lk+m m

k
cos

m Π

2
- b H2 k - mL z - b H2 k - mL z sin

m Π

2
- b H2 k - mL z + 2-m-v

â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1H2 f s - f vL3�2  2 Π H-2 b k + b m - 2 c s + c vL cos -
H2 b k - b m + 2 c s - c vL2

4 H2 f s - f vL +

2 g s - g v -
1

2
Π Hm + vL C

2 b k - b m + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

+

2 Π H2 b k - b m + 2 c s - c vL S
2 b k - b m + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

sin -
H2 b k - b m + 2 c s - c vL2

4 H2 f s - f vL + 2 g s - g v -
1

2
Π Hm + vL +

2 2 f s - f v sin 2 g s - g v -
1

2
Π Hm + vL + H2 f s - f vL z + H2 b k - b m + 2 c s - c vL z +

1H f v - 2 f sL3�2  2 Π H-2 b k + b m + 2 c s - c vL cos
H2 b k - b m - 2 c s + c vL2

4 H f v - 2 f sL + 2 g s -

g v -
1

2
Π Hv - mL C

2 b k - b m - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

-

2 Π H2 b k - b m - 2 c s + c vL S
2 b k - b m - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

sin
H2 b k - b m - 2 c s + c vL2

4 H f v - 2 f sL + 2 g s - g v -
1

2
Π Hv - mL - 2 f v - 2 f s

sin 2 g s - g v -
1

2
Π Hv - mL - H f v - 2 f sL z - H2 b k - b m - 2 c s + c vL z �; m Î N+ ì v Î N+

Involving sinmIb zr + eM sinv Ic zr + f z + gM
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01.06.21.0822.01à sinmIb z2 + eM sinvIc z2 + f z + gM â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+
1

2 Π
v
v

2
â
k=0

f m-1

2
v

1

b Hm - 2 kL  H-1Lk+m m

k
cos

Π m

2
+ e Hm - 2 kL C

b Hm - 2 kL 2

Π
z

b Hm - 2 kL -

S

b Hm - 2 kL 2

Π
z

b Hm - 2 kL sin
Π m

2
+ e Hm - 2 kL H1 - v mod 2L + 2-m-v+

1

2 Π
m
m

2

H1 - m mod 2L

â
k=0

f v-1

2
v

1

c Hv - 2 kL  H-1Lk+v v

k
cos -

Hv - 2 kL f 2

4 c
+

Π v

2
+ g Hv - 2 kL C

f Hv - 2 kL + 2 c z Hv - 2 kL
2 Π c Hv - 2 kL -

S
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL sin -
Hv - 2 kL f 2

4 c
+

Π v

2
+ g Hv - 2 kL + 2-m-v+

1

2 Π

â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
cos -

H f v - 2 f sL2

4 H2 b k - b m - 2 c s + c vL + e H2 k - mL -
1

2
Π Hm - vL - g H2 s - vL

C
-2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v
- S

-2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v

sin -
H f v - 2 f sL2

4 H2 b k - b m - 2 c s + c vL + e H2 k - mL -
1

2
Π Hm - vL - g H2 s - vL �

K 2 b k - b m - 2 c s + c v O + cos -
H2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL + e H2 k - mL +

g H2 s - vL -
1

2
Π Hm + vL C

2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v
-

S
2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v
sin -

H2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL + e H2 k - mL +

g H2 s - vL -
1

2
Π Hm + vL � K 2 b k - b m + 2 c s - c v O �; m Î N+ ì v Î N+

01.06.21.0823.01à sinmI z b + eN sinvI z c + f z + gN â z �

2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1H f Hv - 2 kLL3�2  
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H-1Lk+v v

k
-c 2 Π Hv - 2 kL cos -

Hv - 2 kL c2

4 f
+

Π v

2
+ g Hv - 2 kL C

c Hv - 2 kL + 2 f z Hv - 2 kL
2 Π f Hv - 2 kL +

c 2 Π Hv - 2 kL S
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL sin -
Hv - 2 kL c2

4 f
+

Π v

2
+ g Hv - 2 kL +

2 f Hv - 2 kL sin
Π v

2
+ g Hv - 2 kL + f Hv - 2 kL z + c Hv - 2 kL z +

1

b2
 2-m-v+2

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v

1Hm - 2 kL2
 H-1Lk+m m

k
cos 2 e k - e m + b H2 k - mL z -

m Π

2
+

b H2 k - mL z sin 2 e k - e m + b H2 k - mL z -
m Π

2
+ 2-m-v

â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s

1H f v - 2 f sL3�2  2 Π H-2 b k + b m + 2 c s - c vL cos -
H2 b k - b m - 2 c s + c vL2

4 H f v - 2 f sL +

2 e k - e m - 2 g s + g v +
1

2
Π Hv - mL C

2 b k - b m - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

+

2 Π H2 b k - b m - 2 c s + c vL S
2 b k - b m - 2 c s + c v + 2 H f v - 2 f sL z

2 Π f v - 2 f s

sin -
H2 b k - b m - 2 c s + c vL2

4 H f v - 2 f sL + 2 e k - e m - 2 g s + g v +
1

2
Π Hv - mL + 2 f v - 2 f s

sin 2 e k - e m - 2 g s + g v +
1

2
Π Hv - mL + H f v - 2 f sL z + H2 b k - b m - 2 c s + c vL z +

1H2 f s - f vL3�2  2 Π H-2 b k + b m - 2 c s + c vL cos -
H2 b k - b m + 2 c s - c vL2

4 H2 f s - f vL + 2 e k - e m + 2 g s - g v -

1

2
Π Hm + vL C

2 b k - b m + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

+ 2 Π H2 b k - b m + 2 c s - c vL
S

2 b k - b m + 2 c s - c v + 2 H2 f s - f vL z

2 Π 2 f s - f v

sin -
H2 b k - b m + 2 c s - c vL2

4 H2 f s - f vL +

2 e k - e m + 2 g s - g v -
1

2
Π Hm + vL + 2 2 f s - f v sin 2 e k - e m + 2 g s - g v -

+ + �;
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Involving sinmIb zr + d zM sinv Ic zr + f z + gM
01.06.21.0824.01à sinmIb z2 + d zM sinvIc z2 + f z + gM â z � 2-m-v z

m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v+
1

2 Π
v
v

2
â
k=0

f m-1

2
v

1

b Hm - 2 kL  H-1Lk+m m

k
cos

d2 Hm - 2 kL
4 b

-
m Π

2
C

d Hm - 2 kL + 2 b z Hm - 2 kL
b Hm - 2 kL 2 Π

+

S
d Hm - 2 kL + 2 b z Hm - 2 kL

b Hm - 2 kL 2 Π
sin

d2 Hm - 2 kL
4 b

-
m Π

2
H1 - v mod 2L +

2-m-v+
1

2 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

c Hv - 2 kL  H-1Lk+v v

k
cos -

Hv - 2 kL f 2

4 c
+

Π v

2
+ g Hv - 2 kL

C
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL - S
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL sin -
Hv - 2 kL f 2

4 c
+

Π v

2
+ g Hv - 2 kL +

2-m-v+
1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
cos

H2 d k - d m - 2 f s + f vL2

4 H2 b k - b m - 2 c s + c vL +
1

2
Π Hm - vL + g H2 s - vL

C
2 d k - d m - 2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v
+

S
2 d k - d m - 2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v
sin

H2 d k - d m - 2 f s + f vL2

4 H2 b k - b m - 2 c s + c vL +

1

2
Π Hm - vL + g H2 s - vL � K 2 b k - b m - 2 c s + c v O + cos -

H2 d k - d m + 2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL +

g H2 s - vL -
1

2
Π Hm + vL C

2 d k - d m + 2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v
-

S
2 d k - d m + 2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v
sin -

H2 d k - d m + 2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL +

g H2 s - vL -
1

2
Π Hm + vL � K 2 b k - b m + 2 c s - c v O �; m Î N+ ì v Î N+

01.06.21.0825.01à sinmI z b + d zN sinvI z c + f z + gN â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v
v
v

2

â
k=0

f m-1

2
v

1Hd Hm - 2 kLL3�2  H-1Lk+m m

k
-b Hm - 2 kL 2 Π cos

b2 Hm - 2 kL
4 d

-
m Π

2
C

b Hm - 2 kL + 2 d z Hm - 2 kL
d Hm - 2 kL 2 Π

-

+
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b Hm - 2 kL 2 Π S
b Hm - 2 kL + 2 d z Hm - 2 kL

d Hm - 2 kL 2 Π
sin

b2 Hm - 2 kL
4 d

-
m Π

2
+

2 d Hm - 2 kL sin
Π m

2
+ d Hm - 2 kL z + b Hm - 2 kL z

H1 - v mod 2L + 2-m-v
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1H f Hv - 2 kLL3�2  H-1Lk+v v

k

-c 2 Π Hv - 2 kL cos -
Hv - 2 kL c2

4 f
+

Π v

2
+ g Hv - 2 kL C

c Hv - 2 kL + 2 f z Hv - 2 kL
2 Π f Hv - 2 kL +

c 2 Π Hv - 2 kL S
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL sin -
Hv - 2 kL c2

4 f
+

Π v

2
+ g Hv - 2 kL +

2 f Hv - 2 kL sin
Π v

2
+ g Hv - 2 kL + f Hv - 2 kL z + c Hv - 2 kL z +

2-m-v â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
2 Π H-2 b k + b m - 2 c s + c vL cos -

H2 b k - b m + 2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL +

2 g s - g v -
1

2
Π Hm + vL C

2 b k - b m + 2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

+

2 Π H2 b k - b m + 2 c s - c vL S
2 b k - b m + 2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

sin -
H2 b k - b m + 2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL + 2 g s - g v -
1

2
Π Hm + vL + 2 2 d k - d m + 2 f s - f v

sin 2 g s - g v -
1

2
Π Hm + vL + H2 d k - d m + 2 f s - f vL z + H2 b k - b m + 2 c s - c vL z �

H2 d k - d m + 2 f s - f vL3�2 + 2 Π H-2 b k + b m + 2 c s - c vL cos
H2 b k - b m - 2 c s + c vL2

4 H2 d k - d m - 2 f s + f vL +

2 g s - g v -
1

2
Π Hv - mL C

2 b k - b m - 2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

-

2 Π H2 b k - b m - 2 c s + c vL S
2 b k - b m - 2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

-
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sin
H2 b k - b m - 2 c s + c vL2

4 H2 d k - d m - 2 f s + f vL + 2 g s - g v -
1

2
Π Hv - mL -

2 2 d k - d m - 2 f s + f v sin 2 g s - g v -
1

2
Π Hv - mL - H2 d k - d m - 2 f s + f vL z -

H2 b k - b m - 2 c s + c vL z � H2 d k - d m - 2 f s + f vL3�2 �; m Î N+ ì v Î N+

Involving sinmIb zr + d z + eM sinv Ic zr + f z + gM

http://functions.wolfram.com 270



01.06.21.0826.01à sinmIb z2 + d z + eM sinvIc z2 + f z + gM â z � 2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v+
1

2 Π
v
v

2

â
k=0

f m-1

2
v

1

b Hm - 2 kL  H-1Lk+m m

k
cos

Hm - 2 kL d2

4 b
- e Hm - 2 kL -

m Π

2
C

d Hm - 2 kL + 2 b z Hm - 2 kL
b Hm - 2 kL 2 Π

+

S
d Hm - 2 kL + 2 b z Hm - 2 kL

b Hm - 2 kL 2 Π
sin

Hm - 2 kL d2

4 b
- e Hm - 2 kL -

m Π

2
H1 - v mod 2L +

2-m-v+
1

2 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

c Hv - 2 kL  H-1Lk+v v

k
cos -

Hv - 2 kL f 2

4 c
+

Π v

2
+ g Hv - 2 kL

C
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL - S
f Hv - 2 kL + 2 c z Hv - 2 kL

2 Π c Hv - 2 kL sin -
Hv - 2 kL f 2

4 c
+

Π v

2
+ g Hv - 2 kL +

2-m-v+
1

2 Π â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
cos -

H2 d k - d m - 2 f s + f vL2

4 H2 b k - b m - 2 c s + c vL + e H2 k - mL -

1

2
Π Hm - vL - g H2 s - vL C

2 d k - d m - 2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v
-

S
2 d k - d m - 2 f s + f v + 2 H2 b k - b m - 2 c s + c vL z

2 Π 2 b k - b m - 2 c s + c v
sin -

H2 d k - d m - 2 f s + f vL2

4 H2 b k - b m - 2 c s + c vL +

e H2 k - mL -
1

2
Π Hm - vL - g H2 s - vL � K 2 b k - b m - 2 c s + c v O +

cos -
H2 d k - d m + 2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL + e H2 k - mL + g H2 s - vL -
1

2
Π Hm + vL

C
2 d k - d m + 2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v
-

S
2 d k - d m + 2 f s - f v + 2 H2 b k - b m + 2 c s - c vL z

2 Π 2 b k - b m + 2 c s - c v
sin -

H2 d k - d m + 2 f s - f vL2

4 H2 b k - b m + 2 c s - c vL +

e H2 k - mL + g H2 s - vL -
1

2
Π Hm + vL � K 2 b k - b m + 2 c s - c v O �; m Î N+ ì v Î N+

01.06.21.0827.01à sinmI z b + d z + eN sinvI z c + f z + gN â z �

2-m-v z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L + 2-m-v
v
v

2
â
k=0

f m-1

2
v

1Hd Hm - 2 kLL3�2  
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H-1Lk+m m

k
-b Hm - 2 kL 2 Π cos

Hm - 2 kL b2

4 d
- e Hm - 2 kL -

m Π

2
C

b Hm - 2 kL + 2 d z Hm - 2 kL
d Hm - 2 kL 2 Π

-

b Hm - 2 kL 2 Π S
b Hm - 2 kL + 2 d z Hm - 2 kL

d Hm - 2 kL 2 Π
sin

Hm - 2 kL b2

4 d
- e Hm - 2 kL -

m Π

2
+

2 d Hm - 2 kL sin
Π m

2
+ e Hm - 2 kL + d Hm - 2 kL z + b Hm - 2 kL z

H1 - v mod 2L + 2-m-v
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1H f Hv - 2 kLL3�2  H-1Lk+v v

k

-c 2 Π Hv - 2 kL cos -
Hv - 2 kL c2

4 f
+

Π v

2
+ g Hv - 2 kL C

c Hv - 2 kL + 2 f z Hv - 2 kL
2 Π f Hv - 2 kL +

c 2 Π Hv - 2 kL S
c Hv - 2 kL + 2 f z Hv - 2 kL

2 Π f Hv - 2 kL sin -
Hv - 2 kL c2

4 f
+

Π v

2
+ g Hv - 2 kL +

2 f Hv - 2 kL sin
Π v

2
+ g Hv - 2 kL + f Hv - 2 kL z + c Hv - 2 kL z +

2-m-v â
k=0

f m-1

2
v H-1Lk+m m

k
â
s=0

f v-1

2
v H-1Ls+v v

s
2 Π H-2 b k + b m + 2 c s - c vL cos -

H2 b k - b m - 2 c s + c vL2

4 H2 d k - d m - 2 f s + f vL + 2 e k -

e m - 2 g s + g v +
1

2
Π Hv - mL C

2 b k - b m - 2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

+

2 Π H2 b k - b m - 2 c s + c vL S
2 b k - b m - 2 c s + c v + 2 H2 d k - d m - 2 f s + f vL z

2 Π 2 d k - d m - 2 f s + f v

sin -
H2 b k - b m - 2 c s + c vL2

4 H2 d k - d m - 2 f s + f vL + 2 e k - e m - 2 g s + g v +
1

2
Π Hv - mL +

2 2 d k - d m - 2 f s + f v sin 2 e k - e m - 2 g s + g v +
1

2
Π Hv - mL +

H2 d k - d m - 2 f s + f vL z + H2 b k - b m - 2 c s + c vL z � H2 d k - d m - 2 f s + f vL3�2 +

2 Π H-2 b k + b m - 2 c s + c vL cos -
H2 b k - b m + 2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL + 2 e k - e m + 2 g s -

- +
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g v -
1

2
Π Hm + vL C

2 b k - b m + 2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

+

2 Π H2 b k - b m + 2 c s - c vL S
2 b k - b m + 2 c s - c v + 2 H2 d k - d m + 2 f s - f vL z

2 Π 2 d k - d m + 2 f s - f v

sin -
H2 b k - b m + 2 c s - c vL2

4 H2 d k - d m + 2 f s - f vL + 2 e k - e m + 2 g s - g v -
1

2
Π Hm + vL +

2 2 d k - d m + 2 f s - f v sin 2 e k - e m + 2 g s - g v -
1

2
Π Hm + vL + H2 d k - d m + 2 f s - f vL z +

H2 b k - b m + 2 c s - c vL z � H2 d k - d m + 2 f s - f vL3�2 �; m Î N+ ì v Î N+

Involving rational functions of the direct function 

Involving 1
a+b sinHc zL

01.06.21.0828.01

à 1

a + b sinHc zL  â z �
2

a2 - b2 c

tan-1
b + a tanI c z

2
M

a2 - b2

01.06.21.0829.01

à 1

sinHzL + 1
 â z �

2 sinI z

2
M

cosI z

2
M + sinI z

2
M

01.06.21.0830.01

à 1

1 - sinHzL  â z �
2 sinI z

2
M

cosI z

2
M - sinI z

2
M

Involving Ha + b sinHc zLL-n

01.06.21.0831.01

à 1Ha + b sinHc zLL2
 â z �

b a2 - b2 cosHc zL + 2 a tan-1
b+a tanJ c z

2
N

a2-b2
Ha + b sinHc zLL

Ia2 - b2M3�2
c Ha + b sinHc zLL

01.06.21.0832.01à 1HsinHzL + 1L2
 â z � -

4 cosHzL + cosH2 zL - 4 sinHzL + sinH2 zL - 3

6 HsinHzL + 1L2

01.06.21.0833.01à 1H1 - sinHzLL2
 â z �

4 cosHzL + cosH2 zL + 4 sinHzL - sinH2 zL - 3

6 HsinHzL - 1L2
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01.06.21.0834.01

à 1Ha + b sinHc zLL3
 â z �

1

2 c
 

2 I2 a2 + b2MIa2 - b2M5�2 tan-1
b + a tanI c z

2
M

a2 - b2

+
b cosHc zL I4 a2 + 3 b sinHc zL a - b2MIa2 - b2M2 Ha + b sinHc zLL2

01.06.21.0835.01

à 1Ha + b sinHc zLL4
 â z �

1

6 c
 

6 a I2 a2 + 3 b2MIa2 - b2M7�2 tan-1
b + a tanI c z

2
M

a2 - b2

+

Ib cosHc zL I18 a4 - 5 b2 a2 + 3 b I9 a2 + b2M sinHc zL a + 2 b4 + b2 I11 a2 + 4 b2M sin2Hc zLMM � JIa2 - b2M3 Ha + b sinHc zLL3N
Involving 1

a+b sinnHc zL
01.06.21.0836.01

à 1

a + b sin2Hc zL  â z �

tan-1 a+b tanHc zL
a

a a + b c

01.06.21.0837.01

à 1

sin2HzL + 1
 â z �

tan-1I 2 tanHzLN
2

01.06.21.0838.01à 1

1 - sin2HzL  â z � tanHzL
01.06.21.0839.01

à 1

1 + sin3Hc zL  â z �
1

3 c
 

H-1L3�4 Iä + 3 N
1

2
I-3 ä + 3 N tan-1

-1
4 JIä + 3 N ä tanI c z

2
M + 2N

2 I-3 ä + 3 N +

-1
4

2 I-ä + 3 N
3 ä + 3

tan-1
-1

4 J2 ä + I-ä + 3 N tanI c z

2
MN

2 I3 ä + 3 N +
2 sinI c z

2
M

cosI c z

2
M + sinI c z

2
M

01.06.21.0840.01à 1

a + b sin4Hc zL  â z �

1

2 a c
 

1

a + ä b a

 tan-1
J a + ä b N tanHc zL

a + ä b a

+
1

a - ä a b

 tan-1
J a - ä b N tanHc zL

a - ä a b
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01.06.21.0841.01

à 1

1 - sin4Hc zL  â z �
2 tan-1I 2 tanHc zLN + 2 tanHc zL

4 c

Involving Ia + b sin2Hc zLM-n

01.06.21.0842.01

á 1Ia + b sin2Hc zLM2
 â z �

1

2 a3�2 c
 

2 a + bHa + bL3�2  tan-1
a + b tanHc zL

a
+

a b sinH2 c zLHa + bL H2 a + b - b cosH2 c zLL
01.06.21.0843.01

á 1I1 + sin2Hc zLM2
 â z �

1

8 c
 3 2 tan-1I 2 tanHc zLN -

2 sinH2 c zL
cosH2 c zL - 3

01.06.21.0844.01

á 1Ia + b sin2Hc zLM3
 â z �

1

8 a5�2 c
 

8 a2 + 8 b a + 3 b2

Ha + bL5�2 tan-1
a + b tanHc zL

a
+

a b I16 a2 + 16 b a + 3 b2 - 3 b H2 a + bL cosH2 c zLM sinH2 c zLHa + bL2 H2 a + b - b cosH2 c zLL2

Involving sinHd zL
a+b sinHc zL

01.06.21.0845.01à sinHd zL
a + b sinHc zL  â z �

1

2 b a2 - b2

 
1

ä c - ä d
 ãHä c-ä dL z a + a2 - b2

2F1 1 -
d

c
, 1; 2 -

d

c
; -

ä b ãä c z

a2 - b2 - a

+ a2 - b2 - a

2F1 1 -
d

c
, 1; 2 -

d

c
;

ä b ãä c z

a + a2 - b2

-

1

ä c + ä d
 ãHä c+ä dL z a + a2 - b2

2F1 -
ä Hä c + ä dL

c
, 1;

d

c
+ 2; -

ä b ãä c z

a2 - b2 - a

+

a2 - b2 - a 2F1 -
ä Hä c + ä dL

c
, 1;

d

c
+ 2;

ä b ãä c z

a + a2 - b2

01.06.21.0846.01

à sinHc zL
a + b sinHc zL  â z �

1

b
 z -

2 a

a2 - b2 c

tan-1
b + a tanI c z

2
M

a2 - b2
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01.06.21.0847.01

à sinHzL
sinHzL + 1

 â z �
IcosI z

2
M + sinI z

2
MM Iz cosI z

2
M + Hz - 2L sinI z

2
MM

sinHzL + 1

01.06.21.0848.01

à sinHzL
1 - sinHzL  â z �

IcosI z

2
M - sinI z

2
MM Iz cosI z

2
M - Hz + 2L sinI z

2
MM

sinHzL - 1

01.06.21.0849.01

à A + B sinHc zL
a + b sinHc zL  â z �

a2 - b2 B c z + 2 HA b - a BL tan-1
b+a tanJ c z

2
N

a2-b2

b a2 - b2 c

01.06.21.0850.01

à A + B sinHc zL
sinHc zL + 1

 â z �
IcosI c z

2
M + sinI c z

2
MM IB c z cosI c z

2
M + H2 A + B Hc z - 2LL sinI c z

2
MM

c HsinHc zL + 1L
01.06.21.0851.01

à A + B sinHc zL
1 - sinHc zL  â z �

IcosI c z

2
M - sinI c z

2
MM IB c z cosI c z

2
M - H2 A + B Hc z + 2LL sinI c z

2
MM

c HsinHc zL - 1L
Involving sinHd zL Ha + b sinHc zLL-n

01.06.21.0852.01à sinHd zLHa + b sinHc zLL2
 â z �

1

2 b Ia2 - b2M3�2  
1

c - d
 ä ãä Hc-dL z -a a + a2 - b2

2F1 1 -
d

c
, 1; 2 -

d

c
;

ä b ãä c z

a - a2 - b2

+ a a - a2 - b2

2F1 1 -
d

c
, 1; 2 -

d

c
;

ä b ãä c z

a + a2 - b2

+ a2 + a2 - b2 a - b2
2F1 1 -

d

c
, 2; 2 -

d

c
;

ä b ãä c z

a - a2 - b2

+

-a2 + a2 - b2 a + b2
2F1 1 -

d

c
, 2; 2 -

d

c
;

ä b ãä c z

a + a2 - b2

-

1

c + d
 ä ãä Hc+dL z -a a + a2 - b2

2F1

c + d

c
, 1;

d

c
+ 2;

ä b ãä c z

a - a2 - b2

+ a a - a2 - b2

2F1

c + d

c
, 1;

d

c
+ 2;

ä b ãä c z

a + a2 - b2

+ a2 + a2 - b2 a - b2
2F1

c + d

c
, 2;

d

c
+ 2;

ä b ãä c z

a - a2 - b2

+

-a2 + a2 - b2 a + b2
2F1

c + d

c
, 2;

d

c
+ 2;

ä b ãä c z

a + a2 - b2
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01.06.21.0853.01

à A + B sinHc zLHa + b sinHc zLL2
 â z �

1

c
 

2 Ha A - b BLIa2 - b2M3�2 tan-1
b + a tanI c z

2
M

a2 - b2

+
HA b - a BL cosHc zLIa2 - b2M Ha + b sinHc zLL

01.06.21.0854.01

à A + B sinHc zLHsinHc zL + 1L2
 â z �

IcosI c z

2
M + sinI c z

2
MM J3 B cosI c z

2
M - HA + 2 BL cosJ 3 c z

2
N + 3 HA + BL sinI c z

2
MN

3 c HsinHc zL + 1L2

01.06.21.0855.01

à A + B sinHc zLH1 - sinHc zLL2
 â z �

IcosI c z

2
M - sinI c z

2
MM J3 B cosI c z

2
M + HA - 2 BL cosJ 3 c z

2
N + 3 HA - BL sinI c z

2
MN

3 c HsinHc zL - 1L2

01.06.21.0856.01à A + B sinHc zLHa + b sinHc zLL3
 â z �

1

2 c
 

2 I2 A a2 - 3 b B a + A b2MIa2 - b2M5�2  tan-1
b + a tanI c z

2
M

a2 - b2

-
IB a2 - 3 A b a + 2 b2 BM cosHc zLIa2 - b2M2 Ha + b sinHc zLL +

HA b - a BL cosHc zLIa2 - b2M Ha + b sinHc zLL2

01.06.21.0857.01à A + B sinHc zLHsinHc zL + 1L3
 â z �

1

30 c HsinHc zL + 1L3
 KcosK c z

2
O + sinK c z

2
OO

15 B cosK c z

2
O - 5 H2 A + 3 BL cos

3 c z

2
+ 20 A sinK c z

2
O + 15 B sinK c z

2
O - 2 A sin

5 c z

2
- 3 B sin

5 c z

2

01.06.21.0858.01à A + B sinHc zLH1 - sinHc zLL3
 â z �

15 B cosK c z

2
O + 5 H2 A - 3 BL cos

3 c z

2
+ 20 A sinK c z

2
O - 15 B sinK c z

2
O - 2 A sin

5 c z

2
+ 3 B sin

5 c z

2
�

30 c KcosK c z

2
O - sinK c z

2
OO5

01.06.21.0859.01

à A + B sinHzL + C sin2HzLHa + b sinHzLL3
 â z �

1

2

2 IH2 A + CL a2 - 3 b B a + b2 HA + 2 CLMIa2 - b2M5�2 tan-1
b + a tanI z

2
M

a2 - b2

-

IC a3 + b B a2 - b2 H3 A + 4 CL a + 2 b3 BM cosHzL
b Ia2 - b2M2 Ha + b sinHzLL +

IC a2 - b B a + A b2M cosHzLIa2 b - b3M Ha + b sinHzLL2

Involving sinHd zL
a+b sin2Hc zL
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01.06.21.0860.01à sinHd zL
a + b sin2Hc zL  â z �

-
1

2 a b a + b
 

1

2 c - d
 ãä d z-2 ä c z K-2 a + 2 a + b a - bO 2F1 1 -

d

2 c
, 1; 2 -

d

2 c
;

b ã-2 ä c z

2 a + 2 a + b a + b
+

K2 a + 2 a + b a + bO 2F1 1 -
d

2 c
, 1; 2 -

d

2 c
;

b ã-2 ä c z

2 a - 2 a + b a + b
-

1

2 c + d
 ã-ä H2 c+dL z K-2 a + 2 a + b a - bO 2F1

d

2 c
+ 1, 1;

d

2 c
+ 2;

b ã-2 ä c z

2 a + 2 a + b a + b
+

K2 a + 2 a + b a + bO 2F1

d

2 c
+ 1, 1;

d

2 c
+ 2;

b ã-2 ä c z

2 a - 2 a + b a + b

01.06.21.0861.01

à sinHc zL
a + b sin2Hc zL  â z � -

1

b a + b c
 tanh-1

b cosHc zL
a + b

01.06.21.0862.01à sinH2 c zL
a + b sin2Hc zL  â z �

logH2 a + b - b cosH2 c zLL
b c

Involving sinmHc zL
a+b sinnHc zL

01.06.21.0863.01

à sinmHc zL
a + b sin2Hc zL  â z �

cos2Hc zL secHc zL sinm+1Hc zL
a c Hm + 1L F1

m + 1

2
;

1

2
, 1;

m + 3

2
; sin2Hc zL, -

b sin2Hc zL
a

01.06.21.0864.01

à sin2Hc zL
a + b sin2Hc zL  â z �

1

b
 z -

a

a + b c
tan-1

a + b tanHc zL
a

01.06.21.0865.01

à sin2Hc zL
a + b sin4Hc zL  â z � -

ä

2 b c

tan-1
a -ä b tanHc zL

a-ä a b

a - ä a b

-

tan-1
a +ä b tanHc zL

a+ä b a

a + ä b a

Involving sinHd zL Ia + b sin2Hc zLM-n
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01.06.21.0866.01

á sinHd zLIa + b sin2Hc zLM2
 â z � -

1

4 a3�2 b Ha + bL3�2  

1

2 c - d
 ãä H2 c-dL z H2 a + bL K-2 a + 2 a + b a - bO 2F1 1 -

d

2 c
, 1; 2 -

d

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
+

H2 a + bL K2 a + 2 a + b a + bO 2F1 1 -
d

2 c
, 1; 2 -

d

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+

2 a K2 a3�2 - 2 a + b a + 2 b a - b a + b O 2F1 1 -
d

2 c
, 2; 2 -

d

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
-

K2 a3�2 + 2 a + b a + 2 b a + b a + b O 2F1 1 -
d

2 c
, 2; 2 -

d

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
-

1

2 c + d
 ãä H2 c+dL z H2 a + bL K-2 a + 2 a + b a - bO 2F1

d

2 c
+ 1, 1;

d

2 c
+ 2;

b ã2 ä c z

2 a + 2 a + b a + b
+

H2 a + bL K2 a + 2 a + b a + bO 2F1

d

2 c
+ 1, 1;

d

2 c
+ 2;

b ã2 ä c z

2 a - 2 a + b a + b
+

2 a K2 a3�2 - 2 a + b a + 2 b a - b a + b O 2F1

d

2 c
+ 1, 2;

d

2 c
+ 2;

b ã2 ä c z

2 a + 2 a + b a + b
-

K2 a3�2 + 2 a + b a + 2 b a + b a + b O 2F1

d

2 c
+ 1, 2;

d

2 c
+ 2;

b ã2 ä c z

2 a - 2 a + b a + b

Involving sinmHc zL Ia + b sin2Hc zLM-n

01.06.21.0867.01

á sinmHc zLIa + b sin2Hc zLMn
 â z �

cos2Hc zL secHc zL sinm+1Hc zL
c Hm + 1L an

F1

m + 1

2
;

1

2
, n;

m + 3

2
; sin2Hc zL, -

b sin2Hc zL
a

�; v Î N+

01.06.21.0868.01

á sin2Hc zLIa + b sin2Hc zLM2
 â z �

1

2 c
 

1

a Ha + bL3�2  tan-1
a + b tanHc zL

a
-

sinH2 c zLHa + bL H2 a + b - b cosH2 c zLL
Involving sinHe zL sinHd zL

a+b sinHc zL
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01.06.21.0869.01à sinHe zL sinHd zL
a + b sinHc zL  â z �

-
1

4 b a2 - b2

 
1

c + d - e
 ãä Hc+d-eL z a + a2 - b2

2F1

c + d - e

c
, 1;

2 c + d - e

c
;

ä b ãä c z

a - a2 - b2

+

a2 - b2 - a 2F1

c + d - e

c
, 1;

2 c + d - e

c
;

ä b ãä c z

a + a2 - b2

+

1

c - d + e
 ãä Hc-d+eL z a + a2 - b2

2F1

c - d + e

c
, 1;

2 c - d + e

c
;

ä b ãä c z

a - a2 - b2

+

a2 - b2 - a 2F1

c - d + e

c
, 1;

2 c - d + e

c
;

ä b ãä c z

a + a2 - b2

-

1

c + d + e
 ãä Hc+d+eL z a + a2 - b2

2F1

c + d + e

c
, 1;

2 c + d + e

c
;

ä b ãä c z

a - a2 - b2

+

a2 - b2 - a 2F1

c + d + e

c
, 1;

2 c + d + e

c
;

ä b ãä c z

a + a2 - b2

-

1

c - d - e
 ãä Hc-d-eL z a + a2 - b2

2F1 -
-c + d + e

c
, 1; -

-2 c + d + e

c
;

ä b ãä c z

a - a2 - b2

+

a2 - b2 - a 2F1 -
-c + d + e

c
, 1; -

-2 c + d + e

c
;

ä b ãä c z

a + a2 - b2

Involving sinHe zL sinHd zL Ha + b sinHc zLL-n

01.06.21.0870.01à sinHe zL sinHd zLHa + b sinHc zLL2
 â z �

1

4 b Ia2 - b2M3�2  
1

c + d - e
 ãä Hc+d-eL z -a a + a2 - b2

2F1

c + d - e

c
, 1;

2 c + d - e

c
;

ä b ãä c z

a - a2 - b2

+

a a - a2 - b2
2F1

c + d - e

c
, 1;

2 c + d - e

c
;

ä b ãä c z

a + a2 - b2

+

a2 + a2 - b2 a - b2
2F1

c + d - e

c
, 2;

2 c + d - e

c
;

ä b ãä c z

a - a2 - b2

+

+
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-a2 + a2 - b2 a + b2
2F1

c + d - e

c
, 2;

2 c + d - e

c
;

ä b ãä c z

a + a2 - b2

+

1

c - d + e
 ãä Hc-d+eL z -a a + a2 - b2

2F1

c - d + e

c
, 1;

2 c - d + e

c
;

ä b ãä c z

a - a2 - b2

+

a a - a2 - b2
2F1

c - d + e

c
, 1;

2 c - d + e

c
;

ä b ãä c z

a + a2 - b2

+

a2 + a2 - b2 a - b2
2F1

c - d + e

c
, 2;

2 c - d + e

c
;

ä b ãä c z

a - a2 - b2

+

-a2 + a2 - b2 a + b2
2F1

c - d + e

c
, 2;

2 c - d + e

c
;

ä b ãä c z

a + a2 - b2

-

1

c + d + e
 ãä Hc+d+eL z -a a + a2 - b2

2F1

c + d + e

c
, 1;

2 c + d + e

c
;

ä b ãä c z

a - a2 - b2

+

a a - a2 - b2
2F1

c + d + e

c
, 1;

2 c + d + e

c
;

ä b ãä c z

a + a2 - b2

+

a2 + a2 - b2 a - b2
2F1

c + d + e

c
, 2;

2 c + d + e

c
;

ä b ãä c z

a - a2 - b2

+

-a2 + a2 - b2 a + b2
2F1

c + d + e

c
, 2;

2 c + d + e

c
;

ä b ãä c z

a + a2 - b2

-

1

c - d - e
 ãä Hc-d-eL z -a a + a2 - b2

2F1 -
-c + d + e

c
, 1; -

-2 c + d + e

c
;

ä b ãä c z

a - a2 - b2

+

a a - a2 - b2
2F1 -

-c + d + e

c
, 1; -

-2 c + d + e

c
;

ä b ãä c z

a + a2 - b2

+

a2 + a2 - b2 a - b2
2F1 -

-c + d + e

c
, 2; -

-2 c + d + e

c
;

ä b ãä c z

a - a2 - b2

+

-a2 + a2 - b2 a + b2
2F1 -

-c + d + e

c
, 2; -

-2 c + d + e

c
;

ä b ãä c z

a + a2 - b2
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Involving sinHe zL sinHd zL
a+b sin2Hc zL

01.06.21.0871.01à sinHe zL sinHd zL
a + b sin2Hc zL  â z � -

1

4 a b a + b
 

ä
1

2 c + d - e
 ã-ä H2 c+d-eL z K-2 a + 2 a + b a - bO 2F1

2 c + d - e

2 c
, 1;

4 c + d - e

2 c
;

b ã-2 ä c z

2 a + 2 a + b a + b
+

K2 a + 2 a + b a + bO 2F1

2 c + d - e

2 c
, 1;

4 c + d - e

2 c
;

b ã-2 ä c z

2 a - 2 a + b a + b
+

1

2 c - d + e
 ã-ä H2 c-d+eL z K-2 a + 2 a + b a - bO 2F1

2 c - d + e

2 c
, 1;

4 c - d + e

2 c
;

b ã-2 ä c z

2 a + 2 a + b a + b
+

K2 a + 2 a + b a + bO 2F1

2 c - d + e

2 c
, 1;

4 c - d + e

2 c
;

b ã-2 ä c z

2 a - 2 a + b a + b
-

1

2 c + d + e
 ã-ä H2 c+d+eL z K-2 a + 2 a + b a - bO 2F1

2 c + d + e

2 c
, 1;

4 c + d + e

2 c
;

b ã-2 ä c z

2 a + 2 a + b a + b
+

K2 a + 2 a + b a + bO 2F1

2 c + d + e

2 c
, 1;

4 c + d + e

2 c
;

b ã-2 ä c z

2 a - 2 a + b a + b
+

1

-2 c + d + e
 

ã-ä H2 c-d-eL z K-2 a + 2 a + b a - bO 2F1 -
-2 c + d + e

2 c
, 1; -

-4 c + d + e

2 c
;

b ã-2 ä c z

2 a + 2 a + b a + b
+

K2 a + 2 a + b a + bO 2F1 -
-2 c + d + e

2 c
, 1; -

-4 c + d + e

2 c
;

b ã-2 ä c z

2 a - 2 a + b a + b

Involving sinHe zL sinHd zL Ia + b sin2Hc zLM-n

01.06.21.0872.01

á sinHe zL sinHd zLIa + b sin2Hc zLM2
 â z �

ä

8 a3�2 b Ha + bL3�2  

1

2 c + d - e
 ãä H2 c+d-eL z H2 a + bL K-2 a + 2 a + b a - bO 2F1

2 c + d - e

2 c
, 1;

4 c + d - e

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
+

H2 a + bL K2 a + 2 a + b a + bO 2F1

2 c + d - e

2 c
, 1;

4 c + d - e

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+ 2 a

K2 a3�2 - 2 a + b a + 2 b a - b a + b O 2F1

2 c + d - e

2 c
, 2;

4 c + d - e

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
-

K2 a3�2 + 2 a + b a + 2 b a + b a + b O
2F1

2 c + d - e

2 c
, 2;

4 c + d - e

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+

1

2 c - d + e
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ãä H2 c-d+eL z H2 a + bL K-2 a + 2 a + b a - bO 2F1

2 c - d + e

2 c
, 1;

4 c - d + e

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
+

H2 a + bL K2 a + 2 a + b a + bO 2F1

2 c - d + e

2 c
, 1;

4 c - d + e

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+ 2 a

K2 a3�2 - 2 a + b a + 2 b a - b a + b O 2F1

2 c - d + e

2 c
, 2;

4 c - d + e

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
-

K2 a3�2 + 2 a + b a + 2 b a + b a + b O
2F1

2 c - d + e

2 c
, 2;

4 c - d + e

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
-

1

2 c + d + e
 

ãä H2 c+d+eL z H2 a + bL K-2 a + 2 a + b a - bO 2F1

2 c + d + e

2 c
, 1;

4 c + d + e

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
+

H2 a + bL K2 a + 2 a + b a + bO 2F1

2 c + d + e

2 c
, 1;

4 c + d + e

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+ 2 a

K2 a3�2 - 2 a + b a + 2 b a - b a + b O 2F1

2 c + d + e

2 c
, 2;

4 c + d + e

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
-

K2 a3�2 + 2 a + b a + 2 b a + b a + b O
2F1

2 c + d + e

2 c
, 2;

4 c + d + e

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+

1

-2 c + d + e
 

ãä H2 c-d-eL z H2 a + bL K-2 a + 2 a + b a - bO 2F1 -
-2 c + d + e

2 c
, 1; -

-4 c + d + e

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
+

H2 a + bL K2 a + 2 a + b a + bO 2F1 -
-2 c + d + e

2 c
, 1; -

-4 c + d + e

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+

2 a K2 a3�2 - 2 a + b a + 2 b a - b a + b O 2F1 -
-2 c + d + e

2 c
, 2; -

-4 c + d + e

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
- K2 a3�2 + 2 a + b a + 2 b a + b a + b O

2F1 -
-2 c + d + e

2 c
, 2; -

-4 c + d + e

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b

Involving algebraic functions of the direct function

Involving Ha + b sinHc zLLΒ
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01.06.21.0873.01à Ha + b sinHc zLLΒ â z �

secHc zL
b c H Β + 1L b HsinHc zL + 1L

b - a

b - b sinHc zL
a + b

Ha + b sinHc zLLΒ+1 F1 Β + 1;
1

2
,

1

2
; Β + 2;

a + b sinHc zL
a - b

,
a + b sinHc zL

a + b

01.06.21.0874.01

à Ha + a sinHc zLLΒ â z �
2 cosHc zL Ha HsinHc zL + 1LLΒ

H2 Β c + cL 1 - sinHc zL 2F1 Β +
1

2
,

1

2
; Β +

3

2
;

1

2
HsinHc zL + 1L

01.06.21.0875.01

à Ha + b sinHc zLL5�2 â z �
1

30 c a + b sinHc zL  -4
a + b sinHc zL

a + b
I23 a3 + 23 b a2 + 9 b2 a + 9 b3M E

1

4
HΠ - 2 c zL 2 b

a + b
+

32 a
a + b sinHc zL

a + b
Ia2 - b2M F

1

4
HΠ - 2 c zL 2 b

a + b
+ 2 b cosHc zL I-22 a2 - 28 b sinHc zL a - 3 b2 + 3 b2 cosH2 c zLM

01.06.21.0876.01à Ha + b sinHc zLL3�2 â z �

-
1

3 c a + b sinHc zL  2 4 a
a + b sinHc zL

a + b
Ha + bL E

1

4
HΠ - 2 c zL 2 b

a + b
+ b cosHc zL Ha + b sinHc zLL -

Ia2 - b2M F
1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

01.06.21.0877.01à a + b sinHc zL  â z � -
2

c a+b sinHc zL
a+b

 E
1

4
HΠ - 2 c zL 2 b

a + b
a + b sinHc zL

01.06.21.0878.01

à a + a sinHc zL  â z �
2 IsinI c z

2
M - cosI c z

2
MM a HsinHc zL + 1L

c IcosI c z

2
M + sinI c z

2
MM

01.06.21.0879.01

à a - a sinHc zL  â z �
2 IcosI c z

2
M + sinI c z

2
MM a - a sinHc zL

c IcosI c z

2
M - sinI c z

2
MM

01.06.21.0880.01

à 1

a + b sinHc zL  â z � -
2

c a + b sinHc zL F
1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b
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01.06.21.0881.01

à 1

a + a sinHc zL  â z � -

H2 + 2 ä L H-1L3�4 tanh-1 tanJ c z

4
N-1

2
IcosI c z

2
M + sinI c z

2
MM

c a HsinHc zL + 1L
01.06.21.0882.01

à 1

a - a sinHc zL  â z �

H2 - 2 ä L -1
4

tanh-1 tanJ c z

4
N+1

2
IcosI c z

2
M - sinI c z

2
MM

c a - a sinHc zL
01.06.21.0883.01

à 1Ha + b sinHc zLL3�2  â z � -
2Ha - bL Ha + bL c a + b sinHc zL Ha + bL E

1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

- b cosHc zL
01.06.21.0884.01à 1Ha + b sinHc zLL5�2  â z �

2 -4 a Ha + bL2 E
1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

3�2
+ Ha - bL Ha + bL2 F

1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

3�2
+

b cosHc zL I5 a2 + 4 b sinHc zL a - b2M � I3 Ha - bL2 Ha + bL2 c Ha + b sinHc zLL3�2M
Involving HHa + b sinHc zLLΝLΒ

01.06.21.0885.01

à IHa + b sinHc zLLΝMΒ
 â z �

1

b c H Β Ν + 1L  F1 Β Ν + 1;
1

2
,

1

2
; Β Ν + 2;

a + b sinHc zL
a - b

,
a + b sinHc zL

a + b

secHc zL b HsinHc zL + 1L
b - a

b - b sinHc zL
a + b

Ha + b sinHc zLL IHa + b sinHc zLLΝMΒ

01.06.21.0886.01à Ha + b sinHc zLL5  â z �

-
1

30 c Ha + b sinHc zLL3
 Ha + b sinHc zLL5 4

a + b sinHc zL
a + b

I23 a3 + 23 b a2 + 9 b2 a + 9 b3M E
1

4
HΠ - 2 c zL 2 b

a + b
+

2 b cosHc zL I22 a2 + 28 b sinHc zL a + 3 b2 - 3 b2 cosH2 c zLM - 32 a Ia2 - b2M F
1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b
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01.06.21.0887.01à Ha + b sinHc zLL3  â z �

1

3 c Ha + b sinHc zLL2
 Ha + b sinHc zLL3 -8 a Ha + bL a + b sinHc zL

a + b
E

1

4
HΠ - 2 c zL 2 b

a + b
+ 2

a + b sinHc zL
a + b

Ia2 - b2M F
1

4
HΠ - 2 c zL 2 b

a + b
- 2 b cosHc zL Ha + b sinHc zLL

01.06.21.0888.01

á 1

Ha + b sinHc zLL3

 â z �

-
2 Ha + b sinHc zLL

Ha - bL Ha + bL c Ha + b sinHc zLL3

Ha + bL E
1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

- b cosHc zL
01.06.21.0889.01

á 1

Ha + b sinHc zLL5

 â z �
1

3 c Ha + b sinHc zLL5

 
2 b cosHc zL Ha + b sinHc zLL I5 a2 + 4 b sinHc zL a - b2MIa2 - b2M2

-

2 Ha + bLHa - bL2
4 a E

1

4
HΠ - 2 c zL 2 b

a + b
+ Hb - aL F

1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

5�2

Involving Ha + b sinHc zLLΒ sinHd zL
01.06.21.0890.01à Ha + b sinHc zLLΒ sinHd zL â z �

-
1

2 Hd - c ΒL Hd + c ΒL  ã-ä d z 1 +
ä b ãä c z

a2 - b2 - a

-Β

1 -
ä b ãä c z

a + a2 - b2

-Β

a -
1

2
ä b ã-ä c z I-1 + ã2 ä c zM Β

Hd - c ΒL F1 -
d + c Β

c
; - Β, - Β; -

d

c
- Β + 1;

ä b ãä c z

a + a2 - b2

,
ä b ãä c z

a - a2 - b2

+

ã2 ä d z Hd + c ΒL F1

d

c
- Β; - Β, - Β;

d

c
- Β + 1;

ä b ãä c z

a + a2 - b2

,
ä b ãä c z

a - a2 - b2
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01.06.21.0891.01à Ha + b sinHc zLLΒ sinHc zL â z �
1

b2 c H Β + 1L H Β + 2L  

secHc zL b HsinHc zL + 1L
b - a

b - b sinHc zL
a + b

Ha + b sinHc zLLΒ+1 H Β + 1L F1 Β + 2;
1

2
,

1

2
; Β + 3;

a + b sinHc zL
a - b

,
a + b sinHc zL

a + b

Ha + b sinHc zLL - a H Β + 2L F1 Β + 1;
1

2
,

1

2
; Β + 2;

a + b sinHc zL
a - b

,
a + b sinHc zL

a + b

01.06.21.0892.01à a + b sinHc zL sinHc zL â z �

-
1

3 b c a + b sinHc zL  2 a
a + b sinHc zL

a + b
Ha + bL E

1

4
HΠ - 2 c zL 2 b

a + b
+ b cosHc zL Ha + b sinHc zLL -

Ia2 - b2M F
1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

01.06.21.0893.01

à sinHc zL
a + b sinHc zL  â z � -

2

b c a + b sinHc zL Ha + bL E
1

4
HΠ - 2 c zL 2 b

a + b
- a F

1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

01.06.21.0894.01à sinHc zLHa + b sinHc zLL3�2  â z �

2 -a b cosHc zL + a
a + b sinHc zL

a + b
Ha + bL E

1

4
HΠ - 2 c zL 2 b

a + b
- Ia2 - b2M F

1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

�
KHa - bL b Ha + bL c a + b sinHc zL O

01.06.21.0895.01à sinHc zLHa + b sinHc zLL5�2  â z �

2

3 c Ha + b sinHc zLL3�2 1Ha - bL2 b
 Ia2 + 3 b2M E

1

4
HΠ - 2 c zL 2 b

a + b
+ a Hb - aL F

1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

3�2
-

cosHc zL I2 a Ia2 + b2M + b Ia2 + 3 b2M sinHc zLMIa2 - b2M2

Involving HHa + b sinHc zLLΝLΒ
sinHd zL
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01.06.21.0896.01à IHa + b sinHc zLLΝMΒ
sinHd zL â z �

-
1

2 Hd - c Β ΝL Hd + c Β ΝL  ã-ä d z 1 +
ä b ãä c z

a2 - b2 - a

-Β Ν

1 -
ä b ãä c z

a + a2 - b2

-Β Ν

a -
1

2
ä b ã-ä c z I-1 + ã2 ä c zM Β Ν

Hd - c Β ΝL F1 -
d + c Β Ν

c
; - Β Ν, - Β Ν; -

d

c
- Β Ν + 1;

ä b ãä c z

a + a2 - b2

,
ä b ãä c z

a - a2 - b2

+ ã2 ä d z Hd + c Β ΝL
F1

d

c
- Β Ν; - Β Ν, - Β Ν;

d

c
- Β Ν + 1;

ä b ãä c z

a + a2 - b2

,
ä b ãä c z

a - a2 - b2

Ha + b sinHc zLL-Β Ν IHa + b sinHc zLLΝMΒ

01.06.21.0897.01à Ha + b sinHc zLL5 sinHc zL â z �

-
1

84 b c Ha + b sinHc zLL3
 Ha + b sinHc zLL5 8 a

a + b sinHc zL
a + b

I3 a3 + 3 b a2 + 29 b2 a + 29 b3M E
1

4
HΠ - 2 c zL 2 b

a + b
+

2 b cosHc zL I36 a3 + 44 b2 a - 24 b2 cosH2 c zL a + b I72 a2 + 29 b2M sinHc zL - 3 b3 sinH3 c zLM -

8 I3 a4 + 2 b2 a2 - 5 b4M F
1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

01.06.21.0898.01à Ha + b sinHc zLL3 sinHc zL â z �

-
1

10 b c Ha + b sinHc zLL2
 Ha + b sinHc zLL3 4

a + b sinHc zL
a + b

Ia3 + b a2 + 3 b2 a + 3 b3M E
1

4
HΠ - 2 c zL 2 b

a + b
+

2 b cosHc zL I4 a2 + 6 b sinHc zL a + b2 - b2 cosH2 c zLM - 4 a Ia2 - b2M F
1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

01.06.21.0899.01

á sinHc zL
Ha + b sinHc zLL3

 â z � 2 Ha + b sinHc zLL -a b cosHc zL + a
a + b sinHc zL

a + b
Ha + bL E

1

4
HΠ - 2 c zL 2 b

a + b
-

Ia2 - b2M F
1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

� b Ia2 - b2M c Ha + b sinHc zLL3
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01.06.21.0900.01

á sinHc zL
Ha + b sinHc zLL5

 â z �

1

3 c Ha + b sinHc zLL5

 
2 Ha + bLHa - bL2 b

Ia2 + 3 b2M E
1

4
HΠ - 2 c zL 2 b

a + b
+ a Hb - aL F

1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

5�2
-

2 cosHc zL Ha + b sinHc zLL I2 a Ia2 + b2M + b Ia2 + 3 b2M sinHc zLMIa2 - b2M2

Involving Ha + b sinHc zLLΒ sinΝHc zL
01.06.21.0901.01

à sin2Hc zL
a + b sinHc zL  â z �

1

3 b2 c a + b sinHc zL  4 a Ha + bL E
1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

-

2
a + b sinHc zL

a + b
I2 a2 + b2M F

1

4
HΠ - 2 c zL 2 b

a + b
+ b cosHc zL Ha + b sinHc zLL

01.06.21.0902.01

à sin2Hc zL
a - a sinHc zL  â z � -

IcosI c z

2
M - sinI c z

2
MM 2 IcosI c z

2
M + sinI c z

2
MM3

- H6 - 6 ä L -1
4

tanh-1 tanJ c z

4
N+1

2

3 c a - a sinHc zL
01.06.21.0903.01

á sin
1

2 Hc zL
a + b sinHc zL  â z � -

2

b Ha + bL c
Ha + bL F

1

4
HΠ - 2 c zL 2 - a P

2 b

a + b
;

1

4
HΠ - 2 c zL 2

Involving Ha + b sinHc zLLΒand rational function of sinHc zL
01.06.21.0904.01

à a + b sinHc zL
d + e sinHc zL  â z �

-
2

c e Hd + eL a + b sinHc zL b Hd + eL F
1

4
HΠ - 2 c zL 2 b

a + b
+ Ha e - b dL P

2 e

d + e
;

1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b
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01.06.21.0905.01

à a + b sinHc zLHd + e sinHc zLL2
 â z � -

1

4 c
 

4 e a + b sinHc zL cosHc zLIe2 - d2M Hd + e sinHc zLL +

1

d2 - e2
 

1

- 1

a+b
e Ha e - b dL  8 ä d Ha e - b dL F ä sinh-1 -

1

a + b
a + b sinHc zL a + b

a - b
+

b d P
Ha + bL e

a e - b d
; ä sinh-1 -

1

a + b
a + b sinHc zL a + b

a - b

secHc zL b HsinHc zL + 1L
b - a

b - b sinHc zL
a + b

+
1

b - 1

a+b
e Hb d - a eL  

ä HcosHc zL + cosH3 c zLL 2 Ha - bL e Ha e - b dL E ä sinh-1 -
1

a + b
a + b sinHc zL a + b

a - b
+

b b I2 d2 - e2M P
Ha + bL e

a e - b d
; ä sinh-1 -

1

a + b
a + b sinHc zL a + b

a - b
- 2 Hd + eL

Hb d - a eL F ä sinh-1 -
1

a + b
a + b sinHc zL a + b

a - b
sec2Hc zL secH2 c zL

b HsinHc zL + 1L
b - a

b - b sinHc zL
a + b

+

2 H4 a d - b eL PJ 2 e

d+e
; 1

4
HΠ - 2 c zL Ë 2 b

a+b
N a+b sinHc zL

a+b

Hd + eL a + b sinHc zL
01.06.21.0906.01à A + B sinHc zL

a + b sinHc zL  â z �

-
2

b c a + b sinHc zL  Ha + bL B E
1

4
HΠ - 2 c zL 2 b

a + b
+ HA b - a BL F

1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b

01.06.21.0907.01

à 1Hd + e sinHc zLL a + b sinHc zL  â z � -
2

c Hd + eL a + b sinHc zL P
2 e

d + e
;

1

4
HΠ - 2 c zL 2 b

a + b

a + b sinHc zL
a + b
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01.06.21.0908.01à 1Hd + e sinHc zLL2 a + b sinHc zL  â z �

1

4 c Ha e - b dL  
1

d2 - e2
 -

1

- 1

a+b
Ha e - b dL  8 ä d Ha e - b dL F ä sinh-1 -

1

a + b
a + b sinHc zL a + b

a - b
+

b d P
Ha + bL e

a e - b d
; ä sinh-1 -

1

a + b
a + b sinHc zL a + b

a - b

secHc zL b HsinHc zL + 1L
b - a

b - b sinHc zL
a + b

-
1

b - 1

a+b
Hb d - a eL  

ä HcosHc zL + cosH3 c zLL 2 Ha - bL e Ha e - b dL E ä sinh-1 -
1

a + b
a + b sinHc zL a + b

a - b
+

b b I2 d2 - e2M P
Ha + bL e

a e - b d
; ä sinh-1 -

1

a + b
a + b sinHc zL a + b

a - b
- 2

Hd + eL Hb d - a eL F ä sinh-1 -
1

a + b
a + b sinHc zL a + b

a - b

sec2Hc zL secH2 c zL b HsinHc zL + 1L
b - a

b - b sinHc zL
a + b

+

2 I4 b d2 - 4 a e d - 3 b e2M PJ 2 e

d+e
; 1

4
HΠ - 2 c zL Ë 2 b

a+b
N a+b sinHc zL

a+b

Hd + eL a + b sinHc zL -
4 e2 cosHc zL a + b sinHc zLIe2 - d2M Hd + e sinHc zLL

01.06.21.0909.01à sinHc zLHd + e sinHc zLL a + b sinHc zL  â z �

-
1

b - 1

a+b
c e Hb d - a eL  2 ä Hb d - a eL F ä sinh-1 -

1

a + b
a + b sinHc zL a + b

a - b
-

b d P
Ha + bL e

a e - b d
; ä sinh-1 -

1

a + b
a + b sinHc zL a + b

a - b
secHc zL b HsinHc zL + 1L

b - a

b - b sinHc zL
a + b
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Involving Ha + b sinH2 c zLLΒ sinHc zL
01.06.21.0910.01à Ha + b sinH2 c zLL5�2 sinHc zL â z �

1

96 b c
 -26 a a + b sinH2 c zL sinH3 c zL b3�2 + 54 a sinHc zL a + b sinH2 c zL b3�2 - 28 cosHc zL a + b sinH2 c zL b5�2 -

6 cosH3 c zL a + b sinH2 c zL b5�2 + 4 cosH5 c zL a + b sinH2 c zL b5�2 -

45 a logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O b2 - 66 a2 cosHc zL a + b sinH2 c zL b -

15 Ha + bL3 tan-1
b HcosHc zL - sinHc zLL

a + b sinH2 c zL + 15 Ib3 + 3 a2 bM tanh-1
b HcosHc zL + sinHc zLL

a + b sinH2 c zL -

15 a3 logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O
01.06.21.0911.01

à Ha + b sinH2 c zLL3�2 sinHc zL â z �
1

16 b c
 -2 a + b sinH2 c zL sinH3 c zL b3�2 +

4 sinHc zL a + b sinH2 c zL b3�2 - 3 logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O b2 +

6 a tanh-1
b HcosHc zL + sinHc zLL

a + b sinH2 c zL b - 10 a cosHc zL a + b sinH2 c zL b -

3 Ha + bL2 tan-1
b HcosHc zL - sinHc zLL

a + b sinH2 c zL - 3 a2 logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O
01.06.21.0912.01

à a + b sinH2 c zL sinHc zL â z �
1

4 b c
 -Ha + bL tan-1

b HcosHc zL - sinHc zLL
a + b sinH2 c zL + b tanh-1

b HcosHc zL + sinHc zLL
a + b sinH2 c zL -

a logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O - 2 b cosHc zL a + b sinH2 c zL
01.06.21.0913.01

à sinHc zL
a + b sinH2 c zL  â z � -

1

2 b c
 tan-1

b HcosHc zL - sinHc zLL
a + b sinH2 c zL + logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O

01.06.21.0914.01à sinHc zLHa + b sinH2 c zLL3�2  â z � -
a cosHc zL + b sinHc zLIa2 - b2M c a + b sinH2 c zL

01.06.21.0915.01

à sinHc zLHa + b sinH2 c zLL5�2  â z �
-3 a Ia2 + b2M cosHc zL - b I6 sinHc zL a2 - 2 b cosH3 c zL a + Ia2 + b2M sinH3 c zLM

3 Ia2 - b2M2
c Ha + b sinH2 c zLL3�2
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Involving HHa + b sinH2 c  zLLmL±
1

2  sinHc zL
01.06.21.0916.01à Ha + b sinH2 c zLL5 sinHc zL â z �

- Ha + b sinH2 c zLL5 26 a a + b sinH2 c zL sinH3 c zL b3�2 - 54 a sinHc zL a + b sinH2 c zL b3�2 +

28 cosHc zL a + b sinH2 c zL b5�2 + 6 cosH3 c zL a + b sinH2 c zL b5�2 - 4 cosH5 c zL a + b sinH2 c zL b5�2 +

45 a logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O b2 + 66 a2 cosHc zL a + b sinH2 c zL b +

15 Ha + bL3 tan-1
b HcosHc zL - sinHc zLL

a + b sinH2 c zL - 15 Ib3 + 3 a2 bM tanh-1
b HcosHc zL + sinHc zLL

a + b sinH2 c zL +

15 a3 logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O � K96 b c Ha + b sinH2 c zLL5�2O
01.06.21.0917.01à Ha + b sinH2 c zLL3 sinHc zL â z �

- Ha + b sinH2 c zLL3 2 a + b sinH2 c zL sinH3 c zL b3�2 - 4 sinHc zL a + b sinH2 c zL b3�2 +

3 logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O b2 - 6 a tanh-1
b HcosHc zL + sinHc zLL

a + b sinH2 c zL b +

10 a cosHc zL a + b sinH2 c zL b + 3 Ha + bL2 tan-1
b HcosHc zL - sinHc zLL

a + b sinH2 c zL +

3 a2 logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O � K16 b c Ha + b sinH2 c zLL3�2O
01.06.21.0918.01

á sinHc zL
Ha + b sinH2 c zLL3

 â z � -
Ha cosHc zL + b sinHc zLL Ha + b sinH2 c zLL

Ia2 - b2M c Ha + b sinH2 c zLL3

01.06.21.0919.01

á sinHc zL
Ha + b sinH2 c zLL5

 â z �

-IHa + b sinH2 c zLL I3 a Ia2 + b2M cosHc zL + b I6 sinHc zL a2 - 2 b cosH3 c zL a + Ia2 + b2M sinH3 c zLMMM �
3 Ia2 - b2M2

c Ha + b sinH2 c zLL5

Involving Ha + b sinH2 c zLLΒ sinvHc zL
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01.06.21.0920.01

à Ha + b sinH2 c zLL3�2 sin2Hc zL â z �
1

60 c a + b sinH2 c zL  -

6 I2 a2 + b2M HcosHc zL + 1L2 J a+b sinH2 c zLHcosHc zL+1L2
N3�2

b sec4I c z

2
M Ha + b sinH2 c zLL +

Ha + b sinH2 c zLL H-10 b cosH2 c zL + 3 b cosH4 c zL - 12 a sinH2 c zLL - 10 I3 a2 + b2M F
Π

4
- c z

2 b

a + b

a + b sinH2 c zL
a + b

-

40 a Ha + bL E
Π

4
- c z

2 b

a + b
- a F

Π

4
- c z

2 b

a + b

a + b sinH2 c zL
a + b

01.06.21.0921.01à Ha + b sinH2 c zLL3�2 sin3Hc zL â z �

1

192 b3�2 c
 -3 Ha + 7 bL tan-1

b HcosHc zL - sinHc zLL
a + b sinH2 c zL Ha + bL2 + 3 Ia3 + 15 b2 aM tanh-1

b HcosHc zL + sinHc zLL
a + b sinH2 c zL -

b K21 logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O b5�2 + 18 a + b sinH2 c zL sinH3 c zL b2 -

4 a + b sinH2 c zL sinH5 c zL b2 - 20 sinHc zL a + b sinH2 c zL b2 +

90 a cosHc zL a + b sinH2 c zL b - 14 a cosH3 c zL a + b sinH2 c zL b +

27 a2 logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O b + 6 a2 sinHc zL a + b sinH2 c zL O
01.06.21.0922.01à Ha + b sinH2 c zLL3�2 sin4Hc zL â z �

1

560 b c a + b sinH2 c zL  

4 -

14 I2 a2 + b2M HcosHc zL + 1L2 J a+b sinH2 c zLHcosHc zL+1L2
N3�2

sec4I c z

2
M Ha + b sinH2 c zLL -

1

b
 2 a Ia2 + 33 b2M Ha + bL E

Π

4
- c z

2 b

a + b
- a F

Π

4
- c z

2 b

a + b

a + b sinH2 c zL
a + b

- b
a + b sinH2 c zL

a + b
I53 a2 + 15 b2M F

Π

4
- c z

2 b

a + b
+

Ha + b sinH2 c zLL II4 a2 - 55 b2M cosH2 c zL + b H28 b cosH4 c zL - 5 b cosH6 c zL + 16 a HsinH4 c zL - 7 sinH2 c zLLLM
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01.06.21.0923.01à a + b sinH2 c zL sin2Hc zL â z �

-
1

24 b c a + b sinH2 c zL  -2 cosH4 c zL b2 + 2 b2 + 12
a + b sinH2 c zL

a + b
Ha + bL E

Π

4
- c z

2 b

a + b
b +

4 a sinH2 c zL b + a
a + b sinH2 c zLHcosHc zL + 1L2

cosH2 c zL sec4K c z

2
O Ha + b sinH2 c zLL +

3 a
a + b sinH2 c zLHcosHc zL + 1L2

sec4K c z

2
O Ha + b sinH2 c zLL + 4 a cosHc zL a + b sinH2 c zLHcosHc zL + 1L2

sec4K c z

2
O Ha + b sinH2 c zLL

01.06.21.0924.01à a + b sinH2 c zL sin3Hc zL â z �

1

32 b3�2 c
 -Ia2 + 6 b a + 5 b2M tan-1

b HcosHc zL - sinHc zLL
a + b sinH2 c zL + Ia2 + 5 b2M tanh-1

b HcosHc zL + sinHc zLL
a + b sinH2 c zL -

2 b K6 b a + b sinH2 c zL cosHc zL + 3 a b logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O -

b cosH3 c zL a + b sinH2 c zL + a sinHc zL a + b sinH2 c zL O
01.06.21.0925.01à a + b sinH2 c zL sin4Hc zL â z �

1

120 b c a + b sinH2 c zL  

2 -
20 a HcosHc zL + 1L2

sec4I c z

2
M Ha + b sinH2 c zLL  

a + b sinH2 c zLHcosHc zL + 1L2

3�2
-

2 a2 + 21 b2

b
 Ha + bL E

Π

4
- c z

2 b

a + b
- a F

Π

4
- c z

2 b

a + b

a + b sinH2 c zL
a + b

- 23 a b
a + b sinH2 c zL

a + b
F

Π

4
- c z

2 b

a + b
+

Ha + b sinH2 c zLL H2 a cosH2 c zL - 20 b sinH2 c zL + 3 b sinH4 c zLL
01.06.21.0926.01

à sin2Hc zL
a + b sinH2 c zL  â z � -

1

2 b c a + b sinH2 c zL  

2
a + b sinH2 c zLHcosHc zL + 1L2

sec4K c z

2
O Ha + b sinH2 c zLL cos4K c z

2
O + b

a + b sinH2 c zL
a + b

F
Π

4
- c z

2 b

a + b
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01.06.21.0927.01

à sin3Hc zL
a + b sinH2 c zL  â z �

1

8 b3�2 c
 -Ha + 3 bL tan-1

b HcosHc zL - sinHc zLL
a + b sinH2 c zL + a tanh-1

b HcosHc zL + sinHc zLL
a + b sinH2 c zL -

3 b logK b cosHc zL + b sinHc zL + a + b sinH2 c zL O - 2 b sinHc zL a + b sinH2 c zL
01.06.21.0928.01

à sin4Hc zL
a + b sinH2 c zL  â z �

1

24 b2 c a + b sinH2 c zL  

-4 a
a + b sinH2 c zL

a + b
Ha + bL E

Π

4
- c z

2 b

a + b
+ 2

a + b sinH2 c zL
a + b

I2 a2 - 5 b2M F
Π

4
- c z

2 b

a + b
+

b -12
a + b sinH2 c zLHcosHc zL + 1L2

sec4K c z

2
O Ha + b sinH2 c zLL cosHc zL + cosH2 c zL 2 a - 3

a + b sinH2 c zLHcosHc zL + 1L2

sec4K c z

2
O Ha + b sinH2 c zLL + b sinH4 c zL - 9

a + b sinH2 c zLHcosHc zL + 1L2
sec4K c z

2
O Ha + b sinH2 c zLL

01.06.21.0929.01

à sin2Hc zLHa + b sinH2 c zLL3�2  â z �

1

2 Ha - bL b Ha + bL c a + b sinH2 c zL  a2 - b2 + b2 cosH2 c zL - b Ha + bL E
Π

4
- c z

2 b

a + b

a + b sinH2 c zL
a + b

01.06.21.0930.01

à sin3Hc zLHa + b sinH2 c zLL3�2  â z �

1

4 b3�2 c
 tan-1

b HcosHc zL - sinHc zLL
a + b sinH2 c zL - tanh-1

b HcosHc zL + sinHc zLL
a + b sinH2 c zL -

2 b Ia b cosHc zL - Ia2 - 2 b2M sinHc zLMIa2 - b2M a + b sinH2 c zL
01.06.21.0931.01

à sin4Hc zLHa + b sinH2 c zLL3�2  â z �

2 cosH2 c zL b3 - 2 b3 + 2 a2 b - a2 cosH2 c zL b +
a + b sinH2 c zL

a + b
I2 a3 + 2 b a2 - 3 b2 a - 3 b3M E

Π

4
- c z

2 b

a + b
-

2 a Ia2 - b2M F
Π

4
- c z

2 b

a + b

a + b sinH2 c zL
a + b

� K4 Ha - bL b2 Ha + bL c a + b sinH2 c zL O
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Involving sinHe zL sinHd zL Ha + b sinHc zLLΒ

01.06.21.0932.01à sinHe zL sinHd zL Ha + b sinHc zLLΒ â z �

1

4
ä 1 +

ä b ãä c z

a2 - b2 - a

-Β

1 -
ä b ãä c z

a + a2 - b2

-Β

a -
1

2
ä b ã-ä c z I-1 + ã2 ä c zM Β 1

c2 Β2 - Hd - eL2
 

ã-ä Hd-eL z ã2 ä Hd-eL z Hd - e + c ΒL F1

d - e - c Β

c
; - Β, - Β;

- Β c + c + d - e

c
;

ä b ãä c z

a + a2 - b2

,
ä b ãä c z

a - a2 - b2

- Hd - e -

c ΒL F1 -
d - e + c Β

c
; - Β, - Β;

- Β c + c - d + e

c
;

ä b ãä c z

a + a2 - b2

,
ä b ãä c z

a - a2 - b2

-
1

c2 Β2 - Hd + eL2
 

ã-ä Hd+eL z ã2 ä Hd+eL z Hd + e + c ΒL F1

d + e - c Β

c
; - Β, - Β;

- Β c + c + d + e

c
;

ä b ãä c z

a + a2 - b2

,
ä b ãä c z

a - a2 - b2

-

Hd + e - c ΒL F1 -
d + e + c Β

c
; - Β, - Β; -

d + e + c H Β - 1L
c

;
ä b ãä c z

a + a2 - b2

,
ä b ãä c z

a - a2 - b2

Involving Ia + b sin2Hc zLMΒ

01.06.21.0933.01

à Ia + b sin2Hc zLMΒ
 â z �

1

b c H Β + 1L  2-Β-1 
b cos2Hc zL

a + b
H2 a + b - b cosH2 c zLLΒ+1

cscH2 c zL -
b sin2Hc zL

a
F1 Β + 1;

1

2
,

1

2
; Β + 2;

2 a + b - b cosH2 c zL
2 Ha + bL ,

2 a + b - b cosH2 c zL
2 a

01.06.21.0934.01

à Ia + b sin2Hc zLM5�2
 â z � 16

2 a + b - b cosH2 c zL
a

a I23 a2 + 23 b a + 8 b2M E c z -
b

a
-

64 a I2 a2 + 3 b a + b2M 2 a + b - b cosH2 c zL
a

F c z -
b

a
-

2 b I88 a2 + 88 b a + 25 b2 - 28 b H2 a + bL cosH2 c zL + 3 b2 cosH4 c zLM sinH2 c zL � K240 c 2 a + b - b cosH2 c zL O
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01.06.21.0935.01

à Ia + b sin2Hc zLM3�2
 â z �

1

24 c 2 a + b - b cosH2 c zL  16
2 a + b - b cosH2 c zL

a
a H2 a + bL E c z -

b

a
-

8 a Ha + bL 2 a + b - b cosH2 c zL
a

F c z -
b

a
+ 2 2 b H-2 a - b + b cosH2 c zLL sinH2 c zL

01.06.21.0936.01

à a + b sin2Hc zL  â z �
2 a + b - b cosH2 c zL
c 2 a+b-b cosH2 c zL

a

E c z -
b

a

01.06.21.0937.01

á 1

a + b sin2Hc zL  â z �
1

c 2 a + b - b cosH2 c zL  
2 a + b - b cosH2 c zL

a
F c z -

b

a

01.06.21.0938.01

á 1Ia + b sin2Hc zLM3�2  â z �
1

2 a Ha + bL c 2 a + b - b cosH2 c zL  2
2 a + b - b cosH2 c zL

a
a E c z -

b

a
+ 2 b sinH2 c zL

01.06.21.0939.01

á 1Ia + b sin2Hc zLM5�2  â z �

2 a2 H2 a + bL E c z -
b

a

2 a + b - b cosH2 c zL
a

3�2
- a2 Ha + bL F c z -

b

a

2 a + b - b cosH2 c zL
a

3�2
-

2 b I-5 a2 - 5 b a - b2 + b H2 a + bL cosH2 c zLM sinH2 c zL � I3 a2 Ha + bL2 c H2 a + b - b cosH2 c zLL3�2M
Involving Ia + b sin2Hc zLMΒ

 sinHd zL
01.06.21.0940.01à Ia + b sin2Hc zLMΒ

sinHd zL â z �

-
1

d2 - 4 c2 Β2
 2-2 Β-1 ã-ä d z 1 -

b ã2 ä c z

2 a + b - 2 a Ha + bL
-Β

1 -
b ã2 ä c z

2 a + b + 2 a Ha + bL
-Β J4 a - b ã-2 ä c z I-1 + ã2 ä c zM2NΒ

Hd - 2 c ΒL F1 -
d + 2 c Β

2 c
; - Β, - Β; -

d

2 c
- Β + 1;

b ã2 ä c z

2 a + b + 2 a Ha + bL ,
b ã2 ä c z

2 a + b - 2 a Ha + bL +

ã2 ä d z Hd + 2 c ΒL F1

d

2 c
- Β; - Β, - Β;

d

2 c
- Β + 1;

b ã2 ä c z

2 a + b + 2 a Ha + bL ,
b ã2 ä c z

2 a + b - 2 a Ha + bL
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01.06.21.0941.01

à Ia + b sin2Hc zLMΒ
sinHc zL â z � -

cosHc zL I-b cos2Hc zL + a + bMΒ

c
 1 -

b cos2Hc zL
a + b

-Β

2F1

1

2
, - Β;

3

2
;

b cos2Hc zL
a + b

01.06.21.0942.01à Ia - a sin2Hc zLMΒ
sinHd zL â z �

1

4 c2 Β2 - d2
 2-2 Β-1 ã-ä d z Iã-ä c z + ãä c zM2 Β I1 + ã2 ä c zM-2 Β

cos-2 ΒHc zL Ia cos2Hc zLMΒ

Hd - 2 c ΒL 2F1 -
d + 2 c Β

2 c
, -2 Β; -

d

2 c
- Β + 1; -ã2 ä c z + ã2 ä d z Hd + 2 c ΒL 2F1

d

2 c
- Β, -2 Β;

d

2 c
- Β + 1; -ã2 ä c z

01.06.21.0943.01à sinHc zL Ib sin2Hc zL + aM3�2
 â z � -

1

8 c
 

3 logJ 2 -b cosHc zL + 2 a + b - b cosH2 c zL N Ha + bL2

-b
+

cosHc zL 2 a + b - b cosH2 c zL H5 a + 4 b - b cosH2 c zLL
2

01.06.21.0944.01à a + b sin2Hc zL sinHc zL â z �

-
1

4 c
 2 2 a + b - b cosH2 c zL cosHc zL +

2 Ha + bL logJ 2 -b cosHc zL + 2 a + b - b cosH2 c zL N
-b

01.06.21.0945.01à a + a sin2Hc zL sinHc zL â z �

-
1

2 c cosH2 c zL - 3
 JcosHc zL cosH2 c zL - 3 - 2 2 logI 2 cosHc zL + cosH2 c zL - 3 NN a Isin2Hc zL + 1M

01.06.21.0946.01

à a - a sin2Hc zL sinHc zL â z � -
cosHc zL a cos2Hc zL

2 c

01.06.21.0947.01

á sinHc zL
a + b sin2Hc zL  â z �

b logJ 2 -b cosHc zL + 2 a + b - b cosH2 c zL NH-bL3�2 c

01.06.21.0948.01

á sinHc zL
a + a sin2Hc zL  â z �

a HcosH2 c zL - 3L3�2 logI 2 cosHc zL + cosH2 c zL - 3 N
c H-a HcosH2 c zL - 3LL3�2

01.06.21.0949.01

á sinHc zL
a - a sin2Hc zL  â z � -

cosHc zL logHcosHc zLL
c a cos2Hc zL
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01.06.21.0950.01

á sinHc zLIa + b sin2Hc zLM3�2  â z � -
2 cosHc zLHa + bL c 2 a + b - b cosH2 c zL

01.06.21.0951.01

á sinHc zLIa + b sin2Hc zLM5�2  â z �
2 2 cosHc zL H-3 a - 2 b + b cosH2 c zLL

3 Ha + bL2 c H2 a + b - b cosH2 c zLL3�2
01.06.21.0952.01

á sinHc zLIb sin2Hc zL + aM7�2  â z � -
4 2 cosHc zL I15 a2 + 20 b a + 8 b2 - 2 b H5 a + 3 bL cosH2 c zL + b2 cosH4 c zLM

15 Ha + bL3 c H2 a + b - b cosH2 c zLL5�2
01.06.21.0953.01

à Ia + b sin2Hc zLMΒ
sinH2 c zL â z �

H2 a + b - b cosH2 c zLL Ib sin2Hc zL + aMΒ

2 b c H Β + 1L
Involving JIa + b sin2Hc zLMΝNΒ

01.06.21.0954.01à JIa + b sin2Hc zLMΝNΒ
 â z �

1

b c H Β Ν + 1L  2-Β Ν-1 F1 Β Ν + 1;
1

2
,

1

2
; Β Ν + 2;

2 a + b - b cosH2 c zL
2 Ha + bL ,

2 a + b - b cosH2 c zL
2 a

b cos2Hc zL
a + b

H2 a + b - b cosH2 c zLLΒ Ν+1 cscH2 c zL -
b sin2Hc zL

a
Ib sin2Hc zL + aM-Β Ν JIb sin2Hc zL + aMΝNΒ

01.06.21.0955.01

á Ia + b sin2Hc zLM5
 â z �

- H2 a + b - b cosH2 c zLL5 -32
2 a + b - b cosH2 c zL

a
a I23 a2 + 23 b a + 8 b2M E c z -

b

a
+ 128

2 a + b - b cosH2 c zL
a

a I2 a2 + 3 b a + b2M F c z -
b

a
+ 2 2 b

I88 a2 + 88 b a + 25 b2 - 28 b H2 a + bL cosH2 c zL + 3 b2 cosH4 c zLM sinH2 c zL � I480 c H2 a + b - b cosH2 c zLL3M
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01.06.21.0956.01

á Ia + b sin2Hc zLM3
 â z �

Ib sin2Hc zL + aM3
16

2 a + b - b cosH2 c zL
a

a H2 a + bL E c z -
b

a
- 8 a Ha + bL 2 a + b - b cosH2 c zL

a
F c z -

b

a
+

2 2 b H-2 a - b + b cosH2 c zLL sinH2 c zL � I6 2 c H2 a + b - b cosH2 c zLL2N
01.06.21.0957.01

á 1

Ia + b sin2Hc zLM3

 â z �

H2 a + b - b cosH2 c zLL 2 2 a+b-b cosH2 c zL
a

a EJc z Ë - b

a
N + 2 b sinH2 c zL

2 a Ha + bL c H2 a + b - b cosH2 c zLL3

01.06.21.0958.01

á 1

Ia + b sin2Hc zLM5

 â z �

Ib sin2Hc zL + aM5�2
2 a2 H2 a + bL E c z -

b

a

2 a + b - b cosH2 c zL
a

3�2
- a2 Ha + bL F c z -

b

a

2 a + b - b cosH2 c zL
a

3�2
-

2 b I-5 a2 - 5 b a - b2 + b H2 a + bL cosH2 c zLM sinH2 c zL �
3 a2 Ha + bL2 c H2 a + b - b cosH2 c zLL3�2 Ib sin2Hc zL + aM5

Involving JIa + b sin2Hc  zLMΝNΒ
 sinHd zL
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01.06.21.0959.01à JIa + b sin2Hc zLMΝNΒ
sinHd zL â z � -

1

d2 - 4 c2 Β2 Ν2
 

2-Β Ν-1 ã-ä d z 1 -
b ã2 ä c z

2 a + b - 2 a Ha + bL
-Β Ν

1 -
b ã2 ä c z

2 a + b + 2 a Ha + bL
-Β Ν J4 a - b ã-2 ä c z I-1 + ã2 ä c zM2NΒ Ν

Hd - 2 c Β ΝL F1 -
d + 2 c Β Ν

2 c
; - Β Ν, - Β Ν; -

d

2 c
- Β Ν + 1;

b ã2 ä c z

2 a + b + 2 a Ha + bL ,
b ã2 ä c z

2 a + b - 2 a Ha + bL +

ã2 ä d z Hd + 2 c Β ΝL F1

d

2 c
- Β Ν; - Β Ν, - Β Ν;

d

2 c
- Β Ν + 1;

b ã2 ä c z

2 a + b + 2 a Ha + bL ,
b ã2 ä c z

2 a + b - 2 a Ha + bL
H2 a + b - b cosH2 c zLL-Β Ν JIb sin2Hc zL + aMΝNΒ

01.06.21.0960.01à JIa + b sin2Hc zLMΝNΒ
sinHc zL â z �

-
1

c
 cosHc zL I-b cos2Hc zL + a + bMΒ Ν Ib sin2Hc zL + aM-Β Ν JIb sin2Hc zL + aMΝNΒ

 1 -
b cos2Hc zL

a + b

-Β Ν

2F1

1

2
, - Β Ν;

3

2
;

b cos2Hc zL
a + b

01.06.21.0961.01

á Ia + b sin2Hc zLM5
sinHc zL â z �

1

16 c Ia + b sin2Hc zLM5�2  -
5 logJ 2 -b cosHc zL + 2 a + b - b cosH2 c zL N Ha + bL3

-b
-

1

3 2
 KcosHc zL

2 a + b - b cosH2 c zL I33 a2 + 53 b a + 23 b2 - b H13 a + 9 bL cosH2 c zL + b2 cosH4 c zLMO Ib sin2Hc zL + aM5

01.06.21.0962.01

á Ia + b sin2Hc zLM3
sinHc zL â z �

1

8 c Ib sin2Hc zL + aM3�2  

-
3 logJ 2 -b cosHc zL + 2 a + b - b cosH2 c zL N Ha + bL2

-b
-

cosHc zL 2 a + b - b cosH2 c zL H5 a + 4 b - b cosH2 c zLL
2

Ib sin2Hc zL + aM3

01.06.21.0963.01

á sinHc zL
Ia + b sin2Hc zLM3

 â z � -
2 cosHc zL H2 a + b - b cosH2 c zLL

Ha + bL c H2 a + b - b cosH2 c zLL3
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01.06.21.0964.01

á sinHc zL
Ia + b sin2Hc zLM5

 â z � -
cosHc zL H2 a + b - b cosH2 c zLL H3 a + 2 b - b cosH2 c zLL

6 Ha + bL2 c Ib sin2Hc zL + aM5

01.06.21.0965.01

à JIa + b sin2Hc zLMΝNΒ
sinH2 c zL â z �

H2 a + b - b cosH2 c zLL JIb sin2Hc zL + aMΝNΒ

2 b c H Β Ν + 1L
01.06.21.0966.01

à JIa + b sin2Hc zLMΝNΒ
sinH4 c zL â z �

H2 a + b - b cosH2 c zLL H2 a + b + b H Β Ν + 1L cosH2 c zLL JIb sin2Hc zL + aMΝNΒ

b2 c H Β Ν + 1L H Β Ν + 2L
Involving Ia + b sin2Hc zLMΒ

sinΝHc zL
01.06.21.0967.01à Ia + b sin2Hc zLMΒ

sinΝHc zL â z �
1

Ν c + c
 

2Β F1

Ν + 1

2
;

1

2
, - Β;

Ν + 3

2
; sin2Hc zL, -

b sin2Hc zL
a

cos2Hc zL secHc zL sinΝ+1Hc zL Ib sin2Hc zL + aMΒ 2 b sin2Hc zL
a

+ 2

-Β

01.06.21.0968.01

à Ia + b sin2Hc zLM3�2
sin2Hc zL â z � 16

2 a + b - b cosH2 c zL
a

a I3 a2 + 13 b a + 8 b2M E c z -
b

a
-

16 a I3 a2 + 7 b a + 4 b2M 2 a + b - b cosH2 c zL
a

F c z -
b

a
-

2 b I48 a2 + 68 b a + 25 b2 - 4 b H9 a + 7 bL cosH2 c zL + 3 b2 cosH4 c zLM sinH2 c zL � K240 b c 2 a + b - b cosH2 c zL O
01.06.21.0969.01

à Ia + b sin2Hc zLM3�2
sin3Hc zL â z �

1

16 c
 

Ha + bL2 H5 b - aL logJ 2 -b cosHc zL + 2 a + b - b cosH2 c zL NH-bL3�2 -

1

3 2 b
 KcosHc zL 2 a + b - b cosH2 c zL I3 a2 + 29 b a + 23 b2 - b H7 a + 9 bL cosH2 c zL + b2 cosH4 c zLMO
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01.06.21.0970.01

à Ia + b sin2Hc zLM3�2
sin4Hc zL â z � -128

2 a + b - b cosH2 c zL
a

a Ia3 - 2 b a2 - 12 b2 a - 8 b3M E c z -
b

a
+

64
2 a + b - b cosH2 c zL

a
a I2 a3 - 3 b a2 - 13 b2 a - 8 b3M F c z -

b

a
+

2 b I-32 a3 - 496 b a2 - 684 b2 a - 250 b3 + b I144 a2 + 480 b a + 299 b2M cosH2 c zL -

2 b2 H26 a + 27 bL cosH4 c zL + 5 b3 cosH6 c zLM sinH2 c zL � K2240 b2 c 2 a + b - b cosH2 c zL O
01.06.21.0971.01à a + b sin2Hc zL sin2Hc zL â z �

8
2 a + b - b cosH2 c zL

a
a Ha + 2 bL E c z -

b

a
- 8 a Ha + bL 2 a + b - b cosH2 c zL

a
F c z -

b

a
+

2 2 b H-2 a - b + b cosH2 c zLL sinH2 c zL � K24 b c 2 a + b - b cosH2 c zL O
01.06.21.0972.01

à a + b sin2Hc zL sin3Hc zL â z �
1

8 c
 

cosHc zL 2 a + b - b cosH2 c zL H-a - 4 b + b cosH2 c zLL
2 b

+

Ha + bL H3 b - aL logJ 2 -b cosHc zL + 2 a + b - b cosH2 c zL NH-bL3�2
01.06.21.0973.01à a + b sin2Hc zL sin4Hc zL â z �

-16
2 a + b - b cosH2 c zL

a
a I2 a2 - 3 b a - 8 b2M E c z -

b

a
+ 32

2 a + b - b cosH2 c zL
a

a Ia2 - b a - 2 b2M F c z -
b

a
-

2 b I8 a2 + 48 b a + 25 b2 - 4 b H4 a + 7 bL cosH2 c zL + 3 b2 cosH4 c zLM sinH2 c zL � K240 b2 c 2 a + b - b cosH2 c zL O
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01.06.21.0974.01à a + b sin2Hc zL sin5Hc zL â z �

1

96 c
 

1

b2
 K 2 cosHc zL 2 a + b - b cosH2 c zL I3 a2 - 5 b a - 23 b2 + b Ha + 9 bL cosH2 c zL - b2 cosH4 c zLMO -

1H-bL5�2  K6 Ha + bL Ia2 - 2 b a + 5 b2M logK 2 -b cosHc zL + 2 a + b - b cosH2 c zL OO
01.06.21.0975.01

á sinΝHc zL
a + b sin2Hc zL  â z � F1

Ν + 1

2
;

1

2
,

1

2
;

Ν + 3

2
; sin2Hc zL, -

b sin2Hc zL
a

cos2Hc zL 2 a + b - b cosH2 c zL
a

secHc zL sinΝ+1Hc zL � c HΝ + 1L 2 b sin2Hc zL + 2 a

01.06.21.0976.01

á sin2Hc zL
a + b sin2Hc zL  â z �

2 a + b - b cosH2 c zL JEJc z Ë - b

a
N - FJc z Ë - b

a
NN

b c 2 a+b-b cosH2 c zL
a

01.06.21.0977.01

á sin3Hc zL
a + b sin2Hc zL  â z �

-
1

4 H-bL3�2 c
 K2 Ha - bL logK 2 -b cosHc zL + 2 a + b - b cosH2 c zL O - 2 -b cosHc zL 2 a + b - b cosH2 c zL O

01.06.21.0978.01

á sin4Hc zL
a + b sin2Hc zL  â z �

-8
2 a + b - b cosH2 c zL

a
a Ha - bL E c z -

b

a
+ 4

2 a + b - b cosH2 c zL
a

a H2 a - bL F c z -
b

a
+

2 b H-2 a - b + b cosH2 c zLL sinH2 c zL � K12 b2 c 2 a + b - b cosH2 c zL O
01.06.21.0979.01

á sin5Hc zL
a + b sin2Hc zL  â z �

1

8 c
 

cosHc zL 2 a + b - b cosH2 c zL H3 a - 4 b + b cosH2 c zLL
2 b2

+

b I3 a2 - 2 b a + 3 b2M logJ 2 -b cosHc zL + 2 a + b - b cosH2 c zL NH-bL7�2
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01.06.21.0980.01

á sin6Hc zL
a + b sin2Hc zL  â z � 16

2 a + b - b cosH2 c zL
a

a I8 a2 - 7 b a + 8 b2M E c z -
b

a
-

16 a I8 a2 - 3 b a + 4 b2M 2 a + b - b cosH2 c zL
a

F c z -
b

a
-

2 b I-32 a2 + 28 b a + 25 b2 + 4 b Ha - 7 bL cosH2 c zL + 3 b2 cosH4 c zLM sinH2 c zL � K240 b3 c 2 a + b - b cosH2 c zL O
01.06.21.0981.01

á sin7Hc zL
a + b sin2Hc zL  â z �

1

16 c
 

Hb - aL I5 a2 + 2 b a + 5 b2M logJ 2 -b cosHc zL + 2 a + b - b cosH2 c zL NH-bL7�2 -

1

3 2 b3
 KcosHc zL 2 a + b - b cosH2 c zL I15 a2 - 19 b a + 23 b2 + b H5 a - 9 bL cosH2 c zL + b2 cosH4 c zLMO

01.06.21.0982.01

á sin2Hc zLIa + b sin2Hc zLM3�2  â z �

-2
2 a + b - b cosH2 c zL

a
a E c z -

b

a
+ 2

2 a + b - b cosH2 c zL
a

Ha + bL F c z -
b

a
- 2 b sinH2 c zL �

K2 b Ha + bL c 2 a + b - b cosH2 c zL O
01.06.21.0983.01

á sin3Hc zLIa + b sin2Hc zLM3�2  â z �
1

b2 c
 

2 a b cosHc zLHa + bL 2 a + b - b cosH2 c zL + -b logK 2 -b cosHc zL + 2 a + b - b cosH2 c zL O
01.06.21.0984.01

á sin4Hc zLIa + b sin2Hc zLM3�2  â z �

a 2
2 a + b - b cosH2 c zL

a
H2 a + bL E c z -

b

a
- 4 Ha + bL 2 a + b - b cosH2 c zL

a
F c z -

b

a
+ 2 b sinH2 c zL �

K2 b2 Ha + bL c 2 a + b - b cosH2 c zL O
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01.06.21.0985.01

á sin5Hc zLIa + b sin2Hc zLM3�2  â z �

1

2 c
 

cosHc zL I-6 a2 - 3 b a - b2 + b Ha + bL cosH2 c zLM
2 b2 Ha + bL 2 a + b - b cosH2 c zL +

b Hb - 3 aL logJ 2 -b cosHc zL + 2 a + b - b cosH2 c zL NH-bL7�2
01.06.21.0986.01

á sin2Hc zLIa + b sin2Hc zLM5�2  â z �

-2 a2 Ha - bL E c z -
b

a

2 a + b - b cosH2 c zL
a

3�2
+ 2 a2 Ha + bL F c z -

b

a

2 a + b - b cosH2 c zL
a

3�2
-

2 b I4 a2 + b a - b2 - Ha - bL b cosH2 c zLM sinH2 c zL � I6 a b Ha + bL2 c H2 a + b - b cosH2 c zLL3�2M
01.06.21.0987.01

á sin3Hc zLIa + b sin2Hc zLM5�2  â z �
2 cosHc zL H-5 a - 3 b + Ha + 3 bL cosH2 c zLL

3 Ha + bL2 c H2 a + b - b cosH2 c zLL3�2
01.06.21.0988.01

á sin4Hc zLIa + b sin2Hc zLM5�2  â z �

- 2 a2 Ha + 2 bL E c z -
b

a

2 a + b - b cosH2 c zL
a

3�2
- a I2 a2 + 5 b a + 3 b2M F c z -

b

a

2 a + b - b cosH2 c zL
a

3�2
-

2 b I-a2 - 4 b a - 2 b2 + b Ha + 2 bL cosH2 c zLM sinH2 c zL � I3 b2 Ha + bL2 c H2 a + b - b cosH2 c zLL3�2M
Involving Ia + b sin2Hc zLMΒ

and rational function of sinHc zL
01.06.21.0989.01

á 1

Hd + e sinHc zLL a + b sin2Hc zL  â z �
1

c e 2 a + b - b cosH2 c zL  
2 a + b - b cosH2 c zL

a

e

d
P

e2

d2
; c z -

b

a
-

1

1 - d2

e2

b d2

a e2
+ 1

 tanh-1
cosHc zL

1 - d2

e2

2 a+b-b cosH2 c zL
a

2 b d2

a e2
+ 2
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01.06.21.0990.01

á sinHc zL
Hd + e sinHc zLL a + b sin2Hc zL  â z �

2 a + b - b cosH2 c zL
a

d

1 - d2

e2

b d2

a e2
+ 1

 tanh-1

2 b d2

a e2
+ 2 cosHc zL

1 - d2

e2

2 a+b-b cosH2 c zL
a

+

e F c z -
b

a
- e P

e2

d2
; c z -

b

a
� Kc e2 2 a + b - b cosH2 c zL O

01.06.21.0991.01

á 1

Hd + e sinHc zLL2 a + b sin2Hc zL  â z �
cosHc zL 2 a + b - b cosH2 c zL e3

2 c Id2 - e2M Ib d2 + a e2M Hd + e sinHc zLL +

tanh-1

2 b d2

a e2
+2 cosHc zL

1-
d2

e2

2 a+b-b cosH2 c zL
a

d I2 b d2 + a e2 - b e2M 2 a+b-b cosH2 c zL
a

c 1 - d2

e2

b d2

a e2
+ 1 e Ie2 - d2M Ib d2 + a e2M 2 a + b - b cosH2 c zL +

Je2 2 a + b - b cosH2 c zL N EJc z Ë - b

a
N

c Id2 - e2M Ib d2 + a e2M 2 a+b-b cosH2 c zL
a

-

2 a+b-b cosH2 c zL
a

FJc z Ë - b

a
N

c Id2 - e2M 2 a + b - b cosH2 c zL +

I2 b d2 + a e2 - b e2M 2 a+b-b cosH2 c zL
a

PJ e2

d2
; c z Ë - b

a
N

c Id2 - e2M Ib d2 + a e2M 2 a + b - b cosH2 c zL
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01.06.21.0992.01

á 1

Hd + e sinHc zLL3 a + b sin2Hc zL  â z �
3 d e2 I2 b d2 + a e2 - b e2M 2 a + b - b cosH2 c zL EJc z Ë - b

a
N

2 c Id2 - e2M2 Ib d2 + a e2M2 2 a+b-b cosH2 c zL
a

+

Ia2 I2 d2 + e2M e4 + a b I5 d4 + 2 e2 d2 - e4M e2 + b2 I6 d6 - 5 e2 d4 + 2 e4 d2MM 2 a + b - b cosH2 c zL
a

P
e2

d2
; c z -

b

a
�

K2 c d Id2 - e2M2 Ib d2 + a e2M2
2 a + b - b cosH2 c zL O +I4 2 e3 cosHc zL He sinHc zL - dL5 Hd + e sinHc zLL3 I-14 b2 d4 - 28 a b d4 + 6 b2 e sinH3 c zL d3 - 16 a2 e2 d2 +

8 b2 e2 d2 + 8 a b e2 d2 - 3 H4 a + 3 bL e I2 b d2 + a e2 - b e2M sinHc zL d - 3 b2 e3 sinH3 c zL d +

3 a b e3 sinH3 c zL d + 4 a2 e4 + 2 a b e4 + 2 b I7 b d4 + 4 a e2 d2 - 4 b e2 d2 - a e4M cosH2 c zLMN �
Kc Id2 - e2M2 Ib d2 + a e2M2

2 a + b - b cosH2 c zL I2 d2 - e2 + e2 cosH2 c zLM5O -

d I4 b d2 + 3 a e2 - b e2M 2 a+b-b cosH2 c zL
a

FJc z Ë - b

a
N

2 c Id2 - e2M2 Ib d2 + a e2M 2 a + b - b cosH2 c zL -

Ia2 I2 d2 + e2M e4 + a b I5 d4 + 2 e2 d2 - e4M e2 + b2 I6 d6 - 5 e2 d4 + 2 e4 d2MM tanh-1

2 b d2

a e2
+ 2 cosHc zL

1 - d2

e2

2 a+b-b cosH2 c zL
a

2 a + b - b cosH2 c zL
a

� 2 c 1 -
d2

e2

b d2

a e2
+ 1 e Id2 - e2M2 Ib d2 + a e2M2

2 a + b - b cosH2 c zL
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01.06.21.0993.01

á sinHc zL
Hd + e sinHc zLL2 a + b sin2Hc zL  â z �

-
d cosHc zL 2 a + b - b cosH2 c zL e2

2 c Id2 - e2M Ib d2 + a e2M Hd + e sinHc zLL -
Ib d4 + a e4M

c 1 - d2

e2

b d2

a e2
+ 1 e2 Ie2 - d2M Ib d2 + a e2M 2 a + b - b cosH2 c zL

2 a + b - b cosH2 c zL
a

 tanh-1

2 b d2

a e2
+ 2 cosHc zL

1 - d2

e2

2 a+b-b cosH2 c zL
a

-
d e 2 a + b - b cosH2 c zL

c Id2 - e2M Ib d2 + a e2M 2 a+b-b cosH2 c zL
a

E c z -
b

a
+

d

c e Id2 - e2M 2 a + b - b cosH2 c zL 2 a + b - b cosH2 c zL
a

F c z -
b

a
+

Ib d4 + a e4M
c d e Ie2 - d2M Ib d2 + a e2M 2 a + b - b cosH2 c zL 2 a + b - b cosH2 c zL

a
P

e2

d2
; c z -

b

a

01.06.21.0994.01

á a + b sin2Hc zL
d + e sin2Hc zL  â z �

2 a+b-b cosH2 c zL
a

Jb d FJc z Ë - b

a
N + Ha e - b dL PJ- e

d
; c z Ë - b

a
NN

c d e 2 a + b - b cosH2 c zL
01.06.21.0995.01

á 1

Ie sin2Hc zL + dM a + b sin2Hc zL  â z �
1

c d 2 a + b - b cosH2 c zL  
2 a + b - b cosH2 c zL

a
P -

e

d
; c z -

b

a

01.06.21.0996.01

á sinHc zL
Ie sin2Hc zL + dM a + b sin2Hc zL  â z �

1

c -d - e a e - b d
 tan-1

2 a e - b d cosHc zL
-2 d - 2 e 2 a + b - b cosH2 c zL
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01.06.21.0997.01

á 1

Ie sin2Hc zL + dM2
a + b sin2Hc zL  â z �

2 a + b - b cosH2 c zL
a

2 P -
e

d
; c z -

b

a
-

1Hd + eL Hb d - a eL  a d e E c z -
b

a
+

Hb d - a eL FJc z Ë - b

a
N

a e
+

b sin2Hc zL
a

+ 1 e sinH2 c zL
2 Ie sin2Hc zL + dM -

d J e2

d2
+ b

a
N PJ- e

d
; c z Ë - b

a
N

e
� K2 c d2 2 a + b - b cosH2 c zL O

01.06.21.0998.01

á sinHc zL
Ie sin2Hc zL + dM2

a + b sin2Hc zL  â z �

Hb H2 d + eL - a eL tan-1
2 a e - b d cosHc zL

-2 d - 2 e 2 a + b - b cosH2 c zL -
2 e Hd + eL a e - b d cosHc zL 2 a + b - b cosH2 c zL

-2 d - 2 e H2 d + e - e cosH2 c zLL �
I2 c H-d - eL3�2 Ha e - b dL3�2M

Involving sinHe zL sinHd zL Ia + b sin2Hc zLMΒ

01.06.21.0999.01

à sinHe zL sinHd zL Ia + b sin2Hc zLMΒ
 â z �

1

4
ä 1 -

b ã2 ä c z

2 a + b - 2 a Ha + bL
-Β

1 -
b ã2 ä c z

2 a + b + 2 a Ha + bL
-Β

Ia + b sin2Hc zLMΒ 1

4 c2 Β2 - Hd - eL2
 ã-ä Hd-eL z ã2 ä Hd-eL z Hd - e + 2 c ΒL F1

d - e - 2 c Β

2 c
; - Β, - Β;

-2 Β c + 2 c + d - e

2 c
;

b ã2 ä c z

2 a + b + 2 a Ha + bL ,
b ã2 ä c z

2 a + b - 2 a Ha + bL - Hd - e - 2 c ΒL
F1 -

d - e + 2 c Β

2 c
; - Β, - Β;

-2 Β c + 2 c - d + e

2 c
;

b ã2 ä c z

2 a + b + 2 a Ha + bL ,
b ã2 ä c z

2 a + b - 2 a Ha + bL -

1

4 c2 Β2 - Hd + eL2
 ã-ä Hd+eL z ã2 ä Hd+eL z Hd + e + 2 c ΒL F1

d + e - 2 c Β

2 c
; - Β, - Β;

-2 Β c + 2 c + d + e

2 c
;

b ã2 ä c z

2 a + b + 2 a Ha + bL ,
b ã2 ä c z

2 a + b - 2 a Ha + bL - Hd + e - 2 c ΒL
F1 -

d + e + 2 c Β

2 c
; - Β, - Β; -

d + e + 2 c H Β - 1L
2 c

;
b ã2 ä c z

2 a + b + 2 a Ha + bL ,
b ã2 ä c z

2 a + b - 2 a Ha + bL
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Involving Ia + b sin2Hc zLMΒ
and algebraic function of sinHc zL

01.06.21.1000.01à Ia + b sin2Hc zLMΝ Id + e sin2Hc zLMΒ
sinHc zL â z � -

1

c
 

F1

1

2
; -Ν, - Β;

3

2
;

b cos2Hc zL
a + b

,
e cos2Hc zL

d + e
cosHc zL Ib sin2Hc zL + aMΝ b sin2Hc zL + a

a + b

-Ν Ie sin2Hc zL + dMΒ e sin2Hc zL + d

d + e

-Β

01.06.21.1001.01

á Id + e sin2Hc zLMΒ
sinHc zL

a + b sin2Hc zL  â z � -
1

c b sin2Hc zL + a

 

F1

1

2
;

1

2
, - Β;

3

2
;

b cos2Hc zL
a + b

,
e cos2Hc zL

d + e
cosHc zL b sin2Hc zL + a

a + b
Ie sin2Hc zL + dMΒ e sin2Hc zL + d

d + e

-Β

Other integrals

01.06.21.1002.01

á a + b sinHe zL
c + d sinHe zL  â z � - 2 Hb c - a dL Hc + dL cot2J 1

4
HΠ - 2 e zLN

d - c

b Hc + dL P
a d - b cHa + bL d

; sin-1 -
Ha + bL csc2J 1

4
HΠ - 2 e zLN Hc + d sinHe zLL
2 a d - 2 b c

2 Ha d - b cLHa + bL Hd - cL -

Ha + bL d F sin-1 -
Ha + bL csc2J 1

4
HΠ - 2 e zLN Hc + d sinHe zLL
2 a d - 2 b c

2 Ha d - b cLHa + bL Hd - cL
secHe zL KcosK e z

2
O - sinK e z

2
OO4 Hc + dL csc2J 1

4
HΠ - 2 e zLN Ha + b sinHe zLL

a d - b c

a + b sinHe zL
c + d sinHe zL

Ha + bL Hc + d sinHe zLLHa d - b cL HsinHe zL - 1L � HHa + bL d Hc + dL e Ha + b sinHe zLLL

http://functions.wolfram.com 312



01.06.21.1003.01

à a + b sinHe zL
c + d sinHe zL  â z � - 2 Hb c - a dL Hc + dL cot2J 1

4
HΠ - 2 e zLN

d - c

b Hc + dL P
a d - b cHa + bL d

; sin-1 -
Ha + bL csc2J 1

4
HΠ - 2 e zLN Hc + d sinHe zLL
2 a d - 2 b c

2 Ha d - b cLHa + bL Hd - cL -

Ha + bL d F sin-1 -
Ha + bL csc2J 1

4
HΠ - 2 e zLN Hc + d sinHe zLL
2 a d - 2 b c

2 Ha d - b cLHa + bL Hd - cL secHe zL

KcosK e z

2
O - sinK e z

2
OO4 Hc + dL csc2J 1

4
HΠ - 2 e zLN Ha + b sinHe zLL

a d - b c

Ha + bL Hc + d sinHe zLLHa d - b cL HsinHe zL - 1L �
KHa + bL d Hc + dL e a + b sinHe zL c + d sinHe zL O

01.06.21.1004.01

á a + b sin2He zLIc + d sin2He zLM3
 â z � cosHe zL 2 a + b - b cosH2 e zLH2 c + d - d cosH2 e zLL3

a H2 c + d - d cosH2 e zLL
c H2 a + b - b cosH2 e zLL

a a+b

a
H2 c + d - d cosH2 e zLL

a cos2He zL
2 a+b-b cosH2 e zL

E sin-1

2 a+b

a
sinHe zL

2 a+b-b cosH2 e zL
a

b c - a d

a c + b c
+

2
2 a + b - b cosH2 e zL

a
Ha d - b cL a H2 c + d - d cosH2 e zLL

c H2 a + b - b cosH2 e zLL sinHe zL � a Hc + dL e
2 a + b - b cosH2 e zL

a

01.06.21.1005.01

á 1

Ia + b sin2He zLM a+b sin2He zL
c+d sin2He zL

 â z �

cosHe zL
a a+b

a
e a cos2He zL

2 a+b-b cosH2 e zL 2 a+b-b cosH2 e zL
a

a H2 c+d-d cosH2 e zLL
c H2 a+b-b cosH2 e zLL b sin2He zL+a

d sin2He zL+c

 E sin-1

2 a+2 b

a
sinHe zL

2 a+b-b cosH2 e zL
a

b c - a d

a c + b c

http://functions.wolfram.com 313



01.06.21.1006.01

á
a+b sin2He zL
c+d sin2He zL

c + d sin2He zL  â z �

a cos2He zL
2 a + b - b cosH2 e zL secHe zL a + b

a
a H2 c + d - d cosH2 e zLL E sin-1

2 a+2 b

a
sinHe zL

2 a+b-b cosH2 e zL
a

b c - a d

a c + b c
+

2
2 a + b - b cosH2 e zL

a
Ha d - b cL a cos2He zL

2 a + b - b cosH2 e zL a H2 c + d - d cosH2 e zLL
c H2 a + b - b cosH2 e zLL sinHe zL

b sin2He zL + a

d sin2He zL + c
� a c Hc + dL e

2 a + b - b cosH2 e zL
a

a H2 c + d - d cosH2 e zLL
c H2 a + b - b cosH2 e zLL

01.06.21.1007.01

á 1Ia + b sin2He zLM Ic + d sin2He zLM  â z � H2 a + b - b cosH2 e zLL -
c cot2He zL

c + d

a H2 c + d - d cosH2 e zLL csc2He zL
a d - b c

F sin-1
a H2 c + d - d cosH2 e zLL csc2He zL

2 a d - 2 b c

a d - b c

a Hc + dL tanHe zL �
a e -H2 a + b - b cosH2 e zLL H-2 c - d + d cosH2 e zLL c H2 a + b - b cosH2 e zLL csc2He zL

b c - a d
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01.06.21.1008.01

á 1Ia + b sin2He zLM Ic + d sin2He zLM I f + g sin2He zLM  â z �

b sin2He zL + a d sin2He zL + c
1

a cos2He zL
2 a+b-b cosH2 e zL

 a2 c g cosHe zL 2 a + b - b cosH2 e zL
a

a H2 c + d - d cosH2 e zLL
c H2 a + b - b cosH2 e zLL P

b f - a g

a f + b f
; sin-1

2 a+2 b

a
sinHe zL

2 a+b-b cosH2 e zL
a

b c - a d

a c + b c
+

a + b

a
b -

c cot2He zL
c + d

a H2 c + d - d cosH2 e zLL csc2He zL
a d - b c

Ha d - b cL c H2 a + b - b cosH2 e zLL csc2He zL
b c - a d

f F sin-1
a H2 c + d - d cosH2 e zLL csc2He zL

2 a d - 2 b c

a d - b c

a Hc + dL sin2He zL tanHe zL �

a
a + b

a
c e f Ha g - b f L 2 a + b - b cosH2 e zL 2 c + d - d cosH2 e zL Ib sin2He zL + aM Id sin2He zL + cM
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01.06.21.1009.01

á sin2He zL
Ib sin2He zL + aM Id sin2He zL + cM3

 â z �

- cosHe zL a + b

a
a H2 c + d - d cosH2 e zLL E sin-1

2 a+2 b

a
sinHe zL

2 a+b-b cosH2 e zL
a

b c - a d

a c + b c
+

2 a + b - b cosH2 e zL
a

Hb c - a dL a cos2He zL
2 a + b - b cosH2 e zL a H2 c + d - d cosH2 e zLL

c H2 a + b - b cosH2 e zLL
1

- c cot2He zL
c+d

 
c H2 a + b - b cosH2 e zLL csc2He zL

b c - a d

a H2 c + d - d cosH2 e zLL csc2He zL
a d - b c

F sin-1
a H2 c + d - d cosH2 e zLL csc2He zL

2 a d - 2 b c

a d - b c

a Hc + dL - 2 sinHe zL

b sin2He zL + a Id sin2He zL + cM3�2 � Hc + dL Ha d - b cL e
a cos2He zL

2 a + b - b cosH2 e zL
2 a + b - b cosH2 e zL 2 a + b - b cosH2 e zL

a
2 c + d - d cosH2 e zL

a H2 c + d - d cosH2 e zLL
c H2 a + b - b cosH2 e zLL Ib sin2He zL + aM Id sin2He zL + cM3

Involving functions of the direct function and a power function 

Involving powers of the direct function and a power function

Involving powers of sin and power

Involving zΑ-1 sinv Ha zL
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01.06.21.1010.01à zΑ-1 sinvHa zL â z �
2-v H1 - v mod 2L

Α
 zΑ

v
v

2

- H2 ä L-v zΑ

â
j=0

f v-1

2
v H-1L j v

j
HGHΑ, ä a H2 j - vL zL Hä a H2 j - vL zL-Α + H-1Lv Hä a Hv - 2 jL zL-Α GHΑ, ä a Hv - 2 jL zLL �; Α ¹ 0 ì v Î N+

01.06.21.1011.01

à sinvHa zL
z

 â z �

2-v
v
v

2

logHzL H1 - v mod 2L + 21-v â
k=0

f v-1

2
v H-1Lk v

k
cos

Π v

2
CiHa Hv - 2 kL zL + sin

Π v

2
SiHa Hv - 2 kL zL �; v Î N+

01.06.21.1012.01à zΑ-1 sin2Ha zL â z �
1

4
zΑ 2-Α GHΑ, -2 ä a zL H-ä a zL-Α + 2-Α Hä a zL-Α GHΑ, 2 ä a zL +

2

Α

01.06.21.1013.01à zΑ-1 sin3Ha zL â z �

1

8
ä 3-Α zΑ Ia2 z2M-Α I-3Α+1 GHΑ, ä a zL H-ä a zLΑ + GHΑ, 3 ä a zL H-ä a zLΑ + 3Α+1 Hä a zLΑ GHΑ, -ä a zL - Hä a zLΑ GHΑ, -3 ä a zLM

01.06.21.1014.01

à zn sinΝHa zL â z � n! sinΝHa zL I1 - ã2 ä a zM-Ν â
j=0

n H-1L j zn- jHn - jL ! H-ä a ΝL j+1
j+2F j+1 -

Ν

2
, ¼, -

Ν

2
, -Ν; 1 -

Ν

2
, ¼, 1 -

Ν

2
; ã2 ä a z �; n Î N

01.06.21.1015.01à z sinvHa zL â z �
1

2 a2
 sinv+1Ha zL

2 a z cosHa zL
v + 1

2F1 1,
v + 2

2
;

v + 3

2
; sin2Ha zL - 2-v-1 Π GHv + 1L 3F

�
2 1,

v + 2

2
,

v + 2

2
;

v + 3

2
,

v + 4

2
; sin2Ha zL sinHa zL

01.06.21.1016.01

à sin2Ha zL
z

 â z �
1

2
HlogHzL - CiH2 a zLL

01.06.21.1017.01

à sin3Ha zL
z

 â z �
1

4
H3 SiHa zL - SiH3 a zLL

01.06.21.1018.01

à sin4Ha zL
z

 â z �
1

8
H-4 CiH2 a zL + CiH4 a zL + 3 logHzLL

01.06.21.1019.01

à sin5Ha zL
z

 â z �
1

16
H10 SiHa zL - 5 SiH3 a zL + SiH5 a zLL
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01.06.21.1020.01à z sin2Ha zL â z � -
cosH2 a zL + 2 a z HsinH2 a zL - a zL

8 a2

01.06.21.1021.01à z sin3Ha zL â z � -
27 a z cosHa zL - 3 a z cosH3 a zL - 27 sinHa zL + sinH3 a zL

36 a2

01.06.21.1022.01à z sin4Ha zL â z �
-16 cosH2 a zL + cosH4 a zL + 4 a z H6 a z - 8 sinH2 a zL + sinH4 a zLL

128 a2

01.06.21.1023.01à z sin5Ha zL â z �
1

3600 a2
 H-2250 a z cosHa zL + 375 a z cosH3 a zL - 45 a z cosH5 a zL + 2250 sinHa zL - 125 sinH3 a zL + 9 sinH5 a zLL

01.06.21.1024.01

à z2 sin2Ha zL â z �
4 a3 z3 - 6 a cosH2 a zL z + I3 - 6 a2 z2M sinH2 a zL

24 a3

01.06.21.1025.01

à z2 sin3Ha zL â z �
-81 Ia2 z2 - 2M cosHa zL + I9 a2 z2 - 2M cosH3 a zL - 6 a z HsinH3 a zL - 27 sinHa zLL

108 a3

01.06.21.1026.01à z2 sin4Ha zL â z �

1

256 a3
 I32 a3 z3 - 64 a2 sinH2 a zL z2 + 8 a2 sinH4 a zL z2 - 64 a cosH2 a zL z + 4 a cosH4 a zL z + 32 sinH2 a zL - sinH4 a zLM
01.06.21.1027.01à z2 sin5Ha zL â z �

1

54 000 a3
 I-675 a2 cosH5 a zL z2 + 67 500 a sinHa zL z - 3750 a sinH3 a zL z +

270 a sinH5 a zL z - 33 750 Ia2 z2 - 2M cosHa zL + 625 I9 a2 z2 - 2M cosH3 a zL + 54 cosH5 a zLM
01.06.21.1028.01à z2 sin6Ha zL â z �

1

13 824 a3
 I1440 a3 z3 - 3240 a2 sinH2 a zL z2 + 648 a2 sinH4 a zL z2 - 72 a2 sinH6 a zL z2 -

3240 a cosH2 a zL z + 324 a cosH4 a zL z - 24 a cosH6 a zL z + 1620 sinH2 a zL - 81 sinH4 a zL + 4 sinH6 a zLM
01.06.21.1029.01

à z3 sin2Ha zL â z �
2 a4 z4 + I3 - 6 a2 z2M cosH2 a zL + I6 a z - 4 a3 z3M sinH2 a zL

16 a4

01.06.21.1030.01à z3 sin3Ha zL â z �

1

108 a4
 I-81 a z Ia2 z2 - 6M cosHa zL + 3 a z I3 a2 z2 - 2M cosH3 a zL - 2 I-117 a2 z2 + I9 a2 z2 - 2M cosH2 a zL + 242M sinHa zLM
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01.06.21.1031.01à z3 sin4Ha zL â z �
1

1024 a4
 

I-192 I2 a2 z2 - 1M cosH2 a zL + 3 I8 a2 z2 - 1M cosH4 a zL + 4 a z I24 a3 z3 + I96 - 64 a2 z2M sinH2 a zL + I8 a2 z2 - 3M sinH4 a zLMM
01.06.21.1032.01

à zn+
1

2 sinvHa zL â z �

21-v zn+
3

2

v
v

2

H1 - v mod 2L
2 n + 3

- H2 ä L-v zn+
3

2 â
j=0

f v-1

2
v H-1L j v

j

erfcJ ä a H2 j - vL z N G n +
3

2
+ ã-ä a H2 j-vL z â

k=0

n Hä a H2 j - vL zLk+
1

2Jn + 3

2
N
k-n

- ã-ä a H2 j-vL z â
k=n+1

-1 Hä a H2 j - vL zLk+
1

2Jn + 3

2
N
k-n

Hä a H2 j - vL zL-n-
3

2 + H-1Lv Hä a Hv - 2 jL zL-n-
3

2 erfcJ ä a Hv - 2 jL z N G n +
3

2
+

ã-ä a Hv-2 jL z â
k=0

n Hä a Hv - 2 jL zLk+
1

2Jn + 3

2
N
k-n

- ã-ä a Hv-2 jL z â
k=n+1

-1 Hä a Hv - 2 jL zLk+
1

2Jn + 3

2
N
k-n

�; n Î Z ì v Î N+

Involving zΑ-1 sinΝHa z + bL
01.06.21.1033.01à zΑ-1 sinvHb + a zL â z �

2-v H1 - v mod 2L zΑ

Α

v
v

2

- 2-v zΑ â
k=0

f v-1

2
v H-1Lk v

k
Ia2 H2 k - vL2 z2M-Α Kã-ä J Π v

2
-b Hv-2 kLN GHΑ, ä a H2 k - vL zL H-ä a H2 k - vL zLΑ +

ãä J Π v

2
-b Hv-2 kLN Hä a H2 k - vL zLΑ GHΑ, -ä a H2 k - vL zLO �; Α ¹ 0 ì n Î N+

01.06.21.1034.01

à sinvHa z + bL
z

 â z � 2-v
v
v

2

logHzL H1 - v mod 2L +

21-v â
k=0

f v-1

2
v H-1Lk v

k
cos

Π v

2
- b Hv - 2 kL CiHa H2 k - vL zL - sin

Π v

2
- b Hv - 2 kL SiHa H2 k - vL zL �; n Î N+

01.06.21.1035.01à zΑ-1 sin2Ha z + bL â z �

1

Α
 I2-Α-2 zΑ Ia2 z2M-Α IΑ GHΑ, 2 ä a zL HcosHbL - ä sinHbLL2 H-ä a zLΑ + 2Α+1 Ia2 z2MΑ

+ Hä a zLΑ Α GHΑ, -2 ä a zL HcosHbL + ä sinHbLL2MM
01.06.21.1036.01à zΑ-1 sin3Ha z + bL â z �

1

8
ä 3-Α ã-3 ä b zΑ Ia2 z2M-Α

I-3Α+1 ã2 ä b GHΑ, ä a zL H-ä a zLΑ + GHΑ, 3 ä a zL H-ä a zLΑ + 3Α+1 ã4 ä b Hä a zLΑ GHΑ, -ä a zL - ã6 ä b Hä a zLΑ GHΑ, -3 ä a zLM
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01.06.21.1037.01à zn sinΝHa z + bL â z �

n! sinΝHa z + bL I1 - ã2 ä Ha z+bLM-Ν â
j=0

n H-1L j zn- jHn - jL ! H-ä a ΝL j+1
j+2F j+1 -

Ν

2
, ¼, -

Ν

2
, -Ν; 1 -

Ν

2
, ¼, 1 -

Ν

2
; ã2 ä Ha z+bL �; n Î N

01.06.21.1038.01à z sinΝHa z + bL â z �
1

2 a2
 sinΝ+1Hb + a zL

2 b cosHb + a zL 2F1

1

2
,

1 - Ν

2
;

3

2
; cos2Hb + a zL sin2Hb + a zL 1

2
H-Ν-1L

+
2 Hb + a zL cosHb + a zL 2F1J1, Ν+2

2
; Ν+3

2
; sin2Hb + a zLN

Ν + 1
-

2-Ν-1 Π GHΝ + 1L 3F
�

2 1,
Ν + 2

2
,

Ν + 2

2
;

Ν + 3

2
,

Ν + 4

2
; sin2Hb + a zL sinHb + a zL

01.06.21.1039.01

à sin2Hb + a zL
z2

 â z �
cosH2 Hb + a zLL + 2 a z CiH2 a zL sinH2 bL + 2 a z cosH2 bL SiH2 a zL - 1

2 z

01.06.21.1040.01

à sin2Ha z + bL
z

 â z �
1

2
H-cosH2 bL CiH2 a zL + logHzL + sinH2 bL SiH2 a zLL

01.06.21.1041.01

à sin3Ha z + bL
z

 â z �
1

4
H3 CiHa zL sinHbL - CiH3 a zL sinH3 bL + 3 cosHbL SiHa zL - cosH3 bL SiH3 a zLL

01.06.21.1042.01

à sin4Ha z + bL
z

 â z �
1

8
H-4 cosH2 bL CiH2 a zL + cosH4 bL CiH4 a zL + 3 logHzL + 4 sinH2 bL SiH2 a zL - sinH4 bL SiH4 a zLL

01.06.21.1043.01

à sin5Ha z + bL
z

 â z �

1

16
H10 CiHa zL sinHbL - 5 CiH3 a zL sinH3 bL + CiH5 a zL sinH5 bL + 10 cosHbL SiHa zL - 5 cosH3 bL SiH3 a zL + cosH5 bL SiH5 a zLL

01.06.21.1044.01à z sin2Hb + a zL â z � -
cosH2 Hb + a zLL + 2 a z HsinH2 Hb + a zLL - a zL

8 a2

01.06.21.1045.01à z sin3Hb + a zL â z �
3 a z HcosH3 Hb + a zLL - 9 cosHb + a zLL + 27 sinHb + a zL - sinH3 Hb + a zLL

36 a2

01.06.21.1046.01à z sin4Hb + a zL â z �
1

128 a2
 H-16 cosH2 Hb + a zLL + cosH4 Hb + a zLL + 4 a z H6 a z - 8 sinH2 Hb + a zLL + sinH4 Hb + a zLLLL

http://functions.wolfram.com 320



01.06.21.1047.01à z sin5Hb + a zL â z �
1

3600 a2
 

H9 sinH5 Hb + a zLL - 5 H3 a z H150 cosHb + a zL - 25 cosH3 Hb + a zLL + 3 cosH5 Hb + a zLLL + 25 HsinH3 Hb + a zLL - 18 sinHb + a zLLLL
01.06.21.1048.01

à z2 sin2Hb + a zL â z �
4 a3 z3 - 6 a cosH2 Hb + a zLL z + I3 - 6 a2 z2M sinH2 Hb + a zLL

24 a3

01.06.21.1049.01à z2 sin3Hb + a zL â z �

1

108 a3
 I-81 Ia2 z2 - 2M cosHb + a zL + I9 a2 z2 - 2M cosH3 Hb + a zLL - 6 a z HsinH3 Hb + a zLL - 27 sinHb + a zLLM
01.06.21.1050.01à z2 sin4Hb + a zL â z �

1

256 a3
 I4 a z I8 a2 z2 - 16 cosH2 Hb + a zLL + cosH4 Hb + a zLLM + 32 I1 - 2 a2 z2M sinH2 Hb + a zLL + I8 a2 z2 - 1M sinH4 Hb + a zLLM
01.06.21.1051.01à z2 sin5Hb + a zL â z �

1

54 000 a3
 I-33 750 Ia2 z2 - 2M cosHb + a zL + 625 I9 a2 z2 - 2M cosH3 Hb + a zLL +

54 cosH5 Hb + a zLL + 15 a z H-45 a z cosH5 Hb + a zLL + 4500 sinHb + a zL - 250 sinH3 Hb + a zLL + 18 sinH5 Hb + a zLLLM
01.06.21.1052.01à z2 sin6Hb + a zL â z �

1

13 824 a3
 I12 a z I120 a2 z2 - 270 cosH2 Hb + a zLL + 27 cosH4 Hb + a zLL - 2 cosH6 Hb + a zLLM -

1620 I2 a2 z2 - 1M sinH2 Hb + a zLL + 81 I8 a2 z2 - 1M sinH4 Hb + a zLL + 4 I1 - 18 a2 z2M sinH6 Hb + a zLLM
01.06.21.1053.01

à z3 sin2Hb + a zL â z �
2 a4 z4 + I3 - 6 a2 z2M cosH2 Hb + a zLL + I6 a z - 4 a3 z3M sinH2 Hb + a zLL

16 a4

01.06.21.1054.01à z3 sin3Hb + a zL â z �
1

108 a4
 I-81 Ia2 z2 - 6M a z cosHb + a zL +

I9 a3 z3 - 6 a zM cosH3 Hb + a zLL + 2 I117 a2 z2 + I2 - 9 a2 z2M cosH2 Hb + a zLL - 242M sinHb + a zLM
01.06.21.1055.01à z3 sin4Hb + a zL â z �

1

1024 a4
 I192 I1 - 2 a2 z2M cosH2 Hb + a zLL +

3 I8 a2 z2 - 1M cosH4 Hb + a zLL + 4 a z I24 a3 z3 + 32 I3 - 2 a2 z2M sinH2 Hb + a zLL + I8 a2 z2 - 3M sinH4 Hb + a zLLMM
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01.06.21.1056.01à zn+
1

2 sinvHa z + bL â z �

21-v
v
v

2

H1 - v mod 2L zn+
3

2

2 n + 3
- 2-v z H-ä aL-n-1 â

s=0

f v-1

2
v H-1Ls v

s
Kãä J Π v

2
-b Hv-2 sLN ä a H2 s - vL z erfcI -ä a H2 s - vL z N -

H-1Ln ã-ä J Π v

2
-b Hv-2 sLN -ä a H2 s - vL z erfcI ä a H2 s - vL z NO G n +

3

2
+

ãä J Π v

2
-b Hv-2 sL+a H2 s-vL zN ä a H2 s - vL z â

k=0

n H-ä a H2 s - vL zLk+
1

2Jn + 3

2
N
k-n

- â
k=n+1

-1 H-ä a H2 s - vL zLk+
1

2Jn + 3

2
N
k-n

-

H-1Ln ã-ä J Π v

2
-b Hv-2 sL+a H2 s-vL zN -ä a H2 s - vL z â

k=0

n Hä a H2 s - vL zLk+
1

2Jn + 3

2
N
k-n

- â
k=n+1

-1 Hä a H2 s - vL zLk+
1

2Jn + 3

2
N
k-n

�
H2 s - vLn+1 a2 H2 s - vL2 z2 �; n Î Z ì Α ¹ 0 ì v Î N+

Involving zΑ-1 sinv Ia zr M
01.06.21.1057.01à zΑ-1 sinvHa zrL â z �

2-v H1 - v mod 2L
Α

 zΑ
v
v

2

-
H2 ä L-v zΑ

r

â
i=0

f v-1

2
v H-1Li v

i
H-1Lv G

Α

r
, -ä a H2 i - vL zr H-ä a H2 i - vL zrL-

Α

r + Hä a H2 i - vL zrL-
Α

r G
Α

r
, ä a H2 i - vL zr �; v Î N+

01.06.21.1058.01

à sinvHa zrL
z

 â z �

2-v
v
v

2

logHzL H1 - v mod 2L +
21-v

r
â
k=0

f v-1

2
v H-1Lk v

k
cos

Π v

2
CiHa Hv - 2 kL zrL + sin

Π v

2
SiHa Hv - 2 kL zrL �; v Î N+

01.06.21.1059.01à zn sinvIa z2M â z �

2-v zn+1
v
v

2

H1 - v mod 2L
n + 1

- 2-v-1 zn+1 â
k=0

f v-1

2
v H-1Lk v

k
ã-

1

2
ä Π v G

n + 1

2
, -ä a Hv - 2 kL z2 I-ä a Hv - 2 kL z2M 1

2
H-n-1L

+

ã
ä Π v

2 Iä a Hv - 2 kL z2M 1

2
H-n-1L

G
n + 1

2
, ä a Hv - 2 kL z2 �; n Î Z ì n ¹ -1 ì v Î N+
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01.06.21.1060.01

à z2 n sinvIa z2M â z �

2-v z2 n+1
v
v

2

H1 - v mod 2L
2 n + 1

-

ä-v 2-v-1 z2 n+1 â
j=0

f v-1

2
v H-1L j v

j
H-1Lv erfc -ä a H2 j - vL z2 G n +

1

2
+ ãä a H2 j-vL z2 â

k=0

n-1 I-ä a H2 j - vL z2Mk+
1

2

Jn + 1

2
N
k-n+1

-

ãä a H2 j-vL z2 â
k=n

-1 I-ä a H2 j - vL z2Mk+
1

2

Jn + 1

2
N
k-n+1

I-ä a H2 j - vL z2M 1

2
H-2 n-1L

+

Iä a H2 j - vL z2M 1

2
H-2 n-1L

erfc ä a H2 j - vL z2 G n +
1

2
+ ã-ä a H2 j-vL z2 â

k=0

n-1 Iä a H2 j - vL z2Mk+
1

2

Jn + 1

2
N
k-n+1

-

ã-ä a H2 j-vL z2 â
k=n

-1 Iä a H2 j - vL z2Mk+
1

2

Jn + 1

2
N
k-n+1

�; n Î Z ì v Î N+

01.06.21.1061.01

à z2 n-1 sinvIa z2M â z �

2-v-1 z2 n
v
v

2

H1 - v mod 2L
n

-

ä-v 2-v-1 z2 n â
j=0

f v-1

2
v H-1L j v

j
H-1Lv I-ä a H2 j - vL z2M-n H-1Ln-1 EiIä a H2 j - vL z2MH-nL !

+ ãä a H2 j-vL z2 â
k=0

n-1 I-ä a H2 j - vL z2Mk

HnLk-n+1

-

ãä a H2 j-vL z2 â
k=n

-1 I-ä a H2 j - vL z2Mk

HnLk-n+1

+ Iä a H2 j - vL z2M-n H-1Ln-1 EiI-ä a H2 j - vL z2MH-nL !
+

ã-ä a H2 j-vL z2 â
k=0

n-1 Iä a H2 j - vL z2Mk

HnLk-n+1

- ã-ä a H2 j-vL z2 â
k=n

-1 Iä a H2 j - vL z2Mk

HnLk-n+1

�; n Î Z ì n ¹ 0 ì v Î N+
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01.06.21.1062.01

à zn sinvIa z N â z �

2-v zn+1
v
v

2

H1 - v mod 2L
n + 1

- ä-v 21-v zn+1

â
j=0

f v-1

2
v H-1L j v

j
Iä a H2 j - vL z N-2 Hn+1L H-1L2 Hn+1L-1 EiI-ä a H2 j - vL z NH-2 Hn + 1LL !

+ H-1Lv
H-1L2 Hn+1L-1 EiIä a H2 j - vL z NH-2 Hn + 1LL !

+

ãä a H2 j-vL z â
k=0

2 Hn+1L-1 I-ä a H2 j - vL z Nk

H2 Hn + 1LLk-2 Hn+1L+1

- ãä a H2 j-vL z â
k=2 Hn+1L

-1 I-ä a H2 j - vL z Nk

H2 Hn + 1LLk-2 Hn+1L+1

+

ã-ä a H2 j-vL z â
k=0

2 Hn+1L-1 Iä a H2 j - vL z Nk

H2 Hn + 1LLk-2 Hn+1L+1

- ã-ä a H2 j-vL z â
k=2 Hn+1L

-1 Iä a H2 j - vL z Nk

H2 Hn + 1LLk-2 Hn+1L+1

�; n Î Z ì n ¹ 0 ì v Î N+

Involving zΑ-1 sinv Ia zr + bM
01.06.21.1063.01à zΑ-1 sinvHa zr + bL â z �

2-v
v
v

2

H1 - v mod 2L zΑ

Α
-

1

r
 H2-v zΑL â

k=0

f v-1

2
v H-1Lk v

k
ãä b Hv-2 kL-

ä Π v

2 G
Α

r
, -ä a Hv - 2 kL zr H-ä a Hv - 2 kL zrL-

Α

r +

ã
ä Π v

2
-ä b Hv-2 kL Hä a Hv - 2 kL zrL-

Α

r G
Α

r
, ä a Hv - 2 kL zr �; Α ¹ 0 ì v Î N+

01.06.21.1064.01

à sinvHa zr + bL
z

 â z � 2-v
v
v

2

logHzL H1 - v mod 2L +

1

r
 2-v â

k=0

f v-1

2
v H-1Lk v

k
ã-

1

2
ä H-4 b k+2 b v+Π vL Iãä Π v EiH-ä a Hv - 2 kL zrL + ã2 ä b Hv-2 kL EiHä a Hv - 2 kL zrLM �; v Î N+

01.06.21.1065.01à zn sinvIa z2 + bM â z �

2-v zn+1
v
v

2

H1 - v mod 2L
n + 1

- 2-v-1 zn+1 â
k=0

f v-1

2
v H-1Lk v

k
ãä b Hv-2 kL-

ä Π v

2 G
n + 1

2
, -ä a Hv - 2 kL z2 I-ä a Hv - 2 kL z2M 1

2
H-n-1L

+

ã
ä Π v

2
-ä b Hv-2 kL Iä a Hv - 2 kL z2M 1

2
H-n-1L

G
n + 1

2
, ä a Hv - 2 kL z2 �; n Î Z ì n ¹ -1 ì v Î N+
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01.06.21.1066.01à z2 n sinvIa z2 + bM â z �

2-v z2 n+1
v
v

2

H1 - v mod 2L
2 n + 1

- 2-v-1 z2 n+1 â
k=0

f v-1

2
v H-1Lk v

k
ãä b Hv-2 kL-

ä Π v

2 erfc -ä a Hv - 2 kL z2 G n +
1

2
+

ãä a Hv-2 kL z2 â
j=0

n-1 I-ä a Hv - 2 kL z2M j+
1

2

Jn + 1

2
N

j-n+1

- ãä a Hv-2 kL z2 â
j=n

-1 I-ä a Hv - 2 kL z2M j+
1

2

Jn + 1

2
N

j-n+1

I-ä a Hv - 2 kL z2M 1

2
H-2 n-1L

+

ã
ä Π v

2
-ä b Hv-2 kL Iä a Hv - 2 kL z2M 1

2
H-2 n-1L

erfc ä a Hv - 2 kL z2 G n +
1

2
+

ã-ä a Hv-2 kL z2 â
j=0

n-1 Iä a Hv - 2 kL z2M j+
1

2

Jn + 1

2
N

j-n+1

- ã-ä a Hv-2 kL z2 â
j=n

-1 Iä a Hv - 2 kL z2M j+
1

2

Jn + 1

2
N

j-n+1

�; n Î Z ì v Î N+

01.06.21.1067.01

à z2 n-1 sinvIa z2 + bM â z �

2-v-1 z2 n
v
v

2

H1 - v mod 2L
n

- 2-v-1 z2 n â
k=0

f v-1

2
v H-1Lk v

k

ãä b Hv-2 kL-
ä Π v

2

H-1Ln-1 EiIä a Hv - 2 kL z2MH-nL !
+ ãä a Hv-2 kL z2 â

j=0

n-1 I-ä a Hv - 2 kL z2M j

HnL j-n+1

- ãä a Hv-2 kL z2 â
j=n

-1 I-ä a Hv - 2 kL z2M j

HnL j-n+1

I-ä a Hv - 2 kL z2M-n
+ ã

ä Π v

2
-ä b Hv-2 kL Iä a Hv - 2 kL z2M-n H-1Ln-1 EiI-ä a Hv - 2 kL z2MH-nL !

+

ã-ä a Hv-2 kL z2 â
j=0

n-1 Iä a Hv - 2 kL z2M j

HnL j-n+1

- ã-ä a Hv-2 kL z2 â
j=n

-1 Iä a Hv - 2 kL z2M j

HnL j-n+1

�; n Î Z ß n ¹ 0 ì v Î N+
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01.06.21.1068.01

à zn sinvI z a + bN â z �

2-v zn+1
v
v

2

H1 - v mod 2L
n + 1

-

21-v zn+1 â
k=0

f v-1

2
v H-1Lk v

k
ãä b Hv-2 kL-

ä Π v

2

H-1L2 Hn+1L-1 EiIä a Hv - 2 kL z NH-2 Hn + 1LL !
+ ãä a Hv-2 kL z â

j=0

2 Hn+1L-1 I-ä a Hv - 2 kL z N j

H2 Hn + 1LL j-2 Hn+1L+1

-

ãä a Hv-2 kL z â
j=2 Hn+1L

-1 I-ä a Hv - 2 kL z N j

H2 Hn + 1LL j-2 Hn+1L+1

I-ä a Hv - 2 kL z N-2 Hn+1L
+

ã
ä Π v

2
-ä b Hv-2 kL Iä a Hv - 2 kL z N-2 Hn+1L

ã-ä a Hv-2 kL z â
j=0

2 Hn+1L-1 Iä a Hv - 2 kL z N j

H2 Hn + 1LL j-2 Hn+1L+1

- ã-ä a Hv-2 kL z

â
j=2 Hn+1L

-1 Iä a Hv - 2 kL z N j

H2 Hn + 1LL j-2 Hn+1L+1

+
H-1L2 Hn+1L-1 EiI-ä a Hv - 2 kL z NH-2 Hn + 1LL !

�; n Î Z ß n ¹ -1 ì v Î N+

Involving zn sinv Ic zr + f zM
01.06.21.1069.01

à zn sinvIc z2 + f zM â z � 2-n-v-1 H- f Ln â
k=0

f v-1

2
v

1

v - 2 k
 

H-1Lk ã
-

ä J f 2 H2 k-vL2+2 c Π v H2 k-vLN
4 c H2 k-vL H f H2 k - vL + 2 c z H2 k - vLL v

k
ã

ä f 2 H2 k-vL
2 c â

j=0

n ä H f H2 k - vL + 2 c z H2 k - vLL2

c H2 k - vL
1

2
H- j-1L

-
2 f H2 k - vL + 4 c z H2 k - vL

f H2 k - vL j
n

j
G

j + 1

2
,

ä H f H2 k - vL + 2 c z H2 k - vLL2

4 c H2 k - vL +

ãä Π v â
j=0

n

-
ä H f H2 k - vL + 2 c z H2 k - vLL2

c H2 k - vL
1

2
H- j-1L

-
2 f H2 k - vL + 4 c z H2 k - vL

f H2 k - vL j
n

j

G
j + 1

2
, -

ä H f H2 k - vL + 2 c z H2 k - vLL2

4 c H2 k - vL c-n-1 +

2-v zn+1
v
v

2

H1 - v mod 2L
n + 1

�; n Î N ì v Î N+
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01.06.21.1070.01à zn sinvI z c + f zN â z �

2-v-1 f -2 n-2 c2 n â
k=0

f v-1

2
v

1H2 k - vL2
 H-1Lk 4-n ã

-
ä H2 k-vL c2

4 f
-

ä Π v

2
v

k
ã

ä c2 H2 k-vL
2 f â

j=0

n â
h=0

j

4 j -
c H2 k - vL + 2 f z H2 k - vL

c H2 k - vL
h+ j

ä Ic H2 k - vL + 2 f z H2 k - vLN2

f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
c H2 k - vL Ic H2 k - vL + 2 f z H2 k - vLN

G
1

2
Hh + j + 1L, ä Ic H2 k - vL + 2 f z H2 k - vLN2

4 f H2 k - vL + 2 f ä H2 k - vL
ä Ic H2 k - vL + 2 f z H2 k - vLN2

f H2 k - vL G
1

2
Hh + j + 2L, ä Ic H2 k - vL + 2 f z H2 k - vLN2

4 f H2 k - vL +

ãä Π v â
j=0

n â
h=0

j

4 j -
c H2 k - vL + 2 f z H2 k - vL

c H2 k - vL
h+ j

-
ä Ic H2 k - vL + 2 f z H2 k - vLN2

f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
c H2 k - vL Ic H2 k - vL + 2 f z H2 k - vLN G

1

2
Hh + j + 1L, -

ä Ic H2 k - vL + 2 f z H2 k - vLN2

4 f H2 k - vL -

2 ä f H2 k - vL -
ä Ic H2 k - vL + 2 f z H2 k - vLN2

f H2 k - vL G
1

2
Hh + j + 2L,

-
ä Ic H2 k - vL + 2 f z H2 k - vLN2

4 f H2 k - vL +

2-v zn+1
v
v

2

H1 - v mod 2L
n + 1

�; n Î N ì v Î N+

Involving zn sinv Ic zr + f z + gM
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01.06.21.1071.01

à zn sinvIc z2 + f z + gM â z � 2-n-v-1 H- f Ln c-n-1 â
k=0

f v-1

2
v

1

v - 2 k
 H-1Lk ã

-
ä K f 2 H2 k-vL2+4 c K Π v

2
-g Hv-2 kLO H2 k-vLO

4 c H2 k-vL

H f H2 k - vL + 2 c z H2 k - vLL v

k
ã

ä f 2 H2 k-vL
2 c â

j=0

n ä H f H2 k - vL + 2 c z H2 k - vLL2

c H2 k - vL
1

2
H- j-1L

-
2 f H2 k - vL + 4 c z H2 k - vL

f H2 k - vL j
n

j
G

j + 1

2
,

ä H f H2 k - vL + 2 c z H2 k - vLL2

4 c H2 k - vL +

ã2 ä J Π v

2
-g Hv-2 kLN â

j=0

n

-
ä H f H2 k - vL + 2 c z H2 k - vLL2

c H2 k - vL
1

2
H- j-1L

-
2 f H2 k - vL + 4 c z H2 k - vL

f H2 k - vL j

n

j
G

j + 1

2
, -

ä H f H2 k - vL + 2 c z H2 k - vLL2

4 c H2 k - vL +

2-v zn+1
v
v

2

H1 - v mod 2L
n + 1

�; n Î N ì v Î N+
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01.06.21.1072.01

à zn sinvI z c + f z + gN â z � 2-v-1 f -2 n-2 c2 n â
k=0

f v-1

2
v

1H2 k - vL2
 H-1Lk 4-n ã

-
ä H2 k-vL c2

4 f
-ä J Π v

2
-g Hv-2 kLN v

k

ã
ä c2 H2 k-vL

2 f â
j=0

n â
h=0

j

4 j -
c H2 k - vL + 2 f z H2 k - vL

c H2 k - vL
h+ j ä Ic H2 k - vL + 2 f z H2 k - vLN2

f H2 k - vL
1

2
H-h- j-1L

j

h

n

j

c H2 k - vL Ic H2 k - vL + 2 f z H2 k - vLN G
1

2
Hh + j + 1L, ä Ic H2 k - vL + 2 f z H2 k - vLN2

4 f H2 k - vL +

2 f ä H2 k - vL ä Ic H2 k - vL + 2 f z H2 k - vLN2

f H2 k - vL
G

1

2
Hh + j + 2L, ä Ic H2 k - vL + 2 f z H2 k - vLN2

4 f H2 k - vL + ã2 ä J Π v

2
-g Hv-2 kLN

â
j=0

n â
h=0

j

4 j -
c H2 k - vL + 2 f z H2 k - vL

c H2 k - vL
h+ j

-
ä Ic H2 k - vL + 2 f z H2 k - vLN2

f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
c H2 k - vL Ic H2 k - vL + 2 f z H2 k - vLN G

1

2
Hh + j + 1L, -

ä Ic H2 k - vL + 2 f z H2 k - vLN2

4 f H2 k - vL -

2 ä f H2 k - vL -
ä Ic H2 k - vL + 2 f z H2 k - vLN2

f H2 k - vL G
1

2
Hh + j + 2L,

-
ä Ic H2 k - vL + 2 f z H2 k - vLN2

4 f H2 k - vL +

2-v zn+1
v
v

2

H1 - v mod 2L
n + 1

�; n Î N ì v Î N+

Involving powers of the direct function and algebraic functions

Involving powers of sin and algebraic functions
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Involving Ha z + bLΒ

01.06.21.1073.01

à Ha z + bLΒ sinvHc zL â z �
2-v Hb + a zLΒ+1 H1 - v mod 2L

a H Β + 1L v
v

2

-

2-v Hb + a zLΒ+1

a
 â

k=0

f v-1

2
v H-1Lk v

k
äv ã

ä b c Hv-2 kL
a

ä c Hv - 2 kL Hb + a zL
a

-Β-1

G Β + 1,
ä c Hv - 2 kL Hb + a zL

a
+

ä-v ã
-

ä b c Hv-2 kL
a -

ä c Hv - 2 kL Hb + a zL
a

-Β-1

G Β + 1, -
ä c Hv - 2 kL Hb + a zL

a
�; v Î N

01.06.21.1074.01à Ha z + bLΒ sin2Hc zL â z �

1

a c H Β + 1L  2-Β-3 Hb + a zLΒ
c2 Hb + a zL2

a2

-Β

a H Β + 1L G Β + 1, -
2 ä c Hb + a zL

a
ä cos

2 b c

a
+ sin

2 b c

a

ä c Hb + a zL
a

Β

+

2Β+2
c2 Hb + a zL2

a2

Β

c Hb + a zL + -
ä c Hb + a zL

a

Β

a H Β + 1L G Β + 1,
2 ä c Hb + a zL

a
sin

2 b c

a
- ä cos

2 b c

a

01.06.21.1075.01

à sinvHc zL
a z + b

 â z �

21-v b + a z  H1 - v mod 2L
a

v
v

2

+
2-v Π

a
 â

k=0

f v-1

2
v H-1Lk v

k

äv

- ä c Hv-2 kL
a

ã
ä b c Hv-2 kL

a erfi -
ä c Hv - 2 kL

a
b + a z +

ä-v

ä c Hv-2 kL
a

ã
-

ä b c Hv-2 kL
a erfi

ä c Hv - 2 kL
a

b + a z �; v Î N

01.06.21.1076.01

à sin2Hc zL
a z + b

 â z �

1

2 c
 

c

a
- Π cos

2 b c

a
C

2 c

a
b + a z

Π
- Π S

2 c

a
b + a z

Π
sin

2 b c

a
+ 2

c

a
b + a z

Involving products of the direct function and a power function
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Involving products of two direct functions and a power function

Involving zΑ-1 sinHc zL sinHa zL
01.06.21.1077.01à zΑ-1 sinHc zL sinHa zL â z � -

1

4
zΑ HGHΑ, -ä Ha - cL zL H-ä Ha - cL zL-Α +Hä Ha - cL zL-Α GHΑ, ä Ha - cL zL - H-ä Ha + cL zL-Α GHΑ, -ä Ha + cL zL - Hä Ha + cL zL-Α GHΑ, ä Ha + cL zLL

01.06.21.1078.01

à zn sinHc zL sinHa zL â z �
1

4
n! -H-ä Ha - cLL-n-1 ãä Ha-cL z â

k=0

n H-ä Ha - cL zLk

k !
- Hä Ha - cLL-n-1 ã-ä Ha-cL z â

k=0

n Hä Ha - cL zLk

k !
+

H-ä Ha + cLL-n-1 ãä Ha+cL z â
k=0

n H-ä Ha + cL zLk

k !
+ Hä Ha + cLL-n-1 ã-ä Ha+cL z â

k=0

n Hä Ha + cL zLk

k !
�; n Î N

01.06.21.1079.01à z-n sinHc zL sinHa zL â z � -
ä

4 Ic2 - a2M Hn - 1L !
 

ã-ä Ha-cL z -Ha + cL Hn - 1L ! Hä Ha - cLLn â
k=1

n-1 Hä Ha - cLLk-n zk-nH1 - nLk

+ H-1Ln ãä Ha-cL z HHa + cL EiH-ä Ha - cL zL Hä Ha - cLLn +

Ha - cL H-ä Ha + cLLn EiHä Ha + cL zLL - Ha - cL H-ä Ha + cLLn ã2 ä a z Hn - 1L ! â
k=1

n-1 H-ä Ha + cLLk-n zk-nH1 - nLk

+

ã-ä H2 a+cL z Ha + cL ã3 ä a z Hn - 1L ! H-ä Ha - cLLn â
k=1

n-1 H-ä Ha - cLLk-n zk-nH1 - nLk

- H-1Ln ãä H2 a+cL z

HHa + cL EiHä Ha - cL zL H-ä Ha - cLLn + Ha - cL Hä Ha + cLLn EiH-ä Ha + cL zLL +

Ha - cL Hä Ha + cLLn ãä a z Hn - 1L ! â
k=1

n-1 Hä Ha + cLLk-n zk-nH1 - nLk

�; n Î N+

01.06.21.1080.01à sinHc zL sinHa zL
z

 â z �
1

2
HCiHHa - cL zL - CiHHa + cL zLL

Involving zΑ-1 sinHc zL sinHa z + bL
01.06.21.1081.01à zΑ-1 sinHc zL sinHb + a zL â z �

1

4
ã-ä b zΑ I-ã2 ä b GHΑ, -ä Ha - cL zL H-ä Ha - cL zL-Α -Hä Ha - cL zL-Α GHΑ, ä Ha - cL zL + ã2 ä b H-ä Ha + cL zL-Α GHΑ, -ä Ha + cL zL + Hä Ha + cL zL-Α GHΑ, ä Ha + cL zLM

Involving zΑ-1 sinHc z + dL sinHa z + bL
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01.06.21.1082.01à zΑ-1 sinHd + c zL sinHb + a zL â z � -
1

4
ã-ä Hb+dL zΑ Iã2 ä b GHΑ, -ä Ha - cL zL H-ä Ha - cL zL-Α +

ã2 ä d Hä Ha - cL zL-Α GHΑ, ä Ha - cL zL - ã2 ä Hb+dL H-ä Ha + cL zL-Α GHΑ, -ä Ha + cL zL - Hä Ha + cL zL-Α GHΑ, ä Ha + cL zLM
Involving zn sinHd zL sinIc zr M

01.06.21.1083.01à zn sinHd zL sinIc z2M â z �

1

8 cn+1
 ä ã

-
ä d2

4 c -H-äLn â
j=0

n

2 j-n H-ä dLn- j Hä Hd + 2 c zLL j+1 -
ä Hd + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd + 2 c zL2

4 c
+

H-äLn â
j=0

n

2 j-n Hä dLn- j H-ä Hd - 2 c zLL j+1 -
ä Hd - 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd - 2 c zL2

4 c
+

ã
ä d2

2 c än â
j=0

n

2 j-n Hä dLn- j H-ä Hd + 2 c zLL j+1
ä Hd + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd + 2 c zL2

4 c
-

än ã
ä d2

2 c â
j=0

n

2 j-n H-ä dLn- j Hä Hd - 2 c zLL j+1
ä Hd - 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd - 2 c zL2

4 c
�; n Î N

01.06.21.1084.01à zn sinHe + d zL sinIc z N â z �

-2-2 n-3 Hä dL-2 n-2 -ã
ä e-

ä c2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n I-ä c + 2 ä d z Nh+ j
ä I-ä c + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
2 ä d

ä I-ä c + 2 ä d z N2

d
G

1

2
Hh + j + 2L, ä I-ä c + 2 ä d z N2

4 d
-

ä c I-ä c + 2 ä d z N G
1

2
Hh + j + 1L, ä I-ä c + 2 ä d z N2

4 d
+

ã
ä e-

ä c2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Iä c + 2 ä d z Nh+ j
ä Iä c + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
c ä Iä c + 2 ä d z N

+ +
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G
1

2
Hh + j + 1L, ä Iä c + 2 ä d z N2

4 d
+ 2

ä Iä c + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä c + 2 ä d z N2

4 d
+

ã
ä c2

4 d
-ä e â

j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n I-ä c - 2 ä d z Nh+ j
-

ä I-ä c - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä c I-ä c - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä c - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä c - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä c - 2 ä d z N2

4 d
-

ã
ä c2

4 d
-ä e â

j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Iä c - 2 ä d z Nh+ j
-

ä Iä c - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
ä c Iä c - 2 ä d z N G

1

2
Hh + j + 1L, -

ä Iä c - 2 ä d z N2

4 d
-

2 ä d -
ä Iä c - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä Iä c - 2 ä d z N2

4 d
�; n Î N

Involving zn sinHd z + eL sinIc zr M
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01.06.21.1085.01à zn sinHd z + eL sinIc z2M â z �

1

8
H-ä cL-n-1 ã

ä d2

4 c
-ä e â

j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä c zL j+1 -
ä H-ä d - 2 ä c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - 2 ä c zL2

4 c
-

H-ä cL-n-1 ã
ä d2

4 c
+ä e â

j=0

n

2 j-n H-ä dLn- j Hä d - 2 ä c zL j+1 -
ä Hä d - 2 ä c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hä d - 2 ä c zL2

4 c
-

Hä cL-n-1 ã
-

ä d2

4 c
-ä e â

j=0

n

2 j-n Hä dLn- j H-ä d + 2 ä c zL j+1
ä H-ä d + 2 ä c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-ä d + 2 ä c zL2

4 c
+

Hä cL-n-1 ã
ä e-

ä d2

4 c â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä c zL j+1
ä Hä d + 2 ä c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä c zL2

4 c
�; n Î N

01.06.21.1086.01à zn sinHe + d zL sinIc z N â z �

-2-2 n-3 Hä dL-2 n-2 -ã
ä e-

ä c2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n I-ä c + 2 ä d z Nh+ j
ä I-ä c + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
2 ä d

ä I-ä c + 2 ä d z N2

d
G

1

2
Hh + j + 2L, ä I-ä c + 2 ä d z N2

4 d
-

ä c I-ä c + 2 ä d z N G
1

2
Hh + j + 1L, ä I-ä c + 2 ä d z N2

4 d
+

ã
ä e-

ä c2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Iä c + 2 ä d z Nh+ j
ä Iä c + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
c ä Iä c + 2 ä d z N

G
1

2
Hh + j + 1L, ä Iä c + 2 ä d z N2

4 d
+ 2

ä Iä c + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä c + 2 ä d z N2

4 d
+
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ã
ä c2

4 d
-ä e â

j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n I-ä c - 2 ä d z Nh+ j
-

ä I-ä c - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä c I-ä c - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä c - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä c - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä c - 2 ä d z N2

4 d
-

ã
ä c2

4 d
-ä e â

j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Iä c - 2 ä d z Nh+ j
-

ä Iä c - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
ä c Iä c - 2 ä d z N G

1

2
Hh + j + 1L, -

ä Iä c - 2 ä d z N2

4 d
-

2 ä d -
ä Iä c - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä Iä c - 2 ä d z N2

4 d
�; n Î N

Involving zΑ-1 sinIb zr M sinIc zr M
01.06.21.1087.01à zΑ-1 sinHb zrL sinHc zrL â z �

zΑ

4 r
 -G

Α

r
, H-ä b + ä cL zr HH-ä b + ä cL zrL-

Α

r +

HHä b + ä cL zrL-
Α

r G
Α

r
, Hä b + ä cL zr + HH-ä b - ä cL zrL-

Α

r G
Α

r
, H-ä b - ä cL zr - HHä b - ä cL zrL-

Α

r G
Α

r
, Hä b - ä cL zr

01.06.21.1088.01à zn sinIb z2M sinIc z2M â z �

-
1

8
zn+1 G

n + 1

2
, H-ä b + ä cL z2 IH-ä b + ä cL z2M 1

2
H-n-1L

- IHä b + ä cL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b + ä cL z2 -

IH-ä b - ä cL z2M 1

2
H-n-1L

G
n + 1

2
, H-ä b - ä cL z2 + IHä b - ä cL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b - ä cL z2 �; n Î N
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01.06.21.1089.01à zn sinI z bN sinI z cN â z �

1

2
J-GI2 Hn + 1L, H-ä b + ä cL z N H-ä b + ä cL-2 Hn+1L + Hä b + ä cL-2 Hn+1L GI2 Hn + 1L, Hä b + ä cL z N +

H-ä b - ä cL-2 Hn+1L GI2 Hn + 1L, H-ä b - ä cL z N - Hä b - ä cL-2 Hn+1L GI2 Hn + 1L, Hä b - ä cL z NN �; n Î N

Involving zn sinHd zL sinIc zr + gM
01.06.21.1090.01à zn sinHd zL sinIc z2 + gM â z �

1

8
ä c-2 n-1 ã

-
ä Jd2+4 c gN

4 c ã2 ä g â
j=0

n

2 j-n Hä dLn- j Hä H2 c z - dLL j+1 -
ä H2 c z - dL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H2 c z - dL2

4 c
H-ä cLn -

ã2 ä g â
j=0

n

2 j-n H-ä dLn- j Hä Hd + 2 c zLL j+1 -
ä Hd + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd + 2 c zL2

4 c
H-ä cLn -

Hä cLn ã
ä d2

2 c â
j=0

n

2 j-n H-ä dLn- j H-ä H2 c z - dLL j+1
ä H2 c z - dL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H2 c z - dL2

4 c
+

Hä cLn ã
ä d2

2 c â
j=0

n

2 j-n Hä dLn- j H-ä Hd + 2 c zLL j+1
ä Hd + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd + 2 c zL2

4 c
�; n Î N
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01.06.21.1091.01

à zn sinHd zL sinI z c + gN â z � H-1Ln 2-2 n-3 d-2 Hn+1L ã
-

ä Jc2+4 d gN
4 d

-ã
ä c2

2 d â
j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n J-ä Ic + 2 d z NNh+ j
ä Ic + 2 d z N2

d

1

2
H-h- j-1L

j

h

n

j
c Ic + 2 d z N

G
1

2
Hh + j + 1L, ä Ic + 2 d z N2

4 d
+ 2

ä Ic + 2 d z N2

d
d ä G

1

2
Hh + j + 2L, ä Ic + 2 d z N2

4 d
+

ã
ä Jc2+4 d gN

2 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Jä Ic - 2 d z NNh+ j
ä Ic - 2 d z N2

d

1

2
H-h- j-1L

j

h

n

j
c Ic - 2 d z N

G
1

2
Hh + j + 1L, ä Ic - 2 d z N2

4 d
+ 2

ä Ic - 2 d z N2

d
d ä G

1

2
Hh + j + 2L, ä Ic - 2 d z N2

4 d
+

ã2 ä g â
j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Jä Ic + 2 d z NNh+ j
-

ä Ic + 2 d z N2

d

1

2
H-h- j-1L

j

h

n

j
2 ä d -

ä Ic + 2 d z N2

d

G
1

2
Hh + j + 2L, -

ä Ic + 2 d z N2

4 d
- c Ic + 2 d z N G

1

2
Hh + j + 1L, -

ä Ic + 2 d z N2

4 d
+

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n J-ä Ic - 2 d z NNh+ j
-

ä Ic - 2 d z N2

d

1

2
H-h- j-1L

j

h

n

j

c Ic - 2 d z N G
1

2
Hh + j + 1L, -

ä Ic - 2 d z N2

4 d
-

2 ä d -
ä Ic - 2 d z N2

d
G

1

2
Hh + j + 2L, -

ä Ic - 2 d z N2

4 d
�; n Î N
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Involving zn sinHd z + eL sinIc zr + gM
01.06.21.1092.01

à zn sinHe + d zL sinIc z2 + gM â z �
1

8
ä c-2 n-1 ã

-
ä Jd2+4 c He+gLN

4 c

ã2 ä g â
j=0

n

2 j-n Hä dLn- j Hä H2 c z - dLL j+1 -
ä H2 c z - dL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H2 c z - dL2

4 c
H-ä cLn -

ã2 ä He+gL â
j=0

n

2 j-n H-ä dLn- j Hä Hd + 2 c zLL j+1 -
ä Hd + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd + 2 c zL2

4 c
H-ä cLn -

Hä cLn ã
ä Jd2+4 c eN

2 c â
j=0

n

2 j-n H-ä dLn- j H-ä H2 c z - dLL j+1
ä H2 c z - dL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H2 c z - dL2

4 c
+

Hä cLn ã
ä d2

2 c â
j=0

n

2 j-n Hä dLn- j H-ä Hd + 2 c zLL j+1
ä Hd + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd + 2 c zL2

4 c
�; n Î N

01.06.21.1093.01

à zn sinHd z + eL sinI z c + gN â z � H-1Ln 2-2 n-3 d-2 Hn+1L ã
-

ä Jc2+4 d He+gLN
4 d

-ã
ä c2

2 d â
j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n J-ä Ic + 2 d z NNh+ j
ä Ic + 2 d z N2

d

1

2
H-h- j-1L

j

h

n

j
c Ic + 2 d z N

G
1

2
Hh + j + 1L, ä Ic + 2 d z N2

4 d
+ 2

ä Ic + 2 d z N2

d
d ä G

1

2
Hh + j + 2L, ä Ic + 2 d z N2

4 d
+

ã
ä Jc2+4 d gN

2 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Jä Ic - 2 d z NNh+ j
ä Ic - 2 d z N2

d

1

2
H-h- j-1L

j

h

n

j
c Ic - 2 d z N

G
1

2
Hh + j + 1L, ä Ic - 2 d z N2

4 d
+ 2

ä Ic - 2 d z N2

d
d ä G

1

2
Hh + j + 2L, ä Ic - 2 d z N2

4 d
+

ã2 ä He+gL â
j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Jä Ic + 2 d z NNh+ j
-

ä Ic + 2 d z N2

d

1

2
H-h- j-1L

j

h

n

j
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2 ä d -
ä Ic + 2 d z N2

d
G

1

2
Hh + j + 2L, -

ä Ic + 2 d z N2

4 d
-

c Ic + 2 d z N G
1

2
Hh + j + 1L, -

ä Ic + 2 d z N2

4 d
+

ã2 ä e â
j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n J-ä Ic - 2 d z NNh+ j
-

ä Ic - 2 d z N2

d

1

2
H-h- j-1L

j

h

n

j
c Ic - 2 d z N G

1

2
Hh + j + 1L, -

ä Ic - 2 d z N2

4 d
-

2 ä d -
ä Ic - 2 d z N2

d
G

1

2
Hh + j + 2L, -

ä Ic - 2 d z N2

4 d
�; n Î N

Involving zΑ-1 sinIb zr M sinIc zr + gM
01.06.21.1094.01à zΑ-1 sinHb zrL sinHc zr + gL â z �

1

4 r
 zΑ -ã-ä g G

Α

r
, H-ä b + ä cL zr HH-ä b + ä cL zrL-

Α

r + ã-ä g HHä b + ä cL zrL-
Α

r G
Α

r
, Hä b + ä cL zr +

ãä g HH-ä b - ä cL zrL-
Α

r G
Α

r
, H-ä b - ä cL zr - ãä g HHä b - ä cL zrL-

Α

r G
Α

r
, Hä b - ä cL zr

01.06.21.1095.01à zn sinIb z2M sinIc z2 + gM â z �

-
1

8
zn+1 ã-ä g G

n + 1

2
, H-ä b + ä cL z2 IH-ä b + ä cL z2M 1

2
H-n-1L

- ã-ä g IHä b + ä cL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b + ä cL z2 -

ãä g IH-ä b - ä cL z2M 1

2
H-n-1L

G
n + 1

2
, H-ä b - ä cL z2 + ãä g IHä b - ä cL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b - ä cL z2 �; n Î N

01.06.21.1096.01à zn sinI z bN sinI z c + gN â z �

1

2
J-ã-ä g GI2 Hn + 1L, H-ä b + ä cL z N H-ä b + ä cL-2 Hn+1L + Hä b + ä cL-2 Hn+1L ã-ä g GI2 Hn + 1L, Hä b + ä cL z N +

H-ä b - ä cL-2 Hn+1L ãä g GI2 Hn + 1L, H-ä b - ä cL z N - Hä b - ä cL-2 Hn+1L ãä g GI2 Hn + 1L, Hä b - ä cL z NN �; n Î N
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Involving zΑ-1 sinIb zr + eM sinIc zr + gM
01.06.21.1097.01à zΑ-1 sinHb zr + eL sinHc zr + gL â z �

zΑ

4 r
 -ã-ä g+ä e G

Α

r
, H-ä b + ä cL zr HH-ä b + ä cL zrL-

Α

r + ã-ä g-ä e HHä b + ä cL zrL-
Α

r G
Α

r
, Hä b + ä cL zr +

ãä g+ä e HH-ä b - ä cL zrL-
Α

r G
Α

r
, H-ä b - ä cL zr - ãä g-ä e HHä b - ä cL zrL-

Α

r G
Α

r
, Hä b - ä cL zr

01.06.21.1098.01à zn sinIb z2 + eM sinIc z2 + gM â z �

-
1

8
zn+1 ãä e-ä g G

n + 1

2
, H-ä b + ä cL z2 IH-ä b + ä cL z2M 1

2
H-n-1L

- ã-ä e-ä g IHä b + ä cL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b + ä cL z2 -

ãä e+ä g IH-ä b - ä cL z2M 1

2
H-n-1L

G
n + 1

2
, H-ä b - ä cL z2 + ã-ä e+ä g IHä b - ä cL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b - ä cL z2 �; n Î N

01.06.21.1099.01à zn sinI z b + eN sinI z c + gN â z �

1

2
J-ãä e-ä g GI2 Hn + 1L, H-ä b + ä cL z N H-ä b + ä cL-2 Hn+1L + Hä b + ä cL-2 Hn+1L ã-ä e-ä g GI2 Hn + 1L, Hä b + ä cL z N +

H-ä b - ä cL-2 Hn+1L ãä e+ä g GI2 Hn + 1L, H-ä b - ä cL z N - Hä b - ä cL-2 Hn+1L ã-ä e+ä g GI2 Hn + 1L, Hä b - ä cL z NN �; n Î N

Involving zn sinHd zL sinIc zr + f zM
01.06.21.1100.01

à zn sinHd zL sinIc z2 + f zM â z �
1

8
ä c-2 n-1 ã

-
ä Hd+ f L2

4 c

ã
ä d f

c â
j=0

n

2 j-n Hä Hd - f LLn- j Hä H-d + f + 2 c zLL j+1 -
ä H-d + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-d + f + 2 c zL2

4 c

H-ä cLn - â
j=0

n

2 j-n H-ä Hd + f LLn- j Hä Hd + f + 2 c zLL j+1 -
ä Hd + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd + f + 2 c zL2

4 c

H-ä cLn - Hä cLn ã
ä Jd2+ f 2N

2 c

â
j=0

n

2 j-n H-ä Hd - f LLn- j H-ä H-d + f + 2 c zLL j+1
ä H-d + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-d + f + 2 c zL2

4 c
+ Hä cLn

ã
ä Hd+ f L2

2 c â
j=0

n

2 j-n Hä Hd + f LLn- j H-ä Hd + f + 2 c zLL j+1
ä Hd + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd + f + 2 c zL2

4 c
�; n Î N
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01.06.21.1101.01à zn sinHd zL sinI z c + f z + gN â z �

H-1Ln 2-2 n-3 ã-ä g ã
ä c2

4 f -4 d ã
1

2
ä

c2

d- f
+4 g â

j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Jä Ic + 2 H f - dL z NNh+ j
ä Ic + 2 H f - dL z N2

d - f

1

2
H-h- j-1L

j

h

n

j
c Ic + 2 H f - dL z N G

1

2
Hh + j + 1L, ä Ic + 2 H f - dL z N2

4 Hd - f L +

2
ä Ic + 2 H f - dL z N2

d - f
Hd - f L ä G

1

2
Hh + j + 2L, ä Ic + 2 H f - dL z N2

4 Hd - f L +

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n Jä I2 Hd - f L z - cNNh+ j
-

ä Ic + 2 H f - dL z N2

d - f

1

2
H-h- j-1L

j

h

n

j
c Ic + 2 H f - dL z N G

1

2
Hh + j + 1L, -

ä Ic + 2 H f - dL z N2

4 Hd - f L -

2 ä Hd - f L -
ä Ic + 2 H f - dL z N2

d - f
G

1

2
Hh + j + 2L, -

ä Ic + 2 H f - dL z N2

4 Hd - f L Hd - f L-2 Hn+1L +

ã
-

ä c2

4 Hd+ f L Hd + f L-2 Hn+1L ã2 ä g â
j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Jä Ic + 2 Hd + f L z NNh+ j
-

ä Ic + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L

j

h

n

j
2 ä Hd + f L -

ä Ic + 2 Hd + f L z N2

d + f
G

1

2
Hh + j + 2L, -

ä Ic + 2 Hd + f L z N2

4 Hd + f L -

c Ic + 2 Hd + f L z N G
1

2
Hh + j + 1L, -

ä Ic + 2 Hd + f L z N2

4 Hd + f L -
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ã
ä c2

2 Hd+ f L â
j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n J-ä Ic + 2 Hd + f L z NNh+ j
ä Ic + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L

j

h

n

j
c Ic + 2 Hd + f L z N G

1

2
Hh + j + 1L, ä Ic + 2 Hd + f L z N2

4 Hd + f L +

2
ä Ic + 2 Hd + f L z N2

d + f
Hd + f L ä G

1

2
Hh + j + 2L, ä Ic + 2 Hd + f L z N2

4 Hd + f L �; n Î N

Involving zn sinHd z + eL sinIc zr + f zM
01.06.21.1102.01

à zn sinHd z + eL sinIc z2 + f zM â z �
1

8
ä c-2 n-1 ã

-
ä Jd2+2 f d+ f 2+4 c eN

4 c

ã
ä d f

c â
j=0

n

2 j-n Hä Hd - f LLn- j Hä H-d + f + 2 c zLL j+1 -
ä H-d + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-d + f + 2 c zL2

4 c

H-ä cLn - ã2 ä e â
j=0

n

2 j-n H-ä Hd + f LLn- j Hä Hd + f + 2 c zLL j+1 -
ä Hd + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd + f + 2 c zL2

4 c
H-ä cLn - Hä cLn ã

ä Jd2+ f 2+4 c eN
2 c

â
j=0

n

2 j-n H-ä Hd - f LLn- j H-ä H-d + f + 2 c zLL j+1
ä H-d + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-d + f + 2 c zL2

4 c
+ Hä cLn

ã
ä Hd+ f L2

2 c â
j=0

n

2 j-n Hä Hd + f LLn- j H-ä Hd + f + 2 c zLL j+1
ä Hd + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd + f + 2 c zL2

4 c
�; n Î N

01.06.21.1103.01à zn sinHd z + eL sinI z c + f z + gN â z �

H-1Ln 2-2 n-3 ã-ä He+gL ã
1

4
ä

c2

d- f
+8 g â

j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Jä Ic + 2 H f - dL z NNh+ j
ä Ic + 2 H f - dL z N2

d - f

1

2
H-h- j-1L
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j

h

n

j
c Ic + 2 H f - dL z N G

1

2
Hh + j + 1L, ä Ic + 2 H f - dL z N2

4 Hd - f L +

2
ä Ic + 2 H f - dL z N2

d - f
Hd - f L ä G

1

2
Hh + j + 2L, ä Ic + 2 H f - dL z N2

4 Hd - f L +

ã
-

ä Jc2+8 e H f -dLN
4 Hd- f L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n Jä I2 Hd - f L z - cNNh+ j
-

ä Ic + 2 H f - dL z N2

d - f

1

2
H-h- j-1L

j

h

n

j
c Ic + 2 H f - dL z N G

1

2
Hh + j + 1L, -

ä Ic + 2 H f - dL z N2

4 Hd - f L -

2 ä Hd - f L -
ä Ic + 2 H f - dL z N2

d - f
G

1

2
Hh + j + 2L, -

ä Ic + 2 H f - dL z N2

4 Hd - f L Hd - f L-2 n-2 +

ã
-

ä c2

4 Hd+ f L Hd + f L-2 n-2 ã2 ä He+gL â
j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Jä Ic + 2 Hd + f L z NNh+ j
-

ä Ic + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L

j

h

n

j
2 ä Hd + f L -

ä Ic + 2 Hd + f L z N2

d + f
G

1

2
Hh + j + 2L, -

ä Ic + 2 Hd + f L z N2

4 Hd + f L -

c Ic + 2 Hd + f L z N G
1

2
Hh + j + 1L, -

ä Ic + 2 Hd + f L z N2

4 Hd + f L -

ã
ä c2

2 Hd+ f L â
j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n J-ä Ic + 2 Hd + f L z NNh+ j
ä Ic + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L

j

h

n

j
c Ic + 2 Hd + f L z N G

1

2
Hh + j + 1L, ä Ic + 2 Hd + f L z N2

4 Hd + f L +

2
ä Ic + 2 Hd + f L z N2

ä G ,
ä Ic + 2 Hd + f L z N2 �;
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Involving zn sinIb zr M sinIc zr + f zM
01.06.21.1104.01

à zn sinIb z2M sinIc z2 + f zM â z �
1

8
-H-ä Hb - cLL-n-1 ã

ä f 2

4 Hb-cL

â
j=0

n

2 j-n H-ä f Ln- j Hä H f + 2 Hc - bL zLL j+1
ä H f + 2 Hc - bL zL2

b - c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f + 2 Hc - bL zL2

4 Hb - cL - Hä Hb - cLL-n-1

ã
ä f 2

4 c-4 b â
j=0

n

2 j-n Hä f Ln- j H-ä H f + 2 Hc - bL zLL j+1 -
ä H f + 2 Hc - bL zL2

b - c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H f + 2 Hc - bL zL2

4 Hb - cL +

H-ä Hb + cLL-n-1 ã
ä f 2

4 Hb+cL â
j=0

n

2 j-n Hä f Ln- j H-ä H f + 2 Hb + cL zLL j+1
ä H f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f + 2 Hb + cL zL2

4 Hb + cL + Hä Hb + cLL-n-1 ã
-

ä f 2

4 Hb+cL

â
j=0

n

2 j-n H-ä f Ln- j Hä H f + 2 Hb + cL zLL j+1 -
ä H f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H f + 2 Hb + cL zL2

4 Hb + cL �; n Î N

01.06.21.1105.01à zn sinIb z N sinI z c + f zN â z �

H-1Ln 2-2 n-3 f -2 Hn+1L ã
ä Hb-cL2

4 f â
j=0

n â
h=0

j H-1L j-h 4 j Hä Hb - cLL-h- j+2 n Jä Ib - c - 2 f z NNh+ j
ä I-b + c + 2 f z N2

f

1

2
H-h- j-1L

j

h

n

j
Hb - cL Ib - c - 2 f z N G

1

2
Hh + j + 1L, ä I-b + c + 2 f z N2

4 f
+

2
ä I-b + c + 2 f z N2

f
f ä G

1

2
Hh + j + 2L, ä I-b + c + 2 f z N2

4 f
-

ã
-

ä Hb+cL2
4 f ã

ä Hb+cL2
2 f â

j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb + cLL-h- j+2 n J-ä Ib + c + 2 f z NNh+ j
ä Ib + c + 2 f z N2

f

1

2
H-h- j-1L
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j

h

n

j
Hb + cL Ib + c + 2 f z N G

1

2
Hh + j + 1L, ä Ib + c + 2 f z N2

4 f
+

2
ä Ib + c + 2 f z N2

f
f ä G

1

2
Hh + j + 2L, ä Ib + c + 2 f z N2

4 f
+

â
j=0

n â
h=0

j H-1L j-h 4 j Hä Hb + cLL-h- j+2 n Jä Ib + c + 2 f z NNh+ j
-

ä Ib + c + 2 f z N2

f

1

2
H-h- j-1L

j

h

n

j
Hb + cL Ib + c + 2 f z N G

1

2
Hh + j + 1L, -

ä Ib + c + 2 f z N2

4 f
-

2 ä f -
ä Ib + c + 2 f z N2

f
G

1

2
Hh + j + 2L, -

ä Ib + c + 2 f z N2

4 f
+

ã
-

ä Hb-cL2
4 f â

j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb - cLL-h- j+2 n J-ä Ib - c - 2 f z NNh+ j
-

ä I-b + c + 2 f z N2

f

1

2
H-h- j-1L

j

h

n

j
Hb - cL Ib - c - 2 f z N G

1

2
Hh + j + 1L, -

ä I-b + c + 2 f z N2

4 f
-

2 ä f -
ä I-b + c + 2 f z N2

f
G

1

2
Hh + j + 2L, -

ä I-b + c + 2 f z N2

4 f
�; n Î N

Involving zn sinIb zr + eM sinIc zr + f zM
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01.06.21.1106.01à zn sinIb z2 + eM sinIc z2 + f zM â z �

1

8
ã-ä e -ã

ä f 2

4 Hb-cL â
j=0

n

2 j-n H-ä f Ln- j Hä H f + 2 Hc - bL zLL j+1
ä H f + 2 Hc - bL zL2

b - c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f + 2 Hc - bL zL2

4 Hb - cL
H-ä Hb - cLL-n-1 - Hä Hb - cLL-n-1 ã

-
ä J f 2-8 b e+8 c eN

4 Hb-cL

â
j=0

n

2 j-n Hä f Ln- j H-ä H f + 2 Hc - bL zLL j+1 -
ä H f + 2 Hc - bL zL2

b - c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H f + 2 Hc - bL zL2

4 Hb - cL +

H-ä Hb + cLL-n-1 ã
ä f 2

4 Hb+cL â
j=0

n

2 j-n Hä f Ln- j H-ä H f + 2 Hb + cL zLL j+1
ä H f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f + 2 Hb + cL zL2

4 Hb + cL + Hä Hb + cLL-n-1 ã
ä J- f 2+8 b e+8 c eN

4 Hb+cL

â
j=0

n

2 j-n H-ä f Ln- j Hä H f + 2 Hb + cL zLL j+1 -
ä H f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H f + 2 Hb + cL zL2

4 Hb + cL �; n Î N

01.06.21.1107.01à zn sinI z b + eN sinI z c + f zN â z �

H-1Ln 2-2 n-3 ã-ä e f -2 Hn+1L ã
ä Jb2-2 c b+c2+8 e f N

4 f â
j=0

n â
h=0

j H-1L j-h 4 j Hä Hb - cLL-h- j+2 n Jä Ib - c - 2 f z NNh+ j

ä I-b + c + 2 f z N2

f

1

2
H-h- j-1L

j

h

n

j
Hb - cL Ib - c - 2 f z N G

1

2
Hh + j + 1L, ä I-b + c + 2 f z N2

4 f
+

2
ä I-b + c + 2 f z N2

f
f ä G

1

2
Hh + j + 2L, ä I-b + c + 2 f z N2

4 f
-

ã
ä Hb+cL2

4 f â
j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb + cLL-h- j+2 n J-ä Ib + c + 2 f z NNh+ j
ä Ib + c + 2 f z N2

f

1

2
H-h- j-1L
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j

h

n

j
Hb + cL Ib + c + 2 f z N G

1

2
Hh + j + 1L, ä Ib + c + 2 f z N2

4 f
+

2
ä Ib + c + 2 f z N2

f
f ä G

1

2
Hh + j + 2L, ä Ib + c + 2 f z N2

4 f
+

ã
-

ä Hb-cL2
4 f â

j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb - cLL-h- j+2 n J-ä Ib - c - 2 f z NNh+ j
-

ä I-b + c + 2 f z N2

f

1

2
H-h- j-1L

j

h

n

j
Hb - cL Ib - c - 2 f z N G

1

2
Hh + j + 1L, -

ä I-b + c + 2 f z N2

4 f
-

2 ä f -
ä I-b + c + 2 f z N2

f
G

1

2
Hh + j + 2L, -

ä I-b + c + 2 f z N2

4 f
-

ã
2 ä e-

ä Hb+cL2
4 f â

j=0

n â
h=0

j H-1L j-h 4 j Hä Hb + cLL-h- j+2 n Jä Ib + c + 2 f z NNh+ j
-

ä Ib + c + 2 f z N2

f

1

2
H-h- j-1L

j

h

n

j
Hb + cL Ib + c + 2 f z N G

1

2
Hh + j + 1L, -

ä Ib + c + 2 f z N2

4 f
-

2 ä f -
ä Ib + c + 2 f z N2

f
G

1

2
Hh + j + 2L, -

ä Ib + c + 2 f z N2

4 f
�; n Î N

Involving zn sinIb zr + d zM sinIc zr + f zM
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01.06.21.1108.01à zn sinIb z2 + d zM sinIc z2 + f zM â z �

1

8
-ã

ä Hd- f L2
4 Hb-cL â

j=0

n

2 j-n Hä Hd - f LLn- j H-ä Hd - f + 2 b z - 2 c zLL j+1
ä Hd - f + 2 b z - 2 c zL2

b - c

1

2
H- j-1L

n

j

G
j + 1

2
,

ä Hd - f + 2 b z - 2 c zL2

4 Hb - cL H-ä Hb - cLL-n-1 - Hä Hb - cLL-n-1 ã
-

ä Hd- f L2
4 Hb-cL â

j=0

n

2 j-n H-ä Hd - f LLn- j

Hä Hd - f + 2 b z - 2 c zLL j+1 -
ä Hd - f + 2 b z - 2 c zL2

b - c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd - f + 2 b z - 2 c zL2

4 Hb - cL +

H-ä Hb + cLL-n-1 ã
ä Hd+ f L2
4 Hb+cL â

j=0

n

2 j-n Hä Hd + f LLn- j H-ä Hd + f + 2 Hb + cL zLL j+1
ä Hd + f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd + f + 2 Hb + cL zL2

4 Hb + cL + Hä Hb + cLL-n-1 ã
-

ä Hd+ f L2
4 Hb+cL â

j=0

n

2 j-n H-ä Hd + f LLn- j

Hä Hd + f + 2 Hb + cL zLL j+1 -
ä Hd + f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd + f + 2 Hb + cL zL2

4 Hb + cL �; n Î N

01.06.21.1109.01à zn sinI z b + d zN sinI z c + f zN â z � -H-1Ln 2-2 n-3

-ã
-

ä Hb+cL2
4 Hd+ f L ã

ä Hb+cL2
2 Hd+ f L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb + cLL-h- j+2 n J-ä Ib + c + 2 Hd + f L z NNh+ j
ä Ib + c + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L

j

h

n

j
H-b - cL Ib + c + 2 Hd + f L z N G

1

2
Hh + j + 1L, ä Ib + c + 2 Hd + f L z N2

4 Hd + f L -

2 ä Hd + f L ä Ib + c + 2 Hd + f L z N2

d + f
G

1

2
Hh + j + 2L, ä Ib + c + 2 Hd + f L z N2

4 Hd + f L +

â
j=0

n â
h=0

j H-1L j-h 4 j Hä Hb + cLL-h- j+2 n Jä Ib + c + 2 Hd + f L z NNh+ j
-

ä Ib + c + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L
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j

h

n

j
H-b - cL Ib + c + 2 Hd + f L z N G

1

2
Hh + j + 1L, -

ä Ib + c + 2 Hd + f L z N2

4 Hd + f L +

2 -
ä Ib + c + 2 Hd + f L z N2

d + f
Hd + f L ä G

1

2
Hh + j + 2L, -

ä Ib + c + 2 Hd + f L z N2

4 Hd + f L Hd + f L-2 n-2 +

1Hd - f L2 n+2
 ã

ä Hb-cL2
4 Hd- f L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb - cLL-h- j+2 n J-ä Ib - c + 2 Hd - f L z NNh+ j

ä Ib - c + 2 Hd - f L z N2

d - f

1

2
H-h- j-1L

j

h

n

j

Hc - bL Ib - c + 2 Hd - f L z N G
1

2
Hh + j + 1L, ä Ib - c + 2 Hd - f L z N2

4 Hd - f L -

2 ä Hd - f L ä Ib - c + 2 Hd - f L z N2

d - f
G

1

2
Hh + j + 2L, ä Ib - c + 2 Hd - f L z N2

4 Hd - f L +
1Hd - f L2 n+2

 

ã
-

ä Hb-cL2
4 Hd- f L â

j=0

n â
h=0

j H-1L j-h 4 j Hä Hb - cLL-h- j+2 n Jä Ib - c + 2 Hd - f L z NNh+ j
-

ä Ib - c + 2 Hd - f L z N2

d - f

1

2
H-h- j-1L

j

h

n

j
Hc - bL Ib - c + 2 Hd - f L z N G

1

2
Hh + j + 1L, -

ä Ib - c + 2 Hd - f L z N2

4 Hd - f L +

2 -
ä Ib - c + 2 Hd - f L z N2

d - f
Hd - f L ä G

1

2
Hh + j + 2L, -

ä Ib - c + 2 Hd - f L z N2

4 Hd - f L �; n Î N

Involving zn sinHd zL sinIc zr + f z + gM
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01.06.21.1110.01

à zn sinHd zL sinIc z2 + f z + gM â z �
1

8
ä c-2 n-1 ã

-
ä Jd2+2 f d+ f 2+4 c gN

4 c

ã
ä J d f

c
+2 gN â

j=0

n

2 j-n Hä Hd - f LLn- j Hä H-d + f + 2 c zLL j+1 -
ä H-d + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-d + f + 2 c zL2

4 c

H-ä cLn - ã2 ä g â
j=0

n

2 j-n H-ä Hd + f LLn- j Hä Hd + f + 2 c zLL j+1 -
ä Hd + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd + f + 2 c zL2

4 c
H-ä cLn - Hä cLn ã

ä Jd2+ f 2N
2 c

â
j=0

n

2 j-n H-ä Hd - f LLn- j H-ä H-d + f + 2 c zLL j+1
ä H-d + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-d + f + 2 c zL2

4 c
+ Hä cLn

ã
ä Hd+ f L2

2 c â
j=0

n

2 j-n Hä Hd + f LLn- j H-ä Hd + f + 2 c zLL j+1
ä Hd + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd + f + 2 c zL2

4 c
�; n Î N

01.06.21.1111.01à zn sinHd zL sinI z c + f z + gN â z �

H-1Ln 2-2 n-3 ã-ä g ã
ä c2

4 f -4 d ã
1

2
ä

c2

d- f
+4 g â

j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Jä Ic + 2 H f - dL z NNh+ j
ä Ic + 2 H f - dL z N2

d - f

1

2
H-h- j-1L

j

h

n

j
c Ic + 2 H f - dL z N G

1

2
Hh + j + 1L, ä Ic + 2 H f - dL z N2

4 Hd - f L +

2
ä Ic + 2 H f - dL z N2

d - f
Hd - f L ä G

1

2
Hh + j + 2L, ä Ic + 2 H f - dL z N2

4 Hd - f L +

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n Jä I2 Hd - f L z - cNNh+ j
-

ä Ic + 2 H f - dL z N2

d - f

1

2
H-h- j-1L

j

h

n

j
c Ic + 2 H f - dL z N G

1

2
Hh + j + 1L, -

ä Ic + 2 H f - dL z N2

4 Hd - f L -

+
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2 ä Hd - f L -
ä Ic + 2 H f - dL z N2

d - f
G

1

2
Hh + j + 2L, -

ä Ic + 2 H f - dL z N2

4 Hd - f L Hd - f L-2 Hn+1L +

ã
-

ä c2

4 Hd+ f L Hd + f L-2 Hn+1L ã2 ä g â
j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Jä Ic + 2 Hd + f L z NNh+ j
-

ä Ic + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L

j

h

n

j
2 ä Hd + f L -

ä Ic + 2 Hd + f L z N2

d + f
G

1

2
Hh + j + 2L, -

ä Ic + 2 Hd + f L z N2

4 Hd + f L -

c Ic + 2 Hd + f L z N G
1

2
Hh + j + 1L, -

ä Ic + 2 Hd + f L z N2

4 Hd + f L -

ã
ä c2

2 Hd+ f L â
j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n J-ä Ic + 2 Hd + f L z NNh+ j
ä Ic + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L

j

h

n

j
c Ic + 2 Hd + f L z N G

1

2
Hh + j + 1L, ä Ic + 2 Hd + f L z N2

4 Hd + f L +

2
ä Ic + 2 Hd + f L z N2

d + f
Hd + f L ä G

1

2
Hh + j + 2L, ä Ic + 2 Hd + f L z N2

4 Hd + f L �; n Î N

Involving zn sinHd z + eL sinIc zr + f z + gM

http://functions.wolfram.com 351



01.06.21.1112.01

à zn sinHd z + eL sinIc z2 + f z + gM â z �
1

8 c
 ä c-2 n ã

-
ä Jd2+2 f d+ f 2+4 c He+gLN

4 c

ã
ä J d f

c
+2 gN â

j=0

n

2 j-n Hä Hd - f LLn- j Hä H-d + f + 2 c zLL j+1 -
ä H-d + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-d + f + 2 c zL2

4 c

H-ä cLn - ã2 ä He+gL â
j=0

n

2 j-n H-ä Hd + f LLn- j Hä Hd + f + 2 c zLL j+1 -
ä Hd + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd + f + 2 c zL2

4 c
H-ä cLn - Hä cLn ã

ä Jd2+ f 2+4 c eN
2 c

â
j=0

n

2 j-n H-ä Hd - f LLn- j H-ä H-d + f + 2 c zLL j+1
ä H-d + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-d + f + 2 c zL2

4 c
+ Hä cLn

ã
ä Hd+ f L2

2 c â
j=0

n

2 j-n Hä Hd + f LLn- j H-ä Hd + f + 2 c zLL j+1
ä Hd + f + 2 c zL2

c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd + f + 2 c zL2

4 c
�; n Î N

01.06.21.1113.01à zn sinHd z + eL sinI z c + f z + gN â z �

H-1Ln 2-2 n-3 ã-ä He+gL ã
1

4
ä

c2

d- f
+8 g â

j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Jä Ic + 2 H f - dL z NNh+ j
ä Ic + 2 H f - dL z N2

d - f

1

2
H-h- j-1L

j

h

n

j
c Ic + 2 H f - dL z N G

1

2
Hh + j + 1L, ä Ic + 2 H f - dL z N2

4 Hd - f L +

2
ä Ic + 2 H f - dL z N2

d - f
Hd - f L ä G

1

2
Hh + j + 2L, ä Ic + 2 H f - dL z N2

4 Hd - f L +

ã
-

ä Jc2+8 e H f -dLN
4 Hd- f L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n Jä I2 Hd - f L z - cNNh+ j
-

ä Ic + 2 H f - dL z N2

d - f

1

2
H-h- j-1L

j

h

n

j
c Ic + 2 H f - dL z N G

1

2
Hh + j + 1L, -

ä Ic + 2 H f - dL z N2

4 Hd - f L -

+
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2 ä Hd - f L -
ä Ic + 2 H f - dL z N2

d - f
G

1

2
Hh + j + 2L, -

ä Ic + 2 H f - dL z N2

4 Hd - f L Hd - f L-2 n-2 +

ã
-

ä c2

4 Hd+ f L Hd + f L-2 n-2 ã2 ä He+gL â
j=0

n â
h=0

j H-1L j-h 4 j Hä cL-h- j+2 n Jä Ic + 2 Hd + f L z NNh+ j
-

ä Ic + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L

j

h

n

j
2 ä Hd + f L -

ä Ic + 2 Hd + f L z N2

d + f
G

1

2
Hh + j + 2L, -

ä Ic + 2 Hd + f L z N2

4 Hd + f L -

c Ic + 2 Hd + f L z N G
1

2
Hh + j + 1L, -

ä Ic + 2 Hd + f L z N2

4 Hd + f L -

ã
ä c2

2 Hd+ f L â
j=0

n â
h=0

j H-1L j-h 4 j H-ä cL-h- j+2 n J-ä Ic + 2 Hd + f L z NNh+ j
ä Ic + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L

j

h

n

j
c Ic + 2 Hd + f L z N G

1

2
Hh + j + 1L, ä Ic + 2 Hd + f L z N2

4 Hd + f L +

2
ä Ic + 2 Hd + f L z N2

d + f
Hd + f L ä G

1

2
Hh + j + 2L, ä Ic + 2 Hd + f L z N2

4 Hd + f L �; n Î N

Involving zn sinIb zr M sinIc zr + f z + gM
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01.06.21.1114.01à zn sinIb z2M sinIc z2 + f z + gM â z �

1

8
ã-ä g -ã

1

4
ä

f 2

b-c
+8 g â

j=0

n

2 j-n H-ä f Ln- j Hä H f + 2 Hc - bL zLL j+1
ä H f + 2 Hc - bL zL2

b - c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f + 2 Hc - bL zL2

4 Hb - cL
H-ä Hb - cLL-n-1 - Hä Hb - cLL-n-1 ã

ä f 2

4 c-4 b

â
j=0

n

2 j-n Hä f Ln- j H-ä H f + 2 Hc - bL zLL j+1 -
ä H f + 2 Hc - bL zL2

b - c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H f + 2 Hc - bL zL2

4 Hb - cL +

H-ä Hb + cLL-n-1 ã
ä f 2

4 Hb+cL â
j=0

n

2 j-n Hä f Ln- j H-ä H f + 2 Hb + cL zLL j+1
ä H f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f + 2 Hb + cL zL2

4 Hb + cL + Hä Hb + cLL-n-1 ã
2 ä g-

ä f 2

4 Hb+cL

â
j=0

n

2 j-n H-ä f Ln- j Hä H f + 2 Hb + cL zLL j+1 -
ä H f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H f + 2 Hb + cL zL2

4 Hb + cL �; n Î N

01.06.21.1115.01à zn sinI z bN sinI z c + f z + gN â z � -H-1Ln 2-2 n-3 ã-ä g f -2 n-2

ã
-

ä Hb+cL2
4 f -ã

ä Jb2+c2N
2 f â

j=0

n â
h=0

j H-1L j-h 4 j Hä Hb - cLL-h- j+2 n Jä Ib - c - 2 f z NNh+ j
ä I-b + c + 2 f z N2

f

1

2
H-h- j-1L

j

h

n

j
Hb - cL Ib - c - 2 f z N G

1

2
Hh + j + 1L, ä I-b + c + 2 f z N2

4 f
+

2
ä I-b + c + 2 f z N2

f
f ä G

1

2
Hh + j + 2L, ä I-b + c + 2 f z N2

4 f
+

ã
ä Hb+cL2

2 f â
j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb + cLL-h- j+2 n J-ä Ib + c + 2 f z NNh+ j
ä Ib + c + 2 f z N2

f

1

2
H-h- j-1L

j

h

n

j
Hb + cL Ib + c + 2 f z N G

1

2
Hh + j + 1L, ä Ib + c + 2 f z N2

4 f
+

+
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2
ä Ib + c + 2 f z N2

f
f ä G

1

2
Hh + j + 2L, ä Ib + c + 2 f z N2

4 f
+

ã2 ä g â
j=0

n â
h=0

j H-1L j-h 4 j Hä Hb + cLL-h- j+2 n Jä Ib + c + 2 f z NNh+ j
-

ä Ib + c + 2 f z N2

f

1

2
H-h- j-1L

j

h

n

j
Hb + cL Ib + c + 2 f z N G

1

2
Hh + j + 1L, -

ä Ib + c + 2 f z N2

4 f
-

2 ä f -
ä Ib + c + 2 f z N2

f
G

1

2
Hh + j + 2L, -

ä Ib + c + 2 f z N2

4 f
-

ã
-

ä Jb2-2 c b+c2-8 f gN
4 f â

j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb - cLL-h- j+2 n J-ä Ib - c - 2 f z NNh+ j
-

ä I-b + c + 2 f z N2

f

1

2
H-h- j-1L

j

h

n

j
Hb - cL Ib - c - 2 f z N G

1

2
Hh + j + 1L, -

ä I-b + c + 2 f z N2

4 f
-

2 ä f -
ä I-b + c + 2 f z N2

f
G

1

2
Hh + j + 2L, -

ä I-b + c + 2 f z N2

4 f
�; n Î N

Involving zn sinIb zr + eM sinIc zr + f z + gM
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01.06.21.1116.01à zn sinIb z2 + eM sinIc z2 + f z + gM â z �
1

8
ã-ä He+gL

-ã
1

4
ä

f 2

b-c
+8 g â

j=0

n

2 j-n H-ä f Ln- j Hä H f + 2 Hc - bL zLL j+1
ä H f + 2 Hc - bL zL2

b - c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f + 2 Hc - bL zL2

4 Hb - cL
H-ä Hb - cLL-n-1 - Hä Hb - cLL-n-1 ã

-
ä J f 2-8 b e+8 c eN

4 Hb-cL

â
j=0

n

2 j-n Hä f Ln- j H-ä H f + 2 Hc - bL zLL j+1 -
ä H f + 2 Hc - bL zL2

b - c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H f + 2 Hc - bL zL2

4 Hb - cL +

H-ä Hb + cLL-n-1 ã
ä f 2

4 Hb+cL â
j=0

n

2 j-n Hä f Ln- j H-ä H f + 2 Hb + cL zLL j+1
ä H f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f + 2 Hb + cL zL2

4 Hb + cL + Hä Hb + cLL-n-1 ã
ä J- f 2+8 b He+gL+8 c He+gLN

4 Hb+cL

â
j=0

n

2 j-n H-ä f Ln- j Hä H f + 2 Hb + cL zLL j+1 -
ä H f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H f + 2 Hb + cL zL2

4 Hb + cL �; n Î N

01.06.21.1117.01à zn sinI z b + eN sinI z c + f z + gN â z �

-H-1Ln 2-2 n-3 ã-ä He+gL f -2 Hn+1L -ã
ä Jb2-2 c b+c2+8 e f N

4 f â
j=0

n â
h=0

j H-1L j-h 4 j Hä Hb - cLL-h- j+2 n Jä Ib - c - 2 f z NNh+ j

ä I-b + c + 2 f z N2

f

1

2
H-h- j-1L

j

h

n

j
Hb - cL Ib - c - 2 f z N G

1

2
Hh + j + 1L, ä I-b + c + 2 f z N2

4 f
+

2
ä I-b + c + 2 f z N2

f
f ä G

1

2
Hh + j + 2L, ä I-b + c + 2 f z N2

4 f
+

ã
-

ä Hb+cL2
4 f ã

ä Hb+cL2
2 f â

j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb + cLL-h- j+2 n J-ä Ib + c + 2 f z NNh+ j
ä Ib + c + 2 f z N2

f

1

2
H-h- j-1L
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j

h

n

j
Hb + cL Ib + c + 2 f z N G

1

2
Hh + j + 1L, ä Ib + c + 2 f z N2

4 f
+

2
ä Ib + c + 2 f z N2

f
f ä G

1

2
Hh + j + 2L, ä Ib + c + 2 f z N2

4 f
+

ã2 ä He+gL â
j=0

n â
h=0

j H-1L j-h 4 j Hä Hb + cLL-h- j+2 n Jä Ib + c + 2 f z NNh+ j
-

ä Ib + c + 2 f z N2

f

1

2
H-h- j-1L

j

h

n

j
Hb + cL Ib + c + 2 f z N G

1

2
Hh + j + 1L, -

ä Ib + c + 2 f z N2

4 f
-

2 ä f -
ä Ib + c + 2 f z N2

f
G

1

2
Hh + j + 2L, -

ä Ib + c + 2 f z N2

4 f
-

ã
-

ä Jb2-2 c b+c2-8 f gN
4 f â

j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb - cLL-h- j+2 n J-ä Ib - c - 2 f z NNh+ j
-

ä I-b + c + 2 f z N2

f

1

2
H-h- j-1L

j

h

n

j
Hb - cL Ib - c - 2 f z N G

1

2
Hh + j + 1L, -

ä I-b + c + 2 f z N2

4 f
-

2 ä f -
ä I-b + c + 2 f z N2

f
G

1

2
Hh + j + 2L, -

ä I-b + c + 2 f z N2

4 f
�; n Î N

Involving zn sinIb zr + d zM sinIc zr + f z + gM
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01.06.21.1118.01à zn sinIb z2 + d zM sinIc z2 + f z + gM â z �

1

8
ã-ä g -ã

ä Jd2-2 f d+ f 2+8 Hb-cL gN
4 Hb-cL â

j=0

n

2 j-n Hä Hd - f LLn- j H-ä Hd - f + 2 b z - 2 c zLL j+1
ä Hd - f + 2 b z - 2 c zL2

b - c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd - f + 2 b z - 2 c zL2

4 Hb - cL H-ä Hb - cLL-n-1 -

Hä Hb - cLL-n-1 ã
-

ä Hd- f L2
4 Hb-cL â

j=0

n

2 j-n H-ä Hd - f LLn- j Hä Hd - f + 2 b z - 2 c zLL j+1 -
ä Hd - f + 2 b z - 2 c zL2

b - c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd - f + 2 b z - 2 c zL2

4 Hb - cL + H-ä Hb + cLL-n-1 ã
ä Hd+ f L2
4 Hb+cL â

j=0

n

2 j-n Hä Hd + f LLn- j

H-ä Hd + f + 2 Hb + cL zLL j+1
ä Hd + f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd + f + 2 Hb + cL zL2

4 Hb + cL +

Hä Hb + cLL-n-1 ã
-

ä Jd2+2 f d+ f 2-8 Hb+cL gN
4 Hb+cL â

j=0

n

2 j-n H-ä Hd + f LLn- j Hä Hd + f + 2 Hb + cL zLL j+1

-
ä Hd + f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd + f + 2 Hb + cL zL2

4 Hb + cL �; n Î N

01.06.21.1119.01

à zn sinI z b + d zN sinI z c + f z + gN â z � -H-1Ln 2-2 n-3 ã-ä g ã
ä Jb2-2 c b+c2+8 d g-8 f gN

4 Hd- f L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb - cLL-h- j+2 n J-ä Ib - c + 2 Hd - f L z NNh+ j
ä Ib - c + 2 Hd - f L z N2

d - f

1

2
H-h- j-1L

j

h

n

j
Hc - bL Ib - c + 2 Hd - f L z N G

1

2
Hh + j + 1L, ä Ib - c + 2 Hd - f L z N2

4 Hd - f L -

2 ä Hd - f L ä Ib - c + 2 Hd - f L z N2

d - f
G

1

2
Hh + j + 2L, ä Ib - c + 2 Hd - f L z N2

4 Hd - f L Hd - f L-2 Hn+1L +
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ã
-

ä Hb-cL2
4 Hd- f L â

j=0

n â
h=0

j H-1L j-h 4 j Hä Hb - cLL-h- j+2 n Jä Ib - c + 2 Hd - f L z NNh+ j
-

ä Ib - c + 2 Hd - f L z N2

d - f

1

2
H-h- j-1L

j

h

n

j
Hc - bL Ib - c + 2 Hd - f L z N G

1

2
Hh + j + 1L, -

ä Ib - c + 2 Hd - f L z N2

4 Hd - f L +

2 -
ä Ib - c + 2 Hd - f L z N2

d - f
Hd - f L ä G

1

2
Hh + j + 2L, -

ä Ib - c + 2 Hd - f L z N2

4 Hd - f L Hd - f L-2 Hn+1L -

ã
-

ä Hb+cL2
4 Hd+ f L Hd + f L-2 Hn+1L ã

ä Hb+cL2
2 Hd+ f L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb + cLL-h- j+2 n J-ä Ib + c + 2 Hd + f L z NNh+ j

ä Ib + c + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L

j

h

n

j

H-b - cL Ib + c + 2 Hd + f L z N G
1

2
Hh + j + 1L, ä Ib + c + 2 Hd + f L z N2

4 Hd + f L -

2 ä Hd + f L ä Ib + c + 2 Hd + f L z N2

d + f
G

1

2
Hh + j + 2L, ä Ib + c + 2 Hd + f L z N2

4 Hd + f L +

ã2 ä g â
j=0

n â
h=0

j H-1L j-h 4 j Hä Hb + cLL-h- j+2 n Jä Ib + c + 2 Hd + f L z NNh+ j
-

ä Ib + c + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L

j

h

n

j
H-b - cL Ib + c + 2 Hd + f L z N G

1

2
Hh + j + 1L, -

ä Ib + c + 2 Hd + f L z N2

4 Hd + f L +

2 -
ä Ib + c + 2 Hd + f L z N2

d + f
Hd + f L ä G

1

2
Hh + j + 2L, -

ä Ib + c + 2 Hd + f L z N2

4 Hd + f L �; n Î N
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Involving zn sinIb zr + d z + eM sinIc zr + f z + gM
01.06.21.1120.01à zn sinIb z2 + d z + eM sinIc z2 + f z + gM â z �

1

8
ã-ä He+gL -H-ä Hb - cLL-n-1 ã

ä Jd2-2 f d+ f 2+8 Hb-cL gN
4 Hb-cL â

j=0

n

2 j-n Hä Hd - f LLn- j H-ä Hd - f + 2 b z - 2 c zLL j+1

ä Hd - f + 2 b z - 2 c zL2

b - c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd - f + 2 b z - 2 c zL2

4 Hb - cL -

Hä Hb - cLL-n-1 ã
-

ä Jd2-2 f d+ f 2-8 b e+8 c eN
4 Hb-cL â

j=0

n

2 j-n H-ä Hd - f LLn- j Hä Hd - f + 2 b z - 2 c zLL j+1

-
ä Hd - f + 2 b z - 2 c zL2

b - c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd - f + 2 b z - 2 c zL2

4 Hb - cL +

H-ä Hb + cLL-n-1 ã
ä Hd+ f L2
4 Hb+cL â

j=0

n

2 j-n Hä Hd + f LLn- j H-ä Hd + f + 2 Hb + cL zLL j+1
ä Hd + f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd + f + 2 Hb + cL zL2

4 Hb + cL + Hä Hb + cLL-n-1 ã
-

ä Jd2+2 f d+ f 2-8 c e-8 c g-8 b He+gLN
4 Hb+cL â

j=0

n

2 j-n H-ä Hd + f LLn- j

Hä Hd + f + 2 Hb + cL zLL j+1 -
ä Hd + f + 2 Hb + cL zL2

b + c

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd + f + 2 Hb + cL zL2

4 Hb + cL �; n Î N

01.06.21.1121.01

à zn sinI z b + d z + eN sinI z c + f z + gN â z � -H-1Ln 2-2 n-3 ã-ä He+gL 1Hd - f L2 n+2
 ã

ä Jb2-2 c b+c2+8 d g-8 f gN
4 Hd- f L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb - cLL-h- j+2 n J-ä Ib - c + 2 Hd - f L z NNh+ j
ä Ib - c + 2 Hd - f L z N2

d - f

1

2
H-h- j-1L

j

h

n

j
-Hb - cL Ib - c + 2 Hd - f L z N G

1

2
Hh + j + 1L, ä Ib - c + 2 Hd - f L z N2

4 Hd - f L -

+
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2 ä Hd - f L ä Ib - c + 2 Hd - f L z N2

d - f
G

1

2
Hh + j + 2L, ä Ib - c + 2 Hd - f L z N2

4 Hd - f L +

1Hd - f L2 n+2
 ã

-
ä Jb2-2 c b+c2-8 d e+8 e f N

4 Hd- f L â
j=0

n â
h=0

j H-1L j-h 4 j Hä Hb - cLL-h- j+2 n Jä Ib - c + 2 Hd - f L z NNh+ j

-
ä Ib - c + 2 Hd - f L z N2

d - f

1

2
H-h- j-1L

j

h

n

j

2 ä Hd - f L -
ä Ib - c + 2 Hd - f L z N2

d - f
G

1

2
Hh + j + 2L, -

ä Ib - c + 2 Hd - f L z N2

4 Hd - f L -

Hb - cL Ib - c + 2 Hd - f L z N G
1

2
Hh + j + 1L, -

ä Ib - c + 2 Hd - f L z N2

4 Hd - f L -
1Hd + f L2 n+2

 ã
-

ä Hb+cL2
4 Hd+ f L

ã
ä Hb+cL2
2 Hd+ f L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä Hb + cLL-h- j+2 n J-ä Ib + c + 2 Hd + f L z NNh+ j
ä Ib + c + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L

j

h

n

j
-Hb + cL Ib + c + 2 Hd + f L z N G

1

2
Hh + j + 1L, ä Ib + c + 2 Hd + f L z N2

4 Hd + f L -

2 ä Hd + f L ä Ib + c + 2 Hd + f L z N2

d + f
G

1

2
Hh + j + 2L, ä Ib + c + 2 Hd + f L z N2

4 Hd + f L +

ã2 ä He+gL â
j=0

n â
h=0

j H-1L j-h 4 j Hä Hb + cLL-h- j+2 n Jä Ib + c + 2 Hd + f L z NNh+ j
-

ä Ib + c + 2 Hd + f L z N2

d + f

1

2
H-h- j-1L

j

h

n

j
2 ä Hd + f L -

ä Ib + c + 2 Hd + f L z N2

d + f
G

1

2
Hh + j + 2L, -

ä Ib + c + 2 Hd + f L z N2

4 Hd + f L -

G , -
ä Ib + c + 2 z N2 �;
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Involving products of several direct functions and a power function

Involving zΑ-1 sin Ha zL sinHb zL sinHc zL
01.06.21.1122.01à zΑ-1 sinHa zL sinHb zL sinHc zL â z �

1

8
ä zΑ I-H-ä Ha - b - cL zL-Α GHΑ, -ä Ha - b - cL zL + Hä Ha - b - cL zL-Α GHΑ, ä Ha - b - cL zL + H-ä Ha + b - cL zL-Α

GHΑ, -ä Ha + b - cL zL - Hä Ha + b - cL zL-Α GHΑ, ä Ha + b - cL zL + H-ä Ha - b + cL zL-Α GHΑ, -ä Ha - b + cL zL -Hä Ha - b + cL zL-Α GHΑ, ä Ha - b + cL zL - H-ä Ha + b + cL zL-Α GHΑ, -ä Ha + b + cL zL + Hä Ha + b + cL zL-Α GHΑ, ä Ha + b + cL zLM
01.06.21.1123.01à sinHa zL sinHb zL sinHc zL

z
 â z �

1

4
H-SiHHa - b - cL zL + SiHHa + b - cL zL + SiHHa - b + cL zL - SiHHa + b + cL zLL

Involving zΑ-1 Ûk=1
n sinHak zL

01.06.21.1124.01à zΑ-1 ä
k=1

n

sinHak zL â z � H-2L-n-1 zΑ

â
k1=-1
D k1=2

1 â
k2=-1
D k2=2

1

¼ â
kn=-1
D kn=2

1

ã
1

2
Π ä Új=1

n k j G Α, -ä z â
j=1

n

k j a j -ä a â
j=1

n

k j a j

-Α

+ ã-
1

2
 Π ä Új=1

n k j G Α, ä z â
j=1

n

k j a j ä z â
j=1

n

k j a j

-Α

01.06.21.1125.01

à 1

z
 ä
k=1

n

sinHak zL â z � H-2L-n â
k1=-1
D k1=2

1 â
k2=-1
D k2=2

1

¼ â
kn=-1
D kn=2

1

cos
1

2
Π â

j=1

n

k j Ci z â
j=1

n

k j a j - sin
1

2
Π â

j=1

n

k j Si z â
j=1

n

k j a j

Involving products of powers of the direct function and a power function

Involving product of power of the direct function, the direct function and a power function

Involving zΑ-1 sinHc zL sinΝHa zL
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01.06.21.1126.01

à zΑ-1 sinHc zL sinvHa zL â z � 2-v-1 zΑ ä
v
v

2

HH-ä c zL-Α GHΑ, -ä c zL - Hä c zL-Α GHΑ, ä c zLL H1 - v mod 2L -

ä-v-1 â
s=0

f v-1

2
v H-1Ls v

s
IGHΑ, -ä Hc - 2 a s + a vL zL H-ä Hc - 2 a s + a vL zL-Α -

ãä Π v Hä Hc - 2 a s + a vL zL-Α GHΑ, ä Hc - 2 a s + a vL zL + ãä Π v H-ä Hc + 2 a s - a vL zL-Α

GHΑ, -ä Hc + 2 a s - a vL zL - Hä Hc + 2 a s - a vL zL-Α GHΑ, ä Hc + 2 a s - a vL zLM �; v Î N+

01.06.21.1127.01à zn sinHc zL sinΝHa zL â z � -
ä n!

2
 sinΝHa zL I1 - ã2 ä a zM-Ν

ãä c z â
p=0

n H-1Lp zn-pHn - pL ! Hä c - ä a ΝLp+1
p+2Fp+1

c - a Ν

2 a
, ¼,

c - a Ν

2 a
, -Ν;

c - a Ν

2 a
+ 1, ¼,

c - a Ν

2 a
+ 1; ã2 ä a z -

ã-ä c z â
p=0

n H-1Lp zn-pHn - pL ! H-ä c - ä a ΝLp+1
p+2Fp+1 -

c + a Ν

2 a
, ¼, -

c + a Ν

2 a
, -Ν; 1 -

c + a Ν

2 a
, ¼, 1 -

c + a Ν

2 a
; ã2 ä a z �; n Î N

Involving zΑ-1 sinHc z + dL sinv Ha zL
01.06.21.1128.01à zΑ-1 sinHd + c zL sinvHa zL â z �

2-v-1 zΑ ä ãä d
v
v

2

IH-ä c zL-Α GHΑ, -ä c zL - ã-2 ä d Hä c zL-Α GHΑ, ä c zLM H1 - v mod 2L - ä-v-1 â
s=0

f v-1

2
v H-1Ls ãä d v

s

IGHΑ, -ä Hc - 2 a s + a vL zL H-ä Hc - 2 a s + a vL zL-Α - ãä HΠ v-2 dL Hä Hc - 2 a s + a vL zL-Α GHΑ, ä Hc - 2 a s + a vL zL +

ãä Π v H-ä Hc + 2 a s - a vL zL-Α GHΑ, -ä Hc + 2 a s - a vL zL -

ã-2 ä d Hä Hc + 2 a s - a vL zL-Α GHΑ, ä Hc + 2 a s - a vL zLM �; v Î N+

01.06.21.1129.01à zn sinHc z + dL sinΝHa zL â z �
1

2
ä I1 - ã2 ä a zM-Ν

n! sinΝHa zL
ã-ä Hd+c zL â

j=0

n H-1L j zn- j H-ä c - ä a ΝL- j-1Hn - jL !
 j+2F j+1 -

c + a Ν

2 a
, ¼, -

c + a Ν

2 a
, -Ν; 1 -

c + a Ν

2 a
, ¼, 1 -

c + a Ν

2 a
; ã2 ä a z -

ãä Hd+c zL â
j=0

n H-1L j zn- j Hä c - ä a ΝL- j-1Hn - jL !
 j+2F j+1

c - a Ν

2 a
, ¼,

c - a Ν

2 a
, -Ν;

c - a Ν

2 a
+ 1, ¼,

c - a Ν

2 a
+ 1; ã2 ä a z �; n Î N

http://functions.wolfram.com 363



Involving zΑ-1 sinHc zL sinv Ha z + bL
01.06.21.1130.01

à zΑ-1 sinHc zL sinvHb + a zL â z � 2-v-1 zΑ ä
v
v

2

HH-ä c zL-Α GHΑ, -ä c zL - Hä c zL-Α GHΑ, ä c zLL H1 - v mod 2L -

ä-v-1 â
s=0

f v-1

2
v H-1Ls ã-ä b H2 s+vL v

s
Iã2 ä b v GHΑ, -ä Hc - 2 a s + a vL zL H-ä Hc - 2 a s + a vL zL-Α -

ãä H4 b s+Π vL Hä Hc - 2 a s + a vL zL-Α GHΑ, ä Hc - 2 a s + a vL zL + ãä H4 b s+Π vL H-ä Hc + 2 a s - a vL zL-Α

GHΑ, -ä Hc + 2 a s - a vL zL - ã2 ä b v Hä Hc + 2 a s - a vL zL-Α GHΑ, ä Hc + 2 a s - a vL zLM �; v Î N+

01.06.21.1131.01à zn sinHc zL sinΝHa z + bL â z �
1

2
ä I1 - ã2 ä Hb+a zLM-Ν

n! sinΝHa z + bL
ã-ä c z â

j=0

n H-1L j zn- j H-ä c - ä a ΝL- j-1Hn - jL !
 j+2F j+1 -

c + a Ν

2 a
, ¼, -

c + a Ν

2 a
, -Ν; 1 -

c + a Ν

2 a
, ¼, 1 -

c + a Ν

2 a
; ã2 ä Hb+a zL -

ãä c z â
j=0

n H-1L j zn- j Hä c - ä a ΝL- j-1Hn - jL !
 j+2F j+1

c - a Ν

2 a
, ¼,

c - a Ν

2 a
, -Ν;

c - a Ν

2 a
+ 1, ¼,

c - a Ν

2 a
+ 1; ã2 ä Hb+a zL �; n Î N

Involving zΑ-1 sinHc z + dL sinv Ha z + bL
01.06.21.1132.01à zΑ-1 sinHd + c zL sinvHb + a zL â z �

2-v-1 zΑ ä ãä d
v
v

2

IH-ä c zL-Α GHΑ, -ä c zL - ã-2 ä d Hä c zL-Α GHΑ, ä c zLM H1 - v mod 2L - ä-v-1 â
s=0

f v-1

2
v H-1Ls ãä Hd-b H2 s+vLL

v

s
Iã2 ä b v GHΑ, -ä Hc - 2 a s + a vL zL H-ä Hc - 2 a s + a vL zL-Α - ãä H-2 d+4 b s+Π vL Hä Hc - 2 a s + a vL zL-Α

GHΑ, ä Hc - 2 a s + a vL zL + ãä H4 b s+Π vL H-ä Hc + 2 a s - a vL zL-Α GHΑ, -ä Hc + 2 a s - a vL zL -

ã2 ä Hb v-dL Hä Hc + 2 a s - a vL zL-Α GHΑ, ä Hc + 2 a s - a vL zLM �; v Î N+
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01.06.21.1133.01à zn sinHc z + dL sinΝHa z + bL â z �
1

2
ä I1 - ã2 ä Hb+a zLM-Ν

n! sinΝHa z + bL
ã-ä Hd+c zL â

j=0

n H-1L j zn- j H-ä c - ä a ΝL- j-1Hn - jL !
 j+2F j+1 -

c + a Ν

2 a
, ¼, -

c + a Ν

2 a
, -Ν; 1 -

c + a Ν

2 a
, ¼, 1 -

c + a Ν

2 a
; ã2 ä Hb+a zL -

ãä Hd+c zL â
j=0

n H-1L j zn- j Hä c - ä a ΝL- j-1Hn - jL !
 j+2F j+1

c - a Ν

2 a
, ¼,

c - a Ν

2 a
, -Ν;

c - a Ν

2 a
+ 1, ¼,

c - a Ν

2 a
+ 1; ã2 ä Hb+a zL �; n Î N

Involving zn  sinIb zr M sinv Hc zL
01.06.21.1134.01à zn sinIb z2M sinvHc zL â z �

2-v-2 ä
v
v

2

I-ä b z2M 1

2
H-n-1L

G
n + 1

2
, -ä b z2 - Iä b z2M 1

2
H-n-1L

G
n + 1

2
, ä b z2 H1 - v mod 2L zn+1 +

1

b2 n+1
 ä-v â

j=0

f v-1

2
v H-1L j

ã
-

ä c2 Hv-2 jL2
4 b

v

j â
h=0

n

2h-n H-ä c Hv - 2 jLLn-h Hä H-2 c j + c v + 2 b zLLh+1 -
ä H-2 c j + c v + 2 b zL2

b

1

2
H-h-1L

n

h
G

h + 1

2
, -

ä H-2 c j + c v + 2 b zL2

4 b
H-ä bLn + H-1Lv â

h=0

n

2h-n Hä c Hv - 2 jLLn-h

Hä H2 c j - c v + 2 b zLLh+1 -
ä H2 c j - c v + 2 b zL2

b

1

2
H-h-1L

n

h
G

h + 1

2
, -

ä H2 c j - c v + 2 b zL2

4 b

H-ä bLn + H-1Lv Hä bLn ã
ä c2 Hv-2 jL2

2 b â
h=0

n

2h-n Hä c Hv - 2 jLLn-h H-ä H-2 c j + c v + 2 b zLLh+1

ä H-2 c j + c v + 2 b zL2

b

1

2
H-h-1L

n

h
G

h + 1

2
,

ä H-2 c j + c v + 2 b zL2

4 b
+

Hä bLn ã
ä c2 Hv-2 jL2

2 b â
h=0

n

2h-n H-ä c Hv - 2 jLLn-h Hä H-2 c j + c v - 2 b zLLh+1
ä H2 c j - c v + 2 b zL2

b

1

2
H-h-1L

n

h
G

h + 1

2
,

ä H2 c j - c v + 2 b zL2

4 b
�; v Î N+ ì n Î N
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01.06.21.1135.01à zn sinIb z N sinvHc zL â z �

ä 2-v zn+1
v
v

2

KI-ä b z N-2 Hn+1L
GI2 Hn + 1L, -ä b z N - Iä b z N-2 Hn+1L

GI2 Hn + 1L, ä b z NO H1 - v mod 2L +

2-2 n-v-2 ä-v-1 â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv+1 ã

-
ä b2

4 c H2 k-vL

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b + 2 ä c H2 k - vL z Nh+ j
ä I-ä b + 2 ä c H2 k - vL z N2

c H2 k - vL
1

2
H-h- j-1L

j

h

n

j

2 ä c H2 k - vL ä I-ä b + 2 ä c H2 k - vL z N2

c H2 k - vL G
1

2
Hh + j + 2L, ä I-ä b + 2 ä c H2 k - vL z N2

4 c H2 k - vL - ä b

I-ä b + 2 ä c H2 k - vL z N G
1

2
Hh + j + 1L, ä I-ä b + 2 ä c H2 k - vL z N2

4 c H2 k - vL Hä c H2 k - vLL-2 n-2 +

H-1Lv ã
-

ä b2

4 c H2 k-vL â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä c H2 k - vL z Nh+ j
ä Iä b + 2 ä c H2 k - vL z N2

c H2 k - vL
1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 ä c H2 k - vL z N G

1

2
Hh + j + 1L, ä Iä b + 2 ä c H2 k - vL z N2

4 c H2 k - vL + 2 c ä

H2 k - vL ä Iä b + 2 ä c H2 k - vL z N2

c H2 k - vL G
1

2
Hh + j + 2L, ä Iä b + 2 ä c H2 k - vL z N2

4 c H2 k - vL
Hä c H2 k - vLL-2 n-2 - ã

-
ä b2

4 c Hv-2 kL Hä c Hv - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n

I-ä b + 2 ä c Hv - 2 kL z Nh+ j
ä I-ä b + 2 ä c Hv - 2 kL z N2

c Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
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2 ä c Hv - 2 kL ä I-ä b + 2 ä c Hv - 2 kL z N2

c Hv - 2 kL G
1

2
Hh + j + 2L, ä I-ä b + 2 ä c Hv - 2 kL z N2

4 c Hv - 2 kL -

ä b I-ä b + 2 ä c Hv - 2 kL z N G
1

2
Hh + j + 1L, ä I-ä b + 2 ä c Hv - 2 kL z N2

4 c Hv - 2 kL +

ã
-

ä b2

4 c Hv-2 kL Hä c Hv - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä c Hv - 2 kL z Nh+ j

ä Iä b + 2 ä c Hv - 2 kL z N2

c Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j

b ä Iä b + 2 ä c Hv - 2 kL z N G
1

2
Hh + j + 1L, ä Iä b + 2 ä c Hv - 2 kL z N2

4 c Hv - 2 kL + 2 c ä Hv - 2 kL
ä Iä b + 2 ä c Hv - 2 kL z N2

c Hv - 2 kL G
1

2
Hh + j + 2L, ä Iä b + 2 ä c Hv - 2 kL z N2

4 c Hv - 2 kL �; n Î N ì v Î N+

Involving zn sinIb zr + eM sinv Hc zL
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01.06.21.1136.01à zn sinIb z2 + eM sinvHc zL â z �

ä 2-v-2 zn+1
v
v

2

ãä e I-ä b z2M 1

2
H-n-1L

G
n + 1

2
, -ä b z2 - ã-ä e Iä b z2M 1

2
H-n-1L

G
n + 1

2
, ä b z2 H1 - v mod 2L -

2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
1

4
ä -

c2 Hv-2 sL2
b

+4 e-2 Π Hv+1L â
j=0

n

2 j-n Hä c Hv - 2 sLLn- j H-ä c Hv - 2 sL - 2 ä b zL j+1

-
ä H-ä c Hv - 2 sL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä c Hv - 2 sL - 2 ä b zL2

4 b
H-ä bL-n-1 +

ã
-

1

4
ä -

c2 Hv-2 sL2
b

+4 e-2 Π H1-vL â
j=0

n

2 j-n H-ä c Hv - 2 sLLn- j Hä c Hv - 2 sL - 2 ä b zL j+1

-
ä Hä c Hv - 2 sL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hä c Hv - 2 sL - 2 ä b zL2

4 b
H-ä bL-n-1 +

Hä bL-n-1 ã
1

4
ä -

c2 Hv-2 sL2
b

+4 e+2 Π Hv-1L â
j=0

n

2 j-n Hä c Hv - 2 sLLn- j H2 ä b z - ä c Hv - 2 sLL j+1

ä H2 ä b z - ä c Hv - 2 sLL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H2 ä b z - ä c Hv - 2 sLL2

4 b
+

Hä bL-n-1 ã
1

4
ä -

c2 Hv-2 sL2
b

+4 e-2 Π Hv+1L â
j=0

n

2 j-n H-ä c Hv - 2 sLLn- j Hc ä Hv - 2 sL + 2 ä b zL j+1

ä Hc ä Hv - 2 sL + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hc ä Hv - 2 sL + 2 ä b zL2

4 b
�; n Î N ì v Î N+

01.06.21.1137.01à zn sinI z b + eN sinvHc zL â z � H-1Ln 2-v ä
v
v

2

Jã-ä e GI2 Hn + 1L, ä b z N - ãä e GI2 Hn + 1L, -ä b z NN H1 - v mod 2L b-2 Hn+1L +

2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

ä b2

4 c Hv-2 sL -ä e +
1

2
ä Π Hv+1L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä c Hv - 2 sL z Nh+ j
-

ä I-ä b - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L
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j

h

n

j
-ä b I-ä b - 2 ä c Hv - 2 sL z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL - 2 ä c

Hv - 2 sL -
ä I-ä b - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L, -

ä I-ä b - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL

H-ä c Hv - 2 sLL-2 Hn+1L + ã
ä b2

4 c Hv-2 sL +ä e +
1

2
ä Π Hv-1L â

j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b - 2 ä c Hv - 2 sL z Nh+ j

-
ä Iä b - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

ä b Iä b - 2 ä c Hv - 2 sL z N G
1

2
Hh + j + 1L, -

ä Iä b - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL - 2 ä c Hv - 2 sL

-
ä Iä b - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L, -

ä Iä b - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL
H-ä c Hv - 2 sLL-2 Hn+1L + ã

-
ä b2

4 c Hv-2 sL -ä e +
1

2
ä Π H1-vL Hä c Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n

I-ä b + 2 ä c Hv - 2 sL z Nh+ j
ä I-ä b + 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

2 ä c Hv - 2 sL ä I-ä b + 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L, ä I-ä b + 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL -

ä b I-ä b + 2 ä c Hv - 2 sL z N G
1

2
Hh + j + 1L, ä I-ä b + 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL +

ã ân âj

4 j
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ã
-

ä b2

4 c Hv-2 sL +ä e -
1

2
ä Π Hv+1L Hä c Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä c Hv - 2 sL z Nh+ j

ä Iä b + 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

b ä Iä b + 2 ä c Hv - 2 sL z N G
1

2
Hh + j + 1L, ä Iä b + 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL + 2 c ä Hv - 2 sL
ä Iä b + 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L, ä Iä b + 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL �; n Î N ì v Î N+

Involving zn  sinIb zr + d zM sinv HcvzL
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01.06.21.1138.01à zn sinIb z2 + d zM sinvHc zL â z � ä 2-v-2
v
v

2

H1 - v mod 2L
Hä bL-n-1 ã

-
ä d2

4 b â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä b zL j+1
ä Hä d + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä b zL2

4 b
-

H-ä bL-n-1 ã
ä d2

4 b â
j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä b zL j+1 -
ä H-ä d - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - 2 ä b zL2

4 b
-

ä-v-1 2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
-ã

-
ä H-ä d+ä c Hv-2 sLL2

4 b â
j=0

n

2 j-n Hä d - ä c Hv - 2 sLLn- j H-ä d + ä c Hv - 2 sL - 2 ä b zL j+1

-
ä H-ä d + ä c Hv - 2 sL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d + ä c Hv - 2 sL - 2 ä b zL2

4 b
H-ä bL-n-1 +

H-1Lv+1 ã
-

ä H-ä d-ä c Hv-2 sLL2
4 b â

j=0

n

2 j-n Hä d + ä c Hv - 2 sLLn- j H-ä d - ä c Hv - 2 sL - 2 ä b zL j+1

-
ä H-ä d - ä c Hv - 2 sL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - ä c Hv - 2 sL - 2 ä b zL2

4 b
H-ä bL-n-1 +

Hä bL-n-1 ã
ä Hä d+ä c Hv-2 sLL2

4 b â
j=0

n

2 j-n H-ä d - ä c Hv - 2 sLLn- j Hä d + ä c Hv - 2 sL + 2 ä b zL j+1

ä Hä d + ä c Hv - 2 sL + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + ä c Hv - 2 sL + 2 ä b zL2

4 b
+

H-1Lv Hä bL-n-1 ã
ä Hä d-ä c Hv-2 sLL2

4 b â
j=0

n

2 j-n H-ä d + ä c Hv - 2 sLLn- j Hä d - ä c Hv - 2 sL + 2 ä b zL j+1

ä Hä d - ä c Hv - 2 sL + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d - ä c Hv - 2 sL + 2 ä b zL2

4 b
�; n Î N ì v Î N+

01.06.21.1139.01à zn sinI z b + d zN sinvHc zL â z �

2-2 n-v-2 ä
v
v

2

H1 - v mod 2L ã
ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä d z Nh+ j
-

ä I-ä b - 2 ä d z N2

d

1

2
H-h- j-1L
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j

h

n

j
-ä b I-ä b - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b - 2 ä d z N2

4 d
-

ã
-

ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä d z Nh+ j
ä Iä b + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

b ä Iä b + 2 ä d z N G
1

2
Hh + j + 1L, ä Iä b + 2 ä d z N2

4 d
+

2
ä Iä b + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + 2 ä d z N2

4 d
Hä dL-2 n-2 +

2-2 n-v-2 ä-v-1 â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv+1 ã

b2

4 H-ä d+ä c H2 k-vLL â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n

I-ä b + 2 H-ä d + ä c H2 k - vLL z Nh+ j
-

I-ä b + 2 H-ä d + ä c H2 k - vLL z N2

-ä d + ä c H2 k - vL
1

2
H-h- j-1L

j

h

n

j
2 H-ä d + ä c H2 k - vLL -

I-ä b + 2 H-ä d + ä c H2 k - vLL z N2

-ä d + ä c H2 k - vL
G

1

2
Hh + j + 2L, -

I-ä b + 2 H-ä d + ä c H2 k - vLL z N2

4 H-ä d + ä c H2 k - vLL - ä b I-ä b + 2 H-ä d + ä c H2 k - vLL z N

G
1

2
Hh + j + 1L, -

I-ä b + 2 H-ä d + ä c H2 k - vLL z N2

4 H-ä d + ä c H2 k - vLL H-ä d + ä c H2 k - vLL-2 n-2 +

v ã ân âj

4 j
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H-1Lv ã
b2

4 Hä d+ä c H2 k-vLL Hä d + ä c H2 k - vLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 Hä d + ä c H2 k - vLL z Nh+ j

-
Iä b + 2 Hä d + ä c H2 k - vLL z N2

ä d + ä c H2 k - vL
1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 Hä d + ä c H2 k - vLL z N G

1

2
Hh + j + 1L, -

Iä b + 2 Hä d + ä c H2 k - vLL z N2

4 Hä d + ä c H2 k - vLL + 2 -
Iä b + 2 Hä d + ä c H2 k - vLL z N2

ä d + ä c H2 k - vL
Hä d + ä c H2 k - vLL G

1

2
Hh + j + 2L, -

Iä b + 2 Hä d + ä c H2 k - vLL z N2

4 Hä d + ä c H2 k - vLL -

ã
b2

4 H-ä d+ä c Hv-2 kLL H-ä d + ä c Hv - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b + 2 H-ä d + ä c Hv - 2 kLL z Nh+ j

-
I-ä b + 2 H-ä d + ä c Hv - 2 kLL z N2

-ä d + ä c Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
2 H-ä d + ä c Hv - 2 kLL

-
I-ä b + 2 H-ä d + ä c Hv - 2 kLL z N2

-ä d + ä c Hv - 2 kL G
1

2
Hh + j + 2L, -

I-ä b + 2 H-ä d + ä c Hv - 2 kLL z N2

4 H-ä d + ä c Hv - 2 kLL -

ä b I-ä b + 2 H-ä d + ä c Hv - 2 kLL z N G
1

2
Hh + j + 1L, -

I-ä b + 2 H-ä d + ä c Hv - 2 kLL z N2

4 H-ä d + ä c Hv - 2 kLL +

ã
b2

4 Hä d+ä c Hv-2 kLL Hä d + ä c Hv - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 Hä d + ä c Hv - 2 kLL z Nh+ j

-
Iä b + 2 Hä d + ä c Hv - 2 kLL z N2

ä d + ä c Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 Hä d + ä c Hv - 2 kLL z N G

1

2
Hh + j + 1L, -

Iä b + 2 Hä d + ä c Hv - 2 kLL z N2

4 Hä d + ä c Hv - 2 kLL + 2 -
Iä b + 2 Hä d + ä c Hv - 2 kLL z N2

ä d + ä c Hv - 2 kL
G

1
, -

Iä b + 2 Hä d + ä c Hv - 2 kLL z N2 �; ì v Î N+
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Involving zn  sinIb zr + d z + eM sinv HcvzL
01.06.21.1140.01à zn sinIb z2 + d z + eM sinvHc zL â z � ä 2-v-2

v
v

2

H1 - v mod 2L
Hä bL-n-1 ã

ä e-
ä d2

4 b â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä b zL j+1
ä Hä d + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä b zL2

4 b
-

H-ä bL-n-1 ã
ä d2

4 b
-ä e â

j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä b zL j+1 -
ä H-ä d - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - 2 ä b zL2

4 b
-

2-v-2 ä-v-1 â
s=0

f v-1

2
v H-1Ls v

s
-ã

-
ä H-ä d+ä c Hv-2 sLL2

4 b
-ä e â

j=0

n

2 j-n Hä d - ä c Hv - 2 sLLn- j H-ä d + ä c Hv - 2 sL - 2 ä b zL j+1

-
ä H-ä d + ä c Hv - 2 sL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d + ä c Hv - 2 sL - 2 ä b zL2

4 b
H-ä bL-n-1 +

H-1Lv+1 ã
-

ä H-ä d-ä c Hv-2 sLL2
4 b

-ä e â
j=0

n

2 j-n Hä d + ä c Hv - 2 sLLn- j H-ä d - ä c Hv - 2 sL - 2 ä b zL j+1

-
ä H-ä d - ä c Hv - 2 sL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - ä c Hv - 2 sL - 2 ä b zL2

4 b
H-ä bL-n-1 +

Hä bL-n-1 ã
ä Hä d+ä c Hv-2 sLL2

4 b
+ä e â

j=0

n

2 j-n H-ä d - ä c Hv - 2 sLLn- j Hä d + ä c Hv - 2 sL + 2 ä b zL j+1

ä Hä d + ä c Hv - 2 sL + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + ä c Hv - 2 sL + 2 ä b zL2

4 b
+

H-1Lv Hä bL-n-1 ã
ä Hä d-ä c Hv-2 sLL2

4 b
+ä e â

j=0

n

2 j-n H-ä d + ä c Hv - 2 sLLn- j Hä d - ä c Hv - 2 sL + 2 ä b zL j+1

ä Hä d - ä c Hv - 2 sL + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d - ä c Hv - 2 sL + 2 ä b zL2

4 b
�; n Î N ì v Î N+
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01.06.21.1141.01à zn sinI z b + d z + eN sinvHc zL â z �

2-2 n-v-2 ä
v
v

2

H1 - v mod 2L ã
ä b2

4 d
-ä e â

j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä d z Nh+ j
-

ä I-ä b - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä b I-ä b - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b - 2 ä d z N2

4 d
-

ã
ä e-

ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä d z Nh+ j
ä Iä b + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä b + 2 ä d z N2

4 d
+

2
ä Iä b + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + 2 ä d z N2

4 d
Hä dL-2 n-2 +

2-2 n-v-2 ä-v-1 â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv+1 ã

b2

4 H-ä d+ä c H2 k-vLL -ä e â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n

I-ä b + 2 H-ä d + ä c H2 k - vLL z Nh+ j
-

I-ä b + 2 H-ä d + ä c H2 k - vLL z N2

-ä d + ä c H2 k - vL
1

2
H-h- j-1L

j

h

n

j
2 H-ä d + ä c H2 k - vLL -

I-ä b + 2 H-ä d + ä c H2 k - vLL z N2

-ä d + ä c H2 k - vL
-
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G
1

2
Hh + j + 2L, -

I-ä b + 2 H-ä d + ä c H2 k - vLL z N2

4 H-ä d + ä c H2 k - vLL - ä b I-ä b + 2 H-ä d + ä c H2 k - vLL z N

G
1

2
Hh + j + 1L, -

I-ä b + 2 H-ä d + ä c H2 k - vLL z N2

4 H-ä d + ä c H2 k - vLL H-ä d + ä c H2 k - vLL-2 n-2 +

H-1Lv ã
b2

4 Hä d+ä c H2 k-vLL +ä e Hä d + ä c H2 k - vLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 Hä d + ä c H2 k - vLL z Nh+ j

-
Iä b + 2 Hä d + ä c H2 k - vLL z N2

ä d + ä c H2 k - vL
1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 Hä d + ä c H2 k - vLL z N G

1

2
Hh + j + 1L, -

Iä b + 2 Hä d + ä c H2 k - vLL z N2

4 Hä d + ä c H2 k - vLL + 2 -
Iä b + 2 Hä d + ä c H2 k - vLL z N2

ä d + ä c H2 k - vL
Hä d + ä c H2 k - vLL G

1

2
Hh + j + 2L, -

Iä b + 2 Hä d + ä c H2 k - vLL z N2

4 Hä d + ä c H2 k - vLL -

ã
b2

4 H-ä d+ä c Hv-2 kLL -ä e H-ä d + ä c Hv - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b + 2 H-ä d + ä c Hv - 2 kLL z Nh+ j

-
I-ä b + 2 H-ä d + ä c Hv - 2 kLL z N2

-ä d + ä c Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
2 H-ä d + ä c Hv - 2 kLL

-
I-ä b + 2 H-ä d + ä c Hv - 2 kLL z N2

-ä d + ä c Hv - 2 kL G
1

2
Hh + j + 2L, -

I-ä b + 2 H-ä d + ä c Hv - 2 kLL z N2

4 H-ä d + ä c Hv - 2 kLL -

ä b I-ä b + 2 H-ä d + ä c Hv - 2 kLL z N G
1

2
Hh + j + 1L, -

I-ä b + 2 H-ä d + ä c Hv - 2 kLL z N2

4 H-ä d + ä c Hv - 2 kLL +

ã
b2

4 Hä d+ä c Hv-2 kLL +ä e Hä d + ä c Hv - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 Hä d + ä c Hv - 2 kLL z Nh+ j
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-
Iä b + 2 Hä d + ä c Hv - 2 kLL z N2

ä d + ä c Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 Hä d + ä c Hv - 2 kLL z N G

1

2
Hh + j + 1L, -

Iä b + 2 Hä d + ä c Hv - 2 kLL z N2

4 Hä d + ä c Hv - 2 kLL + 2 -
Iä b + 2 Hä d + ä c Hv - 2 kLL z N2

ä d + ä c Hv - 2 kL
Hä d + ä c Hv - 2 kLL G

1

2
Hh + j + 2L, -

Iä b + 2 Hä d + ä c Hv - 2 kLL z N2

4 Hä d + ä c Hv - 2 kLL �; n Î N ì v Î N+

Involving zn sinIb zr M sinv Hf z + gL
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01.06.21.1142.01à zn sinIb z2M sinvH f z + gL â z �

ä 2-v-2 zn+1
v
v

2

I-ä b z2M 1

2
H-n-1L

G
n + 1

2
, -ä b z2 - Iä b z2M 1

2
H-n-1L

G
n + 1

2
, ä b z2 H1 - v mod 2L -

2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
1

4
ä -

f 2 Hv-2 sL2
b

+4 g Hv-2 sL-2 Π Hv+1L â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j H-ä f Hv - 2 sL - 2 ä b zL j+1

-
ä H-ä f Hv - 2 sL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä f Hv - 2 sL - 2 ä b zL2

4 b
H-ä bL-n-1 +

ã
-

1

4
ä -

f 2 Hv-2 sL2
b

-4 g Hv-2 sL-2 Π H1-vL â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j Hä f Hv - 2 sL - 2 ä b zL j+1

-
ä Hä f Hv - 2 sL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hä f Hv - 2 sL - 2 ä b zL2

4 b
H-ä bL-n-1 +

Hä bL-n-1 ã
1

4
ä -

f 2 Hv-2 sL2
b

-4 g Hv-2 sL+2 Π Hv-1L â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j H2 ä b z - ä f Hv - 2 sLL j+1

ä H2 ä b z - ä f Hv - 2 sLL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H2 ä b z - ä f Hv - 2 sLL2

4 b
+

Hä bL-n-1 ã
1

4
ä -

f 2 Hv-2 sL2
b

+4 g Hv-2 sL-2 Π Hv+1L â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL + 2 ä b zL j+1

ä H f ä Hv - 2 sL + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä Hv - 2 sL + 2 ä b zL2

4 b
�; n Î N ì v Î N+

01.06.21.1143.01à zn sinIb z N sinvHg + f zL â z � H-1Ln 2-v ä
v
v

2

JGI2 Hn + 1L, ä b z N - GI2 Hn + 1L, -ä b z NN H1 - v mod 2L b-2 Hn+1L +

2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

ä b2

4 f Hv-2 sL +
1

2
ä Π Hv+1L-ä g Hv-2 sL

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä f Hv - 2 sL z Nh+ j
-

ä I-ä b - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L
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j

h

n

j
-ä b I-ä b - 2 ä f Hv - 2 sL z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL - 2 ä f

Hv - 2 sL -
ä I-ä b - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L, -

ä I-ä b - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL

H-ä f Hv - 2 sLL-2 Hn+1L + ã
ä b2

4 f Hv-2 sL +
1

2
ä Π Hv-1L-ä g Hv-2 sL â

j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n

Iä b - 2 ä f Hv - 2 sL z Nh+ j
-

ä Iä b - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

ä b Iä b - 2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, -

ä Iä b - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL - 2 ä f Hv - 2 sL

-
ä Iä b - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L, -

ä Iä b - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL
H-ä f Hv - 2 sLL-2 Hn+1L + ã

-
ä b2

4 f Hv-2 sL +
1

2
ä Π H1-vL+g ä Hv-2 sL Hä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b + 2 ä f Hv - 2 sL z Nh+ j
ä I-ä b + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 ä f Hv - 2 sL ä I-ä b + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L, ä I-ä b + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL -

ä b I-ä b + 2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, ä I-ä b + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL +

ã
-

ä b2

4 f Hv-2 sL -
1

2
ä Π Hv+1L+g ä Hv-2 sL Hä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä f Hv - 2 sL z Nh+ j
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ä Iä b + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

b ä Iä b + 2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, ä Iä b + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL + 2 f ä Hv - 2 sL
ä Iä b + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L, ä Iä b + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL �; n Î N ì v Î N+

Involving zn sinIb zr + eM sinv Hf z + gL
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01.06.21.1144.01à zn sinIb z2 + eM sinvHg + f zL â z �

ä 2-v-2 zn+1
v
v

2

ãä e I-ä b z2M 1

2
H-n-1L

G
n + 1

2
, -ä b z2 - ã-ä e Iä b z2M 1

2
H-n-1L

G
n + 1

2
, ä b z2 H1 - v mod 2L -

2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
1

4
ä -

f 2 Hv-2 sL2
b

+4 g Hv-2 sL+4 e-2 Π Hv+1L â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j H-ä f Hv - 2 sL - 2 ä b zL j+1

-
ä H-ä f Hv - 2 sL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä f Hv - 2 sL - 2 ä b zL2

4 b
H-ä bL-n-1 +

ã
-

1

4
ä -

f 2 Hv-2 sL2
b

-4 g Hv-2 sL+4 e-2 Π H1-vL â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j Hä f Hv - 2 sL - 2 ä b zL j+1

-
ä Hä f Hv - 2 sL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hä f Hv - 2 sL - 2 ä b zL2

4 b
H-ä bL-n-1 +

Hä bL-n-1 ã
1

4
ä -

f 2 Hv-2 sL2
b

-4 g Hv-2 sL+4 e+2 Π Hv-1L â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j H2 ä b z - ä f Hv - 2 sLL j+1

ä H2 ä b z - ä f Hv - 2 sLL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H2 ä b z - ä f Hv - 2 sLL2

4 b
+

Hä bL-n-1 ã
1

4
ä -

f 2 Hv-2 sL2
b

+4 g Hv-2 sL+4 e-2 Π Hv+1L â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL + 2 ä b zL j+1

ä H f ä Hv - 2 sL + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä Hv - 2 sL + 2 ä b zL2

4 b
�; n Î N ì v Î N+

01.06.21.1145.01à zn sinI z b + eN sinvH f z + gL â z �

H-1Ln 2-v ä
v
v

2

Jã-ä e GI2 Hn + 1L, ä b z N - ãä e GI2 Hn + 1L, -ä b z NN H1 - v mod 2L b-2 Hn+1L +

2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

ä b2

4 f Hv-2 sL -ä e +
1

2
ä Π Hv+1L-ä g Hv-2 sL

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä f Hv - 2 sL z Nh+ j
-

ä I-ä b - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L
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j

h

n

j
-ä b I-ä b - 2 ä f Hv - 2 sL z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL - 2 ä f

Hv - 2 sL -
ä I-ä b - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L, -

ä I-ä b - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL

H-ä f Hv - 2 sLL-2 Hn+1L + ã
ä b2

4 f Hv-2 sL +ä e +
1

2
ä Π Hv-1L-ä g Hv-2 sL â

j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n

Iä b - 2 ä f Hv - 2 sL z Nh+ j
-

ä Iä b - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

ä b Iä b - 2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, -

ä Iä b - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL - 2 ä f Hv - 2 sL

-
ä Iä b - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L, -

ä Iä b - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL
H-ä f Hv - 2 sLL-2 Hn+1L + ã

-
ä b2

4 f Hv-2 sL -ä e +
1

2
ä Π H1-vL+g ä Hv-2 sL Hä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b + 2 ä f Hv - 2 sL z Nh+ j
ä I-ä b + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 ä f Hv - 2 sL ä I-ä b + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L, ä I-ä b + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL -

ä b I-ä b + 2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, ä I-ä b + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL +

ã
-

ä b2

4 f Hv-2 sL +ä e -
1

2
ä Π Hv+1L+g ä Hv-2 sL Hä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n
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Iä b + 2 ä f Hv - 2 sL z Nh+ j
ä Iä b + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

b ä Iä b + 2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, ä Iä b + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL + 2 f ä Hv - 2 sL
ä Iä b + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L, ä Iä b + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL �; n Î N ì v Î N+

Involving zn sinIb zr + d zM sinv Hf z + gL
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01.06.21.1146.01à zn sinIb z2 + d zM sinvH f z + gL â z � ä 2-v-2
v
v

2

H1 - v mod 2L
Hä bL-n-1 ã

-
ä d2

4 b â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä b zL j+1
ä Hä d + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä b zL2

4 b
-

H-ä bL-n-1 ã
ä d2

4 b â
j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä b zL j+1 -
ä H-ä d - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - 2 ä b zL2

4 b
-

ä-v-1 2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

ä g H2 s-vL-
ä H-ä d+ä f H2 s-vLL2

4 b â
j=0

n

2 j-n Hä d - ä f H2 s - vLLn- j H-ä d + ä f H2 s - vL - 2 ä b zL j+1

-
ä H-ä d + ä f H2 s - vL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d + ä f H2 s - vL - 2 ä b zL2

4 b
H-ä bL-n-1 -

ã
ä g Hv-2 sL-

ä H-ä d+ä f Hv-2 sLL2
4 b â

j=0

n

2 j-n Hä d - ä f Hv - 2 sLLn- j H-ä d + ä f Hv - 2 sL - 2 ä b zL j+1

-
ä H-ä d + ä f Hv - 2 sL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d + ä f Hv - 2 sL - 2 ä b zL2

4 b
H-ä bL-n-1 +

H-1Lv Hä bL-n-1 ã
ä Hä d+ä f H2 s-vLL2

4 b
+g ä H2 s-vL â

j=0

n

2 j-n H-ä d - ä f H2 s - vLLn- j Hä d + ä f H2 s - vL + 2 ä b zL j+1

ä Hä d + ä f H2 s - vL + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + ä f H2 s - vL + 2 ä b zL2

4 b
+

Hä bL-n-1 ã
ä Hä d+ä f Hv-2 sLL2

4 b
+g ä Hv-2 sL â

j=0

n

2 j-n H-ä d - ä f Hv - 2 sLLn- j Hä d + ä f Hv - 2 sL + 2 ä b zL j+1

ä Hä d + ä f Hv - 2 sL + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + ä f Hv - 2 sL + 2 ä b zL2

4 b
�; n Î N ì v Î N+

01.06.21.1147.01à zn sinI z b + d zN sinvH f z + gL â z �

H-1Ln 2-2 n-v-2 ä
v
v

2

H1 - v mod 2L ã
-

ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä d z Nh+ j
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ä Iä b + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä b + 2 ä d z N2

4 d
+

2
ä Iä b + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + 2 ä d z N2

4 d
-

ã
ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä d z Nh+ j
-

ä I-ä b - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä b I-ä b - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b - 2 ä d z N2

4 d
d-2 n-2 +

2-2 n-v-2 ä-v-1 â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv+1 ã

b2

4 H-ä d+ä f H2 k-vLL +g ä H2 k-vL â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n

I-ä b + 2 H-ä d + ä f H2 k - vLL z Nh+ j
-

I-ä b + 2 H-ä d + ä f H2 k - vLL z N2

-ä d + ä f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
2 H-ä d + ä f H2 k - vLL -

I-ä b + 2 H-ä d + ä f H2 k - vLL z N2

-ä d + ä f H2 k - vL
G

1

2
Hh + j + 2L, -

I-ä b + 2 H-ä d + ä f H2 k - vLL z N2

4 H-ä d + ä f H2 k - vLL - ä b

I-ä b + 2 H-ä d + ä f H2 k - vLL z N G
1

2
Hh + j + 1L, -

I-ä b + 2 H-ä d + ä f H2 k - vLL z N2

4 H-ä d + ä f H2 k - vLL
H-ä d + ä f H2 k - vLL-2 n-2 + H-1Lv ã

b2

4 Hä d+ä f H2 k-vLL +g ä H2 k-vL Hä d + ä f H2 k - vLL-2 n-2
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â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 Hä d + ä f H2 k - vLL z Nh+ j
-

Iä b + 2 Hä d + ä f H2 k - vLL z N2

ä d + ä f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 Hä d + ä f H2 k - vLL z N G

1

2
Hh + j + 1L, -

Iä b + 2 Hä d + ä f H2 k - vLL z N2

4 Hä d + ä f H2 k - vLL +

2 -
Iä b + 2 Hä d + ä f H2 k - vLL z N2

ä d + ä f H2 k - vL Hä d + ä f H2 k - vLL G
1

2
Hh + j + 2L,

-
Iä b + 2 Hä d + ä f H2 k - vLL z N2

4 Hä d + ä f H2 k - vLL - ã
b2

4 H-ä d+ä f Hv-2 kLL +g ä Hv-2 kL

H-ä d + ä f Hv - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b + 2 H-ä d + ä f Hv - 2 kLL z Nh+ j

-
I-ä b + 2 H-ä d + ä f Hv - 2 kLL z N2

-ä d + ä f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
2 H-ä d + ä f Hv - 2 kLL

-
I-ä b + 2 H-ä d + ä f Hv - 2 kLL z N2

-ä d + ä f Hv - 2 kL G
1

2
Hh + j + 2L, -

I-ä b + 2 H-ä d + ä f Hv - 2 kLL z N2

4 H-ä d + ä f Hv - 2 kLL -

ä b I-ä b + 2 H-ä d + ä f Hv - 2 kLL z N G
1

2
Hh + j + 1L, -

I-ä b + 2 H-ä d + ä f Hv - 2 kLL z N2

4 H-ä d + ä f Hv - 2 kLL +

ã
b2

4 Hä d+ä f Hv-2 kLL +g ä Hv-2 kL Hä d + ä f Hv - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 Hä d + ä f Hv - 2 kLL z Nh+ j

-
Iä b + 2 Hä d + ä f Hv - 2 kLL z N2

ä d + ä f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 Hä d + ä f Hv - 2 kLL z N G

1

2
Hh + j + 1L, -

Iä b + 2 Hä d + ä f Hv - 2 kLL z N2

4 Hä d + ä f Hv - 2 kLL + 2 -
Iä b + 2 Hä d + ä f Hv - 2 kLL z N2

ä d + ä f Hv - 2 kL
G , -

I + 2 z N2 �;
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Involving zn sinIb zr + d z + eM sinv Hf z + gL
01.06.21.1148.01à zn sinIb z2 + d z + eM sinvH f z + gL â z � ä 2-v-2

v
v

2

H1 - v mod 2L
Hä bL-n-1 ã

ä e-
ä d2

4 b â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä b zL j+1
ä Hä d + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä b zL2

4 b
-

H-ä bL-n-1 ã
ä d2

4 b
-ä e â

j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä b zL j+1 -
ä H-ä d - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - 2 ä b zL2

4 b
-

ä-v-1 2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

-
ä H-ä d+ä f H2 s-vLL2

4 b
-ä e +g ä H2 s-vL â

j=0

n

2 j-n Hä d - ä f H2 s - vLLn- j H-ä d + ä f H2 s - vL - 2 ä b zL j+1

-
ä H-ä d + ä f H2 s - vL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d + ä f H2 s - vL - 2 ä b zL2

4 b
H-ä bL-n-1 -

ã
-

ä H-ä d+ä f Hv-2 sLL2
4 b

-ä e +g ä Hv-2 sL â
j=0

n

2 j-n Hä d - ä f Hv - 2 sLLn- j H-ä d + ä f Hv - 2 sL - 2 ä b zL j+1

-
ä H-ä d + ä f Hv - 2 sL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d + ä f Hv - 2 sL - 2 ä b zL2

4 b
H-ä bL-n-1 +

H-1Lv Hä bL-n-1 ã
ä Hä d+ä f H2 s-vLL2

4 b
+ä e +g ä H2 s-vL â

j=0

n

2 j-n H-ä d - ä f H2 s - vLLn- j Hä d + ä f H2 s - vL + 2 ä b zL j+1

ä Hä d + ä f H2 s - vL + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + ä f H2 s - vL + 2 ä b zL2

4 b
+

Hä bL-n-1 ã
ä Hä d+ä f Hv-2 sLL2

4 b
+ä e +g ä Hv-2 sL â

j=0

n

2 j-n H-ä d - ä f Hv - 2 sLLn- j Hä d + ä f Hv - 2 sL + 2 ä b zL j+1

ä Hä d + ä f Hv - 2 sL + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + ä f Hv - 2 sL + 2 ä b zL2

4 b
�; n Î N ì v Î N+
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01.06.21.1149.01à zn sinI z b + d z + eN sinvH f z + gL â z �

H-1Ln 2-2 n-v-2 ä
v
v

2

H1 - v mod 2L ã
ä e-

ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä d z Nh+ j

ä Iä b + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä b + 2 ä d z N2

4 d
+

2
ä Iä b + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + 2 ä d z N2

4 d
-

ã
ä b2

4 d
-ä e â

j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä d z Nh+ j
-

ä I-ä b - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä b I-ä b - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b - 2 ä d z N2

4 d
d-2 n-2 +

2-2 n-v-2 ä-v-1 â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv+1 ã

b2

4 H-ä d+ä f H2 k-vLL -ä e +g ä H2 k-vL â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n

I-ä b + 2 H-ä d + ä f H2 k - vLL z Nh+ j
-

I-ä b + 2 H-ä d + ä f H2 k - vLL z N2

-ä d + ä f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
2 H-ä d + ä f H2 k - vLL -

I-ä b + 2 H-ä d + ä f H2 k - vLL z N2

-ä d + ä f H2 k - vL
-
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G
1

2
Hh + j + 2L, -

I-ä b + 2 H-ä d + ä f H2 k - vLL z N2

4 H-ä d + ä f H2 k - vLL - ä b

I-ä b + 2 H-ä d + ä f H2 k - vLL z N G
1

2
Hh + j + 1L, -

I-ä b + 2 H-ä d + ä f H2 k - vLL z N2

4 H-ä d + ä f H2 k - vLL
H-ä d + ä f H2 k - vLL-2 n-2 + H-1Lv ã

b2

4 Hä d+ä f H2 k-vLL +ä e +g ä H2 k-vL Hä d + ä f H2 k - vLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 Hä d + ä f H2 k - vLL z Nh+ j
-

Iä b + 2 Hä d + ä f H2 k - vLL z N2

ä d + ä f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 Hä d + ä f H2 k - vLL z N G

1

2
Hh + j + 1L, -

Iä b + 2 Hä d + ä f H2 k - vLL z N2

4 Hä d + ä f H2 k - vLL +

2 -
Iä b + 2 Hä d + ä f H2 k - vLL z N2

ä d + ä f H2 k - vL Hä d + ä f H2 k - vLL G
1

2
Hh + j + 2L,

-
Iä b + 2 Hä d + ä f H2 k - vLL z N2

4 Hä d + ä f H2 k - vLL - ã
b2

4 H-ä d+ä f Hv-2 kLL -ä e +g ä Hv-2 kL

H-ä d + ä f Hv - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b + 2 H-ä d + ä f Hv - 2 kLL z Nh+ j

-
I-ä b + 2 H-ä d + ä f Hv - 2 kLL z N2

-ä d + ä f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
2 H-ä d + ä f Hv - 2 kLL

-
I-ä b + 2 H-ä d + ä f Hv - 2 kLL z N2

-ä d + ä f Hv - 2 kL G
1

2
Hh + j + 2L, -

I-ä b + 2 H-ä d + ä f Hv - 2 kLL z N2

4 H-ä d + ä f Hv - 2 kLL -

ä b I-ä b + 2 H-ä d + ä f Hv - 2 kLL z N G
1

2
Hh + j + 1L, -

I-ä b + 2 H-ä d + ä f Hv - 2 kLL z N2

4 H-ä d + ä f Hv - 2 kLL +

ã ân âj

4 j
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ã
b2

4 Hä d+ä f Hv-2 kLL +ä e +g ä Hv-2 kL Hä d + ä f Hv - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 Hä d + ä f Hv - 2 kLL z Nh+ j

-
Iä b + 2 Hä d + ä f Hv - 2 kLL z N2

ä d + ä f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 Hä d + ä f Hv - 2 kLL z N G

1

2
Hh + j + 1L, -

Iä b + 2 Hä d + ä f Hv - 2 kLL z N2

4 Hä d + ä f Hv - 2 kLL + 2 -
Iä b + 2 Hä d + ä f Hv - 2 kLL z N2

ä d + ä f Hv - 2 kL
Hä d + ä f Hv - 2 kLL G

1

2
Hh + j + 2L, -

Iä b + 2 Hä d + ä f Hv - 2 kLL z N2

4 Hä d + ä f Hv - 2 kLL �; n Î N ì v Î N+

Involving zn  sinHb zL sinv Ic zr M
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01.06.21.1150.01à zn sinHb zL sinvIc z2M â z � ä 2-v-1
v
v

2

IH-ä bL-n-1 GHn + 1, -ä b zL - Hä bL-n-1 GHn + 1, ä b zLM H1 - v mod 2L -

ä-v-1 2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

-
ä b2

4 c H2 s-vL â
j=0

n

2 j-n Hä bLn- j H-ä b + 2 ä c H2 s - vL zL j+1

ä H-ä b + 2 ä c H2 s - vL zL2

c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-ä b + 2 ä c H2 s - vL zL2

4 c H2 s - vL Hä c H2 s - vLL-n-1 +

H-1Lv ã
-

ä b2

4 c H2 s-vL â
j=0

n

2 j-n H-ä bLn- j Hä b + 2 ä c H2 s - vL zL j+1
ä Hä b + 2 ä c H2 s - vL zL2

c H2 s - vL
1

2
H- j-1L

n

j

G
j + 1

2
,

ä Hä b + 2 ä c H2 s - vL zL2

4 c H2 s - vL Hä c H2 s - vLL-n-1 - ã
-

ä b2

4 c Hv-2 sL Hä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä bLn- j

H-ä b + 2 ä c Hv - 2 sL zL j+1
ä H-ä b + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-ä b + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL +

ã
-

ä b2

4 c Hv-2 sL Hä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä bLn- j Hä b + 2 ä c Hv - 2 sL zL j+1
ä Hä b + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä b + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì v Î N+

01.06.21.1151.01à zn sinHb zL sinvIc z N â z �

ä-v-1 2-2 n-v-2 Hä bL-2 n-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
ä c2 Hv-2 sL2

4 b â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I-ä c Hv - 2 sL + 2 ä b z Nh+ j

ä I-ä c Hv - 2 sL + 2 ä b z N2

b

1

2
H-h- j-1L

j

h

n

j

2 ä b
ä I-ä c Hv - 2 sL + 2 ä b z N2

b
G

1

2
Hh + j + 2L, ä I-ä c Hv - 2 sL + 2 ä b z N2

4 b
-

+
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ä c Hv - 2 sL I-ä c Hv - 2 sL + 2 ä b z N G
1

2
Hh + j + 1L, ä I-ä c Hv - 2 sL + 2 ä b z N2

4 b
+

ã
-

ä c2 Hv-2 sL2
4 b â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Iä c Hv - 2 sL + 2 ä b z Nh+ j
ä Iä c Hv - 2 sL + 2 ä b z N2

b

1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Iä c Hv - 2 sL + 2 ä b z N G

1

2
Hh + j + 1L, ä Iä c Hv - 2 sL + 2 ä b z N2

4 b
+

2
ä Iä c Hv - 2 sL + 2 ä b z N2

b
b ä G

1

2
Hh + j + 2L, ä Iä c Hv - 2 sL + 2 ä b z N2

4 b
+ H-1Lv+1 ã

ä c2 Hv-2 sL2
4 b

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I-ä c Hv - 2 sL - 2 ä b z Nh+ j
-

ä I-ä c Hv - 2 sL - 2 ä b z N2

b

1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 sL I-ä c Hv - 2 sL - 2 ä b z N G

1

2
Hh + j + 1L, -

ä I-ä c Hv - 2 sL - 2 ä b z N2

4 b
-

2 ä b -
ä I-ä c Hv - 2 sL - 2 ä b z N2

b
G

1

2
Hh + j + 2L, -

ä I-ä c Hv - 2 sL - 2 ä b z N2

4 b
- ã

ä c2 Hv-2 sL2
4 b

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Iä c Hv - 2 sL - 2 ä b z Nh+ j
-

ä Iä c Hv - 2 sL - 2 ä b z N2

b

1

2
H-h- j-1L

j

h

n

j
ä c Hv - 2 sL Iä c Hv - 2 sL - 2 ä b z N G

1

2
Hh + j + 1L, -

ä Iä c Hv - 2 sL - 2 ä b z N2

4 b
-

2 ä b -
ä Iä c Hv - 2 sL - 2 ä b z N2

b
G

1

2
Hh + j + 2L, -

ä Iä c Hv - 2 sL - 2 ä b z N2

4 b
-

�;
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2-v-1 H1 - v mod 2L
b

 zn
v
v

2

IGHn + 1, -ä b zL H-ä b zL-n + Hä b zL-n GHn + 1, ä b zLM �; n Î

N ì
v Î

N+

Involving zn sinHd z + eL sinv Ic zr M
01.06.21.1152.01à zn sinHe + d zL sinvIc z2M â z �

ä 2-v-1
v
v

2

IH-ä dL-n-1 ãä e GHn + 1, -ä d zL - Hä dL-n-1 ã-ä e GHn + 1, ä d zLM H1 - v mod 2L - ä-v-1 2-v-2

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

-
ä d2

4 c H2 s-vL -ä e â
j=0

n

2 j-n Hä dLn- j H-ä d + 2 ä c H2 s - vL zL j+1
ä H-ä d + 2 ä c H2 s - vL zL2

c H2 s - vL
1

2
H- j-1L

n

j

G
j + 1

2
,

ä H-ä d + 2 ä c H2 s - vL zL2

4 c H2 s - vL Hä c H2 s - vLL-n-1 +

H-1Lv ã
ä e-

ä d2

4 c H2 s-vL â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä c H2 s - vL zL j+1
ä Hä d + 2 ä c H2 s - vL zL2

c H2 s - vL
1

2
H- j-1L

n

j

G
j + 1

2
,

ä Hä d + 2 ä c H2 s - vL zL2

4 c H2 s - vL Hä c H2 s - vLL-n-1 - ã
-

ä d2

4 c Hv-2 sL -ä e Hä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä dLn- j

H-ä d + 2 ä c Hv - 2 sL zL j+1
ä H-ä d + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-ä d + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL +

ã
ä e-

ä d2

4 c Hv-2 sL Hä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä c Hv - 2 sL zL j+1
ä Hä d + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì v Î N+

01.06.21.1153.01à zn sinHe + d zL sinvIc z N â z �

2-v-1 ãä e H1 - v mod 2L
d

 zn
v
v

2

I-H-ä d zL-n GHn + 1, -ä d zL - ã-2 ä e Hä d zL-n GHn + 1, ä d zLM + 2-2 n-v-2 Hä dL-2 n-2

ä
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ä-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

ä e-
ä c2 Hv-2 sL2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I-ä c Hv - 2 sL + 2 ä d z Nh+ j

ä I-ä c Hv - 2 sL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

2 ä d
ä I-ä c Hv - 2 sL + 2 ä d z N2

d
G

1

2
Hh + j + 2L, ä I-ä c Hv - 2 sL + 2 ä d z N2

4 d
- ä c Hv - 2 sL

I-ä c Hv - 2 sL + 2 ä d z N G
1

2
Hh + j + 1L, ä I-ä c Hv - 2 sL + 2 ä d z N2

4 d
+ ã

ä e-
ä c2 Hv-2 sL2

4 d

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Iä c Hv - 2 sL + 2 ä d z Nh+ j
ä Iä c Hv - 2 sL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Iä c Hv - 2 sL + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä c Hv - 2 sL + 2 ä d z N2

4 d
+

2
ä Iä c Hv - 2 sL + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä c Hv - 2 sL + 2 ä d z N2

4 d
+

H-1Lv+1 ã
ä c2 Hv-2 sL2

4 d
-ä e â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I-ä c Hv - 2 sL - 2 ä d z Nh+ j

-
ä I-ä c Hv - 2 sL - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

-ä c Hv - 2 sL I-ä c Hv - 2 sL - 2 ä d z N G
1

2
Hh + j + 1L, -

ä I-ä c Hv - 2 sL - 2 ä d z N2

4 d
- 2 ä d

-
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-
ä I-ä c Hv - 2 sL - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä c Hv - 2 sL - 2 ä d z N2

4 d
- ã

ä c2 Hv-2 sL2
4 d

-ä e

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Iä c Hv - 2 sL - 2 ä d z Nh+ j
-

ä Iä c Hv - 2 sL - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
ä c Hv - 2 sL Iä c Hv - 2 sL - 2 ä d z N G

1

2
Hh + j + 1L, -

ä Iä c Hv - 2 sL - 2 ä d z N2

4 d
- 2 ä d

-
ä Iä c Hv - 2 sL - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä Iä c Hv - 2 sL - 2 ä d z N2

4 d
�; n Î N ì v Î N+

Involving zΑ-1 sinIb zr M sinv Ic zr M
01.06.21.1154.01

à zΑ-1 sinHb zrL sinvHc zrL â z �
ä 2-v-1 H1 - v mod 2L

r
zΑ

v
v

2

H-ä b zrL-
Α

r G
Α

r
, -ä b zr - Hä b zrL-

Α

r G
Α

r
, ä b zr -

2-v-1 zΑ ä-v-1

r
 â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv G

Α

r
, H-ä b - 2 ä c s + ä c vL zr HH-ä b - 2 ä c s + ä c vL zrL-

Α

r +

H-1Lv+1 HHä b - 2 ä c s + ä c vL zrL-
Α

r G
Α

r
, Hä b - 2 ä c s + ä c vL zr + HH-ä b + 2 ä c s - ä c vL zrL-

Α

r

G
Α

r
, H-ä b + 2 ä c s - ä c vL zr - HHä b + 2 ä c s - ä c vL zrL-

Α

r G
Α

r
, Hä b + 2 ä c s - ä c vL zr �; v Î N+

01.06.21.1155.01à zn sinIb z2M sinvIc z2M â z �

ä 2-v-2 zn+1
v
v

2

I-ä b z2M 1

2
H-n-1L

G
n + 1

2
, -ä b z2 - Iä b z2M 1

2
H-n-1L

G
n + 1

2
, ä b z2 H1 - v mod 2L - 2-v-2 zn+1 â

s=0

f v-1

2
v H-1Ls v

s

ã-
1

2
ä Π H1-vL G

n + 1

2
, H-ä b + ä c Hv - 2 sLL z2 IH-ä b + ä c Hv - 2 sLL z2M 1

2
H-n-1L

+ ã
1

2
ä Π Hv+1L IHä b + ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b + ä c Hv - 2 sLL z2 + ã-

1

2
ä Π Hv+1L IH-ä b - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, H-ä b - ä c Hv - 2 sLL z2 +

ã
1

2
ä Π H1-vL IHä b - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b - ä c Hv - 2 sLL z2 �; n Î N ì v Î N+

http://functions.wolfram.com 395



01.06.21.1156.01à zn sinIb z N sinvIc z N â z � H-1Ln ä 2-v b-2 Hn+1L v
v

2

JGI2 Hn + 1L, ä b z N - GI2 Hn + 1L, -ä b z NN H1 - v mod 2L -

2-v â
s=0

f v-1

2
v H-1Ls v

s
ã-

1

2
ä Π H1-vL GI2 Hn + 1L, H-ä b + ä c Hv - 2 sLL z N H-ä b + ä c Hv - 2 sLL-2 Hn+1L +

ã
1

2
ä Π Hv+1L Hä b + ä c Hv - 2 sLL-2 Hn+1L GI2 Hn + 1L, Hä b + ä c Hv - 2 sLL z N +

ã-
1

2
ä Π Hv+1L H-ä b - ä c Hv - 2 sLL-2 Hn+1L GI2 Hn + 1L, H-ä b - ä c Hv - 2 sLL z N +

ã
1

2
ä Π H1-vL Hä b - ä c Hv - 2 sLL-2 Hn+1L GI2 Hn + 1L, Hä b - ä c Hv - 2 sLL z N �; n Î N ì v Î N+

Involving zΑ-1 sinIb zr + eM sinv Ic zr M
01.06.21.1157.01

à zΑ-1 sinHb zr + eL sinvHc zrL â z �
ä 2-v-1 H1 - v mod 2L

r
zΑ

v
v

2

ãä e H-ä b zrL-
Α

r G
Α

r
, -ä b zr - ã-ä e Hä b zrL-

Α

r G
Α

r
, ä b zr -

1

r
 H2 ä L-v-1 zΑ â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãä e G

Α

r
, H-ä b - 2 ä c s + ä c vL zr HH-ä b - 2 ä c s + ä c vL zrL-

Α

r +

H-1Lv+1 ã-ä e HHä b - 2 ä c s + ä c vL zrL-
Α

r G
Α

r
, Hä b - 2 ä c s + ä c vL zr + ãä e HH-ä b + 2 ä c s - ä c vL zrL-

Α

r

G
Α

r
, H-ä b + 2 ä c s - ä c vL zr - ã-ä e HHä b + 2 ä c s - ä c vL zrL-

Α

r G
Α

r
, Hä b + 2 ä c s - ä c vL zr �; v Î N+

01.06.21.1158.01à zn sinIb z2 + eM sinvIc z2M â z �

-2-v-2
v
v

2

ãä e-
ä Π

2 G
n + 1

2
, -ä b z2 I-ä b z2M 1

2
H-n-1L

+ ã-ä e+
ä Π

2 Iä b z2M 1

2
H-n-1L

G
n + 1

2
, ä b z2 H1 - v mod 2L zn+1 -

2-v-2 zn+1 â
s=0

f v-1

2
v H-1Ls v

s
ãä e-

1

2
ä Π H1-vL G

n + 1

2
, H-ä b + ä c Hv - 2 sLL z2 IH-ä b + ä c Hv - 2 sLL z2M 1

2
H-n-1L

+

ã-ä e+
1

2
ä Π Hv+1L IHä b + ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b + ä c Hv - 2 sLL z2 +

ãä e-
1

2
ä Π Hv+1L IH-ä b - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, H-ä b - ä c Hv - 2 sLL z2 +

ã-ä e+
1

2
ä Π H1-vL IHä b - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b - ä c Hv - 2 sLL z2 �; n Î N ì v Î N+
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01.06.21.1159.01à zn sinI z b + eN sinvIc z N â z �

H-1Ln 2-v b-2 Hn+1L v
v

2

ãä e-
ä Π

2 GI2 Hn + 1L, -ä b z N + ã-ä e+
ä Π

2 GI2 Hn + 1L, ä b z N H1 - v mod 2L -

2-v â
s=0

f v-1

2
v H-1Ls v

s
ãä e-

1

2
ä Π H1-vL GI2 Hn + 1L, H-ä b + ä c Hv - 2 sLL z N H-ä b + ä c Hv - 2 sLL-2 Hn+1L +

ã-ä e+
1

2
ä Π Hv+1L Hä b + ä c Hv - 2 sLL-2 Hn+1L GI2 Hn + 1L, Hä b + ä c Hv - 2 sLL z N +

ãä e-
1

2
ä Π Hv+1L H-ä b - ä c Hv - 2 sLL-2 Hn+1L GI2 Hn + 1L, H-ä b - ä c Hv - 2 sLL z N +

ã-ä e+
1

2
ä Π H1-vL Hä b - ä c Hv - 2 sLL-2 Hn+1L GI2 Hn + 1L, Hä b - ä c Hv - 2 sLL z N �; n Î N ì v Î N+

Involving zn sinIb zr + d zM sinv Ic zr M
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01.06.21.1160.01à zn sinIb z2 + d zM sinvIc z2M â z � ä 2-v-2
v
v

2

H1 - v mod 2L
Hä bL-n-1 ã

-
ä d2

4 b â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä b zL j+1
ä Hä d + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä b zL2

4 b
-

H-ä bL-n-1 ã
ä d2

4 b â
j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä b zL j+1 -
ä H-ä d - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - 2 ä b zL2

4 b
-

ä-v-1 2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

d2

4 H-ä b+ä c H2 s-vLL â
j=0

n

2 j-n Hä dLn- j H-ä d + 2 H-ä b + ä c H2 s - vLL zL j+1

-
H-ä d + 2 H-ä b + ä c H2 s - vLL zL2

-ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä d + 2 H-ä b + ä c H2 s - vLL zL2

4 H-ä b + ä c H2 s - vLL
H-ä b + ä c H2 s - vLL-n-1 + H-1Lv ã

d2

4 Hä b+ä c H2 s-vLL Hä b + ä c H2 s - vLL-n-1 â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 Hä b + ä c H2 s - vLL
zL j+1 -

Hä d + 2 Hä b + ä c H2 s - vLL zL2

ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä d + 2 Hä b + ä c H2 s - vLL zL2

4 Hä b + ä c H2 s - vLL -

ã
d2

4 H-ä b+ä c Hv-2 sLL H-ä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä dLn- j H-ä d + 2 H-ä b + ä c Hv - 2 sLL zL j+1

-
H-ä d + 2 H-ä b + ä c Hv - 2 sLL zL2

-ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä d + 2 H-ä b + ä c Hv - 2 sLL zL2

4 H-ä b + ä c Hv - 2 sLL +

ã
d2

4 Hä b+ä c Hv-2 sLL Hä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 Hä b + ä c Hv - 2 sLL zL j+1

-
Hä d + 2 Hä b + ä c Hv - 2 sLL zL2

ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä d + 2 Hä b + ä c Hv - 2 sLL zL2

4 Hä b + ä c Hv - 2 sLL �; n Î N ì v Î N+

01.06.21.1161.01à zn sinI z b + d zN sinvIc z N â z �

ä 2-2 n-v-2
v
v

2

H1 - v mod 2L H-ä dL-2 n-2 ã
ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä d z Nh+ j
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-
ä I-ä b - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä b I-ä b - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b - 2 ä d z N2

4 d
-

Hä dL-2 n-2 ã
-

ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä d z Nh+ j
ä Iä b + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä b + 2 ä d z N2

4 d
+

2
ä Iä b + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + 2 ä d z N2

4 d
+ 2-2 n-v-2 ä-v-1

â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv+1 ã

-
ä H-ä b+ä c H2 k-vLL2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c H2 k - vLL-h- j+2 n I-ä b + ä c H2 k - vL - 2 ä d z Nh+ j

-
ä I-ä b + ä c H2 k - vL - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c H2 k - vLL

I-ä b + ä c H2 k - vL - 2 ä d z N G
1

2
Hh + j + 1L, -

ä I-ä b + ä c H2 k - vL - 2 ä d z N2

4 d
- 2 ä d

-
ä I-ä b + ä c H2 k - vL - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b + ä c H2 k - vL - 2 ä d z N2

4 d

H-ä dL-2 n-2 - ã
-

ä H-ä b+ä c Hv-2 kLL2
4 d â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c Hv - 2 kLL-h- j+2 n I-ä b + ä c Hv - 2 kL - 2 ä d z Nh+ j

http://functions.wolfram.com 399



-
ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c Hv - 2 kLL

I-ä b + ä c Hv - 2 kL - 2 ä d z N G
1

2
Hh + j + 1L, -

ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

4 d
- 2 ä d

-
ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

4 d

H-ä dL-2 n-2 + H-1Lv Hä dL-2 n-2 ã
ä Hä b+ä c H2 k-vLL2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c H2 k - vLL-h- j+2 n

Iä b + ä c H2 k - vL + 2 ä d z Nh+ j
ä Iä b + ä c H2 k - vL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

Hä b + ä c H2 k - vLL Iä b + ä c H2 k - vL + 2 ä d z N G
1

2
Hh + j + 1L, ä Iä b + ä c H2 k - vL + 2 ä d z N2

4 d
+

2
ä Iä b + ä c H2 k - vL + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + ä c H2 k - vL + 2 ä d z N2

4 d
+

Hä dL-2 n-2 ã
ä Hä b+ä c Hv-2 kLL2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c Hv - 2 kLL-h- j+2 n Iä b + ä c Hv - 2 kL + 2 ä d z Nh+ j

ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
Hä b + ä c Hv - 2 kLL Iä b + ä c Hv - 2 kL + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

4 d
+ 2

ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

d

d ä G
1

2
Hh + j + 2L, ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

4 d
�; n Î N ì v Î N+
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Involving zn sinIb zr + d z + eM sinv Ic zr M
01.06.21.1162.01à zn sinIb z2 + d z + eM sinvIc z2M â z � ä 2-v-2

v
v

2

H1 - v mod 2L
Hä bL-n-1 ã

ä e-
ä d2

4 b â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä b zL j+1
ä Hä d + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä b zL2

4 b
-

H-ä bL-n-1 ã
ä d2

4 b
-ä e â

j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä b zL j+1 -
ä H-ä d - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - 2 ä b zL2

4 b
-

ä-v-1 2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

d2

4 H-ä b+ä c H2 s-vLL -ä e â
j=0

n

2 j-n Hä dLn- j H-ä d + 2 H-ä b + ä c H2 s - vLL zL j+1

-
H-ä d + 2 H-ä b + ä c H2 s - vLL zL2

-ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä d + 2 H-ä b + ä c H2 s - vLL zL2

4 H-ä b + ä c H2 s - vLL
H-ä b + ä c H2 s - vLL-n-1 + H-1Lv ã

d2

4 Hä b+ä c H2 s-vLL +ä e Hä b + ä c H2 s - vLL-n-1

â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 Hä b + ä c H2 s - vLL zL j+1 -
Hä d + 2 Hä b + ä c H2 s - vLL zL2

ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä d + 2 Hä b + ä c H2 s - vLL zL2

4 Hä b + ä c H2 s - vLL -

ã
d2

4 H-ä b+ä c Hv-2 sLL -ä e H-ä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä dLn- j H-ä d + 2 H-ä b + ä c Hv - 2 sLL zL j+1

-
H-ä d + 2 H-ä b + ä c Hv - 2 sLL zL2

-ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä d + 2 H-ä b + ä c Hv - 2 sLL zL2

4 H-ä b + ä c Hv - 2 sLL +

ã
d2

4 Hä b+ä c Hv-2 sLL +ä e Hä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 Hä b + ä c Hv - 2 sLL zL j+1

-
Hä d + 2 Hä b + ä c Hv - 2 sLL zL2

ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä d + 2 Hä b + ä c Hv - 2 sLL zL2

4 Hä b + ä c Hv - 2 sLL �; n Î N ì v Î N+
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01.06.21.1163.01à zn sinI z b + d z + eN sinvIc z N â z �

ä 2-2 n-v-2
v
v

2

H1 - v mod 2L H-ä dL-2 n-2 ã
ä b2

4 d
-ä e â

j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä d z Nh+ j

-
ä I-ä b - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä b I-ä b - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b - 2 ä d z N2

4 d
-

Hä dL-2 n-2 ã
ä e-

ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä d z Nh+ j
ä Iä b + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä b + 2 ä d z N2

4 d
+

2
ä Iä b + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + 2 ä d z N2

4 d
+

2-2 n-v-2 ä-v-1 â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv+1 ã

-
ä H-ä b+ä c H2 k-vLL2

4 d
-ä e â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c H2 k - vLL-h- j+2 n

I-ä b + ä c H2 k - vL - 2 ä d z Nh+ j
-

ä I-ä b + ä c H2 k - vL - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c H2 k - vLL I-ä b + ä c H2 k - vL - 2 ä d z N G

1

2
Hh + j + 1L,

-
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-
ä I-ä b + ä c H2 k - vL - 2 ä d z N2

4 d
- 2 ä d -

ä I-ä b + ä c H2 k - vL - 2 ä d z N2

d

G
1

2
Hh + j + 2L, -

ä I-ä b + ä c H2 k - vL - 2 ä d z N2

4 d
H-ä dL-2 n-2 -

ã
-

ä H-ä b+ä c Hv-2 kLL2
4 d

-ä e â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c Hv - 2 kLL-h- j+2 n I-ä b + ä c Hv - 2 kL - 2 ä d z Nh+ j

-
ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c Hv - 2 kLL

I-ä b + ä c Hv - 2 kL - 2 ä d z N G
1

2
Hh + j + 1L, -

ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

4 d
- 2 ä d

-
ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

4 d

H-ä dL-2 n-2 + H-1Lv Hä dL-2 n-2 ã
ä Hä b+ä c H2 k-vLL2

4 d
+ä e â

j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c H2 k - vLL-h- j+2 n

Iä b + ä c H2 k - vL + 2 ä d z Nh+ j
ä Iä b + ä c H2 k - vL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

Hä b + ä c H2 k - vLL Iä b + ä c H2 k - vL + 2 ä d z N G
1

2
Hh + j + 1L, ä Iä b + ä c H2 k - vL + 2 ä d z N2

4 d
+

2
ä Iä b + ä c H2 k - vL + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + ä c H2 k - vL + 2 ä d z N2

4 d
+

Hä dL-2 n-2 ã
ä Hä b+ä c Hv-2 kLL2

4 d
+ä e â

j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c Hv - 2 kLL-h- j+2 n Iä b + ä c Hv - 2 kL + 2 ä d z Nh+ j
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ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
Hä b + ä c Hv - 2 kLL Iä b + ä c Hv - 2 kL + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

4 d
+ 2

ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

d

d ä G
1

2
Hh + j + 2L, ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

4 d
�; n Î N ì v Î N+

Involving zn sinHd zL sinv Ic zr + gM
01.06.21.1164.01à zn sinHd zL sinvIc z2 + gM â z �

ä H-1Ln 2-v-1
v
v

2

IH-ä dL-n-1 GHn + 1, ä d zL - Hä dL-n-1 GHn + 1, -ä d zLM H1 - v mod 2L - 2-v-2 â
s=0

f v-1

2
v H-1Ls v

s

ã
ä d2

4 c Hv-2 sL +
ä Π v

2
-ä g Hv-2 sL+

ä Π

2 â
j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä c Hv - 2 sL zL j+1 -
ä H-ä d - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

ä H-ä d - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 + ã
ä d2

4 c Hv-2 sL +
ä Π v

2
-ä g Hv-2 sL-

ä Π

2 â
j=0

n

2 j-n H-ä dLn- j

Hä d - 2 ä c Hv - 2 sL zL j+1 -
ä Hä d - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hä d - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL
H-ä c Hv - 2 sLL-n-1 + ã

-
ä d2

4 c Hv-2 sL +g ä Hv-2 sL-
ä Π v

2
+

ä Π

2 Hä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä dLn- j H-ä d + 2 ä c Hv - 2 sL zL j+1

ä H-ä d + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-ä d + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL +

ã
-

ä d2

4 c Hv-2 sL +g ä Hv-2 sL-
ä Π v

2
-

ä Π

2 Hä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä c Hv - 2 sL zL j+1

ä Hä d + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì v Î N+
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01.06.21.1165.01à zn sinHd zL sinvI z c + gN â z � H-1Ln 2-v-1 ä
v
v

2

IH-ä dL-n-1 GHn + 1, ä d zL - Hä dL-n-1 GHn + 1, -ä d zLM H1 - v mod 2L +

2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

c2 ä Hv-2 sL2
4 d

-ä g Hv-2 sL+
ä Π v

2
+

ä Π

2

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I-ä c Hv - 2 sL - 2 ä d z Nh+ j
-

ä I-ä c Hv - 2 sL - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 sL I-ä c Hv - 2 sL - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä c Hv - 2 sL - 2 ä d z N2

4 d
- 2

ä d -
ä I-ä c Hv - 2 sL - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä c Hv - 2 sL - 2 ä d z N2

4 d

H-ä dL-2 Hn+1L + ã
c2 ä Hv-2 sL2

4 d
+g ä Hv-2 sL-

ä Π v

2
+

ä Π

2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n

Iä c Hv - 2 sL - 2 ä d z Nh+ j
-

ä Iä c Hv - 2 sL - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

ä c Hv - 2 sL Iä c Hv - 2 sL - 2 ä d z N G
1

2
Hh + j + 1L, -

ä Iä c Hv - 2 sL - 2 ä d z N2

4 d
- 2 ä

d -
ä Iä c Hv - 2 sL - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä Iä c Hv - 2 sL - 2 ä d z N2

4 d

H-ä dL-2 Hn+1L + Hä dL-2 Hn+1L ã
-

ä c2 Hv-2 sL2
4 d

-ä g Hv-2 sL+
ä Π v

2
-

ä Π

2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n
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I-ä c Hv - 2 sL + 2 ä d z Nh+ j
ä I-ä c Hv - 2 sL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

2 ä d
ä I-ä c Hv - 2 sL + 2 ä d z N2

d
G

1

2
Hh + j + 2L, ä I-ä c Hv - 2 sL + 2 ä d z N2

4 d
-

ä c Hv - 2 sL I-ä c Hv - 2 sL + 2 ä d z N G
1

2
Hh + j + 1L, ä I-ä c Hv - 2 sL + 2 ä d z N2

4 d
+

Hä dL-2 Hn+1L ã
-

ä c2 Hv-2 sL2
4 d

+g ä Hv-2 sL-
ä Π v

2
-

ä Π

2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Iä c Hv - 2 sL + 2 ä d z Nh+ j

ä Iä c Hv - 2 sL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

c ä Hv - 2 sL Iä c Hv - 2 sL + 2 ä d z N G
1

2
Hh + j + 1L, ä Iä c Hv - 2 sL + 2 ä d z N2

4 d
+

2
ä Iä c Hv - 2 sL + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä c Hv - 2 sL + 2 ä d z N2

4 d
�; n Î N ì v Î N+

Involving zn sinHd z + eL sinv Ic zr + gM
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01.06.21.1166.01à zn sinHd z + eL sinvIc z2 + gM â z �

ä H-1Ln 2-v-1
v
v

2

IH-ä dL-n-1 ã-ä e GHn + 1, ä d zL - Hä dL-n-1 ãä e GHn + 1, -ä d zLM H1 - v mod 2L -

2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

ä d2

4 c Hv-2 sL -ä e +
ä Π v

2
-ä g Hv-2 sL+

ä Π

2 â
j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä c Hv - 2 sL zL j+1

-
ä H-ä d - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
ä d2

4 c Hv-2 sL +ä e +
ä Π v

2
-ä g Hv-2 sL-

ä Π

2 â
j=0

n

2 j-n H-ä dLn- j Hä d - 2 ä c Hv - 2 sL zL j+1 -
ä Hä d - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hä d - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
-

ä d2

4 c Hv-2 sL -ä e +g ä Hv-2 sL-
ä Π v

2
+

ä Π

2 Hä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä dLn- j H-ä d + 2 ä c Hv - 2 sL zL j+1

ä H-ä d + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-ä d + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL +

ã
-

ä d2

4 c Hv-2 sL +ä e +g ä Hv-2 sL-
ä Π v

2
-

ä Π

2 Hä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä c Hv - 2 sL zL j+1

ä Hä d + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì v Î N+

01.06.21.1167.01à zn sinHd z + eL sinvI z c + gN â z �

H-1Ln 2-v-1 ä
v
v

2

IH-ä dL-n-1 ã-ä e GHn + 1, ä d zL - Hä dL-n-1 ãä e GHn + 1, -ä d zLM H1 - v mod 2L +

2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

c2 ä Hv-2 sL2
4 d

-ä g Hv-2 sL-ä e +
ä Π v

2
+

ä Π

2

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I-ä c Hv - 2 sL - 2 ä d z Nh+ j
-

ä I-ä c Hv - 2 sL - 2 ä d z N2

d

1

2
H-h- j-1L
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j

h

n

j
-ä c Hv - 2 sL I-ä c Hv - 2 sL - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä c Hv - 2 sL - 2 ä d z N2

4 d
- 2

ä d -
ä I-ä c Hv - 2 sL - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä c Hv - 2 sL - 2 ä d z N2

4 d

H-ä dL-2 Hn+1L + ã
c2 ä Hv-2 sL2

4 d
+g ä Hv-2 sL-ä e -

ä Π v

2
+

ä Π

2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n

Iä c Hv - 2 sL - 2 ä d z Nh+ j
-

ä Iä c Hv - 2 sL - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

ä c Hv - 2 sL Iä c Hv - 2 sL - 2 ä d z N G
1

2
Hh + j + 1L, -

ä Iä c Hv - 2 sL - 2 ä d z N2

4 d
- 2 ä d

-
ä Iä c Hv - 2 sL - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä Iä c Hv - 2 sL - 2 ä d z N2

4 d
H-ä dL-2 Hn+1L +

Hä dL-2 Hn+1L ã
-

ä c2 Hv-2 sL2
4 d

-ä g Hv-2 sL+ä e +
ä Π v

2
-

ä Π

2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n

I-ä c Hv - 2 sL + 2 ä d z Nh+ j
ä I-ä c Hv - 2 sL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

2 ä d
ä I-ä c Hv - 2 sL + 2 ä d z N2

d
G

1

2
Hh + j + 2L, ä I-ä c Hv - 2 sL + 2 ä d z N2

4 d
-

ä c Hv - 2 sL I-ä c Hv - 2 sL + 2 ä d z N G
1

2
Hh + j + 1L, ä I-ä c Hv - 2 sL + 2 ä d z N2

4 d
+

ã ân âj

4 j

http://functions.wolfram.com 408



Hä dL-2 Hn+1L ã
-

ä c2 Hv-2 sL2
4 d

+g ä Hv-2 sL+ä e -
ä Π v

2
-

ä Π

2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n

Iä c Hv - 2 sL + 2 ä d z Nh+ j
ä Iä c Hv - 2 sL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

c ä Hv - 2 sL Iä c Hv - 2 sL + 2 ä d z N G
1

2
Hh + j + 1L, ä Iä c Hv - 2 sL + 2 ä d z N2

4 d
+

2
ä Iä c Hv - 2 sL + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä c Hv - 2 sL + 2 ä d z N2

4 d
�; n Î N ì v Î N+

Involving zΑ-1 sinIb zr M sinv Ic zr + gM
01.06.21.1168.01

à zΑ-1 sinHb zrL sinvHc zr + gL â z �
ä 2-v-1 H1 - v mod 2L

r
zΑ

v
v

2

H-ä b zrL-
Α

r G
Α

r
, -ä b zr - Hä b zrL-

Α

r G
Α

r
, ä b zr -

H2 ä L-v-1 zΑ

r
 â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã2 ä g s-ä g v G

Α

r
, H-ä b - 2 ä c s + ä c vL zr HH-ä b - 2 ä c s + ä c vL zrL-

Α

r +

H-1Lv+1 ã2 ä g s-ä g v HHä b - 2 ä c s + ä c vL zrL-
Α

r G
Α

r
, Hä b - 2 ä c s + ä c vL zr + ãä g v-2 ä g s HH-ä b + 2 ä c s - ä c vL zrL-

Α

r

G
Α

r
, H-ä b + 2 ä c s - ä c vL zr - ãä g v-2 ä g s HHä b + 2 ä c s - ä c vL zrL-

Α

r G
Α

r
, Hä b + 2 ä c s - ä c vL zr �; v Î N+

01.06.21.1169.01à zn sinIb z2M sinvIc z2 + gM â z �

ä 2-v-2 zn+1
v
v

2

I-ä b z2M 1

2
H-n-1L

G
n + 1

2
, -ä b z2 - Iä b z2M 1

2
H-n-1L

G
n + 1

2
, ä b z2 H1 - v mod 2L -

2-v-2 zn+1 â
s=0

f v-1

2
v H-1Ls v

s
ã-

1

2
ä Π H1-vL-ä g Hv-2 sL G

n + 1

2
, H-ä b + ä c Hv - 2 sLL z2 IH-ä b + ä c Hv - 2 sLL z2M 1

2
H-n-1L

+

ã
1

2
ä Π Hv+1L-ä g Hv-2 sL IHä b + ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b + ä c Hv - 2 sLL z2 +

ãä g Hv-2 sL-
1

2
ä Π Hv+1L IH-ä b - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, H-ä b - ä c Hv - 2 sLL z2 +

ã
1

2
ä Π H1-vL+g ä Hv-2 sL IHä b - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b - ä c Hv - 2 sLL z2 �; n Î N ì v Î N+
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01.06.21.1170.01à zn sinIb z N sinvI z c + gN â z � H-1Ln ä 2-v b-2 Hn+1L v
v

2

JGI2 Hn + 1L, ä b z N - GI2 Hn + 1L, -ä b z NN H1 - v mod 2L -

2-v zn+1 â
s=0

f v-1

2
v H-1Ls v

s
ã-

1

2
ä Π H1-vL-ä g Hv-2 sL GI2 Hn + 1L, H-ä b + ä c Hv - 2 sLL z N IH-ä b + ä c Hv - 2 sLL z N-2 Hn+1L

+

ã
1

2
ä Π Hv+1L-ä g Hv-2 sL IHä b + ä c Hv - 2 sLL z N-2 Hn+1L

GI2 Hn + 1L, Hä b + ä c Hv - 2 sLL z N +

ãä g Hv-2 sL-
1

2
ä Π Hv+1L IH-ä b - ä c Hv - 2 sLL z N-2 Hn+1L

GI2 Hn + 1L, H-ä b - ä c Hv - 2 sLL z N +

ã
1

2
ä Π H1-vL+g ä Hv-2 sL IHä b - ä c Hv - 2 sLL z N-2 Hn+1L

GI2 Hn + 1L, Hä b - ä c Hv - 2 sLL z N �; n Î N ì v Î N+

Involving zΑ-1 sinIb zr + eM sinv Ic zr + gM
01.06.21.1171.01à zΑ-1 sinHb zr + eL sinvHc zr + gL â z �

ä 2-v-1 zΑ

r

v
v

2

ãä e H-ä b zrL-
Α

r G
Α

r
, -ä b zr - ã-ä e Hä b zrL-

Α

r G
Α

r
, ä b zr H1 - v mod 2L -

H2 ä L-v-1 zΑ

r
 

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãä e+2 ä g s-ä g v G

Α

r
, H-ä b - 2 ä c s + ä c vL zr HH-ä b - 2 ä c s + ä c vL zrL-

Α

r + H-1Lv+1 ã-ä e+2 ä g s-ä g v

HHä b - 2 ä c s + ä c vL zrL-
Α

r G
Α

r
, Hä b - 2 ä c s + ä c vL zr + ãä e-2 ä g s+ä g v HH-ä b + 2 ä c s - ä c vL zrL-

Α

r

G
Α

r
, H-ä b + 2 ä c s - ä c vL zr - ã-ä e-2 ä g s+ä g v HHä b + 2 ä c s - ä c vL zrL-

Α

r G
Α

r
, Hä b + 2 ä c s - ä c vL zr �; v Î N+

01.06.21.1172.01à zn sinIb z2 + eM sinvIc z2 + gM â z �

-2-v-2
v
v

2

ãä e-
ä Π

2 G
n + 1

2
, -ä b z2 I-ä b z2M 1

2
H-n-1L

+ ã-ä e+
ä Π

2 Iä b z2M 1

2
H-n-1L

G
n + 1

2
, ä b z2 H1 - v mod 2L zn+1 -

2-v-2 zn+1 â
s=0

f v-1

2
v H-1Ls v

s
ãä e-

1

2
ä Π H1-vL-ä g Hv-2 sL G

n + 1

2
, H-ä b + ä c Hv - 2 sLL z2 IH-ä b + ä c Hv - 2 sLL z2M 1

2
H-n-1L

+

ã-ä e+
1

2
ä Π Hv+1L-ä g Hv-2 sL IHä b + ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b + ä c Hv - 2 sLL z2 +

ãä e-
1

2
ä Π Hv+1L+ä g Hv-2 sL IH-ä b - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, H-ä b - ä c Hv - 2 sLL z2 +

ã-ä e+
1

2
ä Π H1-vL+ä g Hv-2 sL IHä b - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b - ä c Hv - 2 sLL z2 �; n Î N ì v Î N+
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01.06.21.1173.01à zn sinI z b + eN sinvI z c + gN â z �

H-1Ln 2-v b-2 Hn+1L v
v

2

ãä e-
ä Π

2 GI2 Hn + 1L, -ä b z N + ã-ä e+
ä Π

2 GI2 Hn + 1L, ä b z N H1 - v mod 2L -

2-v â
s=0

f v-1

2
v H-1Ls v

s
ãä e-

1

2
ä Π H1-vL-ä g Hv-2 sL GI2 Hn + 1L, H-ä b + ä c Hv - 2 sLL z N H-ä b + ä c Hv - 2 sLL-2 Hn+1L +

ã-ä e+
1

2
ä Π Hv+1L-ä g Hv-2 sL Hä b + ä c Hv - 2 sLL-2 Hn+1L GI2 Hn + 1L, Hä b + ä c Hv - 2 sLL z N +

ãä e-
1

2
ä Π Hv+1L+ä g Hv-2 sL H-ä b - ä c Hv - 2 sLL-2 Hn+1L GI2 Hn + 1L, H-ä b - ä c Hv - 2 sLL z N +

ã-ä e+
1

2
ä Π H1-vL+ä g Hv-2 sL Hä b - ä c Hv - 2 sLL-2 Hn+1L GI2 Hn + 1L, Hä b - ä c Hv - 2 sLL z N �; n Î N ì v Î N+

Involving zn sinIb zr + d zM sinv Ic zr + gM
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01.06.21.1174.01à zn sinIb z2 + d zM sinvIc z2 + gM â z � ä 2-v-2
v
v

2

H1 - v mod 2L
Hä bL-n-1 ã

-
ä d2

4 b â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä b zL j+1
ä Hä d + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä b zL2

4 b
-

H-ä bL-n-1 ã
ä d2

4 b â
j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä b zL j+1 -
ä H-ä d - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - 2 ä b zL2

4 b
-

ä-v-1 2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

d2

4 H-ä b+ä c H2 s-vLL +g ä H2 s-vL â
j=0

n

2 j-n Hä dLn- j H-ä d + 2 H-ä b + ä c H2 s - vLL zL j+1

-
H-ä d + 2 H-ä b + ä c H2 s - vLL zL2

-ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä d + 2 H-ä b + ä c H2 s - vLL zL2

4 H-ä b + ä c H2 s - vLL
H-ä b + ä c H2 s - vLL-n-1 + H-1Lv ã

d2

4 Hä b+ä c H2 s-vLL +g ä H2 s-vL Hä b + ä c H2 s - vLL-n-1

â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 Hä b + ä c H2 s - vLL zL j+1 -
Hä d + 2 Hä b + ä c H2 s - vLL zL2

ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä d + 2 Hä b + ä c H2 s - vLL zL2

4 Hä b + ä c H2 s - vLL -

ã
d2

4 H-ä b+ä c Hv-2 sLL +g ä Hv-2 sL H-ä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä dLn- j H-ä d + 2 H-ä b + ä c Hv - 2 sLL zL j+1

-
H-ä d + 2 H-ä b + ä c Hv - 2 sLL zL2

-ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä d + 2 H-ä b + ä c Hv - 2 sLL zL2

4 H-ä b + ä c Hv - 2 sLL +

ã
d2

4 Hä b+ä c Hv-2 sLL +g ä Hv-2 sL Hä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 Hä b + ä c Hv - 2 sLL zL j+1

-
Hä d + 2 Hä b + ä c Hv - 2 sLL zL2

ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä d + 2 Hä b + ä c Hv - 2 sLL zL2

4 Hä b + ä c Hv - 2 sLL �; n Î N ì v Î N+

01.06.21.1175.01à zn sinI z b + d zN sinvI z c + gN â z �

ä H-1Ln 2-2 n-v-2 d-2 n-2
v
v

2

H1 - v mod 2L ã
-

ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä d z Nh+ j
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ä Iä b + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä b + 2 ä d z N2

4 d
+

2
ä Iä b + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + 2 ä d z N2

4 d
-

ã
ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä d z Nh+ j
-

ä I-ä b - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä b I-ä b - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b - 2 ä d z N2

4 d
-

H-1Ln ä-v-1 2-2 n-v-2 d-2 n-2 â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

ä Hä b+ä c H2 k-vLL2
4 d

+g ä H2 k-vL â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c H2 k - vLL-h- j+2 n

Iä b + ä c H2 k - vL + 2 ä d z Nh+ j
ä Iä b + ä c H2 k - vL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

Hä b + ä c H2 k - vLL Iä b + ä c H2 k - vL + 2 ä d z N G
1

2
Hh + j + 1L, ä Iä b + ä c H2 k - vL + 2 ä d z N2

4 d
+

2
ä Iä b + ä c H2 k - vL + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + ä c H2 k - vL + 2 ä d z N2

4 d
+

ã
ä Hä b+ä c Hv-2 kLL2

4 d
+g ä Hv-2 kL â

j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c Hv - 2 kLL-h- j+2 n Iä b + ä c Hv - 2 kL + 2 ä d z Nh+ j
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ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

Hä b + ä c Hv - 2 kLL Iä b + ä c Hv - 2 kL + 2 ä d z N G
1

2
Hh + j + 1L, ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

4 d
+

2
ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

4 d
+

H-1Lv+1 ã
ä g H2 k-vL-

ä H-ä b+ä c H2 k-vLL2
4 d â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c H2 k - vLL-h- j+2 n I-ä b + ä c H2 k - vL - 2 ä d z Nh+ j

-
ä I-ä b + ä c H2 k - vL - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c H2 k - vLL

I-ä b + ä c H2 k - vL - 2 ä d z N G
1

2
Hh + j + 1L, -

ä I-ä b + ä c H2 k - vL - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b + ä c H2 k - vL - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b + ä c H2 k - vL - 2 ä d z N2

4 d
-

ã
ä g Hv-2 kL-

ä H-ä b+ä c Hv-2 kLL2
4 d â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c Hv - 2 kLL-h- j+2 n I-ä b + ä c Hv - 2 kL - 2 ä d z Nh+ j

-
ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

H-ä b + ä c Hv - 2 kLL I-ä b + ä c Hv - 2 kL - 2 ä d z N G
1

2
Hh + j + 1L,

-
ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

4 d
- 2 ä d -

ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

d
G

, -
ä I + - 2 ä d z N2 �;
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Involving zn sinIb zr + d z + eM sinv Ic zr + gM
01.06.21.1176.01à zn sinIb z2 + d z + eM sinvIc z2 + gM â z � ä 2-v-2

v
v

2

H1 - v mod 2L
Hä bL-n-1 ã

ä e-
ä d2

4 b â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä b zL j+1
ä Hä d + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä b zL2

4 b
-

H-ä bL-n-1 ã
ä d2

4 b
-ä e â

j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä b zL j+1 -
ä H-ä d - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - 2 ä b zL2

4 b
-

ä-v-1 2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

d2

4 H-ä b+ä c H2 s-vLL -ä e +g ä H2 s-vL

â
j=0

n

2 j-n Hä dLn- j H-ä d + 2 H-ä b + ä c H2 s - vLL zL j+1 -
H-ä d + 2 H-ä b + ä c H2 s - vLL zL2

-ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä d + 2 H-ä b + ä c H2 s - vLL zL2

4 H-ä b + ä c H2 s - vLL H-ä b + ä c H2 s - vLL-n-1 +

H-1Lv ã
d2

4 Hä b+ä c H2 s-vLL +ä e +g ä H2 s-vL Hä b + ä c H2 s - vLL-n-1 â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 Hä b + ä c H2 s - vLL zL j+1

-
Hä d + 2 Hä b + ä c H2 s - vLL zL2

ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä d + 2 Hä b + ä c H2 s - vLL zL2

4 Hä b + ä c H2 s - vLL -

ã
d2

4 H-ä b+ä c Hv-2 sLL -ä e +g ä Hv-2 sL H-ä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä dLn- j H-ä d + 2 H-ä b + ä c Hv - 2 sLL zL j+1

-
H-ä d + 2 H-ä b + ä c Hv - 2 sLL zL2

-ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä d + 2 H-ä b + ä c Hv - 2 sLL zL2

4 H-ä b + ä c Hv - 2 sLL +

ã
d2

4 Hä b+ä c Hv-2 sLL +ä e +g ä Hv-2 sL Hä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 Hä b + ä c Hv - 2 sLL zL j+1

-
Hä d + 2 Hä b + ä c Hv - 2 sLL zL2

ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä d + 2 Hä b + ä c Hv - 2 sLL zL2

4 Hä b + ä c Hv - 2 sLL �; n Î N ì v Î N+
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01.06.21.1177.01à zn sinI z b + d z + eN sinvI z c + gN â z �

H-1Ln 2-2 n-v-2 ä
v
v

2

H1 - v mod 2L ã
ä e-

ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä d z Nh+ j

ä Iä b + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä b + 2 ä d z N2

4 d
+

2
ä Iä b + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + 2 ä d z N2

4 d
-

ã
ä b2

4 d
-ä e â

j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä d z Nh+ j
-

ä I-ä b - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä b I-ä b - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b - 2 ä d z N2

4 d
d-2 n-2 +

2-2 n-v-2 Hä dL-2 n-2 ä-v-1 â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

ä Hä b+ä c H2 k-vLL2
4 d

+ä e +g ä H2 k-vL â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c H2 k - vLL-h- j+2 n

Iä b + ä c H2 k - vL + 2 ä d z Nh+ j
ä Iä b + ä c H2 k - vL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

Hä b + ä c H2 k - vLL Iä b + ä c H2 k - vL + 2 ä d z N G
1

2
Hh + j + 1L, ä Iä b + ä c H2 k - vL + 2 ä d z N2

4 d
+

+

http://functions.wolfram.com 416



2
ä Iä b + ä c H2 k - vL + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + ä c H2 k - vL + 2 ä d z N2

4 d
+

ã
ä Hä b+ä c Hv-2 kLL2

4 d
+ä e +g ä Hv-2 kL â

j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c Hv - 2 kLL-h- j+2 n Iä b + ä c Hv - 2 kL + 2 ä d z Nh+ j

ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j

Hä b + ä c Hv - 2 kLL Iä b + ä c Hv - 2 kL + 2 ä d z N G
1

2
Hh + j + 1L, ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

4 d
+

2
ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + ä c Hv - 2 kL + 2 ä d z N2

4 d
+

H-1Lv+1 ã
-

ä H-ä b+ä c H2 k-vLL2
4 d

-ä e +g ä H2 k-vL â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c H2 k - vLL-h- j+2 n I-ä b + ä c H2 k - vL - 2 ä d z Nh+ j

-
ä I-ä b + ä c H2 k - vL - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c H2 k - vLL

I-ä b + ä c H2 k - vL - 2 ä d z N G
1

2
Hh + j + 1L, -

ä I-ä b + ä c H2 k - vL - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b + ä c H2 k - vL - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b + ä c H2 k - vL - 2 ä d z N2

4 d
-

ã
-

ä H-ä b+ä c Hv-2 kLL2
4 d

-ä e +g ä Hv-2 kL â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c Hv - 2 kLL-h- j+2 n I-ä b + ä c Hv - 2 kL - 2 ä d z Nh+ j

-
ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
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H-ä b + ä c Hv - 2 kLL I-ä b + ä c Hv - 2 kL - 2 ä d z N G
1

2
Hh + j + 1L,

-
ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

4 d
- 2 ä d -

ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b + ä c Hv - 2 kL - 2 ä d z N2

4 d
�; n Î N ì v Î N+

Involving zn sinHd zL sinv Ic zr + f zM
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01.06.21.1178.01à zn sinHd zL sinvIc z2 + f zM â z � ä H-1Ln 2-v-1
v
v

2

IH-ä dL-n-1 GHn + 1, ä d zL - Hä dL-n-1 GHn + 1, -ä d zLM H1 - v mod 2L -

2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

1

2
ä Π Hv+1L-

ä H-ä d-ä f Hv-2 sLL2
4 c Hv-2 sL â

j=0

n

2 j-n Hä d + ä f Hv - 2 sLLn- j

H-ä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1 -
ä H-ä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
1

2
ä Π Hv-1L-

ä Hä d-ä f Hv-2 sLL2
4 c Hv-2 sL â

j=0

n

2 j-n H-ä d + ä f Hv - 2 sLLn- j Hä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1

-
ä Hä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL
H-ä c Hv - 2 sLL-n-1 + ã

ä H-ä d+ä f Hv-2 sLL2
4 c Hv-2 sL +

1

2
ä Π H1-vL Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n Hä d - ä f Hv - 2 sLLn- j

H-ä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL j+1
ä H-ä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
,

ä H-ä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL + ã
ä Hä d+ä f Hv-2 sLL2

4 c Hv-2 sL -
1

2
ä Π Hv+1L Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n

H-ä d - ä f Hv - 2 sLLn- j Hä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL j+1
ä Hä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì m Î N+ ì v Î N+

01.06.21.1179.01à zn sinHd zL sinvI z c + f zN â z �

H-1Ln 2-v-1 ä
v
v

2

IH-ä dL-n-1 GHn + 1, ä d zL - Hä dL-n-1 GHn + 1, -ä d zLM H1 - v mod 2L + 2-2 n-v-2

â
s=0

f v-1

2
v H-1Ls v

s
ã

c2 Hv-2 sL2
4 H-ä d+ä f Hv-2 sLL +

1

2
ä Π H1-vL â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z Nh+ j
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-
Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

-ä d + ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Ic ä Hv - 2 sL +

2 H-ä d + ä f Hv - 2 sLL z N G
1

2
Hh + j + 1L, -

Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

4 H-ä d + ä f Hv - 2 sLL + 2

H-ä d + ä f Hv - 2 sLL G
1

2
Hh + j + 2L, -

Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

4 H-ä d + ä f Hv - 2 sLL
-

Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

-ä d + ä f Hv - 2 sL H-ä d + ä f Hv - 2 sLL-2 Hn+1L +

ã
c2 Hv-2 sL2

4 Hä d+ä f Hv-2 sLL -
1

2
ä Π Hv+1L Hä d + ä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n

Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z Nh+ j
-

Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

ä d + ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N G

1

2
Hh + j + 1L,

-
Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

4 Hä d + ä f Hv - 2 sLL + 2 -
Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

ä d + ä f Hv - 2 sL
Hä d + ä f Hv - 2 sLL G

1

2
Hh + j + 2L, -

Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

4 Hä d + ä f Hv - 2 sLL +

ã
c2 Hv-2 sL2

4 H-ä d-ä f Hv-2 sLL +
1

2
ä Π Hv+1L H-ä d - ä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n

I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j
-

I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

-ä d - ä f Hv - 2 sL
1

2
H-h- j-1L
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j

h

n

j
2 H-ä d - ä f Hv - 2 sLL -

I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

-ä d - ä f Hv - 2 sL G
1

2
Hh + j + 2L,

-
I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 H-ä d - ä f Hv - 2 sLL - ä c Hv - 2 sL I2 H-ä d - ä f Hv - 2 sLL z -

ä c Hv - 2 sLN G
1

2
Hh + j + 1L, -

I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 H-ä d - ä f Hv - 2 sLL +

ã
c2 Hv-2 sL2

4 Hä d-ä f Hv-2 sLL +
1

2
ä Π Hv-1L Hä d - ä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j
-

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

ä d - ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 Hä d - ä f Hv - 2 sLL -

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

ä d - ä f Hv - 2 sL G
1

2
Hh + j + 2L,

-
I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d - ä f Hv - 2 sLL - ä c Hv - 2 sL I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN

G
1

2
Hh + j + 1L, -

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d - ä f Hv - 2 sLL �; n Î N ì v Î N+

Involving zn sinHd z + eL sinv Ic zr + f zM
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01.06.21.1180.01à zn sinHd z + eL sinvIc z2 + f zM â z �

ä H-1Ln 2-v-1
v
v

2

IH-ä dL-n-1 ã-ä e GHn + 1, ä d zL - Hä dL-n-1 ãä e GHn + 1, -ä d zLM H1 - v mod 2L -

2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
ä H-ä d-ä f Hv-2 sLL2

4 c Hv-2 sL -ä e +
1

2
ä Π Hv+1L â

j=0

n

2 j-n Hä d + ä f Hv - 2 sLLn- j

H-ä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1 -
ä H-ä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
-

ä Hä d-ä f Hv-2 sLL2
4 c Hv-2 sL +ä e +

1

2
ä Π Hv-1L â

j=0

n

2 j-n H-ä d + ä f Hv - 2 sLLn- j Hä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1

-
ä Hä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL
H-ä c Hv - 2 sLL-n-1 + ã

ä H-ä d+ä f Hv-2 sLL2
4 c Hv-2 sL -ä e +

1

2
ä Π H1-vL Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n Hä d - ä f Hv - 2 sLLn- j

H-ä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL j+1
ä H-ä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
,

ä H-ä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL + ã
ä Hä d+ä f Hv-2 sLL2

4 c Hv-2 sL +ä e -
1

2
ä Π Hv+1L Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n

H-ä d - ä f Hv - 2 sLLn- j Hä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL j+1
ä Hä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì v Î N+

01.06.21.1181.01à zn sinHd z + eL sinvI z c + f zN â z �

H-1Ln 2-v-1
v
v

2

ã-ä e+
ä Π

2 GHn + 1, ä d zL H-ä dL-n-1 + Hä dL-n-1 ãä e-
ä Π

2 GHn + 1, -ä d zL H1 - v mod 2L + 2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
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ã
c2 Hv-2 sL2

4 H-ä d+ä f Hv-2 sLL -ä e +
1

2
ä Π H1-vL â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z Nh+ j

-
Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

-ä d + ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Ic ä Hv - 2 sL +

2 H-ä d + ä f Hv - 2 sLL z N G
1

2
Hh + j + 1L, -

Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

4 H-ä d + ä f Hv - 2 sLL + 2

H-ä d + ä f Hv - 2 sLL G
1

2
Hh + j + 2L, -

Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

4 H-ä d + ä f Hv - 2 sLL
-

Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

-ä d + ä f Hv - 2 sL H-ä d + ä f Hv - 2 sLL-2 Hn+1L +

ã
c2 Hv-2 sL2

4 Hä d+ä f Hv-2 sLL +ä e -
1

2
ä Π Hv+1L Hä d + ä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n

Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z Nh+ j
-

Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

ä d + ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N G

1

2
Hh + j + 1L,

-
Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

4 Hä d + ä f Hv - 2 sLL + 2 -
Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

ä d + ä f Hv - 2 sL
Hä d + ä f Hv - 2 sLL G

1

2
Hh + j + 2L, -

Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

4 Hä d + ä f Hv - 2 sLL +

ã
c2 Hv-2 sL2

4 H-ä d-ä f Hv-2 sLL -ä e +
1

2
ä Π Hv+1L H-ä d - ä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n
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I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j
-

I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

-ä d - ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 H-ä d - ä f Hv - 2 sLL -

I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

-ä d - ä f Hv - 2 sL G
1

2
Hh + j + 2L,

-
I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 H-ä d - ä f Hv - 2 sLL - ä c Hv - 2 sL I2 H-ä d - ä f Hv - 2 sLL z -

ä c Hv - 2 sLN G
1

2
Hh + j + 1L, -

I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 H-ä d - ä f Hv - 2 sLL +

ã
c2 Hv-2 sL2

4 Hä d-ä f Hv-2 sLL +ä e +
1

2
ä Π Hv-1L Hä d - ä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j
-

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

ä d - ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 Hä d - ä f Hv - 2 sLL -

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

ä d - ä f Hv - 2 sL G
1

2
Hh + j + 2L,

-
I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d - ä f Hv - 2 sLL - ä c Hv - 2 sL I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN

G
1

2
Hh + j + 1L, -

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d - ä f Hv - 2 sLL �; n Î N ì v Î N+

Involving zn sinIb zr M sinv Ic zr + f zM
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01.06.21.1182.01à zn sinIb z2M sinvIc z2 + f zM â z �

ä 2-v-2 zn+1
v
v

2

I-ä b z2M 1

2
H-n-1L

G
n + 1

2
, -ä b z2 - Iä b z2M 1

2
H-n-1L

G
n + 1

2
, ä b z2 H1 - v mod 2L -

2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
1

4
ä -

f 2 Hv-2 sL2
b+2 c s-c v

-2 Π H1-vL â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j

H f ä Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL j+1 -
H f ä Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

-ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H f ä Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

4 H-ä b + ä c Hv - 2 sLL H-ä b + ä c Hv - 2 sLL-n-1 +

ã
1

4
ä

f 2 Hv-2 sL2
-b+2 c s-c v

-2 Π Hv+1L Hä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL j+1

-
H f ä Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H f ä Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

4 Hä b + ä c Hv - 2 sLL +

ã
-

1

4
ä

f 2 Hv-2 sL2
-b+2 c s-c v

-2 Π Hv+1L H-ä b - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j

H2 H-ä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1 -
H2 H-ä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

-ä b - ä c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

H2 H-ä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 H-ä b - ä c Hv - 2 sLL + ã
1

4
ä 2 Π Hv-1L-

f 2 Hv-2 sL2
b+2 c s-c v Hä b - ä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n

Hä f Hv - 2 sLLn- j H2 Hä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1 -
H2 Hä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

ä b - ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H2 Hä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 Hä b - ä c Hv - 2 sLL �; n Î N ì v Î N+

01.06.21.1183.01à zn sinIb z N sinvI z c + f zN â z �

H-1Ln+1 2-v ä
v
v

2

JGI2 Hn + 1L, -ä b z N - GI2 Hn + 1L, ä b z NN H1 - v mod 2L b-2 Hn+1L + 2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
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ã
1

2
ä Π Hv+1L-

ä H-ä b-ä c Hv-2 sLL2
4 f Hv-2 sL â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b - ä c Hv - 2 sLL-h- j+2 n I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j

-
ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

H-ä b - ä c Hv - 2 sLL I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N

G
1

2
Hh + j + 1L, -

ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL - 2

ä f Hv - 2 sL -
ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
G

1

2
Hh + j + 2L, -

ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL H-ä f Hv - 2 sLL-2 Hn+1L +

ã
1

2
ä Π Hv-1L-

ä Hä b-ä c Hv-2 sLL2
4 f Hv-2 sL â

j=0

n â
h=0

j H-1L j-h 4 j Hä b - ä c Hv - 2 sLL-h- j+2 n Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j

-
ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hä b - ä c Hv - 2 sLL Iä b - ä c Hv - 2 sL -

2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, -

ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL - 2

ä f Hv - 2 sL -
ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L,

+
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-
ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL H-ä f Hv - 2 sLL-2 Hn+1L +

ã
ä H-ä b+ä c Hv-2 sLL2

4 f Hv-2 sL +
1

2
ä Π H1-vL Hä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c Hv - 2 sLL-h- j+2 n

I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z Nh+ j
ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c Hv - 2 sLL I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N G

1

2
Hh + j + 1L, ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L,

ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL + ã
ä Hä b+ä c Hv-2 sLL2

4 f Hv-2 sL -
1

2
ä Π Hv+1L Hä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c Hv - 2 sLL-h- j+2 n Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z Nh+ j

ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hä b + ä c Hv - 2 sLL

Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L,

ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2 �; n Î N ì v Î N+
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Involving zn sinIb zr + eM sinv Ic zr + f zM
01.06.21.1184.01à zn sinIb z2 + eM sinvIc z2 + f zM â z �

ä 2-v-2 zn+1
v
v

2

ãä e I-ä b z2M 1

2
H-n-1L

G
n + 1

2
, -ä b z2 - ã-ä e Iä b z2M 1

2
H-n-1L

G
n + 1

2
, ä b z2 H1 - v mod 2L -

2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
1

4
ä -

f 2 Hv-2 sL2
b+2 c s-c v

+4 e-2 Π H1-vL â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j

H f ä Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL j+1 -
H f ä Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

-ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H f ä Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

4 H-ä b + ä c Hv - 2 sLL H-ä b + ä c Hv - 2 sLL-n-1 +

ã
1

4
ä

f 2 Hv-2 sL2
-b+2 c s-c v

+4 e-2 Π Hv+1L Hä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL j+1

-
H f ä Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H f ä Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

4 Hä b + ä c Hv - 2 sLL +

ã
-

1

4
ä

f 2 Hv-2 sL2
-b+2 c s-c v

+4 e-2 Π Hv+1L H-ä b - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j

H2 H-ä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1 -
H2 H-ä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

-ä b - ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H2 H-ä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 H-ä b - ä c Hv - 2 sLL +

ã
1

4
ä -

f 2 Hv-2 sL2
b+2 c s-c v

+4 e+2 Π Hv-1L Hä b - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j

H2 Hä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1 -
H2 Hä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

ä b - ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H2 Hä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 Hä b - ä c Hv - 2 sLL �; n Î N ì v Î N+
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01.06.21.1185.01à zn sinI z b + eN sinvI z c + f zN â z �

H-1Ln 2-v ä
v
v

2

Jã-ä e GI2 Hn + 1L, ä b z N - ãä e GI2 Hn + 1L, -ä b z NN H1 - v mod 2L b-2 Hn+1L +

2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
ä H-ä b-ä c Hv-2 sLL2

4 f Hv-2 sL -ä e +
1

2
ä Π Hv+1L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b - ä c Hv - 2 sLL-h- j+2 n

I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j
-

ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
H-ä b - ä c Hv - 2 sLL I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N

G
1

2
Hh + j + 1L, -

ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL - 2

ä f Hv - 2 sL -
ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
G

1

2
Hh + j + 2L, -

ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL H-ä f Hv - 2 sLL-2 Hn+1L +

ã
-

ä Hä b-ä c Hv-2 sLL2
4 f Hv-2 sL +ä e +

1

2
ä Π Hv-1L â

j=0

n â
h=0

j H-1L j-h 4 j Hä b - ä c Hv - 2 sLL-h- j+2 n Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j

-
ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hä b - ä c Hv - 2 sLL Iä b - ä c Hv - 2 sL -

2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, -

ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL - 2

ä f
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ä f Hv - 2 sL -
ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L,

-
ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL H-ä f Hv - 2 sLL-2 Hn+1L +

ã
ä H-ä b+ä c Hv-2 sLL2

4 f Hv-2 sL -ä e +
1

2
ä Π H1-vL Hä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c Hv - 2 sLL-h- j+2 n

I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z Nh+ j
ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c Hv - 2 sLL I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N G

1

2
Hh + j + 1L, ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L,

ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL + ã
ä Hä b+ä c Hv-2 sLL2

4 f Hv-2 sL +ä e -
1

2
ä Π Hv+1L Hä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c Hv - 2 sLL-h- j+2 n Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z Nh+ j

ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hä b + ä c Hv - 2 sLL

+
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Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L,

ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL �; n Î N ì v Î N+

Involving zn sinIb zr + d zM sinv Ic zr + f zM
01.06.21.1186.01à zn sinIb z2 + d zM sinvIc z2 + f zM â z � ä 2-v-2

v
v

2

H1 - v mod 2L
Hä bL-n-1 ã

-
ä d2

4 b â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä b zL j+1
ä Hä d + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä b zL2

4 b
-

H-ä bL-n-1 ã
ä d2

4 b â
j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä b zL j+1 -
ä H-ä d - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - 2 ä b zL2

4 b
-

ä-v-1 2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

-
H-ä d+ä f H2 s-vLL2
4 H-ä b+ä c H2 s-vLL â

j=0

n

2 j-n Hä d - ä f H2 s - vLLn- j

H-ä d + ä f H2 s - vL + 2 H-ä b + ä c H2 s - vLL zL j+1 -
H-ä d + ä f H2 s - vL + 2 H-ä b + ä c H2 s - vLL zL2

-ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä d + ä f H2 s - vL + 2 H-ä b + ä c H2 s - vLL zL2

4 H-ä b + ä c H2 s - vLL H-ä b + ä c H2 s - vLL-n-1 +

H-1Lv ã
-

Hä d+ä f H2 s-vLL2
4 Hä b+ä c H2 s-vLL Hä b + ä c H2 s - vLL-n-1 â

j=0

n

2 j-n H-ä d - ä f H2 s - vLLn- j

Hä d + ä f H2 s - vL + 2 Hä b + ä c H2 s - vLL zL j+1 -
Hä d + ä f H2 s - vL + 2 Hä b + ä c H2 s - vLL zL2

ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä d + ä f H2 s - vL + 2 Hä b + ä c H2 s - vLL zL2

4 Hä b + ä c H2 s - vLL - ã
-

H-ä d+ä f Hv-2 sLL2
4 H-ä b+ä c Hv-2 sLL

ân

2
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H-ä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä d - ä f Hv - 2 sLLn- j H-ä d + ä f Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL j+1

-
H-ä d + ä f Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

-ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

H-ä d + ä f Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

4 H-ä b + ä c Hv - 2 sLL +

ã
-

Hä d+ä f Hv-2 sLL2
4 Hä b+ä c Hv-2 sLL Hä b + ä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n H-ä d - ä f Hv - 2 sLLn- j Hä d + ä f Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL j+1

-
Hä d + ä f Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

Hä d + ä f Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

4 Hä b + ä c Hv - 2 sLL �; n Î N ì v Î N+

01.06.21.1187.01à zn sinI z b + d zN sinvI z c + f zN â z �

ä-v-1 2-2 n-v-2 â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv+1 ã

-
H-ä b+ä c H2 k-vLL2
4 H-ä d+ä f H2 k-vLL â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c H2 k - vLL-h- j+2 n I-ä b + ä c H2 k - vL +

2 H-ä d + ä f H2 k - vLL z Nh+ j
-

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

-ä d + ä f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c H2 k - vLL I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N

G
1

2
Hh + j + 1L, -

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

4 H-ä d + ä f H2 k - vLL + 2

H-ä d + ä f H2 k - vLL G
1

2
Hh + j + 2L, -

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

4 H-ä d + ä f H2 k - vLL
-

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

-ä d + ä f H2 k - vL
+ v ã
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H-ä d + ä f H2 k - vLL-2 n-2 + H-1Lv ã
-

Hä b+ä c H2 k-vLL2
4 Hä d+ä f H2 k-vLL Hä d + ä f H2 k - vLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c H2 k - vLL-h- j+2 n Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z Nh+ j

-
Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

ä d + ä f H2 k - vL
1

2
H-h- j-1L

j

h

n

j

Hä b + ä c H2 k - vLL Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N G

1

2
Hh + j + 1L, -

Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

4 Hä d + ä f H2 k - vLL +

2 Hä d + ä f H2 k - vLL G
1

2
Hh + j + 2L, -

Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

4 Hä d + ä f H2 k - vLL
-

Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

ä d + ä f H2 k - vL - ã
-

H-ä b+ä c Hv-2 kLL2
4 H-ä d+ä f Hv-2 kLL H-ä d + ä f Hv - 2 kLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c Hv - 2 kLL-h- j+2 n I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z Nh+ j

-
I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

-ä d + ä f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j

H-ä b + ä c Hv - 2 kLL I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N G

1

2
Hh + j + 1L, -

I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

4 H-ä d + ä f Hv - 2 kLL +

2 H-ä d + ä f Hv - 2 kLL G
1

2
Hh + j + 2L, -

I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

4 H-ä d + ä f Hv - 2 kLL
+
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-
I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

-ä d + ä f Hv - 2 kL + ã
-

Hä b+ä c Hv-2 kLL2
4 Hä d+ä f Hv-2 kLL Hä d + ä f Hv - 2 kLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c Hv - 2 kLL-h- j+2 n Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z Nh+ j

-
Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

ä d + ä f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j

Hä b + ä c Hv - 2 kLL Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N G

1

2
Hh + j + 1L, -

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

4 Hä d + ä f Hv - 2 kLL +

2 Hä d + ä f Hv - 2 kLL G
1

2
Hh + j + 2L, -

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

4 Hä d + ä f Hv - 2 kLL
-

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

ä d + ä f Hv - 2 kL -

ä 2-2 n-v-2 Hä dL-2 n-2
v
v

2

H1 - v mod 2L ã
-

ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä d z Nh+ j

ä Iä b + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä b + 2 ä d z N2

4 d
+

2
ä Iä b + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + 2 ä d z N2

4 d
-
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ã
ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä d z Nh+ j
-

ä I-ä b - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä b I-ä b - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b - 2 ä d z N2

4 d
�; n Î N ì v Î N+

Involving zn sinIb zr + d z + eM sinv Ic zr + f zM
01.06.21.1188.01à zn sinIb z2 + d z + eM sinvIc z2 + f zM â z � ä 2-v-2

v
v

2

H1 - v mod 2L
Hä bL-n-1 ã

ä e-
ä d2

4 b â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä b zL j+1
ä Hä d + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä b zL2

4 b
-

H-ä bL-n-1 ã
ä d2

4 b
-ä e â

j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä b zL j+1 -
ä H-ä d - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - 2 ä b zL2

4 b
-

ä-v-1 2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

-
H-ä d+ä f H2 s-vLL2
4 H-ä b+ä c H2 s-vLL -ä e â

j=0

n

2 j-n Hä d - ä f H2 s - vLLn- j

H-ä d + ä f H2 s - vL + 2 H-ä b + ä c H2 s - vLL zL j+1 -
H-ä d + ä f H2 s - vL + 2 H-ä b + ä c H2 s - vLL zL2

-ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä d + ä f H2 s - vL + 2 H-ä b + ä c H2 s - vLL zL2

4 H-ä b + ä c H2 s - vLL H-ä b + ä c H2 s - vLL-n-1 +

H-1Lv ã
ä e-

Hä d+ä f H2 s-vLL2
4 Hä b+ä c H2 s-vLL Hä b + ä c H2 s - vLL-n-1 â

j=0

n

2 j-n H-ä d - ä f H2 s - vLLn- j

Hä d + ä f H2 s - vL + 2 Hä b + ä c H2 s - vLL zL j+1 -
Hä d + ä f H2 s - vL + 2 Hä b + ä c H2 s - vLL zL2

ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä d + ä f H2 s - vL + 2 Hä b + ä c H2 s - vLL zL2

4 Hä b + ä c H2 s - vLL -

ã ân

2
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ã
-

H-ä d+ä f Hv-2 sLL2
4 H-ä b+ä c Hv-2 sLL -ä e H-ä b + ä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n Hä d - ä f Hv - 2 sLLn- j

H-ä d + ä f Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL j+1 -
H-ä d + ä f Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

-ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä d + ä f Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

4 H-ä b + ä c Hv - 2 sLL +

ã
ä e-

Hä d+ä f Hv-2 sLL2
4 Hä b+ä c Hv-2 sLL Hä b + ä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n H-ä d - ä f Hv - 2 sLLn- j Hä d + ä f Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL j+1

-
Hä d + ä f Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

Hä d + ä f Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

4 Hä b + ä c Hv - 2 sLL �; n Î N ì v Î N+

01.06.21.1189.01à zn sinI z b + d z + eN sinvI z c + f zN â z �

ä-v-1 2-2 n-v-2 â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv+1 ã

-
H-ä b+ä c H2 k-vLL2
4 H-ä d+ä f H2 k-vLL -ä e â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c H2 k - vLL-h- j+2 n I-ä b + ä c H2 k - vL +

2 H-ä d + ä f H2 k - vLL z Nh+ j
-

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

-ä d + ä f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c H2 k - vLL I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N

G
1

2
Hh + j + 1L, -

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

4 H-ä d + ä f H2 k - vLL + 2

H-ä d + ä f H2 k - vLL G
1

2
Hh + j + 2L, -

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

4 H-ä d + ä f H2 k - vLL
-

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

-ä d + ä f H2 k - vL
+ v ã
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H-ä d + ä f H2 k - vLL-2 n-2 + H-1Lv ã
ä e-

Hä b+ä c H2 k-vLL2
4 Hä d+ä f H2 k-vLL Hä d + ä f H2 k - vLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c H2 k - vLL-h- j+2 n Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z Nh+ j

-
Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

ä d + ä f H2 k - vL
1

2
H-h- j-1L

j

h

n

j

Hä b + ä c H2 k - vLL Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N G

1

2
Hh + j + 1L, -

Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

4 Hä d + ä f H2 k - vLL +

2 Hä d + ä f H2 k - vLL G
1

2
Hh + j + 2L, -

Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

4 Hä d + ä f H2 k - vLL
-

Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

ä d + ä f H2 k - vL - ã
-

H-ä b+ä c Hv-2 kLL2
4 H-ä d+ä f Hv-2 kLL -ä e H-ä d + ä f Hv - 2 kLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c Hv - 2 kLL-h- j+2 n I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z Nh+ j

-
I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

-ä d + ä f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j

H-ä b + ä c Hv - 2 kLL I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N G

1

2
Hh + j + 1L, -

I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

4 H-ä d + ä f Hv - 2 kLL +

2 H-ä d + ä f Hv - 2 kLL G
1

2
Hh + j + 2L, -

I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

4 H-ä d + ä f Hv - 2 kLL
+
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-
I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

-ä d + ä f Hv - 2 kL + ã
ä e-

Hä b+ä c Hv-2 kLL2
4 Hä d+ä f Hv-2 kLL Hä d + ä f Hv - 2 kLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c Hv - 2 kLL-h- j+2 n Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z Nh+ j

-
Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

ä d + ä f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j

Hä b + ä c Hv - 2 kLL Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N G

1

2
Hh + j + 1L, -

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

4 Hä d + ä f Hv - 2 kLL +

2 Hä d + ä f Hv - 2 kLL G
1

2
Hh + j + 2L, -

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

4 Hä d + ä f Hv - 2 kLL
-

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

ä d + ä f Hv - 2 kL -

ä 2-2 n-v-2 Hä dL-2 n-2
v
v

2

H1 - v mod 2L ã
ä e-

ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä d z Nh+ j

ä Iä b + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä b + 2 ä d z N2

4 d
+

2
ä Iä b + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + 2 ä d z N2

4 d
-

http://functions.wolfram.com 438



ã
ä b2

4 d
-ä e â

j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä d z Nh+ j
-

ä I-ä b - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä b I-ä b - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b - 2 ä d z N2

4 d
�; n Î N ì v Î N+

Involving zn sinHd zL sinv Ic zr + f z + gM
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01.06.21.1190.01à zn sinHd zL sinvIc z2 + f z + gM â z � ä H-1Ln 2-v-1
v
v

2

IH-ä dL-n-1 GHn + 1, ä d zL - Hä dL-n-1 GHn + 1, -ä d zLM H1 - v mod 2L -

2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
ä H-ä d-ä f Hv-2 sLL2

4 c Hv-2 sL +
1

2
ä Π Hv+1L-ä g Hv-2 sL â

j=0

n

2 j-n Hä d + ä f Hv - 2 sLLn- j

H-ä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1 -
ä H-ä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
-

ä Hä d-ä f Hv-2 sLL2
4 c Hv-2 sL +

1

2
ä Π Hv-1L-ä g Hv-2 sL â

j=0

n

2 j-n H-ä d + ä f Hv - 2 sLLn- j Hä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1

-
ä Hä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL
H-ä c Hv - 2 sLL-n-1 + ã

ä H-ä d+ä f Hv-2 sLL2
4 c Hv-2 sL +

1

2
ä Π H1-vL+g ä Hv-2 sL Hä c Hv - 2 sLL-n-1

â
j=0

n

2 j-n Hä d - ä f Hv - 2 sLLn- j H-ä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL j+1

ä H-ä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-ä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL +

ã
ä Hä d+ä f Hv-2 sLL2

4 c Hv-2 sL -
1

2
ä Π Hv+1L+g ä Hv-2 sL Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n H-ä d - ä f Hv - 2 sLLn- j

Hä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL j+1
ä Hä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì v Î N+

01.06.21.1191.01à zn sinHd zL sinvI z c + f z + gN â z �

H-1Ln 2-v-1 ä
v
v

2

IH-ä dL-n-1 GHn + 1, ä d zL - Hä dL-n-1 GHn + 1, -ä d zLM H1 - v mod 2L + 2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
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ã
c2 Hv-2 sL2

4 H-ä d+ä f Hv-2 sLL +g ä Hv-2 sL+
1

2
ä Π H1-vL â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z Nh+ j

-
Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

-ä d + ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Ic ä Hv - 2 sL +

2 H-ä d + ä f Hv - 2 sLL z N G
1

2
Hh + j + 1L, -

Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

4 H-ä d + ä f Hv - 2 sLL + 2

H-ä d + ä f Hv - 2 sLL G
1

2
Hh + j + 2L, -

Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

4 H-ä d + ä f Hv - 2 sLL
-

Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

-ä d + ä f Hv - 2 sL H-ä d + ä f Hv - 2 sLL-2 Hn+1L +

ã
c2 Hv-2 sL2

4 Hä d+ä f Hv-2 sLL +g ä Hv-2 sL-
1

2
ä Π Hv+1L Hä d + ä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n

Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z Nh+ j
-

Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

ä d + ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N G

1

2
Hh + j + 1L,

-
Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

4 Hä d + ä f Hv - 2 sLL + 2 -
Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

ä d + ä f Hv - 2 sL
Hä d + ä f Hv - 2 sLL G

1

2
Hh + j + 2L, -

Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

4 Hä d + ä f Hv - 2 sLL +

ã
c2 Hv-2 sL2

4 H-ä d-ä f Hv-2 sLL -ä g Hv-2 sL+
1

2
ä Π Hv+1L H-ä d - ä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n
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I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j
-

I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

-ä d - ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 H-ä d - ä f Hv - 2 sLL -

I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

-ä d - ä f Hv - 2 sL G
1

2
Hh + j + 2L,

-
I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 H-ä d - ä f Hv - 2 sLL - ä c Hv - 2 sL I2 H-ä d - ä f Hv - 2 sLL z -

ä c Hv - 2 sLN G
1

2
Hh + j + 1L, -

I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 H-ä d - ä f Hv - 2 sLL +

ã
c2 Hv-2 sL2

4 Hä d-ä f Hv-2 sLL -ä g Hv-2 sL+
1

2
ä Π Hv-1L Hä d - ä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j
-

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

ä d - ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 Hä d - ä f Hv - 2 sLL -

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

ä d - ä f Hv - 2 sL G
1

2
Hh + j + 2L,

-
I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d - ä f Hv - 2 sLL - ä c Hv - 2 sL I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN

G
1

2
Hh + j + 1L, -

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d - ä f Hv - 2 sLL �; n Î N ì v Î N+

Involving zn sinHd z + eL sinv Ic zr + f z + gM
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01.06.21.1192.01à zn sinHd z + eL sinvIc z2 + f z + gM â z �

H-1Ln ä 2-v-1
v
v

2

IH-ä dL-n-1 ã-ä e GHn + 1, ä d zL - Hä dL-n-1 ãä e GHn + 1, -ä d zLM H1 - v mod 2L -

2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
ä H-ä d-ä f Hv-2 sLL2

4 c Hv-2 sL -ä e +
1

2
ä Π Hv+1L-ä g Hv-2 sL â

j=0

n

2 j-n Hä d + ä f Hv - 2 sLLn- j

H-ä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1 -
ä H-ä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
-

ä Hä d-ä f Hv-2 sLL2
4 c Hv-2 sL +ä e +

1

2
ä Π Hv-1L-ä g Hv-2 sL â

j=0

n

2 j-n H-ä d + ä f Hv - 2 sLLn- j Hä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1

-
ä Hä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hä d - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL
H-ä c Hv - 2 sLL-n-1 + ã

ä H-ä d+ä f Hv-2 sLL2
4 c Hv-2 sL -ä e +

1

2
ä Π H1-vL+g ä Hv-2 sL Hä c Hv - 2 sLL-n-1

â
j=0

n

2 j-n Hä d - ä f Hv - 2 sLLn- j H-ä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL j+1

ä H-ä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-ä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL +

ã
ä Hä d+ä f Hv-2 sLL2

4 c Hv-2 sL +ä e -
1

2
ä Π Hv+1L+g ä Hv-2 sL Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n H-ä d - ä f Hv - 2 sLLn- j

Hä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL j+1
ä Hä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + ä f Hv - 2 sL + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì v Î N+

01.06.21.1193.01à zn sinHd z + eL sinvI z c + f z + gN â z �

H-1Ln 2-v-1 ä
v
v

2

IH-ä dL-n-1 ã-ä e GHn + 1, ä d zL - Hä dL-n-1 ãä e GHn + 1, -ä d zLM H1 - v mod 2L + 2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
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ã
c2 Hv-2 sL2

4 H-ä d+ä f Hv-2 sLL +g ä Hv-2 sL-ä e +
1

2
ä Π H1-vL â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z Nh+ j

-
Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

-ä d + ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Ic ä Hv - 2 sL +

2 H-ä d + ä f Hv - 2 sLL z N G
1

2
Hh + j + 1L, -

Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

4 H-ä d + ä f Hv - 2 sLL + 2

H-ä d + ä f Hv - 2 sLL G
1

2
Hh + j + 2L, -

Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

4 H-ä d + ä f Hv - 2 sLL
-

Ic ä Hv - 2 sL + 2 H-ä d + ä f Hv - 2 sLL z N2

-ä d + ä f Hv - 2 sL H-ä d + ä f Hv - 2 sLL-2 Hn+1L +

ã
c2 Hv-2 sL2

4 Hä d+ä f Hv-2 sLL +g ä Hv-2 sL+ä e -
1

2
ä Π Hv+1L Hä d + ä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n

Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z Nh+ j
-

Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

ä d + ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N G

1

2
Hh + j + 1L,

-
Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

4 Hä d + ä f Hv - 2 sLL + 2 -
Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

ä d + ä f Hv - 2 sL
Hä d + ä f Hv - 2 sLL G

1

2
Hh + j + 2L, -

Ic ä Hv - 2 sL + 2 Hä d + ä f Hv - 2 sLL z N2

4 Hä d + ä f Hv - 2 sLL +

ã
c2 Hv-2 sL2

4 H-ä d-ä f Hv-2 sLL -ä g Hv-2 sL-ä e +
1

2
ä Π Hv+1L H-ä d - ä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n

http://functions.wolfram.com 444



I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j
-

I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

-ä d - ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 H-ä d - ä f Hv - 2 sLL -

I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

-ä d - ä f Hv - 2 sL G
1

2
Hh + j + 2L,

-
I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 H-ä d - ä f Hv - 2 sLL - ä c Hv - 2 sL I2 H-ä d - ä f Hv - 2 sLL z -

ä c Hv - 2 sLN G
1

2
Hh + j + 1L, -

I2 H-ä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 H-ä d - ä f Hv - 2 sLL +

ã
c2 Hv-2 sL2

4 Hä d-ä f Hv-2 sLL -ä g Hv-2 sL+ä e +
1

2
ä Π Hv-1L Hä d - ä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j
-

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

ä d - ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 Hä d - ä f Hv - 2 sLL -

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

ä d - ä f Hv - 2 sL G
1

2
Hh + j + 2L,

-
I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d - ä f Hv - 2 sLL - ä c Hv - 2 sL I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN

G
1

2
Hh + j + 1L, -

I2 Hä d - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d - ä f Hv - 2 sLL �; n Î N ì v Î N+

Involving zn sinIb zr M sinv Ic zr + f z + gM
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01.06.21.1194.01à zn sinIb z2M sinvIc z2 + f z + gM â z �

ä 2-v-2 zn+1
v
v

2

I-ä b z2M 1

2
H-n-1L

G
n + 1

2
, -ä b z2 - Iä b z2M 1

2
H-n-1L

G
n + 1

2
, ä b z2 H1 - v mod 2L -

2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
1

4
ä -

f 2 Hv-2 sL2
b+2 c s-c v

-4 g Hv-2 sL-2 Π H1-vL â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j

H f ä Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL j+1 -
H f ä Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

-ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

-
H f ä Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

4 H-ä b + ä c Hv - 2 sLL H-ä b + ä c Hv - 2 sLL-n-1 + ã
1

4
ä

f 2 Hv-2 sL2
-b+2 c s-c v

+4 g Hv-2 sL-2 Π Hv+1L

Hä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL j+1

-
H f ä Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H f ä Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

4 Hä b + ä c Hv - 2 sLL +

ã
-

1

4
ä

f 2 Hv-2 sL2
-b+2 c s-c v

+4 g Hv-2 sL-2 Π Hv+1L H-ä b - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j

H2 H-ä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1 -
H2 H-ä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

-ä b - ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H2 H-ä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 H-ä b - ä c Hv - 2 sLL +

ã
1

4
ä -

f 2 Hv-2 sL2
b+2 c s-c v

-4 g Hv-2 sL+2 Π Hv-1L Hä b - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j

H2 Hä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1 -
H2 Hä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

ä b - ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H2 Hä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 Hä b - ä c Hv - 2 sLL �; n Î N ì m Î N+ ì v Î N+

01.06.21.1195.01à zn sinI z bN sinvI z c + f z + gN â z �

H-1Ln 2-v ä
v
v

2

JGI2 Hn + 1L, ä b z N - GI2 Hn + 1L, -ä b z NN H1 - v mod 2L b-2 Hn+1L +
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2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
ä H-ä b-ä c Hv-2 sLL2

4 f Hv-2 sL +
1

2
ä Π Hv+1L-ä g Hv-2 sL â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b - ä c Hv - 2 sLL-h- j+2 n

I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j
-

ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
H-ä b - ä c Hv - 2 sLL I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N

G
1

2
Hh + j + 1L, -

ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL - 2

ä f Hv - 2 sL -
ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
G

1

2
Hh + j + 2L, -

ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL

H-ä f Hv - 2 sLL-2 Hn+1L + ã
-

ä Hä b-ä c Hv-2 sLL2
4 f Hv-2 sL +

1

2
ä Π Hv-1L-ä g Hv-2 sL â

j=0

n â
h=0

j H-1L j-h 4 j Hä b - ä c Hv - 2 sLL-h- j+2 n

Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j
-

ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hä b - ä c Hv - 2 sLL Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N

G
1

2
Hh + j + 1L, -

ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL - 2

ä f Hv - 2 sL -
ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
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G
1

2
Hh + j + 2L, -

ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL
H-ä f Hv - 2 sLL-2 Hn+1L + ã

ä H-ä b+ä c Hv-2 sLL2
4 f Hv-2 sL +

1

2
ä Π H1-vL+g ä Hv-2 sL Hä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c Hv - 2 sLL-h- j+2 n I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z Nh+ j

ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c Hv - 2 sLL I-ä b + ä c Hv - 2 sL +

2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L,

ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL + ã
ä Hä b+ä c Hv-2 sLL2

4 f Hv-2 sL -
1

2
ä Π Hv+1L+g ä Hv-2 sL

Hä f Hv - 2 sLL-2 Hn+1L â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c Hv - 2 sLL-h- j+2 n Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z Nh+ j

ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hä b + ä c Hv - 2 sLL

Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L,

ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL �; n Î N ì v Î N+
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Involving zn sinIb zr + eM sinv Ic zr + f z + gM
01.06.21.1196.01à zn sinIb z2 + eM sinvIc z2 + f z + gM â z �

ä 2-v-2 zn+1
v
v

2

ãä e I-ä b z2M 1

2
H-n-1L

G
n + 1

2
, -ä b z2 - ã-ä e Iä b z2M 1

2
H-n-1L

G
n + 1

2
, ä b z2 H1 - v mod 2L -

2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
1

4
ä -

f 2 Hv-2 sL2
b+2 c s-c v

-4 g Hv-2 sL+4 e-2 Π H1-vL â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j

H f ä Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL j+1 -
H f ä Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

-ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

-
H f ä Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

4 H-ä b + ä c Hv - 2 sLL H-ä b + ä c Hv - 2 sLL-n-1 + ã
1

4
ä

f 2 Hv-2 sL2
-b+2 c s-c v

+4 g Hv-2 sL+4 e-2 Π Hv+1L

Hä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL j+1

-
H f ä Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H f ä Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

4 Hä b + ä c Hv - 2 sLL +

ã
-

1

4
ä

f 2 Hv-2 sL2
-b+2 c s-c v

+4 g Hv-2 sL+4 e-2 Π Hv+1L H-ä b - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j

H2 H-ä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1 -
H2 H-ä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

-ä b - ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H2 H-ä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 H-ä b - ä c Hv - 2 sLL +

ã
1

4
ä -

f 2 Hv-2 sL2
b+2 c s-c v

-4 g Hv-2 sL+4 e+2 Π Hv-1L Hä b - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j

H2 Hä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1 -
H2 Hä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

ä b - ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H2 Hä b - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 Hä b - ä c Hv - 2 sLL �; n Î N ì v Î N+
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01.06.21.1197.01à zn sinI z b + eN sinvI z c + f z + gN â z �

H-1Ln 2-v ä
v
v

2

Jã-ä e GI2 Hn + 1L, ä b z N - ãä e GI2 Hn + 1L, -ä b z NN H1 - v mod 2L b-2 Hn+1L +

2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
ä H-ä b-ä c Hv-2 sLL2

4 f Hv-2 sL -ä e +
1

2
ä Π Hv+1L-ä g Hv-2 sL â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b - ä c Hv - 2 sLL-h- j+2 n

I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j
-

ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
H-ä b - ä c Hv - 2 sLL I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N

G
1

2
Hh + j + 1L, -

ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL - 2

ä f Hv - 2 sL -
ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
G

1

2
Hh + j + 2L, -

ä I-ä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL H-ä f Hv - 2 sLL-2 Hn+1L +

ã
-

ä Hä b-ä c Hv-2 sLL2
4 f Hv-2 sL +ä e +

1

2
ä Π Hv-1L-ä g Hv-2 sL â

j=0

n â
h=0

j H-1L j-h 4 j Hä b - ä c Hv - 2 sLL-h- j+2 n

Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j
-

ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hä b - ä c Hv - 2 sLL Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N

-

http://functions.wolfram.com 450



G
1

2
Hh + j + 1L, -

ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL - 2

ä f Hv - 2 sL -
ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
G

1

2
Hh + j + 2L, -

ä Iä b - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL
H-ä f Hv - 2 sLL-2 Hn+1L + ã

ä H-ä b+ä c Hv-2 sLL2
4 f Hv-2 sL -ä e +

1

2
ä Π H1-vL+g ä Hv-2 sL Hä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c Hv - 2 sLL-h- j+2 n I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z Nh+ j

ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c Hv - 2 sLL I-ä b + ä c Hv - 2 sL +

2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L,

ä I-ä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL + ã
ä Hä b+ä c Hv-2 sLL2

4 f Hv-2 sL +ä e -
1

2
ä Π Hv+1L+g ä Hv-2 sL

Hä f Hv - 2 sLL-2 Hn+1L â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c Hv - 2 sLL-h- j+2 n Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z Nh+ j

ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hä b + ä c Hv - 2 sLL

+
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Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N G
1

2
Hh + j + 1L, ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + j + 2L,

ä Iä b + ä c Hv - 2 sL + 2 ä f Hv - 2 sL z N2

4 f Hv - 2 sL �; n Î N ì v Î N+

Involving zn sinIb zr + d zM sinv Ic zr + f z + gM
01.06.21.1198.01

à zn sinIb z2 + d zM sinvIc z2 + f z + gM â z � ä-v 2-v-2 ã
-

ä d2

4 b

-än+v ã
ä d2

2 b

v
v

2

Hv mod 2 - 1L â
j=0

n

2 j-n Hä dLn- j H-ä Hd + 2 b zLL j+1
ä Hd + 2 b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd + 2 b zL2

4 b

b-n-1 + H-1Ln-1 än+v
v
v

2

Hv mod 2 - 1L
â
j=0

n

2 j-n H-ä dLn- j Hä Hd + 2 b zLL j+1 -
ä Hd + 2 b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd + 2 b zL2

4 b
b-n-1 +

ã
ä d2

4 b ä â
s=0

f v-1

2
v H-1Ls ã-ä g H2 s-vL v

s
-H-1Lv ã

1

4
ä

Hd-2 f s+ f vL2
b-2 c s+c v

+8 g H2 s-vL â
j=0

n

2 j-n Hä Hd - 2 f s + f vLLn- j

H-ä Hd + f Hv - 2 sL + 2 Hb - 2 c s + c vL zLL j+1
ä Hd + f Hv - 2 sL + 2 Hb - 2 c s + c vL zL2

b - 2 c s + c v

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd + f Hv - 2 sL + 2 Hb - 2 c s + c vL zL2

4 Hb - 2 c s + c vL H-ä Hb - 2 c s + c vLL-n-1 +

ã
-

ä Hd-2 f s+ f vL2
4 Hb-2 c s+c vL Hä Hb - 2 c s + c vLL-n-1 â

j=0

n

2 j-n H-ä Hd - 2 f s + f vLLn- j

Hä Hd + f Hv - 2 sL + 2 Hb - 2 c s + c vL zLL j+1 -
ä Hd + f Hv - 2 sL + 2 Hb - 2 c s + c vL zL2

b - 2 c s + c v

1

2
H- j-1L

-
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n

j
G

j + 1

2
, -

ä Hd + f Hv - 2 sL + 2 Hb - 2 c s + c vL zL2

4 Hb - 2 c s + c vL -

ã
ä Hd+2 f s- f vL2
4 Hb+2 c s-c vL H-ä Hb + 2 c s - c vLL-n-1 â

j=0

n

2 j-n Hä Hd + 2 f s - f vLLn- j

H-ä Hd + 2 f s - f v + 2 b z + 4 c s z - 2 c v zLL j+1
ä Hd + 2 f s - f v + 2 b z + 4 c s z - 2 c v zL2

b + 2 c s - c v

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd + 2 f s - f v + 2 b z + 4 c s z - 2 c v zL2

4 Hb + 2 c s - c vL +

H-1Lv ã
2 ä g H2 s-vL-

ä Hd+2 f s- f vL2
4 Hb+2 c s-c vL Hä Hb + 2 c s - c vLL-n-1 â

j=0

n

2 j-n H-ä Hd + 2 f s - f vLLn- j

Hä Hd + 2 f s - f v + 2 b z + 4 c s z - 2 c v zLL j+1 -
ä Hd + 2 f s - f v + 2 b z + 4 c s z - 2 c v zL2

b + 2 c s - c v

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd + 2 f s - f v + 2 b z + 4 c s z - 2 c v zL2

4 Hb + 2 c s - c vL �; n Î N ì v Î N+

01.06.21.1199.01à zn sinI z b + d zN sinvI z c + f z + gN â z � ä-v-1 2-2 n-v-2

â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv+1 ã

ä g H2 k-vL-
H-ä b+ä c H2 k-vLL2
4 H-ä d+ä f H2 k-vLL â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c H2 k - vLL-h- j+2 n I-ä b + ä c H2 k - vL +

2 H-ä d + ä f H2 k - vLL z Nh+ j
-

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

-ä d + ä f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c H2 k - vLL I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N

G
1

2
Hh + j + 1L, -

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

4 H-ä d + ä f H2 k - vLL + 2

H-ä d + ä f H2 k - vLL G
1

2
Hh + j + 2L, -

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

4 H-ä d + ä f H2 k - vLL
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-
I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

-ä d + ä f H2 k - vL
H-ä d + ä f H2 k - vLL-2 n-2 + H-1Lv ã

ä g H2 k-vL-
Hä b+ä c H2 k-vLL2
4 Hä d+ä f H2 k-vLL Hä d + ä f H2 k - vLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c H2 k - vLL-h- j+2 n Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z Nh+ j

-
Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

ä d + ä f H2 k - vL
1

2
H-h- j-1L

j

h

n

j

Hä b + ä c H2 k - vLL Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N G

1

2
Hh + j + 1L, -

Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

4 Hä d + ä f H2 k - vLL +

2 Hä d + ä f H2 k - vLL G
1

2
Hh + j + 2L, -

Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

4 Hä d + ä f H2 k - vLL
-

Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

ä d + ä f H2 k - vL -

ã
ä g Hv-2 kL-

H-ä b+ä c Hv-2 kLL2
4 H-ä d+ä f Hv-2 kLL H-ä d + ä f Hv - 2 kLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c Hv - 2 kLL-h- j+2 n

I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z Nh+ j

-
I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

-ä d + ä f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j

H-ä b + ä c Hv - 2 kLL I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N G

+
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1

2
Hh + j + 1L, -

I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

4 H-ä d + ä f Hv - 2 kLL +

2 H-ä d + ä f Hv - 2 kLL G
1

2
Hh + j + 2L, -

I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

4 H-ä d + ä f Hv - 2 kLL
-

I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

-ä d + ä f Hv - 2 kL +

ã
ä g Hv-2 kL-

Hä b+ä c Hv-2 kLL2
4 Hä d+ä f Hv-2 kLL Hä d + ä f Hv - 2 kLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c Hv - 2 kLL-h- j+2 n

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z Nh+ j

-
Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

ä d + ä f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j

Hä b + ä c Hv - 2 kLL Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N G

1

2
Hh + j + 1L, -

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

4 Hä d + ä f Hv - 2 kLL +

2 Hä d + ä f Hv - 2 kLL G
1

2
Hh + j + 2L, -

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

4 Hä d + ä f Hv - 2 kLL
-

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

ä d + ä f Hv - 2 kL -

ä 2-2 n-v-2 Hä dL-2 n-2
v
v

2

H1 - v mod 2L ã
-

ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä d z Nh+ j
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ä Iä b + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä b + 2 ä d z N2

4 d
+

2
ä Iä b + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + 2 ä d z N2

4 d
-

ã
ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä d z Nh+ j
-

ä I-ä b - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä b I-ä b - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b - 2 ä d z N2

4 d
�; n Î N ì v Î N+

Involving zn sinIb zr + d z + eM sinv Ic zr + f z + gM
01.06.21.1200.01à zn sinIb z2 + d z + eM sinvIc z2 + f z + gM â z � ä 2-v-2

v
v

2

H1 - v mod 2L
Hä bL-n-1 ã

ä e-
ä d2

4 b â
j=0

n

2 j-n H-ä dLn- j Hä d + 2 ä b zL j+1
ä Hä d + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä d + 2 ä b zL2

4 b
-

H-ä bL-n-1 ã
ä d2

4 b
-ä e â

j=0

n

2 j-n Hä dLn- j H-ä d - 2 ä b zL j+1 -
ä H-ä d - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d - 2 ä b zL2

4 b
-

ä-v-1 2-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

-
H-ä d+ä f H2 s-vLL2
4 H-ä b+ä c H2 s-vLL -ä e +g ä H2 s-vL â

j=0

n

2 j-n Hä d - ä f H2 s - vLLn- j

H-ä d + ä f H2 s - vL + 2 H-ä b + ä c H2 s - vLL zL j+1 -
H-ä d + ä f H2 s - vL + 2 H-ä b + ä c H2 s - vLL zL2

-ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä d + ä f H2 s - vL + 2 H-ä b + ä c H2 s - vLL zL2

4 H-ä b + ä c H2 s - vLL H-ä b + ä c H2 s - vLL-n-1 +

v ã ân

2
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H-1Lv ã
-

Hä d+ä f H2 s-vLL2
4 Hä b+ä c H2 s-vLL +ä e +g ä H2 s-vL Hä b + ä c H2 s - vLL-n-1 â

j=0

n

2 j-n H-ä d - ä f H2 s - vLLn- j

Hä d + ä f H2 s - vL + 2 Hä b + ä c H2 s - vLL zL j+1 -
Hä d + ä f H2 s - vL + 2 Hä b + ä c H2 s - vLL zL2

ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä d + ä f H2 s - vL + 2 Hä b + ä c H2 s - vLL zL2

4 Hä b + ä c H2 s - vLL -

ã
-

H-ä d+ä f Hv-2 sLL2
4 H-ä b+ä c Hv-2 sLL -ä e +g ä Hv-2 sL H-ä b + ä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n Hä d - ä f Hv - 2 sLLn- j

H-ä d + ä f Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL j+1 -
H-ä d + ä f Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

-ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä d + ä f Hv - 2 sL + 2 H-ä b + ä c Hv - 2 sLL zL2

4 H-ä b + ä c Hv - 2 sLL +

ã
-

Hä d+ä f Hv-2 sLL2
4 Hä b+ä c Hv-2 sLL +ä e +g ä Hv-2 sL Hä b + ä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n H-ä d - ä f Hv - 2 sLLn- j

Hä d + ä f Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL j+1 -
Hä d + ä f Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä d + ä f Hv - 2 sL + 2 Hä b + ä c Hv - 2 sLL zL2

4 Hä b + ä c Hv - 2 sLL �; n Î N ì v Î N+

01.06.21.1201.01à zn sinI z b + d z + eN sinvI z c + f z + gN â z � ä-v-1 2-2 n-v-2

â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv+1 ã

-
H-ä b+ä c H2 k-vLL2
4 H-ä d+ä f H2 k-vLL -ä e +g ä H2 k-vL â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c H2 k - vLL-h- j+2 n I-ä b + ä c H2 k - vL +

2 H-ä d + ä f H2 k - vLL z Nh+ j
-

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

-ä d + ä f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
H-ä b + ä c H2 k - vLL I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N

G
1

2
Hh + j + 1L, -

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

4 H-ä d + ä f H2 k - vLL + 2
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H-ä d + ä f H2 k - vLL G
1

2
Hh + j + 2L, -

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

4 H-ä d + ä f H2 k - vLL
-

I-ä b + ä c H2 k - vL + 2 H-ä d + ä f H2 k - vLL z N2

-ä d + ä f H2 k - vL
H-ä d + ä f H2 k - vLL-2 n-2 + H-1Lv ã

-
Hä b+ä c H2 k-vLL2
4 Hä d+ä f H2 k-vLL +ä e +g ä H2 k-vL Hä d + ä f H2 k - vLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c H2 k - vLL-h- j+2 n Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z Nh+ j

-
Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

ä d + ä f H2 k - vL
1

2
H-h- j-1L

j

h

n

j

Hä b + ä c H2 k - vLL Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N G

1

2
Hh + j + 1L, -

Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

4 Hä d + ä f H2 k - vLL +

2 Hä d + ä f H2 k - vLL G
1

2
Hh + j + 2L, -

Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

4 Hä d + ä f H2 k - vLL
-

Iä b + ä c H2 k - vL + 2 Hä d + ä f H2 k - vLL z N2

ä d + ä f H2 k - vL -

ã
-

H-ä b+ä c Hv-2 kLL2
4 H-ä d+ä f Hv-2 kLL -ä e +g ä Hv-2 kL H-ä d + ä f Hv - 2 kLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c Hv - 2 kLL-h- j+2 n

I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z Nh+ j

-
I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

-ä d + ä f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
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H-ä b + ä c Hv - 2 kLL I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N G

1

2
Hh + j + 1L, -

I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

4 H-ä d + ä f Hv - 2 kLL +

2 H-ä d + ä f Hv - 2 kLL G
1

2
Hh + j + 2L, -

I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

4 H-ä d + ä f Hv - 2 kLL
-

I-ä b + ä c Hv - 2 kL + 2 H-ä d + ä f Hv - 2 kLL z N2

-ä d + ä f Hv - 2 kL +

ã
-

Hä b+ä c Hv-2 kLL2
4 Hä d+ä f Hv-2 kLL +ä e +g ä Hv-2 kL Hä d + ä f Hv - 2 kLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c Hv - 2 kLL-h- j+2 n

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z Nh+ j

-
Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

ä d + ä f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j

Hä b + ä c Hv - 2 kLL Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N G

1

2
Hh + j + 1L, -

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

4 Hä d + ä f Hv - 2 kLL +

2 Hä d + ä f Hv - 2 kLL G
1

2
Hh + j + 2L, -

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

4 Hä d + ä f Hv - 2 kLL
-

Iä b + ä c Hv - 2 kL + 2 Hä d + ä f Hv - 2 kLL z N2

ä d + ä f Hv - 2 kL -

ä 2-2 n-v-2 Hä dL-2 n-2
v
v

2

H1 - v mod 2L ã
ä e-

ä b2

4 d â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 ä d z Nh+ j
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ä Iä b + 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 ä d z N G

1

2
Hh + j + 1L, ä Iä b + 2 ä d z N2

4 d
+

2
ä Iä b + 2 ä d z N2

d
d ä G

1

2
Hh + j + 2L, ä Iä b + 2 ä d z N2

4 d
-

ã
ä b2

4 d
-ä e â

j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b - 2 ä d z Nh+ j
-

ä I-ä b - 2 ä d z N2

d

1

2
H-h- j-1L

j

h

n

j
-ä b I-ä b - 2 ä d z N G

1

2
Hh + j + 1L, -

ä I-ä b - 2 ä d z N2

4 d
-

2 ä d -
ä I-ä b - 2 ä d z N2

d
G

1

2
Hh + j + 2L, -

ä I-ä b - 2 ä d z N2

4 d
�; n Î N ì v Î N+

Involving product of powers of two direct functions and a power function

Involving zΑ-1 sinΜHc zL sinv Ha zL
01.06.21.1202.01à zΑ-1 sinmHc zL sinvHa zL â z �

H-1Lm 2-m-v H1 - m mod 2L H1 - v mod 2L
Α

 zΑ
m
m

2

v
v

2

- 2-m-v ä-m zΑ
v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk-m m

k
IGHΑ, ä c Hm - 2 kL zL Hä c Hm - 2 kL zL-Α + ãä m Π HH2 ä c k - ä c mL zL-Α GHΑ, H2 ä c k - ä c mL zLM -

H-1Lm ä-v 2-m-v zΑ
m
m

2

H1 - m mod 2L
â
s=0

f v-1

2
v H-1Ls v

s
IGHΑ, -ä a Hv - 2 sL zL H-ä a Hv - 2 sL zL-Α + ãä Π v HHä a v - 2 ä a sL zL-Α GHΑ, Hä a v - 2 ä a sL zLM + 2-m-v ä-m-v zΑ

â
k=0

f m-1

2
v H-1Lk-m m

k
â
s=0

f v-1

2
v H-1Ls v

s
I-ãä Π v GHΑ, H-2 c ä k + ä c m - 2 ä a s + ä a vL zL HH-2 c ä k + ä c m - 2 ä a s + ä a vL zL-Α -

ãä Π m+ä Π v HH2 ä c k - ä c m - 2 ä a s + ä a vL zL-Α GHΑ, H2 ä c k - ä c m - 2 ä a s + ä a vL zL -HH-2 c ä k + ä c m + 2 ä a s - ä a vL zL-Α GHΑ, H-2 c ä k + ä c m + 2 ä a s - ä a vL zL -

ãä m Π HH2 ä c k - ä c m + 2 ä a s - ä a vL zL-Α GHΑ, H2 ä c k - ä c m + 2 ä a s - ä a vL zLM �; m Î N+ ì v Î N+
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01.06.21.1203.01à zn sinΜHc zL sinvHa zL â z �

2-v
v
v

2

n! H1 - v mod 2L sinΜHc zL â
j=0

n IH-1L j zn- jMHn - jL ! H-ä c ΜL j+1
 j+2F j+1 -

Μ

2
, ¼, -

Μ

2
, -Μ; 1 -

Μ

2
, ¼, 1 -

Μ

2
; ã2 ä c z

I1 - ã2 ä c zM-Μ
+ 2-v n! sinΜHc zL â

k=0

f v-1

2
v H-1Lk v

k
ãä a Hv-2 kL z-

ä Π v

2 â
j=0

n H-1L j zn- j Hä a Hv - 2 kL - ä c ΜL- j-1Hn - jL !
 j+2F j+1

-
c Μ - a Hv - 2 kL

2 c
, ¼, -

c Μ - a Hv - 2 kL
2 c

, -Μ; 1 -
c Μ - a Hv - 2 kL

2 c
, ¼, 1 -

c Μ - a Hv - 2 kL
2 c

; ã2 ä c z +

ã
ä Π v

2
-ä a Hv-2 kL z â

j=0

n H-1L j zn- j H-ä a Hv - 2 kL - ä c ΜL- j-1Hn - jL !
 j+2F j+1 -

a Hv - 2 kL + c Μ

2 c
, ¼, -

a Hv - 2 kL + c Μ

2 c
,

-Μ; 1 -
a Hv - 2 kL + c Μ

2 c
, ¼, 1 -

a Hv - 2 kL + c Μ

2 c
; ã2 ä c z I1 - ã2 ä c zM-Μ �; n Î N ì v Î N+

Involving zΑ-1 sinΜHc zL sinv Ha z + bL
01.06.21.1204.01

à zΑ-1 sinmHc zL sinvHb + a zL â z �

H-1Lm 2-m-v zΑ
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
Α

- ä-m 2-m-v zΑ
v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk-m m

k
IGHΑ, ä c Hm - 2 kL zL Hä c Hm - 2 kL zL-Α + ãä m Π HH2 ä c k - ä c mL zL-Α GHΑ, H2 ä c k - ä c mL zLM -

H-1Lm ä-v 2-m-v zΑ
m
m

2

H1 - m mod 2L â
s=0

f v-1

2
v H-1Ls ã-2 b ä s-ä b v v

s
Iã2 ä b v GHΑ, -ä a Hv - 2 sL zL H-ä a Hv - 2 sL zL-Α +

ã4 ä b s+ä Π v HHä a v - 2 ä a sL zL-Α GHΑ, Hä a v - 2 ä a sL zLM + H2 ä L-m-v zΑ â
k=0

f m-1

2
v H-1Lk-m m

k

â
s=0

f v-1

2
v H-1Ls ã-2 b ä s-ä b v v

s
I-ã4 ä b s+ä Π v GHΑ, H-2 c ä k + ä c m - 2 ä a s + ä a vL zL HH-2 c ä k + ä c m - 2 ä a s + ä a vL zL-Α -

ãä Π m+4 ä b s+ä Π v HH2 ä c k - ä c m - 2 ä a s + ä a vL zL-Α GHΑ, H2 ä c k - ä c m - 2 ä a s + ä a vL zL +

ã2 ä b v I-GHΑ, H-2 c ä k + ä c m + 2 ä a s - ä a vL zL HH-2 c ä k + ä c m + 2 ä a s - ä a vL zL-Α -

ãä m Π HH2 ä c k - ä c m + 2 ä a s - ä a vL zL-Α GHΑ, H2 ä c k - ä c m + 2 ä a s - ä a vL zLMM �; m Î N+ ì v Î N+
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01.06.21.1205.01à zn sinΜHc zL sinvHa z + bL â z �

2-v
v
v

2

n! H1 - v mod 2L sinΜHc zL I1 - ã2 ä c zM-Μ
 â
j=0

n H-1L j zn- jHn - jL ! H-ä c ΜL j+1
 j+2F j+1 -

Μ

2
, ¼, -

Μ

2
, -Μ; 1 -

Μ

2
, ¼, 1 -

Μ

2
; ã2 ä c z +

2-v n! sinΜHc zL I1 - ã2 ä c zM-Μ
 â

k=0

f v-1

2
v H-1Lk v

k
ã

ä Π v

2
-ä b Hv-2 kL-ä a Hv-2 kL z

â
j=0

n H-1L j zn- j H-ä a Hv - 2 kL - ä c ΜL- j-1Hn - jL !
 j+2F j+1 -

a H-2 k + vL + c Μ

2 c
, ¼, -

a H-2 k + vL + c Μ

2 c
,

-Μ; 1 -
a H-2 k + vL + c Μ

2 c
, ¼, 1 -

a H-2 k + vL + c Μ

2 c
; ã2 ä c z + ã-

1

2
ä Π v+b ä Hv-2 kL+a ä Hv-2 kL z

â
j=0

n H-1L j zn- j Ha ä Hv - 2 kL - ä c ΜL- j-1Hn - jL !
j+2F j+1 -

-a H-2 k + vL + c Μ

2 c
, ¼, -

-a H-2 k + vL + c Μ

2 c
,

-Μ; 1 -
-a H-2 k + vL + c Μ

2 c
, ¼, 1 -

-a H-2 k + vL + c Μ

2 c
; ã2 ä c z �; n Î N ì v Î N+

01.06.21.1206.01à zn sinmHc zL sinΝHb + a zL â z �

2-m
m
m

2

n! H1 - m mod 2L sinΝHb + a zL â
j=0

n H-1L j zn- j H-ä a ΝL- j-1Hn - jL !
 j+2F j+1 -

Ν

2
, ¼, -

Ν

2
, -Ν; 1 -

Ν

2
, ¼, 1 -

Ν

2
; ã2 ä Hb+a zL

I1 - ã2 ä Hb+a zLM-Ν
+ 2-m n! sinΝHb + a zL â

k=0

f m-1

2
v H-1Lk m

k

ã-
1

2
ä H-2 c z m+Π m+4 c k zL â

j=0

n H-1L j zn- j Hä c Hm - 2 kL - ä a ΝL- j-1Hn - jL !
 j+2F j+1 -

a Ν - c Hm - 2 kL
2 a

, ¼, -
a Ν - c Hm - 2 kL

2 a
,

-Ν; 1 -
a Ν - c Hm - 2 kL

2 a
, ¼, 1 -

a Ν - c Hm - 2 kL
2 a

; ã2 ä Hb+a zL + ã
1

2
ä H-2 c z m+Π m+4 c k zL

â
j=0

n H-1L j zn- j H-ä c Hm - 2 kL - ä a ΝL- j-1Hn - jL !
 j+2F j+1 -

c Hm - 2 kL + a Ν

2 a
, ¼, -

c Hm - 2 kL + a Ν

2 a
,

-Ν; 1 -
c Hm - 2 kL + a Ν

2 a
, ¼, 1 -

c Hm - 2 kL + a Ν

2 a
; ã2 ä Hb+a zL I1 - ã2 ä Hb+a zLM-Ν �; n Î N ì m Î N+

Involving zΑ-1 sinΜHc z + dL sinv Ha z + bL
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01.06.21.1207.01à zΑ-1 sinmHd + c zL sinvHb + a zL â z �

H-1Lm 2-m-v

Α
zΑ

m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L - 2-m-v ä-m zΑ
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk-m ã2 ä d k+ä d m m

kIã-2 ä d m GHΑ, ä c Hm - 2 kL zL Hä c Hm - 2 kL zL-Α + ãä m Π-4 ä d k HH2 ä c k - ä c mL zL-Α GHΑ, H2 ä c k - ä c mL zLM -

H-1Lm ä-v 2-m-v zΑ
m
m

2

H1 - m mod 2L â
s=0

f v-1

2
v H-1Ls ã-2 b ä s-ä b v v

s

Iã2 ä b v GHΑ, -ä a Hv - 2 sL zL H-ä a Hv - 2 sL zL-Α + ã4 ä b s+ä Π v HHä a v - 2 ä a sL zL-Α GHΑ, Hä a v - 2 ä a sL zLM +

2-m-v ä-m-v zΑ â
k=0

f m-1

2
v H-1Lk-m m

k
â
s=0

f v-1

2
v H-1Ls ã2 ä d k+ä d m-2 ä b s-ä b v v

s

I-ã-2 d ä m+4 ä b s+ä Π v GHΑ, H-2 c ä k + ä c m - 2 ä a s + ä a vL zL HH-2 c ä k + ä c m - 2 ä a s + ä a vL zL-Α -

ã-4 d ä k+4 ä b s+ä Π v+ä m Π HH2 ä c k - ä c m - 2 ä a s + ä a vL zL-Α GHΑ, H2 ä c k - ä c m - 2 ä a s + ä a vL zL +

ã2 ä b v I-ã-2 ä d m GHΑ, H-2 c ä k + ä c m + 2 ä a s - ä a vL zL HH-2 c ä k + ä c m + 2 ä a s - ä a vL zL-Α - ãä m Π-4 ä d kHH2 ä c k - ä c m + 2 ä a s - ä a vL zL-Α GHΑ, H2 ä c k - ä c m + 2 ä a s - ä a vL zLMM �; m Î N+ ì v Î N+

01.06.21.1208.01à zn sinΜHc z + dL sinvHa z + bL â z � 2-v
v
v

2

n! H1 - v mod 2L sinΜHd + c zL I1 - ã2 ä Hd+c zLM-Μ
 

â
j=0

n IH-1L j zn- jMHn - jL ! H-ä c ΜL j+1
 j+2F j+1 -

Μ

2
, ¼, -

Μ

2
, -Μ; 1 -

Μ

2
, ¼, 1 -

Μ

2
; ã2 ä Hd+c zL + 2-v I1 - ã2 ä Hd+c zLM-Μ

n! sinΜHd + c zL
â
k=0

f v-1

2
v H-1Lk v

k
ã-

1

2
ä H4 b k+4 a z k-2 b v+Π v-2 a v zL â

j=0

n H-1L j zn- j Hä a Hv - 2 kL - ä c ΜL- j-1Hn - jL !
 j+2F j+1 -

c Μ - a Hv - 2 kL
2 c

,

¼, -
c Μ - a Hv - 2 kL

2 c
, -Μ; 1 -

c Μ - a Hv - 2 kL
2 c

, ¼, 1 -
c Μ - a Hv - 2 kL

2 c
; ã2 ä Hd+c zL +

ã
1

2
ä H4 b k+4 a z k-2 b v+Π v-2 a v zL â

j=0

n H-1L j zn- j H-ä a Hv - 2 kL - ä c ΜL- j-1Hn - jL !
 j+2F j+1 -

a Hv - 2 kL + c Μ

2 c
, ¼,

-
a Hv - 2 kL + c Μ

2 c
, -Μ; 1 -

a Hv - 2 kL + c Μ

2 c
, ¼, 1 -

a Hv - 2 kL + c Μ

2 c
; ã2 ä Hd+c zL �; n Î N ì v Î N+

Involving zn  sinmHb zL sinv Ic zr M
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01.06.21.1209.01à zn sinmHb zL sinvIc z2M â z �

H-1Lm 2-m-v H1 - m mod 2L H1 - v mod 2L
n + 1

zn+1
m
m

2

v
v

2

- H-1Lm ä-v 2-m-v-1 zn+1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k

H-1Lv G
n + 1

2
, Hä c v - 2 ä c kL z2 IHä c v - 2 ä c kL z2M 1

2
H-n-1L

+ IH2 ä c k - ä c vL z2M 1

2
H-n-1L

G
n + 1

2
, H2 ä c k - ä c vL z2 -

ä-m 2-m-v zn+1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
IH-1Lm GHn + 1, Hä b m - 2 ä b kL zL HHä b m - 2 ä b kL zL-n-1 +

HH2 ä b k - ä b mL zL-n-1 GHn + 1, H2 ä b k - ä b mL zLM -

2-m-v-1 ä-m-v â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
ä b2 H2 k-mL2

4 c H2 s-vL â
j=0

n

2 j-n Hä b H2 k - mLLn- j H2 ä c H2 s - vL z - ä b H2 k - mLL j+1

ä H2 ä c H2 s - vL z - ä b H2 k - mLL2

c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H2 ä c H2 s - vL z - ä b H2 k - mLL2

4 c H2 s - vL
Hä c H2 s - vLL-n-1 + H-1Lm+v ã

-
ä b2 Hm-2 kL2

4 c H2 s-vL â
j=0

n

2 j-n Hä b Hm - 2 kLLn- j H2 ä c H2 s - vL z - ä b Hm - 2 kLL j+1

ä H2 ä c H2 s - vL z - ä b Hm - 2 kLL2

c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H2 ä c H2 s - vL z - ä b Hm - 2 kLL2

4 c H2 s - vL
Hä c H2 s - vLL-n-1 + ã

-
ä b2 H2 k-mL2

4 c Hv-2 sL Hä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä b H2 k - mLLn- j H2 ä c Hv - 2 sL z - ä b H2 k - mLL j+1

ä H2 ä c Hv - 2 sL z - ä b H2 k - mLL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H2 ä c Hv - 2 sL z - ä b H2 k - mLL2

4 c Hv - 2 sL +

H-1Lm ã
-

ä b2 Hm-2 kL2
4 c Hv-2 sL Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n Hä b Hm - 2 kLLn- j H2 ä c Hv - 2 sL z - ä b Hm - 2 kLL j+1

ä H2 ä c Hv - 2 sL z - ä b Hm - 2 kLL2

c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
,

ä H2 ä c Hv - 2 sL z - ä b Hm - 2 kLL2

4 c Hv - 2 sL �; n Î N ì m Î N+ ì v Î N+
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01.06.21.1210.01à zn sinmHb zL sinvIc z N â z �

H-1Lm 2-m-v H1 - m mod 2L H1 - v mod 2L
n + 1

 zn+1
m
m

2

v
v

2

+
1

b
 äm+1 2-m-v zn

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v

1

2 k - m
 H-1Lk m

k

Iãä m Π H-ä b Hm - 2 kL zL-n GHn + 1, -ä b Hm - 2 kL zL - H-ä b H2 k - mL zL-n GHn + 1, -ä b H2 k - mL zLM - H-1Lm

ä-v 2-m-v+1 zn+1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
KH-1Lv GI2 Hn + 1L, Hä c v - 2 ä c kL z N IHä c v - 2 ä c kL z N-2 Hn+1L

+

IH2 ä c k - ä c vL z N-2 Hn+1L
GI2 Hn + 1L, H2 ä c k - ä c vL z NO + 2-m-2 n-v-1 ä-m-v â

k=0

f m-1

2
v H-1Lk m

k

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

ä c2 Hv-2 sL2
4 b H2 k-mL â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I-2 ä b z H2 k - mL - ä c Hv - 2 sLNh+ j

-
ä I-2 ä b z H2 k - mL - ä c Hv - 2 sLN2

b H2 k - mL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 sL I-2 ä b z H2 k - mL -

ä c Hv - 2 sLN G
1

2
Hh + j + 1L, -

ä I-2 ä b z H2 k - mL - ä c Hv - 2 sLN2

4 b H2 k - mL -

2 ä b H2 k - mL -
ä I-2 ä b z H2 k - mL - ä c Hv - 2 sLN2

b H2 k - mL G
1

2
Hh + j + 2L,

-
ä I-2 ä b z H2 k - mL - ä c Hv - 2 sLN2

4 b H2 k - mL H-ä b H2 k - mLL-2 n-2 +

ã
ä c2 Hv-2 sL2
4 b H2 k-mL â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Iä c Hv - 2 sL - 2 ä b H2 k - mL z Nh+ j
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-
ä Iä c Hv - 2 sL - 2 ä b H2 k - mL z N2

b H2 k - mL
1

2
H-h- j-1L

j

h

n

j
ä c Hv - 2 sL

Iä c Hv - 2 sL - 2 ä b H2 k - mL z N G
1

2
Hh + j + 1L, -

ä Iä c Hv - 2 sL - 2 ä b H2 k - mL z N2

4 b H2 k - mL -

2 ä b H2 k - mL -
ä Iä c Hv - 2 sL - 2 ä b H2 k - mL z N2

b H2 k - mL G
1

2
Hh + j + 2L,

-
ä Iä c Hv - 2 sL - 2 ä b H2 k - mL z N2

4 b H2 k - mL H-ä b H2 k - mLL-2 n-2 + H-1Lm+v ã
ä c2 Hv-2 sL2
4 b Hm-2 kL

H-ä b Hm - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I-2 ä b z Hm - 2 kL - ä c Hv - 2 sLNh+ j

-
ä I-2 ä b z Hm - 2 kL - ä c Hv - 2 sLN2

b Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 sL

I-2 ä b z Hm - 2 kL - ä c Hv - 2 sLN G
1

2
Hh + j + 1L, -

ä I-2 ä b z Hm - 2 kL - ä c Hv - 2 sLN2

4 b Hm - 2 kL -

2 ä b Hm - 2 kL -
ä I-2 ä b z Hm - 2 kL - ä c Hv - 2 sLN2

b Hm - 2 kL
G

1

2
Hh + j + 2L, -

ä I-2 ä b z Hm - 2 kL - ä c Hv - 2 sLN2

4 b Hm - 2 kL + H-1Lm ã
ä c2 Hv-2 sL2
4 b Hm-2 kL

H-ä b Hm - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Iä c Hv - 2 sL - 2 ä b Hm - 2 kL z Nh+ j

-
ä Iä c Hv - 2 sL - 2 ä b Hm - 2 kL z N2

b Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
ä c Hv - 2 sL

-
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Iä c Hv - 2 sL - 2 ä b Hm - 2 kL z N G
1

2
Hh + j + 1L, -

ä Iä c Hv - 2 sL - 2 ä b Hm - 2 kL z N2

4 b Hm - 2 kL -

2 ä b Hm - 2 kL -
ä Iä c Hv - 2 sL - 2 ä b Hm - 2 kL z N2

b Hm - 2 kL G
1

2
Hh + j + 2L,

-
ä Iä c Hv - 2 sL - 2 ä b Hm - 2 kL z N2

4 b Hm - 2 kL �; n Î N ì m Î N+ ì v Î N+

Involving zn sinmHd z + eL sinv Ic zr M
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01.06.21.1211.01à zn sinmHe + d zL sinvIc z2M â z �

H-1Lm 2-m-v H1 - m mod 2L H1 - v mod 2L
n + 1

zn+1
m
m

2

v
v

2

- H-1Lm ä-v 2-m-v-1 zn+1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k

H-1Lv G
n + 1

2
, Hä c v - 2 ä c kL z2 IHä c v - 2 ä c kL z2M 1

2
H-n-1L

+ IH2 ä c k - ä c vL z2M 1

2
H-n-1L

G
n + 1

2
, H2 ä c k - ä c vL z2 -

ä-m 2-m-v zn+1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
IH-1Lm ã2 ä e k-ä e m GHn + 1, Hä d m - 2 ä d kL zL HHä d m - 2 ä d kL zL-n-1 +

ãä e m-2 ä e k HH2 ä d k - ä d mL zL-n-1 GHn + 1, H2 ä d k - ä d mL zLM -

2-m-v-1 ä-m-v â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
ä d2 H2 k-mL2

4 c H2 s-vL -ä e H2 k-mL

â
j=0

n

2 j-n Hä d H2 k - mLLn- j H2 ä c H2 s - vL z - ä d H2 k - mLL j+1
ä H2 ä c H2 s - vL z - ä d H2 k - mLL2

c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H2 ä c H2 s - vL z - ä d H2 k - mLL2

4 c H2 s - vL Hä c H2 s - vLL-n-1 + H-1Lm+v ã
-

ä d2 Hm-2 kL2
4 c H2 s-vL -ä e Hm-2 kL

â
j=0

n

2 j-n Hä d Hm - 2 kLLn- j H2 ä c H2 s - vL z - ä d Hm - 2 kLL j+1
ä H2 ä c H2 s - vL z - ä d Hm - 2 kLL2

c H2 s - vL
1

2
H- j-1L

n

j

G
j + 1

2
,

ä H2 ä c H2 s - vL z - ä d Hm - 2 kLL2

4 c H2 s - vL Hä c H2 s - vLL-n-1 + ã
-

ä d2 H2 k-mL2
4 c Hv-2 sL -ä e H2 k-mL Hä c Hv - 2 sLL-n-1

â
j=0

n

2 j-n Hä d H2 k - mLLn- j H2 ä c Hv - 2 sL z - ä d H2 k - mLL j+1
ä H2 ä c Hv - 2 sL z - ä d H2 k - mLL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H2 ä c Hv - 2 sL z - ä d H2 k - mLL2

4 c Hv - 2 sL + H-1Lm ã
-

ä d2 Hm-2 kL2
4 c Hv-2 sL -ä e Hm-2 kL Hä c Hv - 2 sLL-n-1

â
j=0

n

2 j-n Hä d Hm - 2 kLLn- j H2 ä c Hv - 2 sL z - ä d Hm - 2 kLL j+1
ä H2 ä c Hv - 2 sL z - ä d Hm - 2 kLL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H2 ä c Hv - 2 sL z - ä d Hm - 2 kLL2

4 c Hv - 2 sL �; n Î N ì m Î N+ ì v Î N+
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01.06.21.1212.01à zn sinmHd z + eL sinvIc z N â z �

H-1Lm 2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+
1

d
 äm+1 2-m-v zn

v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v

1

2 k - m
 H-1Lk ã2 ä e k+ä e m m

k
Iãä m Π-4 ä e k H-ä d Hm - 2 kL zL-n GHn + 1, -ä d Hm - 2 kL zL -

ã-2 ä e m H-ä d H2 k - mL zL-n GHn + 1, -ä d H2 k - mL zLM - H-1Lm ä-v 2-m-v+1 zn+1

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
KH-1Lv GI2 Hn + 1L, Hä c v - 2 ä c kL z N IHä c v - 2 ä c kL z N-2 Hn+1L

+

IH2 ä c k - ä c vL z N-2 Hn+1L
GI2 Hn + 1L, H2 ä c k - ä c vL z NO + 2-m-2 n-v-1 ä-m-v â

k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls

v

s
H-1Lv ã

ä c2 Hv-2 sL2
4 d H2 k-mL -ä e H2 k-mL â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I-2 ä d z H2 k - mL - ä c Hv - 2 sLNh+ j

-
ä I-2 ä d z H2 k - mL - ä c Hv - 2 sLN2

d H2 k - mL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 sL I-2 ä d z H2 k - mL -

ä c Hv - 2 sLN G
1

2
Hh + j + 1L, -

ä I-2 ä d z H2 k - mL - ä c Hv - 2 sLN2

4 d H2 k - mL -

2 ä d H2 k - mL -
ä I-2 ä d z H2 k - mL - ä c Hv - 2 sLN2

d H2 k - mL G
1

2
Hh + j + 2L,

-
ä I-2 ä d z H2 k - mL - ä c Hv - 2 sLN2

4 d H2 k - mL H-ä d H2 k - mLL-2 n-2 +
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ã
ä c2 Hv-2 sL2
4 d H2 k-mL -ä e H2 k-mL â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Iä c Hv - 2 sL - 2 ä d H2 k - mL z Nh+ j

-
ä Iä c Hv - 2 sL - 2 ä d H2 k - mL z N2

d H2 k - mL
1

2
H-h- j-1L

j

h

n

j
ä c Hv - 2 sL

Iä c Hv - 2 sL - 2 ä d H2 k - mL z N G
1

2
Hh + j + 1L, -

ä Iä c Hv - 2 sL - 2 ä d H2 k - mL z N2

4 d H2 k - mL -

2 ä d H2 k - mL -
ä Iä c Hv - 2 sL - 2 ä d H2 k - mL z N2

d H2 k - mL G
1

2
Hh + j + 2L,

-
ä Iä c Hv - 2 sL - 2 ä d H2 k - mL z N2

4 d H2 k - mL H-ä d H2 k - mLL-2 n-2 + H-1Lm+v ã
ä c2 Hv-2 sL2
4 d Hm-2 kL -ä e Hm-2 kL

H-ä d Hm - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLNh+ j

-
ä I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLN2

d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 sL

I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLN G
1

2
Hh + j + 1L, -

ä I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLN2

4 d Hm - 2 kL -

2 ä d Hm - 2 kL -
ä I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLN2

d Hm - 2 kL G
1

2
Hh + j + 2L,

-
ä I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLN2

4 d Hm - 2 kL + H-1Lm ã
ä c2 Hv-2 sL2
4 d Hm-2 kL -ä e Hm-2 kL

H-ä d Hm - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z Nh+ j
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-
ä Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N2

d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
ä c Hv - 2 sL

Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N G
1

2
Hh + j + 1L, -

ä Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N2

4 d Hm - 2 kL -

2 ä d Hm - 2 kL -
ä Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N2

d Hm - 2 kL G
1

2
Hh + j + 2L,

-
ä Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N2

4 d Hm - 2 kL �; n Î N ì m Î N+ ì v Î N+

Involving zΑ-1 sinmIb zr M sinv Ic zr M
01.06.21.1213.01à zΑ-1 sinmHb zrL sinvHc zrL â z �

H-1Lm 2-m-v H1 - m mod 2L H1 - v mod 2L
Α

zΑ
m
m

2

v
v

2

-
ä-m 2-m-v zΑ

r

v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk m

k
H-1Lm G

Α

r
, Hä b m - 2 ä b kL zr HHä b m - 2 ä b kL zrL-

Α

r + HH2 ä b k - ä b mL zrL-
Α

r G
Α

r
, H2 ä b k - ä b mL zr -

H-1Lm ä-v 2-m-v zΑ

r

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k

H-1Lv G
Α

r
, Hä c v - 2 ä c kL zr HHä c v - 2 ä c kL zrL-

Α

r + HH2 ä c k - ä c vL zrL-
Α

r G
Α

r
, H2 ä c k - ä c vL zr -

ä-m-v 2-m-v zΑ

r

â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lm+v G

Α

r
, H-2 b ä k + ä b m - 2 ä c s + ä c vL zr HH-2 b ä k + ä b m - 2 ä c s + ä c vL zrL-

Α

r +

H-1Lv HH2 ä b k - ä b m - 2 ä c s + ä c vL zrL-
Α

r G
Α

r
, H2 ä b k - ä b m - 2 ä c s + ä c vL zr +

H-1Lm HH-2 b ä k + ä b m + 2 ä c s - ä c vL zrL-
Α

r G
Α

r
, H-2 b ä k + ä b m + 2 ä c s - ä c vL zr +

HH2 ä b k - ä b m + 2 ä c s - ä c vL zrL-
Α

r G
Α

r
, H2 ä b k - ä b m + 2 ä c s - ä c vL zr �; m Î N+ ì v Î N+
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01.06.21.1214.01à zn sinmIb z2M sinvIc z2M â z �

-2-m-v-1
v
v

2

H1 - v mod 2L zn+1 â
k=0

f m-1

2
v H-1Lk m

k
ã-

ä m Π

2 G
n + 1

2
, -ä b Hm - 2 kL z2 I-ä b Hm - 2 kL z2M 1

2
H-n-1L

+

ã
ä m Π

2 Iä b Hm - 2 kL z2M 1

2
H-n-1L

G
n + 1

2
, ä b Hm - 2 kL z2 -

2-m-v-1
m
m

2

H1 - m mod 2L zn+1 â
s=0

f v-1

2
v H-1Ls v

s
ã-

ä v Π

2 G
n + 1

2
, -ä c Hv - 2 sL z2 I-ä c Hv - 2 sL z2M 1

2
H-n-1L

+

ã
ä v Π

2 Iä c Hv - 2 sL z2M 1

2
H-n-1L

G
n + 1

2
, ä c Hv - 2 sL z2 - 2-m-v-1 zn+1 

â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã-

ä Hm-vL Π

2 G
n + 1

2
, Hä c Hv - 2 sL - ä b Hm - 2 kLL z2 IHä c Hv - 2 sL - ä b Hm - 2 kLL z2M 1

2
H-n-1L

+

ã
1

2
ä Hm+vL Π IHb ä Hm - 2 kL + c ä Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hb ä Hm - 2 kL + c ä Hv - 2 sLL z2 +

ã-
ä Hm+vL Π

2 IH-ä b Hm - 2 kL - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, H-ä b Hm - 2 kL - ä c Hv - 2 sLL z2 +

ã
1

2
ä Hm-vL Π IHä b Hm - 2 kL - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b Hm - 2 kL - ä c Hv - 2 sLL z2 +

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

�; n Î N ì m Î N+ ì v Î N+
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01.06.21.1215.01

à zn sinmI z b + eN sinvIc z N â z � H-1Ln 2-m-v+1
v
v

2

H1 - v mod 2L b-2 Hn+1L â
k=0

f m-1

2
v H-1Lk m

k
Hm - 2 kL-2 Hn+1L

ãä e Hm-2 kL-
ä m Π

2 GI2 Hn + 1L, -ä b Hm - 2 kL z N + ã
ä m Π

2
-ä e Hm-2 kL GI2 Hn + 1L, ä b Hm - 2 kL z N +

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ H-1Ln 2-m-v+1 c-2 Hn+1L m
m

2

H1 - m mod 2L
â
s=0

f v-1

2
v H-1Ls v

s
Hv - 2 sL-2 Hn+1L ã-

ä v Π

2 GI2 Hn + 1L, -ä c Hv - 2 sL z N + ã
ä v Π

2 GI2 Hn + 1L, ä c Hv - 2 sL z N -

2-m-v+1 zn+1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ãä e Hm-2 kL-

1

2
ä Hm-vL Π GI2 Hn + 1L, Hä c Hv - 2 sL - ä b Hm - 2 kLL z N

IHä c Hv - 2 sL - ä b Hm - 2 kLL z N-2 Hn+1L
+ ã

1

2
ä Hm+vL Π-ä e Hm-2 kL IHb ä Hm - 2 kL + c ä Hv - 2 sLL z N-2 Hn+1L

GI2 Hn + 1L, Hb ä Hm - 2 kL + c ä Hv - 2 sLL z N + ãä e Hm-2 kL-
1

2
ä Hm+vL Π IH-ä b Hm - 2 kL - ä c Hv - 2 sLL z N-2 Hn+1L

GI2 Hn + 1L, H-ä b Hm - 2 kL - ä c Hv - 2 sLL z N + ã
1

2
ä Hm-vL Π-ä e Hm-2 kL IHä b Hm - 2 kL - ä c Hv - 2 sLL z N-2 Hn+1L

GI2 Hn + 1L, Hä b Hm - 2 kL - ä c Hv - 2 sLL z N �; n Î N ì m Î N+ ì v Î N+

Involving zn sinmHd zL sinv Ic zr + gM
01.06.21.1216.01à zn sinmHd zL sinvIc z2 + gM â z �

-2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
ãä g Hv-2 kL-

ä Π v

2 G
n + 1

2
, -ä c Hv - 2 kL z2 I-ä c Hv - 2 kL z2M 1

2
H-n-1L

+

ã
ä Π v

2
-ä g Hv-2 kL Iä c Hv - 2 kL z2M 1

2
H-n-1L

G
n + 1

2
, ä c Hv - 2 kL z2 zn+1 +

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ H-1Ln 2-m-v
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k

ã
ä m Π

2 GHn + 1, ä d Hm - 2 kL zL H-ä d Hm - 2 kLL-n-1 + ã-
1

2
ä m Π Hä d Hm - 2 kLL-n-1 GHn + 1, -ä d Hm - 2 kL zL -

2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

d2 ä Hm-2 kL2
4 c Hv-2 sL +

ä Π v

2
-ä g Hv-2 sL+

ä m Π

2
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â
j=0

n

2 j-n Hä d Hm - 2 kLLn- j H-ä d Hm - 2 kL - 2 ä c Hv - 2 sL zL j+1 -
ä H-ä d Hm - 2 kL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d Hm - 2 kL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
d2 ä Hm-2 kL2

4 c Hv-2 sL +
ä Π v

2
-ä g Hv-2 sL-

ä m Π

2 â
j=0

n

2 j-n H-ä d Hm - 2 kLLn- j Hä d Hm - 2 kL - 2 ä c Hv - 2 sL zL j+1

-
ä Hä d Hm - 2 kL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hä d Hm - 2 kL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL
H-ä c Hv - 2 sLL-n-1 + ã

-
ä d2 Hm-2 kL2

4 c Hv-2 sL +g ä Hv-2 sL-
ä Π v

2
+

ä m Π

2 Hä c Hv - 2 sLL-n-1

â
j=0

n

2 j-n Hä d Hm - 2 kLLn- j H2 ä c Hv - 2 sL z - ä d Hm - 2 kLL j+1
ä H2 ä c Hv - 2 sL z - ä d Hm - 2 kLL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H2 ä c Hv - 2 sL z - ä d Hm - 2 kLL2

4 c Hv - 2 sL + ã
-

ä d2 Hm-2 kL2
4 c Hv-2 sL +g ä Hv-2 sL-

ä Π v

2
-

ä m Π

2 Hä c Hv - 2 sLL-n-1

â
j=0

n

2 j-n H-ä d Hm - 2 kLLn- j Hd ä Hm - 2 kL + 2 c ä Hv - 2 sL zL j+1
ä Hd ä Hm - 2 kL + 2 c ä Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd ä Hm - 2 kL + 2 c ä Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì m Î N+ ì v Î N+

01.06.21.1217.01à zn sinmHd zL sinvI z c + gN â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ H-1Ln 2-m-v
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k

ã
ä m Π

2 GHn + 1, ä d Hm - 2 kL zL H-ä d Hm - 2 kLL-n-1 + ã-
1

2
ä m Π Hä d Hm - 2 kLL-n-1 GHn + 1, -ä d Hm - 2 kL zL +

2-m-v+1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk+n Hc Hv - 2 kLL-2 Hn+1L v

k
ãä g Hv-2 kL-

ä Π v

2 GI2 Hn + 1L, -ä c Hv - 2 kL z N +

ã
ä Π v

2
-ä g Hv-2 kL GI2 Hn + 1L, ä c Hv - 2 kL z N + 2-m-2 n-v-1 â

k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
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ã
c2 ä Hv-2 sL2
4 d Hm-2 kL -ä g Hv-2 sL+

ä Π v

2
+

ä m Π

2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLNh+ j

-
ä I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLN2

d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 sL I-2 ä d z Hm - 2 kL -

ä c Hv - 2 sLN G
1

2
Hh + j + 1L, -

ä I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLN2

4 d Hm - 2 kL -

2 ä d Hm - 2 kL -
ä I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLN2

d Hm - 2 kL G
1

2
Hh + j + 2L,

-
ä I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLN2

4 d Hm - 2 kL H-ä d Hm - 2 kLL-2 Hn+1L +

ã
c2 ä Hv-2 sL2
4 d Hm-2 kL +g ä Hv-2 sL-

ä Π v

2
+

ä m Π

2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z Nh+ j

-
ä Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N2

d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
ä c Hv - 2 sL

Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N G
1

2
Hh + j + 1L, -

ä Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N2

4 d Hm - 2 kL -

2 ä d Hm - 2 kL -
ä Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N2

d Hm - 2 kL G
1

2
Hh + j + 2L,

-
ä Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N2

4 d Hm - 2 kL H-ä d Hm - 2 kLL-2 Hn+1L +

ã
-

ä c2 Hv-2 sL2
4 d Hm-2 kL -ä g Hv-2 sL+

ä Π v

2
-

ä m Π

2 Hä d Hm - 2 kLL-2 Hn+1L â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n
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I2 ä d Hm - 2 kL z - ä c Hv - 2 sLNh+ j
ä I2 ä d Hm - 2 kL z - ä c Hv - 2 sLN2

d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
2 ä d Hm - 2 kL ä I2 ä d Hm - 2 kL z - ä c Hv - 2 sLN2

d Hm - 2 kL G
1

2
Hh + j + 2L,

ä I2 ä d Hm - 2 kL z - ä c Hv - 2 sLN2

4 d Hm - 2 kL - ä c Hv - 2 sL I2 ä d Hm - 2 kL z - ä c Hv - 2 sLN

G
1

2
Hh + j + 1L, ä I2 ä d Hm - 2 kL z - ä c Hv - 2 sLN2

4 d Hm - 2 kL + ã
-

ä c2 Hv-2 sL2
4 d Hm-2 kL +g ä Hv-2 sL-

ä Π v

2
-

ä m Π

2

Hä d Hm - 2 kLL-2 Hn+1L â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n I2 d ä z Hm - 2 kL + c ä Hv - 2 sLNh+ j

ä I2 d ä z Hm - 2 kL + c ä Hv - 2 sLN2

d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL

I2 d ä z Hm - 2 kL + c ä Hv - 2 sLN G
1

2
Hh + j + 1L, ä I2 d ä z Hm - 2 kL + c ä Hv - 2 sLN2

4 d Hm - 2 kL +

2 d ä Hm - 2 kL ä I2 d ä z Hm - 2 kL + c ä Hv - 2 sLN2

d Hm - 2 kL G
1

2
Hh + j + 2L,

ä I2 d ä z Hm - 2 kL + c ä Hv - 2 sLN2

4 d Hm - 2 kL �; n Î N ì m Î N+ ì v Î N+

Involving zn sinmHd z + eL sinv Ic zr + gM
01.06.21.1218.01à zn sinmHe + d zL sinvIc z2 + gM â z �

-2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
ãä g Hv-2 kL-

ä Π v

2 G
n + 1

2
, -ä c Hv - 2 kL z2 I-ä c Hv - 2 kL z2M 1

2
H-n-1L

+

z +

+
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ã
ä Π v

2
-ä g Hv-2 kL Iä c Hv - 2 kL z2M 1

2
H-n-1L

G
n + 1

2
, ä c Hv - 2 kL z2 zn+1 +

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ H-1Ln 2-m-v
v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk m

k
ã

ä m Π

2
-ä e Hm-2 kL GHn + 1, ä d Hm - 2 kL zL H-ä d Hm - 2 kLL-n-1 +

ãä e Hm-2 kL-
ä m Π

2 Hä d Hm - 2 kLL-n-1 GHn + 1, -ä d Hm - 2 kL zL -

2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

d2 ä Hm-2 kL2
4 c Hv-2 sL -ä e Hm-2 kL+

ä Π v

2
-ä g Hv-2 sL+

ä m Π

2

â
j=0

n

2 j-n Hä d Hm - 2 kLLn- j H-ä d Hm - 2 kL - 2 ä c Hv - 2 sL zL j+1 -
ä H-ä d Hm - 2 kL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d Hm - 2 kL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
d2 ä Hm-2 kL2

4 c Hv-2 sL +e ä Hm-2 kL+
ä Π v

2
-ä g Hv-2 sL-

ä m Π

2 â
j=0

n

2 j-n H-ä d Hm - 2 kLLn- j Hä d Hm - 2 kL - 2 ä c Hv - 2 sL zL j+1

-
ä Hä d Hm - 2 kL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hä d Hm - 2 kL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL
H-ä c Hv - 2 sLL-n-1 + ã

-
ä d2 Hm-2 kL2

4 c Hv-2 sL -ä e Hm-2 kL+g ä Hv-2 sL-
ä Π v

2
+

ä m Π

2 Hä c Hv - 2 sLL-n-1

â
j=0

n

2 j-n Hä d Hm - 2 kLLn- j H2 ä c Hv - 2 sL z - ä d Hm - 2 kLL j+1
ä H2 ä c Hv - 2 sL z - ä d Hm - 2 kLL2

c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
,

ä H2 ä c Hv - 2 sL z - ä d Hm - 2 kLL2

4 c Hv - 2 sL + ã
-

ä d2 Hm-2 kL2
4 c Hv-2 sL +e ä Hm-2 kL+g ä Hv-2 sL-

ä Π v

2
-

ä m Π

2 Hä c Hv - 2 sLL-n-1

â
j=0

n

2 j-n H-ä d Hm - 2 kLLn- j Hd ä Hm - 2 kL + 2 c ä Hv - 2 sL zL j+1
ä Hd ä Hm - 2 kL + 2 c ä Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd ä Hm - 2 kL + 2 c ä Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì m Î N+ ì v Î N+
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01.06.21.1219.01

à zn sinmHd z + eL sinvI z c + gN â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+

H-1Ln 2-m-v
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

ä m Π

2
-ä e Hm-2 kL GHn + 1, ä d Hm - 2 kL zL H-ä d Hm - 2 kLL-n-1 +

ãä e Hm-2 kL-
ä m Π

2 Hä d Hm - 2 kLL-n-1 GHn + 1, -ä d Hm - 2 kL zL + 2-m-v+1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk+n v

k

Hc Hv - 2 kLL-2 Hn+1L ãä g Hv-2 kL-
ä Π v

2 GI2 Hn + 1L, -ä c Hv - 2 kL z N + ã
ä Π v

2
-ä g Hv-2 kL GI2 Hn + 1L, ä c Hv - 2 kL z N +

2-m-2 n-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

c2 ä Hv-2 sL2
4 d Hm-2 kL -ä g Hv-2 sL-ä e Hm-2 kL+

ä Π v

2
+

ä m Π

2

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLNh+ j

-
ä I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLN2

d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 sL I-2 ä d z Hm - 2 kL -

ä c Hv - 2 sLN G
1

2
Hh + j + 1L, -

ä I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLN2

4 d Hm - 2 kL -

2 ä d Hm - 2 kL -
ä I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLN2

d Hm - 2 kL G
1

2
Hh + j + 2L,

-
ä I-2 ä d z Hm - 2 kL - ä c Hv - 2 sLN2

4 d Hm - 2 kL H-ä d Hm - 2 kLL-2 Hn+1L +

ã
c2 ä Hv-2 sL2
4 d Hm-2 kL +g ä Hv-2 sL-ä e Hm-2 kL-

ä Π v

2
+

ä m Π

2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Iä c Hv - 2 sL - 2 ä d

z N
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Hm - 2 kL z Nh+ j
-

ä Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N2

d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
ä c Hv - 2 sL

Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N G
1

2
Hh + j + 1L, -

ä Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N2

4 d Hm - 2 kL -

2 ä d Hm - 2 kL -
ä Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N2

d Hm - 2 kL G
1

2
Hh + j + 2L,

-
ä Iä c Hv - 2 sL - 2 ä d Hm - 2 kL z N2

4 d Hm - 2 kL H-ä d Hm - 2 kLL-2 Hn+1L +

ã
-

ä c2 Hv-2 sL2
4 d Hm-2 kL -ä g Hv-2 sL+e ä Hm-2 kL+

ä Π v

2
-

ä m Π

2 Hä d Hm - 2 kLL-2 Hn+1L â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n

I2 ä d Hm - 2 kL z - ä c Hv - 2 sLNh+ j
ä I2 ä d Hm - 2 kL z - ä c Hv - 2 sLN2

d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
2 ä d Hm - 2 kL ä I2 ä d Hm - 2 kL z - ä c Hv - 2 sLN2

d Hm - 2 kL G
1

2
Hh + j + 2L,

ä I2 ä d Hm - 2 kL z - ä c Hv - 2 sLN2

4 d Hm - 2 kL - ä c Hv - 2 sL I2 ä d Hm - 2 kL z - ä c Hv - 2 sLN

G
1

2
Hh + j + 1L, ä I2 ä d Hm - 2 kL z - ä c Hv - 2 sLN2

4 d Hm - 2 kL + ã
-

ä c2 Hv-2 sL2
4 d Hm-2 kL +g ä Hv-2 sL+e ä Hm-2 kL-

ä Π v

2
-

ä m Π

2

Hä d Hm - 2 kLL-2 Hn+1L â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n I2 d ä z Hm - 2 kL + c ä Hv - 2 sLNh+ j

ä I2 d ä z Hm - 2 kL + c ä Hv - 2 sLN2

d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL

+
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I2 d ä z Hm - 2 kL + c ä Hv - 2 sLN G
1

2
Hh + j + 1L, ä I2 d ä z Hm - 2 kL + c ä Hv - 2 sLN2

4 d Hm - 2 kL +

2 d ä Hm - 2 kL ä I2 d ä z Hm - 2 kL + c ä Hv - 2 sLN2

d Hm - 2 kL G
1

2
Hh + j + 2L,

ä I2 d ä z Hm - 2 kL + c ä Hv - 2 sLN2

4 d Hm - 2 kL �; n Î N ì m Î N+ ì v Î N+

Involving zΑ-1 sinmIb zr M sinv Ic zr + gM
01.06.21.1220.01à zΑ-1 sinmHb zrL sinvHc zr + gL â z �

H-1Lm 2-m-v zΑ
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
Α

-
1

r
 ä-m 2-m-v zΑ

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k

H-1Lm G
Α

r
, Hä b m - 2 ä b kL zr HHä b m - 2 ä b kL zrL-

Α

r + HH2 ä b k - ä b mL zrL-
Α

r G
Α

r
, H2 ä b k - ä b mL zr -

1

r
 H-1Lm ä-v 2-m-v zΑ

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã2 ä g k-ä g v G

Α

r
, Hä c v - 2 ä c kL zr HHä c v - 2 ä c kL zrL-

Α

r +

ãä g v-2 ä g k HH2 ä c k - ä c vL zrL-
Α

r G
Α

r
, H2 ä c k - ä c vL zr -

1

r
 H2 ä L-m-v zΑ â

k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lm+v ã2 ä g s-ä g v G

Α

r
, H-2 b ä k + ä b m - 2 ä c s + ä c vL zr

HH-2 b ä k + ä b m - 2 ä c s + ä c vL zrL-
Α

r + H-1Lv ã2 ä g s-ä g v HH2 ä b k - ä b m - 2 ä c s + ä c vL zrL-
Α

r

G
Α

r
, H2 ä b k - ä b m - 2 ä c s + ä c vL zr + H-1Lm ãä g v-2 ä g s HH-2 b ä k + ä b m + 2 ä c s - ä c vL zrL-

Α

r

G
Α

r
, H-2 b ä k + ä b m + 2 ä c s - ä c vL zr + ãä g v-2 ä g s HH2 ä b k - ä b m + 2 ä c s - ä c vL zrL-

Α

r

G
Α

r
, H2 ä b k - ä b m + 2 ä c s - ä c vL zr �; m Î N+ ì v Î N+
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01.06.21.1221.01à zn sinmIb z2M sinvIc z2 + gM â z �

-2-m-v-1
v
v

2

H1 - v mod 2L zn+1 â
k=0

f m-1

2
v H-1Lk m

k
ã-

ä m Π

2 G
n + 1

2
, -ä b Hm - 2 kL z2 I-ä b Hm - 2 kL z2M 1

2
H-n-1L

+

ã
ä m Π

2 Iä b Hm - 2 kL z2M 1

2
H-n-1L

G
n + 1

2
, ä b Hm - 2 kL z2 -

2-m-v-1
m
m

2

H1 - m mod 2L zn+1 â
s=0

f v-1

2
v H-1Ls v

s
ãä g Hv-2 sL-

ä v Π

2 G
n + 1

2
, -ä c Hv - 2 sL z2 I-ä c Hv - 2 sL z2M 1

2
H-n-1L

+

ã
ä v Π

2
-ä g Hv-2 sL Iä c Hv - 2 sL z2M 1

2
H-n-1L

G
n + 1

2
, ä c Hv - 2 sL z2 - 2-m-v-1 zn+1 â

k=0

f m-1

2
v H-1Lk m

k

â
s=0

f v-1

2
v H-1Ls v

s
ã-

1

2
ä Π Hm-vL-ä g Hv-2 sL G

n + 1

2
, Hä c Hv - 2 sL - ä b Hm - 2 kLL z2 IHä c Hv - 2 sL - ä b Hm - 2 kLL z2M 1

2
H-n-1L

+

ã
1

2
ä Hm+vL Π-ä g Hv-2 sL IHb ä Hm - 2 kL + c ä Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hb ä Hm - 2 kL + c ä Hv - 2 sLL z2 +

ãä g Hv-2 sL-
1

2
ä Hm+vL Π IH-ä b Hm - 2 kL - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, H-ä b Hm - 2 kL - ä c Hv - 2 sLL z2 +

ã
1

2
ä Π Hm-vL+g ä Hv-2 sL IHä b Hm - 2 kL - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b Hm - 2 kL - ä c Hv - 2 sLL z2 +

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

�; n Î N ì m Î N+ ì v Î

N+
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01.06.21.1222.01à zn sinmIb z N sinvI z c + gN â z � H-1Ln 2-m-v+1
v
v

2

H1 - v mod 2L b-2 Hn+1L 

â
k=0

f m-1

2
v H-1Lk m

k
Hm - 2 kL-2 Hn+1L ã-

ä m Π

2 GI2 Hn + 1L, -ä b Hm - 2 kL z N + ã
ä m Π

2 GI2 Hn + 1L, ä b Hm - 2 kL z N +

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ H-1Ln 2-m-v+1 c-2 Hn+1L m
m

2

H1 - m mod 2L
â
s=0

f v-1

2
v H-1Ls v

s
Hv - 2 sL-2 Hn+1L ãä g Hv-2 sL-

ä v Π

2 GI2 Hn + 1L, -ä c Hv - 2 sL z N + ã
ä v Π

2
-ä g Hv-2 sL GI2 Hn + 1L, ä c Hv - 2 sL z N -

2-m-v+1 zn+1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã-

1

2
ä Π Hm-vL-ä g Hv-2 sL GI2 Hn + 1L, Hä c Hv - 2 sL - ä b Hm - 2 kLL z N

IHä c Hv - 2 sL - ä b Hm - 2 kLL z N-2 Hn+1L
+ ã

1

2
ä Hm+vL Π-ä g Hv-2 sL IHb ä Hm - 2 kL + c ä Hv - 2 sLL z N-2 Hn+1L

GI2 Hn + 1L, Hb ä Hm - 2 kL + c ä Hv - 2 sLL z N + ãä g Hv-2 sL-
1

2
ä Hm+vL Π IH-ä b Hm - 2 kL - ä c Hv - 2 sLL z N-2 Hn+1L

GI2 Hn + 1L, H-ä b Hm - 2 kL - ä c Hv - 2 sLL z N + ã
1

2
ä Π Hm-vL+g ä Hv-2 sL IHä b Hm - 2 kL - ä c Hv - 2 sLL z N-2 Hn+1L

GI2 Hn + 1L, Hä b Hm - 2 kL - ä c Hv - 2 sLL z N �; n Î N ì m Î N+ ì v Î N+

Involving zΑ-1 sinmIb zr + eM sinv Ic zr + gM
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01.06.21.1223.01à zΑ-1 sinmHb zr + eL sinvHc zr + gL â z �
H-1Lm 2-m-v H1 - m mod 2L H1 - v mod 2L

Α
zΑ

m
m

2

v
v

2

-

ä-m 2-m-v zΑ

r

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
H-1Lm ã2 ä k e-ä m e G

Α

r
, Hä b m - 2 ä b kL zr HHä b m - 2 ä b kL zrL-

Α

r +

ãä m e-2 ä k e HH2 ä b k - ä b mL zrL-
Α

r G
Α

r
, H2 ä b k - ä b mL zr -

H-1Lm ä-v 2-m-v zΑ

r

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã2 ä g k-ä g v G

Α

r
, Hä c v - 2 ä c kL zr HHä c v - 2 ä c kL zrL-

Α

r +

ãä g v-2 ä g k HH2 ä c k - ä c vL zrL-
Α

r G
Α

r
, H2 ä c k - ä c vL zr -

ä-m-v 2-m-v zΑ

r
â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lm+v ã2 ä k e-ä m e+2 ä g s-ä g v G

Α

r
, H-2 b ä k + ä b m - 2 ä c s + ä c vL zr

HH-2 b ä k + ä b m - 2 ä c s + ä c vL zrL-
Α

r + H-1Lv ã-2 ä k e+ä m e+2 ä g s-ä g v HH2 ä b k - ä b m - 2 ä c s + ä c vL zrL-
Α

r

G
Α

r
, H2 ä b k - ä b m - 2 ä c s + ä c vL zr + H-1Lm ã2 ä k e-ä m e-2 ä g s+ä g v

HH-2 b ä k + ä b m + 2 ä c s - ä c vL zrL-
Α

r G
Α

r
, H-2 b ä k + ä b m + 2 ä c s - ä c vL zr + ã-2 ä k e+ä m e-2 ä g s+ä g v

HH2 ä b k - ä b m + 2 ä c s - ä c vL zrL-
Α

r G
Α

r
, H2 ä b k - ä b m + 2 ä c s - ä c vL zr �; m Î N+ ì v Î N+
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01.06.21.1224.01à zn sinmIb z2 + eM sinvIc z2 + gM â z �

-2-m-v-1
v
v

2

H1 - v mod 2L zn+1 â
k=0

f m-1

2
v H-1Lk m

k
ãä e Hm-2 kL-

ä m Π

2 G
n + 1

2
, -ä b Hm - 2 kL z2 I-ä b Hm - 2 kL z2M 1

2
H-n-1L

+

ã
ä m Π

2
-ä e Hm-2 kL Iä b Hm - 2 kL z2M 1

2
H-n-1L

G
n + 1

2
, ä b Hm - 2 kL z2 -

2-m-v-1
m
m

2

H1 - m mod 2L zn+1 â
s=0

f v-1

2
v H-1Ls v

s
ãä g Hv-2 sL-

ä v Π

2 G
n + 1

2
, -ä c Hv - 2 sL z2 I-ä c Hv - 2 sL z2M 1

2
H-n-1L

+

ã
ä v Π

2
-ä g Hv-2 sL Iä c Hv - 2 sL z2M 1

2
H-n-1L

G
n + 1

2
, ä c Hv - 2 sL z2 -

2-m-v-1 zn+1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ãe ä Hm-2 kL-ä g Hv-2 sL-

1

2
ä Hm-vL Π G

n + 1

2
, Hä c Hv - 2 sL - ä b Hm - 2 kLL z2

IHä c Hv - 2 sL - ä b Hm - 2 kLL z2M 1

2
H-n-1L

+ ã-ä e Hm-2 kL+
1

2
ä Π Hm+vL-ä g Hv-2 sL IHb ä Hm - 2 kL + c ä Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hb ä Hm - 2 kL + c ä Hv - 2 sLL z2 + ãe ä Hm-2 kL+g ä Hv-2 sL-

1

2
ä Hm+vL Π

IH-ä b Hm - 2 kL - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, H-ä b Hm - 2 kL - ä c Hv - 2 sLL z2 +

ã-ä e Hm-2 kL+
1

2
ä Π Hm-vL+g ä Hv-2 sL IHä b Hm - 2 kL - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b Hm - 2 kL - ä c Hv - 2 sLL z2 +

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

�; n Î N ì m Î N+ ì v Î

N+
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01.06.21.1225.01

à zn sinmI z b + eN sinvI z c + gN â z � H-1Ln 2-m-v+1
v
v

2

H1 - v mod 2L b-2 Hn+1L â
k=0

f m-1

2
v H-1Lk m

k
Hm - 2 kL-2 Hn+1L

ãä e Hm-2 kL-
ä m Π

2 GI2 Hn + 1L, -ä b Hm - 2 kL z N + ã
ä m Π

2
-ä e Hm-2 kL GI2 Hn + 1L, ä b Hm - 2 kL z N +

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ H-1Ln 2-m-v+1 c-2 Hn+1L m
m

2

H1 - m mod 2L
â
s=0

f v-1

2
v H-1Ls v

s
Hv - 2 sL-2 Hn+1L ãä g Hv-2 sL-

ä v Π

2 GI2 Hn + 1L, -ä c Hv - 2 sL z N + ã
ä v Π

2
-ä g Hv-2 sL GI2 Hn + 1L, ä c Hv - 2 sL z N -

2-m-v+1 zn+1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ãe ä Hm-2 kL-ä g Hv-2 sL-

1

2
ä Hm-vL Π GI2 Hn + 1L, Hä c Hv - 2 sL - ä b Hm - 2 kLL z N

IHä c Hv - 2 sL - ä b Hm - 2 kLL z N-2 Hn+1L
+ ã-ä e Hm-2 kL+

1

2
ä Π Hm+vL-ä g Hv-2 sL

IHb ä Hm - 2 kL + c ä Hv - 2 sLL z N-2 Hn+1L
GI2 Hn + 1L, Hb ä Hm - 2 kL + c ä Hv - 2 sLL z N +

ãe ä Hm-2 kL+g ä Hv-2 sL-
1

2
ä Hm+vL Π IH-ä b Hm - 2 kL - ä c Hv - 2 sLL z N-2 Hn+1L

GI2 Hn + 1L,
H-ä b Hm - 2 kL - ä c Hv - 2 sLL z N + ã-ä e Hm-2 kL+

1

2
ä Π Hm-vL+g ä Hv-2 sL IHä b Hm - 2 kL - ä c Hv - 2 sLL z N-2 Hn+1L

GI2 Hn + 1L, Hä b Hm - 2 kL - ä c Hv - 2 sLL z N �; n Î N ì m Î N+ ì v Î N+

Involving zn sinmHd zL sinv Ic zr + f zM
01.06.21.1226.01à zn sinmHd zL sinvIc z2 + f zM â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ H-1Ln 2-m-v
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k

ã
ä m Π

2 GHn + 1, ä d Hm - 2 kL zL H-ä d Hm - 2 kLL-n-1 + ã-
1

2
ä m Π Hä d Hm - 2 kLL-n-1 GHn + 1, -ä d Hm - 2 kL zL -

2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Hv-2 kL f 2

4 c
+

ä Π v

2 â
j=0

n

2 j-n Hä f Hv - 2 kLLn- j H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL j+1

-
ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

4 c Hv - 2 kL
H-ä c Hv - 2 kLL-n-1 + ã

-
ä Hv-2 kL f 2

4 c
-

ä Π v

2 Hä c Hv - 2 kLL-n-1 â
j=0

n

2 j-n H-ä f Hv - 2 kLLn- j H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL j+1

-

http://functions.wolfram.com 485



ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

4 c Hv - 2 kL - 2-m-v-1

â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

1

2
ä Π Hm+vL-

ä H-ä d Hm-2 kL-ä f Hv-2 sLL2
4 c Hv-2 sL â

j=0

n

2 j-n Hd ä Hm - 2 kL + f ä Hv - 2 sLLn- j H-ä d Hm - 2 kL -

ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1 -
ä H-ä d Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
1

2
ä Π Hv-mL-

ä Hä d Hm-2 kL-ä f Hv-2 sLL2
4 c Hv-2 sL â

j=0

n

2 j-n Hä f Hv - 2 sL - ä d Hm - 2 kLLn- j Hd ä Hm - 2 kL - ä f Hv - 2 sL -

2 ä c Hv - 2 sL zL j+1 -
ä Hd ä Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

ä Hd ä Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
ä Hä f Hv-2 sL-ä d Hm-2 kLL2

4 c Hv-2 sL +
1

2
ä Π Hm-vL Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n Hä d Hm - 2 kL - ä f Hv - 2 sLLn- j H-ä d Hm - 2 kL +

f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL j+1
ä H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

4 c Hv - 2 sL +

ã
ä Hd ä Hm-2 kL+ f ä Hv-2 sLL2

4 c Hv-2 sL -
1

2
ä Π Hm+vL Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n H-ä d Hm - 2 kL - ä f Hv - 2 sLLn- j

Hd ä Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL j+1
ä Hd ä Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd ä Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì m Î N+ ì v Î N+
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01.06.21.1227.01à zn sinmHd zL sinvI z c + f zN â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ H-1Ln 2-m-v
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k

ã
ä m Π

2 GHn + 1, ä d Hm - 2 kL zL H-ä d Hm - 2 kLL-n-1 + ã-
1

2
ä m Π Hä d Hm - 2 kLL-n-1 GHn + 1, -ä d Hm - 2 kL zL +

2-m-2 n-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk+n-1 H f Hv - 2 kLL-2 Hn+1L v

k

ã
-

ä Hv-2 kL c2

4 f
-

ä Π v

2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kLL-h- j+2 n Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLNh+ j

ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 kL Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN G

1

2
Hh + j + 1L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL + 2 f ä Hv - 2 kL
ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL +

ã
ä Hv-2 kL c2

4 f
+

ä Π v

2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 kLL-h- j+2 n I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLNh+ j

-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 kL

I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN G
1

2
Hh + j + 1L, -

ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL -

2 ä f Hv - 2 kL -
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L,

+
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-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL +

2-m-2 n-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

c2 Hv-2 sL2
4 Hä f Hv-2 sL-ä d Hm-2 kLL +

1

2
ä Π Hm-vL â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n

Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z Nh+ j

-
Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2

ä f Hv - 2 sL - ä d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N
G

1

2
Hh + j + 1L, -Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2 �
H4 Hä f Hv - 2 sL - ä d Hm - 2 kLLL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL G

1

2
Hh + j + 2L,

-Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2 � H4 Hä f Hv - 2 sL - ä d Hm - 2 kLLL
- K-Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2 � Hä f Hv - 2 sL - ä d Hm - 2 kLLO

Hä f Hv - 2 sL - ä d Hm - 2 kLL-2 Hn+1L + ã
c2 Hv-2 sL2

4 Hd ä Hm-2 kL+ f ä Hv-2 sLL -
1

2
ä Π Hm+vL Hd ä Hm - 2 kL + f ä Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z Nh+ j

-
Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2

d ä Hm - 2 kL + f ä Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N G
1

2
Hh + j + 1L,

-
Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2

4 Hd ä Hm - 2 kL + f ä Hv - 2 sLL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL
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G
1

2
Hh + j + 2L, -

Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2

4 Hd ä Hm - 2 kL + f ä Hv - 2 sLL
- K-Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2 � Hd ä Hm - 2 kL + f ä Hv - 2 sLLO +

ã
c2 Hv-2 sL2

4 H-ä d Hm-2 kL-ä f Hv-2 sLL +
1

2
ä Π Hm+vL H-ä d Hm - 2 kL - ä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j

K-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � H-ä d Hm - 2 kL - ä f Hv - 2 sLLO 1

2
H-h- j-1L j

h

n

j
2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL - K-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 �

H-ä d Hm - 2 kL - ä f Hv - 2 sLLO G
1

2
Hh + j + 2L,

-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � H4 H-ä d Hm - 2 kL - ä f Hv - 2 sLLL -

ä c Hv - 2 sL I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN G
1

2
Hh + j + 1L,

-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � H4 H-ä d Hm - 2 kL - ä f Hv - 2 sLLL +

ã
c2 Hv-2 sL2

4 Hä d Hm-2 kL-ä f Hv-2 sLL +
1

2
ä Π Hv-mL Hä d Hm - 2 kL - ä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j

H-ä c Hv - 2 sLL-h- j+2 n I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j

-
I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

ä d Hm - 2 kL - ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 Hä d Hm - 2 kL - ä f Hv - 2 sLL

- K-I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � Hä d Hm - 2 kL - ä f Hv - 2 sLLO
G

1

2
Hh + j + 2L, -

I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d Hm - 2 kL - ä f Hv - 2 sLL -

ä c Hv - 2 sL I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN G
1

2
Hh + j + 1L,

-
I2 z - N2 �;
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Involving zn sinmHd z + eL sinv Ic zr + f zM
01.06.21.1228.01

à zn sinmHd z + eL sinvIc z2 + f zM â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+

H-1Ln 2-m-v
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

ä m Π

2
-ä e Hm-2 kL GHn + 1, ä d Hm - 2 kL zL H-ä d Hm - 2 kLL-n-1 +

ãä e Hm-2 kL-
ä m Π

2 Hä d Hm - 2 kLL-n-1 GHn + 1, -ä d Hm - 2 kL zL -

2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Hv-2 kL f 2

4 c
+

ä Π v

2 â
j=0

n

2 j-n Hä f Hv - 2 kLLn- j H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL j+1

-
ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

4 c Hv - 2 kL
H-ä c Hv - 2 kLL-n-1 + ã

-
ä Hv-2 kL f 2

4 c
-

ä Π v

2 Hä c Hv - 2 kLL-n-1 â
j=0

n

2 j-n H-ä f Hv - 2 kLLn- j H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL j+1

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

4 c Hv - 2 kL -

2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

-
ä H-ä d Hm-2 kL-ä f Hv-2 sLL2

4 c Hv-2 sL -ä e Hm-2 kL+
1

2
ä Π Hm+vL

â
j=0

n

2 j-n Hd ä Hm - 2 kL + f ä Hv - 2 sLLn- j H-ä d Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1

-
ä H-ä d Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

ä H-ä d Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
-

ä Hä d Hm-2 kL-ä f Hv-2 sLL2
4 c Hv-2 sL +e ä Hm-2 kL+

1

2
ä Π Hv-mL â

j=0

n

2 j-n Hä f Hv - 2 sL - ä d Hm - 2 kLLn- j Hd ä Hm - 2 kL -

- L
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ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1 -
ä Hd ä Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd ä Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
ä Hä f Hv-2 sL-ä d Hm-2 kLL2

4 c Hv-2 sL -ä e Hm-2 kL+
1

2
ä Π Hm-vL Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n Hä d Hm - 2 kL - ä f Hv - 2 sLLn- j H-ä d Hm - 2 kL +

f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL j+1
ä H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

4 c Hv - 2 sL +

ã
ä Hd ä Hm-2 kL+ f ä Hv-2 sLL2

4 c Hv-2 sL +e ä Hm-2 kL-
1

2
ä Π Hm+vL Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n H-ä d Hm - 2 kL - ä f Hv - 2 sLLn- j

Hd ä Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL j+1
ä Hd ä Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd ä Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì m Î N+ ì v Î N+

01.06.21.1229.01

à zn sinmHd z + eL sinvI z c + f zN â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+

H-1Ln 2-m-v
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

ä m Π

2
-ä e Hm-2 kL GHn + 1, ä d Hm - 2 kL zL H-ä d Hm - 2 kLL-n-1 +

ãä e Hm-2 kL-
ä m Π

2 Hä d Hm - 2 kLL-n-1 GHn + 1, -ä d Hm - 2 kL zL + 2-m-2 n-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk+n-1

H f Hv - 2 kLL-2 Hn+1L v

k
ã

-
ä Hv-2 kL c2

4 f
-

ä Π v

2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kLL-h- j+2 n Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLNh+ j

ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 kL Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN G

+
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1

2
Hh + j + 1L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL + 2 f ä Hv - 2 kL
ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL +

ã
ä Hv-2 kL c2

4 f
+

ä Π v

2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 kLL-h- j+2 n I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLNh+ j

-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 kL

I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN G
1

2
Hh + j + 1L, -

ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL -

2 ä f Hv - 2 kL -
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L,

-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL +

2-m-2 n-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

c2 Hv-2 sL2
4 Hä f Hv-2 sL-ä d Hm-2 kLL -ä e Hm-2 kL+

1

2
ä Π Hm-vL

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z Nh+ j

-
Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2

ä f Hv - 2 sL - ä d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N
G

1

2
Hh + j + 1L, -Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2 �

+
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H4 Hä f Hv - 2 sL - ä d Hm - 2 kLLL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL G
1

2
Hh + j + 2L,

-Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2 � H4 Hä f Hv - 2 sL - ä d Hm - 2 kLLL
- K-Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2 � Hä f Hv - 2 sL - ä d Hm - 2 kLLO

Hä f Hv - 2 sL - ä d Hm - 2 kLL-2 Hn+1L + ã
c2 Hv-2 sL2

4 Hd ä Hm-2 kL+ f ä Hv-2 sLL +e ä Hm-2 kL-
1

2
ä Π Hm+vL Hd ä Hm - 2 kL + f ä Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z Nh+ j

-
Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2

d ä Hm - 2 kL + f ä Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N G
1

2
Hh + j + 1L,

-
Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2

4 Hd ä Hm - 2 kL + f ä Hv - 2 sLL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL
G

1

2
Hh + j + 2L, -

Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2

4 Hd ä Hm - 2 kL + f ä Hv - 2 sLL
- K-Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2 � Hd ä Hm - 2 kL + f ä Hv - 2 sLLO +

ã
c2 Hv-2 sL2

4 H-ä d Hm-2 kL-ä f Hv-2 sLL -ä e Hm-2 kL+
1

2
ä Π Hm+vL H-ä d Hm - 2 kL - ä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j

K-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � H-ä d Hm - 2 kL - ä f Hv - 2 sLLO 1

2
H-h- j-1L j

h

n

j
2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL - K-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 �

H-ä d Hm - 2 kL - ä f Hv - 2 sLLO G
1

2
Hh + j + 2L,

-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � H4 H-ä d Hm - 2 kL - ä f Hv - 2 sLLL -

ä c Hv - 2 sL I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN G
1

2
Hh + j + 1L,

+

http://functions.wolfram.com 493



-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � H4 H-ä d Hm - 2 kL - ä f Hv - 2 sLLL +

ã
c2 Hv-2 sL2

4 Hä d Hm-2 kL-ä f Hv-2 sLL +e ä Hm-2 kL+
1

2
ä Π Hv-mL Hä d Hm - 2 kL - ä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j

-
I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

ä d Hm - 2 kL - ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 Hä d Hm - 2 kL - ä f Hv - 2 sLL

- K-I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � Hä d Hm - 2 kL - ä f Hv - 2 sLLO
G

1

2
Hh + j + 2L, -

I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d Hm - 2 kL - ä f Hv - 2 sLL -

ä c Hv - 2 sL I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN G
1

2
Hh + j + 1L,

-
I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d Hm - 2 kL - ä f Hv - 2 sLL �; n Î N ì m Î N+ ì v Î N+

Involving zn sinmIb zr M sinv Ic zr + f zM
01.06.21.1230.01

à zn sinmIb z2M sinvIc z2 + f zM â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

-

2-m-v-1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã-

1

2
ä m Π zn+1 G

n + 1

2
, -ä b Hm - 2 kL z2 I-ä b Hm - 2 kL z2M 1

2
H-n-1L

+

ã
ä m Π

2 zn+1 Iä b Hm - 2 kL z2M 1

2
H-n-1L

G
n + 1

2
, ä b Hm - 2 kL z2 -

2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Hv-2 kL f 2

4 c
+

ä Π v

2 â
j=0

n

2 j-n Hä f Hv - 2 kLLn- j H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL j+1
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-
ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

4 c Hv - 2 kL
H-ä c Hv - 2 kLL-n-1 + ã

-
ä Hv-2 kL f 2

4 c
-

ä Π v

2 Hä c Hv - 2 kLL-n-1 â
j=0

n

2 j-n H-ä f Hv - 2 kLLn- j H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL j+1

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

4 c Hv - 2 kL -

2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

-
1

4
ä -

f 2 Hv-2 sL2
-2 b k+b m+2 c s-c v

-2 Π Hm-vL â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL +

2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL j+1 -
H f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2

ä c Hv - 2 sL - ä b Hm - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2

4 Hä c Hv - 2 sL - ä b Hm - 2 kLL Hä c Hv - 2 sL - ä b Hm - 2 kLL-n-1 +

ã
1

4
ä

f 2 Hv-2 sL2
2 b k-b m+2 c s-c v

-2 Π Hm+vL Hb ä Hm - 2 kL + c ä Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL +

2 Hb ä Hm - 2 kL + c ä Hv - 2 sLL zL j+1 -
H f ä Hv - 2 sL + 2 Hb ä Hm - 2 kL + c ä Hv - 2 sLL zL2

b ä Hm - 2 kL + c ä Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H f ä Hv - 2 sL + 2 Hb ä Hm - 2 kL + c ä Hv - 2 sLL zL2

4 Hb ä Hm - 2 kL + c ä Hv - 2 sLL + ã
-

1

4
ä

f 2 Hv-2 sL2
2 b k-b m+2 c s-c v

-2 Π Hm+vL

H-ä b Hm - 2 kL - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j H2 H-ä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1

-
H2 H-ä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

-ä b Hm - 2 kL - ä c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

H2 H-ä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 H-ä b Hm - 2 kL - ä c Hv - 2 sLL + ã
1

4
ä 2 Π Hv-mL-

f 2 Hv-2 sL2
-2 b k+b m+2 c s-c v

Hä b Hm - 2 kL - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j H2 Hä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1

-
H2 Hä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

ä b Hm - 2 kL - ä c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

H2 Hä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 Hä b Hm - 2 kL - ä c Hv - 2 sLL �; n Î N ì m Î N+ ì v Î N+
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01.06.21.1231.01à zn sinmI z bN sinvI z c + f zN â z � -H-1Ln+1 2-m-v+1
v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk Hm - 2 kL-2 Hn+1L m

k
ã-

1

2
ä m Π GI2 Hn + 1L, -ä b Hm - 2 kL z N + ã

ä m Π

2 GI2 Hn + 1L, ä b Hm - 2 kL z N

b-2 Hn+1L +

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ 2-m-2 n-v-1
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Hv-2 kL c2

4 f
+

ä Π v

2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 kLL-h- j+2 n I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLNh+ j

-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 kL

I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN G
1

2
Hh + j + 1L, -

ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL - 2

ä f Hv - 2 kL -
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL
G

1

2
Hh + j + 2L, -

ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL H-ä f Hv - 2 kLL-2 Hn+1L +

ã
-

ä Hv-2 kL c2

4 f
-

ä Π v

2 Hä f Hv - 2 kLL-2 Hn+1L â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kLL-h- j+2 n Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLNh+ j

ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 kL Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN G

1

2
Hh + j + 1L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL + 2 f ä Hv - 2 kL

+
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ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL +

2-m-2 n-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

1

2
ä Π Hm+vL-

ä H-ä b Hm-2 kL-ä c Hv-2 sLL2
4 f Hv-2 sL â

j=0

n â
h=0

j H-1L j-h 4 j

H-ä b Hm - 2 kL - ä c Hv - 2 sLL-h- j+2 n I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j

-
1

f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O 1

2
H-h- j-1L j

h

n

j
H-ä b Hm - 2 kL - ä c Hv - 2 sLL I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N
G

1

2
Hh + j + 1L, -

1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O -

2 ä f Hv - 2 sL . -
1

f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O
G

1

2
Hh + j + 2L, -

1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O
H-ä f Hv - 2 sLL-2 Hn+1L + ã

1

2
ä Π Hv-mL-

ä Hä b Hm-2 kL-ä c Hv-2 sLL2
4 f Hv-2 sL â

j=0

n â
h=0

j H-1L j-h 4 j Hä b Hm - 2 kL - ä c Hv - 2 sLL-h- j+2 n

Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j

-
ä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hä b Hm - 2 kL - ä c Hv - 2 sLL Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N
G

1

2
Hh + j + 1L, -

1

4 f Hv - 2 sL  Kä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O -

2 ä f Hv - 2 sL . -
1

f Hv - 2 sL  Kä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O
G

1

2
Hh + j + 2L, -

1

4 f Hv - 2 sL  Kä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O
+ ã
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H-ä f Hv - 2 sLL-2 Hn+1L + ã
ä Hä c Hv-2 sL-ä b Hm-2 kLL2

4 f Hv-2 sL +
1

2
ä Π Hm-vL Hä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sL - ä b Hm - 2 kLL-h- j+2 n I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z Nh+ j

ä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hä c Hv - 2 sL - ä b Hm - 2 kLL I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N
G

1

2
Hh + j + 1L, 1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2O +

2 f ä Hv - 2 sL G
1

2
Hh + j + 2L, 1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2O
. 1

f Hv - 2 sL  Kä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2O +

ã
ä Hb ä Hm-2 kL+c ä Hv-2 sLL2

4 f Hv-2 sL -
1

2
ä Π Hm+vL Hä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j Hb ä Hm - 2 kL + c ä Hv - 2 sLL-h- j+2 n

Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z Nh+ j

ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hb ä Hm - 2 kL + c ä Hv - 2 sLL Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N

G
1

2
Hh + j + 1L, ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL G
1

2
Hh + j + 2L, ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL
ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL �; n Î N ì m Î N+ ì v Î N+

Involving zn sinmIb zr + eM sinv Ic zr + f zM
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01.06.21.1232.01

à zn sinmIb z2 + eM sinvIc z2 + f zM â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

-

2-m-v-1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ãä e Hm-2 kL-

ä m Π

2 zn+1 G
n + 1

2
, -ä b Hm - 2 kL z2 I-ä b Hm - 2 kL z2M 1

2
H-n-1L

+

ã
ä m Π

2
-ä e Hm-2 kL zn+1 Iä b Hm - 2 kL z2M 1

2
H-n-1L

G
n + 1

2
, ä b Hm - 2 kL z2 -

2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Hv-2 kL f 2

4 c
+

ä Π v

2 â
j=0

n

2 j-n Hä f Hv - 2 kLLn- j H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL j+1

-
ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

4 c Hv - 2 kL
H-ä c Hv - 2 kLL-n-1 + ã

-
ä Hv-2 kL f 2

4 c
-

ä Π v

2 Hä c Hv - 2 kLL-n-1 â
j=0

n

2 j-n H-ä f Hv - 2 kLLn- j H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL j+1

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

4 c Hv - 2 kL -

2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

-
1

4
ä -

f 2 Hv-2 sL2
-2 b k+b m+2 c s-c v

+4 e Hm-2 kL-2 Π Hm-vL â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL +

2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL j+1 -
H f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2

ä c Hv - 2 sL - ä b Hm - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2

4 Hä c Hv - 2 sL - ä b Hm - 2 kLL Hä c Hv - 2 sL - ä b Hm - 2 kLL-n-1 +

ã
1

4
ä

f 2 Hv-2 sL2
2 b k-b m+2 c s-c v

+4 e Hm-2 kL-2 Π Hm+vL Hb ä Hm - 2 kL + c ä Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL +

2 Hb ä Hm - 2 kL + c ä Hv - 2 sLL zL j+1 -
H f ä Hv - 2 sL + 2 Hb ä Hm - 2 kL + c ä Hv - 2 sLL zL2

b ä Hm - 2 kL + c ä Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H f ä Hv - 2 sL + 2 Hb ä Hm - 2 kL + c ä Hv - 2 sLL zL2

4 Hb ä Hm - 2 kL + c ä Hv - 2 sLL + ã
-

1

4
ä

f 2 Hv-2 sL2
2 b k-b m+2 c s-c v

+4 e Hm-2 kL-2 Π Hm+vL

H-ä b Hm - 2 kL - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j H2 H-ä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1
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-
H2 H-ä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

-ä b Hm - 2 kL - ä c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

H2 H-ä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 H-ä b Hm - 2 kL - ä c Hv - 2 sLL + ã
1

4
ä -

f 2 Hv-2 sL2
-2 b k+b m+2 c s-c v

+4 e Hm-2 kL+2 Π Hv-mL

Hä b Hm - 2 kL - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j H2 Hä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1

-
H2 Hä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

ä b Hm - 2 kL - ä c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

H2 Hä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 Hä b Hm - 2 kL - ä c Hv - 2 sLL �; n Î N ì m Î N+ ì v Î N+

01.06.21.1233.01

à zn sinmI z b + eN sinvI z c + f zN â z � -H-1Ln+1 2-m-v+1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk Hm - 2 kL-2 Hn+1L m

k

ãä e Hm-2 kL-
ä m Π

2 GI2 Hn + 1L, -ä b Hm - 2 kL z N + ã
ä m Π

2
-ä e Hm-2 kL GI2 Hn + 1L, ä b Hm - 2 kL z N b-2 Hn+1L +

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ 2-m-2 n-v-1
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Hv-2 kL c2

4 f
+

ä Π v

2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 kLL-h- j+2 n I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLNh+ j

-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 kL

I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN G
1

2
Hh + j + 1L, -

ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL - 2

ä f Hv - 2 kL -
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL
+
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G
1

2
Hh + j + 2L, -

ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL H-ä f Hv - 2 kLL-2 Hn+1L +

ã
-

ä Hv-2 kL c2

4 f
-

ä Π v

2 Hä f Hv - 2 kLL-2 Hn+1L â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kLL-h- j+2 n Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLNh+ j

ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 kL Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN G

1

2
Hh + j + 1L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL + 2 f ä Hv - 2 kL
ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL +

2-m-2 n-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

-
ä H-ä b Hm-2 kL-ä c Hv-2 sLL2

4 f Hv-2 sL -ä e Hm-2 kL+
1

2
ä Π Hm+vL

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b Hm - 2 kL - ä c Hv - 2 sLL-h- j+2 n I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j

-
1

f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O 1

2
H-h- j-1L j

h

n

j
H-ä b Hm - 2 kL - ä c Hv - 2 sLL I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N
G

1

2
Hh + j + 1L, -

1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O -

2 ä f Hv - 2 sL . -
1

f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O
G

1

2
Hh + j + 2L, -

1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O
H-ä f Hv - 2 sLL-2 Hn+1L + ã

-
ä Hä b Hm-2 kL-ä c Hv-2 sLL2

4 f Hv-2 sL +e ä Hm-2 kL+
1

2
ä Π Hv-mL
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â
j=0

n â
h=0

j H-1L j-h 4 j Hä b Hm - 2 kL - ä c Hv - 2 sLL-h- j+2 n Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j

-
ä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hä b Hm - 2 kL - ä c Hv - 2 sLL Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N
G

1

2
Hh + j + 1L, -

1

4 f Hv - 2 sL  Kä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O -

2 ä f Hv - 2 sL . -
1

f Hv - 2 sL  Kä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O
G

1

2
Hh + j + 2L, -

1

4 f Hv - 2 sL  Kä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O
H-ä f Hv - 2 sLL-2 Hn+1L + ã

ä Hä c Hv-2 sL-ä b Hm-2 kLL2
4 f Hv-2 sL -ä e Hm-2 kL+

1

2
ä Π Hm-vL Hä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sL - ä b Hm - 2 kLL-h- j+2 n I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z Nh+ j

ä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hä c Hv - 2 sL - ä b Hm - 2 kLL I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N
G

1

2
Hh + j + 1L, 1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2O +

2 f ä Hv - 2 sL G
1

2
Hh + j + 2L, 1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2O
. 1

f Hv - 2 sL  Kä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2O +

ã
ä Hb ä Hm-2 kL+c ä Hv-2 sLL2

4 f Hv-2 sL +e ä Hm-2 kL-
1

2
ä Π Hm+vL Hä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j

Hb ä Hm - 2 kL + c ä Hv - 2 sLL-h- j+2 n Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z Nh+ j
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ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hb ä Hm - 2 kL + c ä Hv - 2 sLL Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N

G
1

2
Hh + j + 1L, ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL G
1

2
Hh + j + 2L, ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL
ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL �; n Î N ì m Î N+ ì v Î N+

Involving zn sinmIb zr + d zM sinv Ic zr + f zM
01.06.21.1234.01à zn sinmIb z2 + d zM sinvIc z2 + f zM â z �

H-1Lm 2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

- ä-m 2-m-v-1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

ä d2 H2 k-mL
4 b

â
j=0

n

2 j-n Hä d H2 k - mLLn- j H-ä d H2 k - mL - 2 ä b z H2 k - mLL j+1 -
ä H-ä d H2 k - mL - 2 ä b z H2 k - mLL2

b H2 k - mL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d H2 k - mL - 2 ä b z H2 k - mLL2

4 b H2 k - mL H-ä b H2 k - mLL-n-1 +

H-1Lm ã
ä d2 Hm-2 kL

4 b H-ä b Hm - 2 kLL-n-1 â
j=0

n

2 j-n Hä d Hm - 2 kLLn- j H-ä d Hm - 2 kL - 2 ä b z Hm - 2 kLL j+1

-
ä H-ä d Hm - 2 kL - 2 ä b z Hm - 2 kLL2

b Hm - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d Hm - 2 kL - 2 ä b z Hm - 2 kLL2

4 b Hm - 2 kL -
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H-1Lm ä-v 2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

-
ä f 2 H2 k-vL

4 c

â
j=0

n

2 j-n H-ä f H2 k - vLLn- j H f ä H2 k - vL + 2 c ä z H2 k - vLL j+1
ä H f ä H2 k - vL + 2 c ä z H2 k - vLL2

c H2 k - vL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä H2 k - vL + 2 c ä z H2 k - vLL2

4 c H2 k - vL Hä c H2 k - vLL-n-1 +

ã
-

ä f 2 Hv-2 kL
4 c Hä c Hv - 2 kLL-n-1 â

j=0

n

2 j-n H-ä f Hv - 2 kLLn- j H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL j+1

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

4 c Hv - 2 kL -

ä-m-v 2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
Hä f H2 s-vL-ä d H2 k-mLL2
4 Hä c H2 s-vL-ä b H2 k-mLL â

j=0

n

2 j-n Hä d H2 k - mL - ä f H2 s - vLLn- j

H-ä d H2 k - mL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b H2 k - mLL zL j+1 I-H-ä d H2 k - mL + f ä H2 s - vL +

2 Hä c H2 s - vL - ä b H2 k - mLL zL2 � Hä c H2 s - vL - ä b H2 k - mLLM 1

2
H- j-1L n

j
G

j + 1

2
,

-H-ä d H2 k - mL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b H2 k - mLL zL2 � H4 Hä c H2 s - vL - ä b H2 k - mLLL
Hä c H2 s - vL - ä b H2 k - mLL-n-1 + H-1Lm+v ã

-
Hä f H2 s-vL-ä d Hm-2 kLL2
4 Hä c H2 s-vL-ä b Hm-2 kLL Hä c H2 s - vL - ä b Hm - 2 kLL-n-1

â
j=0

n

2 j-n Hä d Hm - 2 kL - ä f H2 s - vLLn- j H-ä d Hm - 2 kL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b Hm - 2 kLL zL j+1

I-H-ä d Hm - 2 kL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b Hm - 2 kLL zL2 � Hä c H2 s - vL - ä b Hm - 2 kLLM 1

2
H- j-1L

n

j
G

j + 1

2
, -H-ä d Hm - 2 kL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b Hm - 2 kLL zL2 �

H4 Hä c H2 s - vL - ä b Hm - 2 kLLL + ã
-

Hä f Hv-2 sL-ä d H2 k-mLL2
4 Hä c Hv-2 sL-ä b H2 k-mLL Hä c Hv - 2 sL - ä b H2 k - mLL-n-1

â
j=0

n

2 j-n Hä d H2 k - mL - ä f Hv - 2 sLLn- j H-ä d H2 k - mL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b H2 k - mLL zL j+1

I-H-ä d H2 k - mL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b H2 k - mLL zL2 � Hä c Hv - 2 sL - ä b H2 k - mLLM 1

2
H- j-1L

n

j
G

j + 1

2
, -H-ä d H2 k - mL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b H2 k - mLL zL2 �

H4 Hä c Hv - 2 sL - ä b H2 k - mLLL + H-1Lm ã
-

Hä f Hv-2 sL-ä d Hm-2 kLL2
4 Hä c Hv-2 sL-ä b Hm-2 kLL Hä c Hv - 2 sL - ä b Hm - 2 kLL-n-1
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â
j=0

n

2 j-n Hä d Hm - 2 kL - ä f Hv - 2 sLLn- j H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL j+1

I-H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2 � Hä c Hv - 2 sL - ä b Hm - 2 kLLM 1

2
H- j-1L

n

j
G

j + 1

2
, -H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2 �

H4 Hä c Hv - 2 sL - ä b Hm - 2 kLLL �; n Î N ì m Î N+ ì v Î N+

01.06.21.1235.01à zn sinmI z b + d zN sinvI z c + f zN â z �

H-1Lm 2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ ä-m 2-m-2 n-v-1
v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk m

k
ã

ä b2 H2 k-mL
4 d â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b H2 k - mLL-h- j+2 n I-ä b H2 k - mL - 2 ä d z H2 k - mLNh+ j

-
ä I-ä b H2 k - mL - 2 ä d z H2 k - mLN2

d H2 k - mL
1

2
H-h- j-1L

j

h

n

j
-ä b H2 k - mL

I-ä b H2 k - mL - 2 ä d z H2 k - mLN G
1

2
Hh + j + 1L, -

ä I-ä b H2 k - mL - 2 ä d z H2 k - mLN2

4 d H2 k - mL -

2 ä d H2 k - mL -
ä I-ä b H2 k - mL - 2 ä d z H2 k - mLN2

d H2 k - mL G
1

2
Hh + j + 2L,

-
ä I-ä b H2 k - mL - 2 ä d z H2 k - mLN2

4 d H2 k - mL H-ä d H2 k - mLL-2 n-2 + H-1Lm ã
ä b2 Hm-2 kL

4 d

H-ä d Hm - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b Hm - 2 kLL-h- j+2 n I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLNh+ j

-
ä I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN2

d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä b Hm - 2 kL

-
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I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN G
1

2
Hh + j + 1L, -

ä I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN2

4 d Hm - 2 kL -

2 ä d Hm - 2 kL -
ä I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN2

d Hm - 2 kL G
1

2
Hh + j + 2L,

-
ä I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN2

4 d Hm - 2 kL + H-1Lm ä-v 2-m-2 n-v-1
m
m

2

H1 - m mod 2L

â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

-
ä c2 H2 k-vL

4 f â
j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 k - vLL-h- j+2 n Ic ä H2 k - vL + 2 f ä z H2 k - vLNh+ j

ä Ic ä H2 k - vL + 2 f ä z H2 k - vLN2

f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
c ä H2 k - vL Ic ä H2 k - vL + 2 f ä z H2 k - vLN

G
1

2
Hh + j + 1L, ä Ic ä H2 k - vL + 2 f ä z H2 k - vLN2

4 f H2 k - vL + 2 f ä H2 k - vL
ä Ic ä H2 k - vL + 2 f ä z H2 k - vLN2

f H2 k - vL G
1

2
Hh + j + 2L, ä Ic ä H2 k - vL + 2 f ä z H2 k - vLN2

4 f H2 k - vL
Hä f H2 k - vLL-2 n-2 + ã

-
ä c2 Hv-2 kL

4 f Hä f Hv - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kLL-h- j+2 n

Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLNh+ j
ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j

c ä Hv - 2 kL Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN G
1

2
Hh + j + 1L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL +

2 f ä Hv - 2 kL ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L,

+
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ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL + ä-m-v 2-m-2 n-v-1

â
k=0

f v-1

2
v H-1Lk v

k
â
s=0

f m-1

2
v H-1Ls m

s
H-1Lv ã

-
Hä c H2 k-vL-ä b H2 s-mLL2
4 Hä f H2 k-vL-ä d H2 s-mLL â

j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 k - vL - ä b H2 s - mLL-h- j+2 n

I-ä b H2 s - mL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d H2 s - mLL z Nh+ j

K-I-ä b H2 s - mL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d H2 s - mLL z N2 �
Hä f H2 k - vL - ä d H2 s - mLLO 1

2
H-h- j-1L j

h

n

jHä c H2 k - vL - ä b H2 s - mLL I-ä b H2 s - mL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d H2 s - mLL z N
G

1

2
Hh + j + 1L, -I-ä b H2 s - mL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d H2 s - mLL z N2 �
H4 Hä f H2 k - vL - ä d H2 s - mLLL + 2 Hä f H2 k - vL - ä d H2 s - mLL

G
1

2
Hh + j + 2L, -I-ä b H2 s - mL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d H2 s - mLL z N2 �
H4 Hä f H2 k - vL - ä d H2 s - mLLL - K-I-ä b H2 s - mL + c ä H2 k - vL +

2 Hä f H2 k - vL - ä d H2 s - mLL z N2 � Hä f H2 k - vL - ä d H2 s - mLLO
Hä f H2 k - vL - ä d H2 s - mLL-2 n-2 + H-1Lm+v ã

-
Hä c H2 k-vL-ä b Hm-2 sLL2
4 Hä f H2 k-vL-ä d Hm-2 sLL Hä f H2 k - vL - ä d Hm - 2 sLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 k - vL - ä b Hm - 2 sLL-h- j+2 n

I-ä b Hm - 2 sL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL z Nh+ j K-I-ä b Hm - 2 sL + c ä H2 k - vL +

2 Hä f H2 k - vL - ä d Hm - 2 sLL z N2 � Hä f H2 k - vL - ä d Hm - 2 sLLO 1

2
H-h- j-1L j

h

n

j
Hä c H2 k - vL - ä b Hm - 2 sLL I-ä b Hm - 2 sL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL z N
G

1

2
Hh + j + 1L, -I-ä b Hm - 2 sL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL z N2 �
H4 Hä f H2 k - vL - ä d Hm - 2 sLLL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL

G
1

2
Hh + j + 2L, -I-ä b Hm - 2 sL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL z N2 �
H4 Hä f H2 k - vL - ä d Hm - 2 sLLL - K-I-ä b Hm - 2 sL + c ä H2 k - vL +

2 Hä f H2 k - vL - ä d Hm - 2 sLL z N2 � Hä f H2 k - vL - ä d Hm - 2 sLLO +
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ã
-

Hä c Hv-2 kL-ä b H2 s-mLL2
4 Hä f Hv-2 kL-ä d H2 s-mLL Hä f Hv - 2 kL - ä d H2 s - mLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kL - ä b H2 s - mLL-h- j+2 n

I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z Nh+ j

K-I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z N2 �
Hä f Hv - 2 kL - ä d H2 s - mLLO 1

2
H-h- j-1L j

h

n

jHä c Hv - 2 kL - ä b H2 s - mLL I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z N
G

1

2
Hh + j + 1L, -I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z N2 �
H4 Hä f Hv - 2 kL - ä d H2 s - mLLL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL

G
1

2
Hh + j + 2L, -I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z N2 �
H4 Hä f Hv - 2 kL - ä d H2 s - mLLL - K-I-ä b H2 s - mL + c ä Hv - 2 kL +

2 Hä f Hv - 2 kL - ä d H2 s - mLL z N2 � Hä f Hv - 2 kL - ä d H2 s - mLLO +

H-1Lm ã
-

Hä c Hv-2 kL-ä b Hm-2 sLL2
4 Hä f Hv-2 kL-ä d Hm-2 sLL Hä f Hv - 2 kL - ä d Hm - 2 sLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kL -

ä b Hm - 2 sLL-h- j+2 n I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z Nh+ j

K-I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z N2 �
Hä f Hv - 2 kL - ä d Hm - 2 sLLO 1

2
H-h- j-1L j

h

n

jHä c Hv - 2 kL - ä b Hm - 2 sLL I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z N
G

1

2
Hh + j + 1L, -I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z N2 �
H4 Hä f Hv - 2 kL - ä d Hm - 2 sLLL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL G

1

2
Hh + j + 2L,

-I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z N2 � H4 Hä f Hv - 2 kL -

ä d Hm - 2 sLLL - K-I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL
z N2 � Hä f Hv - 2 kL - ä d Hm - 2 sLLO �; n Î N ì m Î N+ ì v Î N+

Involving zn sinmHd zL sinv Ic zr + f z + gM
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01.06.21.1236.01à zn sinmHd zL sinvIc z2 + f z + gM â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ H-1Ln 2-m-v
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k

ã
ä m Π

2 GHn + 1, ä d Hm - 2 kL zL H-ä d Hm - 2 kLL-n-1 + ã-
1

2
ä m Π Hä d Hm - 2 kLL-n-1 GHn + 1, -ä d Hm - 2 kL zL -

2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Hv-2 kL f 2

4 c
+

ä Π v

2
-ä g Hv-2 kL

â
j=0

n

2 j-n Hä f Hv - 2 kLLn- j H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL j+1 -
ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

4 c Hv - 2 kL H-ä c Hv - 2 kLL-n-1 +

ã
-

ä Hv-2 kL f 2

4 c
-

ä Π v

2
+g ä Hv-2 kL Hä c Hv - 2 kLL-n-1 â

j=0

n

2 j-n H-ä f Hv - 2 kLLn- j H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL j+1

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

4 c Hv - 2 kL -

2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

-
ä H-ä d Hm-2 kL-ä f Hv-2 sLL2

4 c Hv-2 sL +
1

2
ä Π Hm+vL-ä g Hv-2 sL

â
j=0

n

2 j-n Hd ä Hm - 2 kL + f ä Hv - 2 sLLn- j H-ä d Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1

-
ä H-ä d Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

ä H-ä d Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
-

ä Hä d Hm-2 kL-ä f Hv-2 sLL2
4 c Hv-2 sL +

1

2
ä Π Hv-mL-ä g Hv-2 sL â

j=0

n

2 j-n Hä f Hv - 2 sL - ä d Hm - 2 kLLn- j Hd ä Hm - 2 kL -

- L
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ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1 -
ä Hd ä Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd ä Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
ä Hä f Hv-2 sL-ä d Hm-2 kLL2

4 c Hv-2 sL +
1

2
ä Π Hm-vL+g ä Hv-2 sL Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n Hä d Hm - 2 kL - ä f Hv - 2 sLLn- j H-ä d Hm - 2 kL +

f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL j+1
ä H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

4 c Hv - 2 sL +

ã
ä Hd ä Hm-2 kL+ f ä Hv-2 sLL2

4 c Hv-2 sL -
1

2
ä Π Hm+vL+g ä Hv-2 sL Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n H-ä d Hm - 2 kL - ä f Hv - 2 sLLn- j

Hd ä Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL j+1
ä Hd ä Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd ä Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì m Î N+ ì v Î N+

01.06.21.1237.01à zn sinmHd zL sinvI z c + f z + gN â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ H-1Ln 2-m-v
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k

ã
ä m Π

2 GHn + 1, ä d Hm - 2 kL zL H-ä d Hm - 2 kLL-n-1 + ã-
1

2
ä m Π Hä d Hm - 2 kLL-n-1 GHn + 1, -ä d Hm - 2 kL zL +

2-m-2 n-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk+n-1 H f Hv - 2 kLL-2 Hn+1L v

k

ã
-

ä Hv-2 kL c2

4 f
-

ä Π v

2
+g ä Hv-2 kL â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kLL-h- j+2 n Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLNh+ j

ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 kL Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN G

+
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1

2
Hh + j + 1L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL + 2 f ä Hv - 2 kL
ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL +

ã
ä Hv-2 kL c2

4 f
+

ä Π v

2
-ä g Hv-2 kL â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 kLL-h- j+2 n I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLNh+ j

-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 kL

I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN G
1

2
Hh + j + 1L, -

ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL -

2 ä f Hv - 2 kL -
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L,

-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL +

2-m-2 n-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

c2 Hv-2 sL2
4 Hä f Hv-2 sL-ä d Hm-2 kLL +g ä Hv-2 sL+

1

2
ä Π Hm-vL

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z Nh+ j

-
Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2

ä f Hv - 2 sL - ä d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N
G

1

2
Hh + j + 1L, -Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2 �

+
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H4 Hä f Hv - 2 sL - ä d Hm - 2 kLLL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL G
1

2
Hh + j + 2L,

-Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2 � H4 Hä f Hv - 2 sL - ä d Hm - 2 kLLL
- K-Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2 � Hä f Hv - 2 sL - ä d Hm - 2 kLLO

Hä f Hv - 2 sL - ä d Hm - 2 kLL-2 Hn+1L + ã
c2 Hv-2 sL2

4 Hd ä Hm-2 kL+ f ä Hv-2 sLL +g ä Hv-2 sL-
1

2
ä Π Hm+vL Hd ä Hm - 2 kL + f ä Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z Nh+ j

-
Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2

d ä Hm - 2 kL + f ä Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N G
1

2
Hh + j + 1L,

-
Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2

4 Hd ä Hm - 2 kL + f ä Hv - 2 sLL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL
G

1

2
Hh + j + 2L, -

Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2

4 Hd ä Hm - 2 kL + f ä Hv - 2 sLL
- K-Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2 � Hd ä Hm - 2 kL + f ä Hv - 2 sLLO +

ã
c2 Hv-2 sL2

4 H-ä d Hm-2 kL-ä f Hv-2 sLL -ä g Hv-2 sL+
1

2
ä Π Hm+vL H-ä d Hm - 2 kL - ä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j

K-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � H-ä d Hm - 2 kL - ä f Hv - 2 sLLO 1

2
H-h- j-1L j

h

n

j
2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL - K-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 �

H-ä d Hm - 2 kL - ä f Hv - 2 sLLO G
1

2
Hh + j + 2L,

-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � H4 H-ä d Hm - 2 kL - ä f Hv - 2 sLLL -

ä c Hv - 2 sL I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN G
1

2
Hh + j + 1L,

+
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-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � H4 H-ä d Hm - 2 kL - ä f Hv - 2 sLLL +

ã
c2 Hv-2 sL2

4 Hä d Hm-2 kL-ä f Hv-2 sLL -ä g Hv-2 sL+
1

2
ä Π Hv-mL Hä d Hm - 2 kL - ä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j

-
I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

ä d Hm - 2 kL - ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 Hä d Hm - 2 kL - ä f Hv - 2 sLL

- K-I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � Hä d Hm - 2 kL - ä f Hv - 2 sLLO
G

1

2
Hh + j + 2L, -

I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d Hm - 2 kL - ä f Hv - 2 sLL -

ä c Hv - 2 sL I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN G
1

2
Hh + j + 1L,

-
I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d Hm - 2 kL - ä f Hv - 2 sLL �; n Î N ì m Î N+ ì v Î N+

Involving zn sinmHd z + eL sinv Ic zr + f z + gM
01.06.21.1238.01

à zn sinmHd z + eL sinvIc z2 + f z + gM â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+

H-1Ln 2-m-v
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

ä m Π

2
-ä e Hm-2 kL GHn + 1, ä d Hm - 2 kL zL H-ä d Hm - 2 kLL-n-1 +

ãä e Hm-2 kL-
ä m Π

2 Hä d Hm - 2 kLL-n-1 GHn + 1, -ä d Hm - 2 kL zL -

2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Hv-2 kL f 2

4 c
+

ä Π v

2
-ä g Hv-2 kL
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â
j=0

n

2 j-n Hä f Hv - 2 kLLn- j H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL j+1 -
ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

4 c Hv - 2 kL H-ä c Hv - 2 kLL-n-1 +

ã
-

ä Hv-2 kL f 2

4 c
-

ä Π v

2
+g ä Hv-2 kL Hä c Hv - 2 kLL-n-1 â

j=0

n

2 j-n H-ä f Hv - 2 kLLn- j H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL j+1

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

4 c Hv - 2 kL -

2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

-
ä H-ä d Hm-2 kL-ä f Hv-2 sLL2

4 c Hv-2 sL -ä e Hm-2 kL+
1

2
ä Π Hm+vL-ä g Hv-2 sL

â
j=0

n

2 j-n Hd ä Hm - 2 kL + f ä Hv - 2 sLLn- j H-ä d Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1

-
ä H-ä d Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

ä H-ä d Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-n-1 +

ã
-

ä Hä d Hm-2 kL-ä f Hv-2 sLL2
4 c Hv-2 sL +e ä Hm-2 kL-ä g Hv-2 sL+

1

2
ä Hv-mL Π â

j=0

n

2 j-n Hä f Hv - 2 sL - ä d Hm - 2 kLLn- j Hd ä Hm - 2 kL -

ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL j+1 -
ä Hd ä Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hd ä Hm - 2 kL - ä f Hv - 2 sL - 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL
H-ä c Hv - 2 sLL-n-1 + ã

ä Hä f Hv-2 sL-ä d Hm-2 kLL2
4 c Hv-2 sL -ä e Hm-2 kL+

1

2
ä Π Hm-vL+g ä Hv-2 sL Hä c Hv - 2 sLL-n-1

â
j=0

n

2 j-n Hä d Hm - 2 kL - ä f Hv - 2 sLLn- j H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL j+1

ä H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j

+
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G
j + 1

2
,

ä H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

4 c Hv - 2 sL +

ã
ä Hd ä Hm-2 kL+ f ä Hv-2 sLL2

4 c Hv-2 sL +e ä Hm-2 kL+g ä Hv-2 sL-
1

2
ä Hm+vL Π Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n H-ä d Hm - 2 kL - ä f Hv - 2 sLLn- j

Hd ä Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL j+1
ä Hd ä Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hd ä Hm - 2 kL + f ä Hv - 2 sL + 2 c ä Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì m Î N+ ì v Î N+

01.06.21.1239.01

à zn sinmHd z + eL sinvI z c + f z + gN â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+

H-1Ln 2-m-v
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

ä m Π

2
-ä e Hm-2 kL GHn + 1, ä d Hm - 2 kL zL H-ä d Hm - 2 kLL-n-1 +

ãä e Hm-2 kL-
ä m Π

2 Hä d Hm - 2 kLL-n-1 GHn + 1, -ä d Hm - 2 kL zL + 2-m-2 n-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk+n-1 v

k

H f Hv - 2 kLL-2 Hn+1L ã
-

ä Hv-2 kL c2

4 f
-

ä Π v

2
+g ä Hv-2 kL â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kLL-h- j+2 n Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLNh+ j

ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 kL Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN G

1

2
Hh + j + 1L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL + 2 f ä Hv - 2 kL
ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL +

ã
ä Hv-2 kL c2

4 f
+

ä Π v

2
-ä g Hv-2 kL â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 kLL-h- j+2 n I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLNh+ j
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-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 kL

I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN G
1

2
Hh + j + 1L, -

ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL -

2 ä f Hv - 2 kL -
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L,

-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL +

2-m-2 n-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

c2 Hv-2 sL2
4 Hä f Hv-2 sL-ä d Hm-2 kLL +g ä Hv-2 sL-ä e Hm-2 kL+

1

2
ä Π Hm-vL

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z Nh+ j

-
Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2

ä f Hv - 2 sL - ä d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N
G

1

2
Hh + j + 1L, -Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2 �
H4 Hä f Hv - 2 sL - ä d Hm - 2 kLLL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL G

1

2
Hh + j + 2L,

-Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2 � H4 Hä f Hv - 2 sL - ä d Hm - 2 kLLL
- K-Ic ä Hv - 2 sL + 2 Hä f Hv - 2 sL - ä d Hm - 2 kLL z N2 � Hä f Hv - 2 sL - ä d Hm - 2 kLLO

Hä f Hv - 2 sL - ä d Hm - 2 kLL-2 Hn+1L + ã
c2 Hv-2 sL2

4 Hd ä Hm-2 kL+ f ä Hv-2 sLL +g ä Hv-2 sL+e ä Hm-2 kL-
1

2
ä Hm+vL ΠHd ä Hm - 2 kL + f ä Hv - 2 sLL-2 Hn+1L

ân âj

4 j
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â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z Nh+ j

-
Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2

d ä Hm - 2 kL + f ä Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N G
1

2
Hh + j + 1L,

-
Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2

4 Hd ä Hm - 2 kL + f ä Hv - 2 sLL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL
G

1

2
Hh + j + 2L, -

Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2

4 Hd ä Hm - 2 kL + f ä Hv - 2 sLL
- K-Ic ä Hv - 2 sL + 2 Hd ä Hm - 2 kL + f ä Hv - 2 sLL z N2 � Hd ä Hm - 2 kL + f ä Hv - 2 sLLO +

ã
c2 Hv-2 sL2

4 H-ä d Hm-2 kL-ä f Hv-2 sLL -ä g Hv-2 sL-ä e Hm-2 kL+
1

2
ä Π Hm+vL H-ä d Hm - 2 kL - ä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j

K-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � H-ä d Hm - 2 kL - ä f Hv - 2 sLLO 1

2
H-h- j-1L j

h

n

j
2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL - K-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 �

H-ä d Hm - 2 kL - ä f Hv - 2 sLLO G
1

2
Hh + j + 2L,

-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � H4 H-ä d Hm - 2 kL - ä f Hv - 2 sLLL -

ä c Hv - 2 sL I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN G
1

2
Hh + j + 1L,

-I2 H-ä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � H4 H-ä d Hm - 2 kL - ä f Hv - 2 sLLL +

ã
c2 Hv-2 sL2

4 Hä d Hm-2 kL-ä f Hv-2 sLL -ä g Hv-2 sL+e ä Hm-2 kL+
1

2
ä Hv-mL Π Hä d Hm - 2 kL - ä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 sLL-h- j+2 n I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLNh+ j
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-
I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

ä d Hm - 2 kL - ä f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 Hä d Hm - 2 kL - ä f Hv - 2 sLL

- K-I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2 � Hä d Hm - 2 kL - ä f Hv - 2 sLLO
G

1

2
Hh + j + 2L, -

I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d Hm - 2 kL - ä f Hv - 2 sLL -

ä c Hv - 2 sL I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN G
1

2
Hh + j + 1L,

-
I2 Hä d Hm - 2 kL - ä f Hv - 2 sLL z - ä c Hv - 2 sLN2

4 Hä d Hm - 2 kL - ä f Hv - 2 sLL �; n Î N ì m Î N+ ì v Î N+

Involving zn sinmIb zr M sinv Ic zr + f z + gM
01.06.21.1240.01

à zn sinmIb z2M sinvIc z2 + f z + gM â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

-

2-m-v-1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã-

1

2
ä m Π zn+1 G

n + 1

2
, -ä b Hm - 2 kL z2 I-ä b Hm - 2 kL z2M 1

2
H-n-1L

+

ã
ä m Π

2 zn+1 Iä b Hm - 2 kL z2M 1

2
H-n-1L

G
n + 1

2
, ä b Hm - 2 kL z2 -

2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Hv-2 kL f 2

4 c
+

ä Π v

2
-ä g Hv-2 kL

â
j=0

n

2 j-n Hä f Hv - 2 kLLn- j H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL j+1 -
ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

4 c Hv - 2 kL H-ä c Hv - 2 kLL-n-1 +

ã ân

2

-
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ã
-

ä Hv-2 kL f 2

4 c
-

ä Π v

2
+g ä Hv-2 kL Hä c Hv - 2 kLL-n-1 â

j=0

n

2 j-n H-ä f Hv - 2 kLLn- j H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL j+1

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

4 c Hv - 2 kL -

2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

-
1

4
ä -

f 2 Hv-2 sL2
-2 b k+b m+2 c s-c v

-4 g Hv-2 sL-2 Π Hm-vL â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL +

2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL j+1 -
H f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2

ä c Hv - 2 sL - ä b Hm - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2

4 Hä c Hv - 2 sL - ä b Hm - 2 kLL Hä c Hv - 2 sL - ä b Hm - 2 kLL-n-1 +

ã
1

4
ä

f 2 Hv-2 sL2
2 b k-b m+2 c s-c v

+4 g Hv-2 sL-2 Π Hm+vL Hb ä Hm - 2 kL + c ä Hv - 2 sLL-n-1 â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL +

2 Hb ä Hm - 2 kL + c ä Hv - 2 sLL zL j+1 -
H f ä Hv - 2 sL + 2 Hb ä Hm - 2 kL + c ä Hv - 2 sLL zL2

b ä Hm - 2 kL + c ä Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H f ä Hv - 2 sL + 2 Hb ä Hm - 2 kL + c ä Hv - 2 sLL zL2

4 Hb ä Hm - 2 kL + c ä Hv - 2 sLL + ã
-

1

4
ä

f 2 Hv-2 sL2
2 b k-b m+2 c s-c v

+4 g Hv-2 sL-2 Π Hm+vL

H-ä b Hm - 2 kL - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j H2 H-ä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1

-
H2 H-ä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

-ä b Hm - 2 kL - ä c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

H2 H-ä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 H-ä b Hm - 2 kL - ä c Hv - 2 sLL + ã
1

4
ä -

f 2 Hv-2 sL2
-2 b k+b m+2 c s-c v

-4 g Hv-2 sL+2 Π Hv-mL

Hä b Hm - 2 kL - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j H2 Hä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1

-
H2 Hä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

ä b Hm - 2 kL - ä c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

H2 Hä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 Hä b Hm - 2 kL - ä c Hv - 2 sLL �; n Î N ì m Î N+ ì v Î N+
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01.06.21.1241.01à zn sinmIb z N sinvI z c + f z + gN â z � -H-1Ln+1 2-m-v+1
v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk Hm - 2 kL-2 Hn+1L m

k
ã-

1

2
ä m Π GI2 Hn + 1L, -ä b Hm - 2 kL z N + ã

ä m Π

2 GI2 Hn + 1L, ä b Hm - 2 kL z N

b-2 Hn+1L +

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ 2-m-2 n-v-1
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Hv-2 kL c2

4 f
+

ä Π v

2
-ä g Hv-2 kL â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 kLL-h- j+2 n I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLNh+ j

-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 kL

I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN G
1

2
Hh + j + 1L, -

ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL - 2

ä f Hv - 2 kL -
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L,

-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL H-ä f Hv - 2 kLL-2 Hn+1L + ã
-

ä Hv-2 kL c2

4 f
-

ä Π v

2
+g ä Hv-2 kL

Hä f Hv - 2 kLL-2 Hn+1L â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kLL-h- j+2 n Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLNh+ j

ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 kL Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN G

1

2
Hh + j + 1L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL + 2 f ä Hv - 2 kL

+
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ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL +

2-m-2 n-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

-
ä Hä b Hm-2 kL-ä c Hv-2 sLL2

4 f Hv-2 sL +
1

2
ä Π Hv-mL-ä g Hv-2 sL

â
j=0

n â
h=0

j H-1L j-h 4 j Hä b Hm - 2 kL - ä c Hv - 2 sLL-h- j+2 n Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j

-
ä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hä b Hm - 2 kL - ä c Hv - 2 sLL Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N
G

1

2
Hh + j + 1L, -

1

4 f Hv - 2 sL  Kä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O -

2 ä f Hv - 2 sL . -
1

f Hv - 2 sL  Kä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O
G

1

2
Hh + j + 2L, -

1

4 f Hv - 2 sL  Kä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O
H-ä f Hv - 2 sLL-2 Hn+1L + ã

-
ä H-ä b Hm-2 kL-ä c Hv-2 sLL2

4 f Hv-2 sL +
1

2
ä Π Hm+vL-ä g Hv-2 sL

Sum Sum H-1L j-h 4 j

H-ä b Hm - 2 kL - ä c Hv - 2 sLL-h- j+2 n I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j

-
1

f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O 1

2
H-h- j-1L j

h

n

j
H-ä b Hm - 2 kL - ä c Hv - 2 sLL I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N
G

1

2
Hh + j + 1L, -

1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O - 2 ä f

Hv - 2 sL . -
1

f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O G
1

2
Hh + j + 2L,

, ,

+
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-
1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O , 8h, 0, j< , 8 j, 0, n<
H-ä f Hv - 2 sLL-2 Hn+1L + ã

ä Hä c Hv-2 sL-ä b Hm-2 kLL2
4 f Hv-2 sL +

1

2
ä Π Hm-vL+g ä Hv-2 sL Hä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sL - ä b Hm - 2 kLL-h- j+2 n I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z Nh+ j

ä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hä c Hv - 2 sL - ä b Hm - 2 kLL I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N
G

1

2
Hh + j + 1L, 1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2O +

2 f ä Hv - 2 sL G
1

2
Hh + j + 2L, 1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2O
. 1

f Hv - 2 sL  Kä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2O +

ã
ä Hb ä Hm-2 kL+c ä Hv-2 sLL2

4 f Hv-2 sL -
1

2
ä Π Hm+vL+g ä Hv-2 sL Hä f Hv - 2 sLL-2 Hn+1L â

j=0

n â
h=0

j H-1L j-h 4 j

Hb ä Hm - 2 kL + c ä Hv - 2 sLL-h- j+2 n Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z Nh+ j

ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hb ä Hm - 2 kL + c ä Hv - 2 sLL Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N

G
1

2
Hh + j + 1L, ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL G
1

2
Hh + j + 2L, ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL
ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL �; n Î N ì m Î N+ ì v Î N+
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Involving zn sinmIb zr + eM sinv Ic zr + f z + gM
01.06.21.1242.01

à zn sinmIb z2 + eM sinvIc z2 + f z + gM â z �

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

-

2-m-v-1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ãä e Hm-2 kL-

ä m Π

2 zn+1 G
n + 1

2
, -ä b Hm - 2 kL z2 I-ä b Hm - 2 kL z2M 1

2
H-n-1L

+

ã
ä m Π

2
-ä e Hm-2 kL zn+1 Iä b Hm - 2 kL z2M 1

2
H-n-1L

G
n + 1

2
, ä b Hm - 2 kL z2 -

2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Hv-2 kL f 2

4 c
+

ä Π v

2
-ä g Hv-2 kL

â
j=0

n

2 j-n Hä f Hv - 2 kLLn- j H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL j+1 -
ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä f Hv - 2 kL - 2 ä c z Hv - 2 kLL2

4 c Hv - 2 kL H-ä c Hv - 2 kLL-n-1 +

ã
-

ä Hv-2 kL f 2

4 c
-

ä Π v

2
+g ä Hv-2 kL Hä c Hv - 2 kLL-n-1 â

j=0

n

2 j-n H-ä f Hv - 2 kLLn- j H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL j+1

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

4 c Hv - 2 kL -

2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

-
1

4
ä -

f 2 Hv-2 sL2
-2 b k+b m+2 c s-c v

-4 g Hv-2 sL+4 e Hm-2 kL-2 Π Hm-vL

â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL j+1

-
H f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2

ä c Hv - 2 sL - ä b Hm - 2 kL
1

2
H- j-1L

n

j

G
j + 1

2
, -

H f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2

4 Hä c Hv - 2 sL - ä b Hm - 2 kLL Hä c Hv - 2 sL - ä b Hm - 2 kLL-n-1 +

ã
1

4
ä

f 2 Hv-2 sL2
2 b k-b m+2 c s-c v

+4 g Hv-2 sL+4 e Hm-2 kL-2 Π Hm+vL Hb ä Hm - 2 kL + c ä Hv - 2 sLL-n-1

ân

2
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â
j=0

n

2 j-n H-ä f Hv - 2 sLLn- j H f ä Hv - 2 sL + 2 Hb ä Hm - 2 kL + c ä Hv - 2 sLL zL j+1

-
H f ä Hv - 2 sL + 2 Hb ä Hm - 2 kL + c ä Hv - 2 sLL zL2

b ä Hm - 2 kL + c ä Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

-
H f ä Hv - 2 sL + 2 Hb ä Hm - 2 kL + c ä Hv - 2 sLL zL2

4 Hb ä Hm - 2 kL + c ä Hv - 2 sLL + ã
-

1

4
ä

f 2 Hv-2 sL2
2 b k-b m+2 c s-c v

+4 g Hv-2 sL+4 e Hm-2 kL-2 Π Hm+vL

H-ä b Hm - 2 kL - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j H2 H-ä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1

-
H2 H-ä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

-ä b Hm - 2 kL - ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

-
H2 H-ä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 H-ä b Hm - 2 kL - ä c Hv - 2 sLL + ã
1

4
ä -

f 2 Hv-2 sL2
-2 b k+b m+2 c s-c v

-4 g Hv-2 sL+4 e Hm-2 kL+2 Π Hv-mL

Hä b Hm - 2 kL - ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n Hä f Hv - 2 sLLn- j H2 Hä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL j+1

-
H2 Hä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

ä b Hm - 2 kL - ä c Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

H2 Hä b Hm - 2 kL - ä c Hv - 2 sLL z - ä f Hv - 2 sLL2

4 Hä b Hm - 2 kL - ä c Hv - 2 sLL �; n Î N ì m Î N+ ì v Î N+

01.06.21.1243.01

à zn sinmI z b + eN sinvI z c + f z + gN â z � -2-m-v+1 H-1Ln+1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
Hm - 2 kL-2 Hn+1L

ãä e Hm-2 kL-
ä m Π

2 GI2 Hn + 1L, -ä b Hm - 2 kL z N + ã
ä m Π

2
-ä e Hm-2 kL GI2 Hn + 1L, ä b Hm - 2 kL z N b-2 Hn+1L +

2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ 2-m-2 n-v-1
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Hv-2 kL c2

4 f
+

ä Π v

2
-ä g Hv-2 kL â

j=0

n â
h=0

j H-1L j-h 4 j H-ä c Hv - 2 kLL-h- j+2 n I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLNh+ j
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-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä c Hv - 2 kL

I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN G
1

2
Hh + j + 1L, -

ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL - 2

ä f Hv - 2 kL -
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L,

-
ä I-ä c Hv - 2 kL - 2 ä f z Hv - 2 kLN2

4 f Hv - 2 kL H-ä f Hv - 2 kLL-2 Hn+1L + ã
-

ä Hv-2 kL c2

4 f
-

ä Π v

2
+g ä Hv-2 kL

Hä f Hv - 2 kLL-2 Hn+1L â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kLL-h- j+2 n Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLNh+ j

ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 kL Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN G

1

2
Hh + j + 1L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL + 2 f ä Hv - 2 kL
ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL +

2-m-2 n-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

-
ä Hä b Hm-2 kL-ä c Hv-2 sLL2

4 f Hv-2 sL +e ä Hm-2 kL-ä g Hv-2 sL+
1

2
ä Hv-mL Π

â
j=0

n â
h=0

j H-1L j-h 4 j Hä b Hm - 2 kL - ä c Hv - 2 sLL-h- j+2 n Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j

-
ä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
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Hä b Hm - 2 kL - ä c Hv - 2 sLL Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N
G

1

2
Hh + j + 1L, -

1

4 f Hv - 2 sL  Kä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O -

2 ä f Hv - 2 sL . -
1

f Hv - 2 sL  Kä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O
G

1

2
Hh + j + 2L, -

1

4 f Hv - 2 sL  Kä Ib ä Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O
H-ä f Hv - 2 sLL-2 Hn+1L + ã

-
ä H-ä b Hm-2 kL-ä c Hv-2 sLL2

4 f Hv-2 sL -ä e Hm-2 kL+
1

2
ä Π Hm+vL-ä g Hv-2 sL

Sum

Sum H-1L j-h 4 j H-ä b Hm - 2 kL - ä c Hv - 2 sLL-h- j+2 n I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z Nh+ j

-
1

f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O 1

2
H-h- j-1L j

h

n

j
H-ä b Hm - 2 kL - ä c Hv - 2 sLL I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N
G

1

2
Hh + j + 1L, -

1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O - 2 ä f

Hv - 2 sL . -
1

f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O G
1

2
Hh + j + 2L,

-
1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL - ä c Hv - 2 sL - 2 ä f Hv - 2 sL z N2O , 8h, 0, j< , 8 j, 0, n<
H-ä f Hv - 2 sLL-2 Hn+1L + ã

ä Hä c Hv-2 sL-ä b Hm-2 kLL2
4 f Hv-2 sL -ä e Hm-2 kL+

1

2
ä Π Hm-vL+g ä Hv-2 sL Hä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sL - ä b Hm - 2 kLL-h- j+2 n I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z Nh+ j

ä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hä c Hv - 2 sL - ä b Hm - 2 kLL I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N
G

1

2
Hh + j + 1L, 1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2O +

2 f ä Hv - 2 sL G
1

2
Hh + j + 2L, 1

4 f Hv - 2 sL  Kä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2O
+
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. 1

f Hv - 2 sL  Kä I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2O +

ã
ä Hb ä Hm-2 kL+c ä Hv-2 sLL2

4 f Hv-2 sL +e ä Hm-2 kL+g ä Hv-2 sL-
1

2
ä Hm+vL Π Hä f Hv - 2 sLL-2 Hn+1L

â
j=0

n â
h=0

j H-1L j-h 4 j Hb ä Hm - 2 kL + c ä Hv - 2 sLL-h- j+2 n Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z Nh+ j

ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hb ä Hm - 2 kL + c ä Hv - 2 sLL Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N

G
1

2
Hh + j + 1L, ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL G
1

2
Hh + j + 2L, ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL
ä Ib ä Hm - 2 kL + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL �; n Î N ì m Î N+ ì v Î N+

Involving zn sinmIb zr + d zM sinv Ic zr + f z + gM
01.06.21.1244.01à zn sinmIb z2 + d zM sinvIc z2 + f z + gM â z �

H-1Lm 2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

- ä-m 2-m-v-1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

ä d2 H2 k-mL
4 b

â
j=0

n

2 j-n Hä d H2 k - mLLn- j H-ä d H2 k - mL - 2 ä b z H2 k - mLL j+1 -
ä H-ä d H2 k - mL - 2 ä b z H2 k - mLL2

b H2 k - mL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d H2 k - mL - 2 ä b z H2 k - mLL2

4 b H2 k - mL H-ä b H2 k - mLL-n-1 +

m ã ân

2

-
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H-1Lm ã
ä d2 Hm-2 kL

4 b H-ä b Hm - 2 kLL-n-1 â
j=0

n

2 j-n Hä d Hm - 2 kLLn- j H-ä d Hm - 2 kL - 2 ä b z Hm - 2 kLL j+1

-
ä H-ä d Hm - 2 kL - 2 ä b z Hm - 2 kLL2

b Hm - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d Hm - 2 kL - 2 ä b z Hm - 2 kLL2

4 b Hm - 2 kL -

H-1Lm ä-v 2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

ä g H2 k-vL-
ä f 2 H2 k-vL

4 c

â
j=0

n

2 j-n H-ä f H2 k - vLLn- j H f ä H2 k - vL + 2 c ä z H2 k - vLL j+1
ä H f ä H2 k - vL + 2 c ä z H2 k - vLL2

c H2 k - vL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä H2 k - vL + 2 c ä z H2 k - vLL2

4 c H2 k - vL Hä c H2 k - vLL-n-1 +

ã
ä g Hv-2 kL-

ä f 2 Hv-2 kL
4 c Hä c Hv - 2 kLL-n-1 â

j=0

n

2 j-n H-ä f Hv - 2 kLLn- j H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL j+1

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

4 c Hv - 2 kL -

ä-m-v 2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

ä g H2 s-vL-
Hä f H2 s-vL-ä d H2 k-mLL2
4 Hä c H2 s-vL-ä b H2 k-mLL â

j=0

n

2 j-n Hä d H2 k - mL - ä f H2 s - vLLn- j

H-ä d H2 k - mL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b H2 k - mLL zL j+1 I-H-ä d H2 k - mL + f ä H2 s - vL +

2 Hä c H2 s - vL - ä b H2 k - mLL zL2 � Hä c H2 s - vL - ä b H2 k - mLLM 1

2
H- j-1L n

j
G

j + 1

2
,

-H-ä d H2 k - mL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b H2 k - mLL zL2 � H4 Hä c H2 s - vL - ä b H2 k - mLLL
Hä c H2 s - vL - ä b H2 k - mLL-n-1 + H-1Lm+v ã

ä g H2 s-vL-
Hä f H2 s-vL-ä d Hm-2 kLL2
4 Hä c H2 s-vL-ä b Hm-2 kLL Hä c H2 s - vL - ä b Hm - 2 kLL-n-1

â
j=0

n

2 j-n Hä d Hm - 2 kL - ä f H2 s - vLLn- j H-ä d Hm - 2 kL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b Hm - 2 kLL zL j+1

I-H-ä d Hm - 2 kL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b Hm - 2 kLL zL2 � Hä c H2 s - vL - ä b Hm - 2 kLLM 1

2
H- j-1L

n

j
G

j + 1

2
, -H-ä d Hm - 2 kL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b Hm - 2 kLL zL2 �

H4 Hä c H2 s - vL - ä b Hm - 2 kLLL + ã
ä g Hv-2 sL-

Hä f Hv-2 sL-ä d H2 k-mLL2
4 Hä c Hv-2 sL-ä b H2 k-mLL Hä c Hv - 2 sL - ä b H2 k - mLL-n-1

â
j=0

n

2 j-n Hä d H2 k - mL - ä f Hv - 2 sLLn- j H-ä d H2 k - mL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b H2 k - mLL zL j+1
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I-H-ä d H2 k - mL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b H2 k - mLL zL2 � Hä c Hv - 2 sL - ä b H2 k - mLLM 1

2
H- j-1L

n

j
G

j + 1

2
, -H-ä d H2 k - mL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b H2 k - mLL zL2 �

H4 Hä c Hv - 2 sL - ä b H2 k - mLLL + H-1Lm ã
ä g Hv-2 sL-

Hä f Hv-2 sL-ä d Hm-2 kLL2
4 Hä c Hv-2 sL-ä b Hm-2 kLL Hä c Hv - 2 sL - ä b Hm - 2 kLL-n-1

â
j=0

n

2 j-n Hä d Hm - 2 kL - ä f Hv - 2 sLLn- j H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL j+1

I-H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2 � Hä c Hv - 2 sL - ä b Hm - 2 kLLM 1

2
H- j-1L

n

j
G

j + 1

2
, -H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2 �

H4 Hä c Hv - 2 sL - ä b Hm - 2 kLLL �; n Î N ì m Î N+ ì v Î N+

01.06.21.1245.01à zn sinmI z b + d zN sinvI z c + g + f zN â z �

H-1Lm 2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ ä-m 2-m-2 n-v-1
v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk m

k
ã

ä b2 H2 k-mL
4 d â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b H2 k - mLL-h- j+2 n I-ä b H2 k - mL - 2 ä d z H2 k - mLNh+ j

-
ä I-ä b H2 k - mL - 2 ä d z H2 k - mLN2

d H2 k - mL
1

2
H-h- j-1L

j

h

n

j
-ä b H2 k - mL

I-ä b H2 k - mL - 2 ä d z H2 k - mLN G
1

2
Hh + j + 1L, -

ä I-ä b H2 k - mL - 2 ä d z H2 k - mLN2

4 d H2 k - mL -

2 ä d H2 k - mL -
ä I-ä b H2 k - mL - 2 ä d z H2 k - mLN2

d H2 k - mL G
1

2
Hh + j + 2L,

-
ä I-ä b H2 k - mL - 2 ä d z H2 k - mLN2

4 d H2 k - mL H-ä d H2 k - mLL-2 n-2 + H-1Lm ã
ä b2 Hm-2 kL

4 d

H-ä d Hm - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b Hm - 2 kLL-h- j+2 n I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLNh+ j
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-
ä I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN2

d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä b Hm - 2 kL

I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN G
1

2
Hh + j + 1L, -

ä I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN2

4 d Hm - 2 kL -

2 ä d Hm - 2 kL -
ä I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN2

d Hm - 2 kL G
1

2
Hh + j + 2L,

-
ä I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN2

4 d Hm - 2 kL + H-1Lm ä-v 2-m-2 n-v-1
m
m

2

H1 - m mod 2L

â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

ä g H2 k-vL-
ä c2 H2 k-vL

4 f â
j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 k - vLL-h- j+2 n Ic ä H2 k - vL + 2 f ä z H2 k - vLNh+ j

ä Ic ä H2 k - vL + 2 f ä z H2 k - vLN2

f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
c ä H2 k - vL Ic ä H2 k - vL + 2 f ä z H2 k - vLN

G
1

2
Hh + j + 1L, ä Ic ä H2 k - vL + 2 f ä z H2 k - vLN2

4 f H2 k - vL + 2 f ä H2 k - vL
ä Ic ä H2 k - vL + 2 f ä z H2 k - vLN2

f H2 k - vL G
1

2
Hh + j + 2L, ä Ic ä H2 k - vL + 2 f ä z H2 k - vLN2

4 f H2 k - vL
Hä f H2 k - vLL-2 n-2 + ã

ä g Hv-2 kL-
ä c2 Hv-2 kL

4 f Hä f Hv - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kLL-h- j+2 n

Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLNh+ j
ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j

c ä Hv - 2 kL Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN G
1

2
Hh + j + 1L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL +
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2 f ä Hv - 2 kL ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL G
1

2
Hh + j + 2L,

ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL + ä-m-v 2-m-2 n-v-1

â
k=0

f v-1

2
v H-1Lk v

k
â
s=0

f m-1

2
v H-1Ls m

s
H-1Lv ã

ä g H2 k-vL-
Hä c H2 k-vL-ä b H2 s-mLL2
4 Hä f H2 k-vL-ä d H2 s-mLL â

j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 k - vL - ä b H2 s - mLL-h- j+2 n

I-ä b H2 s - mL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d H2 s - mLL z Nh+ j

K-I-ä b H2 s - mL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d H2 s - mLL z N2 �
Hä f H2 k - vL - ä d H2 s - mLLO 1

2
H-h- j-1L j

h

n

jHä c H2 k - vL - ä b H2 s - mLL I-ä b H2 s - mL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d H2 s - mLL z N
G

1

2
Hh + j + 1L, -I-ä b H2 s - mL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d H2 s - mLL z N2 �
H4 Hä f H2 k - vL - ä d H2 s - mLLL + 2 Hä f H2 k - vL - ä d H2 s - mLL

G
1

2
Hh + j + 2L, -I-ä b H2 s - mL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d H2 s - mLL z N2 �
H4 Hä f H2 k - vL - ä d H2 s - mLLL - K-I-ä b H2 s - mL + c ä H2 k - vL +

2 Hä f H2 k - vL - ä d H2 s - mLL z N2 � Hä f H2 k - vL - ä d H2 s - mLLO
Hä f H2 k - vL - ä d H2 s - mLL-2 n-2 + H-1Lm+v ã

ä g H2 k-vL-
Hä c H2 k-vL-ä b Hm-2 sLL2
4 Hä f H2 k-vL-ä d Hm-2 sLL Hä f H2 k - vL - ä d Hm - 2 sLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 k - vL - ä b Hm - 2 sLL-h- j+2 n

I-ä b Hm - 2 sL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL z Nh+ j

-
I-ä b Hm - 2 sL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL z N2

ä f H2 k - vL - ä d Hm - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hä c H2 k - vL - ä b Hm - 2 sLL I-ä b Hm - 2 sL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL z N
G

1

2
Hh + j + 1L, -I-ä b Hm - 2 sL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL z N2 �

+
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H4 Hä f H2 k - vL - ä d Hm - 2 sLLL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL
G

1

2
Hh + j + 2L, -I-ä b Hm - 2 sL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL z N2 �
H4 Hä f H2 k - vL - ä d Hm - 2 sLLL - K-I-ä b Hm - 2 sL + c ä H2 k - vL +

2 Hä f H2 k - vL - ä d Hm - 2 sLL z N2 � Hä f H2 k - vL - ä d Hm - 2 sLLO +

H-1Lm ã
ä g Hv-2 kL-

Hä c Hv-2 kL-ä b Hm-2 sLL2
4 Hä f Hv-2 kL-ä d Hm-2 sLL Hä f Hv - 2 kL - ä d Hm - 2 sLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kL -

ä b Hm - 2 sLL-h- j+2 n I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z Nh+ j

-
I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z N2

ä f Hv - 2 kL - ä d Hm - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hä c Hv - 2 kL - ä b Hm - 2 sLL I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z N
G

1

2
Hh + j + 1L, -I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z N2 �
H4 Hä f Hv - 2 kL - ä d Hm - 2 sLLL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL

G
1

2
Hh + j + 2L, -I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z N2 �
H4 Hä f Hv - 2 kL - ä d Hm - 2 sLLL - K-I-ä b Hm - 2 sL + c ä Hv - 2 kL +

2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z N2 � Hä f Hv - 2 kL - ä d Hm - 2 sLLO +

ã
ä g Hv-2 kL-

Hä c Hv-2 kL-ä b H2 s-mLL2
4 Hä f Hv-2 kL-ä d H2 s-mLL Hä f Hv - 2 kL - ä d H2 s - mLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kL -

ä b H2 s - mLL-h- j+2 n I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z Nh+ j

-
I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z N2

ä f Hv - 2 kL - ä d H2 s - mL
1

2
H-h- j-1L

j

h

n

j
Hä c Hv - 2 kL - ä b H2 s - mLL I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z N
G

1

2
Hh + j + 1L, -I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z N2 �
H4 Hä f Hv - 2 kL - ä d H2 s - mLLL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL G

1

2
Hh + j + 2L,

-I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z N2 � H4 Hä f Hv - 2 kL -

ä d H2 s - mLLL - K-I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL
z N2 � O �;
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Involving zn sinmIb zr + d z + eM sinv Ic zr + f z + gM
01.06.21.1246.01à zn sinmIb z2 + d z + eM sinvIc z2 + f z + gM â z �

H-1Lm 2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

- ä-m 2-m-v-1
v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk m

k
ã

ä d2 H2 k-mL
4 b

-ä e H2 k-mL â
j=0

n

2 j-n Hä d H2 k - mLLn- j H-ä d H2 k - mL - 2 ä b z H2 k - mLL j+1

-
ä H-ä d H2 k - mL - 2 ä b z H2 k - mLL2

b H2 k - mL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d H2 k - mL - 2 ä b z H2 k - mLL2

4 b H2 k - mL
H-ä b H2 k - mLL-n-1 + H-1Lm ã

ä d2 Hm-2 kL
4 b

-ä e Hm-2 kL H-ä b Hm - 2 kLL-n-1

â
j=0

n

2 j-n Hä d Hm - 2 kLLn- j H-ä d Hm - 2 kL - 2 ä b z Hm - 2 kLL j+1

-
ä H-ä d Hm - 2 kL - 2 ä b z Hm - 2 kLL2

b Hm - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä H-ä d Hm - 2 kL - 2 ä b z Hm - 2 kLL2

4 b Hm - 2 kL -

H-1Lm ä-v 2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

ä g H2 k-vL-
ä f 2 H2 k-vL

4 c

â
j=0

n

2 j-n H-ä f H2 k - vLLn- j H f ä H2 k - vL + 2 c ä z H2 k - vLL j+1
ä H f ä H2 k - vL + 2 c ä z H2 k - vLL2

c H2 k - vL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä H2 k - vL + 2 c ä z H2 k - vLL2

4 c H2 k - vL Hä c H2 k - vLL-n-1 +

ã
ä g Hv-2 kL-

ä f 2 Hv-2 kL
4 c Hä c Hv - 2 kLL-n-1 â

j=0

n

2 j-n H-ä f Hv - 2 kLLn- j H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL j+1

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H f ä Hv - 2 kL + 2 c ä z Hv - 2 kLL2

4 c Hv - 2 kL -

2-m-v-1 ä-m-v â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
Hä f H2 s-vL-ä d H2 k-mLL2
4 Hä c H2 s-vL-ä b H2 k-mLL -ä e H2 k-mL+g ä H2 s-vL
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â
j=0

n

2 j-n Hä d H2 k - mL - ä f H2 s - vLLn- j H-ä d H2 k - mL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b H2 k - mLL zL j+1

I-H-ä d H2 k - mL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b H2 k - mLL zL2 � Hä c H2 s - vL - ä b H2 k - mLLM 1

2
H- j-1L

n

j
G

j + 1

2
, -H-ä d H2 k - mL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b H2 k - mLL zL2 �

H4 Hä c H2 s - vL - ä b H2 k - mLLL Hä c H2 s - vL - ä b H2 k - mLL-n-1 +

H-1Lm+v ã
-

Hä f H2 s-vL-ä d Hm-2 kLL2
4 Hä c H2 s-vL-ä b Hm-2 kLL -ä e Hm-2 kL+g ä H2 s-vL Hä c H2 s - vL - ä b Hm - 2 kLL-n-1

â
j=0

n

2 j-n Hä d Hm - 2 kL - ä f H2 s - vLLn- j H-ä d Hm - 2 kL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b Hm - 2 kLL zL j+1

I-H-ä d Hm - 2 kL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b Hm - 2 kLL zL2 � Hä c H2 s - vL - ä b Hm - 2 kLLM 1

2
H- j-1L

n

j
G

j + 1

2
, -H-ä d Hm - 2 kL + f ä H2 s - vL + 2 Hä c H2 s - vL - ä b Hm - 2 kLL zL2 � H4 Hä c H2 s - vL -

ä b Hm - 2 kLLL + ã
-

Hä f Hv-2 sL-ä d H2 k-mLL2
4 Hä c Hv-2 sL-ä b H2 k-mLL -ä e H2 k-mL+g ä Hv-2 sL Hä c Hv - 2 sL - ä b H2 k - mLL-n-1

â
j=0

n

2 j-n Hä d H2 k - mL - ä f Hv - 2 sLLn- j H-ä d H2 k - mL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b H2 k - mLL zL j+1

I-H-ä d H2 k - mL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b H2 k - mLL zL2 � Hä c Hv - 2 sL - ä b H2 k - mLLM 1

2
H- j-1L

n

j
G

j + 1

2
, -H-ä d H2 k - mL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b H2 k - mLL zL2 � H4 Hä c Hv - 2 sL -

ä b H2 k - mLLL + H-1Lm ã
-

Hä f Hv-2 sL-ä d Hm-2 kLL2
4 Hä c Hv-2 sL-ä b Hm-2 kLL -ä e Hm-2 kL+g ä Hv-2 sL Hä c Hv - 2 sL - ä b Hm - 2 kLL-n-1

â
j=0

n

2 j-n Hä d Hm - 2 kL - ä f Hv - 2 sLLn- j H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL j+1

I-H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2 � Hä c Hv - 2 sL - ä b Hm - 2 kLLM 1

2
H- j-1L

n

j
G

j + 1

2
, -H-ä d Hm - 2 kL + f ä Hv - 2 sL + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2 �

H4 Hä c Hv - 2 sL - ä b Hm - 2 kLLL �; n Î N ì m Î N+ ì v Î N+

01.06.21.1247.01à zn sinmI z b + d z + eN sinvI z c + f z + gN â z �

H-1Lm 2-m-v zn+1
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
n + 1

+ ä-m 2-m-2 n-v-1
v
v

2

H1 - v mod 2L
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â
k=0

f m-1

2
v H-1Lk m

k
ã

ä b2 H2 k-mL
4 d

-ä e H2 k-mL â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b H2 k - mLL-h- j+2 n I-ä b H2 k - mL - 2 ä d z H2 k - mLNh+ j

-
ä I-ä b H2 k - mL - 2 ä d z H2 k - mLN2

d H2 k - mL
1

2
H-h- j-1L

j

h

n

j
-ä b H2 k - mL

I-ä b H2 k - mL - 2 ä d z H2 k - mLN G
1

2
Hh + j + 1L, -

ä I-ä b H2 k - mL - 2 ä d z H2 k - mLN2

4 d H2 k - mL -

2 ä d H2 k - mL -
ä I-ä b H2 k - mL - 2 ä d z H2 k - mLN2

d H2 k - mL G
1

2
Hh + j + 2L,

-
ä I-ä b H2 k - mL - 2 ä d z H2 k - mLN2

4 d H2 k - mL H-ä d H2 k - mLL-2 n-2 + H-1Lm ã
ä b2 Hm-2 kL

4 d
-ä e Hm-2 kL

H-ä d Hm - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b Hm - 2 kLL-h- j+2 n I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLNh+ j

-
ä I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN2

d Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
-ä b Hm - 2 kL

I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN G
1

2
Hh + j + 1L, -

ä I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN2

4 d Hm - 2 kL -

2 ä d Hm - 2 kL -
ä I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN2

d Hm - 2 kL G
1

2
Hh + j + 2L,

-
ä I-ä b Hm - 2 kL - 2 ä d z Hm - 2 kLN2

4 d Hm - 2 kL + H-1Lm ä-v 2-m-2 n-v-1
m
m

2

H1 - m mod 2L

â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

ä g H2 k-vL-
ä c2 H2 k-vL

4 f â
j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 k - vLL-h- j+2 n Ic ä H2 k - vL + 2 f ä z H2 k - vLNh+ j
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ä Ic ä H2 k - vL + 2 f ä z H2 k - vLN2

f H2 k - vL
1

2
H-h- j-1L

j

h

n

j
c ä H2 k - vL Ic ä H2 k - vL + 2 f ä z H2 k - vLN

G
1

2
Hh + j + 1L, ä Ic ä H2 k - vL + 2 f ä z H2 k - vLN2

4 f H2 k - vL + 2 f ä H2 k - vL
ä Ic ä H2 k - vL + 2 f ä z H2 k - vLN2

f H2 k - vL G
1

2
Hh + j + 2L, ä Ic ä H2 k - vL + 2 f ä z H2 k - vLN2

4 f H2 k - vL
Hä f H2 k - vLL-2 n-2 + ã

ä g Hv-2 kL-
ä c2 Hv-2 kL

4 f Hä f Hv - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kLL-h- j+2 n

Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLNh+ j
ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j

c ä Hv - 2 kL Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN G
1

2
Hh + j + 1L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL +

2 f ä Hv - 2 kL ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

f Hv - 2 kL G

1

2
Hh + j + 2L, ä Ic ä Hv - 2 kL + 2 f ä z Hv - 2 kLN2

4 f Hv - 2 kL +

2-m-2 n-v-1 ä-m-v â
k=0

f v-1

2
v H-1Lk v

k
â
s=0

f m-1

2
v H-1Ls m

s
H-1Lv ã

-
Hä c H2 k-vL-ä b H2 s-mLL2
4 Hä f H2 k-vL-ä d H2 s-mLL -ä e H2 s-mL+g ä H2 k-vL

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 k - vL - ä b H2 s - mLL-h- j+2 n I-ä b H2 s - mL + c ä H2 k - vL +

2 Hä f H2 k - vL - ä d H2 s - mLL z Nh+ j K-I-ä b H2 s - mL + c ä H2 k - vL +

2 Hä f H2 k - vL - ä d H2 s - mLL z N2 � Hä f H2 k - vL - ä d H2 s - mLLO 1

2
H-h- j-1L j

h

n

j
Hä c H2 k - vL - ä b H2 s - mLL I-ä b H2 s - mL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d H2 s - mLL z N
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G
1

2
Hh + j + 1L, -I-ä b H2 s - mL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d H2 s - mLL z N2 �
H4 Hä f H2 k - vL - ä d H2 s - mLLL + 2 Hä f H2 k - vL - ä d H2 s - mLL

G
1

2
Hh + j + 2L, -I-ä b H2 s - mL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d H2 s - mLL z N2 �
H4 Hä f H2 k - vL - ä d H2 s - mLLL - K-I-ä b H2 s - mL + c ä H2 k - vL +

2 Hä f H2 k - vL - ä d H2 s - mLL z N2 � Hä f H2 k - vL - ä d H2 s - mLLO
Hä f H2 k - vL - ä d H2 s - mLL-2 n-2 + H-1Lm+v ã

-
Hä c H2 k-vL-ä b Hm-2 sLL2
4 Hä f H2 k-vL-ä d Hm-2 sLL -ä e Hm-2 sL+g ä H2 k-vL

Hä f H2 k - vL - ä d Hm - 2 sLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 k - vL - ä b Hm - 2 sLL-h- j+2 n

I-ä b Hm - 2 sL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL z Nh+ j K-I-ä b Hm - 2 sL + c ä H2 k - vL +

2 Hä f H2 k - vL - ä d Hm - 2 sLL z N2 � Hä f H2 k - vL - ä d Hm - 2 sLLO 1

2
H-h- j-1L j

h

n

j
Hä c H2 k - vL - ä b Hm - 2 sLL I-ä b Hm - 2 sL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL z N
G

1

2
Hh + j + 1L, -I-ä b Hm - 2 sL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL z N2 �
H4 Hä f H2 k - vL - ä d Hm - 2 sLLL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL

G
1

2
Hh + j + 2L, -I-ä b Hm - 2 sL + c ä H2 k - vL + 2 Hä f H2 k - vL - ä d Hm - 2 sLL z N2 �
H4 Hä f H2 k - vL - ä d Hm - 2 sLLL - K-I-ä b Hm - 2 sL + c ä H2 k - vL +

2 Hä f H2 k - vL - ä d Hm - 2 sLL z N2 � Hä f H2 k - vL - ä d Hm - 2 sLLO +

ã
-

Hä c Hv-2 kL-ä b H2 s-mLL2
4 Hä f Hv-2 kL-ä d H2 s-mLL -ä e H2 s-mL+g ä Hv-2 kL Hä f Hv - 2 kL - ä d H2 s - mLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j

Hä c Hv - 2 kL - ä b H2 s - mLL-h- j+2 n I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL
z Nh+ j K-I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z N2 �

Hä f Hv - 2 kL - ä d H2 s - mLLO 1

2
H-h- j-1L j

h

n

jHä c Hv - 2 kL - ä b H2 s - mLL I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z N
G

1

2
Hh + j + 1L, -I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z N2 �
H4 Hä f Hv - 2 kL - ä d H2 s - mLLL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL

G
1

2
Hh + j + 2L, -I-ä b H2 s - mL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d H2 s - mLL z N2 �

+
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H4 Hä f Hv - 2 kL - ä d H2 s - mLLL - K-I-ä b H2 s - mL + c ä Hv - 2 kL +

2 Hä f Hv - 2 kL - ä d H2 s - mLL z N2 � Hä f Hv - 2 kL - ä d H2 s - mLLO +

H-1Lm ã
-

Hä c Hv-2 kL-ä b Hm-2 sLL2
4 Hä f Hv-2 kL-ä d Hm-2 sLL -ä e Hm-2 sL+g ä Hv-2 kL Hä f Hv - 2 kL - ä d Hm - 2 sLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kL - ä b Hm - 2 sLL-h- j+2 n

I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z Nh+ j

K-I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z N2 �
Hä f Hv - 2 kL - ä d Hm - 2 sLLO 1

2
H-h- j-1L j

h

n

jHä c Hv - 2 kL - ä b Hm - 2 sLL I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z N
G

1

2
Hh + j + 1L, -I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z N2 �
H4 Hä f Hv - 2 kL - ä d Hm - 2 sLLL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL G

1

2
Hh + j + 2L,

-I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL z N2 � H4 Hä f Hv - 2 kL -

ä d Hm - 2 sLLL - K-I-ä b Hm - 2 sL + c ä Hv - 2 kL + 2 Hä f Hv - 2 kL - ä d Hm - 2 sLL
z N2 � Hä f Hv - 2 kL - ä d Hm - 2 sLLO �; n Î N ì m Î N+ ì v Î N+

Involving products of powers of several direct functions and a power function

Involving zΑ-1 sin2Ha zL sinHb zL sinHc zL
01.06.21.1248.01à zΑ-1 sin2Ha zL sinHb zL sinHc zL â z �

1

16
zΑ I-H-ä H2 a - b - cL zL-Α GHΑ, -ä H2 a - b - cL zL - Hä H2 a - b - cL zL-Α GHΑ, ä H2 a - b - cL zL -

2 H-ä Hb - cL zL-Α GHΑ, -ä Hb - cL zL - 2 Hä Hb - cL zL-Α GHΑ, ä Hb - cL zL + H-ä H2 a + b - cL zL-Α GHΑ, -ä H2 a + b - cL zL +Hä H2 a + b - cL zL-Α GHΑ, ä H2 a + b - cL zL + H-ä H2 a - b + cL zL-Α GHΑ, -ä H2 a - b + cL zL +Hä H2 a - b + cL zL-Α GHΑ, ä H2 a - b + cL zL + 2 H-ä Hb + cL zL-Α GHΑ, -ä Hb + cL zL + 2 Hä Hb + cL zL-Α GHΑ, ä Hb + cL zL -H-ä H2 a + b + cL zL-Α GHΑ, -ä H2 a + b + cL zL - Hä H2 a + b + cL zL-Α GHΑ, ä H2 a + b + cL zLM
01.06.21.1249.01

à sin2Ha zL sinHb zL sinHc zL
z

 â z �

1

8
HCiHH2 a - b - cL zL + 2 CiHHb - cL zL - CiHH2 a + b - cL zL - CiHH2 a - b + cL zL - 2 CiHHb + cL zL + CiHH2 a + b + cL zLL
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Involving rational functions of the direct function and a power function

Involving z
a+b sinHc z+dL

01.06.21.1250.01

à z

1 - sinHzL  â z �
2 sinI z

2
M z

cosI z

2
M - sinI z

2
M + z - 2 tanh-1KtanK z

2
OO + logHcosHzLL

01.06.21.1251.01

à z

sinHzL + 1
 â z �

2 sinI z

2
M z

cosI z

2
M + sinI z

2
M - z + 2 tanh-1KtanK z

2
OO + logHcosHzLL
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01.06.21.1252.01

à z

a + b sinHc zL  â z �
1

c2
 

Π tan-1
b+a tanJ c z

2
N

a2-b2

a2 - b2

+

1

b2 - a2

 HΠ - 2 c zL tanh-1
Ha + bL cotJ 1

4
HΠ - 2 c zLN

b2 - a2

+ 2 cos-1 -
a

b
tanh-1

Ha - bL tanJ 1

4
HΠ - 2 c zLN

b2 - a2

+

cos-1 -
a

b
- 2 ä tanh-1

Ha + bL cotJ 1

4
HΠ - 2 c zLN

b2 - a2

- 2 ä tanh-1
Ha - bL tanJ 1

4
HΠ - 2 c zLN

b2 - a2

log
J 1

2
- ä

2
N b2 - a2 ã

ä c z

2

b a + b sinHc zL + cos-1 -
a

b
+

2 ä tanh-1
Ha + bL cotJ 1

4
HΠ - 2 c zLN

b2 - a2

+ tanh-1
Ha - bL tanJ 1

4
HΠ - 2 c zLN

b2 - a2

log
J 1

2
+ ä

2
N b2 - a2 ã-

1

2
ä c z

b a + b sinHc zL -

cos-1 -
a

b
- 2 ä tanh-1

Ha - bL tanJ 1

4
HΠ - 2 c zLN

b2 - a2

log

Ha + bL ä a - ä b + b2 - a2 Jä + tanJ 1

4
HΠ - 2 c zLNN

b a + b + b2 - a2 tanJ 1

4
HΠ - 2 c zLN -

cos-1 -
a

b
+ 2 ä tanh-1

Ha - bL tanJ 1

4
HΠ - 2 c zLN

b2 - a2

log

Ha + bL -a + b - ä b2 - a2 Jä tanJ 1

4
HΠ - 2 c zLN + 1N

b a + b + b2 - a2 tanJ 1

4
HΠ - 2 c zLN +

ä Li2

a - ä b2 - a2 a + b - b2 - a2 tanJ 1

4
HΠ - 2 c zLN

b a + b + b2 - a2 tanJ 1

4
HΠ - 2 c zLN -

Li2

a + ä b2 - a2 a + b - b2 - a2 tanJ 1

4
HΠ - 2 c zLN

b a + b + b2 - a2 tanJ 1

4
HΠ - 2 c zLN
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01.06.21.1253.01à z

a + b sinHd + c zL  â z �

1

c2
 

Π tan-1
b+a tanJ 1

2
Hd+c zLN

a2-b2

a2 - b2

+
1

b2 - a2

 -H2 d + 2 c z - ΠL tanh-1
Ha + bL cotJ 1

4
H-2 d - 2 c z + ΠLN
b2 - a2

-

2 d - cos-1 -
a

b
tanh-1

Ha - bL tanJ 1

4
H-2 d - 2 c z + ΠLN
b2 - a2

+

cos-1 -
a

b
+ 2 ä tanh-1

Ha + bL cotJ 1

4
H-2 d - 2 c z + ΠLN
b2 - a2

+ tanh-1
Ha - bL tanJ 1

4
H-2 d - 2 c z + ΠLN
b2 - a2

log
-1

4
b2 - a2 ã-

1

2
ä Hd+c zL

2 b a + b sinHd + c zL +

cos-1 -
a

b
- 2 ä tanh-1

Ha + bL cotJ 1

4
H-2 d - 2 c z + ΠLN
b2 - a2

- 2 ä tanh-1
Ha - bL tanJ 1

4
H-2 d - 2 c z + ΠLN
b2 - a2

log -
H-1L3�4 b2 - a2 ã

1

2
ä Hd+c zL

2 b a + b sinHd + c zL - cos-1 -
a

b
- 2 ä tanh-1

Ha - bL tanJ 1

4
H-2 d - 2 c z + ΠLN
b2 - a2

log

Ha + bL ä a - ä b + b2 - a2 Jä + tanJ 1

4
H-2 d - 2 c z + ΠLNN

b a + b + b2 - a2 tanJ 1

4
H-2 d - 2 c z + ΠLN -

cos-1 -
a

b
+ 2 ä tanh-1

Ha - bL tanJ 1

4
H-2 d - 2 c z + ΠLN
b2 - a2

log

Ha + bL -a + b - ä b2 - a2 Jä tanJ 1

4
H-2 d - 2 c z + ΠLN + 1N

b a + b + b2 - a2 tanJ 1

4
H-2 d - 2 c z + ΠLN +

ä Li2

a - ä b2 - a2 a + b - b2 - a2 tanJ 1

4
H-2 d - 2 c z + ΠLN

b a + b + b2 - a2 tanJ 1

4
H-2 d - 2 c z + ΠLN -

Li2

a + ä b2 - a2 a + b - b2 - a2 tanJ 1

4
H-2 d - 2 c z + ΠLN

b a + b + b2 - a2 tanJ 1

4
H-2 d - 2 c z + ΠLN
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Involving z sinHc zL
a+b sinH2 c zL

01.06.21.1254.01à z sinHc zL
a + b sinH2 c zL  â z �

-b
1

a2 - b2 - a

 
1

2
ã3 ä c z F

ä b ã2 ä c z

a - a2 - b2

, 2,
3

2
+

1H-ä bL5�2  b a2 - b2 - a c z -2 a2 - b2 - a tanh-1

-ä b ãä c z

a2 - b2 - a

+ 2 -ä b a2 - b2 - a ãä c z - ä b log
ãä c z -ä b

a2 - b2 - a

+ 1 + b ä

log 1 -
-ä b ãä c z

a2 - b2 - a

+ b Li2
-ä b ãä c z

a2 - b2 - a

- b Li2 -
-ä b ãä c z

a2 - b2 - a

+

1

a + a2 - b2

 
1

2
ã3 ä c z F

ä b ã2 ä c z

a + a2 - b2

, 2,
3

2
+

1

-ä b b
 a + a2 - b2

c z -2 a + a2 - b2 tan-1
-ä b ãä c z

a + a2 - b2

+ 2 -ä b a + a2 - b2

ãä c z - b log 1 -
ä -ä b ãä c z

a + a2 - b2

+ b log
ãä c z b

-ä b a + a2 - b2

+ 1 -

ä b Li2 -
ä -ä b ãä c z

a + a2 - b2

+ b ä Li2
b ãä c z

-ä b a + a2 - b2

Involving algebraic functions of the direct function and a power function
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Involving z sinHc zLIa+b sin2Hc zLMΒ

01.06.21.1255.01

á z sinHc zLIa + b sin2Hc zLM3�2  â z �
1Ha + bL c2

 
1

-b
 tan-1

2 -b sinHc zL
2 a + b - b cosH2 c zL -

2 c z cosHc zL
2 a + b - b cosH2 c zL

Involving functions of the direct function and algebraic functions

Involving products of the direct function and algebraic functions

Involving products of two direct functions and algebraic functions

Involving Hf + e zLΑ-1 sinHd + c zL sinHb + a zL
01.06.21.1256.01

à H f + e zLΑ-1 sinHd + c zL sinHb + a zL â z �
1

4 e
 H f + e zLΑ

Ha - cL2 H f + e zL2

e2

-Α Ha + cL2 H f + e zL2

e2

-Α

G Α, -
ä Ha + cL H f + e zL

e
cos b + d -

Ha + cL f

e
+ ä sin b + d -

Ha + cL f

e

ä Ha + cL H f + e zL
e

Α

+

-
ä Ha + cL H f + e zL

e

Α

G Α,
ä Ha + cL H f + e zL

e
cos b + d -

Ha + cL f

e
- ä sin b + d -

Ha + cL f

eHa - cL2 H f + e zL2

e2

Α

-
ä Ha - cL H f + e zL

e

Α Ha + cL2 H f + e zL2

e2

Α

G Α,
ä Hc - aL H f + e zL

e

cos b - d +
Hc - aL f

e
+ ä sin b - d +

Hc - aL f

e
-

ä Hc - aL H f + e zL
e

Α Ha + cL2 H f + e zL2

e2

Α

G Α,
ä Ha - cL H f + e zL

e
cos b - d +

Hc - aL f

e
- ä sin b - d +

Hc - aL f

e

01.06.21.1257.01à sinHd + c zL sinHb + a zL
f + e z

 â z �

1

2 e
 cos

b e - d e - a f + c f

e
Ci

Ha - cL H f + e zL
e

- cos b + d -
Ha + cL f

e
Ci

Ha + cL H f + e zL
e

-

sin
b e - d e - a f + c f

e
Si

Ha - cL H f + e zL
e

+ sin b + d -
Ha + cL f

e
Si

Ha + cL H f + e zL
e

01.06.21.1258.01à sinHa zL sinHb + a zL
b + a z

 â z � -
cosHbL CiH2 Hb + a zLL - cosHbL logHb + a zL + sinHbL SiH2 Hb + a zLL

2 a

Involving functions of the direct function and exponential function
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Involving powers of the direct function and exponential function

Involving powers of sin and exp

Involving ãb z sinv Ha zL
01.06.21.1259.01

à ãb z sinΝHa zL â z �
ãb z I1 - ã2 ä a zM-Ν

sinΝHa zL
b - ä a Ν

 2F1 -
ä b + a Ν

2 a
, -Ν; 1 -

ä b

2 a
-

Ν

2
; ã2 ä a z

01.06.21.1260.01

à ãb z sinvHa zL â z �

2-v ãb z
v
v

2

H1 - v mod 2L
b

+ 2-v â
k=0

f v-1

2
v H-1Lk ã-

ä Π v

2

ãH-2 a ä k+b+ä a vL z

-2 a ä k + b + ä a v
+

ãä H-a z v+Π v+2 a k z-ä b zL
b + a ä H2 k - vL v

k
�; v Î N

01.06.21.1261.01

à ãb z sin2Ha zL â z �
ãb z I4 a2 - 2 b sinH2 a zL a + b2 - b2 cosH2 a zLM

2 Ib3 + 4 a2 bM
01.06.21.1262.01à ãa z sin2Ha zL â z � -

ãa z HcosH2 a zL + 2 sinH2 a zL - 5L
10 a

01.06.21.1263.01

à ã2 a z sin2Ha zL â z � -
ã2 a z HcosH2 a zL + sinH2 a zL - 2L

8 a

01.06.21.1264.01à ãb z sin3Ha zL â z �
1

4 I9 a4 + 10 b2 a2 + b4M  

Iãb z I-3 a I9 a2 + b2M cosHa zL + 3 a Ia2 + b2M cosH3 a zL - 2 b I-13 a2 - b2 + Ia2 + b2M cosH2 a zLM sinHa zLMM
01.06.21.1265.01à ãb z sin4Ha zL â z �

1

8 Ib5 + 20 a2 b3 + 64 a4 bM  Iãb z I192 a4 - 128 b sinH2 a zL a3 + 16 b sinH4 a zL a3 + 60 b2 a2 - 8 b3 sinH2 a zL a +

4 b3 sinH4 a zL a + 3 b4 - 4 b2 I16 a2 + b2M cosH2 a zL + b2 I4 a2 + b2M cosH4 a zLMM
01.06.21.1266.01

à ã2 a z sin4Ha zL â z �
ã2 a z H-10 cosH2 a zL + cosH4 a zL - 10 sinH2 a zL + 2 sinH4 a zL + 15L

80 a

01.06.21.1267.01

à ã-2 a z sin4Ha zL â z � -
ã-2 a z H-10 cosH2 a zL + cosH4 a zL + 10 sinH2 a zL - 2 sinH4 a zL + 15L

80 a
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01.06.21.1268.01

á sin3Ha zL
ãb z

 â z � I-6 a I36 a2 + b2M cosHa zL + 6 a I4 a2 + b2M cosH3 a zL + 2 b I-52 a2 - b2 + I4 a2 + b2M cosH2 a zLM sinHa zLM �
2 I144 a4 + 40 b2 a2 + b4M ãb z

Involving ãb z+e sinv Ha zL
01.06.21.1269.01

à ãb z+e sinΝHa zL â z �
ãb z+e I1 - ã2 ä a zM-Ν

sinΝHa zL
b - ä a Ν

 2F1 -
ä b + a Ν

2 a
, -Ν; 1 -

ä b

2 a
-

Ν

2
; ã2 ä a z

01.06.21.1270.01à ãb z+e sinvHa zL â z �

2-v ãe+b z
v
v

2

H1 - v mod 2L
b

+ 2-v â
k=0

f v-1

2
v H-1Lk ãe-

ä Π v

2

ãH-2 a ä k+b+ä a vL z

-2 a ä k + b + ä a v
+

ãä H-a z v+Π v+2 a k z-ä b zL
b + a ä H2 k - vL v

k
�; v Î N

Involving ãp z sinΝHa z + bL
01.06.21.1271.01

à ãp z sinΝHa z + bL â z �
ãp z I1 - ã2 ä Hb+a zLM-Ν

sinΝHb + a zL
p - ä a Ν

2F1 -
ä p + a Ν

2 a
, -Ν;

1

2
-

ä p

a
- Ν + 2 ; ã2 ä Hb+a zL

01.06.21.1272.01à ãp z sinvHa z + bL â z �

2-v ãp z H1 - v mod 2L
p

v
v

2

+ 2-v â
k=0

f v-1

2
v H-1Lk ã-

1

2
ä HΠ v+2 b H2 k+vLL ã2 ä b v+H-2 a ä k+p+ä a vL z

-2 a ä k + p + ä a v
+

ãä H4 b k+2 a z k+Π v-ä p z-a v zL
p + a ä H2 k - vL v

k
�; v Î N

Involving ãp z+e sinΝHa z + bL
01.06.21.1273.01

à ãp z+e sinΝHa z + bL â z �
ãp z+e I1 - ã2 ä Hb+a zLM-Ν

sinΝHb + a zL
p - ä a Ν

2F1 -
ä p + a Ν

2 a
, -Ν;

1

2
-

ä p

a
- Ν + 2 ; ã2 ä Hb+a zL

01.06.21.1274.01

à ãp z+e sinvHa z + bL â z �
2-v ãp z+e H1 - v mod 2L

p

v
v

2

+

2-v â
k=0

f v-1

2
v H-1Lk ãe-

1

2
ä HΠ v+2 b H2 k+vLL ã2 ä b v+H-2 a ä k+p+ä a vL z

-2 a ä k + p + ä a v
+

ãä H4 b k+2 a z k+Π v-ä p z-a v zL
p + a ä H2 k - vL v

k
�; v Î N

Involving ãb zr
 sinv Hc zL
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01.06.21.1275.01

à ãb z2
sinvHc zL â z �

1

b
 2-v-1 Π

v
v

2

erfiK b zO H1 - v mod 2L +

ä-v â
s=0

f v-1

2
v H-1Ls ã

c2 Hv-2 sL2
4 b

v

s
H-1Lv erfi

2 ä c s - ä c v + 2 b z

2 b
+ erfi

c ä Hv - 2 sL + 2 b z

2 b
�; v Î N+

01.06.21.1276.01à ã z b sinvHc zL â z �

21-v ã z b Ib z - 1N v
v

2

H1 - v mod 2L
b2

+ ä-v 2-v-1 â
k=0

f v-1

2
v H-1Lk v

k
2 ãb z

ãä Π v+H2 ä c k-ä c vL z

2 ä c k - ä c v
+

ãHä c v-2 ä c kL z

ä c v - 2 ä c k
-

b ã
b2

8 ä c k-4 ä c v Π erfi b+2 Hä c v-2 ä c kL z

2 ä c v-2 ä c kHä c v - 2 ä c kL3�2 -

b ã
b2

4 ä c v-8 ä c k
+ä Π v

Π erfi b+2 H2 ä c k-ä c vL z

2 2 ä c k-ä c vH2 ä c k - ä c vL3�2 �; v Î N+

Involving ãb zr +e  sinv Hc zL
01.06.21.1277.01

à ãb z2+e sinvHc zL â z �

2-v-1 ãe Π
v
v

2

erfiJ b zN H1 - v mod 2L
b

+

ä-v 2-v-1 Π

b
 â

k=0

f v-1

2
v H-1Lk ã

-
-c2 Hv-2 kL2-4 b e

4 b
v

k
erfi

-2 c ä k + ä c v + 2 b z

2 b
+ ãä Π v erfi

2 ä c k - ä c v + 2 b z

2 b
�; v Î N+

01.06.21.1278.01à ã z b+e sinvHc zL â z �

21-v ã z b+e Ib z - 1N v
v

2

H1 - v mod 2L
b2

+ ä-v 2-v-1 ãe â
k=0

f v-1

2
v H-1Lk v

k
2 ãb z

ãä Π v+H2 ä c k-ä c vL z

2 ä c k - ä c v
+

ãHä c v-2 ä c kL z

ä c v - 2 ä c k
-

b ã
b2

8 ä c k-4 ä c v Π erfi b+2 Hä c v-2 ä c kL z

2 ä c v-2 ä c kHä c v - 2 ä c kL3�2 -

b ã
b2

4 ä c v-8 ä c k
+ä Π v

Π erfi b+2 H2 ä c k-ä c vL z

2 2 ä c k-ä c vH2 ä c k - ä c vL3�2 �; v Î N+
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Involving ãb zr +d z  sinv Hc zL
01.06.21.1279.01à ãb z2+d z sinvHc zL â z �

2-v-1 ã
-

d2

4 b Π H1 - v mod 2L
b

 
v
v

2

erfi
d + 2 b z

2 b
+

1

b
 2-v-1 Π ä-v â

s=0

f v-1

2
v H-1Ls ã

-
d2+2 c ä H2 s+vL d-c2 Hv-2 sL2

4 b
v

s

ã
2 ä c d s

b erfi
d - 2 ä c s + ä c v + 2 b z

2 b
+ H-1Lv ã

ä c d v

b erfi
d + 2 ä c s - ä c v + 2 b z

2 b
�; v Î N+

01.06.21.1280.01

à ã z b+d z sinvHc zL â z � 2-v
v
v

2

ã z b+d z

d
-

b ã
-

b2

4 d Π erfi b+2 d z

2 d

2 d3�2 H1 - v mod 2L +

2-v ä-v â
s=0

f v-1

2
v H-1Ls v

s
ãb z

H-1Lv ãHd+2 ä c s-ä c vL z

d + 2 ä c s - ä c v
+

ãHd-2 ä c s+ä c vL z

d - 2 ä c s + ä c v
-

b ã
b2

-4 d+8 ä c s-4 ä c v Π erfi b+2 Hd-2 ä c s+ä c vL z

2 d-2 ä c s+ä c v

2 Hd - 2 ä c s + ä c vL3�2 -

H-1Lv b ã
b2

-4 d-8 ä c s+4 ä c v Π erfi b+2 Hd+2 ä c s-ä c vL z

2 d+2 ä c s-ä c v

2 Hd + 2 ä c s - ä c vL3�2 �; v Î N+

Involving ãb zr +d z+e  sinv Hc zL
01.06.21.1281.01à ãb z2+d z+e sinvHc zL â z �

2-v-1 Π H1 - v mod 2L
b

 
v
v

2

ã
e-

d2

4 b erfi
d + 2 b z

2 b
+

1

b
 2-v-1 Π ä-v â

k=0

f v-1

2
v H-1Lk ã

-
d2+2 c ä H2 k+vL d-c2 Hv-2 kL2-4 b e

4 b

v

k
ã

2 ä c d k

b erfi
d - 2 ä c k + ä c v + 2 b z

2 b
+ ã

ä c d v

b
+ä Π v

erfi
d + 2 ä c k - ä c v + 2 b z

2 b
�; v Î N+
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01.06.21.1282.01

à ã z b+d z+e sinvHc zL â z � 2-v
v
v

2

ã z b+e+d z

d
-

b ã
e-

b2

4 d Π erfi b+2 d z

2 d

2 d3�2 H1 - v mod 2L +

2-v-1 ä-v ãe â
k=0

f v-1

2
v H-1Lk v

k
2 ãb z

ãä Π v+Hd+2 ä c k-ä c vL z

d + 2 ä c k - ä c v
+

ãHd-2 ä c k+ä c vL z

d - 2 ä c k + ä c v
-

b ã
b2

-4 d+8 ä c k-4 ä c v Π erfi b+2 Hd-2 ä c k+ä c vL z

2 d-2 ä c k+ä c vHd - 2 ä c k + ä c vL3�2 -

b ã
b2

-4 d-8 ä c k+4 ä c v
+ä Π v

Π erfi b+2 Hd+2 ä c k-ä c vL z

2 d+2 ä c k-ä c vHd + 2 ä c k - ä c vL3�2 �; v Î N+

Involving ãb zr
sinv Hf z + gL

01.06.21.1283.01

à ãb z2
sinvH f z + gL â z �

2-v-1 Π
v
v

2

erfiJ b zN H1 - v mod 2L
b

+ ä-v 2-v-1 Π

â
k=0

f v-1

2
v H-1Lk v

k

ã
f 2 Hv-2 kL2

4 b
+g ä Hv-2 kL

erfi
-2 f ä k+ä f v+2 b z

2 b

b
-

ã
1

4
-

H2 ä f k-ä f vL2
b

+8 ä g k-4 ä g v+4 Π ä v
erf

2 ä f k-ä f v+2 b z

2 -b

-b
�; v Î N+

01.06.21.1284.01à ã z b sinvH f z + gL â z �

H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k
-

b ã
ä b2

4 f Hv-2 kL -2 ä g k+ä g v
Π erfi

b+2 Hä f v-2 ä f kL z

2 ä f Hv-2 kL
2 Hä f v - 2 ä f kL3�2 +

ã z b+
1

2
H-4 ä g k+2 ä g vL+Hä f v-2 ä f kL z

ä f v - 2 ä f k
+

H-1Lv ã z b+
1

2
H4 ä g k-2 ä g vL+H2 ä f k-ä f vL z

2 ä f k - ä f v
-

H-1Lv b ã
ä b2

4 f H2 k-vL +2 ä g k-ä g v
Π erfi

b+2 H2 ä f k-ä f vL z

2 2 ä f k-ä f v

2 H2 ä f k - ä f vL3�2 +

21-v ã z b Ib z - 1N v
v

2

H1 - v mod 2L
b2

�; v Î N+
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Involving ãb zr +e sinv Hf z + gL
01.06.21.1285.01

à ãb z2+e sinvH f z + gL â z �

2-v-1 ãe Π
v
v

2

erfiJ b zN H1 - v mod 2L
b

+ ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ã
f 2 Hv-2 kL2

4 b
+g ä Hv-2 kL+e

erfi
-2 f ä k+ä f v+2 b z

2 b

b
-

ã
1

4
-

H2 ä f k-ä f vL2
b

+4 e+8 ä g k-4 ä g v+4 Π ä v
erf

2 ä f k-ä f v+2 b z

2 -b

-b
�; v Î N+

01.06.21.1286.01à ã z b+e sinvH f z + gL â z �

H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k
-

b ã
ä b2

4 f Hv-2 kL +e-2 ä g k+ä g v
Π erfi

b+2 Hä f v-2 ä f kL z

2 ä f Hv-2 kL
2 Hä f v - 2 ä f kL3�2 +

ã z b+
1

2
H2 e-4 ä g k+2 ä g vL+Hä f v-2 ä f kL z

ä f v - 2 ä f k
+

H-1Lv ã z b+
1

2
H2 e+4 ä g k-2 ä g vL+H2 ä f k-ä f vL z

2 ä f k - ä f v
-

H-1Lv b ã
ä b2

4 f H2 k-vL +e+2 ä g k-ä g v
Π erfi

b+2 H2 ä f k-ä f vL z

2 2 ä f k-ä f v

2 H2 ä f k - ä f vL3�2 +

21-v ã z b+e Ib z - 1N v
v

2

H1 - v mod 2L
b2

�; v Î N+

Involving ãb zr +d z sinv Hf z + gL
01.06.21.1287.01

à ãb z2+d z sinvHg + f zL â z �

2-v-1 ã
-

d2

4 b Π
v
v

2

erfi d+2 b z

2 b
H1 - v mod 2L

b
+ ä-v 2-v-1 Π â

k=0

f v-1

2
v H-1Lk v

k

ã
-

Hd+ f ä Hv-2 kLL2
4 b

+g ä Hv-2 kL
erfi

d-2 ä f k+ä f v+2 b z

2 b

b
-

ã
1

4
-

Hd+2 ä f k-ä f vL2
b

+8 ä g k-4 ä g v+4 Π ä v
erf

d+2 ä f k-ä f v+2 b z

2 -b

-b
�; v Î N+
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01.06.21.1288.01à ã z b+d z sinvH f z + gL â z �

â
k=0

f v-1

2
v H-1Lk v

k

ã z b+
1

2
H-4 ä g k+2 ä g vL+Hd-2 ä f k+ä f vL z

d - 2 ä f k + ä f v
-

b ã
-

b2

4 Hd+ f ä Hv-2 kLL -2 ä g k+ä g v
Π erfi

b+2 Hd-2 ä f k+ä f vL z

2 d+ f ä Hv-2 kL
2 Hd - 2 ä f k + ä f vL3�2 +

H-1Lv ã z b+
1

2
H4 ä g k-2 ä g vL+Hd+2 ä f k-ä f vL z

d + 2 ä f k - ä f v
-

H-1Lv b ã
-

b2

4 Hd+ f ä H2 k-vLL +2 ä g k-ä g v
Π erfi

b+2 Hd+2 ä f k-ä f vL z

2 d+2 ä f k-ä f v

2 Hd + 2 ä f k - ä f vL3�2

H2 ä L-v + 2-v
ã z b+d z

d
-

b ã
-

b2

4 d Π erfi b+2 d z

2 d

2 d3�2 v
v

2

H1 - v mod 2L �; v Î N+

Involving ãb zr +d z+e sinv Hf z + gL
01.06.21.1289.01

à ãb z2+d z+e sinvHg + f zL â z �

2-v-1 ã
e-

d2

4 b Π
v
v

2

erfi d+2 b z

2 b
H1 - v mod 2L

b
+ ä-v 2-v-1 Π â

k=0

f v-1

2
v H-1Lk v

k

ã
-

Hd+ f ä Hv-2 kLL2
4 b

+e+g ä Hv-2 kL
erfi

d-2 ä f k+ä f v+2 b z

2 b

b
-

ã
1

4
-

Hd+2 ä f k-ä f vL2
b

+4 e+8 ä g k-4 ä g v+4 Π ä v
erf

d+2 ä f k-ä f v+2 b z

2 -b

-b
�; v Î N+
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01.06.21.1290.01à ã z b+d z+e sinvH f z + gL â z �

â
k=0

f v-1

2
v H-1Lk v

k

ã z b+
1

2
H2 e-4 ä g k+2 ä g vL+Hd-2 ä f k+ä f vL z

d - 2 ä f k + ä f v
-

b ã
-

b2

4 Hd+ f ä Hv-2 kLL +e-2 ä g k+ä g v
Π erfi

b+2 Hd-2 ä f k+ä f vL z

2 d+ f ä Hv-2 kL
2 Hd - 2 ä f k + ä f vL3�2 +

H-1Lv ã z b+
1

2
H2 e+4 ä g k-2 ä g vL+Hd+2 ä f k-ä f vL z

d + 2 ä f k - ä f v
-

H-1Lv b ã
-

b2

4 Hd+ f ä H2 k-vLL +e+2 ä g k-ä g v
Π erfi

b+2 Hd+2 ä f k-ä f vL z

2 d+2 ä f k-ä f v

2 Hd + 2 ä f k - ä f vL3�2

H2 ä L-v + 2-v
ã z b+e+d z

d
-

b ã
e-

b2

4 d Π erfi b+2 d z

2 d

2 d3�2 v
v

2

H1 - v mod 2L �; v Î N+

Involving ãb z sinv Ic zr M
01.06.21.1291.01

à ãb z sinvIc z2M â z �
ãb z H1 - v mod 2L

2v b

v
v

2

+

ä-v 2-v-1 Π

ä c
 â

k=0

f v-1

2
v H-1Lk

v - 2 k
 ã

b2

8 ä c k-4 ä c v
v

k
ã

b2

2 ä c v-4 ä c k
+ä Π v

erf
2 ä c Hv - 2 kL z - b

2 ä c v - 2 k
+ erfi

b + 2 c ä Hv - 2 kL z

2 ä c v - 2 k
�; v Î N+

01.06.21.1292.01

à ãb z sinvIc z N â z �
ãb z H1 - v mod 2L

2v b
 

v
v

2

+
2-v-1 ä-v

b3�2  â
k=0

f v-1

2
v H-1Lk ã

J4 k2+v2N c2

4 b
+ä H2 k-vL z c v

k

-ä c ã
ä c J ä c k v

b
+Hv-2 kL z N

Π H2 k - vL H-1Lv erfi
2 z b + 2 ä c k - ä c v

2 b
+ erfi

-2 z b + 2 ä c k - ä c v

2 b
+

2 b ã
-

J4 k2+v2N c2

4 b
+ä Π v+b z

+ 2 b ã
-

J4 k2+v2N c2

4 b
+2 ä Hv-2 kL z c+b z �; v Î N+

Involving ãb z+e sinv Ic zr M
01.06.21.1293.01

à ãb z+e sinvIc z2M â z �
ãb z+e H1 - v mod 2L

2v b

v
v

2

+

ä-v 2-v-1 Π

ä c
 â

k=0

f v-1

2
v H-1Lk

v - 2 k
 ã

b2

8 ä c k-4 ä c v
+e v

k
ã

b2

2 ä c v-4 ä c k
+ä Π v

erf
2 ä c Hv - 2 kL z - b

2 ä c v - 2 k
+ erfi

b + 2 c ä Hv - 2 kL z

2 ä c v - 2 k
�; v Î N+
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01.06.21.1294.01

à ãb z+e sinvIc z N â z �
ãb z+e H1 - v mod 2L

2v b
 

v
v

2

+
2-v-1 ä-v

b3�2  â
k=0

f v-1

2
v H-1Lk ã

J4 k2+v2N c2

4 b
+ä H2 k-vL z c+e v

k

-ä c ã
ä c J ä c k v

b
+Hv-2 kL z N

Π H2 k - vL H-1Lv erfi
2 z b + 2 ä c k - ä c v

2 b
+ erfi

-2 z b + 2 ä c k - ä c v

2 b
+

2 b ã
-

J4 k2+v2N c2

4 b
+ä Π v+b z

+ 2 b ã
-

J4 k2+v2N c2

4 b
+2 ä Hv-2 kL z c+b z �; v Î N+

Involving ãb zr
 sinv Ic zr M

01.06.21.1295.01

à ãb zr
sinvHc zrL â z � -

2-v z H-b zrL-1�r H1 - v mod 2L
r

 
v
v

2

G
1

r
, -b zr -

2-v ä-v z

r
 â

i=0

f v-1

2
v H-1Li v

i
H-1Lv G

1

r
, Hä c Hv - 2 iL - bL zr HHä c Hv - 2 iL - bL zrL-1�r +

HH-b - ä c Hv - 2 iLL zrL-1�r G
1

r
, H-b - ä c Hv - 2 iLL zr �; v Î N+

01.06.21.1296.01

à ãb z2
sinvIc z2M â z �

2-v-1 Π H1 - v mod 2L
b

 
v
v

2

erfiK b zO +

2-v-1 ä-v Π â
s=0

f v-1

2
v H-1Ls v

s
KH-1Lv b + 2 ä c s - ä c v Hb + c ä Hv - 2 sLL erfiK b + 2 ä c s - ä c v zO + Hb + 2 ä c s - ä c vL

b + c ä Hv - 2 sL erfiK b + c ä Hv - 2 sL zOO � HHb + 2 ä c s - ä c vL Hb + c ä Hv - 2 sLLL �; v Î N+

01.06.21.1297.01à ãb z sinvIc z N â z �

21-v ãb z Ib z - 1N H1 - v mod 2L
b2

 
v
v

2

+ 21-v â
k=0

f v-1

2
v H-1Lk  

v

k
ãHb-2 ä c k+ä c vL z

ã-
1

2
ä Π v z

b - 2 ä c k + ä c v
-

ã-
1

2
ä Π v

Hb - 2 ä c k + ä c vL2
+

ãHb+2 ä c k-ä c vL z
ã

ä Π v

2 z

b + 2 ä c k - ä c v
-

ã
ä Π v

2Hb + 2 ä c k - ä c vL2
�; v Î N+

Involving ãb zr +e  sinv Ic zr M
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01.06.21.1298.01

à ãb zr+e sinvHc zrL â z � -

2-v ãe z H-b zrL-1�r v
v

2

GJ 1

r
, -b zrN H1 - v mod 2L

r
-

H2 ä L-v z

r
 â

k=0

f v-1

2
v H-1Lk ãe v

k
H-1Lv G

1

r
, H-b - 2 ä c k + ä c vL zr HH-b - 2 ä c k + ä c vL zrL-1�r +

HH-b - ä c Hv - 2 kLL zrL-1�r G
1

r
, H-b - ä c Hv - 2 kLL zr �; v Î N+

01.06.21.1299.01

à ãb z2+e sinvIc z2M â z �

2-v-1 ãe Π
v
v

2

erfiJ b zN H1 - v mod 2L
b

+

ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ãe erfi 2 b z-4 ä c k z+2 ä c v z

2 b-2 ä c k+ä c v

b - 2 ä c k + ä c v
-

ãe+ä Π v erf 2 b z+4 ä c k z-2 ä c v z

2 -b-2 ä c k+ä c v

-b - 2 ä c k + ä c v
�; v Î N+

01.06.21.1300.01

à ã z b+e sinvIc z N â z �

21-v ã z b+e Ib z - 1N v
v

2

H1 - v mod 2L
b2

+ 22-v ã z b+e

â
k=0

f v-1

2
v

1Ib2 + c2 H2 k - vL2M2
 H-1Lk v

k
I z b3 - b2 + c2 H2 k - vL2 z b + c2 H2 k - vL2N cos c z H2 k - vL +

Π v

2
+

c H2 k - vL I z b2 - 2 b + c2 H2 k - vL2 z N sin c z H2 k - vL +
Π v

2
�; v Î N+

Involving ãb zr +d z  sinv Ic zr M
01.06.21.1301.01

à ãb z2+d z sinvIc z2M â z �
2-v-1 Π H1 - v mod 2L

b
 

v
v

2

ã
-

d2

4 b  erfi
d + 2 b z

2 b
+

2-v-1 ä-v Π â
k=0

f v-1

2
v H-1Lk v

k

ã
-

d2

4 Hb-2 ä c k+ä c vL erfi d+2 Hb-2 ä c k+ä c vL z

2 b+c ä Hv-2 kL
b + c ä Hv - 2 kL -

ã
d2

-4 b-8 ä c k+4 ä c v
+ä Π v

erf d+2 Hb+2 ä c k-ä c vL z

2 ä c Hv-2 kL-b

ä c Hv - 2 kL - b
�; v Î N+
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01.06.21.1302.01

à ã z b+d z sinvIc z N â z � 2-v
v
v

2

ã z b+d z

d
-

b ã
-

b2

4 d Π erfi b+2 d z

2 d

2 d3�2 H1 - v mod 2L +

ä-v 2-v-1

d3�2  â
k=0

f v-1

2
v H-1Lk ã

-
b2+2 c ä H2 k+vL b-c2 J4 k2+v2N

4 d
v

k
-ã

J-k c2+ä b c+Π ä d N v

d Π Hb + 2 ä c k - ä c vL erfi
b + 2 ä c k - ä c v + 2 d z

2 d
+

2 d ã
b2+2 J2 z d+c ä H2 k+vLN b-c2 J4 k2+v2N+4 d2 z+4 c d ä Hv-2 kL z

4 d + 2 d ã
b2+2 J2 z d+c ä H2 k+vLN b-c2 J4 k2+v2N+4 d Hä Π v+d zL+4 c d ä H2 k-vL z

4 d -

ã
ä c k H2 b+ä c vL

d Π Hb + c ä Hv - 2 kLL erfi
b + c ä Hv - 2 kL + 2 d z

2 d
�; v Î N+

Involving ãb zr +d z+e sinv Ic zr M
01.06.21.1303.01

à ãb z2+d z+e sinvIc z2M â z �
2-v-1 Π H1 - v mod 2L

b
 

v
v

2

ã
e-

d2

4 b  erfi
d + 2 b z

2 b
+

2-v-1 ãe Π ä-v â
k=0

f v-1

2
v H-1Lk v

k

ã
-

d2

4 Hb-2 ä c k+ä c vL erfi d+2 Hb-2 ä c k+ä c vL z

2 b+c ä Hv-2 kL
b + c ä Hv - 2 kL -

ã
d2

-4 b-8 ä c k+4 ä c v
+ä Π v

erf d+2 Hb+2 ä c k-ä c vL z

2 ä c Hv-2 kL-b

ä c Hv - 2 kL - b
�; v Î N+

01.06.21.1304.01

à ã z b+e+d z sinvIc z N â z � 2-v
v
v

2

ã z b+e+d z

d
-

b ã
e-

b2

4 d Π erfi b+2 d z

2 d

2 d3�2 H1 - v mod 2L +
ä-v 2-v-1

d3�2  

â
k=0

f v-1

2
v H-1Lk ã

-
b2+2 c ä H2 k+vL b-4 d e-c2 J4 k2+v2N

4 d
v

k
-ã

J-k c2+ä b c+Π ä d N v

d Π Hb + 2 ä c k - ä c vL erfi
b + 2 ä c k - ä c v + 2 d z

2 d
+

2 d ã
b2+2 J2 z d+c ä H2 k+vLN b-c2 J4 k2+v2N+4 d2 z+4 c d ä Hv-2 kL z

4 d + 2 d ã
b2+2 J2 z d+c ä H2 k+vLN b-c2 J4 k2+v2N+4 d Hä Π v+d zL+4 c d ä H2 k-vL z

4 d -

ã
ä c k H2 b+ä c vL

d Π Hb + c ä Hv - 2 kLL erfi
b + c ä Hv - 2 kL + 2 d z

2 d
�; v Î N+

Involving ãd z sinv Ic zr + gM
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01.06.21.1305.01

à ãd z sinvIc z2 + gM â z �

2-v ãd z
v
v

2

H1 - v mod 2L
d

+ ä-v 2-v-1 Π

â
k=0

f v-1

2
v H-1Lk v

k

ã
ä d2

4 c Hv-2 kL +g ä Hv-2 kL
erfi d-4 ä c k z+2 ä c v z

2 ä c v-2 ä c k

ä c v - 2 ä c k
-

ã
1

4
-

d2

2 ä c k-ä c v
+8 ä g k-4 ä g v+4 Π ä v

erf d+4 ä c k z-2 ä c v z

2 ä c v-2 ä c k

ä c v - 2 ä c k
�; v Î N+

01.06.21.1306.01

à ãd z sinvI z c + gN â z � H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k

ã z Hä c v-2 ä c kL+
1

2
H2 ä g v-4 ä g kL+d z

d
+

H-1Lv ã z H2 ä c k-ä c vL+
1

2
H4 ä g k-2 ä g vL+d z

d
-

H-1Lv ã
c2 H2 k-vL2

4 d
+2 ä g k-ä g v

Π H2 ä c k - ä c vL erfi 2 z d+c ä H2 k-vL
2 d

2 d3�2 -

ä c ã
c2 Hv-2 kL2

4 d
-2 ä g k+ä g v

Π Hv - 2 kL erfi 2 z d+c ä Hv-2 kL
2 d

2 d3�2 +

2-v ãd z
v
v

2

H1 - v mod 2L
d

�; v Î N+

Involving ãd z+e sinv Ic zr + gM
01.06.21.1307.01

à ãd z+e sinvIc z2 + gM â z �

2-v ãe+d z
v
v

2

H1 - v mod 2L
d

+ ä-v 2-v-1 Π

â
k=0

f v-1

2
v H-1Lk v

k

ã
ä d2

4 c Hv-2 kL +e+g ä Hv-2 kL
erfi d-4 ä c k z+2 ä c v z

2 ä c v-2 ä c k

ä c v - 2 ä c k
-

ã
1

4
-

d2

2 ä c k-ä c v
+4 e+8 ä g k-4 ä g v+4 Π ä v

erf d+4 ä c k z-2 ä c v z

2 ä c v-2 ä c k

ä c v - 2 ä c k
�; v Î N+
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01.06.21.1308.01

à ãd z+e sinvI z c + gN â z � â
k=0

f v-1

2
v H-1Lk v

k

ã z Hä c v-2 ä c kL+
1

2
H2 e-4 ä g k+2 ä g vL+d z

d
+

H-1Lv ã z H2 ä c k-ä c vL+
1

2
H2 e+4 ä g k-2 ä g vL+d z

d
-

H-1Lv ã
c2 H2 k-vL2

4 d
+e+2 ä g k-ä g v

Π H2 ä c k - ä c vL erfi 2 z d+c ä H2 k-vL
2 d

2 d3�2 -

ä c ã
c2 Hv-2 kL2

4 d
+e-2 ä g k+ä g v

Π Hv - 2 kL erfi 2 z d+c ä Hv-2 kL
2 d

2 d3�2 H2 ä L-v +

2-v ãe+d z
v
v

2

H1 - v mod 2L
d

�; v Î N+

Involving ãb zr
 sinv Ic zr + gM

01.06.21.1309.01

à ãb zr
 sinvHc zr + gL â z � -

2-v z H-b zrL-1�r H1 - v mod 2L
r

 
v
v

2

G
1

r
, -b zr -

2-v z ä-v

r
 â

k=0

f v-1

2
v H-1Lk ã-2 ä g k-ä g v v

k
H-1Lv ã4 ä g k G

1

r
, H-b - 2 ä c k + ä c vL zr HH-b - 2 ä c k + ä c vL zrL-1�r +

ã2 ä g v HH-b - ä c Hv - 2 kLL zrL-1�r G
1

r
, H-b - ä c Hv - 2 kLL zr �; v Î N+

01.06.21.1310.01

à ãb z2
sinvIc z2 + gM â z �

2-v-1 Π
v
v

2

erfiJ b zN H1 - v mod 2L
b

+

ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ãg ä Hv-2 kL erfi 2 b z-4 ä c k z+2 ä c v z

2 b-2 ä c k+ä c v

b - 2 ä c k + ä c v
-

ã2 ä g k-ä g v+ä Π v erf 2 b z+4 ä c k z-2 ä c v z

2 -b-2 ä c k+ä c v

-b - 2 ä c k + ä c v
�; v Î N+

01.06.21.1311.01

à ã z b sinvI z c + gN â z �

21-v ã z b Ib z - 1N v
v

2

H1 - v mod 2L
b2

+ 22-v ã z b â
k=0

f v-1

2
v

1Ib2 + c2 H2 k - vL2M2
 

H-1Lk v

k
I z b3 - b2 + c2 H2 k - vL2 z b + c2 H2 k - vL2N cos c z H2 k - vL +

Π v

2
- g Hv - 2 kL +

c H2 k - vL I z b2 - 2 b + c2 H2 k - vL2 z N sin c z H2 k - vL +
Π v

2
- g Hv - 2 kL �; v Î N+
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Involving ãb zr +e  sinv Ic zr + gM
01.06.21.1312.01

à ãb zr+e sinvHc zr + gL â z � -
2-v ãe z H-b zrL-1�r H1 - v mod 2L

r
 

v
v

2

G
1

r
, -b zr -

2-v z ä-v

r
 â

k=0

f v-1

2
v H-1Lk ãe-2 ä g k-ä g v v

k
H-1Lv ã4 ä g k G

1

r
, H-b - 2 ä c k + ä c vL zr HH-b - 2 ä c k + ä c vL zrL-1�r +

ã2 ä g v HH-b - ä c Hv - 2 kLL zrL-1�r G
1

r
, H-b - ä c Hv - 2 kLL zr �; v Î N+

01.06.21.1313.01

à ãb z2+e sinvIc z2 + gM â z �

2-v-1 ãe Π
v
v

2

erfiJ b zN H1 - v mod 2L
b

+

ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ãe+g ä Hv-2 kL erfi 2 b z-4 ä c k z+2 ä c v z

2 b-2 ä c k+ä c v

b - 2 ä c k + ä c v
-

ãe+2 ä g k-ä g v+ä Π v erf 2 b z+4 ä c k z-2 ä c v z

2 -b-2 ä c k+ä c v

-b - 2 ä c k + ä c v
�; v Î N+

01.06.21.1314.01

à ã z b+e sinvI z c + gN â z �

21-v ã z b+e Ib z - 1N v
v

2

H1 - v mod 2L
b2

+ 22-v ã z b+e â
k=0

f v-1

2
v

1Ib2 + c2 H2 k - vL2M2
 

H-1Lk v

k
I z b3 - b2 + c2 H2 k - vL2 z b + c2 H2 k - vL2N cos c z H2 k - vL +

Π v

2
- g Hv - 2 kL +

c H2 k - vL I z b2 - 2 b + c2 H2 k - vL2 z N sin c z H2 k - vL +
Π v

2
- g Hv - 2 kL �; v Î N+

Involving ãb zr +d z sinv Ic zr + gM
01.06.21.1315.01

à ãb z2+d z sinvIc z2 + gM â z �

2-v-1 ã
-

d2

4 b Π
v
v

2

erfi d+2 b z

2 b
H1 - v mod 2L

b
+ ä-v 2-v-1 Π â

k=0

f v-1

2
v H-1Lk v

k

ã
-

d2

4 Hb+c ä Hv-2 kLL +g ä Hv-2 kL
erfi d+2 b z-4 ä c k z+2 ä c v z

2 b-2 ä c k+ä c v

b - 2 ä c k + ä c v
-

ã
1

4
-

d2

b+2 ä c k-ä c v
+8 ä g k-4 ä g v+4 Π ä v

erf d+2 b z+4 ä c k z-2 ä c v z

2 -b-2 ä c k+ä c v

-b - 2 ä c k + ä c v
�; v Î N+
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01.06.21.1316.01à ã z b+d z sinvI z c + gN â z �

H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k

ã z Hb-2 ä c k+ä c vL+
1

2
H-4 ä g k+2 ä g vL+d z

d
+

H-1Lv ã z Hb+2 ä c k-ä c vL+
1

2
H4 ä g k-2 ä g vL+d z

d
-

1

2 d3�2  H-1Lv ã
-

Hb+c ä H2 k-vLL2
4 d

+2 ä g k-ä g v
Π Hb + 2 ä c k - ä c vL erfi

b + c ä H2 k - vL + 2 d z

2 d
-

ã
-

Hb+c ä Hv-2 kLL2
4 d

-2 ä g k+ä g v
Π Hb + c ä Hv - 2 kLL erfi b+c ä Hv-2 kL+2 d z

2 d

2 d3�2 +

2-v
ã z b+d z

d
-

b ã
-

b2

4 d Π erfi b+2 d z

2 d

2 d3�2 v
v

2

H1 - v mod 2L �; v Î N+

Involving ãb zr +d z+e sinv Ic zr + gM
01.06.21.1317.01

à ãb z2+d z+e sinvIc z2 + gM â z �

2-v-1 ã
e-

d2

4 b Π
v
v

2

erfi d+2 b z

2 b
H1 - v mod 2L

b
+

ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ã
-

d2

4 Hb+c ä Hv-2 kLL +e+g ä Hv-2 kL
erfi d+2 b z-4 ä c k z+2 ä c v z

2 b-2 ä c k+ä c v

b - 2 ä c k + ä c v
-

ã
1

4
-

d2

b+2 ä c k-ä c v
+4 e+8 ä g k-4 ä g v+4 Π ä v

erf d+2 b z+4 ä c k z-2 ä c v z

2 -b-2 ä c k+ä c v

-b - 2 ä c k + ä c v
�; v Î N+
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01.06.21.1318.01à ã z b+d z+e sinvI z c + gN â z �

H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k

ã z Hb-2 ä c k+ä c vL+
1

2
H2 e-4 ä g k+2 ä g vL+d z

d
+

H-1Lv ã z Hb+2 ä c k-ä c vL+
1

2
H2 e+4 ä g k-2 ä g vL+d z

d
-

1

2 d3�2  H-1Lv ã
-

Hb+c ä H2 k-vLL2
4 d

+e+2 ä g k-ä g v
Π Hb + 2 ä c k - ä c vL erfi

b + c ä H2 k - vL + 2 d z

2 d
-

ã
-

Hb+c ä Hv-2 kLL2
4 d

+e-2 ä g k+ä g v
Π Hb + c ä Hv - 2 kLL erfi b+c ä Hv-2 kL+2 d z

2 d

2 d3�2 +

2-v
ã z b+e+d z

d
-

b ã
e-

b2

4 d Π erfi b+2 d z

2 d

2 d3�2 v
v

2

H1 - v mod 2L �; v Î N+

Involving ãd z sinv Ic zr + f zM
01.06.21.1319.01

à ãd z sinvIc z2 + f zM â z �

2-v ãd z
v
v

2

H1 - v mod 2L
d

+ ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ã
ä Hd+ f ä Hv-2 kLL2

4 c Hv-2 kL erfi
d-2 ä f k+ä f v-4 ä c k z+2 ä c v z

2 ä c v-2 ä c k

ä c v - 2 ä c k
-

ã
1

4
-

Hd+2 ä f k-ä f vL2
2 ä c k-ä c v

+4 Π ä v
erf

d+2 ä f k-ä f v+4 ä c k z-2 ä c v z

2 ä c v-2 ä c k

ä c v - 2 ä c k
�; v Î N+
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01.06.21.1320.01à ãd z sinvI z c + f zN â z �

H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k

ãHd-2 ä f k+ä f vL z+Hä c v-2 ä c kL z

d - 2 ä f k + ä f v
-

ä c ã
c2 Hv-2 kL2

4 Hd+ f ä Hv-2 kLL Π Hv - 2 kL erfi
c ä Hv-2 kL+2 Hd-2 ä f k+ä f vL z

2 d+ f ä Hv-2 kL
2 Hd - 2 ä f k + ä f vL3�2 +

H-1Lv ãHd+2 ä f k-ä f vL z+H2 ä c k-ä c vL z

d + 2 ä f k - ä f v
-

H-1Lv ã
c2 H2 k-vL2

4 Hd+ f ä H2 k-vLL Π H2 ä c k - ä c vL erfi
c ä H2 k-vL+2 Hd+2 ä f k-ä f vL z

2 d+2 ä f k-ä f v

2 Hd + 2 ä f k - ä f vL3�2 +

2-v ãd z
v
v

2

H1 - v mod 2L
d

�; v Î N+

Involving ãd z+e sinv Ic zr + f zM
01.06.21.1321.01

à ãd z+e sinvIc z2 + f zM â z �

2-v ãe+d z
v
v

2

H1 - v mod 2L
d

+ ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ã
ä Hd+ f ä Hv-2 kLL2

4 c Hv-2 kL +e
erfi

d-2 ä f k+ä f v-4 ä c k z+2 ä c v z

2 ä c v-2 ä c k

ä c v - 2 ä c k
-

ã
1

4
-

Hd+2 ä f k-ä f vL2
2 ä c k-ä c v

+4 e+4 Π ä v
erf

d+2 ä f k-ä f v+4 ä c k z-2 ä c v z

2 ä c v-2 ä c k

ä c v - 2 ä c k
�; v Î N+

http://functions.wolfram.com 560



01.06.21.1322.01à ãd z+e sinvI z c + f zN â z �

H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k

ãe+Hd-2 ä f k+ä f vL z+Hä c v-2 ä c kL z

d - 2 ä f k + ä f v
-

ä c ã
c2 Hv-2 kL2

4 Hd+ f ä Hv-2 kLL +e
Π Hv - 2 kL erfi

c ä Hv-2 kL+2 Hd-2 ä f k+ä f vL z

2 d+ f ä Hv-2 kL
2 Hd - 2 ä f k + ä f vL3�2 +

H-1Lv ãe+Hd+2 ä f k-ä f vL z+H2 ä c k-ä c vL z

d + 2 ä f k - ä f v
-

H-1Lv ã
c2 H2 k-vL2

4 Hd+ f ä H2 k-vLL +e
Π H2 ä c k - ä c vL erfi

c ä H2 k - vL + 2 Hd + 2 ä f k - ä f vL z

2 d + 2 ä f k - ä f v

�

I2 Hd + 2 ä f k - ä f vL3�2M +

2-v ãe+d z
v
v

2

H1 - v mod 2L
d

�; v Î N+

Involving ãb zr
sinv Ic zr + f zM

01.06.21.1323.01

à ãb z2
sinvIc z2 + f zM â z �

2-v-1 Π
v
v

2

erfiJ b zN H1 - v mod 2L
b

+ ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ã
f 2 Hv-2 kL2

4 Hb+c ä Hv-2 kLL erfi
-2 f ä k-4 ä c z k+ä f v+2 b z+2 ä c v z

2 b-2 ä c k+ä c v

b - 2 ä c k + ä c v
-

ã
1

4
-

H2 ä f k-ä f vL2
b+2 ä c k-ä c v

+4 Π ä v
erf

2 ä f k+4 ä c z k-ä f v+2 b z-2 ä c v z

2 -b-2 ä c k+ä c v

-b - 2 ä c k + ä c v
�; v Î N+
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01.06.21.1324.01à ã z b sinvI z c + f zN â z �

H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k

ãHä f v-2 ä f kL z+Hb-2 ä c k+ä c vL z

ä f v - 2 ä f k
-

ã
ä Hb+c ä Hv-2 kLL2

4 f Hv-2 kL Π Hb + c ä Hv - 2 kLL erfi
b+c ä Hv-2 kL+2 Hä f v-2 ä f kL z

2 ä f Hv-2 kL
2 Hä f v - 2 ä f kL3�2 +

H-1Lv ãH2 ä f k-ä f vL z+Hb+2 ä c k-ä c vL z

2 ä f k - ä f v
-

H-1Lv ã
ä Hb+c ä H2 k-vLL2

4 f H2 k-vL Π Hb + 2 ä c k - ä c vL erfi
b + c ä H2 k - vL + 2 H2 ä f k - ä f vL z

2 2 ä f k - ä f v

� I2 H2 ä f k - ä f vL3�2M +

21-v ã z b Ib z - 1N v
v

2

H1 - v mod 2L
b2

�; v Î N+

Involving ãb zr +e sinv Ic zr + f zM
01.06.21.1325.01

à ãb z2+e sinvIc z2 + f zM â z �

2-v-1 ãe Π
v
v

2

erfiJ b zN H1 - v mod 2L
b

+ ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ã
f 2 Hv-2 kL2

4 Hb+c ä Hv-2 kLL +e
erfi

-2 f ä k-4 ä c z k+ä f v+2 b z+2 ä c v z

2 b-2 ä c k+ä c v

b - 2 ä c k + ä c v
-

ã
1

4
-

H2 ä f k-ä f vL2
b+2 ä c k-ä c v

+4 e+4 Π ä v
erf

2 ä f k+4 ä c z k-ä f v+2 b z-2 ä c v z

2 -b-2 ä c k+ä c v

-b - 2 ä c k + ä c v
�; v Î N+

http://functions.wolfram.com 562



01.06.21.1326.01

à ã z b+e sinvI z c + f zN â z � H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k

ãe+Hä f v-2 ä f kL z+Hb-2 ä c k+ä c vL z

ä f v - 2 ä f k
-

ã
ä Hb+c ä Hv-2 kLL2

4 f Hv-2 kL +e
Π Hb + c ä Hv - 2 kLL erfi

b+c ä Hv-2 kL+2 Hä f v-2 ä f kL z

2 ä f Hv-2 kL
2 Hä f v - 2 ä f kL3�2 +

H-1Lv ãe+H2 ä f k-ä f vL z+Hb+2 ä c k-ä c vL z

2 ä f k - ä f v
-

H-1Lv ã
ä Hb+c ä H2 k-vLL2

4 f H2 k-vL +e
Π Hb + 2 ä c k - ä c vL erfi

b + c ä H2 k - vL + 2 H2 ä f k - ä f vL z

2 2 ä f k - ä f v

�

I2 H2 ä f k - ä f vL3�2M +

21-v ã z b+e Ib z - 1N v
v

2

H1 - v mod 2L
b2

�; v Î N+

Involving ãb zr +d z sinv Ic zr + f zM
01.06.21.1327.01

à ãb z2+d z sinvIc z2 + f zM â z �

2-v-1 ã
-

d2

4 b Π
v
v

2

erfi d+2 b z

2 b
H1 - v mod 2L

b
+ ä-v 2-v-1 Π â

k=0

f v-1

2
v H-1Lk v

k

ã
-

Hd+ f ä Hv-2 kLL2
4 Hb+c ä Hv-2 kLL erfi

d-2 ä f k+ä f v+2 b z-4 ä c k z+2 ä c v z

2 b-2 ä c k+ä c v

b - 2 ä c k + ä c v
-

ã
1

4
4 Π ä v-

Hd+2 ä f k-ä f vL2
b+2 ä c k-ä c v erf

d+2 ä f k-ä f v+2 b z+4 ä c k z-2 ä c v z

2 -b-2 ä c k+ä c v

-b - 2 ä c k + ä c v
�; v Î N+
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01.06.21.1328.01à ã z b+d z sinvI z c + f zN â z � H2 ä L-v 

â
k=0

f v-1

2
v H-1Lk v

k

ã z Hb-2 ä c k+ä c vL+Hd-2 ä f k+ä f vL z

d - 2 ä f k + ä f v
-

ã
-

Hb+c ä Hv-2 kLL2
4 Hd+ f ä Hv-2 kLL Π Hb + c ä Hv - 2 kLL erfi

b+c ä Hv-2 kL+2 Hd-2 ä f k+ä f vL z

2 d+ f ä Hv-2 kL
2 Hd - 2 ä f k + ä f vL3�2 +

H-1Lv ã z Hb+2 ä c k-ä c vL+Hd+2 ä f k-ä f vL z

d + 2 ä f k - ä f v
- H-1Lv ã

-
Hb+c ä H2 k-vLL2
4 Hd+ f ä H2 k-vLL Π Hb + 2 ä c k - ä c vL

erfi
b + c ä H2 k - vL + 2 Hd + 2 ä f k - ä f vL z

2 d + 2 ä f k - ä f v

� I2 Hd + 2 ä f k - ä f vL3�2M +

2-v
ã z b+d z

d
-

b ã
-

b2

4 d Π erfi b+2 d z

2 d

2 d3�2 v
v

2

H1 - v mod 2L �; v Î N+

Involving ãb zr +d z+e sinv Ic zr + f zM
01.06.21.1329.01

à ãb z2+d z+e sinvIc z2 + f zM â z �

2-v-1 ã
e-

d2

4 b Π
v
v

2

erfi d+2 b z

2 b
H1 - v mod 2L

b
+

ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ã
e-

Hd+ f ä Hv-2 kLL2
4 Hb+c ä Hv-2 kLL erfi

d-2 ä f k+ä f v+2 b z-4 ä c k z+2 ä c v z

2 b-2 ä c k+ä c v

b - 2 ä c k + ä c v
-

ã
1

4
-

Hd+2 ä f k-ä f vL2
b+2 ä c k-ä c v

+4 e+4 Π ä v
erf

d+2 ä f k-ä f v+2 b z+4 ä c k z-2 ä c v z

2 -b-2 ä c k+ä c v

-b - 2 ä c k + ä c v
�; v Î N+
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01.06.21.1330.01

à ã z b+d z+e sinvI z c + f zN â z � H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k

ãe+Hd-2 ä f k+ä f vL z+Hb-2 ä c k+ä c vL z

d - 2 ä f k + ä f v
-

ã
e-

Hb+c ä Hv-2 kLL2
4 Hd+ f ä Hv-2 kLL Π Hb + c ä Hv - 2 kLL erfi

b+c ä Hv-2 kL+2 Hd-2 ä f k+ä f vL z

2 d+ f ä Hv-2 kL
2 Hd - 2 ä f k + ä f vL3�2 +

H-1Lv ãe+Hd+2 ä f k-ä f vL z+Hb+2 ä c k-ä c vL z

d + 2 ä f k - ä f v
- H-1Lv ã

e-
Hb+c ä H2 k-vLL2
4 Hd+ f ä H2 k-vLL Π Hb + 2 ä c k - ä c vL

erfi
b + c ä H2 k - vL + 2 Hd + 2 ä f k - ä f vL z

2 d + 2 ä f k - ä f v

� I2 Hd + 2 ä f k - ä f vL3�2M +

2-v
ã z b+e+d z

d
-

b ã
e-

b2

4 d Π erfi b+2 d z

2 d

2 d3�2 v
v

2

H1 - v mod 2L �; v Î N+

Involving ãd z sinv Ic zr + f z + gM
01.06.21.1331.01à ãd z sinvIc z2 + f z + gM â z �

2-v ãd z
v
v

2

H1 - v mod 2L
d

+ ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ã
ä Hd+ f ä Hv-2 kLL2

4 c Hv-2 kL +g ä Hv-2 kL
erfi

d-2 ä f k+ä f v-4 ä c k z+2 ä c v z

2 ä c v-2 ä c k

ä c v - 2 ä c k
-

ã
1

4
-

Hd+2 ä f k-ä f vL2
2 ä c k-ä c v

+8 ä g k-4 ä g v+4 Π ä v
erf

d+2 ä f k-ä f v+4 ä c k z-2 ä c v z

2 ä c v-2 ä c k

ä c v - 2 ä c k
�; v Î N+
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01.06.21.1332.01

à ãd z sinvI z c + f z + gN â z � H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k

ã z Hä c v-2 ä c kL+
1

2
H-4 ä g k+2 ä g vL+Hd-2 ä f k+ä f vL z

d - 2 ä f k + ä f v
-

ä c ã
c2 Hv-2 kL2

4 Hd+ f ä Hv-2 kLL -2 ä g k+ä g v
Π Hv - 2 kL erfi

c ä Hv-2 kL+2 Hd-2 ä f k+ä f vL z

2 d+ f ä Hv-2 kL
2 Hd - 2 ä f k + ä f vL3�2 +

H-1Lv ã z H2 ä c k-ä c vL+
1

2
H4 ä g k-2 ä g vL+Hd+2 ä f k-ä f vL z

d + 2 ä f k - ä f v
-

H-1Lv ã
c2 H2 k-vL2

4 Hd+ f ä H2 k-vLL +2 ä g k-ä g v
Π H2 ä c k - ä c vL erfi

c ä H2 k - vL + 2 Hd + 2 ä f k - ä f vL z

2 d + 2 ä f k - ä f v

�

I2 Hd + 2 ä f k - ä f vL3�2M +

2-v ãd z
v
v

2

H1 - v mod 2L
d

�; v Î N+

Involving ãd z+e sinv Ic zr + f z + gM
01.06.21.1333.01à ãd z+e sinvIc z2 + f z + gM â z �

2-v ãe+d z
v
v

2

H1 - v mod 2L
d

+ ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ã
ä Hd+ f ä Hv-2 kLL2

4 c Hv-2 kL +e+g ä Hv-2 kL
erfi

d-2 ä f k+ä f v-4 ä c k z+2 ä c v z

2 ä c v-2 ä c k

ä c v - 2 ä c k
-

ã
1

4
-

Hd+2 ä f k-ä f vL2
2 ä c k-ä c v

+4 e+8 ä g k-4 ä g v+4 Π ä v
erf

d+2 ä f k-ä f v+4 ä c k z-2 ä c v z

2 ä c v-2 ä c k

ä c v - 2 ä c k
�; v Î N+
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01.06.21.1334.01

à ãd z+e sinvI z c + f z + gN â z � H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k

ã z Hä c v-2 ä c kL+
1

2
H2 e-4 ä g k+2 ä g vL+Hd-2 ä f k+ä f vL z

d - 2 ä f k + ä f v
-

ä c ã
c2 Hv-2 kL2

4 Hd+ f ä Hv-2 kLL +e-2 ä g k+ä g v
Π Hv - 2 kL erfi

c ä Hv - 2 kL + 2 Hd - 2 ä f k + ä f vL z

2 d + f ä Hv - 2 kL �
I2 Hd - 2 ä f k + ä f vL3�2M +

H-1Lv ã z H2 ä c k-ä c vL+
1

2
H2 e+4 ä g k-2 ä g vL+Hd+2 ä f k-ä f vL z

d + 2 ä f k - ä f v
-

H-1Lv ã
c2 H2 k-vL2

4 Hd+ f ä H2 k-vLL +e+2 ä g k-ä g v
Π H2 ä c k - ä c vL erfi

c ä H2 k - vL + 2 Hd + 2 ä f k - ä f vL z

2 d + 2 ä f k - ä f v

�

I2 Hd + 2 ä f k - ä f vL3�2M +

2-v ãe+d z
v
v

2

H1 - v mod 2L
d

�; v Î N+

Involving ãb zr
sinv Ic zr + f z + gM

01.06.21.1335.01

à ãb z2
sinvIc z2 + f z + gM â z �

2-v-1 Π
v
v

2

erfiJ b zN H1 - v mod 2L
b

+

ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ã
f 2 Hv-2 kL2

4 Hb+c ä Hv-2 kLL +g ä Hv-2 kL
erfi

-2 f ä k-4 ä c z k+ä f v+2 b z+2 ä c v z

2 b-2 ä c k+ä c v

b - 2 ä c k + ä c v
-

ã
1

4
-

H2 ä f k-ä f vL2
b+2 ä c k-ä c v

+8 ä g k-4 ä g v+4 Π ä v
erf

2 ä f k+4 ä c z k-ä f v+2 b z-2 ä c v z

2 -b-2 ä c k+ä c v

-b - 2 ä c k + ä c v
�; v Î N+
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01.06.21.1336.01

à ãb z sinvI z c + f z + gN â z � H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k

ã z Hb-2 ä c k+ä c vL+
1

2
H2 ä g v-4 ä g kL+Hä f v-2 ä f kL z

ä f v - 2 ä f k
-

ã
ä Hb+c ä Hv-2 kLL2

4 f Hv-2 kL -2 ä g k+ä g v
Π Hb + c ä Hv - 2 kLL erfi

b + c ä Hv - 2 kL + 2 Hä f v - 2 ä f kL z

2 ä f Hv - 2 kL �
I2 Hä f v - 2 ä f kL3�2M +

H-1Lv ã z Hb+2 ä c k-ä c vL+
1

2
H4 ä g k-2 ä g vL+H2 ä f k-ä f vL z

2 ä f k - ä f v
-

H-1Lv ã
ä Hb+c ä H2 k-vLL2

4 f H2 k-vL +2 ä g k-ä g v
Π Hb + 2 ä c k - ä c vL erfi

b + c ä H2 k - vL + 2 H2 ä f k - ä f vL z

2 2 ä f k - ä f v

�

I2 H2 ä f k - ä f vL3�2M +

21-v ãb z Ib z - 1N v
v

2

H1 - v mod 2L
b2

�; v Î N+

Involving ãb zr +e sinv Ic zr + f z + gM
01.06.21.1337.01

à ãb z2+e sinvIc z2 + f z + gM â z �

2-v-1 ãe Π
v
v

2

erfiJ b zN H1 - v mod 2L
b

+

ä-v 2-v-1 Π â
k=0

f v-1

2
v H-1Lk v

k

ã
f 2 Hv-2 kL2

4 Hb+c ä Hv-2 kLL +g ä Hv-2 kL+e
erfi

-2 f ä k-4 ä c z k+ä f v+2 b z+2 ä c v z

2 b-2 ä c k+ä c v

b - 2 ä c k + ä c v
-

ã
1

4
-

H2 ä f k-ä f vL2
b+2 ä c k-ä c v

+4 e+8 ä g k-4 ä g v+4 Π ä v
erf

2 ä f k+4 ä c z k-ä f v+2 b z-2 ä c v z

2 -b-2 ä c k+ä c v

-b - 2 ä c k + ä c v
�; v Î N+
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01.06.21.1338.01à ã z b+e sinvI z c + f z + gN â z �

â
k=0

f v-1

2
v H-1Lk v

k

ã z Hb-2 ä c k+ä c vL+
1

2
H2 e-4 ä g k+2 ä g vL+Hä f v-2 ä f kL z

ä f v - 2 ä f k
- ã

ä Hb+c ä Hv-2 kLL2
4 f Hv-2 kL +e-2 ä g k+ä g v

Π

Hb + c ä Hv - 2 kLL erfi
b + c ä Hv - 2 kL + 2 Hä f v - 2 ä f kL z

2 ä f Hv - 2 kL � I2 Hä f v - 2 ä f kL3�2M +

H-1Lv ã z Hb+2 ä c k-ä c vL+
1

2
H2 e+4 ä g k-2 ä g vL+H2 ä f k-ä f vL z

2 ä f k - ä f v
- H-1Lv ã

ä Hb+c ä H2 k-vLL2
4 f H2 k-vL +e+2 ä g k-ä g v

Π

Hb + 2 ä c k - ä c vL erfi
b + c ä H2 k - vL + 2 H2 ä f k - ä f vL z

2 2 ä f k - ä f v

� I2 H2 ä f k - ä f vL3�2M

H2 ä L-v +

21-v ã z b+e Ib z - 1N v
v

2

H1 - v mod 2L
b2

�; v Î N+

Involving ãb zr +d z sinv Ic zr + f z + gM
01.06.21.1339.01

à ãb z2+d z sinvIc z2 + f z + gM â z �
2-v-1 ã

-
d2

4 b Π H1 - v mod 2L
b

 
v
v

2

erfi
d + 2 b z

2 b
+

2-v-1 ä-v Π â
k=0

f v-1

2
v H-1Lk v

k

ã
-

Hd+ f ä Hv-2 kLL2
4 Hb+c ä Hv-2 kLL +g ä Hv-2 kL

erfi
d-2 ä f k+ä f v+2 b z-4 ä c k z+2 ä c v z

2 b-2 ä c k+ä c v

b - 2 ä c k + ä c v
-

ã
1

4
-

Hd+2 ä f k-ä f vL2
b+2 ä c k-ä c v

+8 ä g k-4 ä g v+4 Π ä v
erf

d+2 ä f k-ä f v+2 b z+4 ä c k z-2 ä c v z

2 -b-2 ä c k+ä c v

-b - 2 ä c k + ä c v
�; v Î N+
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01.06.21.1340.01à ã z b+d z sinvI z c + f z + gN â z �

H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k

ã z Hb-2 ä c k+ä c vL+
1

2
H-4 ä g k+2 ä g vL+Hd-2 ä f k+ä f vL z

d - 2 ä f k + ä f v
- ã

-
Hb+c ä Hv-2 kLL2
4 Hd+ f ä Hv-2 kLL -2 ä g k+ä g v

Π

Hb + c ä Hv - 2 kLL erfi
b + c ä Hv - 2 kL + 2 Hd - 2 ä f k + ä f vL z

2 d + f ä Hv - 2 kL � I2 Hd - 2 ä f k + ä f vL3�2M +

H-1Lv ã z Hb+2 ä c k-ä c vL+
1

2
H4 ä g k-2 ä g vL+Hd+2 ä f k-ä f vL z

d + 2 ä f k - ä f v
-

1

2 Hd + 2 ä f k - ä f vL3�2  

H-1Lv ã
-

Hb+c ä H2 k-vLL2
4 Hd+ f ä H2 k-vLL +2 ä g k-ä g v

Π Hb + 2 ä c k - ä c vL erfi
b + c ä H2 k - vL + 2 Hd + 2 ä f k - ä f vL z

2 d + 2 ä f k - ä f v

+

2-v
ã z b+d z

d
-

b ã
-

b2

4 d Π erfi b+2 d z

2 d

2 d3�2 v
v

2

H1 - v mod 2L �; v Î N+

Involving ãb zr +d z+e sinv Ic zr + f z + gM
01.06.21.1341.01

à ãb z2+d z+e sinvIc z2 + f z + gM â z �
2-v-1 ã

e-
d2

4 b Π H1 - v mod 2L
b

 
v
v

2

erfi
d + 2 b z

2 b
+ 2-v-1 ä-v Π

â
k=0

f v-1

2
v H-1Lk v

k

ã
-

Hd+ f ä Hv-2 kLL2
4 Hb+c ä Hv-2 kLL +e+g ä Hv-2 kL

erfi
d-2 ä f k+ä f v+2 b z-4 ä c k z+2 ä c v z

2 b-2 ä c k+ä c v

b - 2 ä c k + ä c v
- ã

1

4
-

Hd+2 ä f k-ä f vL2
b+2 ä c k-ä c v

+4 e+8 ä g k-4 ä g v+4 Π ä v

erf
d + 2 ä f k - ä f v + 2 b z + 4 ä c k z - 2 ä c v z

2 -b - 2 ä c k + ä c v
� K -b - 2 ä c k + ä c v O �; v Î N+
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01.06.21.1342.01à ã z b+d z+e sinvI z c + f z + gN â z �

H2 ä L-v â
k=0

f v-1

2
v H-1Lk v

k

ã z Hb-2 ä c k+ä c vL+
1

2
H2 e-4 ä g k+2 ä g vL+Hd-2 ä f k+ä f vL z

d - 2 ä f k + ä f v
- ã

-
Hb+c ä Hv-2 kLL2
4 Hd+ f ä Hv-2 kLL +e-2 ä g k+ä g v

Π

Hb + c ä Hv - 2 kLL erfi
b + c ä Hv - 2 kL + 2 Hd - 2 ä f k + ä f vL z

2 d + f ä Hv - 2 kL � I2 Hd - 2 ä f k + ä f vL3�2M +

H-1Lv ã z Hb+2 ä c k-ä c vL+
1

2
H2 e+4 ä g k-2 ä g vL+Hd+2 ä f k-ä f vL z

d + 2 ä f k - ä f v
-

1

2 Hd + 2 ä f k - ä f vL3�2  

H-1Lv ã
-

Hb+c ä H2 k-vLL2
4 Hd+ f ä H2 k-vLL +e+2 ä g k-ä g v

Π Hb + 2 ä c k - ä c vL erfi
b + c ä H2 k - vL + 2 Hd + 2 ä f k - ä f vL z

2 d + 2 ä f k - ä f v

+

2-v
ã z b+e+d z

d
-

b ã
e-

b2

4 d Π erfi b+2 d z

2 d

2 d3�2 v
v

2

H1 - v mod 2L �; v Î N+

Involving powers of sin and rational functions of exp

Involving Ia + b ãd z MΒ
sinv Hc zL

01.06.21.1343.01

à sinvHc zLIa + b ãd zMn
 â z � -

2-v b-n ã-d n z H1 - v mod 2L
d n

 
v
v

2
2F1 n, n; n + 1; -

a ã-d z

b
-

2-v ä1-v a-n

c
 â

k=0

f v-1

2
v H-1Lk ãä c Hv-2 kL z

v - 2 k

v

k 2F1

ä c Hv - 2 kL
d

, n;
d - 2 ä c k + ä c v

d
; -

b ãd z

a
-

ã-2 ä c z v+ä Π v+4 ä c k z
2F1

ä c H2 k - vL
d

, n;
d + 2 ä c k - ä c v

d
; -

b ãd z

a
�; n Î N+ ì v Î N+

Involving ãp z  sinv Hc zL Ia + b ãd z M-n
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01.06.21.1344.01

à ãp z sinvHc zLIa + b ãd zMn
 â z �

2-v ä-v a-n â
k=0

f v-1

2
v H-1Lk v

k

ãä Π v+H2 ä c k+p-ä c vL z

2 ä c k + p - ä c v
2F1

2 ä c k + p - ä c v

d
, n;

d + 2 ä c k + p - ä c v

d
; -

b ãd z

a
+

ãHp+c ä Hv-2 kLL z

p + c ä Hv - 2 kL
2F1

p + c ä Hv - 2 kL
d

, n;
d - 2 ä c k + p + ä c v

d
; -

b ãd z

a
+

2-v a-n H1 - v mod 2L
p

ãp z
v
v

2
2F1

p

d
, n;

p

d
+ 1; -

b ãd z

a
�; n Î N+ ì v Î N+

Involving powers of sin and algebraic functions of exp

Involving Ia + b ãd z MΒ
sinv Hc zL

01.06.21.1345.01

à Ia + b ãd zMΒ
sinvHc zL â z �

2-v J ã-d z a

b
+ 1N-Β Ia + b ãd zMΒ

 H1 - v mod 2L
d Β

v
v

2
2F1 - Β, - Β; 1 - Β; -

a ã-d z

b
-

2-v ä1-v Ia + b ãd zMΒ

c
 

ãd z b

a
+ 1

-Β â
k=0

f v-1

2
v H-1Lk ãä c Hv-2 kL z

v - 2 k

v

k 2F1

ä c Hv - 2 kL
d

, - Β;
d - 2 ä c k + ä c v

d
; -

b ãd z

a
-

ã-2 ä c z v+ä Π v+4 ä c k z
2F1

ä c H2 k - vL
d

, - Β;
d + 2 ä c k - ä c v

d
; -

b ãd z

a
�; v Î N+

Involving ãp z Ia + b ãd z MΒ
sinv Hc zL

01.06.21.1346.01

à ãp z Ia + b ãd zMΒ
sinvHc zL â z � H2 ä L-v 

ãd z b

a
+ 1

-Β Ia + b ãd zMΒ

â
k=0

f v-1

2
v H-1Lk v

k

ãä Π v+H2 ä c k+p-ä c vL z

2 ä c k + p - ä c v
2F1

2 ä c k + p - ä c v

d
, - Β;

d + 2 ä c k + p - ä c v

d
; -

b ãd z

a
+

ãHp+c ä Hv-2 kLL z

p + c ä Hv - 2 kL 2F1

p + c ä Hv - 2 kL
d

, - Β;
d - 2 ä c k + p + ä c v

d
; -

b ãd z

a
+

2-v H1 - v mod 2L
p

 ãp z Ia + b ãd zMΒ ãd z b

a
+ 1

-Β
v
v

2
2F1

p

d
, - Β;

p

d
+ 1; -

b ãd z

a
�; v Î N+

Involving products of the direct function and exponential function
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Involving products of two direct functions and exponential function

Involving ãb z  sinHc zL sinHa zL
01.06.21.1347.01à ãb z sinHc zL sinHa zL â z �Iãb z IsinHa zL Ib Ia2 + b2 + c2M sinHc zL - c I-a2 + b2 + c2M cosHc zLM - a cosHa zL IIa2 + b2 - c2M sinHc zL - 2 b c cosHc zLMMM �Ja4 + 2 Ib2 - c2M a2 + Ib2 + c2M2N

Involving ãp z  sinHc zL sinHa z + bL
01.06.21.1348.01à ãp z sinHc zL sinHb + a zL â z �

1

2
ãp z

cosHHa - cL zL Hp cosHbL + Ha - cL sinHbLL
a2 - 2 c a + c2 + p2

+
HHa - cL cosHbL - p sinHbLL sinHHa - cL zL

a2 - 2 c a + c2 + p2
-

cosHHa + cL zL Hp cosHbL + Ha + cL sinHbLL
a2 + 2 c a + c2 + p2

-
HHa + cL cosHbL - p sinHbLL sinHHa + cL zL

a2 + 2 c a + c2 + p2

Involving ãp z  sinHc z + dL sinHa z + bL
01.06.21.1349.01à ãp z sinHd + c zL sinHb + a zL â z �

1

2
ãp z

cosHHa - cL zL Hp cosHb - dL + Ha - cL sinHb - dLL
a2 - 2 c a + c2 + p2

+
HHa - cL cosHb - dL - p sinHb - dLL sinHHa - cL zL

a2 - 2 c a + c2 + p2
-

cosHHa + cL zL Hp cosHb + dL + Ha + cL sinHb + dLL
a2 + 2 c a + c2 + p2

-
HHa + cL cosHb + dL - p sinHb + dLL sinHHa + cL zL

a2 + 2 c a + c2 + p2

Involving ãp zr
 sinHb zL sinHc zL

01.06.21.1350.01à ãp z2
sinHb zL sinHc zL â z �

Π

8 p
 ã

Hb-cL2
4 p ã

b c

p ä erf
b + c + 2 ä p z

2 p
- ä ã

b c

p erf
b + c - 2 ä p z

2 p
+ erfi

ä b - ä c + 2 p z

2 p
- erfi

ä b - ä c - 2 p z

2 p
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01.06.21.1351.01

à ãp z sinHb zL sinHc zL â z �
1

8

ã
ä p2

4 c-4 b p Π erf
-p+2 ä Hb-cL z

2 ä Hb-cLHä Hb - cLL3�2 +

ã
ä p2

4 Hb+cL p Π erfi
p+2 ä Hb+cL z

2 ä Hb+cLHä Hb + cLL3�2 +
4 ãp z sinHHb - cL zL

b - c
-

ã
ä p2

4 b-4 c p Π erfi
p+2 ä Hb-cL z

2 ä Hb-cLHä Hb - cLL3�2 -
4 ãp z sinHHb + cL zL

b + c
-

ã
-

ä p2

4 Hb+cL p Π erf
-p+2 ä Hb+cL z

2 ä Hb+cLHä Hb + cLL3�2

Involving ãp z  sinIb zr M sinHc zL
01.06.21.1352.01

à ãp z sinIb z2M sinHc zL â z � -
Π

8 ä b
 ã

ä Hä c+pL2
4 b

ã
-

ä Jp2-c2N
2 b erf

ä c - p + 2 ä b z

2 ä b
+ ã

-
ä Hä c+pL2

2 b erf
ä c + p - 2 ä b z

2 ä b
+ erfi

ä c + p + 2 ä b z

2 ä b
+ ã

c p

b erfi
ä c - p - 2 ä b z

2 ä b

01.06.21.1353.01à ãp z sinIb z N sinHc zL â z �

1

8
-

b ã
ä b2

4 c+4 ä p Π erfi
b+2 Hc+ä pL z

2 ä c-pHä c - pL3�2 +

b ã
ä b2

4 c+4 ä p Π erfi
b-2 Hc+ä pL z

2 ä c-pHä c - pL3�2 +

b ã
b2

4 Hä c+pL ä Π erfi
ä b+2 Hä c+pL z

2 ä c+pHä c + pL3�2 -

ä b ã
b2

4 Hä c+pL Π erfi
ä b-2 Hä c+pL z

2 ä c+pHä c + pL3�2 -
4 ãH-ä c+pL z sinIb z N

c + ä p
-

4 ãHä c+pL z sinIb z N
c - ä p

Involving ãp zr
 sinIb zr M sinHc zL

01.06.21.1354.01

à ãp z2
sinIb z2M sinHc zL â z � -

-1
4

ã
ä c2

4 Hb+ä pL Π erfi
H-1L3�4 H-c+2 b z+2 ä p zL

2 b+ä p

8 b + ä p

+

-1
4

ã
ä c2

4 Hb+ä pL Π erfi
H-1L3�4 Hc+2 b z+2 ä p zL

2 b+ä p

8 b + ä p

+

H-1L3�4 ã
-

ä c2

4 Hb-ä pL Π erfi
-1

4 Hc+2 b z-2 ä p zL
2 b-ä p

8 b - ä p

-

H-1L3�4 ã
-

ä c2

4 Hb-ä pL Π erfi
-1

4 H-c+2 b z-2 ä p zL
2 b-ä p

8 b - ä p
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01.06.21.1355.01à ãp z sinIb z N sinHc zL â z �

1

8 c3�2  -2 ä c ãH-ä b+pL z -ä c z + 2 ä c ãHä b+pL z -ä c z - 2 ä c ã z H-ä b+pL+ä c z + 2 ä c ã z Hä b+pL+ä c z +

H-1L3�4 b ã
-

ä Hb+ä pL2
4 c Π erfi

-1
4 Ib + ä p - 2 c z N

2 c
+ H-1L3�4 ã

ä Hb+ä pL2
4 c p Π erfi

-1
4 I-ä b + p - 2 ä c z N

2 c
-

H-1L3�4 ã
ä Hb-ä pL2

4 c p Π erfi
-1

4 Iä b + p - 2 ä c z N
2 c

- -1
4

ã
-

ä Hb+ä pL2
4 c p Π erfi

H-1L3�4 I-ä b + p + 2 ä c z N
2 c

+

-1
4

ã
-

ä Hb-ä pL2
4 c p Π erfi

H-1L3�4 Iä b + p + 2 ä c z N
2 c

- H-1L3�4 b ã
-

ä Hb-ä pL2
4 c Π erfi

-1
4 Ib - ä p + 2 c z N

2 c
-

-1
4

b ã
ä Hb-ä pL2

4 c Π erfi
H-1L3�4 I-b + ä p + 2 c z N

2 c
- -1

4
b ã

ä Hb+ä pL2
4 c Π erfi

H-1L3�4 Ib + ä p + 2 c z N
2 c

Involving ãp z sinIb zr M sinIc zr M
01.06.21.1356.01à ãp z sinIb z2M sinIc z2M â z �

1

8
Π

ã
ä p2

4 c-4 b erf
2 ä Hb-cL z-p

2 ä Hb-cL
ä Hb - cL +

ã
ä p2

4 b-4 c erfi
p+2 Hb-cL ä z

2 ä Hb-cL
ä Hb - cL -

ã
-

ä p2

4 Hb+cL erf
2 ä Hb+cL z-p

2 ä Hb+cL
ä Hb + cL -

ã
ä p2

4 Hb+cL erfi
p+2 Hb+cL ä z

2 ä Hb+cL
ä Hb + cL

01.06.21.1357.01à ãp z sinIb z N sinIc z N â z �

1

8

Hb - cL ã
Hb-cL2

4 p Π erf
b-c+2 ä p z

2 p

p3�2 +

Hb + cL ã
Hb+cL2

4 p Π erf
-b-c-2 ä p z

2 p

p3�2 +

Hb - cL ã
Hc-bL2

4 p Π erf
b-c-2 ä p z

2 p

p3�2 +

Hb + cL ã
Hb+cL2

4 p
-2 Π ä

ä Π erfi
ä b+ä c+2 p z

2 p

p3�2 +
8 ãp z sinIb z N sinIc z N

p

Involving ãp zr
sinIb zr M sinIc zr M
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01.06.21.1358.01à ãp zr
sinHb zrL sinHc zrL â z � -

z

4 r
 G

1

r
, ä Hb - c + ä pL zr Hä Hb - c + ä pL zrL-1�r - Hä Hb + c + ä pL zrL-1�r G

1

r
, ä Hb + c + ä pL zr +

H-ä Hb - c - ä pL zrL-1�r G
1

r
, -ä Hb - c - ä pL zr - H-ä Hb + c - ä pL zrL-1�r G

1

r
, -ä Hb + c - ä pL zr

01.06.21.1359.01à ãp z2
sinIb z2M sinIc z2M â z �

-K Π K -ä Hb + c + ä pL ä b - ä c + p H-ä b + ä c + pL ä b + ä c + p erfiK -ä Hb + c + ä pL zO -

ä Hb + c + ä pL K ä b - ä c + p KH-ä b + ä c + pL erfiK ä b + ä c + p zO -

-ä b + ä c + p ä b + ä c + p erfiK -ä b + ä c + p zOO + ä ä b + ä c + p Hb - c + ä pL
erfiK ä b - ä c + p zOOOO � K8 ä b - ä c + p ä b + ä c + p I-b2 - 2 ä p b + c2 + p2MO

01.06.21.1360.01à ãp z sinIb z N sinIc z N â z �

-
1

2
ã-ä Hb+c+ä pL z

1Hb + c + ä pL2
+ ã2 ä c z

1H-ä b + ä c + pL2
-

ã2 ä b z IHä b + ä c + pL z - 1NHb + c - ä pL2
+

ä z

-b + c - ä p
+

ã2 ä b z I1 - Hä b - ä c + pL z NHä b - ä c + pL2
+

ä z

b + c + ä p

Involving ãb zr +e sinIa zr + qM sinIc zr + gM
01.06.21.1361.01à ãb zr+e sinHa zr + qL sinHc zr + gL â z �

-
1

4 r
 ãe-ä Hg+qL z ã2 ä g G

1

r
, ä Ha - c + ä b L zr Hä Ha - c + ä b L zrL-1�r + ã2 ä q H-ä Ha - ä b - cL zrL-1�r G

1

r
, -ä Ha - ä b - cL zr -

Hä Ha + c + ä b L zrL-1�r G
1

r
, ä Ha + c + ä b L zr - ã2 ä Hg+qL H-ä Ha - ä b + cL zrL-1�r G

1

r
, -ä Ha - ä b + cL zr

01.06.21.1362.01à ãb z2+e sinIa z2 + qM sinIc z2 + gM â z �
1

8
ãe-ä Hg+qL Π

-
erfiJ -ä Ha + c + ä b L zN

-ä Ha + c + ä b L +
ã2 ä g erfiJ b - ä a + ä c zN

b - ä a + ä c
+

ã2 ä q erfiJ b - ä c + ä a zN
b - ä c + ä a

-
ã2 ä Hg+qL erfiJ b + ä a + ä c zN

b + ä a + ä c
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01.06.21.1363.01à ã z b+e sinI z a + qN sinI z c + gN â z �

1

2

ã z Hb-ä c-ä a L+e-ä g-ä q+ä Π I z b + H-ä a - ä cL z - 1NHb - ä c - ä a L2
+

ã z Hb-ä c+ä a L+e-ä g+ä q I z b + Hä a - ä cL z - 1NHb - ä c + ä a L2
+

ã z Hb+ä a +ä c L+e+ä g +ä q-ä Π I z b - H-ä a - ä cL z - 1NH-b - ä c - ä a L2
+

ã z Hb-ä a +ä c L+e+ä g -ä q I z b - Hä a - ä cL z - 1NH-b - ä c + ä a L2

Involving ãb zr +d z+e sinIa zr + p z + qM sinIc zr + f z + gM
01.06.21.1364.01à ãb z2+d z+e sinIa z2 + p z + qM sinIc z2 + f z + gM â z � -

1

8
Π

ã
e-ä g-ä q-

-d2+2 ä f d+2 ä p d+ f 2+p2+2 f p

4 H-b+ä a +ä c L erf
-d+ä f +ä p-2 b z+2 ä a z+2 ä c z

2 -b+ä a +ä c

-b + ä a + ä c
+

ã
e+ä g +ä q-

d2+2 ä f d+2 ä p d- f 2-p2-2 f p

4 Hb+ä a +ä c L erfi
d+ä f +ä p+2 b z+2 ä a z+2 ä c z

2 b+ä a +ä c

b + ä a + ä c
-

ã
e+ä g -ä q-

-d2-2 ä f d+2 ä p d+ f 2+p2-2 f p

4 H-b-ä c+ä a L erf
-d-ä f +ä p-2 b z-2 ä c z+2 ä a z

2 -b-ä c+ä a

-b - ä c + ä a
-

ã
e-ä g+ä q-

d2-2 ä f d+2 ä p d- f 2-p2+2 f p

4 Hb-ä c+ä a L erfi
d-ä f +ä p+2 b z-2 ä c z+2 ä a z

2 b-ä c+ä a

b - ä c + ä a
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01.06.21.1365.01à ã z b+d z+e sinI z a + p z + qN sinI z c + f z + gN â z �

-
1

4
ãe-ä g-ä q -

ã z Hb-ä c+ä a L+2 ä q+Hd-ä f +ä pL z

d - ä f + ä p
-

ã z Hb-ä a +ä c L+2 ä g +Hd+ä f -ä pL z

d + ä f - ä p
+

ã z Hb-ä c-ä a L+Hd-ä f -ä pL z

d - ä f - ä p
+

ã z Hb+ä a +ä c L+2 ä g +2 ä q+Hd+ä f +ä pL z

d + ä f + ä p
+

1

8 Hd + ä f + ä pL3�2  Hb + ä a + ä c L ã
-

-a2+2 Hb+ä c L ä a+b2-c2-4 d e-4 ä e f -4 ä d g+4 f g+2 ä b c -4 ä e p+4 g p-4 ä d q+4 f q+4 p q

4 Hd+ä f +ä pL

Π erfi
b + ä a + ä c + 2 d z + 2 ä f z + 2 ä p z

2 d + ä f + ä p

-

1

8 Hd - ä f + ä pL3�2  Hb - ä c + ä a L ã
-

-a2+2 Hb-ä cL ä a+b2-c2-2 ä b c-4 d e+4 f g+4 ä e f +4 ä d g -4 ä e p-4 g p-4 ä d q-4 f q+4 p q

4 Hd-ä f +ä pL

Π erfi
b - ä c + ä a + 2 d z - 2 ä f z + 2 ä p z

2 d - ä f + ä p

-

1

8 Hd + ä f - ä pL3�2  H-b - ä c + ä a L ã
-

-a2-2 ä Hb+ä c L a+b2-c2-4 d e-4 ä e f -4 ä d g+4 f g+2 ä b c -4 g p+4 ä e p-4 f q+4 ä d q+4 p q

4 Hd+ä f -ä pL

Π erfi
-b - ä c + ä a - 2 d z - 2 ä f z + 2 ä p z

2 d + ä f - ä p

+

1

8 Hd - ä f - ä pL3�2  H-b + ä a + ä c L ã
-a2-2 ä b a-2 c a+b2-c2-2 ä b c-4 d e+4 f g+4 ä e f +4 ä d g +4 g p+4 ä e p+4 f q+4 ä d q+4 p q

4 H-d+ä f +ä pL

Π erfi
-b + ä a + ä c - 2 d z + 2 ä f z + 2 ä p z

2 d - ä f - ä p

Involving products of two direct functions and rational functions of exp

Involving sinHe zL sinHc zL Ia + b ãd z M-n
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01.06.21.1366.01à sinHe zL sinHc zLIa + b ãd zMn
 â z �

-
1

4
ä a-n

ã-ä Hc-eL z

c - e
 ã2 ä Hc-eL z

2F1

ä Hc - eL
d

, n;
d - ä e + ä c

d
; -

b ãd z

a
- 2F1 -

ä Hc - eL
d

, n;
d - ä c + ä e

d
; -

b ãd z

a
+

ã-ä Hc+eL z

c + e
 2F1 -

ä Hc + eL
d

, n; -
ä Hc + e + ä d L

d
; -

b ãd z

a
- ã2 ä Hc+eL z

2F1

ä Hc + eL
d

, n;
d + ä c + ä e

d
; -

b ãd z

a
�; n Î N+

Involving ãp z  sinHe zL sinHc zL Ia + b ãd z M-n

01.06.21.1367.01à ãp z sinHe zL sinHc zLIa + b ãd zMn
 â z �

1

4
a-n

1

c2 - 2 e c + e2 + p2
 ãH-ä c+ä e+pL z Hä c - ä e + pL 2F1

-ä c + ä e + p

d
, n;

d - ä c + ä e + p

d
; -

b ãd z

a
+

ãHä c-ä e+pL z H-ä c + ä e + pL 2F1

ä c - ä e + p

d
, n;

d - ä e + ä c + p

d
; -

b ãd z

a
+

ä

c2 + 2 e c + e2 + p2
 ãHä c+ä e+pL z Hc + e + ä pL 2F1

ä c + ä e + p

d
, n;

d + ä c + ä e + p

d
; -

b ãd z

a
-

ã-ä Hc+e+ä pL z Hc + e - ä pL 2F1 -
ä Hc + e + ä pL

d
, n;

d - ä e - ä c + p

d
; -

b ãd z

a
�; n Î N+

Involving products of two direct functions and algebraic functions of exp

Involving Ia + b ãd z MΒ
sinHe zL sinHc zL

01.06.21.1368.01à Ia + b ãd zMΒ
sinHe zL sinHc zL â z �

ä

4 Hc - eL Hc + eL  ã-2 ä Hc+eL z Ia + b ãd zMΒ ãd z b

a
+ 1

-Β

-Hc + eL ãä H3 c+eL z
2F1

ä Hc - eL
d

, - Β;
d - ä e + ä c

d
; -

b ãd z

a
+

Hc - eL ãä Hc+eL z ã2 ä Hc+eL z
2F1

ä Hc + eL
d

, - Β;
d + ä c + ä e

d
; -

b ãd z

a
- 2F1 -

ä Hc + eL
d

, - Β; -
ä Hc + e + ä d L

d
; -

b ãd z

a
+

Hc + eL ãä Hc+3 eL z
2F1 -

ä Hc - eL
d

, - Β;
d - ä c + ä e

d
; -

b ãd z

a

Involving ãp z Ia + b ãd z MΒ
sinHe zL sinHc zL
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01.06.21.1369.01

à ãp z Ia + b ãd zMΒ
sinHe zL sinHc zL â z �

1

4
Ia + b ãd zMΒ ãd z b

a
+ 1

-Β

-
1

c2 - 2 e c + e2 + p2
 ä ãHä c-ä e+pL z Hc - e + ä pL 2F1

ä c - ä e + p

d
, - Β;

d - ä e + ä c + p

d
; -

b ãd z

a
-

ãH-ä c+ä e+pL z Hä c - ä e + pL 2F1

-ä c + ä e + p

d
, - Β;

d - ä c + ä e + p

d
; -

b ãd z

a
+

1

c2 + 2 e c + e2 + p2
 ä ãHä c+ä e+pL z Hc + e + ä pL 2F1

ä c + ä e + p

d
, - Β;

d + ä c + ä e + p

d
; -

b ãd z

a
-

ã-ä Hc+e+ä pL z Hc + e - ä pL 2F1 -
ä Hc + e + ä pL

d
, - Β;

d - ä e - ä c + p

d
; -

b ãd z

a

Involving products of several direct functions and exponential function

Involving ãp z sin Ha zL sinHb zL sinHc zL
01.06.21.1370.01à ãp z sinHa zL sinHb zL sinHc zL â z �

1

4
ãp z

Ha - b - cL cosHHa - b - cL zL - p sinHHa - b - cL zL
a2 - 2 Hb + cL a + b2 + c2 + p2 + 2 b c

+
Ha + b + cL cosHHa + b + cL zL - p sinHHa + b + cL zLHa + b + c - ä pL Ha + b + c + ä pL -

Ha + b - cL cosHHa + b - cL zL - p sinHHa + b - cL zLHa + b - c - ä pL Ha + b - c + ä pL -
Ha - b + cL cosHHa - b + cL zL - p sinHHa - b + cL zLHa - b + c - ä pL Ha - b + c + ä pL

Involving ãp z  Ûk=1
n sinHak zL

01.06.21.1371.01

à ãp z ä
k=1

n

sinHak zL â z � H-2L-n ãp z â
k1=-1
D k1=2

1 â
k2=-1
D k2=2

1

¼ â
kn=-1
D kn=2

1 p cosIÚj=1
n k j Iz a j + Π

2
MM + Új=1

n k j a j sinIÚj=1
n k j Iz a j + Π

2
MM

p2 + IÚj=1
n k j a jM2

Involving products of powers of two direct functions and exponential function

Involving product of power of the direct function, the direct function and exponential function

Involving ãb z  sinHc zL sinΝHa zL
01.06.21.1372.01

à ãb z sinHc zL sinΝHa zL â z � -
1

2
I1 - ã-2 ä a zM-Ν

sinΝHa zL ãH-ä c+bL z

c + ä b - a Ν
2F1

c + ä b - a Ν

2 a
, -Ν;

-Ν a + 2 a + c + ä b

2 a
; ã-2 ä a z +

ãHä c+bL z

c - ä b + a Ν
 2F1 -

c - ä b + a Ν

2 a
, -Ν; -

c - ä b + a HΝ - 2L
2 a

; ã-2 ä a z
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01.06.21.1373.01à ãb z sinHc zL sinvHa zL â z � H2 ä L-v-1 

â
k=0

f v-1

2
v H-1Lk v

k

ãHb+ä c -2 ä a k+ä a vL z

b + ä c - 2 ä a k + ä a v
+

ãHb-ä c-2 ä a k+ä a vL z

-b + ä c + 2 ä a k - ä a v
+

ãä Π v+Hb+ä c +2 ä a k-ä a vL z

b + ä c + 2 ä a k - ä a v
+

ãä Π v+Hb-ä c+2 ä a k-ä a vL z

-b + ä c - 2 ä a k + ä a v
+

2-v-1
ãHb-ä cL z

b - ä c
-

ãHb+ä c L z

b + ä c
ä

v
v

2

H1 - v mod 2L �; v Î N+

Involving ãb z  sinHc z + dL sinΝHa zL
01.06.21.1374.01à ãb z sinHd + c zL sinΝHa zL â z �

-
1

2
ã-ä d I1 - ã-2 ä a zM-Ν

sinΝHa zL ãH-ä c+bL z

c + ä b - a Ν
2F1

c + ä b - a Ν

2 a
, -Ν;

-Ν a + 2 a + c + ä b

2 a
; ã-2 ä a z +

ã2 ä d+Hä c+bL z

c - ä b + a Ν
2F1 -

c - ä b + a Ν

2 a
, -Ν; -

c - ä b + a HΝ - 2L
2 a

; ã-2 ä a z

01.06.21.1375.01

à ãb z sinHd + c zL sinvHa zL â z � ä 2-v-1
ã-ä d+H-ä c+bL z

-ä c + b
-

ãä d+Hä c+bL z

ä c + b

v
v

2

H1 - v mod 2L + 2-v-1 ä-v-1 ãä d  â
k=0

f v-1

2
v H-1Lk v

k
 

ãHä c-2 ä a k+b+ä a vL z

ä c - 2 ä a k + b + ä a v
+

ã-2 ä d+H-ä c-2 ä a k+b+ä a vL z

ä c + 2 ä a k - b - ä a v
+

ãä Π v+Hä c+2 ä a k+b-ä a vL z

ä c + 2 ä a k + b - ä a v
+

ã-2 ä d+ä Π v+H-ä c+2 ä a k+b-ä a vL z

ä c - 2 ä a k - b + ä a v
�; v Î N+

Involving ãp z  sinHc zL sinv Ha z + bL
01.06.21.1376.01à ãp z sinHc zL sinΝHb + a zL â z �

-
1

2
I1 - ã-2 ä Hb+a zLM-Ν

sinΝHb + a zL ãH-ä c+pL z

c + ä p - a Ν
2F1

c + ä p - a Ν

2 a
, -Ν;

-Ν a + 2 a + c + ä p

2 a
; ã-2 ä Hb+a zL +

ãHä c+pL z

c - ä p + a Ν
2F1 -

c - ä p + a Ν

2 a
, -Ν; -

c - ä p + a HΝ - 2L
2 a

; ã-2 ä Hb+a zL
01.06.21.1377.01à ãp z sinHc zL sinvHb + a zL â z �

ä 2-v-1
ãH-ä c+pL z

-ä c + p
-

ãHä c+pL z

ä c + p

v
v

2

H1 - v mod 2L + 2-v-1 ä-v-1 â
k=0

f v-1

2
v H-1Lk v

k
 ã-2 ä b k-ä b v

ã2 ä b v+Hä c-2 ä a k+p+ä a vL z

ä c - 2 ä a k + p + ä a v
+

ã2 ä b v+H-ä c-2 ä a k+p+ä a vL z

ä c + 2 ä a k - p - ä a v
+

ã4 ä b k+ä Π v+Hä c+2 ä a k+p-ä a vL z

ä c + 2 ä a k + p - ä a v
+

ã4 ä b k+ä Π v+H-ä c+2 ä a k+p-ä a vL z

ä c - 2 ä a k - p + ä a v
�; v Î N+
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Involving ãp z  sinHc z + dL sinv Ha z + bL
01.06.21.1378.01à ãp z sinHd + c zL sinΝHb + a zL â z �

-
1

2
ã-ä d I1 - ã-2 ä Hb+a zLM-Ν

sinΝHb + a zL ãH-ä c+pL z

c + ä p - a Ν
2F1

c + ä p - a Ν

2 a
, -Ν;

-Ν a + 2 a + c + ä p

2 a
; ã-2 ä Hb+a zL +

ã2 ä d+Hä c+pL z

c - ä p + a Ν
2F1 -

c - ä p + a Ν

2 a
, -Ν; -

c - ä p + a HΝ - 2L
2 a

; ã-2 ä Hb+a zL
01.06.21.1379.01à ãp z sinHd + c zL sinvHb + a zL â z �

ä 2-v-1
ã-ä d+H-ä c+pL z

-ä c + p
-

ãä d+Hä c+pL z

ä c + p

v
v

2

H1 - v mod 2L + 2-v-1 ä-v-1 â
k=0

f v-1

2
v H-1Lk v

k
 ãä d-2 ä b k-ä b v

ã2 ä b v+Hä c-2 ä a k+p+ä a vL z

ä c - 2 ä a k + p + ä a v
+

ã-2 ä d+2 ä b v+H-ä c-2 ä a k+p+ä a vL z

ä c + 2 ä a k - p - ä a v
+

ã4 ä b k+ä Π v+Hä c+2 ä a k+p-ä a vL z

ä c + 2 ä a k + p - ä a v
+

ã-2 ä d+4 ä b k+ä Π v+H-ä c+2 ä a k+p-ä a vL z

ä c - 2 ä a k - p + ä a v
�; v Î N+

Involving ãp zr
 sinHb zL sinv Hc zL

01.06.21.1380.01

à ãp z2
sinHb zL sinvHc zL â z � -

ä 2-v-2 ã
b2

4 p Π H1 - v mod 2L
p

 
v
v

2

erfi
ä b + 2 p z

2 p
+ erfi

ä b - 2 p z

2 p
+

ä-v-1 2-v-2 Π

p
 

â
k=0

f v-1

2
v H-1Lk ã

-
-b2-2 c H2 k+vL b-c2 Hv-2 kL2

4 p
v

k
ã

-
2 b c k

p erfi
ä b - 2 ä c k + ä c v + 2 p z

2 p
+ ã

ä Π v-
b c v

p erfi
ä b + 2 ä c k - ä c v + 2 p z

2 p
+

ã
ä Π v-

2 b c k

p erfi
ä b - 2 ä c k + ä c v - 2 p z

2 p
+ ã

-
b c v

p erfi
ä b + 2 ä c k - ä c v - 2 p z

2 p
�; v Î N+

http://functions.wolfram.com 582



01.06.21.1381.01à ãp z sinHb zL sinvHc zL â z �

2-v
v
v

2

-
ãp z cosHb zL

b
+

ã
-

ä p2

4 b ä p Π erf
-p+2 ä b z

2 ä b

4 Hä bL3�2 +

ã
ä p2

4 b ä p Π erfi
p+2 ä b z

2 ä b

4 Hä bL3�2 H1 - v mod 2L +

2-v-2 ä-v-1 â
k=0

f v-1

2
v H-1Lk v

k

-
2 ä ãp z -ä Hb+2 c k-c vL z

b + 2 c k - c v
-

2 ä H-1Lv ã z p+ä Hb+2 c k-c vL z

b + 2 c k - c v
-

2 ä H-1Lv ãp z -ä Hb+c Hv-2 kLL z

b + c Hv - 2 kL -
2 ä ã z p+ä Hb+c Hv-2 kLL z

b + c Hv - 2 kL -

H-1Lv ã
ä p2

4 b+8 c k-4 c v p Π erfi
p+2 ä Hb+2 c k-c vL z

2 ä Hb+2 c k-c vLHä Hb + 2 c k - c vLL3�2 -

ä ã
ä p2

-4 b-8 c k+4 c v p Π erfi
ä p+2 Hb+2 c k-c vL z

2 ä Hb+2 c k-c vLHä Hb + 2 c k - c vLL3�2 -

ã
ä p2

4 Hb+c Hv-2 kLL p Π erfi
p+2 ä Hb+c Hv-2 kLL z

2 ä Hb+c Hv-2 kLLHä Hb + c Hv - 2 kLLL3�2 -

ä H-1Lv ã
-

ä p2

4 Hb+c Hv-2 kLL p Π erfi
ä p+2 Hb+c Hv-2 kLL z

2 ä Hb+c Hv-2 kLLHä Hb + c Hv - 2 kLLL3�2 �; v Î N+

Involving ãp z  sinIb zr M sinv Hc zL
01.06.21.1382.01

à ãp z sinIb z2M sinvHc zL â z � -

ä 2-v-2 Π
v
v

2

ã
ä p2

4 b ã
-

ä p2

2 b erf
p-2 ä b z

2 ä b
+ erfi

p+2 ä b z

2 ä b
H1 - v mod 2L

ä b
+

1

ä b
 Iä-v-1 2-v-2 Π N â

k=0

f v-1

2
v H-1Lk ã

ä Jp2+2 c ä H2 k+vL p-c2 H2 k+vL2N
4 b

v

k
-ã

-
ä J-J4 k2+v2N c2+2 ä p v c+p2N

2 b erf
2 ä c k - p - ä c v + 2 ä b z

2 ä b
-

ã
-

ä J-J4 k2+v2N c2+4 ä k p c+p2-2 b Π vN
2 b erf

- p + c ä Hv - 2 kL + 2 ä b z

2 ä b
+

ã
-

ä J-2 k c2+ä p c-b ΠN v

b erfi
2 ä c k + p - ä c v + 2 ä b z

2 ä b
+ ã

2 c k Hp+ä c vL
b erfi

p + c ä Hv - 2 kL + 2 ä b z

2 ä b
�; v Î N+
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01.06.21.1383.01

à ãp z sinIb z N sinvHc zL â z � 2-v
v
v

2

H1 - v mod 2L b ã
b2

4 p Π erfi
ä b-2 p z

2 p
- erfi

ä b+2 p z

2 p

4 p3�2 +
ãp z sinIb z N

p
+ 2-v-1

ä-v-1 â
k=0

f v-1

2
v H-1Lk v

k

ã-ä b z +H-2 c ä k+p+ä c vL z J-1 + ã2 ä b z N
p + c ä Hv - 2 kL +

ä b ã
b2

4 H-2 c ä k+p+ä c vL Π erfi
ä b+4 ä c k z -2 p z -2 ä c v z

2 -2 c ä k+p+ä c v

2 H-2 c ä k + p + ä c vL3�2 +

ä H-1Lv b ã
b2

4 H2 ä c k+p-ä c vL Π erfi
ä b-4 ä c k z -2 p z +2 ä c v z

2 2 ä c k+p-ä c v

2 H2 ä c k + p - ä c vL3�2 -

ä b ã
b2

4 H-2 c ä k+p+ä c vL Π erfi
ä b-4 ä c k z +2 p z +2 ä c v z

2 -2 c ä k+p+ä c v

2 H-2 c ä k + p + ä c vL3�2 +
H-1Lv ã-ä b z +H2 ä c k+p-ä c vL z J-1 + ã2 ä b z N

2 ä c k + p - ä c v
-

ä H-1Lv b ã
b2

4 H2 ä c k+p-ä c vL Π erfi
ä b+4 ä c k z +2 p z -2 ä c v z

2 2 ä c k+p-ä c v

2 H2 ä c k + p - ä c vL3�2 �; v Î N+

Involving ãp z sinHb zL sinv Ic zr M
01.06.21.1384.01

à ãp z sinHb zL sinvIc z2M â z � -ä 2-v-1
ãHä b+pL z

ä b + p
+

ãH-ä b+pL z

ä b - p

v
v

2

H1 - v mod 2L +
2-v-2 ä-v-1 Π

ä c

â
k=0

f v-1

2
v H-1Lk

v - 2 k
ã

-b2+2 ä p b+p2

4 Hä c v-2 ä c kL v

k
ãä Π v erf

-ä b - p - 4 ä c k z + 2 ä c v z

2 ä c v - 2 k
- ã

ä b p

2 ä c k-ä c v
+ä Π v

erf
ä b - p + 2 ä c Hv - 2 kL z

2 ä c v - 2 k
+

ã
Hä b+pL2

4 ä c k-2 ä c v erfi
ä b + p + 2 ä c Hv - 2 kL z

2 ä c v - 2 k
+ ã

p2-b2

4 ä c k-2 ä c v erfi
ä b - p + 4 ä c k z - 2 ä c v z

2 ä c v - 2 k
�; v Î N+
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01.06.21.1385.01

à ãp z sinHb zL sinvIc z N â z � 2-v-1 ä
ãH-ä b+pL z

-ä b + p
-

ãHä b+pL z

ä b + p

v
v

2

H1 - v mod 2L +

2-v-2 â
k=0

f v-1

2
v H-1Lk v

k
ã-

1

2
ä Π Hv-1L -

ä ã
H2 c k-c vL2
4 H-ä b+pL Π H2 c k - c vL erf

2 z Hb+ä pL+c H2 k-vL
2 -ä b+pH-b - ä pL -ä b + p

+

ä ã
Hc v-2 c kL2

4 Hä b+pL +ä Π Hv-1L
Π H2 c k - c vL erf

2 z Hb-ä pL+c H2 k-vL
2 ä b+pHä p - bL ä b + p

+
2 ãH-ä b+pL z-ä H2 c k-c vL z

-ä b + p
+

2 ãä Π Hv-1L+Hä b+pL z+ä H2 c k-c vL z

ä b + p
+ ã

1

2
ä Π Hv+1L c ã

c2 Hv-2 kL2
4 Hä b+pL -ä Π Hv+1L

Π Hv - 2 kL erfi
2 z Hä b+pL+c ä Hv-2 kL

2 ä b+pHä p - bL ä b + p

-

ä c ã
ä c2 Hv-2 kL2

4 Hb+ä pL Π Hv - 2 kL erf
2 z H-b-ä pL+c H2 k-vL

2 -ä b+pHb + ä pL -ä b + p

+

2 ãH-ä b+pL z-ä Hc v-2 c kL z

-ä b + p
+

2 ã-ä Π Hv+1L+Hä b+pL z+ä Hc v-2 c kL z

ä b + p
�; v Î N+

Involving ãp z sinIb zr M sinv Ic zr M
01.06.21.1386.01à ãp z sinIb z2M sinvIc z2M â z �

2-v-2 Π

ä ã
-

ä p2

4 b

v
v

2

erf
p-2 ä b z

2 ä b
+ ã

ä p2

2 b erfi
p+2 ä b z

2 ä b
Hv mod 2 - 1L

ä b
+ ä-v-1 â

k=0

f v-1

2
v H-1Lk v

k

1

ä Hb - 2 c k + c vL  

ã
-

ä p2

4 Hb-2 c k+c vL ã
ä p2

2 Hb-2 c k+c vL erfi
p + 2 ä Hb - 2 c k + c vL z

2 ä Hb - 2 c k + c vL - ä ãä Π v erfi
ä p + 2 Hb - 2 c k + c vL z

2 ä Hb - 2 c k + c vL -

ã
ä

p2

4 b+8 c k-4 c v
+Π v

erf
p+2 ä Hb+2 c k-c vL z

2 -ä Hb+2 c k-c vL
-ä Hb + 2 c k - c vL -

ä ã
ä p2

-4 b-8 c k+4 c v erfi
ä p+2 Hb+2 c k-c vL z

2 ä Hb+2 c k-c vL
ä Hb + 2 c k - c vL �; v Î N+
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01.06.21.1387.01à ãp z sinIb z N sinvIc z N â z �

2-v-2 ä

b ã
b2

4 p ä Π erfi
-ä b+2 p z

2 p

p3�2 +
4 ã-

1

2
Hä ΠL+p z sinIb z N

p
-

ä b ã
b2

4 p
-ä Π

Π erfi
ä b+2 p z

2 p

p3�2 v
v

2

H1 - v mod 2L +

2-v-2 â
k=0

f v-1

2
v H-1Lk v

k
ã-

1

2
ä Π Hv-1L 4 ãp z-

1

2
ä Π H1-vL cosJ 1

2
Π Hv - 1L + Hb + 2 c k - c vL z N

p
+

ã
Hb+2 c k-c vL2

4 p Π Hb + 2 c k - c vL erf
b+c H2 k-vL+2 ä p z

2 p

p3�2 +

ã
H-b-2 c k+c vL2

4 p
+ä Π Hv-1L

Π Hb + 2 c k - c vL erf
b+c H2 k-vL-2 ä p z

2 p

p3�2 +

ã
1

2
ä Π Hv+1L 4 ãp z-

1

2
ä Π Hv+1L cosJ 1

2
Π Hv + 1L + H-b + 2 c k - c vL z N

p
-

ã
Hb+c Hv-2 kLL2

4 p Π Hb + c Hv - 2 kLL erf
-b+c H2 k-vL-2 ä p z

2 p

p3�2 -

ä ã
Hb+c Hv-2 kLL2

4 p
-ä Π Hv+1L

Π Hb + c Hv - 2 kLL erfi
ä b+ä c Hv-2 kL+2 p z

2 p

p3�2 �; v Î N+

Involving ãp zr
sinHb zL sinv Ic zr M
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01.06.21.1388.01

à ãp z2
sinHb zL sinvIc z2M â z � -

ä 2-v-2 ã
b2

4 p Π H1 - v mod 2L
p

 
v
v

2

erfi
ä b + 2 p z

2 p
+ erfi

ä b - 2 p z

2 p
-

2-v-2 ä-v-1 Π â
k=0

f v-1

2
v H-1Lk ã

-
b2

8 ä c k-4 p-4 ä c v
v

k
ã

ä Π v-
1

4
b2 J 1

-2 c ä k+p+ä c v
+

1

-2 c ä k-p+ä c v
N

ä c Hv - 2 kL - p

p + c ä Hv - 2 kL erf
ä b + 2 H2 ä c k + p - ä c vL z

2 ä c Hv - 2 kL - p

+ erf
ä b - 2 H2 ä c k + p - ä c vL z

2 ä c Hv - 2 kL - p

+

H2 ä c k + p - ä c vL erfi
ä b + 2 H-2 c ä k + p + ä c vL z

2 -2 c ä k + p + ä c v

+ erfi
ä b + 4 ä c k z - 2 p z - 2 ä c v z

2 -2 c ä k + p + ä c v

�
KH-2 c ä k - p + ä c vL p + c ä Hv - 2 kL O �; v Î N+
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01.06.21.1389.01à ãp z sinHb zL sinvIc z N â z �

2-v-2
4 ãp z ä cosHb zL

b
-

ã
-

ä p2

4 b p Π erfi
p-2 ä b z

2 -ä bH-ä bL3�2 -

ã
ä p2

4 b
-ä Π

p Π erfi
p+2 ä b z

2 ä bHä bL3�2 ä
v
v

2

H1 - v mod 2L +

2-v-2

b
â
k=0

f v-1

2
v H-1Lk v

k
ã-

1

2
ä Π Hv-1L 2 ä ãHp-ä H2 c k-c vLL z -ä b z - 2 ä ãä Π Hv-1L+ä b z+Hp+ä H2 c k-c vLL z -

ã
ä H2 c k+ä p-c vL2

4 b Π H2 c k + ä p - c vL erfi
p-ä J2 z b+c H2 k-vLN

2 -ä b

-ä b
-

1

ä b
 ã

ä Π Hv-1L-
ä H-2 c k+ä p+c vL2

4 b Π

H2 c k - ä p - c vL erfi
p + ä I2 z b + c H2 k - vLN

2 ä b
+ ã

1

2
ä Π Hv+1L 2 ä ãHp-ä Hc v-2 c kLL z -ä b z -

2 ä ã-ä Π Hv+1L+ä b z+Hp+ä Hc v-2 c kLL z -

ã
ä Hä p+c Hv-2 kLL2

4 b Π Hä p + c Hv - 2 kLL erfi
p+ä Jc H2 k-vL-2 b z N

2 -ä b

-ä b
-

1

ä b
 ã

ä Hp+c ä Hv-2 kLL2
4 b

-ä Π Hv+1L
Π Hc Hv - 2 kL - ä pL erfi

p + ä c Hv - 2 kL + 2 ä b z

2 ä b
�; v Î N+

Involving zn  ãp zr
 sinIb zr M sinv Hc zL
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01.06.21.1390.01à zn ãp z2
sinIb z2M sinvHc zL â z �

ä 2-v-2 zn+1
v
v

2

IH-ä b - pL z2M 1

2
H-n-1L

G
n + 1

2
, H-ä b - pL z2 - IHä b - pL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b - pL z2 H1 - v mod 2L +

2-v-2 ä-v-1

-ä b + p ä b + p

 â
s=0

f v-1

2
v H-1Ls ã

c2 p Hv-2 sL2
2 H-ä b+pL Hä b+pL v

s

H-1Lv ã
-

c2 Hv-2 sL2
4 Hä b+pL ä b + p â

q=0

n

2q-n H-ä b + pL-n-
1

2 Hä c Hv - 2 sLLn-q Hc ä H2 s - vL + 2 H-ä b + pL zLq+1

-
Hc ä H2 s - vL + 2 H-ä b + pL zL2

-ä b + p

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hc ä H2 s - vL + 2 H-ä b + pL zL2

4 H-ä b + pL +

ã
-

c2 Hv-2 sL2
4 Hä b+pL ä b + p â

q=0

n H-ä b + pL-n-
1

2 ä c s -
v

2

n-q Hc ä Hv - 2 sL + 2 H-ä b + pL zLq+1

-
Hc ä Hv - 2 sL + 2 H-ä b + pL zL2

-ä b + p

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hc ä Hv - 2 sL + 2 H-ä b + pL zL2

4 H-ä b + pL -

ã
-

c2 Hv-2 sL2
4 H-ä b+pL -ä b + p H-1Lv â

q=0

n

2q-n Hä b + pL-n-
1

2 Hä c Hv - 2 sLLn-q Hc ä H2 s - vL + 2 Hä b + pL zLq+1

-
Hc ä H2 s - vL + 2 Hä b + pL zL2

ä b + p

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hc ä H2 s - vL + 2 Hä b + pL zL2

4 Hä b + pL +

â
q=0

n Hä b + pL-n-
1

2 ä c s -
v

2

n-q Hc ä Hv - 2 sL + 2 Hä b + pL zLq+1 -
Hc ä Hv - 2 sL + 2 Hä b + pL zL2

ä b + p

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hc ä Hv - 2 sL + 2 Hä b + pL zL2

4 Hä b + pL �; v Î N+ ì n Î N

01.06.21.1391.01à zn ãp z sinIb z N sinvHc zL â z �

2-v ä zn+1
v
v

2

KIH-ä b - pL z N-2 Hn+1L
GI2 Hn + 1L, H-ä b - pL z N - IHä b - pL z N-2 Hn+1L

GI2 Hn + 1L, Hä b - pL z NO
H1 - v mod 2L - ä1-v 2-2 n-v-2 â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv-1 ã

-
ä H-ä b+pL2
4 c Hv-2 sL H-ä c Hv - 2 sLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + pL-h- j+2 n
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I-ä b + p - 2 ä c Hv - 2 sL z Nh+ j
-

ä I-ä b + p - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
H-ä b + pL

I-ä b + p - 2 ä c Hv - 2 sL z N G
1

2
Hh + j + 1L, -

ä I-ä b + p - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL - 2 ä c Hv - 2 sL

-
ä I-ä b + p - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L, -

ä I-ä b + p - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL +

H-1Lv ã
-

ä Hä b+pL2
4 c Hv-2 sL H-ä c Hv - 2 sLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j Hä b + pL-h- j+2 n Iä b + p - 2 ä c Hv - 2 sL z Nh+ j

-
ä Iä b + p - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hä b + pL Iä b + p - 2 ä c Hv - 2 sL z N G
1

2
Hh + j + 1L, -

ä Iä b + p - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL - 2 ä c Hv - 2 sL

-
ä Iä b + p - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L, -

ä Iä b + p - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL -

ã
ä H-ä b+pL2
4 c Hv-2 sL Hä c Hv - 2 sLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + pL-h- j+2 n I-ä b + p + 2 ä c Hv - 2 sL z Nh+ j

ä I-ä b + p + 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

H-ä b + pL I-ä b + p + 2 ä c Hv - 2 sL z N G
1

2
Hh + j + 1L, ä I-ä b + p + 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL + 2 c ä

Hv - 2 sL ä I-ä b + p + 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L, ä I-ä b + p + 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL +

ã ân âj

4 j
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ã
ä Hä b+pL2
4 c Hv-2 sL Hä c Hv - 2 sLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j Hä b + pL-h- j+2 n Iä b + p + 2 ä c Hv - 2 sL z Nh+ j

ä Iä b + p + 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hä b + pL Iä b + p + 2 ä c Hv - 2 sL z N G

1

2
Hh + j + 1L,

ä Iä b + p + 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL + 2 c ä Hv - 2 sL ä Iä b + p + 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G

1

2
Hh + j + 2L, ä Iä b + p + 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL �; n Î N ì v Î N+

Involving ãp zr
sinIb zr M sinv Ic zr M

01.06.21.1392.01à ãp zr
sinHb zrL sinvHc zrL â z �

2-v-1 z

r
 ä

v
v

2

HH-ä b - pL zrL-1�r G
1

r
, H-ä b - pL zr - Hä Hb + ä pL zrL-1�r G

1

r
, ä Hb + ä pL zr H1 - v mod 2L + ä-v-1

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv G

1

r
, ä Hb + ä p - 2 c s + c vL zr Hä Hb + ä p - 2 c s + c vL zrL-1�r - H-ä Hb - ä p - 2 c s + c vL zrL-1�r

G
1

r
, -ä Hb - ä p - 2 c s + c vL zr + Hä Hb + ä p + 2 c s - c vL zrL-1�r G

1

r
, ä Hb + ä p + 2 c s - c vL zr -

H-1Lv H-ä Hb - ä p + 2 c s - c vL zrL-1�r G
1

r
, -ä Hb - ä p + 2 c s - c vL zr �; v Î N+
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01.06.21.1393.01à ãp z2
sinIb z2M sinvIc z2M â z �

2-v-2 Π â
k=0

f v-1

2
v H-1Lk v

k
ã

1

2
ä Π Hv-1L ä b + p + ä c H2 k - vL H-ä b + p - ä c H2 k - vLL erfiK ä b + p + ä c H2 k - vL zO +

ã-
1

2
ä Π Hv-1L Hä b + p + ä c H2 k - vLL -ä b + p - ä c H2 k - vL erfiK -ä b + p - ä c H2 k - vL zO �

HH-ä b + p - ä c H2 k - vLL Hä b + p + ä c H2 k - vLLL + ã-
1

2
ä Π Hv+1L ä b + p + ä c Hv - 2 kL H-ä b + p - ä c Hv - 2 kLL

erfiK ä b + p + ä c Hv - 2 kL zO + ã
1

2
ä Π Hv+1L Hä b + p + ä c Hv - 2 kLL -ä b + p - ä c Hv - 2 kL

erfiK -ä b + p - ä c Hv - 2 kL zO � HH-ä b + p - ä c Hv - 2 kLL Hä b + p + ä c Hv - 2 kLLL -

ä 2-v-2 ΠH-ä b + pL Hä b + pL v
v

2

KH-ä b + pL ä b + p erfiK ä b + p zO - -ä b + p Hä b + pL erfiK -ä b + p zOO
H1 - v mod 2L �; v Î N+

01.06.21.1394.01à ãp z sinIb z N sinvIc z N â z �

2-v ã
ä Π

2
+H-ä b+pL z

ã2 J-
1

2
Hä ΠL+ä b z N I-1 + ä b z + p z NHä b + pL2

+
z

-ä b + p
-

1Hä b - pL2

v
v

2

H1 - v mod 2L +

2-v â
k=0

f v-1

2
v H-1Lk v

k
 ãH-ä b+p-ä c H2 k-vLL z -

1

2
ä Π Hv-1L ã2 J z Hä b+ä c H2 k-vLL+

1

2
ä Π Hv-1LN I z p + Hä b + ä c H2 k - vLL z - 1NHä b + p + ä c H2 k - vLL2

+

z

-ä b + p - ä c H2 k - vL -
1Hä b - p + ä c H2 k - vLL2

+

ã
1

2
ä Π Hv+1L+H-ä b+p-ä c Hv-2 kLL z

ã2 JHä b+ä c Hv-2 kLL z -
1

2
ä Π Hv+1LN I z p + Hä b + ä c Hv - 2 kLL z - 1NHä b + p + ä c Hv - 2 kLL2

+

z

-ä b + p - ä c Hv - 2 kL -
1Hä b - p + ä c Hv - 2 kLL2

�; v Î N+

Involving ãb zr +e sinIa zr + qM sinv Ic zr + gM
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01.06.21.1395.01à ãb zr+e sinHa zr + qL sinvHc zr + gL â z �

ä 2-v-1 z

r

v
v

2

ãe+ä q HH-b - ä a L zrL-1�r G
1

r
, H-b - ä a L zr - ãe-ä q HHä a - bL zrL-1�r G

1

r
, Hä a - bL zr H1 - v mod 2L +

ä-v-1 2-v-1 z

r
 â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ãe+ä q+2 ä g s-ä g v G

1

r
, H-b - ä a - 2 ä c s + ä c vL zr HH-b - ä a - 2 ä c s + ä c vL zrL-1�r +

H-1Lv ãe-ä q+2 ä g s-ä g v HH-b + ä a - 2 ä c s + ä c vL zrL-1�r G
1

r
, H-b + ä a - 2 ä c s + ä c vL zr -

ãe+ä q-2 ä g s+ä g v HH-b - ä a + 2 ä c s - ä c vL zrL-1�r G
1

r
, H-b - ä a + 2 ä c s - ä c vL zr +

ãe-ä q-2 ä g s+ä g v HH-b + ä a + 2 ä c s - ä c vL zrL-1�r G
1

r
, H-b + ä a + 2 ä c s - ä c vL zr �; v Î N+

01.06.21.1396.01à ãb z2+e sinIa z2 + qM sinvIc z2 + gM â z �

2-v-2
ã2 J ä Π

2
-ä qN erfiJ b - ä a zN

b - ä a
+

erfiJ b + ä a zN
b + ä a

ãe+ä q-
ä Π

2 Π
v
v

2

H1 - v mod 2L +

2-v-2 Π â
s=0

f v-1

2
v H-1Ls v

s
ãe-ä q-

1

2
ä Π Hv-1L+g ä Hv-2 sL erfiJ b - ä a + c ä Hv - 2 sL zN

b - ä a + c ä Hv - 2 sL +

ã2 Jä q+
1

2
ä Π Hv-1L-ä g Hv-2 sLN erfiJ b + ä a - ä c Hv - 2 sL zN

b + ä a - ä c Hv - 2 sL + ãe+ä q-
1

2
ä Π Hv+1L+g ä Hv-2 sL

erfiJ b + ä a + c ä Hv - 2 sL zN
b + ä a + c ä Hv - 2 sL +

ã2 J-ä q+
1

2
ä Π Hv+1L-ä g Hv-2 sLN erfiJ b - ä a - ä c Hv - 2 sL zN

b - ä a - ä c Hv - 2 sL �; v Î N+
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01.06.21.1397.01à ã z b+e sinI z a + qN sinvI z c + gN â z �

2-v
ã z Hb+ä a L+e+ä q-

ä Π

2 I z b + ä a z - 1NH-b - ä a L2
+

ã z Hb-ä aL+e-ä q+
ä Π

2 I z b - ä a z - 1NHb - ä aL2

v
v

2

H1 - v mod 2L +

2-v â
s=0

f v-1

2
v H-1Ls ãe-ä q+

1

2
ä Π Hv+1L-ä g Hv-2 sL+Hb-ä a -ä c Hv-2 sLL z I z b + H-ä a - ä c Hv - 2 sLL z - 1N � Hb - ä a - ä c Hv - 2 sLL2 +

ãe+ä q+
1

2
ä Π Hv-1L-ä g Hv-2 sL+Hb+ä a -ä c Hv-2 sLL z I z b + Hä a - ä c Hv - 2 sLL z - 1N � Hb + ä a - ä c Hv - 2 sLL2 +

ãe+ä q-
1

2
ä Π Hv+1L+g ä Hv-2 sL+Hb+ä a +c ä Hv-2 sLL z I z b - H-ä a - ä c Hv - 2 sLL z - 1N � H-b - ä a - ä c Hv - 2 sLL2 +

ãe-ä q-
1

2
ä Π Hv-1L+g ä Hv-2 sL+Hb-ä a +c ä Hv-2 sLL z I z b - Hä a - ä c Hv - 2 sLL z - 1N �

H-b + ä a - ä c Hv - 2 sLL2 v

s
�; v Î N+

Involving ãb zr +d z+e sinIa zr + p z + qM sinv Ic zr + f z + gM
01.06.21.1398.01à ãb z2+d z+e sinIa z2 + p z + qM sinvIc z2 + f z + gM â z �

2-v-2 Π

a2 + b2

v
v

2

H1 - v mod 2L b - ä a Hb + ä a L ã
-Hd-ä pL2-2 H-a-ä bL H-2 ä e+Π-2 qL

4 Hb-ä aL erfi
d - ä p + 2 Hb - ä aL z

2 b - ä a
+

Hb - ä aL b + ä a ã
-Hd+ä pL2-2 Hä b-aL H2 ä e+Π-2 qL

4 Hb+ä a L erfi
d + ä p + 2 b z + 2 ä a z

2 b + ä a
+ 2-v-2 Π

â
s=0

f v-1

2
v H-1Ls v

s
ã

-Hd+ä H-p+2 f s- f vLL2-2 H-2 ä e+Π-2 q+4 g s-2 g v+Π vL H-a-ä b+2 c s-c vL
4 Hb+ä H-a+2 c s-c vLL erfi

d - ä p + f ä H2 s - vL + 2 Hb - ä a + c ä H2 s - vLL z

2 b - ä a + c ä H2 s - vL �
K b - ä a + c ä H2 s - vL O +

1

b + ä a + c ä H2 s - vL  

ã
-Hd+ä Hp+2 f s- f vLL2-2 H-a+ä b -2 c s+c vL H2 ä e+Π-2 q-4 g s+2 g v-Π vL

4 Hb-ä H-a-2 c s+c vLL erfi
d + ä p + f ä H2 s - vL + 2 Hb + ä a + c ä H2 s - vLL z

2 b + ä a + c ä H2 s - vL +

ã
-Hd+ä H-p-2 f s+ f vLL2-2 H-a-ä b-2 c s+c vL H-2 ä e+Π-2 q-4 g s+2 g v-Π vL

4 Hb+ä H-a-2 c s+c vLL erfi
d - ä p + f ä Hv - 2 sL + 2 Hb - ä a + c ä Hv - 2 sLL z

2 b - ä a + c ä Hv - 2 sL �
K b - ä a + c ä Hv - 2 sL O +

1

b + ä a + c ä Hv - 2 sL  

ã
-Hd+ä p+ f ä Hv-2 sLL2-2 H2 ä e+Π-2 q+4 g s-2 g v+Π vL H-a+ä b +2 c s-c vL

4 Hb+ä a +c ä Hv-2 sLL erfi
d + ä p + f ä Hv - 2 sL + 2 Hb + ä a + c ä Hv - 2 sLL z

2 b + ä a + c ä Hv - 2 sL �; v Î N+
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01.06.21.1399.01à ã z b+d z+e sinI z a + p z + qN sinvI z c + f z + gN â z �

2-v-2 ãe-ä q+
ä Π

2

v
v

2

-

Hb + ä a L ã
-

Hb+ä a L2
4 Hd+ä pL +2 ä q-ä Π

Π erfi
b+ä a +2 Hd+ä pL z

2 d+ä pHd + ä pL3�2 +

Hä a - bL ã
-

Hb-ä aL2
4 Hd-ä pL Π erfi

b-ä a +2 Hd-ä pL z

2 d-ä pHd - ä pL3�2 +
2 ã z Hb+ä a L+2 ä q+Hd+ä pL z-ä Π

d + ä p
+

2 ã z Hb-ä aL+Hd-ä pL z

d - ä p
H1 - v mod 2L +

2-v-2 â
k=0

f v-1

2
v H-1Lk v

k
ãe-ä q+

1

2
ä Π Hv+1L-ä g Hv-2 kL ã

-
Hb+ä Ha+c Hv-2 kLLL2
4 Hd+ä p+ f ä Hv-2 kLL +2 ä q-ä Π Hv+1L+2 g ä Hv-2 kL

Π Ha - ä b + c Hv - 2 kLL
erfi

b + ä a + c ä Hv - 2 kL + 2 Hd + ä p + f ä Hv - 2 kLL z

2 d + ä p + f ä Hv - 2 kL � KHä d + 2 f k - p - f vL
d + ä p + f ä Hv - 2 kL O +

2 ã2 ä q-ä Π Hv+1L+2 g ä Hv-2 kL+Hd+ä p+ f ä Hv-2 kLL z+Hb+ä Ha-2 c k+c vLL z

d + ä p + f ä Hv - 2 kL -

ã
ä Ha+ä b +c Hv-2 kLL2
4 Hä d+p+ f Hv-2 kLL Π Ha + ä b + c Hv - 2 kLL erfi

b + ä I-a + c H2 k - vL + 2 H-ä d + 2 f k - p - f vL z N
2 d + ä H2 f k - p - f vL �

KHä d + p + f Hv - 2 kLL d + ä H2 f k - p - f vL O +
2 ã z Hb-ä Ha-2 c k+c vLL+Hd+ä H2 f k-p- f vLL z

d + ä H2 f k - p - f vL +

ãe-ä q-ä g H2 k-vL-
1

2
ä Π Hv-1L ã

H-a+ä b -2 c k+c vL2
4 Hd+ä H2 f k+p- f vLL +2 ä q+2 g ä H2 k-vL+ä Π Hv-1L

Π Ha - ä b + 2 c k - c vL
erfi

b + ä Ia + c H2 k - vL + 2 H-ä d + 2 f k + p - f vL z N
2 d + ä H2 f k + p - f vL �

KHä d - 2 f k - p + f vL d + ä H2 f k + p - f vL O + ã
Ha+ä b +2 c k-c vL2

4 Hd-ä H2 f k+p- f vLL Π Ha + ä b + 2 c k - c vL
erfi

b - ä Ia + c H2 k - vL + 2 Hä d + 2 f k + p - f vL z N
2 d - ä H2 f k + p - f vL � KH-ä d - 2 f k - p + f vL

d - ä H2 f k + p - f vL O +
2 ã2 ä q+2 g ä H2 k-vL+ä Π Hv-1L+Hd+ä H2 f k+p- f vLL z+Hb+ä Ha+2 c k-c vLL z

d + ä H2 f k + p - f vL +

2 ã z Hb-ä Ha+2 c k-c vLL+Hd-ä H2 f k+p- f vLL z �; v Î N+
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Involving product of power of the direct function, the direct function and rational functions of exp

Involving sinHe zL sinv Hc zL Ia + b ãd z M-n

01.06.21.1400.01

à sinHe zL sinvHc zLIa + b ãd zMn
 â z �

2-v-1 a-n â
s=0

f v-1

2
v H-1Ls v

s

1

-ä e - 2 ä c s + ä c v
 ä cos

Π v

2
 ãH-ä e-2 ä c s+ä c vL z

2F1

-ä e - 2 ä c s + ä c v

d
, n;

d - ä e - 2 ä c s + ä c v

d
;

-
b ãd z

a
+ ãHä e+2 ä c s-ä c vL z

2F1

ä e + 2 ä c s - ä c v

d
, n;

d + ä e + 2 ä c s - ä c v

d
; -

b ãd z

a
+

1

-ä e + 2 ä c s - ä c v
 ä cos

Π v

2
 ãHä e-2 ä c s+ä c vL z

2F1

ä e - 2 ä c s + ä c v

d
, n;

d + ä e - 2 ä c s + ä c v

d
; -

b ãd z

a
+

ãH-ä e+2 ä c s-ä c vL z
2F1

-ä e + 2 ä c s - ä c v

d
, n;

d - ä e + 2 ä c s - ä c v

d
; -

b ãd z

a
-

1

-ä e + 2 ä c s - ä c v
 sin

Π v

2
ãH-ä e+2 ä c s-ä c vL z

2F1

-ä e + 2 ä c s - ä c v

d
, n;

d - ä e + 2 ä c s - ä c v

d
; -

b ãd z

a
-

ãHä e-2 ä c s+ä c vL z
2F1

ä e - 2 ä c s + ä c v

d
, n;

d + ä e - 2 ä c s + ä c v

d
; -

b ãd z

a
+

1

-ä e - 2 ä c s + ä c v
 sin

Π v

2
 ãH-ä e-2 ä c s+ä c vL z

2F1

-ä e - 2 ä c s + ä c v

d
, n;

d - ä e - 2 ä c s + ä c v

d
; -

b ãd z

a
-

ãHä e+2 ä c s-ä c vL z
2F1

ä e + 2 ä c s - ä c v

d
, n;

d + ä e + 2 ä c s - ä c v

d
; -

b ãd z

a
-

2-v-1 a-n

e

v
v

2

ã+ä e z
2F1

ä e

d
, n;

d + ä e

d
; -

b ãd z

a
+ ã-ä e z

2F1 -
ä e

d
, n;

d - ä e

d
; -

b ãd z

aH1 - v mod 2L �; n Î N+ ì v Î N+

Involving ãp z  sinHe zL sinv Hc zL Ia + b ãd z M-n
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01.06.21.1401.01

à ãp z sinHe zL sinvHc zLIa + b ãd zMn
 â z �

2-v-1 a-n â
s=0

f v-1

2
v H-1Ls v

s
ä cos

Π v

2
 ãH-ä e+p-2 ä c s+ä c vL z H-ä e - p - 2 ä c s + ä c vL 2F1

-ä e + p - 2 ä c s + ä c v

d
,

n;
d - ä e + p - 2 ä c s + ä c v

d
; -

b ãd z

a
+ ãHä e+p+2 ä c s-ä c vL z H-ä e + p - 2 ä c s + ä c vL

2F1

ä e + p + 2 ä c s - ä c v

d
, n;

d + ä e + p + 2 ä c s - ä c v

d
; -

b ãd z

a
�

HH-ä e - p - 2 ä c s + ä c vL H-ä e + p - 2 ä c s + ä c vLL + ä cos
Π v

2
 ãHä e+p-2 ä c s+ä c vL z H-ä e + p + 2 ä c s - ä c vL

2F1

ä e + p - 2 ä c s + ä c v

d
, n;

d + ä e + p - 2 ä c s + ä c v

d
; -

b ãd z

a
+ ãH-ä e+p+2 ä c s-ä c vL z

H-ä e - p + 2 ä c s - ä c vL 2F1

-ä e + p + 2 ä c s - ä c v

d
, n;

d - ä e + p + 2 ä c s - ä c v

d
; -

b ãd z

a
�

HH-ä e - p + 2 ä c s - ä c vL H-ä e + p + 2 ä c s - ä c vLL - sin
Π v

2
ãH-ä e+p+2 ä c s-ä c vL z H-ä e - p + 2 ä c s - ä c vL

2F1

-ä e + p + 2 ä c s - ä c v

d
, n;

d - ä e + p + 2 ä c s - ä c v

d
; -

b ãd z

a
- ãHä e+p-2 ä c s+ä c vL z

H-ä e + p + 2 ä c s - ä c vL 2F1

ä e + p - 2 ä c s + ä c v

d
, n;

d + ä e + p - 2 ä c s + ä c v

d
; -

b ãd z

a
�

HH-ä e - p + 2 ä c s - ä c vL H-ä e + p + 2 ä c s - ä c vLL + sin
Π v

2
 ãH-ä e+p-2 ä c s+ä c vL z H-ä e - p - 2 ä c s + ä c vL

2F1

-ä e + p - 2 ä c s + ä c v

d
, n;

d - ä e + p - 2 ä c s + ä c v

d
; -

b ãd z

a
- ãHä e+p+2 ä c s-ä c vL z

H-ä e + p - 2 ä c s + ä c vL 2F1

ä e + p + 2 ä c s - ä c v

d
, n;

d + ä e + p + 2 ä c s - ä c v

d
; -

b ãd z

a
�

HH-ä e - p - 2 ä c s + ä c vL H-ä e + p - 2 ä c s + ä c vLL -

ä 2-v-1 a-nHä e - pL Hä e + pL v
v

2

ãH-ä e+pL z Hä e + pL 2F1

-ä e + p

d
, n;

d - ä e + p

d
; -

b ãd z

a
+

ãHä e+pL z Hä e - pL 2F1

ä e + p

d
, n;

d + ä e + p

d
; -

b ãd z

a
H1 -

v mod 2L �; n Î N+ ì v Î N+

Involving product of power of the direct function, the direct function and algebraic functions of exp
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Involving Ia + b ãd z MΒ
sinHe zL sinv Hc zL

01.06.21.1402.01

à Ia + b ãd zMΒ
sinHe zL sinvHc zL â z � 2-v-1 Ia + b ãd zMΒ ãd z b

a
+ 1

-Β

â
s=0

f v-1

2
v H-1Ls v

s

1

-e - 2 c s + c v
 ãH-ä e-2 ä c s+ä c vL z

2F1

-ä e - 2 ä c s + ä c v

d
, - Β;

d - ä e - 2 ä c s + ä c v

d
; -

b ãd z

a
+

ãHä e+2 ä c s-ä c vL z
2F1

ä e + 2 ä c s - ä c v

d
, - Β;

d + ä e + 2 ä c s - ä c v

d
; -

b ãd z

a
cos

Π v

2
+

1

-e + 2 c s - c v
 ãHä e-2 ä c s+ä c vL z

2F1

ä e - 2 ä c s + ä c v

d
, - Β;

d + ä e - 2 ä c s + ä c v

d
; -

b ãd z

a
+

ãH-ä e+2 ä c s-ä c vL z
2F1

-ä e + 2 ä c s - ä c v

d
, - Β;

d - ä e + 2 ä c s - ä c v

d
; -

b ãd z

a
cos

Π v

2
-

1

-ä e + 2 ä c s - ä c v
 sin

v Π

2
ãH-ä e+2 ä c s-ä c vL z

2F1

-ä e + 2 ä c s - ä c v

d
, - Β;

d - ä e + 2 ä c s - ä c v

d
; -

b ãd z

a
-

ãHä e-2 ä c s+ä c vL z
2F1

ä e - 2 ä c s + ä c v

d
, - Β;

d + ä e - 2 ä c s + ä c v

d
; -

b ãd z

a
+

1

-ä e - 2 ä c s + ä c v
 ãH-ä e-2 ä c s+ä c vL z

2F1

-ä e - 2 ä c s + ä c v

d
, - Β;

d - ä e - 2 ä c s + ä c v

d
; -

b ãd z

a
-

ãHä e+2 ä c s-ä c vL z
2F1

ä e + 2 ä c s - ä c v

d
, - Β;

d + ä e + 2 ä c s - ä c v

d
; -

b ãd z

a
sin

v Π

2
-

2-v-1 Ia + b ãd zMΒ

e

ãd z b

a
+ 1

-Β
v
v

2

ãä e z
2F1

ä e

d
, - Β;

d + ä e

d
; -

b ãd z

a
+ ã-ä e z

2F1 -
ä e

d
, - Β;

d - ä e

d
; -

b ãd z

aH1 - v mod 2L �; v Î N+

Involving ãp z Ia + b ãd z MΒ
sinHe zL sinv Hc zL
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01.06.21.1403.01à ãp z Ia + b ãd zMΒ
sinHe zL sinvHc zL â z �

2-v-1 Ia + b ãd zMΒ ãd z b

a
+ 1

-Β â
s=0

f v-1

2
v H-1Ls v

s
ä cos

Π v

2
 ãH-ä e+p-2 ä c s+ä c vL z H-ä e - p - 2 ä c s + ä c vL

2F1

-ä e + p - 2 ä c s + ä c v

d
, - Β;

d - ä e + p - 2 ä c s + ä c v

d
; -

b ãd z

a
+ ãHä e+p+2 ä c s-ä c vL z

H-ä e + p - 2 ä c s + ä c vL 2F1

ä e + p + 2 ä c s - ä c v

d
, - Β;

d + ä e + p + 2 ä c s - ä c v

d
; -

b ãd z

a
�

HH-ä e - p - 2 ä c s + ä c vL H-ä e + p - 2 ä c s + ä c vLL + ä cos
Π v

2
 ãHä e+p-2 ä c s+ä c vL z H-ä e + p + 2 ä c s - ä c vL

2F1

ä e + p - 2 ä c s + ä c v

d
, - Β;

d + ä e + p - 2 ä c s + ä c v

d
; -

b ãd z

a
+ ãH-ä e+p+2 ä c s-ä c vL z

H-ä e - p + 2 ä c s - ä c vL 2F1

-ä e + p + 2 ä c s - ä c v

d
, - Β;

d - ä e + p + 2 ä c s - ä c v

d
; -

b ãd z

a
�

HH-ä e - p + 2 ä c s - ä c vL H-ä e + p + 2 ä c s - ä c vLL - sin
Π v

2
ãH-ä e+p+2 ä c s-ä c vL z H-ä e - p + 2 ä c s - ä c vL

2F1

-ä e + p + 2 ä c s - ä c v

d
, - Β;

d - ä e + p + 2 ä c s - ä c v

d
; -

b ãd z

a
- ãHä e+p-2 ä c s+ä c vL z

H-ä e + p + 2 ä c s - ä c vL 2F1

ä e + p - 2 ä c s + ä c v

d
, - Β;

d + ä e + p - 2 ä c s + ä c v

d
; -

b ãd z

a
�

HH-ä e - p + 2 ä c s - ä c vL H-ä e + p + 2 ä c s - ä c vLL + sin
Π v

2
 ãH-ä e+p-2 ä c s+ä c vL z H-ä e - p - 2 ä c s + ä c vL

2F1

-ä e + p - 2 ä c s + ä c v

d
, - Β;

d - ä e + p - 2 ä c s + ä c v

d
; -

b ãd z

a
- ãHä e+p+2 ä c s-ä c vL z

H-ä e + p - 2 ä c s + ä c vL 2F1

ä e + p + 2 ä c s - ä c v

d
, - Β;

d + ä e + p + 2 ä c s - ä c v

d
; -

b ãd z

a
�

HH-ä e - p - 2 ä c s + ä c vL H-ä e + p - 2 ä c s + ä c vLL -
1Hä e - pL Hä e + pL  

ä 2-v-1 Ia + b ãd zMΒ ãd z b

a
+ 1

-Β
v
v

2

ãH-ä e+pL z Hä e + pL 2F1

-ä e + p

d
, - Β;

d - ä e + p

d
; -

b ãd z

a
+

ãHä e+pL z Hä e - pL 2F1

ä e + p

d
, - Β;

d + ä e + p

d
; -

b ãd z

a
H1 - v mod 2L �; v Î N+

Involving products of powers of two direct functions and exponential function 

Involving ãb z  sinΜHc zL sinv Ha zL
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01.06.21.1404.01à ãb z sinΜHc zL sinvHa zL â z �

-
2-v ãb z I1 - ã2 ä c zM-Μ Hv mod 2 - 1L sinΜHc zL

b - ä c Μ
 

v
v

2
2F1 -

ä b + c Μ

2 c
, -Μ;

1

2
2 -

ä b

c
- Μ ; ã2 ä c z + 2-v ä-v I1 - ã2 ä c zM-Μ

sinΜHc zL â
k=0

f v-1

2
v H-1Lk v

k

ãä Π v+Hb-ä a Hv-2 kLL z

b + ä H2 a k - a v - c ΜL 2F1 -
ä b - 2 a k + a v + c Μ

2 c
, -Μ; -

ä b + a Hv - 2 kL + c HΜ - 2L
2 c

; ã2 ä c z +

ãHb+a ä Hv-2 kLL z

b - ä H2 a k - a v + c ΜL 2F1 -
ä b + 2 a k - a v + c Μ

2 c
, -Μ; -

Μ c - 2 c + ä b + 2 a k - a v

2 c
; ã2 ä c z �; v Î N+

01.06.21.1405.01

à ãb z sinmHc zL sinvHa zL â z �
2-m-v ãb z H1 - m mod 2L H1 - v mod 2L

b
 

m
m

2

v
v

2

+

2-m-v
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk  

m

k

ã
ä Π m

2
+Hb+2 ä c k-ä c mL z

b + 2 ä c k - ä c m
+

ãHb-2 ä c k+ä c mL z-
ä m Π

2

b - 2 ä c k + ä c m
+

2-m-v
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
 

ã
ä Π v

2
+Hb+2 ä a k-ä a vL z

b + 2 ä a k - ä a v
+

ãHb-2 ä a k+ä a vL z-
ä Π v

2

b - 2 ä a k + ä a v
+ 2-m-v ä-m-v ãb z â

k=0

f m-1

2
v H-1Lk m

k

â
s=0

f v-1

2
v H-1Ls ãH2 ä c k-ä c m+2 ä a s-ä a vL z v

s
 -

ãä Π Hm+vL
-b + c ä Hm - 2 kL - 2 ä a s + ä a v

+
ã2 ä Hc Hm-2 kL+a Hv-2 sLL z

b + c ä Hm - 2 kL - 2 ä a s + ä a v
+

ãä Π v+2 c ä Hm-2 kL z

b + c ä Hm - 2 kL + 2 ä a s - ä a v
+

ãä m Π-2 ä a H2 s-vL z

b + 2 ä c k - ä c m - 2 ä a s + ä a v
�; m Î N+ ì v Î N+

Involving ãp z  sinmHc zL sinv Ha z + bL
01.06.21.1406.01

à ãp z sinΜHc zL sinvHa z + bL â z �
2-v ãp z H1 - v mod 2L sinΜHc zL

p - ä c Μ
 I1 - ã2 ä c zM-Μ

v
v

2
2F1 -

ä p + c Μ

2 c
, -Μ;

1

2
-

ä p

c
- Μ + 2 ; ã2 ä c z + ä1-v 2-v I1 - ã2 ä c zM-Μ

sinΜHc zL
â
k=0

f v-1

2
v H-1Lk ãä b Hv-2 kL v

k

ãHp+a ä Hv-2 kLL z

2 a k + ä p - a v + c Μ
 2F1 -

2 a k + ä p - a v + c Μ

2 c
, -Μ; -

2 a k + ä p - a v + c HΜ - 2L
2 c

; ã2 ä c z +

ãä Π v-2 ä b Hv-2 kL+Hp-ä a Hv-2 kLL z

ä p + a Hv - 2 kL + c Μ
2F1 -

ä p + a Hv - 2 kL + c Μ

2 c
, -Μ; -

-2 a k + ä p + a v + c HΜ - 2L
2 c

; ã2 ä c z �; v Î N+
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01.06.21.1407.01à ãp z sinmHc zL sinΝHb + a zL â z �

2-m ãp z

p - ä a Ν
I1 - ã2 ä Hb+a zLM-Ν m

m

2
2F1 -

ä p + a Ν

2 a
, -Ν;

1

2
-

ä p

a
- Ν + 2 ; ã2 ä Hb+a zL H1 - m mod 2L sinΝHb + a zL +

ä1-m 2-m I1 - ã2 ä Hb+a zLM-Ν
sinΝHb + a zL

â
k=0

f m-1

2
v H-1Lk m

k

ãHc ä Hm-2 kL+pL z

2 c k - c m + ä p + a Ν
2F1 -

2 c k - c m + ä p + a Ν

2 a
, -Ν; -

2 c k - c m + ä p + a HΝ - 2L
2 a

; ã2 ä Hb+a zL +

ãä Π m+Hp-ä c Hm-2 kLL z

c Hm - 2 kL + ä p + a Ν
 2F1 -

c Hm - 2 kL + ä p + a Ν

2 a
, -Ν; -

-2 c k + c m + ä p + a HΝ - 2L
2 a

; ã2 ä Hb+a zL �; v Î N+

01.06.21.1408.01à ãp z sinmHc zL sinvHb + a zL â z �

ãp z â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls ãä Hc H2 k-mL z+H2 s-vL Hb+a zLL ä ãä Hm Π-2 H2 s-vL Hb+a zLL

c Hm - 2 kL + ä p + 2 a s - a v
+

ã-2 ä H2 b s+2 a z s-b v+2 c k z-c m z-a v zL
c ä Hm - 2 kL + p - 2 ä a s + ä a v

+

ä ãä HΠ v+2 c Hm-2 kL zL
2 c k - c m + ä p - 2 a s + a v

+
ä ãä Π Hm+vL

c Hm - 2 kL + ä p + a Hv - 2 sL v

s

H2 ä L-m-v +

2-m-v ãp z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
p

+ 2-m-v
v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk

ã-
1

2
ä H-2 c z m+Π m+4 c k z+2 ä p zL
-2 c ä k + ä c m + p

+
ã

1

2
ä H-2 c z m+Π m+4 c k z-2 ä p zL

c ä H2 k - mL + p

m

k
+

2-m-v
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk

ã-
1

2
ä H4 b k+4 a z k-2 b v+Π v+2 ä p z-2 a v zL

-2 a ä k + p + ä a v
+

ã
1

2
ä H4 b k+4 a z k-2 b v+Π v-2 ä p z-2 a v zL

p + a ä H2 k - vL v

k
�; m Î

N+ ì v Î N+

Involving ãp z  sinΜHc z + dL sinv Ha z + bL
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01.06.21.1409.01à ãp z sinΜHd + c zL sinvHb + a zL â z �

1

p - ä c Μ
 2-v ãp z I1 - ã2 ä Hd+c zLM-Μ v

v

2
2F1 -

ä p + c Μ

2 c
, -Μ;

1

2
-

ä p

c
- Μ + 2 ; ã2 ä Hd+c zL H1 - v mod 2L sinΜHd + c zL +

2-v ä1-v I1 - ã2 ä Hd+c zLM-Μ
sinΜHd + c zL â

k=0

f v-1

2
v H-1Lk ãä b Hv-2 kL v

k

ãHp+a ä Hv-2 kLL z

2 a k + ä p - a v + c Μ

2F1 -
2 a k + ä p - a v + c Μ

2 c
, -Μ; -

2 a k + ä p - a v + c HΜ - 2L
2 c

; ã2 ä Hd+c zL +
ãä Π v-2 ä b Hv-2 kL+Hp-ä a Hv-2 kLL z

ä p + a Hv - 2 kL + c Μ
 

2F1 -
ä p + a Hv - 2 kL + c Μ

2 c
, -Μ; -

-2 a k + ä p + a v + c HΜ - 2L
2 c

; ã2 ä Hd+c zL �; v Î N+

01.06.21.1410.01à ãp z sinmHd + c zL sinvHb + a zL â z �
2-m-v ãp z H1 - m mod 2L H1 - v mod 2L

p

m
m

2

v
v

2

+

2-m-v
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk  

m

k

ã-
1

2
ä H4 d k+4 c z k-2 d m-2 c m z+2 ä p z+m ΠL

-2 c ä k + ä c m + p
+

ã
1

2
ä H4 d k+4 c z k-2 d m-2 c m z-2 ä p z+m ΠL

c ä H2 k - mL + p
+

2-m-v
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk  

v

k

ã-
1

2
ä H4 b k+4 a z k-2 b v+Π v+2 ä p z-2 a v zL

-2 a ä k + p + ä a v
+

ã
1

2
ä H4 b k+4 a z k-2 b v+Π v-2 ä p z-2 a v zL

p + a ä H2 k - vL +

2-m-v ä-m-v ãp z â
k=0

f m-1

2
v H-1Lk m

k

â
s=0

f v-1

2
v H-1Ls v

s
 ãä HH2 s-vL Hb+a zL+H2 k-mL Hd+c zLL ä ãä Hm Π-2 H2 s-vL Hb+a zLL

c Hm - 2 kL + ä p + 2 a s - a v
+

ã-2 ä H2 d k+2 c z k-d m+2 b s-b v-c m z+2 a s z-a v zL
c ä Hm - 2 kL + p - 2 ä a s + ä a v

+

ä ãä H2 d Hm-2 kL+2 c z Hm-2 kL+Π vL
2 c k - c m + ä p - 2 a s + a v

+
ä ãä Π Hm+vL

c Hm - 2 kL + ä p + a Hv - 2 sL �; m Î N+ ì v Î N+

Involving ãp zr
 sinmHb zL sinv Hc zL
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01.06.21.1411.01à ãp z2
sinmHb zL sinvHc zL â z �

2-m-v-1 Π H1 - m mod 2L H1 - v mod 2L
p

 
m
m

2

v
v

2

erfiJ p zN +
2-m-v-1 Π

p

v
v

2

H1 - v mod 2L â
s=0

f m-1

2
v H-1Ls m

s

ã
-

-b2 Hm-2 sL2-2 Π ä m p

4 p erfi
2 p z - ä b Hm - 2 sL

2 p
+ ã

-
2 Π ä m p -b2 Hm-2 sL2

4 p erfi
b ä Hm - 2 sL + 2 p z

2 p
+

2-m-v-1 Π

p

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
ã

-
-c2 Hv-2 kL2-2 Π ä p v

4 p erfi
2 p z - ä c Hv - 2 kL

2 p
+ ã

-
2 Π ä p v-c2 Hv-2 kL2

4 p erfi
c ä Hv - 2 kL + 2 p z

2 p
+

2-m-v-1 Π

p
 â

s=0

f m-1

2
v

m

s â
k=0

f v-1

2
v H-1Lk+s v

k
ã

-
Hb ä Hm-2 sL+c ä H2 k-vLL2-2 ä p Π Hv-mL

4 p erfi
b ä Hm - 2 sL + c ä H2 k - vL + 2 p z

2 p
+

ã
-

H-ä b Hm-2 sL-ä c H2 k-vLL2+2 ä p Π Hv-mL
4 p erfi

-ä b Hm - 2 sL - ä c H2 k - vL + 2 p z

2 p
+

ã
-

Hb ä Hm-2 sL+c ä Hv-2 kLL2+2 ä p Π Hm+vL
4 p erfi

b ä Hm - 2 sL + c ä Hv - 2 kL + 2 p z

2 p
+

ã
-

H-ä b Hm-2 sL-ä c Hv-2 kLL2-2 ä p Π Hm+vL
4 p erfi

-ä b Hm - 2 sL - ä c Hv - 2 kL + 2 p z

2 p
�; m Î N+ ì v Î N+

01.06.21.1412.01à ãp z sinmHb zL sinvHc zL â z �

2-m-v-1
v
v

2

H1 - v mod 2L â
s=0

f m-1

2
v H-1Ls ã

ä m Π

2
m

s

2 ä ãp z -ä b Hm-2 sL z

b Hm - 2 sL -
2 ä ã-ä Π m+b ä Hm-2 sL z+p z

b Hm - 2 sL -

ã
-

ä p2

4 b Hm-2 sL p Π erfi
p-2 ä b Hm-2 sL z

2 -ä b Hm-2 sLH-ä b Hm - 2 sLL3�2 -

ã
ä p2

4 b Hm-2 sL -ä m Π
p Π erfi

p+2 b ä Hm-2 sL z

2 ä b Hm-2 sLHä b Hm - 2 sLL3�2 +

2-m-v+1 ãp z Ip z - 1N H1 - m mod 2L H1 - v mod 2L
p2

 
m
m

2

v
v

2

+ 2-m-v-1
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v H-1Lk ã

ä Π v

2
v

k

2 ä ãp z -ä c Hv-2 kL z

c Hv - 2 kL -
2 ä ã z p-ä Π v+c ä Hv-2 kL z

c Hv - 2 kL -

- +
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ã
-

ä p2

4 c Hv-2 kL p Π erfi
p-2 ä c Hv-2 kL z

2 -ä c Hv-2 kLH-ä c Hv - 2 kLL3�2 -

ã
ä p2

4 c Hv-2 kL -ä Π v
p Π erfi

p+2 c ä Hv-2 kL z

2 ä c Hv-2 kLHä c Hv - 2 kLL3�2 +

2-m-v-1 â
s=0

f m-1

2
v

m

s â
k=0

f v-1

2
v H-1Lk+s v

k
ã-

1

2
ä Π Hv-mL 2 ã z p+ä Π Hv-mL+Hb ä Hm-2 sL+c ä H2 k-vLL z

b ä Hm - 2 sL + c ä H2 k - vL -

ã
ä Π Hv-mL-

p2

4 Hb ä Hm-2 sL+c ä H2 k-vLL p Π erfi
p + 2 Hb ä Hm - 2 sL + c ä H2 k - vLL z

2 b ä Hm - 2 sL + c ä H2 k - vL �
Hb ä Hm - 2 sL + c ä H2 k - vLL3�2 +

2 ã z p+H-ä b Hm-2 sL-ä c H2 k-vLL z

-ä b Hm - 2 sL - ä c H2 k - vL - ã
-

p2

4 H-ä b Hm-2 sL-ä c H2 k-vLL p Π

erfi
p + 2 H-ä b Hm - 2 sL - ä c H2 k - vLL z

2 -ä b Hm - 2 sL - ä c H2 k - vL � H-ä b Hm - 2 sL - ä c H2 k - vLL3�2 +

ã
1

2
ä Π Hm+vL 2 ã z p-ä Π Hm+vL+Hb ä Hm-2 sL+c ä Hv-2 kLL z

b ä Hm - 2 sL + c ä Hv - 2 kL - ã
-

p2

4 Hb ä Hm-2 sL+c ä Hv-2 kLL -ä Π Hm+vL
p Π

erfi
p + 2 Hb ä Hm - 2 sL + c ä Hv - 2 kLL z

2 b ä Hm - 2 sL + c ä Hv - 2 kL �
Hb ä Hm - 2 sL + c ä Hv - 2 kLL3�2 +

2 ã z p+H-ä b Hm-2 sL-ä c Hv-2 kLL z

-ä b Hm - 2 sL - ä c Hv - 2 kL -

ã
-

p2

4 H-ä b Hm-2 sL-ä c Hv-2 kLL p Π erfi
p + 2 H-ä b Hm - 2 sL - ä c Hv - 2 kLL z

2 -ä b Hm - 2 sL - ä c Hv - 2 kL �
H-ä b Hm - 2 sL - ä c Hv - 2 kLL3�2 �; m Î N+ ì v Î N+

Involving ãp z  sinmIb zr M sinv Hc zL
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01.06.21.1413.01

à ãp z sinmIb z2M sinvHc zL â z �

2-m-v ãp z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
p

+

2-m-v+1 ãp z
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
cosHc Hv - 2 kL zL p cos

Π v

2
+ c H2 k - vL sin

Π v

2
-

c H2 k - vL cos
Π v

2
- p sin

Π v

2
sinHc Hv - 2 kL zL � HH2 ä c k + p - ä c vL Hp + c ä Hv - 2 kLLL +

1

b
 

ä 2-m-v-1 Π
v
v

2

H1 - v mod 2L â
s=0

f m-1

2
v

1

m - 2 s
 H-1Ls m

s
ã

-
ä Jp2-2 b m Π Hm-2 sLN

4 b Hm-2 sL -ä b Hm - 2 sL erfi
p - 2 ä b Hm - 2 sL z

2 -ä b Hm - 2 sL -

ã
ä Jp2-2 b m Π Hm-2 sLN

4 b Hm-2 sL ä b Hm - 2 sL erfi
p + 2 b ä Hm - 2 sL z

2 ä b Hm - 2 sL +
1

b
 ä 2-m-v-1 Π â

s=0

f m-1

2
v

m

s

â
k=0

f v-1

2
v

1

m - 2 s
 H-1Lk+s v

k
ã

-
ä JHp-ä c H2 k-vLL2+2 b Π Hm-2 sL Hv-mLN

4 b Hm-2 sL -ä b Hm - 2 sL erfi
p - ä c H2 k - vL - 2 ä b Hm - 2 sL z

2 -ä b Hm - 2 sL +

ã
-

ä JHp-ä c Hv-2 kLL2-2 b Π Hm-2 sL Hm+vLN
4 b Hm-2 sL -ä b Hm - 2 sL erfi

p - ä c Hv - 2 kL - 2 ä b Hm - 2 sL z

2 -ä b Hm - 2 sL -

ã
ä JHp+c ä H2 k-vLL2+2 b Π Hm-2 sL Hv-mLN

4 b Hm-2 sL ä b Hm - 2 sL erfi
p + c ä H2 k - vL + 2 b ä Hm - 2 sL z

2 ä b Hm - 2 sL -

ã
ä JHp+c ä Hv-2 kLL2-2 b Π Hm-2 sL Hm+vLN

4 b Hm-2 sL ä b Hm - 2 sL erfi
p + c ä Hv - 2 kL + 2 b ä Hm - 2 sL z

2 ä b Hm - 2 sL �; m Î N+ ì v Î N+

http://functions.wolfram.com 605



01.06.21.1414.01à ãp z sinmIb z N sinvHc zL â z �
H-1Lm 2-m-v ãp z H1 - m mod 2L H1 - v mod 2L

p
 

m
m

2

v
v

2

+

H-1Lm äv 2-m-v
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk  

v

k

ãHp-ä c Hv-2 kLL z

p - ä c Hv - 2 kL +
ãHp+c ä Hv-2 kLL z-ä Π v

p + c ä Hv - 2 kL +

ä-m 2-m-v-1
v
v

2

H1 - v mod 2L â
s=0

f m-1

2
v H-1Ls m

s

ä b ã
b2 Hm-2 sL2

4 p
-ä m Π

Π Hm - 2 sL erfi
2 p z -ä b Hm-2 sL

2 p

p3�2 +

ä b ã
b2 Hm-2 sL2

4 p Π Hm - 2 sL erfi
-2 z p-ä b Hm-2 sL

2 p

p3�2 +
2 ãb ä z Hm-2 sL+p z

p
+

2 ã-ä Π m+p z-ä b Hm-2 sL z

p
+

H-1Lm 2-m-v-1 â
s=0

f m-1

2
v

m

s â
k=0

f v-1

2
v H-1Lk+s v

k
ã-

1

2
ä Π Hv-mL ä b ã

b2 Hm-2 sL2
4 Hp+c ä H2 k-vLL +ä Π Hv-mL

Π Hm - 2 sL
erfi

2 Hp + c ä H2 k - vLL z - ä b Hm - 2 sL
2 p + c ä H2 k - vL � Hp + c ä H2 k - vLL3�2 +

ä b ã
b2 Hm-2 sL2

4 Hp-ä c H2 k-vLL Π Hm - 2 sL erfi
2 Hä c H2 k - vL - pL z - ä b Hm - 2 sL

2 p - ä c H2 k - vL � Hp - ä c H2 k - vLL3�2 +

2 ã-ä b z Hm-2 sL+ä Π Hv-mL+Hp+c ä H2 k-vLL z

p + c ä H2 k - vL +
2 ãb ä z Hm-2 sL+Hp-ä c H2 k-vLL z

p - ä c H2 k - vL + ã
1

2
ä Π Hm+vL

ä b ã
b2 Hm-2 sL2

4 Hp+c ä Hv-2 kLL -ä Π Hm+vL
Π Hm - 2 sL erfi

2 Hp + c ä Hv - 2 kLL z - ä b Hm - 2 sL
2 p + c ä Hv - 2 kL � Hp + c ä Hv - 2 kLL3�2 +

ä b ã
b2 Hm-2 sL2

4 Hp-ä c Hv-2 kLL Π Hm - 2 sL erfi
2 Hä c Hv - 2 kL - pL z - ä b Hm - 2 sL

2 p - ä c Hv - 2 kL � Hp - ä c Hv - 2 kLL3�2 +

2 ã-ä b z Hm-2 sL-ä Π Hm+vL+Hp+c ä Hv-2 kLL z

p + c ä Hv - 2 kL +
2 ãb ä z Hm-2 sL+Hp-ä c Hv-2 kLL z

p - ä c Hv - 2 kL �; m Î N+ ì v Î N+

Involving ãp zr
 sinmIb zr M sinv Hc zL
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01.06.21.1415.01à ãp z2
sinmIb z2M sinvHc zL â z � 2-m-v-1 Π

v
v

2

H1 - v mod 2L 

â
k=0

f m-1

2
v H-1Lk m

k
ã

ä m Π

2 p - ä b Hm - 2 kL Hb ä Hm - 2 kL + pL erfi
2 p z - 2 ä b Hm - 2 kL z

2 p - ä b Hm - 2 kL + ã-
1

2
ä m Π Hp - ä b Hm - 2 kLL

b ä Hm - 2 kL + p erfiK b ä Hm - 2 kL + p zO � HHp - ä b Hm - 2 kLL Hb ä Hm - 2 kL + pLL +

2-m-v-1 Π H1 - m mod 2L H1 - v mod 2L
p

 
m
m

2

v
v

2

erfiJ p zN +
2-m-v-1 Π

p

m
m

2

H1 - m mod 2L
â
s=0

f v-1

2
v H-1Ls v

s
ã

-
-c2 Hv-2 sL2-2 Π ä p v

4 p erfi
2 p z - ä c Hv - 2 sL

2 p
+ ã

-
2 Π ä p v-c2 Hv-2 sL2

4 p erfi
c ä Hv - 2 sL + 2 p z

2 p
+

2-m-v-1 Π â
s=0

f v-1

2
v

v

s â
k=0

f m-1

2
v H-1Lk+s m

k
ã

-
2 ä Hp-ä b H2 k-mLL Π Hm-vL-c2 Hv-2 sL2

4 Hp-ä b H2 k-mLL p - ä b H2 k - mL Hb ä H2 k - mL + pL
erfi

-ä c Hv - 2 sL - 2 ä b H2 k - mL z + 2 p z

2 p - ä b H2 k - mL + ã
-

-c2 Hv-2 sL2-2 ä Hb ä H2 k-mL+pL Π Hm-vL
4 Hb ä H2 k-mL+pL

Hp - ä b H2 k - mLL b ä H2 k - mL + p erfi
c ä Hv - 2 sL + 2 Hb ä H2 k - mL + pL z

2 b ä H2 k - mL + p

�
HHp - ä b H2 k - mLL Hb ä H2 k - mL + pLL + ã

-
-c2 Hv-2 sL2-2 ä Hp-ä b Hm-2 kLL Π Hm+vL

4 Hp-ä b Hm-2 kLL p - ä b Hm - 2 kL
Hb ä Hm - 2 kL + pL erfi

-ä c Hv - 2 sL - 2 ä b Hm - 2 kL z + 2 p z

2 p - ä b Hm - 2 kL + ã
-

2 ä Hb ä Hm-2 kL+pL Π Hm+vL-c2 Hv-2 sL2
4 Hb ä Hm-2 kL+pL

Hp - ä b Hm - 2 kLL b ä Hm - 2 kL + p erfi
c ä Hv - 2 sL + 2 Hb ä Hm - 2 kL + pL z

2 b ä Hm - 2 kL + p

�
HHp - ä b Hm - 2 kLL Hb ä Hm - 2 kL + pLL �; m Î N+ ì v Î N+

01.06.21.1416.01à ãp z sinmIb z N sinvHc zL â z �

2-m-v+1 ãp z Ip z - 1N H1 - m mod 2L H1 - v mod 2L
p2

 
m
m

2

v
v

2

+ äm 2-m-v+1
v
v

2

H1 - v mod 2L â
s=0

f m-1

2
v H-1Ls 

m

s

ã +
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ãHp-ä b Hm-2 sLL z
ã2 Jä b Hm-2 sL z -

ä m Π

2
N I z p + b ä Hm - 2 sL z - 1NHp + b ä Hm - 2 sLL2

+
z

p - ä b Hm - 2 sL -
1Hä b Hm - 2 sL - pL2

+

äv 2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k

2 ä ãp z -ä c Hv-2 kL z

c Hv - 2 kL -
2 ä ã z p-ä Π v+c ä Hv-2 kL z

c Hv - 2 kL -

ã
-

ä p2

4 c Hv-2 kL p Π erfi
p-2 ä c Hv-2 kL z

2 -ä c Hv-2 kLH-ä c Hv - 2 kLL3�2 -

ã
ä p2

4 c Hv-2 kL -ä Π v
p Π erfi

p+2 c ä Hv-2 kL z

2 ä c Hv-2 kLHä c Hv - 2 kLL3�2 +

2-m-v-1 â
s=0

f m-1

2
v

m

s â
k=0

f v-1

2
v H-1Lk+s v

k
ã-

1

2
ä Π Hv-mL 2 ä ãHp-ä b Hm-2 sLL z -ä c H2 k-vL z

c H2 k - vL -
2 ä ã z Hp+b ä Hm-2 sLL+ä Π Hv-mL+c ä H2 k-vL z

c H2 k - vL -

ã
-

ä Hp-ä b Hm-2 sLL2
4 c H2 k-vL p Π erfi

p-ä b Hm-2 sL-2 ä c H2 k-vL z

2 -ä c H2 k-vLH-ä c H2 k - vLL3�2 -

ä b ã
-

ä Hp-ä b Hm-2 sLL2
4 c H2 k-vL Π Hm - 2 sL erfi

- p + b ä Hm - 2 sL + 2 c ä H2 k - vL z

2 -ä c H2 k - vL � H-ä c H2 k - vLL3�2 -

ã
ä Hp+b ä Hm-2 sLL2

4 c H2 k-vL +ä Π Hv-mL
p Π erfi

p+b ä Hm-2 sL+2 c ä H2 k-vL z

2 ä c H2 k-vLHä c H2 k - vLL3�2 -

1Hä c H2 k - vLL3�2  ä b ã
ä Hp+b ä Hm-2 sLL2

4 c H2 k-vL +ä Π Hv-mL
Π Hm - 2 sL erfi

p + b ä Hm - 2 sL + 2 c ä H2 k - vL z

2 ä c H2 k - vL +

ã
1

2
ä Π Hm+vL 2 ä ãHp-ä b Hm-2 sLL z -ä c Hv-2 kL z

c Hv - 2 kL -
2 ä ã z Hp+b ä Hm-2 sLL-ä Π Hm+vL+c ä Hv-2 kL z

c Hv - 2 kL -

ã
-

ä Hp-ä b Hm-2 sLL2
4 c Hv-2 kL p Π erfi

p-ä b Hm-2 sL-2 ä c Hv-2 kL z

2 -ä c Hv-2 kLH-ä c Hv - 2 kLL3�2 -

-

-
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ä b ã
-

ä Hp-ä b Hm-2 sLL2
4 c Hv-2 kL Π Hm - 2 sL erfi

- p + b ä Hm - 2 sL + 2 c ä Hv - 2 kL z

2 -ä c Hv - 2 kL � H-ä c Hv - 2 kLL3�2 -

ã
ä Hp+b ä Hm-2 sLL2

4 c Hv-2 kL -ä Π Hm+vL
p Π erfi

p+b ä Hm-2 sL+2 c ä Hv-2 kL z

2 ä c Hv-2 kLHä c Hv - 2 kLL3�2 -
1Hä c Hv - 2 kLL3�2  ä b ã

ä Hp+b ä Hm-2 sLL2
4 c Hv-2 kL -ä Π Hm+vL

Π Hm - 2 sL erfi
p + b ä Hm - 2 sL + 2 c ä Hv - 2 kL z

2 ä c Hv - 2 kL �; m Î N+ ì v Î N+

Involving ãp z sinmIb zr M sinv Ic zr M
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01.06.21.1417.01

à ãp z sinmIb z2M sinvIc z2M â z �

2-m-v ãp z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
p

+

1

b
 ä 2-m-v-1 Π

v
v

2

H1 - v mod 2L â
s=0

f m-1

2
v

1

m - 2 s
 H-1Ls m

s
ã

-
ä Jp2-2 b m Π Hm-2 sLN

4 b Hm-2 sL -ä b Hm - 2 sL
erfi

p - 2 ä b Hm - 2 sL z

2 -ä b Hm - 2 sL - ã
ä Jp2-2 b m Π Hm-2 sLN

4 b Hm-2 sL ä b Hm - 2 sL erfi
p + 2 b ä Hm - 2 sL z

2 ä b Hm - 2 sL +

1

c
 ä 2-m-v-1 Π

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

v - 2 k
 H-1Lk v

k
ã

-
ä Jp2-2 c Π v Hv-2 kLN

4 c Hv-2 kL -ä c Hv - 2 kL erfi
p - 2 ä c Hv - 2 kL z

2 -ä c Hv - 2 kL -

ã
ä Jp2-2 c Π v Hv-2 kLN

4 c Hv-2 kL ä c Hv - 2 kL erfi
p + 2 c ä Hv - 2 kL z

2 ä c Hv - 2 kL + 2-m-v-1 Π

â
s=0

f m-1

2
v

m

s â
k=0

f v-1

2
v H-1Lk+s v

k

1

b ä Hm - 2 sL + c ä H2 k - vL  ã
-

p2-2 ä Π Hb ä Hm-2 sL+c ä H2 k-vLL Hv-mL
4 Hb ä Hm-2 sL+c ä H2 k-vLL b ä Hm - 2 sL + c ä H2 k - vL

erfi
p + 2 Hb ä Hm - 2 sL + c ä H2 k - vLL z

2 b ä Hm - 2 sL + c ä H2 k - vL - ã
-

p2+2 ä Π H-ä b Hm-2 sL-ä c H2 k-vLL Hv-mL
4 H-ä b Hm-2 sL-ä c H2 k-vLL -ä b Hm - 2 sL - ä c H2 k - vL

erfi
p - 2 Hb ä Hm - 2 sL + c ä H2 k - vLL z

2 -ä b Hm - 2 sL - ä c H2 k - vL +
1

b ä Hm - 2 sL + c ä Hv - 2 kL  ã
-

p2+2 ä Π Hm+vL Hb ä Hm-2 sL+c ä Hv-2 kLL
4 Hb ä Hm-2 sL+c ä Hv-2 kLL

b ä Hm - 2 sL + c ä Hv - 2 kL erfi
p + 2 Hb ä Hm - 2 sL + c ä Hv - 2 kLL z

2 b ä Hm - 2 sL + c ä Hv - 2 kL - ã
-

p2-2 ä Π Hm+vL H-ä b Hm-2 sL-ä c Hv-2 kLL
4 H-ä b Hm-2 sL-ä c Hv-2 kLL

-ä b Hm - 2 sL - ä c Hv - 2 kL erfi
p - 2 Hb ä Hm - 2 sL + c ä Hv - 2 kLL z

2 -ä b Hm - 2 sL - ä c Hv - 2 kL �; m Î N+ ì v Î N+

01.06.21.1418.01à ãp z sinmIb z N sinvIc z N â z � 2-m-v-1
v
v

2

â
s=0

f m-1

2
v H-1Ls ã

ä m Π

2
m

s

4 ãp z-
ä m Π

2 cosI m Π

2
- b Hm - 2 sL z N
p

+

b ã
-

H2 ä b s-ä b mL2
4 p ä Π Hm - 2 sL erfi

2 p z -ä b Hm-2 sL
2 p

p3�2 -

ä b ã
b2 Hm-2 sL2

4 p
-ä m Π

Π Hm - 2 sL erfi
2 z p+b ä Hm-2 sL

2 p

p3�2 H1 - v mod 2L +

+
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2-m-v ãp z
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
p

+ 2-m-v-1
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v H-1Lk ã

ä Π v

2
v

k

4 ãp z-
ä Π v

2 cosIc z H2 k - vL + Π v

2
N

p
-

ã
-

H2 ä c k-ä c vL2
4 p Π H2 ä c k - ä c vL erfi

2 z p+c ä H2 k-vL
2 p

p3�2 -

ä c ã
c2 Hv-2 kL2

4 p
-ä Π v

Π Hv - 2 kL erfi
2 z p+c ä Hv-2 kL

2 p

p3�2 +

2-m-v-1 â
s=0

f m-1

2
v

m

s â
k=0

f v-1

2
v H-1Lk+s v

k
ã-

1

2
ä Π Hv-mL 4 ãp z-

1

2
ä Π Hm-vL cosJ 1

2
Π Hv - mL + H2 c k + b m - 2 b s - c vL z N

p
+

1

p3�2  ã
H2 c k+b m-2 b s-c vL2

4 p Π H2 c k + b m - 2 b s - c vL erf
2 ä z p + b Hm - 2 sL + c H2 k - vL

2 p
+

1

p3�2  

ã
H-2 c k-b m+2 b s+c vL2

4 p
+ä Π Hv-mL

Π H2 c k + b m - 2 b s - c vL erf
-2 ä z p + b Hm - 2 sL + c H2 k - vL

2 p
+

ã
1

2
ä Π Hm+vL 4 ãp z-

1

2
ä Π Hm+vL cosJ 1

2
Π Hm + vL + H2 c k - b m + 2 b s - c vL z N

p
-

1

p3�2  ã
Hb Hm-2 sL+c Hv-2 kLL2

4 p Π Hb Hm - 2 sL + c Hv - 2 kLL erf
-2 ä z p - b Hm - 2 sL + c H2 k - vL

2 p
-

1

p3�2  ä ã
Hb Hm-2 sL+c Hv-2 kLL2

4 p
-ä Π Hm+vL

Π Hb Hm - 2 sL + c Hv - 2 kLL
erfi

2 z p + b ä Hm - 2 sL + c ä Hv - 2 kL
2 p

�; m Î N+ ì v Î N+

Involving ãp zr
sinmIb zr M sinv Ic zr M
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01.06.21.1419.01

à ãp zr
sinmHb zrL sinvHc zrL â z � -

H-1Lm 2-m-v z H- p zrL-1�r H1 - m mod 2L H1 - v mod 2L
r

 
m
m

2

v
v

2

G
1

r
, - p zr -

2-m-v ä-m-v z

r

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
H-1Lm ã

ä Π v

2 G
1

r
, H-2 b ä k + ä b m - pL zr HH-2 b ä k + ä b m - pL zrL-1�r +

ã
ä Π v

2 HH2 ä b k - ä b m - pL zrL-1�r G
1

r
, H2 ä b k - ä b m - pL zr -

H-1Lm ä-v 2-m-v z

r

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv G

1

r
, H-2 c ä k - p + ä c vL zr HH-2 c ä k - p + ä c vL zrL-1�r +

HH2 ä c k - p - ä c vL zrL-1�r G
1

r
, H2 ä c k - p - ä c vL zr -

H-1Lm ä-m-v 2-m-v z

r
 â

k=0

f m-1

2
v H-1Lk m

k

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv G

1

r
, H-2 b ä k + ä b m - p - 2 ä c s + ä c vL zr HH-2 b ä k + ä b m - p - 2 ä c s + ä c vL zrL-1�r +

H-1Lm+v HH2 ä b k - ä b m - p - 2 ä c s + ä c vL zrL-1�r G
1

r
, H2 ä b k - ä b m - p - 2 ä c s + ä c vL zr +

HH-2 b ä k + ä b m - p + 2 ä c s - ä c vL zrL-1�r G
1

r
, H-2 b ä k + ä b m - p + 2 ä c s - ä c vL zr + H-1Lm

HH2 ä b k - ä b m - p + 2 ä c s - ä c vL zrL-1�r G
1

r
, H2 ä b k - ä b m - p + 2 ä c s - ä c vL zr �; m Î N+ ì v Î N+
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01.06.21.1420.01à ãp z2
sinmIb z2M sinvIc z2M â z � 2-m-v-1 Π

v
v

2

H1 - v mod 2L 

â
s=0

f m-1

2
v H-1Ls m

s
ã-

1

2
ä m Π p + b ä Hm - 2 sL Hp - ä b Hm - 2 sLL erfiK p + b ä Hm - 2 sL zO + ã

ä m Π

2 Hp + b ä Hm - 2 sLL
p - ä b Hm - 2 sL erfiK p - ä b Hm - 2 sL zO � HHp - ä b Hm - 2 sLL Hp + b ä Hm - 2 sLLL +

2-m-v-1 Π H1 - m mod 2L H1 - v mod 2L
p

 
m
m

2

v
v

2

erfiJ p zN + 2-m-v-1 Π
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v H-1Lk v

k
ã-

1

2
ä Π v p + c ä Hv - 2 kL Hp - ä c Hv - 2 kLL erfiK p + c ä Hv - 2 kL zO +

ã
ä Π v

2 Hp + c ä Hv - 2 kLL p - ä c Hv - 2 kL erfiK p - ä c Hv - 2 kL zO � HHp - ä c Hv - 2 kLL Hp + c ä Hv - 2 kLLL +

2-m-v-1 Π â
s=0

f m-1

2
v

m

s â
k=0

f v-1

2
v H-1Lk+s v

k
ã

1

2
ä Π Hv-mL p + b ä Hm - 2 sL + c ä H2 k - vL Hp - ä b Hm - 2 sL - ä c H2 k - vLL

erfiK p + b ä Hm - 2 sL + c ä H2 k - vL zO + ã-
1

2
ä Π Hv-mL Hp + b ä Hm - 2 sL + c ä H2 k - vLL

p - ä b Hm - 2 sL - ä c H2 k - vL erfiK p - ä b Hm - 2 sL - ä c H2 k - vL zO �HHp - ä b Hm - 2 sL - ä c H2 k - vLL Hp + b ä Hm - 2 sL + c ä H2 k - vLLL +

ã-
1

2
ä Π Hm+vL p + b ä Hm - 2 sL + c ä Hv - 2 kL Hp - ä b Hm - 2 sL - ä c Hv - 2 kLL

erfiK p + b ä Hm - 2 sL + c ä Hv - 2 kL zO + ã
1

2
ä Π Hm+vL Hp + b ä Hm - 2 sL + c ä Hv - 2 kLL

p - ä b Hm - 2 sL - ä c Hv - 2 kL erfiK p - ä b Hm - 2 sL - ä c Hv - 2 kL zO �
HHp - ä b Hm - 2 sL - ä c Hv - 2 kLL Hp + b ä Hm - 2 sL + c ä Hv - 2 kLLL �; m Î N+ ì v Î N+
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01.06.21.1421.01à ãp z sinmIb z N sinvIc z N â z �

2-m-v+1 ãp z Ip z - 1N H1 - m mod 2L H1 - v mod 2L
p2

 
m
m

2

v
v

2

+ 2-m-v+1
v
v

2

H1 - v mod 2L â
s=0

f m-1

2
v H-1Ls m

s

ã
ä Π m

2
+Hp-ä b Hm-2 sLL z

ã2 Jä b Hm-2 sL z -
ä m Π

2
N I z p + b ä Hm - 2 sL z - 1NHp + b ä Hm - 2 sLL2

+
z

p - ä b Hm - 2 sL -
1Hä b Hm - 2 sL - pL2

+

2-m-v+1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Π v

2
+Hp-ä c Hv-2 kLL z

ã2 Jä c Hv-2 kL z -
ä Π v

2
N I z p + c ä Hv - 2 kL z - 1NHp + c ä Hv - 2 kLL2

+
z

p - ä c Hv - 2 kL -
1Hä c Hv - 2 kL - pL2

+

2-m-v+1 â
s=0

f m-1

2
v

m

s â
k=0

f v-1

2
v H-1Lk+s v

k
 ãHp-ä b Hm-2 sL-ä c H2 k-vLL z -

1

2
ä Π Hv-mL

ã2 J z Hb ä Hm-2 sL+c ä H2 k-vLL+
1

2
ä Π Hv-mLN I z p + Hb ä Hm - 2 sL + c ä H2 k - vLL z - 1N � Hp + b ä Hm - 2 sL +

c ä H2 k - vLL2 +
z

p - ä b Hm - 2 sL - ä c H2 k - vL -
1H- p + b ä Hm - 2 sL + c ä H2 k - vLL2

+

ã
1

2
ä Π Hm+vL+Hp-ä b Hm-2 sL-ä c Hv-2 kLL z ã2 JHb ä Hm-2 sL+c ä Hv-2 kLL z -

1

2
ä Π Hm+vLN I z p +

Hb ä Hm - 2 sL + c ä Hv - 2 kLL z - 1N � Hp + b ä Hm - 2 sL + c ä Hv - 2 kLL2 +

z

p - ä b Hm - 2 sL - ä c Hv - 2 kL -
1H- p + b ä Hm - 2 sL + c ä Hv - 2 kLL2

�; m Î N+ ì v Î N+

Involving ãb zr +e sinmIa zr + qM sinv Ic zr + gM
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01.06.21.1422.01à ãb zr+e sinmHa zr + qL sinvHc zr + gL â z �

-
H-1Lm 2-m-v ãe z H-b zrL-1�r H1 - m mod 2L H1 - v mod 2L

r
 

m
m

2

v
v

2

G
1

r
, -b zr -

ä-m 2-m-v z

r

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
H-1Lm ãe+2 ä k q-ä m q G

1

r
, H-b - 2 ä a k + ä a mL zr HH-b - 2 ä a k + ä a mL zrL-1�r +

ãe-2 ä k q+ä m q HH-b + 2 ä a k - ä a mL zrL-1�r G
1

r
, H-b + 2 ä a k - ä a mL zr -

H-1Lm ä-v 2-m-v z

r

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ãe+2 ä g k-ä g v G

1

r
, H-b - 2 ä c k + ä c vL zr HH-b - 2 ä c k + ä c vL zrL-1�r +

ãe-2 ä g k+ä g v HH-b + 2 ä c k - ä c vL zrL-1�r G
1

r
, H-b + 2 ä c k - ä c vL zr -

äm-v 2-m-v z

r
 â

k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãe+2 ä k q-ä m q+2 ä g s-ä g v G

1

r
, H-b - 2 ä a k + ä a m - 2 ä c s + ä c vL zr

HH-b - 2 ä a k + ä a m - 2 ä c s + ä c vL zrL-1�r + H-1Lm+v ãe-2 ä k q+ä m q+2 ä g s-ä g v

HH-b + 2 ä a k - ä a m - 2 ä c s + ä c vL zrL-1�r G
1

r
, H-b + 2 ä a k - ä a m - 2 ä c s + ä c vL zr +

ãe+2 ä k q-ä m q-2 ä g s+ä g v HH-b - 2 ä a k + ä a m + 2 ä c s - ä c vL zrL-1�r G
1

r
, H-b - 2 ä a k + ä a m + 2 ä c s - ä c vL

zr + H-1Lm ãe-2 ä k q+ä m q-2 ä g s+ä g v HH-b + 2 ä a k - ä a m + 2 ä c s - ä c vL zrL-1�r
G

1

r
, H-b + 2 ä a k - ä a m + 2 ä c s - ä c vL zr �; m Î N+ ì v Î N+
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01.06.21.1423.01à ãb z2+e sinmIa z2 + qM sinvIc z2 + gM â z �

2-m-v-1 ãe Π  H1 - m mod 2L H1 - v mod 2L
b

m
m

2

v
v

2

erfiK b zO + 2-m-v-1 Π
v
v

2

H1 - v mod 2L 

â
k=0

f m-1

2
v H-1Lk ãe+ä Hm-2 kL q-

ä m Π

2
m

k

erfiJ b + a ä Hm - 2 kL zN
b + a ä Hm - 2 kL +

ã2 J ä m Π

2
-ä Hm-2 kL qN erfiJ b - ä a Hm - 2 kL zN

b - ä a Hm - 2 kL +

2-m-v-1 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk ãe+g ä Hv-2 kL-

ä Π v

2
v

k

erfiJ b + c ä Hv - 2 kL zN
b + c ä Hv - 2 kL +

ã2 J ä Π v

2
-ä g Hv-2 kLN erfiJ b - ä c Hv - 2 kL zN

b - ä c Hv - 2 kL + 2-m-v-1 Π â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls

v

s
ãe-

1

2
ä Π Hv-mL-ä Hm-2 kL q+g ä Hv-2 sL erfiJ b - ä a Hm - 2 kL + c ä Hv - 2 sL zN

b - ä a Hm - 2 kL + c ä Hv - 2 sL + ã2 J 1

2
ä Π Hv-mL+ä Hm-2 kL q-ä g Hv-2 sLN

erfiK b + a ä Hm - 2 kL - ä c Hv - 2 sL zO � K b + a ä Hm - 2 kL - ä c Hv - 2 sL O +

ãe+ä Hm-2 kL q+g ä Hv-2 sL-
1

2
ä Π Hm+vL erfiJ b + a ä Hm - 2 kL + c ä Hv - 2 sL zN

b + a ä Hm - 2 kL + c ä Hv - 2 sL + ã2 J-ä Hm-2 kL q-ä g Hv-2 sL+
1

2
ä Π Hm+vLN erfiK

b - ä a Hm - 2 kL - ä c Hv - 2 sL zO � K b - ä a Hm - 2 kL - ä c Hv - 2 sL O �; m Î N+ ì v Î N+
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01.06.21.1424.01

à ã z b+e sinmI z a + qN sinvI z c + gN â z �

2-m-v+1 ã z b+e Ib z - 1N m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
b2

+

2-m-v+1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk

ãe+ä Hm-2 kL q+Hb+a ä Hm-2 kLL z -
ä m Π

2 I z b + a ä Hm - 2 kL z - 1NH-b - ä a Hm - 2 kLL2
+

ãe-ä Hm-2 kL q+Hb-ä a Hm-2 kLL z +
ä m Π

2 I z b - ä a Hm - 2 kL z - 1NHb - ä a Hm - 2 kLL2

m

k
+

2-m-v+1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk

ãe+g ä Hv-2 kL+Hb+c ä Hv-2 kLL z -
ä Π v

2 I z b + c ä Hv - 2 kL z - 1NH-b - ä c Hv - 2 kLL2
+

ãe+
ä Π v

2
-ä g Hv-2 kL+Hb-ä c Hv-2 kLL z I z b - ä c Hv - 2 kL z - 1NHb - ä c Hv - 2 kLL2

v

k
+

2-m-v+1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls ãe-ä Hm-2 kL q+

1

2
ä Π Hm+vL-ä g Hv-2 sL+Hb-ä a Hm-2 kL-ä c Hv-2 sLL z

I z b + H-ä a Hm - 2 kL - ä c Hv - 2 sLL z - 1N � Hb - ä a Hm - 2 kL - ä c Hv - 2 sLL2 +

ãe+ä Hm-2 kL q+
1

2
ä Π Hv-mL-ä g Hv-2 sL+Hb+a ä Hm-2 kL-ä c Hv-2 sLL z I z b + Hä a Hm - 2 kL - ä c Hv - 2 sLL z - 1N �

Hb + a ä Hm - 2 kL - ä c Hv - 2 sLL2 + ãe+ä Hm-2 kL q-
1

2
ä Π Hm+vL+g ä Hv-2 sL+Hb+a ä Hm-2 kL+c ä Hv-2 sLL z

I z b - H-ä a Hm - 2 kL - ä c Hv - 2 sLL z - 1N � H-b - ä a Hm - 2 kL - ä c Hv - 2 sLL2 +

ãe-ä Hm-2 kL q-
1

2
ä Π Hv-mL+g ä Hv-2 sL+Hb-ä a Hm-2 kL+c ä Hv-2 sLL z I z b - Hä a Hm - 2 kL - ä c Hv - 2 sLL z - 1N �

H-b + a ä Hm - 2 kL - ä c Hv - 2 sLL2 v

s
�; m Î N+ ì v Î N+

Involving ãb zr +d z+e sinmIa zr + p z + qM sinv Ic zr + f z + gM
01.06.21.1425.01à ãb z2+d z+e sinmIa z2 + p z + qM sinvIc z2 + f z + gM â z �

2-m-v-1 ã
-

d2-4 b e

4 b Π
m
m

2

v
v

2

erfi d+2 b z

2 b
H1 - m mod 2L H1 - v mod 2L

b
+
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2-m-v-1 Π
v
v

2
â
k=0

f m-1

2
v

1

b2 + a2 Hm - 2 kL2
 H-1Lk m

k
ã

-
Hd+ä Hm-2 kL pL2+2 Hä b+2 a k-a mL H2 ä e+m HΠ-2 qL+4 k qL

4 Hb+a ä Hm-2 kLL b + a ä Hm - 2 kL
Hb - ä a Hm - 2 kLL erfi

d + ä Hm - 2 kL p + 2 b z + 2 a ä Hm - 2 kL z

2 b + a ä Hm - 2 kL + ã
-

Hd-ä Hm-2 kL pL2+2 H-ä b+2 a k-a mL H-2 ä e+m HΠ-2 qL+4 k qL
4 Hb-ä a Hm-2 kLL

Hb + a ä Hm - 2 kLL b - ä a Hm - 2 kL erfi
d - ä Hm - 2 kL p + 2 Hb - ä a Hm - 2 kLL z

2 b - ä a Hm - 2 kL H1 - v mod 2L +

2-m-v-1 Π
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v

1

b2 + c2 Hv - 2 kL2
 H-1Lk v

k
ã

-
Hd+ f ä Hv-2 kLL2+2 H2 ä e+4 g k-2 g v+Π vL Hä b+2 c k-c vL

4 Hb+c ä Hv-2 kLL b + c ä Hv - 2 kL
Hb - ä c Hv - 2 kLL erfi

d + f ä Hv - 2 kL + 2 b z + 2 c ä Hv - 2 kL z

2 b + c ä Hv - 2 kL + ã
-

Hd-ä f Hv-2 kLL2+2 H-2 ä e+4 g k-2 g v+Π vL H-ä b+2 c k-c vL
4 Hb-ä c Hv-2 kLL

Hb + c ä Hv - 2 kLL b - ä c Hv - 2 kL erfi
d - ä f Hv - 2 kL + 2 Hb - ä c Hv - 2 kLL z

2 b - ä c Hv - 2 kL +

2-m-v-1 Π â
k=0

f m-1

2
v

m

k
â
s=0

f v-1

2
v H-1Lk+s v

s
ã

-
Hd+ä H2 k p-m p+2 f s- f vLL2+2 H-2 ä e+m HΠ-2 qL+4 k q+4 g s-2 g v+Π vL H-ä b+2 a k-a m+2 c s-c vL

4 Hb+ä H2 a k-a m+2 c s-c vLL

erfi
d + ä H2 k - mL p + f ä H2 s - vL + 2 Hb + a ä H2 k - mL + c ä H2 s - vLL z

2 b + a ä H2 k - mL + c ä H2 s - vL �
K b + a ä H2 k - mL + c ä H2 s - vL O + ã

-
Hd+ä H-2 k p+m p+2 f s- f vLL2+2 Hä b+2 a k-a m-2 c s+c vL H2 ä e+m HΠ-2 qL+4 k q-4 g s+2 g v-Π vL

4 Hb-ä H2 a k-a m-2 c s+c vLL

erfi
d + ä Hm - 2 kL p + f ä H2 s - vL + 2 Hb + a ä Hm - 2 kL + c ä H2 s - vLL z

2 b + a ä Hm - 2 kL + c ä H2 s - vL �
K b + a ä Hm - 2 kL + c ä H2 s - vL O + ã

-
Hd+ä H2 k p-m p-2 f s+ f vLL2+2 H-ä b+2 a k-a m-2 c s+c vL H-2 ä e+m HΠ-2 qL+4 k q-4 g s+2 g v-Π vL

4 Hb+ä H2 a k-a m-2 c s+c vLL

erfi
d + ä H2 k - mL p + f ä Hv - 2 sL + 2 Hb + a ä H2 k - mL + c ä Hv - 2 sLL z

2 b + a ä H2 k - mL + c ä Hv - 2 sL �
K b + a ä H2 k - mL + c ä Hv - 2 sL O + ã

-
Hd+ä Hm-2 kL p+ f ä Hv-2 sLL2+2 H2 ä e+m HΠ-2 qL+4 k q+4 g s-2 g v+Π vL Hä b+2 a k-a m+2 c s-c vL

4 Hb+a ä Hm-2 kL+c ä Hv-2 sLL

erfi
d + ä Hm - 2 kL p + f ä Hv - 2 sL + 2 Hb + a ä Hm - 2 kL + c ä Hv - 2 sLL z

2 b + a ä Hm - 2 kL + c ä Hv - 2 sL �
K b + a ä Hm - 2 kL + c ä Hv - 2 sL O �; m Î N+ ì v Î N+
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01.06.21.1426.01à ã z b+d z+e sinmI z a + p z + qN sinvI z c + f z + gN â z �

2-m-v-2
4 ã z b+d z

d
-

2 b ã
-

b2

4 d Π erfi b+2 d z

2 d

d3�2 ãe
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L +

2-m-v-1
v
v

2
â
s=0

f m-1

2
v H-1Ls ãe-ä q Hm-2 sL+

ä m Π

2
m

s

ã
-

Hb-ä a m+2 ä a sL2
4 Hd-ä m p+2 ä p sL Π Hä a Hm - 2 sL - bL erfi

b - ä a Hm - 2 sL + 2 Hd - ä m p + 2 ä p sL z

2 d - ä m p + 2 ä p s

� Hd - ä m p + 2 ä p sL3�2 +

2 ã2 ä q m-ä Π m-4 ä q s+Hd+ä p Hm-2 sLL z+Hb+a ä Hm-2 sLL z

d + ä p Hm - 2 sL -
1Hd + ä p Hm - 2 sLL3�2  ã

-
Hb+a ä Hm-2 sLL2
4 Hd+ä p Hm-2 sLL +2 ä q Hm-2 sL-ä m Π

Π

Hb + a ä Hm - 2 sLL erfi
b + a ä Hm - 2 sL + 2 Hd + ä m p - 2 ä p sL z

2 d + ä p Hm - 2 sL +
2 ã z Hb-ä a Hm-2 sLL+Hd-ä p Hm-2 sLL z

d - ä p Hm - 2 sL
H1 - v mod 2L + 2-m-v-1

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk ãe+

ä Π v

2
-ä g Hv-2 kL v

k

- ã
-

Hb+2 ä c k-ä c vL2
4 Hd+2 ä f k-ä f vL Π Hb + 2 ä c k - ä c vL erfi

b + c ä H2 k - vL + 2 Hd + 2 ä f k - ä f vL z

2 d + 2 ä f k - ä f v

� Hd + 2 ä f k - ä f vL3�2 +

2 ã-4 g ä k+2 ä g v-ä Π v+Hd+ f ä Hv-2 kLL z+Hb+c ä Hv-2 kLL z

d + f ä Hv - 2 kL -
1Hd + f ä Hv - 2 kLL3�2  ã

-
Hb+c ä Hv-2 kLL2
4 Hd+ f ä Hv-2 kLL -ä Π v+2 g ä Hv-2 kL

Π

Hb + c ä Hv - 2 kLL erfi
b + c ä Hv - 2 kL + 2 Hd - 2 ä f k + ä f vL z

2 d + f ä Hv - 2 kL +
2 ã z Hb-ä c Hv-2 kLL+Hd-ä f Hv-2 kLL z

d - ä f Hv - 2 kL +

2-m-v-1 â
s=0

f m-1

2
v

m

s â
k=0

f v-1

2
v H-1Lk+s v

k
ãe-ä q Hm-2 sL-ä g Hv-2 kL+

1

2
ä Π Hm+vL ã

-
Hb+ä Ha Hm-2 sL+c Hv-2 kLLL2
4 Hd+ä p Hm-2 sL+ f ä Hv-2 kLL +2 ä q Hm-2 sL+2 g ä Hv-2 kL-ä Π Hm+vL

Π H-ä b + a Hm - 2 sL + c Hv - 2 kLL erfiKIb + a ä Hm - 2 sL + c ä Hv - 2 kL +

2 Hd + ä p Hm - 2 sL + f ä Hv - 2 kLL z N � K2 d + ä p Hm - 2 sL + f ä Hv - 2 kL OO �
KHä d + 2 f k - m p + 2 p s - f vL d + ä p Hm - 2 sL + f ä Hv - 2 kL O +

J2 ã2 ä q Hm-2 sL+2 g ä Hv-2 kL-ä Π Hm+vL+Hd+ä p Hm-2 sL+ f ä Hv-2 kLL z+Hb+ä H-2 c k+a m-2 a s+c vLL z N �
-
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Hd + ä p Hm - 2 sL + f ä Hv - 2 kLL - ã
ä Hä b+a Hm-2 sL+c Hv-2 kLL2
4 Hä d+p Hm-2 sL+ f Hv-2 kLL Π Hä b + a Hm - 2 sL + c Hv - 2 kLL

erfiKJb + ä I-a Hm - 2 sL + c H2 k - vL + 2 H-ä d + 2 f k - m p + 2 p s - f vL z NN �
K2 d + ä H2 f k - m p + 2 p s - f vL OO � KHä d + p Hm - 2 sL + f Hv - 2 kLL

d + ä H2 f k - m p + 2 p s - f vL O +
2 ã z Hb-ä H-2 c k+a m-2 a s+c vLL+Hd+ä H2 f k-m p+2 p s- f vLL z

d + ä H2 f k - m p + 2 p s - f vL +

ãe-ä q Hm-2 sL-ä g H2 k-vL-
1

2
ä Π Hv-mL ã

Hä b-2 c k-a m+2 a s+c vL2
4 Hd+ä H2 f k+m p-2 p s- f vLL +2 ä q Hm-2 sL+2 g ä H2 k-vL+ä Π Hv-mL

Π H-ä b + 2 c k + a m -

2 a s - c vL erfiKJb + ä Ia Hm - 2 sL + c H2 k - vL + 2 H-ä d + 2 f k + m p - 2 p s - f vL z NN �
K2 d + ä H2 f k + m p - 2 p s - f vL OO �

KHä d - 2 f k - m p + 2 p s + f vL d + ä H2 f k + m p - 2 p s - f vL O +

ã
Hä b+2 c k+a m-2 a s-c vL2

4 Hd-ä H2 f k+m p-2 p s- f vLL Π Hä b + 2 c k + a m - 2 a s - c vL erfiKJb - ä Ia Hm - 2 sL + c H2 k - vL +

2 Hä d + 2 f k + m p - 2 p s - f vL z NN � K2 d - ä H2 f k + m p - 2 p s - f vL OO �
KH-ä d - 2 f k - m p + 2 p s + f vL d - ä H2 f k + m p - 2 p s - f vL O +

J2 ã2 ä q Hm-2 sL+2 g ä H2 k-vL+ä Π Hv-mL+Hd+ä H2 f k+m p-2 p s- f vLL z+Hb+ä H2 c k+a m-2 a s-c vLL z N � Hd + ä H2 f k +

m p - 2 p s - f vLL +
2 ã z Hb-ä H2 c k+a m-2 a s-c vLL+Hd-ä H2 f k+m p-2 p s- f vLL z

d - ä H2 f k + m p - 2 p s - f vL �; m Î N+ ì v Î N+

Involving product of powers of two direct functions and rational functions of exp

Involving sinmHe zL sinv Hc zL Ia + b ãd z M-n

01.06.21.1427.01

à sinmHe zL sinvHc zLIa + b ãd zMn
 â z �

2-m-v â
k=0

f m-1

2
v

m

k
â
s=0

f v-1

2
v H-1Lk+s v

s
cos

1

2
Π Hm + vL ãH2 ä e k-ä e m+2 ä c s-ä c vL z

2F1

2 ä e k - ä e m + 2 ä c s - ä c v

d
,

n;
d + 2 ä e k - ä e m + 2 ä c s - ä c v

d
; -

b ãd z

a
- ãH-2 e ä k+ä e m-2 ä c s+ä c vL z

2F1

-2 e ä k + ä e m - 2 ä c s + ä c v

d
, n;

d - 2 ä e k + ä e m - 2 ä c s + ä c v

d
; -

b ãd z

a
�

+
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H2 ä e k - ä e m + 2 ä c s - ä c vL + cos
1

2
Π Hm - vL ãH2 ä e k-ä e m-2 ä c s+ä c vL z

2F1

2 ä e k - ä e m - 2 ä c s + ä c v

d
, n;

d + 2 ä e k - ä e m - 2 ä c s + ä c v

d
; -

b ãd z

a
-

ãH-2 e ä k+ä e m+2 ä c s-ä c vL z
2F1

-2 e ä k + ä e m + 2 ä c s - ä c v

d
, n;

d - 2 ä e k + ä e m + 2 ä c s - ä c v

d
; -

b ãd z

a
� H2 ä e k - ä e m - 2 ä c s + ä c vL +

ä ãH2 ä e k-ä e m-2 ä c s+ä c vL z
2F1

2 ä e k - ä e m - 2 ä c s + ä c v

d
, n;

d + 2 ä e k - ä e m - 2 ä c s + ä c v

d
; -

b ãd z

a
+

ãH-2 e ä k+ä e m+2 ä c s-ä c vL z
2F1

-2 e ä k + ä e m + 2 ä c s - ä c v

d
, n;

d - 2 ä e k + ä e m + 2 ä c s - ä c v

d
;

-
b ãd z

a
sin

1

2
Π Hm - vL � H2 ä e k - ä e m - 2 ä c s + ä c vL + ä ãH-2 e ä k+ä e m-2 ä c s+ä c vL z

2F1

-2 e ä k + ä e m - 2 ä c s + ä c v

d
, n;

d - 2 ä e k + ä e m - 2 ä c s + ä c v

d
; -

b ãd z

a
+

ãH2 ä e k-ä e m+2 ä c s-ä c vL z
2F1

2 ä e k - ä e m + 2 ä c s - ä c v

d
, n;

d + 2 ä e k - ä e m + 2 ä c s - ä c v

d
;

-
b ãd z

a
sin

1

2
Π Hm + vL � H2 ä e k - ä e m + 2 ä c s - ä c vL

a-n -

2-m-v b-n ã-d n z
m
m

2

v
v

2
2F1Jn, n; n + 1; - a ã-d z

b
N Hm mod 2 - 1L Hv mod 2 - 1L

d n
-

1

e
 

ä

2-m-v

a-n

v
v

2H1 - v mod 2L
â
k=0

f m-1

2
v

1

m - 2 k
 H-1Lk m

k
ãä e Hm-2 kL z-

ä m Π

2 2F1

ä e Hm - 2 kL
d

, n;
d + e ä Hm - 2 kL

d
; -

b ãd z

a
-

-
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ã
ä m Π

2
-ä e Hm-2 kL z

2F1 -
ä e Hm - 2 kL

d
, n;

d - ä e Hm - 2 kL
d

; -
b ãd z

a
-

1

c
 ä 2-m-v a-n

m
m

2

H1 - m mod 2L â
s=0

f v-1

2
v

1

v - 2 s
 H-1Ls v

s
ãä c Hv-2 sL z-

ä Π v

2 2F1

ä c Hv - 2 sL
d

, n;
d + c ä Hv - 2 sL

d
; -

b ãd z

a
-

ã
ä Π v

2
-ä c Hv-2 sL z

2F1 -
ä c Hv - 2 sL

d
, n;

d - ä c Hv - 2 sL
d

; -
b ãd z

a
�; n Î N+ ì m Î N+ ì v Î N+

Involving ãp z  sinmHe zL sinv Hc zL Ia + b ãd z M-n

01.06.21.1428.01

à ãp z sinmHe zL sinvHc zLIa + b ãd zMn
 â z � 2-m-v

v
v

2

H1 - v mod 2L a-n 

â
k=0

f m-1

2
v H-1Lk m

k
ãHe ä Hm-2 kL+pL z-

ä m Π

2 Hä e Hm - 2 kL - pL 2F1

e ä Hm - 2 kL + p

d
, n;

d + e ä Hm - 2 kL + p

d
; -

b ãd z

a
-

ã
ä Π m

2
+Hp-ä e Hm-2 kLL z He ä Hm - 2 kL + pL 2F1

p - ä e Hm - 2 kL
d

, n;
d - ä e Hm - 2 kL + p

d
; -

b ãd z

a
�

HHä e Hm - 2 kL - pL He ä Hm - 2 kL + pLL + 2-m-v
m
m

2

H1 - m mod 2L a-n 

â
s=0

f v-1

2
v H-1Ls v

s
ãHp+c ä Hv-2 sLL z-

ä Π v

2 Hä c Hv - 2 sL - pL 2F1

p + c ä Hv - 2 sL
d

, n;
d + p + c ä Hv - 2 sL

d
; -

b ãd z

a
-

ã
ä Π v

2
+Hp-ä c Hv-2 sLL z Hp + c ä Hv - 2 sLL 2F1

p - ä c Hv - 2 sL
d

, n;
d + p - ä c Hv - 2 sL

d
; -

b ãd z

a
�

HHä c Hv - 2 sL - pL Hp + c ä Hv - 2 sLLL + 2-m-v a-n 

â
k=0

f m-1

2
v

m

k
â
s=0

f v-1

2
v H-1Lk+s v

s
cos

1

2
Π Hm + vL ãH2 ä e k-ä e m+p+2 ä c s-ä c vL z H2 ä e k - ä e m - p + 2 ä c s - ä c vL

2F1

2 ä e k - ä e m + p + 2 ä c s - ä c v

d
, n;

d + 2 ä e k - ä e m + p + 2 ä c s - ä c v

d
; -

b ãd z

a
-

ãH-2 e ä k+ä e m+p-2 ä c s+ä c vL z H2 ä e k - ä e m + p + 2 ä c s - ä c vL
2F1

-2 e ä k + ä e m + p - 2 ä c s + ä c v

d
, n;

d - 2 ä e k + ä e m + p - 2 ä c s + ä c v

d
; -

b ãd z

a
�

HH2 ä e k - ä e m - p + 2 ä c s - ä c vL H2 ä e k - ä e m + p + 2 ä c s - ä c vLL +

cos
1

2
Π Hm - vL ãH2 ä e k-ä e m+p-2 ä c s+ä c vL z H2 ä e k - ä e m - p - 2 ä c s + ä c vL

2F1

2 ä e k - ä e m + p - 2 ä c s + ä c v

d
, n;

d + 2 ä e k - ä e m + p - 2 ä c s + ä c v

d
; -

b ãd z

a
-

ã

�
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ãH-2 e ä k+ä e m+p+2 ä c s-ä c vL z H2 ä e k - ä e m + p - 2 ä c s + ä c vL
2F1

-2 e ä k + ä e m + p + 2 ä c s - ä c v

d
, n;

d - 2 ä e k + ä e m + p + 2 ä c s - ä c v

d
; -

b ãd z

a
�

HH2 ä e k - ä e m - p - 2 ä c s + ä c vL H2 ä e k - ä e m + p - 2 ä c s + ä c vLL +

ä ãH2 ä e k-ä e m+p-2 ä c s+ä c vL z H2 ä e k - ä e m - p - 2 ä c s + ä c vL 2F1

2 ä e k - ä e m + p - 2 ä c s + ä c v

d
,

n;
d + 2 ä e k - ä e m + p - 2 ä c s + ä c v

d
; -

b ãd z

a
+ ãH-2 e ä k+ä e m+p+2 ä c s-ä c vL z

H2 ä e k - ä e m + p - 2 ä c s + ä c vL 2F1

-2 e ä k + ä e m + p + 2 ä c s - ä c v

d
, n;

d - 2 ä e k + ä e m + p + 2 ä c s - ä c v

d
; -

b ãd z

a
sin

1

2
Π Hm - vL �

HH2 ä e k - ä e m - p - 2 ä c s + ä c vL H2 ä e k - ä e m + p - 2 ä c s + ä c vLL +

ä ãH-2 e ä k+ä e m+p-2 ä c s+ä c vL z H2 ä e k - ä e m + p + 2 ä c s - ä c vL 2F1

-2 e ä k + ä e m + p - 2 ä c s + ä c v

d
,

n;
d - 2 ä e k + ä e m + p - 2 ä c s + ä c v

d
; -

b ãd z

a
+ ãH2 ä e k-ä e m+p+2 ä c s-ä c vL z

H2 ä e k - ä e m - p + 2 ä c s - ä c vL 2F1

2 ä e k - ä e m + p + 2 ä c s - ä c v

d
, n;

d + 2 ä e k - ä e m + p + 2 ä c s - ä c v

d
; -

b ãd z

a
sin

1

2
Π Hm + vL �

HH2 ä e k - ä e m - p + 2 ä c s - ä c vL H2 ä e k - ä e m + p + 2 ä c s - ä c vLL +

2-m-v a-n ãp z H1 - m mod 2L H1 - v mod 2L
p

 
m
m

2

v
v

2

2F1

p

d
,

n;

d + p

d
;

-
b ãd z

a
�; n Î N+ ì m Î N+ ì v Î N+

Involving product of powers of two direct functions and algebraic functions of exp

Involving Ia + b ãd z MΒ
sinmHe zL sinv Hc zL
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01.06.21.1429.01à Ia + b ãd zMΒ
sinmHe zL sinvHc zL â z �

2-m-v Ia + b ãd zMΒ â
k=0

f m-1

2
v

m

k
â
s=0

f v-1

2
v H-1Lk+s v

s
cos

1

2
Π Hm + vL ãH2 ä e k-ä e m+2 ä c s-ä c vL z

2F1

2 ä e k - ä e m + 2 ä c s - ä c v

d
,

- Β;
d + 2 ä e k - ä e m + 2 ä c s - ä c v

d
; -

b ãd z

a
- ãH-2 e ä k+ä e m-2 ä c s+ä c vL z

2F1

-2 e ä k + ä e m - 2 ä c s + ä c v

d
, - Β;

d - 2 ä e k + ä e m - 2 ä c s + ä c v

d
; -

b ãd z

a
�

H2 ä e k - ä e m + 2 ä c s - ä c vL + cos
1

2
Π Hm - vL ãH2 ä e k-ä e m-2 ä c s+ä c vL z

2F1

2 ä e k - ä e m - 2 ä c s + ä c v

d
, - Β;

d + 2 ä e k - ä e m - 2 ä c s + ä c v

d
; -

b ãd z

a
-

ãH-2 e ä k+ä e m+2 ä c s-ä c vL z
2F1

-2 e ä k + ä e m + 2 ä c s - ä c v

d
, - Β;

d - 2 ä e k + ä e m + 2 ä c s - ä c v

d
; -

b ãd z

a
� H2 ä e k - ä e m - 2 ä c s + ä c vL +

ä ãH2 ä e k-ä e m-2 ä c s+ä c vL z
2F1

2 ä e k - ä e m - 2 ä c s + ä c v

d
, - Β;

d + 2 ä e k - ä e m - 2 ä c s + ä c v

d
;

-
b ãd z

a
+ ãH-2 e ä k+ä e m+2 ä c s-ä c vL z

2F1

-2 e ä k + ä e m + 2 ä c s - ä c v

d
,

- Β;
d - 2 ä e k + ä e m + 2 ä c s - ä c v

d
; -

b ãd z

a
sin

1

2
Π Hm - vL �

H2 ä e k - ä e m - 2 ä c s + ä c vL + ä ãH-2 e ä k+ä e m-2 ä c s+ä c vL z
2F1

-2 e ä k + ä e m - 2 ä c s + ä c v

d
,

- Β;
d - 2 ä e k + ä e m - 2 ä c s + ä c v

d
; -

b ãd z

a
+ ãH2 ä e k-ä e m+2 ä c s-ä c vL z

2F1

2 ä e k - ä e m + 2 ä c s - ä c v

d
, - Β;

d + 2 ä e k - ä e m + 2 ä c s - ä c v

d
; -

b ãd z

a

sin
1

2
Π Hm + vL � H2 ä e k - ä e m + 2 ä c s - ä c vL ãd z b

a
+ 1

-Β

+

1

d Β
 2-m-v

ã-d z a

b
+ 1

-Β Ia + b ãd zMΒ m
m

2

v
v

2
2F1 - Β, - Β; 1 - Β; -

a ã-d z

bHm mod 2 - 1L
Hv mod 2 - 1L -

1

e
 ä

2
Β
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2-m-vIa + b ãd zMΒ

ãd z b

a
+ 1

-Β

v
v

2H1 - v mod 2L
â
k=0

f m-1

2
v

1

m - 2 k
 H-1Lk m

k
ãä e Hm-2 kL z-

ä m Π

2 2F1

ä e Hm - 2 kL
d

, - Β;
d + e ä Hm - 2 kL

d
; -

b ãd z

a
-

ã
ä m Π

2
-ä e Hm-2 kL z

2F1 -
ä e Hm - 2 kL

d
, - Β;

d - ä e Hm - 2 kL
d

; -
b ãd z

a
-

1

c
 ä 2-m-v Ia + b ãd zMΒ ãd z b

a
+ 1

-Β
m
m

2

H1 - m mod 2L â
s=0

f v-1

2
v

1

v - 2 s
 

H-1Ls v

s
ãä c Hv-2 sL z-

ä Π v

2 2F1

ä c Hv - 2 sL
d

, - Β;
d + c ä Hv - 2 sL

d
; -

b ãd z

a
-

ã
ä Π v

2
-ä c Hv-2 sL z

2F1 -
ä c Hv - 2 sL

d
, - Β;

d - ä c Hv - 2 sL
d

; -
b ãd z

a
�; m Î N+ ì v Î N+

Involving ãp z Ia + b ãd z MΒ
sinmHe zL sinv Hc zL

01.06.21.1430.01

à ãp z Ia + b ãd zMΒ
sinmHe zL sinvHc zL â z � 2-m-v Ia + b ãd zMΒ v

v

2

H1 - v mod 2L ãd z b

a
+ 1

-Β

 

â
k=0

f m-1

2
v H-1Lk m

k
ãHe ä Hm-2 kL+pL z-

ä m Π

2 Hä e Hm - 2 kL - pL 2F1

e ä Hm - 2 kL + p

d
, - Β;

d + e ä Hm - 2 kL + p

d
; -

b ãd z

a
-

ã
ä Π m

2
+Hp-ä e Hm-2 kLL z He ä Hm - 2 kL + pL 2F1

p - ä e Hm - 2 kL
d

, - Β;
d - ä e Hm - 2 kL + p

d
; -

b ãd z

a
�

HHä e Hm - 2 kL - pL He ä Hm - 2 kL + pLL + 2-m-v Ia + b ãd zMΒ m
m

2

H1 - m mod 2L ãd z b

a
+ 1

-Β

 

â
s=0

f v-1

2
v H-1Ls v

s
ãHp+c ä Hv-2 sLL z-

ä Π v

2 Hä c Hv - 2 sL - pL 2F1

p + c ä Hv - 2 sL
d

, - Β;
d + p + c ä Hv - 2 sL

d
; -

b ãd z

a
-

ã
ä Π v

2
+Hp-ä c Hv-2 sLL z Hp + c ä Hv - 2 sLL 2F1

p - ä c Hv - 2 sL
d

, - Β;
d + p - ä c Hv - 2 sL

d
; -

b ãd z

a
�

+
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HHä c Hv - 2 sL - pL Hp + c ä Hv - 2 sLLL + 2-m-v Ia + b ãd zMΒ ãd z b

a
+ 1

-Β

 

â
k=0

f m-1

2
v

m

k
â
s=0

f v-1

2
v H-1Lk+s v

s
cos

1

2
Π Hm + vL ãH2 ä e k-ä e m+p+2 ä c s-ä c vL z H2 ä e k - ä e m - p + 2 ä c s - ä c vL

2F1

2 ä e k - ä e m + p + 2 ä c s - ä c v

d
, - Β;

d + 2 ä e k - ä e m + p + 2 ä c s - ä c v

d
; -

b ãd z

a
-

ãH-2 e ä k+ä e m+p-2 ä c s+ä c vL z H2 ä e k - ä e m + p + 2 ä c s - ä c vL
2F1

-2 e ä k + ä e m + p - 2 ä c s + ä c v

d
, - Β;

d - 2 ä e k + ä e m + p - 2 ä c s + ä c v

d
; -

b ãd z

a
�

HH2 ä e k - ä e m - p + 2 ä c s - ä c vL H2 ä e k - ä e m + p + 2 ä c s - ä c vLL +

cos
1

2
Π Hm - vL ãH2 ä e k-ä e m+p-2 ä c s+ä c vL z H2 ä e k - ä e m - p - 2 ä c s + ä c vL

2F1

2 ä e k - ä e m + p - 2 ä c s + ä c v

d
, - Β;

d + 2 ä e k - ä e m + p - 2 ä c s + ä c v

d
; -

b ãd z

a
-

ãH-2 e ä k+ä e m+p+2 ä c s-ä c vL z H2 ä e k - ä e m + p - 2 ä c s + ä c vL
2F1

-2 e ä k + ä e m + p + 2 ä c s - ä c v

d
, - Β;

d - 2 ä e k + ä e m + p + 2 ä c s - ä c v

d
; -

b ãd z

a
�

HH2 ä e k - ä e m - p - 2 ä c s + ä c vL H2 ä e k - ä e m + p - 2 ä c s + ä c vLL +

ä ãH2 ä e k-ä e m+p-2 ä c s+ä c vL z H2 ä e k - ä e m - p - 2 ä c s + ä c vL 2F1

2 ä e k - ä e m + p - 2 ä c s + ä c v

d
,

- Β;
d + 2 ä e k - ä e m + p - 2 ä c s + ä c v

d
; -

b ãd z

a
+ ãH-2 e ä k+ä e m+p+2 ä c s-ä c vL z

H2 ä e k - ä e m + p - 2 ä c s + ä c vL 2F1

-2 e ä k + ä e m + p + 2 ä c s - ä c v

d
, - Β;

d - 2 ä e k + ä e m + p + 2 ä c s - ä c v

d
; -

b ãd z

a
sin

1

2
Π Hm - vL �

HH2 ä e k - ä e m - p - 2 ä c s + ä c vL H2 ä e k - ä e m + p - 2 ä c s + ä c vLL +

ä ãH-2 e ä k+ä e m+p-2 ä c s+ä c vL z H2 ä e k - ä e m + p + 2 ä c s - ä c vL 2F1

-2 e ä k + ä e m + p - 2 ä c s + ä c v

d
,

- Β;
d - 2 ä e k + ä e m + p - 2 ä c s + ä c v

d
; -

b ãd z

a
+ ãH2 ä e k-ä e m+p+2 ä c s-ä c vL z

H2 ä e k - ä e m - p + 2 ä c s - ä c vL 2F1

2 ä e k - ä e m + p + 2 ä c s - ä c v

d
, - Β;

d + 2 ä e k - ä e m + p + 2 ä c s - ä c v

d
; -

b ãd z

a
sin

1

2
Π Hm + vL �

HH2 ä e k - ä e m - p + 2 ä c s - ä c vL H2 ä e k - ä e m + p + 2 ä c s - ä c vLL +
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2-m-v ãp z

p
Ia + b ãd zMΒ ãd z b

a
+ 1

-Β
m
m

2

v
v

2
2F1

p

d
, - Β;

d + p

d
; -

b ãd z

aH1 -

m mod 2L H1 -

v mod 2L �; m Î N+ ì v Î N+

Involving rational functions of the direct function and exponential function

Involving exp

Involving ãp z

a+b sinHc zL
01.06.21.1431.01à ãp z

a + b sinHc zL  â z � -
1

b a2 - b2 Hc - ä pL  ãHä c+pL z

a + a2 - b2
2F1 1 -

ä p

c
, 1; 2 -

ä p

c
;

ä b ãä c z

a - a2 - b2

+ a2 - b2 - a 2F1 1 -
ä p

c
, 1; 2 -

ä p

c
;

ä b ãä c z

a + a2 - b2

Involving ãp z Ha + b sinHc zLL-n

01.06.21.1432.01à ãp z

Ha + b sinHc zLL2
 â z �

ä ãHä c+pL z

b Ia2 - b2M3�2 Hä c + pL -a a + a2 - b2
2F1 1 -

ä p

c
, 1; 2 -

ä p

c
;

ä b ãä c z

a - a2 - b2

+ a a - a2 - b2

2F1 1 -
ä p

c
, 1; 2 -

ä p

c
;

ä b ãä c z

a + a2 - b2

+ a2 + a2 - b2 a - b2
2F1 1 -

ä p

c
, 2; 2 -

ä p

c
;

ä b ãä c z

a - a2 - b2

+

-a2 + a2 - b2 a + b2
2F1 1 -

ä p

c
, 2; 2 -

ä p

c
;

ä b ãä c z

a + a2 - b2

Involving ãp z

a+b sin2Hc zL
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01.06.21.1433.01à ãp z

a + b sin2Hc zL  â z �

-
1

a b a + b H-2 ä c + pL  ãH-2 ä c+pL z K-2 a + 2 a + b a - bO 2F1

ä p

2 c
+ 1, 1;

ä p

2 c
+ 2;

b ã-2 ä c z

2 a + 2 a + b a + b
+

K2 a + 2 a + b a + bO 2F1

ä p

2 c
+ 1, 1;

ä p

2 c
+ 2;

b ã-2 ä c z

2 a - 2 a + b a + b

Involving ãp z Ia + b sin2Hc zLM-n

01.06.21.1434.01

á ãp z

Ia + b sin2Hc zLM2
 â z � -

1

2 a3�2 b Ha + bL3�2 H2 ä c + pL  

ãH2 ä c+pL z H2 a + bL K-2 a + 2 a + b a - bO 2F1 1 -
ä p

2 c
, 1; 2 -

ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
+

H2 a + bL K2 a + 2 a + b a + bO 2F1 1 -
ä p

2 c
, 1; 2 -

ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+

2 a K2 a3�2 - 2 a + b a + 2 b a - b a + b O 2F1 1 -
ä p

2 c
, 2; 2 -

ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
-

K2 a3�2 + 2 a + b a + 2 b a + b a + b O 2F1 1 -
ä p

2 c
, 2; 2 -

ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b

Involving ãp z sinHd zL
a+b sinHc zL

01.06.21.1435.01à ãp z sinHd zL
a + b sinHc zL  â z �

ä

2 b a2 - b2

 
1

c + d - ä p
ãHä c+ä d+pL z a + a2 - b2

2F1

c + d - ä p

c
, 1;

2 c + d - ä p

c
;

ä b ãä c z

a - a2 - b2

+

a2 - b2 - a 2F1

c + d - ä p

c
, 1;

2 c + d - ä p

c
;

ä b ãä c z

a + a2 - b2

-

1

c - d - ä p
 ãHä c-ä d+pL z a + a2 - b2

2F1

c - d - ä p

c
, 1; -

-2 c + d + ä p

c
;

ä b ãä c z

a - a2 - b2

+

a2 - b2 - a 2F1

c - d - ä p

c
, 1; -

-2 c + d + ä p

c
;

ä b ãä c z

a + a2 - b2
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Involving ãp z Ha + b sinHc zLL-n
 sinHd zL

01.06.21.1436.01à ãp z sinHd zLHa + b sinHc zLL2
 â z �

1

2 b Ia2 - b2M3�2  
1

ä c + ä d + p
 ãHä c+ä d+pL z -a a + a2 - b2

2F1

c + d - ä p

c
, 1;

2 c + d - ä p

c
;

ä b ãä c z

a - a2 - b2

+

a a - a2 - b2
2F1

c + d - ä p

c
, 1;

2 c + d - ä p

c
;

ä b ãä c z

a + a2 - b2

+

a2 + a2 - b2 a - b2
2F1

c + d - ä p

c
, 2;

2 c + d - ä p

c
;

ä b ãä c z

a - a2 - b2

+

-a2 + a2 - b2 a + b2
2F1

c + d - ä p

c
, 2;

2 c + d - ä p

c
;

ä b ãä c z

a + a2 - b2

-

1

ä c - ä d + p
 ãHä c-ä d+pL z -a a + a2 - b2

2F1

c - d - ä p

c
, 1; -

-2 c + d + ä p

c
;

ä b ãä c z

a - a2 - b2

+

a a - a2 - b2
2F1

c - d - ä p

c
, 1; -

-2 c + d + ä p

c
;

ä b ãä c z

a + a2 - b2

+

a2 + a2 - b2 a - b2
2F1

c - d - ä p

c
, 2; -

-2 c + d + ä p

c
;

ä b ãä c z

a - a2 - b2

+

-a2 + a2 - b2 a + b2
2F1

c - d - ä p

c
, 2; -

-2 c + d + ä p

c
;

ä b ãä c z

a + a2 - b2

Involving ãp z  sinHd zL
a+b sin2Hc zL
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01.06.21.1437.01à ãp z sinHd zL
a + b sin2Hc zL  â z �

ä

2 a b a + b
 

1

-2 ä c + ä d + p
 ãH-2 ä c+ä d+pL z K-2 a + 2 a + b a - bO 2F1 1 -

d - ä p

2 c
, 1; 2 -

d - ä p

2 c
;

b ã-2 ä c z

2 a + 2 a + b a + b
+

K2 a + 2 a + b a + bO 2F1 1 -
d - ä p

2 c
, 1; 2 -

d - ä p

2 c
;

b ã-2 ä c z

2 a - 2 a + b a + b
-

1

2 c + d + ä p
 

ä ãH-2 ä c-ä d+pL z K-2 a + 2 a + b a - bO 2F1

2 c + d + ä p

2 c
, 1;

4 c + d + ä p

2 c
;

b ã-2 ä c z

2 a + 2 a + b a + b
+

K2 a + 2 a + b a + bO 2F1

2 c + d + ä p

2 c
, 1;

4 c + d + ä p

2 c
;

b ã-2 ä c z

2 a - 2 a + b a + b

01.06.21.1438.01à ãp z sinHc zL
a + b sin2Hc zL  â z �

ä

2 a b a + b
 

1

-ä c + p
 ãH-ä c+pL z K-2 a + 2 a + b a - bO 2F1

c + ä p

2 c
, 1;

ä p

2 c
+

3

2
;

b ã-2 ä c z

2 a + 2 a + b a + b
+

K2 a + 2 a + b a + bO 2F1

c + ä p

2 c
, 1;

ä p

2 c
+

3

2
;

b ã-2 ä c z

2 a - 2 a + b a + b
-

1

-3 ä c + p
 ãH-3 ä c+pL z K-2 a + 2 a + b a - bO 2F1

ä p

2 c
+

3

2
, 1;

ä p

2 c
+

5

2
;

b ã-2 ä c z

2 a + 2 a + b a + b
+

K2 a + 2 a + b a + bO 2F1

ä p

2 c
+

3

2
, 1;

ä p

2 c
+

5

2
;

b ã-2 ä c z

2 a - 2 a + b a + b

Involving ãp z Ia + b sin2Hc zLM-n
 sinHd zL

http://functions.wolfram.com 630



01.06.21.1439.01

á ãp z sinHd zLIa + b sin2Hc zLM2
 â z �

ä

4 a3�2 b Ha + bL3�2  
1

2 ä c + ä d + p
 ãH2 ä c+ä d+pL z

H2 a + bL K-2 a + 2 a + b a - bO 2F1

2 c + d - ä p

2 c
, 1;

4 c + d - ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
+

H2 a + bL K2 a + 2 a + b a + bO 2F1

2 c + d - ä p

2 c
, 1;

4 c + d - ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+ 2 a

K2 a3�2 - 2 a + b a + 2 b a - b a + b O 2F1

2 c + d - ä p

2 c
, 2;

4 c + d - ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
-

K2 a3�2 + 2 a + b a + 2 b a + b a + b O
2F1

2 c + d - ä p

2 c
, 2;

4 c + d - ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
-

1

2 ä c - ä d + p
 ãH2 ä c-ä d+pL z

H2 a + bL K-2 a + 2 a + b a - bO 2F1 1 -
d + ä p

2 c
, 1; 2 -

d + ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
+

H2 a + bL K2 a + 2 a + b a + bO 2F1 1 -
d + ä p

2 c
, 1; 2 -

d + ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+

2 a K2 a3�2 - 2 a + b a + 2 b a - b a + b O 2F1 1 -
d + ä p

2 c
, 2; 2 -

d + ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
-

K2 a3�2 + 2 a + b a + 2 b a + b a + b O 2F1 1 -
d + ä p

2 c
, 2; 2 -

d + ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b

Involving ãp z  sinHe zL sinHd zL
a+b sinHc zL
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01.06.21.1440.01à ãp z sinHe zL sinHd zL
a + b sinHc zL  â z �

-
1

4 b a2 - b2

 
1

c + d - e - ä p
 ãä Hc+d-e-ä pL z a + a2 - b2

2F1

c + d - e - ä p

c
, 1;

2 c + d - e - ä p

c
;

ä b ãä c z

a - a2 - b2

+

a2 - b2 - a 2F1

c + d - e - ä p

c
, 1;

2 c + d - e - ä p

c
;

ä b ãä c z

a + a2 - b2

+

1

c - d + e - ä p
 ãä Hc-d+e-ä pL z a + a2 - b2

2F1

c - d + e - ä p

c
, 1;

2 c - d + e - ä p

c
;

ä b ãä c z

a - a2 - b2

+

a2 - b2 - a 2F1

c - d + e - ä p

c
, 1;

2 c - d + e - ä p

c
;

ä b ãä c z

a + a2 - b2

-

1

c + d + e - ä p
 ãä Hc+d+e-ä pL z a + a2 - b2

2F1

c + d + e - ä p

c
, 1;

2 c + d + e - ä p

c
;

ä b ãä c z

a - a2 - b2

+

a2 - b2 - a 2F1

c + d + e - ä p

c
, 1;

2 c + d + e - ä p

c
;

ä b ãä c z

a + a2 - b2

+

1

-c + d + e + ä p
 ãHä c-ä Hd+e+ä pLL z a + a2 - b2

2F1 -
-c + d + e + ä p

c
, 1; -

-2 c + d + e + ä p

c
;

ä b ãä c z

a - a2 - b2

+

a2 - b2 - a 2F1 -
-c + d + e + ä p

c
, 1; -

-2 c + d + e + ä p

c
;

ä b ãä c z

a + a2 - b2

Involving ãp z  sinHe zL sinHd zL Ha + b sinHc zLL-n

01.06.21.1441.01à ãp z sinHe zL sinHd zLHa + b sinHc zLL2
 â z �

1

4 b Ia2 - b2M3�2  
1

c + d - e - ä p
 ãä Hc+d-e-ä pL z -a a + a2 - b2

2F1

c + d - e - ä p

c
, 1;

2 c + d - e - ä p

c
;

ä b ãä c z

a - a2 - b2

+

a a - a2 - b2
2F1

c + d - e - ä p

c
, 1;

2 c + d - e - ä p

c
;

ä b ãä c z

a + a2 - b2

+

a2 + a2 - b2 a - b2
2F1

c + d - e - ä p

c
, 2;

2 c + d - e - ä p

c
;

ä b ãä c z

a - a2 - b2

+

+
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-a2 + a2 - b2 a + b2
2F1

c + d - e - ä p

c
, 2;

2 c + d - e - ä p

c
;

ä b ãä c z

a + a2 - b2

+

1

c - d + e - ä p
 ãä Hc-d+e-ä pL z -a a + a2 - b2

2F1

c - d + e - ä p

c
, 1;

2 c - d + e - ä p

c
;

ä b ãä c z

a - a2 - b2

+

a a - a2 - b2
2F1

c - d + e - ä p

c
, 1;

2 c - d + e - ä p

c
;

ä b ãä c z

a + a2 - b2

+

a2 + a2 - b2 a - b2
2F1

c - d + e - ä p

c
, 2;

2 c - d + e - ä p

c
;

ä b ãä c z

a - a2 - b2

+

-a2 + a2 - b2 a + b2
2F1

c - d + e - ä p

c
, 2;

2 c - d + e - ä p

c
;

ä b ãä c z

a + a2 - b2

-

1

c + d + e - ä p
 ãä Hc+d+e-ä pL z -a a + a2 - b2

2F1

c + d + e - ä p

c
, 1;

2 c + d + e - ä p

c
;

ä b ãä c z

a - a2 - b2

+

a a - a2 - b2
2F1

c + d + e - ä p

c
, 1;

2 c + d + e - ä p

c
;

ä b ãä c z

a + a2 - b2

+

a2 + a2 - b2 a - b2
2F1

c + d + e - ä p

c
, 2;

2 c + d + e - ä p

c
;

ä b ãä c z

a - a2 - b2

+

-a2 + a2 - b2 a + b2
2F1

c + d + e - ä p

c
, 2;

2 c + d + e - ä p

c
;

ä b ãä c z

a + a2 - b2

+

1

-c + d + e + ä p
 ãHä c-ä Hd+e+ä pLL z -a a + a2 - b2

2F1 -
-c + d + e + ä p

c
, 1; -

-2 c + d + e + ä p

c
;

ä b ãä c z

a - a2 - b2

+

a a - a2 - b2
2F1 -

-c + d + e + ä p

c
, 1; -

-2 c + d + e + ä p

c
;

ä b ãä c z

a + a2 - b2

+

a2 + a2 - b2 a - b2
2F1 -

-c + d + e + ä p

c
, 2; -

-2 c + d + e + ä p

c
;

ä b ãä c z

a - a2 - b2

+

-a2 + a2 - b2 a + b2
2F1 -

-c + d + e + ä p

c
, 2; -

-2 c + d + e + ä p

c
;

ä b ãä c z

a + a2 - b2

http://functions.wolfram.com 633



Involving ãp z  sinHe zL sinHd zL
a+b sin2Hc zL
01.06.21.1442.01à ãp z sinHe zL sinHd zL

a + b sin2Hc zL  â z �

-
1

4 a b a + b
 

1

2 c + d - e + ä p
 ä ãH-2 ä c-ä d+ä e+pL z K-2 a + 2 a + b a - bO 2F1

2 c + d - e + ä p

2 c
,

1;
4 c + d - e + ä p

2 c
;

b ã-2 ä c z

2 a + 2 a + b a + b
+ K2 a + 2 a + b a + bO

2F1

2 c + d - e + ä p

2 c
, 1;

4 c + d - e + ä p

2 c
;

b ã-2 ä c z

2 a - 2 a + b a + b
+

1

2 c - d + e + ä p
 

ä ãH-2 ä c+ä d-ä e+pL z K-2 a + 2 a + b a - bO 2F1

2 c - d + e + ä p

2 c
, 1;

4 c - d + e + ä p

2 c
;

b ã-2 ä c z

2 a + 2 a + b a + b
+

K2 a + 2 a + b a + bO 2F1

2 c - d + e + ä p

2 c
, 1;

4 c - d + e + ä p

2 c
;

b ã-2 ä c z

2 a - 2 a + b a + b
-

1

2 c + d + e + ä p
 ä ã-ä H2 c+d+e+ä pL z K-2 a + 2 a + b a - bO 2F1

2 c + d + e + ä p

2 c
, 1;

4 c + d + e + ä p

2 c
;

b ã-2 ä c z

2 a + 2 a + b a + b
+ K2 a + 2 a + b a + bO

2F1

2 c + d + e + ä p

2 c
, 1;

4 c + d + e + ä p

2 c
;

b ã-2 ä c z

2 a - 2 a + b a + b
-

1

-2 ä c + ä d + ä e + p
 

ãH-2 ä c+ä d+ä e+pL z K-2 a + 2 a + b a - bO 2F1 1 -
d + e - ä p

2 c
, 1; 2 -

d + e - ä p

2 c
;

b ã-2 ä c z

2 a + 2 a + b a + b
+

K2 a + 2 a + b a + bO 2F1 1 -
d + e - ä p

2 c
, 1; 2 -

d + e - ä p

2 c
;

b ã-2 ä c z

2 a - 2 a + b a + b

Involving ãp z  sinHe zL sinHd zL Ia + b sin2Hc zLM-n

01.06.21.1443.01

á ãp z sinHe zL sinHd zLIa + b sin2Hc zLM2
 â z �

1

8 a3�2 b Ha + bL3�2  -
1

2 ä c + ä d - ä e + p
 ãH2 ä c+ä d-ä e+pL z H2 a + bL K-2 a + 2 a + b a - bO 2F1

2 c + d - e - ä p

2 c
, 1;

4 c + d - e - ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
+ H2 a + bL K2 a + 2 a + b a + bO 2F1

2 c + d - e - ä p

2 c
,

1;
4 c + d - e - ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+ 2 a K2 a3�2 - 2 a + b a + 2 b a - b a + b O

-
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2F1

2 c + d - e - ä p

2 c
, 2;

4 c + d - e - ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
- K2 a3�2 + 2 a + b a +

2 b a + b a + b O 2F1

2 c + d - e - ä p

2 c
, 2;

4 c + d - e - ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
-

1

2 ä c - ä d + ä e + p
 ãH2 ä c-ä d+ä e+pL z H2 a + bL K-2 a + 2 a + b a - bO 2F1

2 c - d + e - ä p

2 c
,

1;
4 c - d + e - ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
+

H2 a + bL K2 a + 2 a + b a + bO 2F1

2 c - d + e - ä p

2 c
, 1;

4 c - d + e - ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+

2 a K2 a3�2 - 2 a + b a + 2 b a - b a + b O 2F1

2 c - d + e - ä p

2 c
, 2;

4 c - d + e - ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
- K2 a3�2 + 2 a + b a + 2 b a + b a + b O

2F1

2 c - d + e - ä p

2 c
, 2;

4 c - d + e - ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
-

1

2 c + d + e - ä p
 ä ãä H2 c+d+e-ä pL z H2 a + bL K-2 a + 2 a + b a - bO 2F1

2 c + d + e - ä p

2 c
, 1;

4 c + d + e - ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
+

H2 a + bL K2 a + 2 a + b a + bO 2F1

2 c + d + e - ä p

2 c
, 1;

4 c + d + e - ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+

2 a K2 a3�2 - 2 a + b a + 2 b a - b a + b O 2F1

2 c + d + e - ä p

2 c
, 2;

4 c + d + e - ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
- K2 a3�2 + 2 a + b a + 2 b a + b a + b O

2F1

2 c + d + e - ä p

2 c
, 2;

4 c + d + e - ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+

1

-2 c + d + e + ä p
 ä ãH2 ä c-ä Hd+e+ä pLL z H2 a + bL K-2 a + 2 a + b a - bO 2F1 -

-2 c + d + e + ä p

2 c
, 1;

-
-4 c + d + e + ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
+ H2 a + bL K2 a + 2 a + b a + bO

2F1 -
-2 c + d + e + ä p

2 c
, 1; -

-4 c + d + e + ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b
+
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2 a K2 a3�2 - 2 a + b a + 2 b a - b a + b O 2F1 -
-2 c + d + e + ä p

2 c
, 2; -

-4 c + d + e + ä p

2 c
;

b ã2 ä c z

2 a + 2 a + b a + b
- K2 a3�2 + 2 a + b a + 2 b a + b a + b O

2F1 -
-2 c + d + e + ä p

2 c
, 2; -

-4 c + d + e + ä p

2 c
;

b ã2 ä c z

2 a - 2 a + b a + b

Involving algebraic functions of the direct function and exponential function

Involving exp

Involving ãp z Ha + b sinHd zLLΒ

01.06.21.1444.01

à ãp z Ha + b sinHd zLLΒ â z �
ãp z

p - ä d Β
 1 -

ä b ãä d z

a - a2 - b2

-Β

1 -
ä b ãä d z

a + a2 - b2

-Β

Ha + b sinHd zLLΒ F1 -
ä p

d
- Β; - Β, - Β; -

ä p

d
- Β + 1;

ä b ãä d z

a + a2 - b2

, -
ä b ãä d z

a2 - b2 - a

Involving ãp z Ia + b sin2Hd zLMΒ

01.06.21.1445.01

à ãp z Ia + b sin2Hd zLMΒ
 â z �

1

p - 2 ä d Β
 ãp z 1 -

b ã2 ä d z

2 a + b - 2 a Ha + bL
-Β

1 -
b ã2 ä d z

2 a + b + 2 a Ha + bL
-Β

a -
1

4
b ã-2 ä d z I-1 + ã2 ä d zM2

Β

F1 -
ä p

2 d
- Β; - Β, - Β; -

ä p

2 d
- Β + 1;

b ã2 ä d z

2 a + b + 2 a Ha + bL ,
b ã2 ä d z

2 a + b - 2 a Ha + bL
Involving ãp z Ha + b sinHd zLLΒ

sinHc zL
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01.06.21.1446.01

à ãp z Ha + b sinHd zLLΒ sinHc zL â z � ä 1 +
ä b ãä d z

a2 - b2 - a

-Β

1 -
ä b ãä d z

a + a2 - b2

-Β Ha + b sinHd zLLΒ 

ãHä c+pL z ä Hc + ä p + d ΒL F1

c - ä p - d Β

d
; - Β, - Β;

c + d - ä p - d Β

d
;

ä b ãä d z

a + a2 - b2

,
ä b ãä d z

a - a2 - b2

+

ãH-ä c+pL z Hä c + p - ä d ΒL F1 -
c + ä p + d Β

d
; - Β, - Β; -

c + ä p + d H Β - 1L
d

;
ä b ãä d z

a + a2 - b2

,
ä b ãä d z

a - a2 - b2

� H2
Hc - ä p - d ΒL Hc + ä p + d ΒLL

Involving ãp z Ia + b sin2Hd zLMΒ
sinHc zL

01.06.21.1447.01

à ãp z Ia + b sin2Hd zLMΒ
sinHc zL â z �

1

2 Ic2 + Hp - 2 ä d ΒL2M  1 -
b ã2 ä d z

2 a + b - 2 a Ha + bL
-Β

1 -
b ã2 ä d z

2 a + b + 2 a Ha + bL
-Β

a -
1

4
b ã-2 ä d z I-1 + ã2 ä d zM2

Β

ä ãH-ä c+pL z Hä c + p - 2 ä d ΒL
F1 -

c + ä p + 2 d Β

2 d
; - Β, - Β; -

c + ä p + 2 d H Β - 1L
2 d

;
b ã2 ä d z

2 a + b + 2 a Ha + bL ,
b ã2 ä d z

2 a + b - 2 a Ha + bL - ãHä c+pL z

Hc + ä p + 2 d ΒL F1

c - ä p - 2 d Β

2 d
; - Β, - Β;

c + 2 d - ä p - 2 d Β

2 d
;

b ã2 ä d z

2 a + b + 2 a Ha + bL ,
b ã2 ä d z

2 a + b - 2 a Ha + bL
Involving ãp z  sinHe zL sinHc zL Ha + b sinHd zLLΒ
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01.06.21.1448.01

à ãp z sinHe zL sinHc zL Ha + b sinHd zLLΒ â z �
1

4
ä 1 +

ä b ãä d z

a2 - b2 - a

-Β

1 -
ä b ãä d z

a + a2 - b2

-Β Ha + b sinHd zLLΒ 

ãHä c+ä e+pL z

c + e - ä p - d Β
F1

c + e - ä p - d Β

d
; - Β, - Β;

c + d + e - ä p - d Β

d
;

ä b ãä d z

a + a2 - b2

,
ä b ãä d z

a - a2 - b2

+

ãH-ä c+ä e+pL z

c - e + ä p + d Β
F1 -

c - e + ä p + d Β

d
; - Β, - Β;

-c + d + e - ä p - d Β

d
;

ä b ãä d z

a + a2 - b2

,
ä b ãä d z

a - a2 - b2

+

ãHä c-ä e+pL z

-c + e + ä p + d Β
F1 -

-c + e + ä p + d Β

d
; - Β, - Β;

c + d - e - ä p - d Β

d
;

ä b ãä d z

a + a2 - b2

,
ä b ãä d z

a - a2 - b2

-

ã-ä Hc+e+ä pL z

c + e + ä p + d Β
F1 -

c + e + ä p + d Β

d
; - Β, - Β; -

c + e + ä p + d H Β - 1L
d

;
ä b ãä d z

a + a2 - b2

,
ä b ãä d z

a - a2 - b2

Involving ãp z  sinHe zL sinHc zL Ia + b sin2Hd zLMΒ

01.06.21.1449.01à ãp z sinHe zL sinHc zL Ia + b sin2Hd zLMΒ
 â z �

1

4
ä 1 -

b ã2 ä d z

2 a + b - 2 a Ha + bL
-Β

1 -
b ã2 ä d z

2 a + b + 2 a Ha + bL
-Β

a -
1

4
b ã-2 ä d z I-1 + ã2 ä d zM2

Β

ãHä c+ä e+pL z

c + e - ä p - 2 d Β
F1

c + e - ä p - 2 d Β

2 d
; - Β, - Β;

c + 2 d + e - ä p - 2 d Β

2 d
;

b ã2 ä d z

2 a + b + 2 a Ha + bL ,

b ã2 ä d z

2 a + b - 2 a Ha + bL +
ãH-ä c+ä e+pL z

c - e + ä p + 2 d Β
F1 -

c - e + ä p + 2 d Β

2 d
; - Β, - Β; -

c - e + ä p + 2 d H Β - 1L
2 d

;

b ã2 ä d z

2 a + b + 2 a Ha + bL ,
b ã2 ä d z

2 a + b - 2 a Ha + bL -
ãHä c-ä e+pL z

c - e - ä p - 2 d Β
F1 -

-c + e + ä p + 2 d Β

2 d
; - Β,

- Β;
c + 2 d - e - ä p - 2 d Β

2 d
;

b ã2 ä d z

2 a + b + 2 a Ha + bL ,
b ã2 ä d z

2 a + b - 2 a Ha + bL -
ã-ä Hc+e+ä pL z

c + e + ä p + 2 d Β

F1 -
c + e + ä p + 2 d Β

2 d
; - Β, - Β; -

c + e + ä p + 2 d H Β - 1L
2 d

;
b ã2 ä d z

2 a + b + 2 a Ha + bL ,
b ã2 ä d z

2 a + b - 2 a Ha + bL
Involving functions of the direct function, exponential and a power functions

Involving powers of the direct function, exponential and a power functions

Involving powers of sin, exp and power
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Involving zΑ-1 ãb z sinv Ha zL
01.06.21.1450.01à zn ãb z sinΝHa zL â z � n! ãb z sinΝHa zL I1 - ã2 ä a zM-Ν

â
p=0

n H-1Lp zn-p

Hn - pL ! Hb - ä a ΝLp+1
p+2Fp+1 -

ä b + a Ν

2 a
, ¼, -

ä b + a Ν

2 a
, -Ν; 1 -

ä b + a Ν

2 a
, ¼, 1 -

ä b + a Ν

2 a
; ã2 ä a z �; n Î N

01.06.21.1451.01à zΑ-1 ãb z sinvHa zL â z � -2-v
v
v

2

E1-ΑH-b zL H1 - v mod 2L zΑ -

2-v zΑ â
k=0

f v-1

2
v H-1Lk v

k
ã-

ä Π v

2 HE1-ΑH-Hb + a ä Hv - 2 kLL zL + H-1Lv E1-ΑH-Hb - ä a Hv - 2 kLL zLL �; v Î N

01.06.21.1452.01à zn ãp z sinvHa zL â z � -2-v
v
v

2

E-nH- p zL H1 - v mod 2L zn+1 -

2-v zn+1 â
s=0

f v-1

2
v H-1Ls ã-

ä Π v

2
v

s
HH-1Lv E-nHHä a Hv - 2 sL - pL zL + E-nHH- p - ä a Hv - 2 sLL zLL �; n Î Z ß v Î N

01.06.21.1453.01

à zn ãp z sinvHa zL â z � -2-v
v
v

2

H1 - v mod 2L H- pL-n-1 
H-1L-n EiHp zLH-n - 1L !

+ ãp z â
k=0

n H- p zLkHn + 1Lk-n

- ãp z â
k=n+1

-1 H- p zLkHn + 1Lk-n

-

2-v zn+1 ä-v â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv

H-1L-n EiH-Hä a Hv - 2 sL - pL zLH-n - 1L !
+ ã-Hä a Hv-2 sL-pL z â

k=0

n HHä a Hv - 2 sL - pL zLkHn + 1Lk-n

-

ã-Hä a Hv-2 sL-pL z â
k=n+1

-1 HHä a Hv - 2 sL - pL zLkHn + 1Lk-n

HHä a Hv - 2 sL - pL zL-n-1 +

HH- p - ä a Hv - 2 sLL zL-n-1
H-1L-n EiH-H- p - ä a Hv - 2 sLL zLH-n - 1L !

+ ã-H-p-ä a Hv-2 sLL z â
k=0

n HH- p - ä a Hv - 2 sLL zLkHn + 1Lk-n

-

ã-H-p-ä a Hv-2 sLL z â
k=n+1

-1 HH- p - ä a Hv - 2 sLL zLkHn + 1Lk-n

�; n Î Z ß v Î N

01.06.21.1454.01à zn+
1

2 ãp z sinvHa zL â z � -2-v
v
v

2

E
-n-

1

2

H- p zL H1 - v mod 2L zn+
3

2 -

2-v ä-v zn+
3

2  â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv E

-n-
1

2

HHä a Hv - 2 sL - pL zL + E
-n-

1

2

HH- p - ä a Hv - 2 sLL zL �; n Î Z ß v Î N
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01.06.21.1455.01à zn+
1

2 ãp z sinvHa zL â z �

-2-v H- pL-n-2 z-
1

2

v
v

2

H1 - v mod 2L - p z  erfcJ - p z N G n +
3

2
+ ãp z â

k=0

n H- p zLk+
1

2Jn + 3

2
N
k-n

- ãp z â
k=n+1

-1 H- p zLk+
1

2Jn + 3

2
N
k-n

-

2-v zn+
3

2 ä-v â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv erfcJ Hä a Hv - 2 sL - pL z N G n +

3

2
+ ã-Hä a Hv-2 sL-pL z â

k=0

n HHä a Hv - 2 sL - pL zLk+
1

2Jn + 3

2
N
k-n

-

ã-Hä a Hv-2 sL-pL z â
k=n+1

-1 HHä a Hv - 2 sL - pL zLk+
1

2Jn + 3

2
N
k-n

HHä a Hv - 2 sL - pL zL-n-
3

2 +

HH- p - ä a Hv - 2 sLL zL-n-
3

2 erfcJ H- p - ä a Hv - 2 sLL z N G n +
3

2
+ ã-H-p-ä a Hv-2 sLL z

â
k=0

n HH- p - ä a Hv - 2 sLL zLk+
1

2Jn + 3

2
N
k-n

- ã-H-p-ä a Hv-2 sLL z â
k=n+1

-1 HH- p - ä a Hv - 2 sLL zLk+
1

2Jn + 3

2
N
k-n

�; n Î Z ß v Î N

01.06.21.1456.01à z ãb z sin2Ha zL â z �

1

2 Ib3 + 4 a2 bM2
 Jãb z J-I4 Hb z + 1L a2 + b2 Hb z - 1LM cosH2 a zL b2 - 2 a I4 z a2 - 2 b + b2 zM sinH2 a zL b2 + I4 a2 + b2M2 Hb z - 1LNN

Involving zΑ-1 ãb z+e sinv Ha zL
01.06.21.1457.01à zn ãb z+e sinΝHa zL â z � n! ãb z+e sinΝHa zL I1 - ã2 ä a zM-Ν

â
p=0

n H-1Lp zn-p

Hn - pL ! Hb - ä a ΝLp+1
p+2Fp+1 -

ä b + a Ν

2 a
, ¼, -

ä b + a Ν

2 a
, -Ν; 1 -

ä b + a Ν

2 a
, ¼, 1 -

ä b + a Ν

2 a
; ã2 ä a z �; n Î N

01.06.21.1458.01à zΑ-1 ãe+b z sinvHa zL â z � -2-v ãe
v
v

2

E1-ΑH-b zL H1 - v mod 2L zΑ -

2-v zΑ â
k=0

f v-1

2
v H-1Lk v

k
ãe-

ä Π v

2 HE1-ΑH-Hb + a ä Hv - 2 kLL zL + H-1Lv E1-ΑH-Hb - ä a Hv - 2 kLL zLL �; v Î N
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01.06.21.1459.01à zn ãe+p z sinvHa zL â z � -2-v ãe
v
v

2

E-nH- p zL H1 - v mod 2L zn+1 -

2-v zn+1 â
s=0

f v-1

2
v H-1Ls ãe-

ä Π v

2
v

s
HH-1Lv E-nHHä a Hv - 2 sL - pL zL + E-nHH- p - ä a Hv - 2 sLL zLL �; n Î Z ß v Î N

01.06.21.1460.01à zn ãp z+e sinvHa zL â z �

-2-v ãe
v
v

2

H1 - v mod 2L H- pL-n-1 
H-1L-n EiHp zLH-n - 1L !

+ ãp z â
k=0

n H- p zLkHn + 1Lk-n

- ãp z â
k=n+1

-1 H- p zLkHn + 1Lk-n

- 2-v zn+1 ä-v ãe 

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv

H-1L-n EiH-Hä a Hv - 2 sL - pL zLH-n - 1L !
+ ã-Hä a Hv-2 sL-pL z â

k=0

n HHä a Hv - 2 sL - pL zLkHn + 1Lk-n

- ã-Hä a Hv-2 sL-pL z

â
k=n+1

-1 HHä a Hv - 2 sL - pL zLkHn + 1Lk-n

HHä a Hv - 2 sL - pL zL-n-1 +

HH- p - ä a Hv - 2 sLL zL-n-1
H-1L-n EiH-H- p - ä a Hv - 2 sLL zLH-n - 1L !

+ ã-H-p-ä a Hv-2 sLL z â
k=0

n HH- p - ä a Hv - 2 sLL zLkHn + 1Lk-n

-

ã-H-p-ä a Hv-2 sLL z â
k=n+1

-1 HH- p - ä a Hv - 2 sLL zLkHn + 1Lk-n

�; n Î Z ß v Î N

01.06.21.1461.01à zn+
1

2 ãp z+e sinvHa zL â z � -2-v ãe
v
v

2

E
-n-

1

2

H- p zL H1 - v mod 2L zn+
3

2 -

2-v ä-v zn+
3

2  ãe â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv E

-n-
1

2

HHä a Hv - 2 sL - pL zL + E
-n-

1

2

HH- p - ä a Hv - 2 sLL zL �; n Î Z ß v Î N
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01.06.21.1462.01à zn+
1

2 ãe+p z sinvHa zL â z �

-2-v ãe H- pL-n-2 z-
1

2

v
v

2

H1 - v mod 2L erfcJ - p z N G n +
3

2
+ ãp z â

k=0

n H- p zLk+
1

2Jn + 3

2
N
k-n

- ãp z â
k=n+1

-1 H- p zLk+
1

2Jn + 3

2
N
k-n

- p z -

2-v zn+
3

2 ä-v ãe â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv erfcJ Hä a Hv - 2 sL - pL z N G n +

3

2
+ ã-Hä a Hv-2 sL-pL z â

k=0

n HHä a Hv - 2 sL - pL zLk+
1

2Jn + 3

2
N
k-n

-

ã-Hä a Hv-2 sL-pL z â
k=n+1

-1 HHä a Hv - 2 sL - pL zLk+
1

2Jn + 3

2
N
k-n

HHä a Hv - 2 sL - pL zL-n-
3

2 +

HH- p - ä a Hv - 2 sLL zL-n-
3

2 erfcJ H- p - ä a Hv - 2 sLL z N G n +
3

2
+ ã-H-p-ä a Hv-2 sLL z

â
k=0

n HH- p - ä a Hv - 2 sLL zLk+
1

2Jn + 3

2
N
k-n

- ã-H-p-ä a Hv-2 sLL z â
k=n+1

-1 HH- p - ä a Hv - 2 sLL zLk+
1

2Jn + 3

2
N
k-n

�; n Î Z ß v Î N

Involving zΑ-1 ãp z sinΝHa z + bL
01.06.21.1463.01à zn ãp z sinΝHa z + bL â z � n! ãp z sinΝHb + a zL I1 - ã2 ä Hb+a zLM-Ν

â
j=0

n H-1L j zn- jHn - jL ! Hp - ä a ΝL j+1
 j+2F j+1 -

ä p + a Ν

2 a
, ¼, -

ä p + a Ν

2 a
, -Ν; 1 -

ä p + a Ν

2 a
, ¼, 1 -

ä p + a Ν

2 a
; ã2 ä Hb+a zL �; n Î N+

01.06.21.1464.01à zΑ-1 ãp z sinvHb + a zL â z � -2-v
v
v

2

E1-ΑH- p zL H1 - v mod 2L zΑ -

2-v zΑ â
k=0

f v-1

2
v H-1Lk v

k
ã-

1

2
ä HΠ v+2 b H2 k+vLL Iã2 ä b v E1-ΑH-Hp + a ä Hv - 2 kLL zL + ãä H4 b k+Π vL E1-ΑH-Hp - ä a Hv - 2 kLL zLM �; v Î N

01.06.21.1465.01à zn ãp z sinvHa z + bL â z � -2-v
v
v

2

E-nH- p zL H1 - v mod 2L zn+1 - 2-v zn+1 

â
s=0

f v-1

2
v H-1Ls ã-

1

2
ä HΠ v+2 b H2 s+vLL v

s
Iãä H4 b s+Π vL E-nHHä a Hv - 2 sL - pL zL + ã2 ä b v E-nHH- p - ä a Hv - 2 sLL zLM �; n Î Z ß v Î N

http://functions.wolfram.com 642



01.06.21.1466.01à zn ãp z sinvHa z + bL â z �

-2-v H- pL-n-1
v
v

2

H1 - v mod 2L H-1L-n EiHp zLH-n - 1L !
+ ãp z â

k=0

n H- p zLkHn + 1Lk-n

- ãp z â
k=n+1

-1 H- p zLkHn + 1Lk-n

- 2-v zn+1

â
s=0

f v-1

2
v H-1Ls ã-

1

2
ä HΠ v+2 b H2 s+vLL v

s
ãä H4 b s+Π vL H-1L-n EiH-Hä a Hv - 2 sL - pL zLH-n - 1L !

+ ã-Hä a Hv-2 sL-pL z â
k=0

n HHä a Hv - 2 sL - pL zLkHn + 1Lk-n

-

ã-Hä a Hv-2 sL-pL z â
k=n+1

-1 HHä a Hv - 2 sL - pL zLkHn + 1Lk-n

HHä a Hv - 2 sL - pL zL-n-1 +

ã2 ä b v HH- p - ä a Hv - 2 sLL zL-n-1
H-1L-n EiH-H- p - ä a Hv - 2 sLL zLH-n - 1L !

+ ã-H-p-ä a Hv-2 sLL z â
k=0

n HH- p - ä a Hv - 2 sLL zLkHn + 1Lk-n

-

ã-H-p-ä a Hv-2 sLL z â
k=n+1

-1 HH- p - ä a Hv - 2 sLL zLkHn + 1Lk-n

�; n Î Z ß v Î N

01.06.21.1467.01à zn+
1

2 ãp z sinvHa z + bL â z � -2-v
v
v

2

E
-n-

1

2

H- p zL H1 - v mod 2L zn+
3

2 -

2-v zn+
3

2  â
s=0

f v-1

2
v H-1Ls ã-

1

2
ä HΠ v+2 b H2 s+vLL v

s
ãä H4 b s+Π vL E

-n-
1

2

HHä a Hv - 2 sL - pL zL + ã2 ä b v E
-n-

1

2

HH- p - ä a Hv - 2 sLL zL �; n Î

Z ß v Î N

01.06.21.1468.01à zn+
1

2 ãp z sinvHa z + bL â z �

-2-v H- pL-n-2 z-
1

2

v
v

2

H1 - v mod 2L erfcJ - p z N G n +
3

2
+ ãp z â

k=0

n H- p zLk+
1

2Jn + 3

2
N
k-n

- ãp z â
k=n+1

-1 H- p zLk+
1

2Jn + 3

2
N
k-n

- p z -

2-v zn+
3

2 â
s=0

f v-1

2
v H-1Ls ã-

1

2
ä HΠ v+2 b H2 s+vLL v

s
ãä H4 b s+Π vL erfcJ Hä a Hv - 2 sL - pL z N G n +

3

2
+ ã-Hä a Hv-2 sL-pL z

â
k=0

n HHä a Hv - 2 sL - pL zLk+
1

2Jn + 3

2
N
k-n

- ã-Hä a Hv-2 sL-pL z â
k=n+1

-1 HHä a Hv - 2 sL - pL zLk+
1

2Jn + 3

2
N
k-n

HHä a Hv - 2 sL - pL zL-n-
3

2 +

ã2 ä b v HH- p - ä a Hv - 2 sLL zL-n-
3

2 erfcJ H- p - ä a Hv - 2 sLL z N G n +
3

2
+ ã-H-p-ä a Hv-2 sLL z

â
k=0

n HH- p - ä a Hv - 2 sLL zLk+
1

2Jn + 3

2
N
k-n

- ã-H-p-ä a Hv-2 sLL z â
k=n+1

-1 HH- p - ä a Hv - 2 sLL zLk+
1

2Jn + 3

2
N
k-n

�; n Î Z ß v Î N
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Involving zΑ-1 ãp z+e sinΝHa z + bL
01.06.21.1469.01à zn ãp z+e sinΝHa z + bL â z � n! ãp z+e sinΝHb + a zL I1 - ã2 ä Hb+a zLM-Ν

â
j=0

n H-1L j zn- jHn - jL ! Hp - ä a ΝL j+1
 j+2F j+1 -

ä p + a Ν

2 a
, ¼, -

ä p + a Ν

2 a
, -Ν; 1 -

ä p + a Ν

2 a
, ¼, 1 -

ä p + a Ν

2 a
; ã2 ä Hb+a zL �; n Î N+

01.06.21.1470.01à zΑ-1 ãp z+e sinvHb + a zL â z � -2-v ãe
v
v

2

E1-ΑH- p zL H1 - v mod 2L zΑ -

2-v zΑ â
k=0

f v-1

2
v H-1Lk v

k
ãe-

1

2
ä HΠ v+2 b H2 k+vLL Iã2 ä b v E1-ΑH-Hp + a ä Hv - 2 kLL zL + ãä H4 b k+Π vL E1-ΑH-Hp - ä a Hv - 2 kLL zLM �; v Î N

01.06.21.1471.01à zn ãp z+e sinvHa z + bL â z � -2-v ãe
v
v

2

E-nH- p zL H1 - v mod 2L zn+1 - 2-v zn+1 

â
s=0

f v-1

2
v H-1Ls ãe-

1

2
ä HΠ v+2 b H2 s+vLL v

s
Iãä H4 b s+Π vL E-nHHä a Hv - 2 sL - pL zL + ã2 ä b v E-nHH- p - ä a Hv - 2 sLL zLM �; n Î Z ß v Î N

01.06.21.1472.01à zn ãp z+e sinvHa z + bL â z �

-2-v H- pL-n-1 ãe
v
v

2

H1 - v mod 2L H-1L-n EiHp zLH-n - 1L !
+ ãp z â

k=0

n H- p zLkHn + 1Lk-n

- ãp z â
k=n+1

-1 H- p zLkHn + 1Lk-n

- 2-v zn+1

â
s=0

f v-1

2
v H-1Ls ãe-

1

2
ä HΠ v+2 b H2 s+vLL v

s
ãä H4 b s+Π vL H-1L-n EiH-Hä a Hv - 2 sL - pL zLH-n - 1L !

+ ã-Hä a Hv-2 sL-pL z â
k=0

n HHä a Hv - 2 sL - pL zLkHn + 1Lk-n

-

ã-Hä a Hv-2 sL-pL z â
k=n+1

-1 HHä a Hv - 2 sL - pL zLkHn + 1Lk-n

HHä a Hv - 2 sL - pL zL-n-1 +

ã2 ä b v HH- p - ä a Hv - 2 sLL zL-n-1
H-1L-n EiH-H- p - ä a Hv - 2 sLL zLH-n - 1L !

+ ã-H-p-ä a Hv-2 sLL z â
k=0

n HH- p - ä a Hv - 2 sLL zLkHn + 1Lk-n

-

ã-H-p-ä a Hv-2 sLL z â
k=n+1

-1 HH- p - ä a Hv - 2 sLL zLkHn + 1Lk-n

�; n Î Z ß v Î N

01.06.21.1473.01à zn+
1

2 ãp z+e sinvHa z + bL â z � -2-v ãe
v
v

2

E
-n-

1

2

H- p zL H1 - v mod 2L zn+
3

2 -

2-v zn+
3

2  â
s=0

f v-1

2
v H-1Ls ãe-

1

2
ä HΠ v+2 b H2 s+vLL v

s
ãä H4 b s+Π vL E

-n-
1

2

HHä a Hv - 2 sL - pL zL + ã2 ä b v E
-n-

1

2

HH- p - ä a Hv - 2 sLL zL �; n Î

Z ß v Î N
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01.06.21.1474.01à zn+
1

2 ãp z+e sinvHa z + bL â z �

-2-v H- pL-n-2 z-
1

2 ãe
v
v

2

H1 - v mod 2L erfcJ - p z N G n +
3

2
+ ãp z â

k=0

n H- p zLk+
1

2Jn + 3

2
N
k-n

- ãp z â
k=n+1

-1 H- p zLk+
1

2Jn + 3

2
N
k-n

- p z -

2-v zn+
3

2 â
s=0

f v-1

2
v H-1Ls ãe-

1

2
ä HΠ v+2 b H2 s+vLL v

s
ãä H4 b s+Π vL erfcJ Hä a Hv - 2 sL - pL z N G n +

3

2
+ ã-Hä a Hv-2 sL-pL z

â
k=0

n HHä a Hv - 2 sL - pL zLk+
1

2Jn + 3

2
N
k-n

- ã-Hä a Hv-2 sL-pL z â
k=n+1

-1 HHä a Hv - 2 sL - pL zLk+
1

2Jn + 3

2
N
k-n

HHä a Hv - 2 sL - pL zL-n-
3

2 +

ã2 ä b v HH- p - ä a Hv - 2 sLL zL-n-
3

2 erfcJ H- p - ä a Hv - 2 sLL z N G n +
3

2
+ ã-H-p-ä a Hv-2 sLL z

â
k=0

n HH- p - ä a Hv - 2 sLL zLk+
1

2Jn + 3

2
N
k-n

- ã-H-p-ä a Hv-2 sLL z â
k=n+1

-1 HH- p - ä a Hv - 2 sLL zLk+
1

2Jn + 3

2
N
k-n

�; n Î Z ß v Î N

Involving zn ãb zr
 sinv Hc zL

01.06.21.1475.01à zn ãb z2
sinvHc zL â z � -ä-v 2-v-1 b-n-1 

â
k=0

f v-1

2
v H-1Lk ã

c2 Hv-2 kL2
4 b

v

k
H-1Lv â

q=0

n n

q
2q-n Hä c Hv - 2 kLLn-q H2 ä c k - ä c v + 2 b zLq+1 -

H2 ä c k - ä c v + 2 b zL2

b

1

2
H-q-1L

G
q + 1

2
, -

H2 ä c k - ä c v + 2 b zL2

4 b
+ â

q=0

n n

q
ä c k -

v

2

n-q

Hc ä Hv - 2 kL + 2 b zLq+1 -
Hc ä Hv - 2 kL + 2 b zL2

b

1

2
H-q-1L

G
q + 1

2
, -

Hc ä Hv - 2 kL + 2 b zL2

4 b
-

2-v-1 zn+1 I-b z2M 1

2
H-n-1L v

v

2

G
n + 1

2
, -b z2 H1 - v mod 2L �; n Î N ì v Î

N+
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01.06.21.1476.01

à zn ãb z sinvHc zL â z � ä-v 2-2 n-v-1 â
s=0

f v-1

2
v H-1Ls ã

b2

8 ä c s-4 ä c v I-c2 Hv - 2 sL2M-2 n-1 v

s

Hä c H2 s - vLL2 n â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 c ä Hv - 2 sL z Nh+k
ä Ib + 2 c ä Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
b Ib + 2 c ä Hv - 2 sL z N G

1

2
Hh + k + 1L, -

ä Ib + 2 c ä Hv - 2 sL z N2

c H8 s - 4 vL +

2 c ä -
ä Ib + 2 c ä Hv - 2 sL z N2

c H2 s - vL Hv - 2 sL G
1

2
Hh + k + 2L, -

ä Ib + 2 c ä Hv - 2 sL z N2

c H8 s - 4 vL +

H-1Lv ã
b2

2 ä c v-4 ä c s Hä c Hv - 2 sLL2 n â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib - 2 ä c Hv - 2 sL z Nh+k

-
ä Ib - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k

b Ib - 2 ä c Hv - 2 sL z N G
1

2
Hh + k + 1L, -

ä Ib - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL -

2 ä c Hv - 2 sL -
ä Ib - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + k + 2L, -

ä Ib - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL -

21-v b-2 n-2
v
v

2

GI2 Hn + 1L, -b z N H1 - v mod 2L �; n Î

N ì
v Î

N+

Involving zn ãb zr +e sinv Hc zL
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01.06.21.1477.01à zn ãb z2+e sinvHc zL â z � -2-v-1 ãe zn+1
v
v

2

G
n + 1

2
, -b z2 H1 - v mod 2L I-b z2M 1

2
H-n-1L

-

ä-v 2-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

e-
H2 ä c s-ä c vL2

4 b â
q=0

n

2q-n Hä c v - 2 ä c sLn-q H2 ä c s - ä c v + 2 b zLq+1

-
H2 ä c s - ä c v + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

H2 ä c s - ä c v + 2 b zL2

4 b
b-n-1 +

ã
e-

Hä c v-2 ä c sL2
4 b â

q=0

n

2q-n H2 ä c s - ä c vLn-q Hc ä Hv - 2 sL + 2 b zLq+1 -
Hc ä Hv - 2 sL + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hc ä Hv - 2 sL + 2 b zL2

4 b
b-n-1 �; n Î N ì v Î N+
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01.06.21.1478.01

à zn ã z b+e sinvHc zL â z � ä-v 2-2 n-v-1 â
s=0

f v-1

2
v H-1Ls v

s

H-1Lv ã
ä b2

4 c H2 s-vL +e â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 c ä H2 s - vL z Nh+k
ä Ib + 2 c ä H2 s - vL z N2

c H2 s - vL
1

2
H-h-k-1L

k

h

n

k
b Ib + 2 c ä H2 s - vL z N G

1

2
Hh + k + 1L, ä Ib + 2 c ä H2 s - vL z N2

4 c H2 s - vL + 2 c ä H2 s - vL
ä Ib + 2 c ä H2 s - vL z N2

c H2 s - vL G
1

2
Hh + k + 2L, ä Ib + 2 c ä H2 s - vL z N2

4 c H2 s - vL Hä c H2 s - vLL-2 n-2 +

ã
ä b2

4 c Hv-2 sL +e Hä c Hv - 2 sLL-2 n-2 â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 c ä Hv - 2 sL z Nh+k

ä Ib + 2 c ä Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k

b Ib + 2 c ä Hv - 2 sL z N G
1

2
Hh + k + 1L, ä Ib + 2 c ä Hv - 2 sL z N2

4 c Hv - 2 sL +

2 c ä Hv - 2 sL ä Ib + 2 c ä Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + k + 2L, ä Ib + 2 c ä Hv - 2 sL z N2

4 c Hv - 2 sL -

21-v H-bL-2 Hn+1L ãe
v
v

2

GI2 Hn + 1L, -b z N H1 - v mod 2L �; n Î

N ì
v Î

N+

Involving zn  ãb zr +d z  sinv Hc zL
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01.06.21.1479.01à zn ãb z2+d z sinvHc zL â z �

-2-v-1 ã
-

d2

4 b

v
v

2

H1 - v mod 2L b-n-1 â
q=0

n

2q-n H-dLn-q Hd + 2 b zLq+1 -
Hd + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b zL2

4 b
-

ä-v 2-v-1 b-n-1 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
Hd+c ä Hv-2 sLL2

4 b â
q=0

n n

q
2q-n H-d + 2 ä c s - ä c vLn-q Hd - 2 ä c s + ä c v + 2 b zLq+1

-
Hd - 2 ä c s + ä c v + 2 b zL2

b

1

2
H-q-1L

G
q + 1

2
, -

Hd - 2 ä c s + ä c v + 2 b zL2

4 b
+

H-1Lv ã
-

Hd+2 ä c s-ä c vL2
4 b â

q=0

n n

q
2q-n Hä c Hv - 2 sL - dLn-q Hd + 2 ä c s - ä c v + 2 b zLq+1

-
Hd + 2 ä c s - ä c v + 2 b zL2

b

1

2
H-q-1L

G
q + 1

2
, -

Hd + 2 ä c s - ä c v + 2 b zL2

4 b
�; n Î N ì v Î N+

01.06.21.1480.01

à zn ã z b+d z sinvHc zL â z � 2-2 n-v-1 ã
-

b2

4 d

v
v

2

H1 - v mod 2L
â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 d z Nh+k
-

Ib + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 d z N

G
1

2
Hh + k + 1L, -

Ib + 2 d z N2

4 d
+ 2 -

Ib + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + 2 d z N2

4 d
d-2 n-2 +

2-2 n-v-1 ä-v â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

b2

-4 d-8 ä c s+4 ä c v â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd + 2 ä c s - ä c vL z Nh+k

-
Ib + 2 Hd + 2 ä c s - ä c vL z N2

d + 2 ä c s - ä c v

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd + 2 ä c s - ä c vL z N

G
1

2
Hh + k + 1L, -

Ib + 2 Hd + 2 ä c s - ä c vL z N2

4 Hd + 2 ä c s - ä c vL + 2 -
Ib + 2 Hd + 2 ä c s - ä c vL z N2

d + 2 ä c s - ä c v

+
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Hd + 2 ä c s - ä c vL G
1

2
Hh + k + 2L, -

Ib + 2 Hd + 2 ä c s - ä c vL z N2

4 Hd + 2 ä c s - ä c vL Hd + 2 ä c s - ä c vL-2 Hn+1L +

ã
-

b2

4 Hd+c ä Hv-2 sLL Hd + c ä Hv - 2 sLL-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd - 2 ä c s + ä c vL z Nh+k

-
Ib + 2 Hd - 2 ä c s + ä c vL z N2

d + c ä Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd - 2 ä c s + ä c vL z N G

1

2
Hh + k + 1L, -

Ib + 2 Hd - 2 ä c s + ä c vL z N2

4 Hd + c ä Hv - 2 sLL + 2 -
Ib + 2 Hd - 2 ä c s + ä c vL z N2

d + c ä Hv - 2 sL
Hd + c ä Hv - 2 sLL G

1

2
Hh + k + 2L, -

Ib + 2 Hd - 2 ä c s + ä c vL z N2

4 Hd + c ä Hv - 2 sLL �; n Î N ì v Î N+

Involving zn  ãb zr +d z+e  sinv Hc zL
01.06.21.1481.01à zn ãb z2+d z+e sinvHc zL â z �

2-v-1 b-n-1 ã
-

d2

4 b ãe
v
v

2

Hv mod 2 - 1L â
q=0

n

2q-n H-dLn-q Hd + 2 b zLq+1 -
Hd + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b zL2

4 b
-

ä-v ã
d2

4 b
+e â

s=0

f v-1

2
v H-1Ls v

s
ã

-
Hd-2 ä c s+ä c vL2

4 b â
q=0

n

2q-n H-d + 2 ä c s - ä c vLn-q Hd - 2 ä c s + ä c v + 2 b zLq+1

-
Hd - 2 ä c s + ä c v + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd - 2 ä c s + ä c v + 2 b zL2

4 b
+

H-1Lv ã
-

Hd+2 ä c s-ä c vL2
4 b â

q=0

n

2q-n H-d - 2 ä c s + ä c vLn-q Hd + 2 ä c s - ä c v + 2 b zLq+1

-
Hd + 2 ä c s - ä c v + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 ä c s - ä c v + 2 b zL2

4 b
�; n Î N ì v Î N+
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01.06.21.1482.01

à zn ã z b+d z+e sinvHc zL â z � 2-2 n-v-1 ã
e-

b2

4 d

v
v

2

H1 - v mod 2L
â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 d z Nh+k
-

Ib + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 d z N

G
1

2
Hh + k + 1L, -

Ib + 2 d z N2

4 d
+ 2 -

Ib + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + 2 d z N2

4 d
d-2 n-2 +

2-2 n-v-1 ä-v â
s=0

f v-1

2
v H-1Ls v

s
ã

e-
b2

4 Hd+c ä Hv-2 sLL â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd + c ä Hv - 2 sLL z Nh+k

-
Ib + 2 Hd + c ä Hv - 2 sLL z N2

d + c ä Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd + c ä Hv - 2 sLL z N

G
1

2
Hh + k + 1L, -

Ib + 2 Hd + c ä Hv - 2 sLL z N2

4 Hd + c ä Hv - 2 sLL + 2 -
Ib + 2 Hd + c ä Hv - 2 sLL z N2

d + c ä Hv - 2 sL
Hd + c ä Hv - 2 sLL G

1

2
Hh + k + 2L, -

Ib + 2 Hd + c ä Hv - 2 sLL z N2

4 Hd + c ä Hv - 2 sLL Hd + c ä Hv - 2 sLL-2 n-2 +

H-1Lv ã
e-

b2

4 Hd-ä c Hv-2 sLL Hd - ä c Hv - 2 sLL-2 n-2 â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd - ä c Hv - 2 sLL z Nh+k

-
Ib + 2 Hd - ä c Hv - 2 sLL z N2

d - ä c Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd - ä c Hv - 2 sLL z N G

1

2
Hh + k + 1L, -

Ib + 2 Hd - ä c Hv - 2 sLL z N2

4 Hd - ä c Hv - 2 sLL + 2 -
Ib + 2 Hd - ä c Hv - 2 sLL z N2

d - ä c Hv - 2 sL
Hd - ä c Hv - 2 sLL G

1

2
Hh + k + 2L, -

Ib + 2 Hd - ä c Hv - 2 sLL z N2

4 Hd - ä c Hv - 2 sLL �; n Î N ì v Î N+
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Involving zn ãb zr
sinv Hf z + gL

01.06.21.1483.01à zn ãb z2
sinvH f z + gL â z � -2-v-1 zn+1

v
v

2

G
n + 1

2
, -b z2 H1 - v mod 2L I-b z2M 1

2
H-n-1L

-

ä-v 2-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
H2 ä f s-ä f vL2

4 b
+g ä H2 s-vL â

q=0

n

2q-n Hä f v - 2 ä f sLn-q H2 ä f s - ä f v + 2 b zLq+1

-
H2 ä f s - ä f v + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

H2 ä f s - ä f v + 2 b zL2

4 b
b-n-1 +

ã
-

Hä f v-2 ä f sL2
4 b

+g ä Hv-2 sL â
q=0

n

2q-n H2 ä f s - ä f vLn-q H f ä Hv - 2 sL + 2 b zLq+1 -
H f ä Hv - 2 sL + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

H f ä Hv - 2 sL + 2 b zL2

4 b
b-n-1 �; n Î N ì v Î N+
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01.06.21.1484.01à zn ã z b sinvH f z + gL â z �

ä-v 2-2 n-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

ä b2

4 f H2 s-vL +g ä H2 s-vL â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 f ä H2 s - vL z Nh+k

ä Ib + 2 f ä H2 s - vL z N2

f H2 s - vL
1

2
H-h-k-1L

k

h

n

k
b Ib + 2 f ä H2 s - vL z N G

1

2
Hh + k + 1L,

ä Ib + 2 f ä H2 s - vL z N2

4 f H2 s - vL + 2 f ä H2 s - vL ä Ib + 2 f ä H2 s - vL z N2

f H2 s - vL G
1

2
Hh + k + 2L,

ä Ib + 2 f ä H2 s - vL z N2

4 f H2 s - vL Hä f H2 s - vLL-2 n-2 + ã
ä b2

4 f Hv-2 sL +g ä Hv-2 sL Hä f Hv - 2 sLL-2 n-2

â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 f ä Hv - 2 sL z Nh+k
ä Ib + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
b Ib + 2 f ä Hv - 2 sL z N G

1

2
Hh + k + 1L, ä Ib + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL ä Ib + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + k + 2L, ä Ib + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL -

21-v H-bL-2 Hn+1L v
v

2

GI2 Hn + 1L, -b z N H1 - v mod 2L �; n Î

N ì
v Î

N+

Involving zn ãb zr +e sinv Hf z + gL
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01.06.21.1485.01à zn ãb z2+e sinvH f z + gL â z � -2-v-1 ãe zn+1
v
v

2

G
n + 1

2
, -b z2 H1 - v mod 2L I-b z2M 1

2
H-n-1L

-

ä-v 2-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
H2 ä f s-ä f vL2

4 b
+e+g ä H2 s-vL â

q=0

n

2q-n Hä f v - 2 ä f sLn-q H2 ä f s - ä f v + 2 b zLq+1

-
H2 ä f s - ä f v + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

H2 ä f s - ä f v + 2 b zL2

4 b
b-n-1 +

ã
-

Hä f v-2 ä f sL2
4 b

+e+g ä Hv-2 sL â
q=0

n

2q-n H2 ä f s - ä f vLn-q H f ä Hv - 2 sL + 2 b zLq+1 -
H f ä Hv - 2 sL + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

H f ä Hv - 2 sL + 2 b zL2

4 b
b-n-1 �; n Î N ì v Î N+
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01.06.21.1486.01à zn ã z b+e sinvH f z + gL â z �

ä-v 2-2 n-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

ä b2

4 f H2 s-vL +e+g ä H2 s-vL â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 f ä H2 s - vL z Nh+k

ä Ib + 2 f ä H2 s - vL z N2

f H2 s - vL
1

2
H-h-k-1L

k

h

n

k
b Ib + 2 f ä H2 s - vL z N G

1

2
Hh + k + 1L,

ä Ib + 2 f ä H2 s - vL z N2

4 f H2 s - vL + 2 f ä H2 s - vL ä Ib + 2 f ä H2 s - vL z N2

f H2 s - vL G
1

2
Hh + k + 2L,

ä Ib + 2 f ä H2 s - vL z N2

4 f H2 s - vL Hä f H2 s - vLL-2 n-2 + ã
ä b2

4 f Hv-2 sL +e+g ä Hv-2 sL Hä f Hv - 2 sLL-2 n-2

â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 f ä Hv - 2 sL z Nh+k
ä Ib + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
b Ib + 2 f ä Hv - 2 sL z N G

1

2
Hh + k + 1L, ä Ib + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL ä Ib + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + k + 2L, ä Ib + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL -

21-v H-bL-2 Hn+1L ãe
v
v

2

GI2 Hn + 1L, -b z N H1 - v mod 2L �; n Î

N ì
v Î

N+

Involving zn ãb zr +d z sinv Hf z + gL
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01.06.21.1487.01à zn ãb z2+d z sinvH f z + gL â z �

2-v-1 b-n-1 ã
-

d2

4 b

v
v

2

Hv mod 2 - 1L â
q=0

n

2q-n H-dLn-q Hd + 2 b zLq+1 -
Hd + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b zL2

4 b
-

ä-v bn+1 ã
d2

4 b â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
Hd+2 ä f s-ä f vL2

4 b
+g ä H2 s-vL

â
q=0

n

2q-n H-d - 2 ä f s + ä f vLn-q Hd + 2 ä f s - ä f v + 2 b zLq+1 -
Hd + 2 ä f s - ä f v + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 ä f s - ä f v + 2 b zL2

4 b
b-n-1 + ã

-
Hd-2 ä f s+ä f vL2

4 b
+g ä Hv-2 sL

â
q=0

n

2q-n H-d + 2 ä f s - ä f vLn-q Hd + f ä Hv - 2 sL + 2 b zLq+1 -
Hd + f ä Hv - 2 sL + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + f ä Hv - 2 sL + 2 b zL2

4 b
b-n-1 �; n Î N ì v Î N+

01.06.21.1488.01

à zn ã z b+d z sinvH f z + gL â z � 2-2 n-v-1 ã
-

b2

4 d

v
v

2

H1 - v mod 2L
â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 d z Nh+k
-

Ib + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 d z N

G
1

2
Hh + k + 1L, -

Ib + 2 d z N2

4 d
+ 2 -

Ib + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + 2 d z N2

4 d
d-2 n-2 +

2-2 n-v-1 ä-v â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
b2

4 Hd+ f ä H2 s-vLL +g ä H2 s-vL â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd + f ä H2 s - vLL z Nh+k

-
Ib + 2 Hd + f ä H2 s - vLL z N2

d + f ä H2 s - vL
1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd + f ä H2 s - vLL z N

+
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G
1

2
Hh + k + 1L, -

Ib + 2 Hd + f ä H2 s - vLL z N2

4 Hd + f ä H2 s - vLL + 2 -
Ib + 2 Hd + f ä H2 s - vLL z N2

d + f ä H2 s - vL
Hd + f ä H2 s - vLL G

1

2
Hh + k + 2L, -

Ib + 2 Hd + f ä H2 s - vLL z N2

4 Hd + f ä H2 s - vLL Hd + f ä H2 s - vLL-2 n-2 +

ã
-

b2

4 Hd+ f ä Hv-2 sLL +g ä Hv-2 sL Hd + f ä Hv - 2 sLL-2 n-2 â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd + f ä Hv - 2 sLL z Nh+k

-
Ib + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd + f ä Hv - 2 sLL z N G

1

2
Hh + k + 1L, -

Ib + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL + 2 -
Ib + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
Hd + f ä Hv - 2 sLL G

1

2
Hh + k + 2L, -

Ib + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL �; n Î N ì v Î N+

Involving zn ãb zr +d z+e sinv Hf z + gL

http://functions.wolfram.com 657



01.06.21.1489.01à zn ãb z2+d z+e sinvH f z + gL â z �

2-v-1 b-n-1 ã
-

d2

4 b ãe
v
v

2

Hv mod 2 - 1L â
q=0

n

2q-n H-dLn-q Hd + 2 b zLq+1 -
Hd + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b zL2

4 b
-

ä-v bn+1 ã
d2

4 b â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
Hd+2 ä f s-ä f vL2

4 b
+e+g ä H2 s-vL

â
q=0

n

2q-n H-d - 2 ä f s + ä f vLn-q Hd + 2 ä f s - ä f v + 2 b zLq+1 -
Hd + 2 ä f s - ä f v + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 ä f s - ä f v + 2 b zL2

4 b
b-n-1 + ã

-
Hd-2 ä f s+ä f vL2

4 b
+e+g ä Hv-2 sL

â
q=0

n

2q-n H-d + 2 ä f s - ä f vLn-q Hd + f ä Hv - 2 sL + 2 b zLq+1 -
Hd + f ä Hv - 2 sL + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + f ä Hv - 2 sL + 2 b zL2

4 b
b-n-1 �; n Î N ì v Î N+

01.06.21.1490.01

à zn ã z b+d z+e sinvH f z + gL â z � 2-2 n-v-1 ã
e-

b2

4 d

v
v

2

H1 - v mod 2L
â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 d z Nh+k
-

Ib + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 d z N

G
1

2
Hh + k + 1L, -

Ib + 2 d z N2

4 d
+ 2 -

Ib + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + 2 d z N2

4 d
d-2 n-2 +

2-2 n-v-1 ä-v â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
b2

4 Hd+ f ä H2 s-vLL +e+g ä H2 s-vL â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd + f ä H2 s - vLL z Nh+k

-
Ib + 2 Hd + f ä H2 s - vLL z N2

d + f ä H2 s - vL
1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd + f ä H2 s - vLL z N

+
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G
1

2
Hh + k + 1L, -

Ib + 2 Hd + f ä H2 s - vLL z N2

4 Hd + f ä H2 s - vLL + 2 -
Ib + 2 Hd + f ä H2 s - vLL z N2

d + f ä H2 s - vL
Hd + f ä H2 s - vLL G

1

2
Hh + k + 2L, -

Ib + 2 Hd + f ä H2 s - vLL z N2

4 Hd + f ä H2 s - vLL Hd + f ä H2 s - vLL-2 n-2 +

ã
-

b2

4 Hd+ f ä Hv-2 sLL +e+g ä Hv-2 sL Hd + f ä Hv - 2 sLL-2 n-2 â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 Hd + f ä Hv - 2 sLL z Nh+k

-
Ib + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
b Ib + 2 Hd + f ä Hv - 2 sLL z N G

1

2
Hh + k + 1L, -

Ib + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL + 2 -
Ib + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
Hd + f ä Hv - 2 sLL G

1

2
Hh + k + 2L, -

Ib + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL �; n Î N ì v Î N+

Involving zn ãb z sinv Ic zr M
01.06.21.1491.01

à zn ãb z sinvIc z2M â z � 2-v H-bL-n-1
v
v

2

GHn + 1, -b zL Hv mod 2 - 1L -

1

2
ä-v â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

b2

4 ä c v-8 ä c s Hä c H2 s - vLL-n-1 â
q=0

n

2q-n H-bLn-q Hb + 4 ä c s z - 2 ä c v zLq+1

-
ä Hb + 4 ä c s z - 2 ä c v zL2

c Hv - 2 sL
1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hb + 4 ä c s z - 2 ä c v zL2

4 c Hv - 2 sL +

ã
b2

8 ä c s-4 ä c v Hä c Hv - 2 sLL-n-1 â
q=0

n

2q-n H-bLn-q Hb + 2 c ä Hv - 2 sL zLq+1
ä Hb + 2 c ä Hv - 2 sL zL2

c Hv - 2 sL
1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hb + 2 c ä Hv - 2 sL zL2

c H8 s - 4 vL �; n Î N ì v Î N+
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01.06.21.1492.01

à zn ãb z sinvIc z N â z � ä-v 2-2 n-v-1 b-2 n-2 â
s=0

f v-1

2
v H-1Ls ã

c2 Hv-2 sL2
4 b

v

s

H-1Lv â
k=0

n â
h=0

k H-1Lk-h 4k H-ä c Hv - 2 sLL-h-k+2 n I2 b z - ä c Hv - 2 sLNh+k
-

I2 b z - ä c Hv - 2 sLN2

b

1

2
H-h-k-1L

k

h

n

k
2 b -

I2 b z - ä c Hv - 2 sLN2

b
G

1

2
Hh + k + 2L, -

I2 b z - ä c Hv - 2 sLN2

4 b
-

ä c Hv - 2 sL I2 b z - ä c Hv - 2 sLN G
1

2
Hh + k + 1L, -

I2 b z - ä c Hv - 2 sLN2

4 b
+

â
k=0

n â
h=0

k H-1Lk-h 4k Hä c Hv - 2 sLL-h-k+2 n I2 z b + c ä Hv - 2 sLNh+k
-

I2 z b + c ä Hv - 2 sLN2

b

1

2
H-h-k-1L

k

h

n

k
c ä Hv - 2 sL I2 z b + c ä Hv - 2 sLN G

1

2
Hh + k + 1L, -

I2 z b + c ä Hv - 2 sLN2

4 b
+

2 -
I2 z b + c ä Hv - 2 sLN2

b
b G

1

2
Hh + k + 2L, -

I2 z b + c ä Hv - 2 sLN2

4 b
-

2-v H-bL-n-1
v
v

2

GHn + 1, -b zL H1 - v mod 2L �; n Î

N ì
v Î

N+

Involving zn ãb z+e sinv Ic zr M
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01.06.21.1493.01à zn ãb z+e sinvIc z2M â z � -2-v ãe
v
v

2

GHn + 1, -b zL H1 - v mod 2L H-bL-n-1 -

2-v-1 â
k=0

f v-1

2
v H-1Lk v

k

1

ä c Hv - 2 kL  ã
ä b2

4 c Hv-2 kL +e-
ä Π v

2 â
q=0

n

2q-n H-bLn-q Hä c Hv - 2 kLL-n-
1

2 Hb + 2 c ä Hv - 2 kL zLq+1

ä Hb + 2 c ä Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
,

ä Hb + 2 c ä Hv - 2 kL zL2

4 c Hv - 2 kL +

1

-ä c Hv - 2 kL  ã
-

ä b2

4 c Hv-2 kL +e+
ä Π v

2 â
q=0

n

2q-n H-bLn-q H-ä c Hv - 2 kLL-n-
1

2 Hb - 2 ä c Hv - 2 kL zLq+1

-
ä Hb - 2 ä c Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hb - 2 ä c Hv - 2 kL zL2

4 c Hv - 2 kL �; n Î N ì v Î N+
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01.06.21.1494.01à zn ãb z+e sinvIc z N â z �

ä-v 2-2 n-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

c2 H2 s-vL2
4 b

+e â
k=0

n â
h=0

k H-1Lk-h 4k Hä c H2 s - vLL-h-k+2 n I2 z b + c ä H2 s - vLNh+k

-
I2 z b + c ä H2 s - vLN2

b

1

2
H-h-k-1L

k

h

n

k

c ä H2 s - vL I2 z b + c ä H2 s - vLN G
1

2
Hh + k + 1L, -

I2 z b + c ä H2 s - vLN2

4 b
+ 2

-
I2 z b + c ä H2 s - vLN2

b
b G

1

2
Hh + k + 2L, -

I2 z b + c ä H2 s - vLN2

4 b
b-2 n-2 +

ã
c2 Hv-2 sL2

4 b
+e â

k=0

n â
h=0

k H-1Lk-h 4k Hä c Hv - 2 sLL-h-k+2 n I2 z b + c ä Hv - 2 sLNh+k
-

I2 z b + c ä Hv - 2 sLN2

b

1

2
H-h-k-1L

k

h

n

k
c ä Hv - 2 sL I2 z b + c ä Hv - 2 sLN G

1

2
Hh + k + 1L, -

I2 z b + c ä Hv - 2 sLN2

4 b
+ 2

-
I2 z b + c ä Hv - 2 sLN2

b
b G

1

2
Hh + k + 2L, -

I2 z b + c ä Hv - 2 sLN2

4 b
b-2 n-2 -

2-v H-bL-n-1 ãe
v
v

2

GHn + 1, -b zL H1 - v mod 2L �; n Î N ì v Î N+

Involving zΑ-1 ãb zr
 sinv Ic zr M
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01.06.21.1495.01

à zΑ-1 ãb zr
sinvHc zrL â z � -

2-v zΑ H-b zrL-
Α

r H1 - v mod 2L
r

 
v
v

2

G
Α

r
, -b zr -

H2 ä L-v zΑ

r
 â

i=0

f v-1

2
v H-1Li v

i
H-1Lv G

Α

r
, Hä c Hv - 2 iL - bL zr HHä c Hv - 2 iL - bL zrL-

Α

r +

HH-b - ä c Hv - 2 iLL zrL-
Α

r G
Α

r
, H-b - ä c Hv - 2 iLL zr �; v Î N+

01.06.21.1496.01à zn ãb z2
sinvIc z2M â z � -2-v-1 zn+1

v
v

2

G
n + 1

2
, -b z2 H1 - v mod 2L I-b z2M 1

2
H-n-1L

-

ä-v 2-v-1 zn+1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv G

n + 1

2
, H-b - 2 ä c s + ä c vL z2 IH-b - 2 ä c s + ä c vL z2M 1

2
H-n-1L

+

IH-b - ä c Hv - 2 sLL z2M 1

2
H-n-1L

G
n + 1

2
, H-b - ä c Hv - 2 sLL z2 �; n Î N ì v Î N+

01.06.21.1497.01à zn ãb z sinvIc z N â z � -21-v
v
v

2

GI2 Hn + 1L, -b z N H1 - v mod 2L H-bL-2 Hn+1L -

ä-v 21-v zn+1 â
i=0

f v-1

2
v H-1Li v

i
KH-1Lv GI2 Hn + 1L, Hä c Hv - 2 iL - bL z N IHä c Hv - 2 iL - bL z N-2 Hn+1L

+

IH-b - ä c Hv - 2 iLL z N-2 Hn+1L
GI2 Hn + 1L, H-b - ä c Hv - 2 iLL z NO �; n Î N ì v Î N+

Involving zΑ-1 ãb zr +e sinv Ic zr M
01.06.21.1498.01à zΑ-1 ãb zr+e sinvHc zrL â z � -

2-v ãe H1 - v mod 2L
r

 zΑ H-b zrL-
Α

r

v
v

2

G
Α

r
, -b zr -

2-v zΑ

r
â
k=0

f v-1

2
v H-1Lk v

k
ãe+

ä Π v

2 G
Α

r
, Hä c Hv - 2 kL - bL zr HHä c Hv - 2 kL - bL zrL-

Α

r +

ãe-
ä Π v

2 HH-b - ä c Hv - 2 kLL zrL-
Α

r G
Α

r
, H-b - ä c Hv - 2 kLL zr �; v Î N+

01.06.21.1499.01à zn ãb z2+e sinvIc z2M â z � -2-v-1 ãe zn+1
v
v

2

G
n + 1

2
, -b z2 H1 - v mod 2L I-b z2M 1

2
H-n-1L

-

2-v-1 zn+1 â
k=0

f v-1

2
v H-1Lk v

k
ãe+

ä Π v

2 G
n + 1

2
, Hä c Hv - 2 kL - bL z2 IHä c Hv - 2 kL - bL z2M 1

2
H-n-1L

+

ãe-
ä Π v

2 IH-b - ä c Hv - 2 kLL z2M 1

2
H-n-1L

G
n + 1

2
, H-b - ä c Hv - 2 kLL z2 �; n Î N ì v Î N+
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01.06.21.1500.01à zn ã z b+e sinvIc z N â z � -21-v ãe
v
v

2

GI2 Hn + 1L, -b z N H1 - v mod 2L H-bL-2 Hn+1L -

21-v zn+1 â
k=0

f v-1

2
v H-1Lk v

k
ãe+

ä Π v

2 GI2 Hn + 1L, Hä c Hv - 2 kL - bL z N IHä c Hv - 2 kL - bL z N-2 Hn+1L
+

ãe-
ä Π v

2 IH-b - ä c Hv - 2 kLL z N-2 Hn+1L
GI2 Hn + 1L, H-b - ä c Hv - 2 kLL z N �; n Î N ì v Î N+

Involving zn  ãb zr +d z  sinv Ic zr M
01.06.21.1501.01à zn ãb z2+d z sinvIc z2M â z �

-2-v-1 ã
-

d2

4 b

v
v

2

H1 - v mod 2L b-n-1 â
q=0

n

2q-n H-dLn-q Hd + 2 b zLq+1 -
Hd + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b zL2

4 b
-

2-1-v ä-v â
s=0

f v-1

2
v H-1Ls v

s

1

b + 2 ä c s - ä c v
 H-1Lv ã

d2

-4 b-8 ä c s+4 ä c v

â
q=0

n

2q-n H-dLn-q Hb + 2 ä c s - ä c vL-n-
1

2 Hd + 2 Hb + 2 ä c s - ä c vL zLq+1 -
Hd + 2 Hb + 2 ä c s - ä c vL zL2

b + 2 ä c s - ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 Hb + 2 ä c s - ä c vL zL2

4 Hb + 2 ä c s - ä c vL +
1

b + c ä Hv - 2 sL  ã
-

d2

4 Hb+c ä Hv-2 sLL

â
q=0

n

2q-n H-dLn-q Hb + c ä Hv - 2 sLL-n-
1

2 Hd + 2 Hb - 2 ä c s + ä c vL zLq+1 -
Hd + 2 Hb - 2 ä c s + ä c vL zL2

b + c ä Hv - 2 sL
1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 Hb - 2 ä c s + ä c vL zL2

4 Hb + c ä Hv - 2 sLL �; n Î N ì v Î N+

http://functions.wolfram.com 664



01.06.21.1502.01à zn ã z b+d z sinvIc z N â z �

2-2 n-v-1 ã
-

b2

4 d

v
v

2

H1 - v mod 2L d-2 n-2 â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 d z Nh+k
-

Ib + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k

b Ib + 2 d z N G
1

2
Hh + k + 1L, -

Ib + 2 d z N2

4 d
+ 2 -

Ib + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + 2 d z N2

4 d
+

2-2 n-v-1 ä-v d-2 n-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
Hb+c ä H2 s-vLL2

4 d â
k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä H2 s - vLL-h-k+2 n

Ib + c ä H2 s - vL + 2 d z Nh+k
-

Ib + c ä H2 s - vL + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k

Hb + c ä H2 s - vLL Ib + c ä H2 s - vL + 2 d z N G
1

2
Hh + k + 1L, -

Ib + c ä H2 s - vL + 2 d z N2

4 d
+

2 -
Ib + c ä H2 s - vL + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + c ä H2 s - vL + 2 d z N2

4 d
+

ã
-

Hb+c ä Hv-2 sLL2
4 d â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä Hv - 2 sLL-h-k+2 n Ib + c ä Hv - 2 sL + 2 d z Nh+k

-
Ib + c ä Hv - 2 sL + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
Hb + c ä Hv - 2 sLL Ib + c ä Hv - 2 sL + 2 d z N G

1

2
Hh + k + 1L, -

Ib + c ä Hv - 2 sL + 2 d z N2

4 d
+ 2 -

Ib + c ä Hv - 2 sL + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + c ä Hv - 2 sL + 2 d z N2

4 d
�; n Î N ì v Î N+
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Involving zn ãb zr +d z+e sinv Ic zr M
01.06.21.1503.01à zn ãb z2+d z+e sinvIc z2M â z �

2-v-1 b-n-1 ã
-

d2

4 b ãe
v
v

2

Hv mod 2 - 1L â
q=0

n

2q-n H-dLn-q Hd + 2 b zLq+1 -
Hd + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b zL2

4 b
-

ä-v bn+1 ã
d2

4 b â
s=0

f v-1

2
v H-1Ls v

s
ã

e-
d2

4 Hb-2 ä c s+ä c vL Hb - 2 ä c s + ä c vL-n-1 

â
q=0

n

2q-n H-dLn-q Hd + 2 Hb - 2 ä c s + ä c vL zLq+1 -
Hd + 2 Hb - 2 ä c s + ä c vL zL2

b - 2 ä c s + ä c v

1

2
H-q-1L

n

q

G
q + 1

2
, -

Hd + 2 Hb - 2 ä c s + ä c vL zL2

4 Hb - 2 ä c s + ä c vL + H-1Lv ã
e-

d2

4 Hb+2 ä c s-ä c vL Hb + 2 ä c s - ä c vL-n-1

â
q=0

n

2q-n H-dLn-q Hd + 2 b z + 4 ä c s z - 2 ä c v zLq+1 -
Hd + 2 b z + 4 ä c s z - 2 ä c v zL2

b + 2 ä c s - ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b z + 4 ä c s z - 2 ä c v zL2

4 Hb + 2 ä c s - ä c vL �; n Î N ì v Î N+
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01.06.21.1504.01à zn ã z b+d z+e sinvIc z N â z �

2-2 n-v-1 ã
e-

b2

4 d

v
v

2

H1 - v mod 2L d-2 n-2 â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 d z Nh+k
-

Ib + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k

b Ib + 2 d z N G
1

2
Hh + k + 1L, -

Ib + 2 d z N2

4 d
+ 2 -

Ib + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + 2 d z N2

4 d
+

2-2 n-v-1 ä-v d-2 n-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

e-
Hb+c ä H2 s-vLL2

4 d â
k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä H2 s - vLL-h-k+2 n

Ib + c ä H2 s - vL + 2 d z Nh+k
-

Ib + c ä H2 s - vL + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k

Hb + c ä H2 s - vLL Ib + c ä H2 s - vL + 2 d z N G
1

2
Hh + k + 1L, -

Ib + c ä H2 s - vL + 2 d z N2

4 d
+

2 -
Ib + c ä H2 s - vL + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + c ä H2 s - vL + 2 d z N2

4 d
+

ã
e-

Hb+c ä Hv-2 sLL2
4 d â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä Hv - 2 sLL-h-k+2 n Ib + c ä Hv - 2 sL + 2 d z Nh+k

-
Ib + c ä Hv - 2 sL + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
Hb + c ä Hv - 2 sLL Ib + c ä Hv - 2 sL + 2 d z N G

1

2
Hh + k + 1L, -

Ib + c ä Hv - 2 sL + 2 d z N2

4 d
+ 2 -

Ib + c ä Hv - 2 sL + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + c ä Hv - 2 sL + 2 d z N2

4 d
�; n Î N ì v Î N+
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Involving zn ãd z sinv Ic zr + gM
01.06.21.1505.01à zn ãd z sinvIc z2 + gM â z � -2-v

v
v

2

GHn + 1, -d zL H1 - v mod 2L H-dL-n-1 -

2-v-1 â
k=0

f v-1

2
v H-1Lk v

k

1

ä c Hv - 2 kL  ã
ä d2

4 c Hv-2 kL +g ä Hv-2 kL-
ä Π v

2 â
q=0

n

2q-n H-dLn-q Hä c Hv - 2 kLL-n-
1

2 Hd + 2 c ä Hv - 2 kL zLq+1

ä Hd + 2 c ä Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
,

ä Hd + 2 c ä Hv - 2 kL zL2

4 c Hv - 2 kL +

1

-ä c Hv - 2 kL  ã
-

ä d2

4 c Hv-2 kL +
ä Π v

2
-ä g Hv-2 kL â

q=0

n

2q-n H-dLn-q H-ä c Hv - 2 kLL-n-
1

2 Hd - 2 ä c Hv - 2 kL zLq+1

-
ä Hd - 2 ä c Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hd - 2 ä c Hv - 2 kL zL2

4 c Hv - 2 kL �; n Î N ì v Î N+

http://functions.wolfram.com 668



01.06.21.1506.01à zn ãd z sinvI z c + gN â z �

ä-v 2-2 n-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

c2 H2 s-vL2
4 d

+g ä H2 s-vL â
k=0

n â
h=0

k H-1Lk-h 4k Hä c H2 s - vLL-h-k+2 n I2 z d + c ä H2 s - vLNh+k

-
I2 z d + c ä H2 s - vLN2

d

1

2
H-h-k-1L

k

h

n

k
c ä H2 s - vL I2 z d + c ä H2 s - vLN

G
1

2
Hh + k + 1L, -

I2 z d + c ä H2 s - vLN2

4 d
+ 2 -

I2 z d + c ä H2 s - vLN2

d

d G
1

2
Hh + k + 2L, -

I2 z d + c ä H2 s - vLN2

4 d
d-2 n-2 + ã

c2 Hv-2 sL2
4 d

+g ä Hv-2 sL

â
k=0

n â
h=0

k H-1Lk-h 4k Hä c Hv - 2 sLL-h-k+2 n I2 z d + c ä Hv - 2 sLNh+k
-

I2 z d + c ä Hv - 2 sLN2

d

1

2
H-h-k-1L

k

h

n

k
c ä Hv - 2 sL I2 z d + c ä Hv - 2 sLN G

1

2
Hh + k + 1L, -

I2 z d + c ä Hv - 2 sLN2

4 d
+ 2

-
I2 z d + c ä Hv - 2 sLN2

d
d G

1

2
Hh + k + 2L, -

I2 z d + c ä Hv - 2 sLN2

4 d

d-2 n-2 - 2-v H-dL-n-1
v
v

2

GHn + 1, -d zL H1 - v mod 2L �; n Î N ì v Î N+

Involving zn ãd z+e sinv Ic zr + gM
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01.06.21.1507.01à zn ãd z+e sinvIc z2 + gM â z � -2-v ãe
v
v

2

GHn + 1, -d zL H1 - v mod 2L H-dL-n-1 -

2-v-1 â
k=0

f v-1

2
v H-1Lk v

k

1

ä c Hv - 2 kL  ã
ä d2

4 c Hv-2 kL +e+g ä Hv-2 kL-
ä Π v

2 â
q=0

n

2q-n H-dLn-q Hä c Hv - 2 kLL-n-
1

2

Hd + 2 c ä Hv - 2 kL zLq+1
ä Hd + 2 c ä Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
,

ä Hd + 2 c ä Hv - 2 kL zL2

4 c Hv - 2 kL +

1

-ä c Hv - 2 kL  ã
-

ä d2

4 c Hv-2 kL +e+
ä Π v

2
-ä g Hv-2 kL â

q=0

n

2q-n H-dLn-q H-ä c Hv - 2 kLL-n-
1

2 Hd - 2 ä c Hv - 2 kL zLq+1

-
ä Hd - 2 ä c Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hd - 2 ä c Hv - 2 kL zL2

4 c Hv - 2 kL �; n Î N ì v Î N+
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01.06.21.1508.01à zn ãd z+e sinvI z c + gN â z �

ä-v 2-2 n-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

c2 H2 s-vL2
4 d

+g ä H2 s-vL+e â
k=0

n â
h=0

k H-1Lk-h 4k Hä c H2 s - vLL-h-k+2 n I2 z d + c ä H2 s - vLNh+k

-
I2 z d + c ä H2 s - vLN2

d

1

2
H-h-k-1L

k

h

n

k
c ä H2 s - vL I2 z d + c ä H2 s - vLN

G
1

2
Hh + k + 1L, -

I2 z d + c ä H2 s - vLN2

4 d
+ 2 -

I2 z d + c ä H2 s - vLN2

d

d G
1

2
Hh + k + 2L, -

I2 z d + c ä H2 s - vLN2

4 d
d-2 n-2 + ã

c2 Hv-2 sL2
4 d

+g ä Hv-2 sL+e

â
k=0

n â
h=0

k H-1Lk-h 4k Hä c Hv - 2 sLL-h-k+2 n I2 z d + c ä Hv - 2 sLNh+k
-

I2 z d + c ä Hv - 2 sLN2

d

1

2
H-h-k-1L

k

h

n

k
c ä Hv - 2 sL I2 z d + c ä Hv - 2 sLN G

1

2
Hh + k + 1L, -

I2 z d + c ä Hv - 2 sLN2

4 d
+ 2

-
I2 z d + c ä Hv - 2 sLN2

d
d G

1

2
Hh + k + 2L, -

I2 z d + c ä Hv - 2 sLN2

4 d
d-2 n-2 -

2-v H-dL-n-1 ãe
v
v

2

GHn + 1, -d zL H1 - v mod 2L �; n Î N ì v Î N+

Involving zΑ-1 ãb zr
sinv Ic zr + gM
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01.06.21.1509.01à zΑ-1 ãb zr
sinvHc zr + gL â z � -

2-v H1 - v mod 2L
r

zΑ H-b zrL-
Α

r

v
v

2

G
Α

r
, -b zr -

2-v zΑ

r
â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Π v

2
-ä g Hv-2 kL G

Α

r
, Hä c Hv - 2 kL - bL zr HHä c Hv - 2 kL - bL zrL-

Α

r +

ãg ä Hv-2 kL-
ä Π v

2 HH-b - ä c Hv - 2 kLL zrL-
Α

r G
Α

r
, H-b - ä c Hv - 2 kLL zr �; v Î N+

01.06.21.1510.01à zn ãb z2
 sinvIc z2 + gM â z � -2-v-1 zn+1

v
v

2

G
n + 1

2
, -b z2 H1 - v mod 2L I-b z2M 1

2
H-n-1L

-

2-v-1 zn+1 â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Π v

2
-ä g Hv-2 kL G

n + 1

2
, Hä c Hv - 2 kL - bL z2 IHä c Hv - 2 kL - bL z2M 1

2
H-n-1L

+

ãg ä Hv-2 kL-
ä Π v

2 IH-b - ä c Hv - 2 kLL z2M 1

2
H-n-1L

G
n + 1

2
, H-b - ä c Hv - 2 kLL z2 �; n Î N ì v Î N+

01.06.21.1511.01à zn ã z b sinvI z c + gN â z � -21-v
v
v

2

GI2 Hn + 1L, -b z N H1 - v mod 2L H-bL-2 Hn+1L -

21-v zn+1 â
k=0

f v-1

2
v H-1Lk v

k
ã

ä Π v

2
-ä g Hv-2 kL GI2 Hn + 1L, Hä c Hv - 2 kL - bL z N IHä c Hv - 2 kL - bL z N-2 Hn+1L

+

ãg ä Hv-2 kL-
ä Π v

2 IH-b - ä c Hv - 2 kLL z N-2 Hn+1L
GI2 Hn + 1L, H-b - ä c Hv - 2 kLL z N �; n Î N ì v Î N+

Involving zΑ-1 ãb zr +e sinv Ic zr + gM
01.06.21.1512.01à zΑ-1 ãb zr+e sinvHc zr + gL â z � -

2-v ãe H1 - v mod 2L
r

zΑ H-b zrL-
Α

r

v
v

2

G
Α

r
, -b zr -

2-v zΑ

r
â
k=0

f v-1

2
v H-1Lk v

k
ãe+

ä Π v

2
-ä g Hv-2 kL G

Α

r
, Hä c Hv - 2 kL - bL zr HHä c Hv - 2 kL - bL zrL-

Α

r +

ãe+g ä Hv-2 kL-
ä Π v

2 HH-b - ä c Hv - 2 kLL zrL-
Α

r G
Α

r
, H-b - ä c Hv - 2 kLL zr �; v Î N+

01.06.21.1513.01à zn ãb z2+e sinvIc z2 + gM â z � -2-v-1 ãe zn+1
v
v

2

G
n + 1

2
, -b z2 H1 - v mod 2L I-b z2M 1

2
H-n-1L

-

2-v-1 zn+1 â
k=0

f v-1

2
v H-1Lk v

k
ãe+

ä Π v

2
-ä g Hv-2 kL G

n + 1

2
, Hä c Hv - 2 kL - bL z2 IHä c Hv - 2 kL - bL z2M 1

2
H-n-1L

+

ãe+g ä Hv-2 kL-
ä Π v

2 IH-b - ä c Hv - 2 kLL z2M 1

2
H-n-1L

G
n + 1

2
, H-b - ä c Hv - 2 kLL z2 �; n Î N ì v Î N+
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01.06.21.1514.01à zn ã z b+e sinvI z c + gN â z � -21-v ãe
v
v

2

GI2 Hn + 1L, -b z N H1 - v mod 2L H-bL-2 Hn+1L -

21-v zn+1 â
k=0

f v-1

2
v H-1Lk v

k
ãe+

ä Π v

2
-ä g Hv-2 kL GI2 Hn + 1L, Hä c Hv - 2 kL - bL z N IHä c Hv - 2 kL - bL z N-2 Hn+1L

+

ãe+g ä Hv-2 kL-
ä Π v

2 IH-b - ä c Hv - 2 kLL z N-2 Hn+1L
GI2 Hn + 1L, H-b - ä c Hv - 2 kLL z N �; n Î N ì v Î N+

Involving zn ãb zr +d z sinv Ic zr + gM
01.06.21.1515.01à zn ãb z2+d z sinvIc z2 + gM â z �

2-v-1 b-n-1 ã
-

d2

4 b

v
v

2

Hv mod 2 - 1L â
q=0

n

2q-n H-dLn-q Hd + 2 b zLq+1 -
Hd + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b zL2

4 b
-

ä-v bn+1 ã
d2

4 b â
s=0

f v-1

2
v H-1Ls v

s
ã

ä g Hv-2 sL-
d2

4 Hb-2 ä c s+ä c vL â
q=0

n

2q-n H-dLn-q Hd + 2 Hb - 2 ä c s + ä c vL zLq+1

-
Hd + 2 Hb - 2 ä c s + ä c vL zL2

b - 2 ä c s + ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 Hb - 2 ä c s + ä c vL zL2

4 Hb - 2 ä c s + ä c vL
Hb - 2 ä c s + ä c vL-n-1 + H-1Lv ã

ä g H2 s-vL-
d2

4 Hb+2 ä c s-ä c vL Hb + 2 ä c s - ä c vL-n-1

â
q=0

n

2q-n H-dLn-q Hd + 2 b z + 4 ä c s z - 2 ä c v zLq+1 -
Hd + 2 b z + 4 ä c s z - 2 ä c v zL2

b + 2 ä c s - ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b z + 4 ä c s z - 2 ä c v zL2

4 Hb + 2 ä c s - ä c vL �; n Î N ì v Î N+

01.06.21.1516.01

à zn ã z b+d z sinvI z c + gN â z � 2-2 n-v-1 ã
-

b2

4 d

v
v

2

H1 - v mod 2L
â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 d z Nh+k
-

Ib + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 d z N

G
1

2
Hh + k + 1L, -

Ib + 2 d z N2

4 d
+ 2 -

Ib + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + 2 d z N2

4 d
d-2 n-2 +
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2-2 n-v-1 ä-v â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
Hb+c ä H2 s-vLL2

4 d
+g ä H2 s-vL â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä H2 s - vLL-h-k+2 n

Ib + c ä H2 s - vL + 2 d z Nh+k
-

Ib + c ä H2 s - vL + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k

Hb + c ä H2 s - vLL Ib + c ä H2 s - vL + 2 d z N G
1

2
Hh + k + 1L, -

Ib + c ä H2 s - vL + 2 d z N2

4 d
+ 2

-
Ib + c ä H2 s - vL + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + c ä H2 s - vL + 2 d z N2

4 d
d-2 n-2 +

ã
-

Hb+c ä Hv-2 sLL2
4 d

+g ä Hv-2 sL â
k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä Hv - 2 sLL-h-k+2 n Ib + c ä Hv - 2 sL + 2 d z Nh+k

-
Ib + c ä Hv - 2 sL + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
Hb + c ä Hv - 2 sLL Ib + c ä Hv - 2 sL + 2 d z N

G
1

2
Hh + k + 1L, -

Ib + c ä Hv - 2 sL + 2 d z N2

4 d
+ 2 -

Ib + c ä Hv - 2 sL + 2 d z N2

d

d G
1

2
Hh + k + 2L, -

Ib + c ä Hv - 2 sL + 2 d z N2

4 d
d-2 n-2 �; n Î N ì v Î N+

Involving zn ãb zr +d z+e sinv Ic zr + gM
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01.06.21.1517.01à zn ãb z2+d z+e sinvIc z2 + gM â z �

2-v-1 b-n-1 ã
-

d2

4 b ãe
v
v

2

Hv mod 2 - 1L â
q=0

n

2q-n H-dLn-q Hd + 2 b zLq+1 -
Hd + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b zL2

4 b
-

ä-v bn+1 ã
d2

4 b â
s=0

f v-1

2
v H-1Ls v

s
ã

-
d2

4 Hb-2 ä c s+ä c vL +e+g ä Hv-2 sL â
q=0

n

2q-n H-dLn-q Hd + 2 Hb - 2 ä c s + ä c vL zLq+1

-
Hd + 2 Hb - 2 ä c s + ä c vL zL2

b - 2 ä c s + ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 Hb - 2 ä c s + ä c vL zL2

4 Hb - 2 ä c s + ä c vL
Hb - 2 ä c s + ä c vL-n-1 + H-1Lv ã

-
d2

4 Hb+2 ä c s-ä c vL +e+g ä H2 s-vL Hb + 2 ä c s - ä c vL-n-1

â
q=0

n

2q-n H-dLn-q Hd + 2 b z + 4 ä c s z - 2 ä c v zLq+1 -
Hd + 2 b z + 4 ä c s z - 2 ä c v zL2

b + 2 ä c s - ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b z + 4 ä c s z - 2 ä c v zL2

4 Hb + 2 ä c s - ä c vL �; n Î N ì v Î N+

01.06.21.1518.01

à zn ã z b+d z+e sinvI z c + gN â z � 2-2 n-v-1 ã
e-

b2

4 d

v
v

2

H1 - v mod 2L
â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 d z Nh+k
-

Ib + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 d z N

G
1

2
Hh + k + 1L, -

Ib + 2 d z N2

4 d
+ 2 -

Ib + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + 2 d z N2

4 d
d-2 n-2 +

2-2 n-v-1 ä-v â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
Hb+c ä H2 s-vLL2

4 d
+e+g ä H2 s-vL â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä H2 s - vLL-h-k+2 n

Ib + c ä H2 s - vL + 2 d z Nh+k
-

Ib + c ä H2 s - vL + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
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Hb + c ä H2 s - vLL Ib + c ä H2 s - vL + 2 d z N G
1

2
Hh + k + 1L, -

Ib + c ä H2 s - vL + 2 d z N2

4 d
+ 2

-
Ib + c ä H2 s - vL + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + c ä H2 s - vL + 2 d z N2

4 d
d-2 n-2 +

ã
-

Hb+c ä Hv-2 sLL2
4 d

+e+g ä Hv-2 sL â
k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä Hv - 2 sLL-h-k+2 n Ib + c ä Hv - 2 sL + 2 d z Nh+k

-
Ib + c ä Hv - 2 sL + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
Hb + c ä Hv - 2 sLL Ib + c ä Hv - 2 sL + 2 d z N

G
1

2
Hh + k + 1L, -

Ib + c ä Hv - 2 sL + 2 d z N2

4 d
+ 2 -

Ib + c ä Hv - 2 sL + 2 d z N2

d

d G
1

2
Hh + k + 2L, -

Ib + c ä Hv - 2 sL + 2 d z N2

4 d
d-2 n-2 �; n Î N ì v Î N+

Involving zn ãd z sinv Ic zr + f zM
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01.06.21.1519.01à zn ãd z sinvIc z2 + f zM â z �

-2-v
v
v

2

GHn + 1, -d zL H1 - v mod 2L H-dL-n-1 - 2-v-1 â
k=0

f v-1

2
v H-1Lk v

k

1

ä c Hv - 2 kL  ã
ä Hd+ f ä Hv-2 kLL2

4 c Hv-2 kL -
ä Π v

2

â
q=0

n

2q-n Hä c Hv - 2 kLL-n-
1

2 H-d - ä f Hv - 2 kLLn-q Hd + f ä Hv - 2 kL + 2 c ä Hv - 2 kL zLq+1

ä Hd + f ä Hv - 2 kL + 2 c ä Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
,

ä Hd + f ä Hv - 2 kL + 2 c ä Hv - 2 kL zL2

4 c Hv - 2 kL +

1

-ä c Hv - 2 kL  ã
-

ä Hd-ä f Hv-2 kLL2
4 c Hv-2 kL +

ä Π v

2 â
q=0

n

2q-n H-ä c Hv - 2 kLL-n-
1

2 Hä f Hv - 2 kL - dLn-q

Hd - ä f Hv - 2 kL - 2 ä c Hv - 2 kL zLq+1 -
ä Hd - ä f Hv - 2 kL - 2 ä c Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hd - ä f Hv - 2 kL - 2 ä c Hv - 2 kL zL2

4 c Hv - 2 kL �; n Î N ì v Î N+

01.06.21.1520.01à zn ãd z sinvI z c + f zN â z � ä-v 2-2 n-v-1

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

c2 H2 s-vL2
4 Hd+ f ä H2 s-vLL â

k=0

n â
h=0

k H-1Lk-h 4k Hä c H2 s - vLL-h-k+2 n I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLNh+k

-
I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

d + f ä H2 s - vL
1

2
H-h-k-1L

k

h

n

k

c ä H2 s - vL I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN G
1

2
Hh + k + 1L,

-
I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

4 Hd + f ä H2 s - vLL + 2 -
I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

d + f ä H2 s - vL
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Hd + f ä H2 s - vLL G
1

2
Hh + k + 2L, -

I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

4 Hd + f ä H2 s - vLL
Hd + f ä H2 s - vLL-2 n-2 + ã

c2 Hv-2 sL2
4 Hd+ f ä Hv-2 sLL Hd + f ä Hv - 2 sLL-2 n-2 â

k=0

n â
h=0

k H-1Lk-h 4k Hä c Hv - 2 sLL-h-k+2 n

Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z Nh+k
-

Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N G

1

2
Hh + k + 1L,

-
Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL + 2 -
Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
Hd + f ä Hv - 2 sLL G

1

2
Hh + k + 2L, -

Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL -

2-v H-dL-n-1
v
v

2

GHn + 1, -d zL H1 - v mod 2L �; n Î

N ì
v Î

N+

Involving zn ãd z+e sinv Ic zr + f zM
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01.06.21.1521.01à zn ãd z+e sinvIc z2 + f zM â z �

-2-v ãe
v
v

2

GHn + 1, -d zL H1 - v mod 2L H-dL-n-1 - 2-v-1 â
k=0

f v-1

2
v H-1Lk v

k

1

ä c Hv - 2 kL  ã
ä Hd+ f ä Hv-2 kLL2

4 c Hv-2 kL +e-
ä Π v

2

â
q=0

n

2q-n Hä c Hv - 2 kLL-n-
1

2 H-d - ä f Hv - 2 kLLn-q Hd + f ä Hv - 2 kL + 2 c ä Hv - 2 kL zLq+1

ä Hd + f ä Hv - 2 kL + 2 c ä Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
,

ä Hd + f ä Hv - 2 kL + 2 c ä Hv - 2 kL zL2

4 c Hv - 2 kL +

1

-ä c Hv - 2 kL  ã
-

ä Hd-ä f Hv-2 kLL2
4 c Hv-2 kL +e+

ä Π v

2 â
q=0

n

2q-n H-ä c Hv - 2 kLL-n-
1

2 Hä f Hv - 2 kL - dLn-q

Hd - ä f Hv - 2 kL - 2 ä c Hv - 2 kL zLq+1 -
ä Hd - ä f Hv - 2 kL - 2 ä c Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hd - ä f Hv - 2 kL - 2 ä c Hv - 2 kL zL2

4 c Hv - 2 kL �; n Î N ì v Î N+

01.06.21.1522.01à zn ãd z+e sinvI z c + f zN â z � ä-v 2-2 n-v-1

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

c2 H2 s-vL2
4 Hd+ f ä H2 s-vLL +e â

k=0

n â
h=0

k H-1Lk-h 4k Hä c H2 s - vLL-h-k+2 n I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLNh+k

-
I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

d + f ä H2 s - vL
1

2
H-h-k-1L

k

h

n

k

c ä H2 s - vL I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN G
1

2
Hh + k + 1L,

-
I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

4 Hd + f ä H2 s - vLL + 2 -
I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

d + f ä H2 s - vL
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Hd + f ä H2 s - vLL G
1

2
Hh + k + 2L, -

I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

4 Hd + f ä H2 s - vLL
Hd + f ä H2 s - vLL-2 n-2 + ã

c2 Hv-2 sL2
4 Hd+ f ä Hv-2 sLL +e Hd + f ä Hv - 2 sLL-2 n-2 â

k=0

n â
h=0

k H-1Lk-h 4k Hä c Hv - 2 sLL-h-k+2 n

Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z Nh+k
-

Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N G

1

2
Hh + k + 1L,

-
Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL + 2 -
Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
Hd + f ä Hv - 2 sLL G

1

2
Hh + k + 2L, -

Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL -

2-v H-dL-n-1 ãe
v
v

2

GHn + 1, -d zL H1 - v mod 2L �; n Î

N ì
v Î

N+

Involving zn ãb zr
sinv Ic zr + f zM
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01.06.21.1523.01à zn ãb z2
sinvIc z2 + f zM â z � -2-v-1 zn+1

v
v

2

G
n + 1

2
, -b z2 H1 - v mod 2L I-b z2M 1

2
H-n-1L

-

ä-v 2-v-1 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
Hä f v-2 ä f sL2

4 Hb-2 ä c s+ä c vL â
q=0

n

2q-n H2 ä f s - ä f vLn-q H f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zLq+1

-
H f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

b - 2 ä c s + ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

H f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

4 Hb - 2 ä c s + ä c vL
Hb - 2 ä c s + ä c vL-n-1 + H-1Lv ã

-
H2 ä f s-ä f vL2

4 Hb+2 ä c s-ä c vL Hb + 2 ä c s - ä c vL-n-1 â
q=0

n

2q-n Hä f v - 2 ä f sLn-q

H2 ä f s + 4 ä c z s - ä f v + 2 b z - 2 ä c v zLq+1 -
H2 ä f s + 4 ä c z s - ä f v + 2 b z - 2 ä c v zL2

b + 2 ä c s - ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

H2 ä f s + 4 ä c z s - ä f v + 2 b z - 2 ä c v zL2

4 Hb + 2 ä c s - ä c vL �; n Î N ì v Î N+

01.06.21.1524.01à zn ã z b sinvI z c + f zN â z � ä-v 2-2 n-v-1

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

ä Hb+c ä H2 s-vLL2
4 f H2 s-vL â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä H2 s - vLL-h-k+2 n Ib + c ä H2 s - vL + 2 f ä H2 s - vL z Nh+k

ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

f H2 s - vL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä H2 s - vLL

Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N G
1

2
Hh + k + 1L, ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

4 f H2 s - vL +

2 f ä H2 s - vL ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

f H2 s - vL G
1

2
Hh + k + 2L,

ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

4 f H2 s - vL Hä f H2 s - vLL-2 n-2 + ã
ä Hb+c ä Hv-2 sLL2

4 f Hv-2 sL

ân âk

4k
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Hä f Hv - 2 sLL-2 n-2 â
k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä Hv - 2 sLL-h-k+2 n Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z Nh+k

ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä Hv - 2 sLL

Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N G
1

2
Hh + k + 1L, ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + k + 2L,

ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL -

21-v H-bL-2 Hn+1L v
v

2

GI2 Hn + 1L, -b z N H1 - v mod 2L �; n Î

N ì
v Î

N+

Involving zn ãb zr +e sinv Ic zr + f zM
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01.06.21.1525.01à zn ãb z2+e sinvIc z2 + f zM â z � -2-v-1 ãe zn+1
v
v

2

G
n + 1

2
, -b z2 H1 - v mod 2L I-b z2M 1

2
H-n-1L

-

ä-v 2-v-1 â
s=0

f v-1

2
v H-1Ls v

s
ã

e-
Hä f v-2 ä f sL2

4 Hb-2 ä c s+ä c vL â
q=0

n

2q-n H2 ä f s - ä f vLn-q H f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zLq+1

-
H f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

b - 2 ä c s + ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

H f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

4 Hb - 2 ä c s + ä c vL
Hb - 2 ä c s + ä c vL-n-1 + H-1Lv ã

e-
H2 ä f s-ä f vL2

4 Hb+2 ä c s-ä c vL Hb + 2 ä c s - ä c vL-n-1 â
q=0

n

2q-n Hä f v - 2 ä f sLn-q

H2 ä f s + 4 ä c z s - ä f v + 2 b z - 2 ä c v zLq+1 -
H2 ä f s + 4 ä c z s - ä f v + 2 b z - 2 ä c v zL2

b + 2 ä c s - ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

H2 ä f s + 4 ä c z s - ä f v + 2 b z - 2 ä c v zL2

4 Hb + 2 ä c s - ä c vL �; n Î N ì v Î N+

01.06.21.1526.01à zn ã z b+e sinvI z c + f zN â z � ä-v 2-2 n-v-1

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

ä Hb+c ä H2 s-vLL2
4 f H2 s-vL +e â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä H2 s - vLL-h-k+2 n Ib + c ä H2 s - vL + 2 f ä H2 s - vL z Nh+k

ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

f H2 s - vL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä H2 s - vLL

Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N G
1

2
Hh + k + 1L, ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

4 f H2 s - vL +

2 f ä H2 s - vL ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

f H2 s - vL G
1

2
Hh + k + 2L,

ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

4 f H2 s - vL Hä f H2 s - vLL-2 n-2 + ã
ä Hb+c ä Hv-2 sLL2

4 f Hv-2 sL +e

ân âk

4k
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Hä f Hv - 2 sLL-2 n-2 â
k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä Hv - 2 sLL-h-k+2 n Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z Nh+k

ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä Hv - 2 sLL

Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N G
1

2
Hh + k + 1L, ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL +

2 f ä Hv - 2 sL ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL G
1

2
Hh + k + 2L,

ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL -

21-v H-bL-2 Hn+1L ãe
v
v

2

GI2 Hn + 1L, -b z N H1 - v mod 2L �; n Î

N ì
v Î

N+

Involving zn ãb zr +d z+e sinv Ic zr + f zM
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01.06.21.1527.01à zn ãb z2+d z sinvIc z2 + f zM â z �

2-v-1 b-n-1 ã
-

d2

4 b

v
v

2

Hv mod 2 - 1L â
q=0

n

2q-n H-dLn-q Hd + 2 b zLq+1 -
Hd + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b zL2

4 b
-

ä-v bn+1 ã
d2

4 b â
s=0

f v-1

2
v H-1Ls v

s
ã

-
Hd-2 ä f s+ä f vL2
4 Hb-2 ä c s+ä c vL â

q=0

n

2q-n H-d + 2 ä f s - ä f vLn-q

Hd + f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zLq+1 -
Hd + f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

b - 2 ä c s + ä c v

1

2
H-q-1L

n

q

G
q + 1

2
, -

Hd + f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

4 Hb - 2 ä c s + ä c vL Hb - 2 ä c s + ä c vL-n-1 + H-1Lv ã
-

Hd+2 ä f s-ä f vL2
4 Hb+2 ä c s-ä c vL

Hb + 2 ä c s - ä c vL-n-1 â
q=0

n

2q-n H-d - 2 ä f s + ä f vLn-q Hd + 2 ä f s - ä f v + 2 b z + 4 ä c s z - 2 ä c v zLq+1

-
Hd + 2 ä f s - ä f v + 2 b z + 4 ä c s z - 2 ä c v zL2

b + 2 ä c s - ä c v

1

2
H-q-1L

n

q

G
q + 1

2
, -

Hd + 2 ä f s - ä f v + 2 b z + 4 ä c s z - 2 ä c v zL2

4 Hb + 2 ä c s - ä c vL �; n Î N ì v Î N+

01.06.21.1528.01à zn ã z b+d z sinvI z c + f zN â z �

2-2 n-v-1 ã
-

b2

4 d

v
v

2

H1 - v mod 2L â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 d z Nh+k
-

Ib + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 d z N G

1

2
Hh + k + 1L, -

Ib + 2 d z N2

4 d
+

2 -
Ib + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + 2 d z N2

4 d
d-2 n-2 + 2-2 n-v-1 ä-v â

s=0

f v-1

2
v H-1Ls v

s
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H-1Lv ã
-

Hb+c ä H2 s-vLL2
4 Hd+ f ä H2 s-vLL â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä H2 s - vLL-h-k+2 n Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z Nh+k

-
Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

d + f ä H2 s - vL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä H2 s - vLL Ib + c ä H2 s - vL +

2 Hd + f ä H2 s - vLL z N G
1

2
Hh + k + 1L, -

Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

4 Hd + f ä H2 s - vLL + 2

-
Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

d + f ä H2 s - vL Hd + f ä H2 s - vLL G
1

2
Hh + k + 2L,

-
Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

4 Hd + f ä H2 s - vLL Hd + f ä H2 s - vLL-2 n-2 + ã
-

Hb+c ä Hv-2 sLL2
4 Hd+ f ä Hv-2 sLL

Hd + f ä Hv - 2 sLL-2 n-2 â
k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä Hv - 2 sLL-h-k+2 n Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z Nh+k

-
Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä Hv - 2 sLL Ib + c ä Hv - 2 sL +

2 Hd + f ä Hv - 2 sLL z N G
1

2
Hh + k + 1L, -

Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL +

2 -
Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL Hd + f ä Hv - 2 sLL G
1

2
Hh + k + 2L,

-
Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL �; n Î N ì v Î N+

Involving zn ãb zr +d z+e sinv Ic zr + f zM
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01.06.21.1529.01à zn ãb z2+d z+e sinvIc z2 + f zM â z �

2-v-1 b-n-1 ã
-

d2

4 b ãe
v
v

2

Hv mod 2 - 1L â
q=0

n

2q-n H-dLn-q Hd + 2 b zLq+1 -
Hd + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b zL2

4 b
-

ä-v bn+1 ã
d2

4 b â
s=0

f v-1

2
v H-1Ls v

s
ã

e-
Hd-2 ä f s+ä f vL2
4 Hb-2 ä c s+ä c vL â

q=0

n

2q-n H-d + 2 ä f s - ä f vLn-q

Hd + f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zLq+1 -
Hd + f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

b - 2 ä c s + ä c v

1

2
H-q-1L

n

q

G
q + 1

2
, -

Hd + f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

4 Hb - 2 ä c s + ä c vL Hb - 2 ä c s + ä c vL-n-1 + H-1Lv ã
e-

Hd+2 ä f s-ä f vL2
4 Hb+2 ä c s-ä c vL

Hb + 2 ä c s - ä c vL-n-1 â
q=0

n

2q-n H-d - 2 ä f s + ä f vLn-q Hd + 2 ä f s - ä f v + 2 b z + 4 ä c s z - 2 ä c v zLq+1

-
Hd + 2 ä f s - ä f v + 2 b z + 4 ä c s z - 2 ä c v zL2

b + 2 ä c s - ä c v

1

2
H-q-1L

n

q

G
q + 1

2
, -

Hd + 2 ä f s - ä f v + 2 b z + 4 ä c s z - 2 ä c v zL2

4 Hb + 2 ä c s - ä c vL �; n Î N ì v Î N+

01.06.21.1530.01à zn ã z b+d z+e sinvI z c + f zN â z �

2-2 n-v-1 ã
e-

b2

4 d

v
v

2

H1 - v mod 2L â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 d z Nh+k
-

Ib + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 d z N G

1

2
Hh + k + 1L, -

Ib + 2 d z N2

4 d
+

2 -
Ib + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + 2 d z N2

4 d
d-2 n-2 + 2-2 n-v-1 ä-v â

s=0

f v-1

2
v H-1Ls v

s
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H-1Lv ã
e-

Hb+c ä H2 s-vLL2
4 Hd+ f ä H2 s-vLL â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä H2 s - vLL-h-k+2 n Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z Nh+k

-
Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

d + f ä H2 s - vL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä H2 s - vLL Ib + c ä H2 s - vL +

2 Hd + f ä H2 s - vLL z N G
1

2
Hh + k + 1L, -

Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

4 Hd + f ä H2 s - vLL + 2

-
Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

d + f ä H2 s - vL Hd + f ä H2 s - vLL G
1

2
Hh + k + 2L,

-
Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

4 Hd + f ä H2 s - vLL Hd + f ä H2 s - vLL-2 n-2 + ã
e-

Hb+c ä Hv-2 sLL2
4 Hd+ f ä Hv-2 sLL

Hd + f ä Hv - 2 sLL-2 n-2 â
k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä Hv - 2 sLL-h-k+2 n Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z Nh+k

-
Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä Hv - 2 sLL Ib + c ä Hv - 2 sL +

2 Hd + f ä Hv - 2 sLL z N G
1

2
Hh + k + 1L, -

Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL +

2 -
Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL Hd + f ä Hv - 2 sLL G
1

2
Hh + k + 2L,

-
Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL �; n Î N ì v Î N+

Involving zn ãd z sinv Ic zr + f z + gM
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01.06.21.1531.01à zn ãd z sinvIc z2 + f z + gM â z � -2-v
v
v

2

GHn + 1, -d zL H1 - v mod 2L H-dL-n-1 -

2-v-1 â
k=0

f v-1

2
v H-1Lk v

k

1

-ä c Hv - 2 kL  ã
-

ä Hd-ä f Hv-2 kLL2
4 c Hv-2 kL +

ä Π v

2
-ä g Hv-2 kL â

q=0

n

2q-n H-ä c Hv - 2 kLL-n-
1

2 Hä f Hv - 2 kL - dLn-q

Hd - ä f Hv - 2 kL - 2 ä c Hv - 2 kL zLq+1 -
ä Hd - ä f Hv - 2 kL - 2 ä c Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hd - ä f Hv - 2 kL - 2 ä c Hv - 2 kL zL2

4 c Hv - 2 kL +

1

ä c Hv - 2 kL  ã
ä Hd+ f ä Hv-2 kLL2

4 c Hv-2 kL +g ä Hv-2 kL-
ä Π v

2 â
q=0

n

2q-n Hä c Hv - 2 kLL-n-
1

2 H-d - ä f Hv - 2 kLLn-q

Hd + f ä Hv - 2 kL + 2 c ä Hv - 2 kL zLq+1
ä Hd + f ä Hv - 2 kL + 2 c ä Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
,

ä Hd + f ä Hv - 2 kL + 2 c ä Hv - 2 kL zL2

4 c Hv - 2 kL �; n Î N ì v Î N+

01.06.21.1532.01à zn ãd z sinvI z c + f z + gN â z �

ä-v 2-2 n-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

c2 H2 s-vL2
4 Hd+ f ä H2 s-vLL +g ä H2 s-vL â

k=0

n â
h=0

k H-1Lk-h 4k Hä c H2 s - vLL-h-k+2 n I2 z Hd + f ä H2 s - vLL +

c ä H2 s - vLNh+k
-

I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

d + f ä H2 s - vL
1

2
H-h-k-1L

k

h

n

k
c ä H2 s - vL I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN G

1

2
Hh + k + 1L,

-
I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

4 Hd + f ä H2 s - vLL + 2 Hd + f ä H2 s - vLL G
1

2
Hh + k + 2L,
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-
I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

4 Hd + f ä H2 s - vLL -
I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

d + f ä H2 s - vL
Hd + f ä H2 s - vLL-2 n-2 + ã

c2 Hv-2 sL2
4 Hd+ f ä Hv-2 sLL +g ä Hv-2 sL Hd + f ä Hv - 2 sLL-2 n-2 â

k=0

n â
h=0

k H-1Lk-h 4k Hä c Hv - 2 sLL-h-k+2 n

Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z Nh+k
-

Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N G

1

2
Hh + k + 1L,

-
Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL + 2 Hd + f ä Hv - 2 sLL G
1

2
Hh + k + 2L,

-
Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL -
Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL -

2-v H-dL-n-1
v
v

2

GHn + 1, -d zL H1 - v mod 2L �; n Î

N ì
v Î

N+

Involving zn ãd z+e sinv Ic zr + f z + gM
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01.06.21.1533.01à zn ãd z+e sinvIc z2 + f z + gM â z � -2-v ãe
v
v

2

GHn + 1, -d zL H1 - v mod 2L H-dL-n-1 -

2-v-1 â
k=0

f v-1

2
v H-1Lk v

k

1

-ä c Hv - 2 kL  ã
-

ä Hd-ä f Hv-2 kLL2
4 c Hv-2 kL +e+

ä Π v

2
-ä g Hv-2 kL â

q=0

n

2q-n H-ä c Hv - 2 kLL-n-
1

2 Hä f Hv - 2 kL - dLn-q

Hd - ä f Hv - 2 kL - 2 ä c Hv - 2 kL zLq+1 -
ä Hd - ä f Hv - 2 kL - 2 ä c Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hd - ä f Hv - 2 kL - 2 ä c Hv - 2 kL zL2

4 c Hv - 2 kL +

1

ä c Hv - 2 kL  ã
ä Hd+ f ä Hv-2 kLL2

4 c Hv-2 kL +e+g ä Hv-2 kL-
ä Π v

2 â
q=0

n

2q-n Hä c Hv - 2 kLL-n-
1

2 H-d - ä f Hv - 2 kLLn-q

Hd + f ä Hv - 2 kL + 2 c ä Hv - 2 kL zLq+1
ä Hd + f ä Hv - 2 kL + 2 c ä Hv - 2 kL zL2

c Hv - 2 kL
1

2
H-q-1L

n

q
G

q + 1

2
,

ä Hd + f ä Hv - 2 kL + 2 c ä Hv - 2 kL zL2

4 c Hv - 2 kL �; n Î N ì v Î N+

01.06.21.1534.01à zn ãd z+e sinvI z c + f z + gN â z �

ä-v 2-2 n-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

c2 H2 s-vL2
4 Hd+ f ä H2 s-vLL +g ä H2 s-vL+e â

k=0

n â
h=0

k H-1Lk-h 4k Hä c H2 s - vLL-h-k+2 n

I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLNh+k
-

I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

d + f ä H2 s - vL
1

2
H-h-k-1L

k

h

n

k
c ä H2 s - vL I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN

G
1

2
Hh + k + 1L, -

I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

4 Hd + f ä H2 s - vLL + 2 Hd + f ä H2 s - vLL G
1

2
Hh + k + 2L,
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-
I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

4 Hd + f ä H2 s - vLL -
I2 z Hd + f ä H2 s - vLL + c ä H2 s - vLN2

d + f ä H2 s - vL
Hd + f ä H2 s - vLL-2 n-2 + ã

c2 Hv-2 sL2
4 Hd+ f ä Hv-2 sLL +g ä Hv-2 sL+e Hd + f ä Hv - 2 sLL-2 n-2 â

k=0

n â
h=0

k H-1Lk-h 4k Hä c Hv - 2 sLL-h-k+2 n

Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z Nh+k
-

Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
c ä Hv - 2 sL Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N G

1

2
Hh + k + 1L,

-
Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL + 2 Hd + f ä Hv - 2 sLL G
1

2
Hh + k + 2L,

-
Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL -
Ic ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL -

2-v H-dL-n-1 ãe
v
v

2

GHn + 1, -d zL H1 - v mod 2L �; n Î

N ì
v Î

N+

Involving zn ãb zr
sinv Ic zr + f z + gM
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01.06.21.1535.01à zn ãb z2
sinvIc z2 + f z + gM â z � -2-v-1 zn+1

v
v

2

G
n + 1

2
, -b z2 H1 - v mod 2L I-b z2M 1

2
H-n-1L

-

ä-v 2-v-1 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
Hä f v-2 ä f sL2

4 Hb-2 ä c s+ä c vL +g ä Hv-2 sL â
q=0

n

2q-n H2 ä f s - ä f vLn-q H f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zLq+1

-
H f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

b - 2 ä c s + ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

H f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

4 Hb - 2 ä c s + ä c vL
Hb - 2 ä c s + ä c vL-n-1 + H-1Lv ã

-
H2 ä f s-ä f vL2

4 Hb+2 ä c s-ä c vL +g ä H2 s-vL Hb + 2 ä c s - ä c vL-n-1 â
q=0

n

2q-n Hä f v - 2 ä f sLn-q

H2 ä f s + 4 ä c z s - ä f v + 2 b z - 2 ä c v zLq+1 -
H2 ä f s + 4 ä c z s - ä f v + 2 b z - 2 ä c v zL2

b + 2 ä c s - ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

H2 ä f s + 4 ä c z s - ä f v + 2 b z - 2 ä c v zL2

4 Hb + 2 ä c s - ä c vL �; n Î N ì v Î N+

01.06.21.1536.01à zn ã z b sinvI z c + f z + gN â z �

ä-v 2-2 n-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

ä Hb+c ä H2 s-vLL2
4 f H2 s-vL +g ä H2 s-vL â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä H2 s - vLL-h-k+2 n

Ib + c ä H2 s - vL + 2 f ä H2 s - vL z Nh+k
ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

f H2 s - vL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä H2 s - vLL Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N

G
1

2
Hh + k + 1L, ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

4 f H2 s - vL + 2

f ä H2 s - vL ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

f H2 s - vL
+
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G
1

2
Hh + k + 2L, ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

4 f H2 s - vL Hä f H2 s - vLL-2 n-2 +

ã
ä Hb+c ä Hv-2 sLL2

4 f Hv-2 sL +g ä Hv-2 sL Hä f Hv - 2 sLL-2 n-2 â
k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä Hv - 2 sLL-h-k+2 n

Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z Nh+k
ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä Hv - 2 sLL Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N G

1

2
Hh + k + 1L,

ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL + 2 f ä Hv - 2 sL G
1

2
Hh + k + 2L,

ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL -

21-v H-bL-2 Hn+1L v
v

2

GI2 Hn + 1L, -b z N H1 - v mod 2L �; n Î

N ì
v Î

N+

Involving zn ãb zr +e sinv Ic zr + f z + gM
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01.06.21.1537.01à zn ãb z2+e sinvIc z2 + f z + gM â z � -2-v-1 ãe zn+1
v
v

2

G
n + 1

2
, -b z2 H1 - v mod 2L I-b z2M 1

2
H-n-1L

-

ä-v 2-v-1 â
s=0

f v-1

2
v H-1Ls v

s
ã

-
Hä f v-2 ä f sL2

4 Hb-2 ä c s+ä c vL +e+g ä Hv-2 sL â
q=0

n

2q-n H2 ä f s - ä f vLn-q H f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zLq+1

-
H f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

b - 2 ä c s + ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

H f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

4 Hb - 2 ä c s + ä c vL
Hb - 2 ä c s + ä c vL-n-1 + H-1Lv ã

-
H2 ä f s-ä f vL2

4 Hb+2 ä c s-ä c vL +e+g ä H2 s-vL Hb + 2 ä c s - ä c vL-n-1 â
q=0

n

2q-n Hä f v - 2 ä f sLn-q

H2 ä f s + 4 ä c z s - ä f v + 2 b z - 2 ä c v zLq+1 -
H2 ä f s + 4 ä c z s - ä f v + 2 b z - 2 ä c v zL2

b + 2 ä c s - ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

H2 ä f s + 4 ä c z s - ä f v + 2 b z - 2 ä c v zL2

4 Hb + 2 ä c s - ä c vL �; n Î N ì v Î N+

01.06.21.1538.01à zn ã z b+e sinvI z c + f z + gN â z �

ä-v 2-2 n-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

ä Hb+c ä H2 s-vLL2
4 f H2 s-vL +e+g ä H2 s-vL â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä H2 s - vLL-h-k+2 n

Ib + c ä H2 s - vL + 2 f ä H2 s - vL z Nh+k
ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

f H2 s - vL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä H2 s - vLL Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N

G
1

2
Hh + k + 1L, ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

4 f H2 s - vL + 2

f ä H2 s - vL ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

f H2 s - vL
+
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G
1

2
Hh + k + 2L, ä Ib + c ä H2 s - vL + 2 f ä H2 s - vL z N2

4 f H2 s - vL Hä f H2 s - vLL-2 n-2 +

ã
ä Hb+c ä Hv-2 sLL2

4 f Hv-2 sL +e+g ä Hv-2 sL Hä f Hv - 2 sLL-2 n-2 â
k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä Hv - 2 sLL-h-k+2 n

Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z Nh+k
ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä Hv - 2 sLL Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N G

1

2
Hh + k + 1L,

ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL + 2 f ä Hv - 2 sL G
1

2
Hh + k + 2L,

ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

4 f Hv - 2 sL ä Ib + c ä Hv - 2 sL + 2 f ä Hv - 2 sL z N2

f Hv - 2 sL -

21-v H-bL-2 Hn+1L ãe
v
v

2

GI2 Hn + 1L, -b z N H1 - v mod 2L �; n Î

N ì
v Î

N+

Involving zn ãb zr +d z sinv Ic zr + f z + gM
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01.06.21.1539.01à zn ãb z2+d z sinvIc z2 + f z + gM â z �

2-v-1 b-n-1 ã
-

d2

4 b

v
v

2

Hv mod 2 - 1L â
q=0

n

2q-n H-dLn-q Hd + 2 b zLq+1 -
Hd + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b zL2

4 b
-

ä-v bn+1 ã
d2

4 b â
s=0

f v-1

2
v H-1Ls v

s
ã

-
Hd-2 ä f s+ä f vL2
4 Hb-2 ä c s+ä c vL +g ä Hv-2 sL â

q=0

n

2q-n H-d + 2 ä f s - ä f vLn-q

Hd + f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zLq+1 -
Hd + f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

b - 2 ä c s + ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

4 Hb - 2 ä c s + ä c vL Hb - 2 ä c s + ä c vL-n-1 +

H-1Lv ã
-

Hd+2 ä f s-ä f vL2
4 Hb+2 ä c s-ä c vL +g ä H2 s-vL Hb + 2 ä c s - ä c vL-n-1 â

q=0

n

2q-n H-d - 2 ä f s + ä f vLn-q Hd + 2 ä f s -

ä f v + 2 b z + 4 ä c s z - 2 ä c v zLq+1 -
Hd + 2 ä f s - ä f v + 2 b z + 4 ä c s z - 2 ä c v zL2

b + 2 ä c s - ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 ä f s - ä f v + 2 b z + 4 ä c s z - 2 ä c v zL2

4 Hb + 2 ä c s - ä c vL �; n Î N ì v Î N+

01.06.21.1540.01à zn ã z b+d z sinvI z c + f z + gN â z �

2-2 n-v-1 ã
-

b2

4 d

v
v

2

H1 - v mod 2L â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 d z Nh+k
-

Ib + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 d z N G

1

2
Hh + k + 1L, -

Ib + 2 d z N2

4 d
+

2 -
Ib + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + 2 d z N2

4 d
d-2 n-2 + 2-2 n-v-1 ä-v â

s=0

f v-1

2
v H-1Ls v

s
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H-1Lv ã
-

Hb+c ä H2 s-vLL2
4 Hd+ f ä H2 s-vLL +g ä H2 s-vL â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä H2 s - vLL-h-k+2 n Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z Nh+k

-
Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

d + f ä H2 s - vL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä H2 s - vLL Ib + c ä H2 s - vL +

2 Hd + f ä H2 s - vLL z N G
1

2
Hh + k + 1L, -

Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

4 Hd + f ä H2 s - vLL + 2

-
Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

d + f ä H2 s - vL Hd + f ä H2 s - vLL
G

1

2
Hh + k + 2L, -

Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

4 Hd + f ä H2 s - vLL Hd + f ä H2 s - vLL-2 n-2 +

ã
-

Hb+c ä Hv-2 sLL2
4 Hd+ f ä Hv-2 sLL +g ä Hv-2 sL Hd + f ä Hv - 2 sLL-2 n-2 â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä Hv - 2 sLL-h-k+2 n

Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z Nh+k
-

Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä Hv - 2 sLL Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N G

1

2
Hh + k + 1L, -

Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL +

2 -
Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL Hd + f ä Hv - 2 sLL G
1

2
Hh + k + 2L,

-
Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL �; n Î N ì v Î N+
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Involving zn ãb zr +d z+e sinv Ic zr + f z + gM
01.06.21.1541.01à zn ãb z2+d z+e sinvIc z2 + f z + gM â z �

2-v-1 b-n-1 ã
-

d2

4 b ãe
v
v

2

Hv mod 2 - 1L â
q=0

n

2q-n H-dLn-q Hd + 2 b zLq+1 -
Hd + 2 b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 b zL2

4 b
-

ä-v bn+1 ã
d2

4 b â
s=0

f v-1

2
v H-1Ls v

s
ã

-
Hd-2 ä f s+ä f vL2
4 Hb-2 ä c s+ä c vL +e+g ä Hv-2 sL â

q=0

n

2q-n H-d + 2 ä f s - ä f vLn-q

Hd + f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zLq+1 -
Hd + f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

b - 2 ä c s + ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + f ä Hv - 2 sL + 2 Hb - 2 ä c s + ä c vL zL2

4 Hb - 2 ä c s + ä c vL Hb - 2 ä c s + ä c vL-n-1 +

H-1Lv ã
-

Hd+2 ä f s-ä f vL2
4 Hb+2 ä c s-ä c vL +e+g ä H2 s-vL Hb + 2 ä c s - ä c vL-n-1 â

q=0

n

2q-n H-d - 2 ä f s + ä f vLn-q Hd + 2 ä f s -

ä f v + 2 b z + 4 ä c s z - 2 ä c v zLq+1 -
Hd + 2 ä f s - ä f v + 2 b z + 4 ä c s z - 2 ä c v zL2

b + 2 ä c s - ä c v

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hd + 2 ä f s - ä f v + 2 b z + 4 ä c s z - 2 ä c v zL2

4 Hb + 2 ä c s - ä c vL �; n Î N ì v Î N+

01.06.21.1542.01à zn ã z b+d z+e sinvI z c + f z + gN â z �

2-2 n-v-1 ã
e-

b2

4 d

v
v

2

H1 - v mod 2L â
k=0

n â
h=0

k H-1Lk-h 4k b-h-k+2 n Ib + 2 d z Nh+k
-

Ib + 2 d z N2

d

1

2
H-h-k-1L

k

h

n

k
b Ib + 2 d z N G

1

2
Hh + k + 1L, -

Ib + 2 d z N2

4 d
+

2 -
Ib + 2 d z N2

d
d G

1

2
Hh + k + 2L, -

Ib + 2 d z N2

4 d
d-2 n-2 + 2-2 n-v-1 ä-v â

s=0

f v-1

2
v H-1Ls v

s
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H-1Lv ã
-

Hb+c ä H2 s-vLL2
4 Hd+ f ä H2 s-vLL +e+g ä H2 s-vL â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä H2 s - vLL-h-k+2 n Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z Nh+k

-
Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

d + f ä H2 s - vL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä H2 s - vLL Ib + c ä H2 s - vL +

2 Hd + f ä H2 s - vLL z N G
1

2
Hh + k + 1L, -

Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

4 Hd + f ä H2 s - vLL + 2

-
Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

d + f ä H2 s - vL Hd + f ä H2 s - vLL
G

1

2
Hh + k + 2L, -

Ib + c ä H2 s - vL + 2 Hd + f ä H2 s - vLL z N2

4 Hd + f ä H2 s - vLL Hd + f ä H2 s - vLL-2 n-2 +

ã
-

Hb+c ä Hv-2 sLL2
4 Hd+ f ä Hv-2 sLL +e+g ä Hv-2 sL Hd + f ä Hv - 2 sLL-2 n-2 â

k=0

n â
h=0

k H-1Lk-h 4k Hb + c ä Hv - 2 sLL-h-k+2 n

Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z Nh+k
-

Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL
1

2
H-h-k-1L

k

h

n

k
Hb + c ä Hv - 2 sLL Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N G

1

2
Hh + k + 1L, -

Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL +

2 -
Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

d + f ä Hv - 2 sL Hd + f ä Hv - 2 sLL G
1

2
Hh + k + 2L,

-
Ib + c ä Hv - 2 sL + 2 Hd + f ä Hv - 2 sLL z N2

4 Hd + f ä Hv - 2 sLL �; n Î N ì v Î N+
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Involving products of the direct functions, exponential and a power functions

Involving products of two direct functions, exponential and a power functions

Involving zΑ-1 ãp z  sinHc zL sinHa zL
01.06.21.1543.01à zΑ-1 ãp z sinHc zL sinHa zL â z � -

1

4
zΑ HGHΑ, H-ä a + ä c - pL zL HH-ä a + ä c - pL zL-Α - HHä a + ä c - pL zL-Α GHΑ, Hä a + ä c - pL zL -HH-ä a - ä c - pL zL-Α GHΑ, H-ä a - ä c - pL zL + HHä a - ä c - pL zL-Α GHΑ, Hä a - ä c - pL zLL

Involving zΑ-1 ãp z  sinHc zL sinHa z + bL
01.06.21.1544.01à zΑ-1 ãp z sinHc zL sinHa z + bL â z �

-
1

4
ã-ä b zΑ Iã2 ä b GHΑ, H-ä a + ä c - pL zL HH-ä a + ä c - pL zL-Α - HHä a + ä c - pL zL-Α GHΑ, Hä a + ä c - pL zL -

ã2 ä b HH-ä a - ä c - pL zL-Α GHΑ, H-ä a - ä c - pL zL + HHä a - ä c - pL zL-Α GHΑ, Hä a - ä c - pL zLM
Involving zΑ-1 ãp z  sinHc z + dL sinHa z + bL

01.06.21.1545.01à zΑ-1 ãp z sinHd + c zL sinHb + a zL â z �

-
1

4
ã-ä b-ä d zΑ Iã2 ä b GHΑ, H-ä a + ä c - pL zL HH-ä a + ä c - pL zL-Α - HHä a + ä c - pL zL-Α GHΑ, Hä a + ä c - pL zL +

ã2 ä d IHHä a - ä c - pL zL-Α GHΑ, Hä a - ä c - pL zL - ã2 ä b HH-ä a - ä c - pL zL-Α GHΑ, H-ä a - ä c - pL zLMM
Involving zn  ãp zr

 sinHb zL sinHc zL
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01.06.21.1546.01

à zn ãp z2
sinHb zL sinHc zL â z �

1

8
ã

-
-b2-c2

2 p p-n-1

-ã
Hä b+ä cL2

4 p â
q=0

n

2q-n Hä b - ä cLn-q H-ä b + ä c + 2 p zLq+1 -
H-ä b + ä c + 2 p zL2

p

1

2
H-q-1L

n

q
G

q + 1

2
, -

H-ä b + ä c + 2 p zL2

4 p
+

ã
H-ä b+ä cL2

4 p â
q=0

n

2q-n H-ä b - ä cLn-q Hä b + ä c + 2 p zLq+1 -
Hä b + ä c + 2 p zL2

p

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hä b + ä c + 2 p zL2

4 p
-

ã
Hä b+ä cL2

4 p â
q=0

n

2q-n H-ä b + ä cLn-q Hä b - ä c + 2 p zLq+1 -
Hä b - ä c + 2 p zL2

p

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hä b - ä c + 2 p zL2

4 p
+

ã
H-ä b+ä cL2

4 p

â
q=0

n

2q-n Hä b + ä cLn-q -
Hä b + ä c - 2 p zL2

p

1

2
H-q-1L H-ä b - ä c + 2 p zLq+1 n

q
G

q + 1

2
, -

Hä b + ä c - 2 p zL2

4 p
�; n Î N

01.06.21.1547.01à zn ãp z sinHb zL sinHc zL â z �

2-2 n-3 ã
p2

4 ä b-4 ä c â
k=0

n â
h=0

k H-1Lk-h 4k p-h-k+2 n I2 z H-ä b + ä cL + pNh+k
I2 z H-ä b + ä cL + pN2

ä b - ä c

1

2
H-h-k-1L

k

h

n

k
p I2 z H-ä b + ä cL + pN G

1

2
Hh + k + 1L, I2 z H-ä b + ä cL + pN2

4 ä b - 4 ä c
+

2 H-ä b + ä cL I2 z H-ä b + ä cL + pN2

ä b - ä c
G

1

2
Hh + k + 2L, I2 z H-ä b + ä cL + pN2

4 ä b - 4 ä c

H-ä b + ä cL-2 Hn+1L - H-ä b - ä cL-2 Hn+1L ã
p2

4 ä b+4 ä c â
k=0

n â
h=0

k H-1Lk-h 4k p-h-k+2 n Ip - 2 Hä b + ä cL z Nh+k

Ip - 2 Hä b + ä cL z N2

ä b + ä c

1

2
H-h-k-1L

k

h

n

k
p Ip - 2 Hä b + ä cL z N G

1

2
Hh + k + 1L, Ip - 2 Hä b + ä cL z N2

4 Hä b + ä cL -

-
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2 Hä b + ä cL Ip - 2 Hä b + ä cL z N2

ä b + ä c
G

1

2
Hh + k + 2L, Ip - 2 Hä b + ä cL z N2

4 Hä b + ä cL -

Hä b + ä cL-2 Hn+1L ã
p2

-4 ä b-4 ä c â
k=0

n â
h=0

k H-1Lk-h 4k p-h-k+2 n I2 z Hä b + ä cL + pNh+k
-

I2 z Hä b + ä cL + pN2

ä b + ä c

1

2
H-h-k-1L

k

h

n

k
p I2 z Hä b + ä cL + pN G

1

2
Hh + k + 1L, -

I2 z Hä b + ä cL + pN2

4 Hä b + ä cL +

2 -
I2 z Hä b + ä cL + pN2

ä b + ä c
Hä b + ä cL G

1

2
Hh + k + 2L, -

I2 z Hä b + ä cL + pN2

4 Hä b + ä cL +

Hä b - ä cL-2 Hn+1L ã
p2

-4 ä b+4 ä c â
k=0

n â
h=0

k H-1Lk-h 4k p-h-k+2 n I2 z Hä b - ä cL + pNh+k
-

I2 z Hä b - ä cL + pN2

ä b - ä c

1

2
H-h-k-1L

k

h

n

k
p I2 z Hä b - ä cL + pN G

1

2
Hh + k + 1L, -

I2 z Hä b - ä cL + pN2

4 ä b - 4 ä c
+

2 -
I2 z Hä b - ä cL + pN2

ä b - ä c
Hä b - ä cL G

1

2
Hh + k + 2L, -

I2 z Hä b - ä cL + pN2

4 ä b - 4 ä c
�; n Î N

Involving zn  ãp z  sinIb zr M sinHc zL

http://functions.wolfram.com 703



01.06.21.1548.01

à zn ãp z sinIb z2M sinHc zL â z � -
1

8
Hä bL-n-1 ã

3 ä Hä c+pL2
4 b ã

-
ä J-c2+4 ä p c+p2N

2 b

â
q=0

n

2q-n Hä c - pLn-q H-ä c + p + 2 ä b zLq+1
ä H-ä c + p + 2 ä b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
,

ä H-ä c + p + 2 ä b zL2

4 b
-

ã
-

ä Hä c+pL2
2 b â

q=0

n

2q-n H-ä c - pLn-q Hä c + p + 2 ä b zLq+1
ä Hä c + p + 2 ä b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
,

ä Hä c + p + 2 ä b zL2

4 b
+

H-1Ln-1 ã
-

ä Hä c+pL2
b â

q=0

n

2q-n H-ä c - pLn-q Hä c + p - 2 ä b zLq+1 -
ä Hä c + p - 2 ä b zL2

b

1

2
H-q-1L

n

q

G
q + 1

2
, -

ä Hä c + p - 2 ä b zL2

4 b
- ã

-
ä J-c2+ä p c+p2N

b â
q=0

n

2q-n Hä c - pLn-q H-ä c + p - 2 ä b zLq+1

-
ä Hä c - p + 2 ä b zL2

b

1

2
H-q-1L

n

q
G

q + 1

2
, -

ä Hä c - p + 2 ä b zL2

4 b
�; n Î N

01.06.21.1549.01à zn ãp z sinIb z N sinHc zL â z �

2-2 n-3 ã
b2

4 H-ä c+pL â
k=0

n â
h=0

k H-1Lk-h 4k Hä bL-h-k+2 n Iä b + 2 H-ä c + pL z Nh+k
-

Iä b + 2 H-ä c + pL z N2

-ä c + p

1

2
H-h-k-1L

k

h

n

k

b ä Iä b + 2 H-ä c + pL z N G
1

2
Hh + k + 1L, -

Iä b + 2 H-ä c + pL z N2

4 H-ä c + pL + 2 -
Iä b + 2 H-ä c + pL z N2

-ä c + p

H-ä c + pL G
1

2
Hh + k + 2L, -

Iä b + 2 H-ä c + pL z N2

4 H-ä c + pL H-ä c + pL-2 Hn+1L -

ã
b2

4 H-ä c+pL â
k=0

n â
h=0

k H-1Lk-h 4k H-ä bL-h-k+2 n -
Iä b - 2 H-ä c + pL z N2

-ä c + p

1

2
H-h-k-1L I-ä b + 2 H-ä c + pL z Nh+k
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k

h

n

k
2 H-ä c + pL -

Iä b - 2 H-ä c + pL z N2

-ä c + p
G

1

2
Hh + k + 2L, -

Iä b - 2 H-ä c + pL z N2

4 H-ä c + pL -

ä b I-ä b + 2 H-ä c + pL z N G
1

2
Hh + k + 1L, -

Iä b - 2 H-ä c + pL z N2

4 H-ä c + pL H-ä c + pL-2 Hn+1L -

ã
b2

4 Hä c+pL Hä c + pL-2 Hn+1L â
k=0

n â
h=0

k H-1Lk-h 4k Hä bL-h-k+2 n Iä b + 2 Hä c + pL z Nh+k
-

Iä b + 2 Hä c + pL z N2

ä c + p

1

2
H-h-k-1L

k

h

n

k
b ä Iä b + 2 Hä c + pL z N G

1

2
Hh + k + 1L, -

Iä b + 2 Hä c + pL z N2

4 Hä c + pL +

2 -
Iä b + 2 Hä c + pL z N2

ä c + p
Hä c + pL G

1

2
Hh + k + 2L, -

Iä b + 2 Hä c + pL z N2

4 Hä c + pL -

â
k=0

n â
h=0

k H-1Lk-h 4k H-ä bL-h-k+2 n -
Iä b - 2 Hä c + pL z N2

ä c + p

1

2
H-h-k-1L I-ä b + 2 Hä c + pL z Nh+k

k

h

n

k
2 Hä c + pL -

Iä b - 2 Hä c + pL z N2

ä c + p
G

1

2
Hh + k + 2L, -

Iä b - 2 Hä c + pL z N2

4 Hä c + pL -

ä b I-ä b + 2 Hä c + pL z N G
1

2
Hh + k + 1L, -

Iä b - 2 Hä c + pL z N2

4 Hä c + pL �; n Î N

Involving zn  ãp zr
 sinIb zr M sinHc zL
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01.06.21.1550.01

à zn ãp z2
sinIb z2M sinHc zL â z �

1

8
ã

-
c2 p

-2 b2-2 p2 Ib2 + p2M-n-1
ã

-
c2

4 Hä b+pL Hä b + pLn+1

â
q=0

n

2q-n Hä cLn-q
Hä c + 2 Hä b - pL zL2

ä b - p

1

2
H-q-1L H-ä c - 2 ä b z + 2 p zLq+1 n

q
G

q + 1

2
,

Hä c + 2 Hä b - pL zL2

4 Hä b - pL -

â
q=0

n

2q-n H-ä cLn-q Hä c + 2 H-ä b + pL zLq+1
Hä c + 2 H-ä b + pL zL2

ä b - p

1

2
H-q-1L

n

q
G

q + 1

2
,

Hä c + 2 H-ä b + pL zL2

4 Hä b - pL -

ã
-

c2

-4 ä b+4 p H-ä b + pLn+1 â
q=0

n

2q-n Hä cLn-q -
Hä c - 2 Hä b + pL zL2

ä b + p

1

2
H-q-1L H-ä c + 2 Hä b + pL zLq+1

n

q
G

q + 1

2
, -

Hä c - 2 Hä b + pL zL2

4 Hä b + pL - â
q=0

n

2q-n H-ä cLn-q Hä c + 2 Hä b + pL zLq+1

-
Hä c + 2 Hä b + pL zL2

ä b + p

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hä c + 2 Hä b + pL zL2

4 Hä b + pL �; n Î N

01.06.21.1551.01

à zn ãp z sinIb z N sinHc zL â z � 2-2 n-3 Hä cL-2 Hn+1L ã
ä J-3 b2+2 ä p b+3 p2N

4 c

ã
-

ä Hä b+pL2
2 c â

k=0

n â
h=0

k H-1Lk-h 4k H-ä b + pL-h-k+2 n I-ä b + p + 2 ä c z Nh+k
ä I-ä b + p + 2 ä c z N2

c

1

2
H-h-k-1L

k

h

n

k
H-ä b + pL I-ä b + p + 2 ä c z N G

1

2
Hh + k + 1L, ä I-ä b + p + 2 ä c z N2

4 c
+

2
ä I-ä b + p + 2 ä c z N2

c
c ä G

1

2
Hh + k + 2L, ä I-ä b + p + 2 ä c z N2

4 c
-

ã
-

ä Jp2-b2N
2 c â

k=0

n â
h=0

k H-1Lk-h 4k Hä b + pL-h-k+2 n Iä b + p + 2 ä c z Nh+k
ä Iä b + p + 2 ä c z N2

c

1

2
H-h-k-1L
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k

h

n

k
Hä b + pL Iä b + p + 2 ä c z N G

1

2
Hh + k + 1L, ä Iä b + p + 2 ä c z N2

4 c
+

2
ä Iä b + p + 2 ä c z N2

c
c ä G

1

2
Hh + k + 2L, ä Iä b + p + 2 ä c z N2

4 c
-

ã
-

ä Jp2-b2N
c â

k=0

n â
h=0

k H-1Lk-h 4k H-ä b + pL-h-k+2 n I-ä b + p - 2 ä c z Nh+k
-

ä Iä b - p + 2 ä c z N2

c

1

2
H-h-k-1L

k

h

n

k
Hä b - pL Iä b - p + 2 ä c z N G

1

2
Hh + k + 1L, -

ä Iä b - p + 2 ä c z N2

4 c
-

2 ä c -
ä Iä b - p + 2 ä c z N2

c
G

1

2
Hh + k + 2L, -

ä Iä b - p + 2 ä c z N2

4 c
+

ã
-

ä J-b2+ä p b+p2N
c â

k=0

n â
h=0

k H-1Lk-h 4k Hä b + pL-h-k+2 n Iä b + p - 2 ä c z Nh+k
-

ä Iä b + p - 2 ä c z N2

c

1

2
H-h-k-1L

k

h

n

k
Hä b + pL Iä b + p - 2 ä c z N G

1

2
Hh + k + 1L, -

ä Iä b + p - 2 ä c z N2

4 c
-

2 ä c -
ä Iä b + p - 2 ä c z N2

c
G

1

2
Hh + k + 2L, -

ä Iä b + p - 2 ä c z N2

4 c
�; n Î N

Involving zn  ãp z sinIb zr M sinIc zr M
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01.06.21.1552.01à zn ãp z sinIb z2M sinIc z2M â z �

1

8
-ã

-
p2

4 H-ä b+ä cL â
j=0

n

2 j-n H- pLn- j Hp + 2 H-ä b + ä cL zL j+1 -
Hp + 2 H-ä b + ä cL zL2

-ä b + ä c

1

2
H- j-1L

n

j
G

j + 1

2
,

-
Hp + 2 H-ä b + ä cL zL2

4 H-ä b + ä cL H-ä b + ä cL-n-1 + Hä b + ä cL-n-1 ã
-

p2

4 Hä b+ä cL

â
j=0

n

2 j-n H- pLn- j Hp + 2 Hä b + ä cL zL j+1 -
Hp + 2 Hä b + ä cL zL2

ä b + ä c

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hp + 2 Hä b + ä cL zL2

4 Hä b + ä cL +

H-ä b - ä cL-n-1 ã
-

p2

4 H-ä b-ä cL â
j=0

n

2 j-n H- pLn- j Hp + 2 H-ä b - ä cL zL j+1 -
Hp + 2 H-ä b - ä cL zL2

-ä b - ä c

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hp + 2 H-ä b - ä cL zL2

4 H-ä b - ä cL - Hä b - ä cL-n-1 ã
-

p2

4 Hä b-ä cL

â
j=0

n

2 j-n H- pLn- j Hp + 2 Hä b - ä cL zL j+1 -
Hp + 2 Hä b - ä cL zL2

ä b - ä c

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hp + 2 Hä b - ä cL zL2

4 Hä b - ä cL �; n Î N

01.06.21.1553.01à zn ãp z sinIb z N sinIc z N â z �

2-2 n-3 ã
-

H-ä b+ä cL2
4 p â

i=0

n â
h=0

i H-1Li-h 4i H-ä b + ä cL-h-i+2 n I-ä b + ä c + 2 p z Nh+i
-

I-ä b + ä c + 2 p z N2

p

1

2
H-h-i-1L

i

h

n

i
H-ä b + ä cL I-ä b + ä c + 2 p z N G

1

2
Hh + i + 1L, -

I-ä b + ä c + 2 p z N2

4 p
+

2 -
I-ä b + ä c + 2 p z N2

p
p G

1

2
Hh + i + 2L, -

I-ä b + ä c + 2 p z N2

4 p
p-2 n-2 -

ã
-

Hä b+ä cL2
4 p â

i=0

n â
h=0

i H-1Li-h 4i Hä b + ä cL-h-i+2 n Iä b + ä c + 2 p z Nh+i
-

Iä b + ä c + 2 p z N2

p

1

2
H-h-i-1L
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i

h

n

i
Hä b + ä cL Iä b + ä c + 2 p z N G

1

2
Hh + i + 1L, -

Iä b + ä c + 2 p z N2

4 p
+

2 -
Iä b + ä c + 2 p z N2

p
p G

1

2
Hh + i + 2L, -

Iä b + ä c + 2 p z N2

4 p
p-2 n-2 -

ã
-

H-ä b-ä cL2
4 p â

i=0

n â
h=0

i H-1Li-h 4i H-ä b - ä cL-h-i+2 n I-ä b - ä c + 2 p z Nh+i
-

I-ä b - ä c + 2 p z N2

p

1

2
H-h-i-1L

i

h

n

i
H-ä b - ä cL I-ä b - ä c + 2 p z N G

1

2
Hh + i + 1L, -

I-ä b - ä c + 2 p z N2

4 p
+

2 -
I-ä b - ä c + 2 p z N2

p
p G

1

2
Hh + i + 2L, -

I-ä b - ä c + 2 p z N2

4 p
p-2 n-2 +

ã
-

Hä b-ä cL2
4 p â

i=0

n â
h=0

i H-1Li-h 4i Hä b - ä cL-h-i+2 n Iä b - ä c + 2 p z Nh+i
-

Iä b - ä c + 2 p z N2

p

1

2
H-h-i-1L

i

h

n

i
Hä b - ä cL Iä b - ä c + 2 p z N G

1

2
Hh + i + 1L, -

Iä b - ä c + 2 p z N2

4 p
+

2 -
Iä b - ä c + 2 p z N2

p
p G

1

2
Hh + i + 2L, -

Iä b - ä c + 2 p z N2

4 p
p-2 n-2 �; n Î N

Involving zΑ-1 ãp zr
sinIb zr M sinIc zr M
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01.06.21.1554.01à zΑ-1 ãp zr
sinHb zrL sinHc zrL â z �

zΑ

4 r
-G

Α

r
, H-ä b + ä c - pL zr HH-ä b + ä c - pL zrL-

Α

r + HHä b + ä c - pL zrL-
Α

r G
Α

r
, Hä b + ä c - pL zr +

HH-ä b - ä c - pL zrL-
Α

r G
Α

r
, H-ä b - ä c - pL zr - HHä b - ä c - pL zrL-

Α

r G
Α

r
, Hä b - ä c - pL zr

Involving zΑ-1 ãb zr +e sinIa zr + qM sinIc zr + gM
01.06.21.1555.01à zΑ-1 ãb zr+e sinHa zr + qL sinHc zr + gL â z �

zΑ

4 r
-ãe-ä g+ä q G

Α

r
, H-b - ä a + ä c L zr HH-b - ä a + ä c L zrL-

Α

r + ãe-ä g-ä q HH-b + ä a + ä c L zrL-
Α

r G
Α

r
, H-b + ä a + ä c L zr +

ãe+ä g +ä q HH-b - ä c - ä a L zrL-
Α

r G
Α

r
, H-b - ä c - ä a L zr - ãe+ä g -ä q HH-b - ä c + ä a L zrL-

Α

r G
Α

r
, H-b - ä c + ä a L zr

Involving zn ãb zr +d z+e sinIa zr + p z + qM sinIc zr + f z + gM
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01.06.21.1556.01

à zn ãb z2+d z+e sinIa z2 + p z + qM sinIc z2 + f z + gM â z �
1

8
-ã

-
Hd+ä f -ä pL2
4 Hb-ä a +ä c L +e+ä g -ä q

â
j=0

n

2 j-n H-d - ä f + ä pLn- j Hd + ä f - ä p + 2 Hb - ä a + ä c L zL j+1 -
Hd + ä f - ä p + 2 Hb - ä a + ä c L zL2

b - ä a + ä c

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hd + ä f - ä p + 2 Hb - ä a + ä c L zL2

4 Hb - ä a + ä c L Hb - ä a + ä c L-n-1 +

Hb + ä a + ä c L-n-1 ã
-

Hd+ä f +ä pL2
4 Hb+ä a +ä c L +e+ä g +ä q â

j=0

n

2 j-n H-d - ä f - ä pLn- j Hd + ä f + ä p + 2 Hb + ä a + ä c L zL j+1

-
Hd + ä f + ä p + 2 Hb + ä a + ä c L zL2

b + ä a + ä c

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hd + ä f + ä p + 2 Hb + ä a + ä c L zL2

4 Hb + ä a + ä c L +

Hb - ä c - ä a L-n-1 ã
-

Hd-ä f -ä pL2
4 Hb-ä c-ä a L +e-ä g-ä q â

j=0

n

2 j-n H-d + ä f + ä pLn- j Hd - ä f - ä p + 2 Hb - ä c - ä a L zL j+1

-
Hd - ä f - ä p + 2 Hb - ä c - ä a L zL2

b - ä c - ä a

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hd - ä f - ä p + 2 Hb - ä c - ä a L zL2

4 Hb - ä c - ä a L -

Hb - ä c + ä a L-n-1 ã
-

Hd-ä f +ä pL2
4 Hb-ä c+ä a L +e-ä g+ä q â

j=0

n

2 j-n H-d + ä f - ä pLn- j Hd - ä f + ä p + 2 Hb - ä c + ä a L zL j+1

-
Hd - ä f + ä p + 2 Hb - ä c + ä a L zL2

b - ä c + ä a

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hd - ä f + ä p + 2 Hb - ä c + ä a L zL2

4 Hb - ä c + ä a L �; n Î N

01.06.21.1557.01à zn ã z b+d z+e sinI z a + p z + qN sinI z c + f z + gN â z �

2-2 n-3 -ã
-

Hb+ä a +ä c L2
4 Hd+ä f +ä pL +e+ä g +ä q â

i=0

n â
h=0

i H-1Li-h 4i Hb + ä a + ä c L-h-i+2 n

Ib + ä a + ä c + 2 Hd + ä f + ä pL z Nh+i
-

Ib + ä a + ä c + 2 Hd + ä f + ä pL z N2

d + ä f + ä p

1

2
H-h-i-1L

i

h

n

i
Hb + ä a + ä c L Ib + ä a + ä c + 2 Hd + ä f + ä pL z N G

1

2
Hh + i + 1L,

+
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-
Ib + ä a + ä c + 2 Hd + ä f + ä pL z N2

4 Hd + ä f + ä pL + 2 -
Ib + ä a + ä c + 2 Hd + ä f + ä pL z N2

d + ä f + ä p

Hd + ä f + ä pL G
1

2
Hh + i + 2L, -

Ib + ä a + ä c + 2 Hd + ä f + ä pL z N2

4 Hd + ä f + ä pL Hd + ä f + ä pL-2 n-2 +

ã
-

Hb-ä c+ä a L2
4 Hd-ä f +ä pL +e-ä g+ä q Hd - ä f + ä pL-2 n-2 â

i=0

n â
h=0

i H-1Li-h 4i Hb - ä c + ä a L-h-i+2 n Ib - ä c + ä a + 2 Hd - ä f + ä pL z Nh+i

-
Ib - ä c + ä a + 2 Hd - ä f + ä pL z N2

d - ä f + ä p

1

2
H-h-i-1L

i

h

n

i
Hb - ä c + ä a L Ib - ä c + ä a + 2 Hd - ä f + ä pL z N

G
1

2
Hh + i + 1L, -

Ib - ä c + ä a + 2 Hd - ä f + ä pL z N2

4 Hd - ä f + ä pL + 2 -
Ib - ä c + ä a + 2 Hd - ä f + ä pL z N2

d - ä f + ä p

Hd - ä f + ä pL G
1

2
Hh + i + 2L, -

Ib - ä c + ä a + 2 Hd - ä f + ä pL z N2

4 Hd - ä f + ä pL +

ã
-

Hb-ä a +ä c L2
4 Hd+ä f -ä pL +e+ä g -ä q Hd + ä f - ä pL-2 n-2 â

i=0

n â
h=0

i H-1Li-h 4i Hb - ä a + ä c L-h-i+2 n Ib - ä a + ä c + 2 Hd + ä f - ä pL z Nh+i

-
Ib - ä a + ä c + 2 Hd + ä f - ä pL z N2

d + ä f - ä p

1

2
H-h-i-1L

i

h

n

i

Hb - ä a + ä c L Ib - ä a + ä c + 2 Hd + ä f - ä pL z N G
1

2
Hh + i + 1L,

-
Ib - ä a + ä c + 2 Hd + ä f - ä pL z N2

4 Hd + ä f - ä pL + 2 -
Ib - ä a + ä c + 2 Hd + ä f - ä pL z N2

d + ä f - ä p

Hd + ä f - ä pL G
1

2
Hh + i + 2L, -

Ib - ä a + ä c + 2 Hd + ä f - ä pL z N2

4 Hd + ä f - ä pL -

ã ân âi

4i
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ã
-

Hb-ä c-ä a L2
4 Hd-ä f -ä pL +e-ä g-ä q Hd - ä f - ä pL-2 n-2 â

i=0

n â
h=0

i H-1Li-h 4i Hb - ä c - ä a L-h-i+2 n Ib - ä c - ä a + 2 Hd - ä f - ä pL z Nh+i

-
Ib - ä c - ä a + 2 Hd - ä f - ä pL z N2

d - ä f - ä p

1

2
H-h-i-1L

i

h

n

i
Hb - ä c - ä a L Ib - ä c - ä a + 2 Hd - ä f - ä pL z N

G
1

2
Hh + i + 1L, -

Ib - ä c - ä a + 2 Hd - ä f - ä pL z N2

4 Hd - ä f - ä pL + 2 -
Ib - ä c - ä a + 2 Hd - ä f - ä pL z N2

d - ä f - ä p

Hd - ä f - ä pL G
1

2
Hh + i + 2L, -

Ib - ä c - ä a + 2 Hd - ä f - ä pL z N2

4 Hd - ä f - ä pL �; n Î N

Involving products of several direct functions, exponential and a power functions

Involving zΑ-1 ãp z sin Ha zL sinHb zL sinHc zL
01.06.21.1558.01à zΑ-1 ãp z sinHa zL sinHb zL sinHc zL â z �

1

8
ä zΑ I-GHΑ, -Hä Ha - b - cL + pL zL H-Hä Ha - b - cL + pL zL-Α + H-Hä Ha + b - cL + pL zL-Α GHΑ, -Hä Ha + b - cL + pL zL +H-Hä Ha - b + cL + pL zL-Α GHΑ, -Hä Ha - b + cL + pL zL - H-Hä Ha + b + cL + pL zL-Α GHΑ, -Hä Ha + b + cL + pL zL +Hä Ha - b - c + ä pL zL-Α GHΑ, ä Ha - b - c + ä pL zL - Hä Ha + b - c + ä pL zL-Α GHΑ, ä Ha + b - c + ä pL zL -Hä Ha - b + c + ä pL zL-Α GHΑ, ä Ha - b + c + ä pL zL + Hä Ha + b + c + ä pL zL-Α GHΑ, ä Ha + b + c + ä pL zLM

Involving zΑ-1 ãp z  Ûk=1
n sinHak zL

01.06.21.1559.01à zΑ-1 ãp z ä
k=1

n

sinHak zL â z �

H-2L-n-1 zΑ â
k1=-1
D k1=2

1 â
k2=-1
D k2=2

1

¼ â
kn=-1
D kn=2

1

ã
1

2
H-HΠ ä LL Új=1

n k j G Α, ä â
j=1

n Ik j  a jM - p z ä â
j=1

n Ik j  a jM - p z

-Α

+ ã
1

2
HΠ ä L Új=1

n k j

G Α, - ä â
j=1

n Ik j  a jM + p z  - ä â
j=1

n Ik j  a jM + p z

-Α

01.06.21.1560.01

à 1

z
 ãp z ä

k=1

n

sinHak zL â z �
H-1Ln

2n+1
â

k1=-1
D k1=2

1 â
k2=-1
D k2=2

1

¼ â
kn=-1
D kn=2

1

ã
1

2
HΠ ä L Új=1

n k j Ei p + ä â
j=1

n

k j a j z + ã
1

2
H-HΠ ä LL Új=1

n k j Ei p - ä â
j=1

n

k j a j z

http://functions.wolfram.com 713



Involving products of powers of the direct function, exponential and a power functions

Involving product of power of the direct function, the direct function, exponential and a power functions

Involving zΑ-1 ãb z  sinHc zL sinΝHa zL
01.06.21.1561.01à zΑ-1 ãb z sinHc zL sinvHa zL â z �

-2-1-v ä zΑ ä-v â
k=0

f v-1

2
v H-1Lk v

k
I-GHΑ, -Hb + ä Hc - 2 a k + a vLL zL H-Hb + ä Hc - 2 a k + a vLL zL-Α +

H-1Lv H-Hb - ä Hc - 2 a k + a vLL zL-Α GHΑ, -Hb - ä Hc - 2 a k + a vLL zL - H-1Lv H-Hb + ä Hc + 2 a k - a vLL zL-Α

GHΑ, -Hb + ä Hc + 2 a k - a vLL zL + H-Hb - ä Hc + 2 a k - a vLL zL-Α GHΑ, -Hb - ä Hc + 2 a k - a vLL zLM +

v
v

2

IH-Hb - ä cL zL-Α GHΑ, ä c z - b zL - H-Hb + ä c L zL-Α GHΑ, -Hb + ä c L zLM H1 - v mod 2L �; v Î N+

01.06.21.1562.01à zn ãb z sinHc zL sinΝHa zL â z �

-
ä

2
I1 - ã2 ä a zM-Ν

n! sinΝHa zL ãHb+ä cL z â
p=0

n H-1Lp zn-p Hb + ä c - ä a ΝL-p-1Hn - pL !
 p+2Fp+1

-ä b + c - a Ν

2 a
, ¼,

-ä b + c - a Ν

2 a
, -Ν;

1 +
-ä b + c - a Ν

2 a
, ¼, 1 +

-ä b + c - a Ν

2 a
; ã2 ä a z - ãHb-ä cL z â

p=0

n H-1Lp zn-p Hb - ä c - ä a ΝL-p-1Hn - pL !
 

p+2Fp+1 -
ä b + c + a Ν

2 a
, ¼, -

ä b + c + a Ν

2 a
, -Ν; 1 -

ä b + c + a Ν

2 a
, ¼, 1 -

ä b + c + a Ν

2 a
; ã2 ä a z �; n Î N

Involving zn  ãb z  sinHc z + dL sinΝHa zL
01.06.21.1563.01à zΑ-1 ãb z sinHd + c zL sinvHa zL â z �

-2-v-1 ä zΑ ã-ä d
v
v

2

IHä Hc + ä b L zL-Α GHΑ, ä c z - b zL - ã2 ä d HH-b - ä c L zL-Α GHΑ, -b z - ä c zLM H1 - v mod 2L + ä-v â
k=0

f v-1

2
v H-1Lk

ã-ä d v

k
Iãä Π v GHΑ, ä Hc + ä b - 2 a k + a vL zL Hä Hc + ä b - 2 a k + a vL zL-Α - ã2 ä d H-ä Hc - ä b - 2 a k + a vL zL-Α

GHΑ, -ä Hc - ä b - 2 a k + a vL zL + Hä Hc + ä b + 2 a k - a vL zL-Α GHΑ, ä Hc + ä b + 2 a k - a vL zL -

ãä H2 d+Π vL H-ä Hc - ä b + 2 a k - a vL zL-Α GHΑ, -ä Hc - ä b + 2 a k - a vL zLM �; v Î N+
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01.06.21.1564.01à zn ãb z sinHc z + dL sinΝHa zL â z �

-ä
1

2
n! sinΝHa zL I1 - ã2 ä a zM-Ν

ãä d+Hb+ä c L z â
p=0

n HH-1Lp zn-pLHn - pL ! Hb + ä c - ä a ΝLp+1
 p+2Fp+1

-ä b + c - a Ν

2 a
, ¼,

-ä b + c - a Ν

2 a
, -Ν;

-ä b + c - a Ν

2 a
+ 1, ¼,

-ä b + c - a Ν

2 a
+ 1; ã2 ä a z - ã-ä d+Hb-ä cL z â

p=0

n HH-1Lp zn-pLHn - pL ! Hb - ä c - ä a ΝLp+1
 

p+2Fp+1 -
ä b + c + a Ν

2 a
, ¼, -

ä b + c + a Ν

2 a
, -Ν; 1 -

ä b + c + a Ν

2 a
, ¼, 1 -

ä b + c + a Ν

2 a
; ã2 ä a z �; n Î N

Involving zΑ-1 ãp z  sinHc zL sinv Ha z + bL
01.06.21.1565.01à zΑ-1 ãp z sinHc zL sinvHb + a zL â z �

-2-v-1 ä zΑ
v
v

2

HHä Hc + ä pL zL-Α GHΑ, ä c z - p zL - HH-ä c - pL zL-Α GHΑ, -ä c z - p zLL H1 - v mod 2L + ä-v â
k=0

f v-1

2
v H-1Lk ã-ä b H2 k+vL

v

k
Iãä H4 b k+Π vL GHΑ, ä Hc - 2 a k + ä p + a vL zL Hä Hc - 2 a k + ä p + a vL zL-Α - ã2 ä b v H-ä Hc - 2 a k - ä p + a vL zL-Α

GHΑ, -ä Hc - 2 a k - ä p + a vL zL + ã2 ä b v Hä Hc + 2 a k + ä p - a vL zL-Α GHΑ, ä Hc + 2 a k + ä p - a vL zL -

ãä H4 b k+Π vL H-ä Hc + 2 a k - ä p - a vL zL-Α GHΑ, -ä Hc + 2 a k - ä p - a vL zLM �; v Î N+

01.06.21.1566.01à zn ãp z sinHc zL sinΝHb + a zL â z �

1

2
ä I1 - ã2 ä Hb+a zLM-Ν

n! sinΝHb + a zL ãH-ä c+pL z â
j=0

n H-1L j zn- j H-ä c + p - ä a ΝL- j-1Hn - jL !
 j+2F j+1 -

c + ä p + a Ν

2 a
, ¼, -

c + ä p + a Ν

2 a
,

-Ν; 1 -
c + ä p + a Ν

2 a
, ¼, 1 -

c + ä p + a Ν

2 a
; ã2 ä Hb+a zL - ãHä c+pL z â

j=0

n H-1L j zn- j Hä c + p - ä a ΝL- j-1Hn - jL !
 

j+2F j+1 -
-c + ä p + a Ν

2 a
, ¼, -

-c + ä p + a Ν

2 a
, -Ν; 1 -

-c + ä p + a Ν

2 a
, ¼, 1 -

-c + ä p + a Ν

2 a
; ã2 ä Hb+a zL �; n Î N

Involving zΑ-1 ãp z  sinHc z + dL sinv Ha z + bL
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01.06.21.1567.01à zΑ-1 ãp z sinHd + c zL sinvHb + a zL â z �

-2-v-1 ä zΑ ã-ä d
v
v

2

IHä Hc + ä pL zL-Α GHΑ, ä c z - p zL - ã2 ä d HH-ä c - pL zL-Α GHΑ, -ä c z - p zLM H1 - v mod 2L +

ä-v â
k=0

f v-1

2
v H-1Lk ã-ä Hd+b H2 k+vLL v

k
Iãä H4 b k+Π vL GHΑ, ä Hc - 2 a k + ä p + a vL zL Hä Hc - 2 a k + ä p + a vL zL-Α -

ã2 ä Hd+b vL H-ä Hc - 2 a k - ä p + a vL zL-Α GHΑ, -ä Hc - 2 a k - ä p + a vL zL +

ã2 ä b v Hä Hc + 2 a k + ä p - a vL zL-Α GHΑ, ä Hc + 2 a k + ä p - a vL zL -

ãä H2 d+4 b k+Π vL H-ä Hc + 2 a k - ä p - a vL zL-Α GHΑ, -ä Hc + 2 a k - ä p - a vL zLM �; v Î N+

01.06.21.1568.01à zn ãp z sinHd + c zL sinΝHb + a zL â z �

1

2
ä I1 - ã2 ä Hb+a zLM-Ν

n! sinΝHb + a zL ã-ä d+H-ä c+pL z â
j=0

n H-1L j zn- j H-ä c + p - ä a ΝL- j-1Hn - jL !
 j+2F j+1

-
c + ä p + a Ν

2 a
, ¼, -

c + ä p + a Ν

2 a
, -Ν; 1 -

c + ä p + a Ν

2 a
, ¼, 1 -

c + ä p + a Ν

2 a
; ã2 ä Hb+a zL -

ãä d+Hä c+pL z â
j=0

n H-1L j zn- j Hä c + p - ä a ΝL- j-1Hn - jL !
 j+2F j+1 -

-c + ä p + a Ν

2 a
, ¼, -

-c + ä p + a Ν

2 a
,

-Ν; 1 -
-c + ä p + a Ν

2 a
, ¼, 1 -

-c + ä p + a Ν

2 a
; ã2 ä Hb+a zL �; n Î N

Involving zn  ãp zr
 sinHb zL sinv Hc zL
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01.06.21.1569.01à zn ãp z2
sinHb zL sinvHc zL â z �

ä 2-v-2 p-n-1
v
v

2

H1 - v mod 2L ã
b2

4 p â
j=0

n

2 j-n H-ä bLn- j Hä b + 2 p zL j+1 -
Hä b + 2 p zL2

p

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä b + 2 p zL2

4 p
-

ã
b2

4 p â
j=0

n

2 j-n Hä bLn- j H-ä b + 2 p zL j+1 -
H-ä b + 2 p zL2

p

1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä b + 2 p zL2

4 p
+

ä-v-1 2-v-2 p-n-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
H-ä b+ä c H2 s-vLL2

4 p â
j=0

n

2 j-n Hä b - ä c H2 s - vLLn- j H-ä b + ä c H2 s - vL + 2 p zL j+1

-
H-ä b + ä c H2 s - vL + 2 p zL2

p

1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä b + ä c H2 s - vL + 2 p zL2

4 p
-

H-1Lv ã
-

Hä b+ä c H2 s-vLL2
4 p â

j=0

n

2 j-n H-ä b - ä c H2 s - vLLn- j Hä b + ä c H2 s - vL + 2 p zL j+1

-
Hä b + ä c H2 s - vL + 2 p zL2

p

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä b + ä c H2 s - vL + 2 p zL2

4 p
+ ã

-
H-ä b+ä c Hv-2 sLL2

4 p

â
j=0

n

2 j-n Hä b - ä c Hv - 2 sLLn- j H-ä b + ä c Hv - 2 sL + 2 p zL j+1 -
H-ä b + ä c Hv - 2 sL + 2 p zL2

p

1

2
H- j-1L

n

j
G

j + 1

2
,

-
H-ä b + ä c Hv - 2 sL + 2 p zL2

4 p
- ã

-
Hä b+ä c Hv-2 sLL2

4 p â
j=0

n

2 j-n H-ä b - ä c Hv - 2 sLLn- j Hä b + ä c Hv - 2 sL + 2 p zL j+1

-
Hä b + ä c Hv - 2 sL + 2 p zL2

p

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä b + ä c Hv - 2 sL + 2 p zL2

4 p
�; n Î N ì v Î N+

01.06.21.1570.01à zn ãp z sinHb zL sinvHc zL â z �

ä 2-2 n-v-2
v
v

2

H1 - v mod 2L H-ä bL-2 n-2 ã
-

ä p2

4 b â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n Ip - 2 ä b z Nh+ j
-

ä Ip - 2 ä b z N2

b

1

2
H-h- j-1L

j

h

n

j
p Ip - 2 ä b z N G

1

2
Hh + j + 1L, -

ä Ip - 2 ä b z N2

4 b
-

-
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2 ä b -
ä Ip - 2 ä b z N2

b
G

1

2
Hh + j + 2L, -

ä Ip - 2 ä b z N2

4 b
-

Hä bL-2 n-2 ã
ä p2

4 b â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n Ip + 2 ä b z Nh+ j
ä Ip + 2 ä b z N2

b

1

2
H-h- j-1L

j

h

n

j
p Ip + 2 ä b z N

G
1

2
Hh + j + 1L, ä Ip + 2 ä b z N2

4 b
+ 2

ä Ip + 2 ä b z N2

b
b ä G

1

2
Hh + j + 2L, ä Ip + 2 ä b z N2

4 b
+

2-2 n-v-2 ä-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

-
p2

4 H-ä b+ä c H2 s-vLL â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n Ip + 2 H-ä b + ä c H2 s - vLL z Nh+ j

-
Ip + 2 H-ä b + ä c H2 s - vLL z N2

-ä b + ä c H2 s - vL
1

2
H-h- j-1L

j

h

n

j
p Ip + 2 H-ä b + ä c H2 s - vLL z N

G
1

2
Hh + j + 1L, -

Ip + 2 H-ä b + ä c H2 s - vLL z N2

4 H-ä b + ä c H2 s - vLL + 2 -
Ip + 2 H-ä b + ä c H2 s - vLL z N2

-ä b + ä c H2 s - vL
H-ä b + ä c H2 s - vLL G

1

2
Hh + j + 2L, -

Ip + 2 H-ä b + ä c H2 s - vLL z N2

4 H-ä b + ä c H2 s - vLL
H-ä b + ä c H2 s - vLL-2 n-2 + H-1Lv ã

-
p2

4 Hä b+ä c H2 s-vLL Hä b + ä c H2 s - vLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n Ip + 2 Hä b + ä c H2 s - vLL z Nh+ j
-

Ip + 2 Hä b + ä c H2 s - vLL z N2

ä b + ä c H2 s - vL
1

2
H-h- j-1L

j

h

n

j
p Ip + 2 Hä b + ä c H2 s - vLL z N G

1

2
Hh + j + 1L, -

Ip + 2 Hä b + ä c H2 s - vLL z N2

4 Hä b + ä c H2 s - vLL +
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2 -
Ip + 2 Hä b + ä c H2 s - vLL z N2

ä b + ä c H2 s - vL Hä b + ä c H2 s - vLL G

1

2
Hh + j + 2L, -

Ip + 2 Hä b + ä c H2 s - vLL z N2

4 Hä b + ä c H2 s - vLL -

ã
-

p2

4 H-ä b+ä c Hv-2 sLL H-ä b + ä c Hv - 2 sLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n Ip + 2 H-ä b + ä c Hv - 2 sLL z Nh+ j

-
Ip + 2 H-ä b + ä c Hv - 2 sLL z N2

-ä b + ä c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
p Ip + 2 H-ä b + ä c Hv - 2 sLL z N G

1

2
Hh + j + 1L, -

Ip + 2 H-ä b + ä c Hv - 2 sLL z N2

4 H-ä b + ä c Hv - 2 sLL + 2 -
Ip + 2 H-ä b + ä c Hv - 2 sLL z N2

-ä b + ä c Hv - 2 sL
H-ä b + ä c Hv - 2 sLL G

1

2
Hh + j + 2L, -

Ip + 2 H-ä b + ä c Hv - 2 sLL z N2

4 H-ä b + ä c Hv - 2 sLL +

ã
-

p2

4 Hä b+ä c Hv-2 sLL Hä b + ä c Hv - 2 sLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n Ip + 2 Hä b + ä c Hv - 2 sLL z Nh+ j

-
Ip + 2 Hä b + ä c Hv - 2 sLL z N2

ä b + ä c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
p Ip + 2 Hä b + ä c Hv - 2 sLL z N G

1

2
Hh + j + 1L, -

Ip + 2 Hä b + ä c Hv - 2 sLL z N2

4 Hä b + ä c Hv - 2 sLL + 2 -
Ip + 2 Hä b + ä c Hv - 2 sLL z N2

ä b + ä c Hv - 2 sL
Hä b + ä c Hv - 2 sLL G

1

2
Hh + j + 2L, -

Ip + 2 Hä b + ä c Hv - 2 sLL z N2

4 Hä b + ä c Hv - 2 sLL �; n Î N ì v Î N+

Involving zn  ãp z  sinIb zr M sinv Hc zL
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01.06.21.1571.01à zn ãp z sinIb z2M sinvHc zL â z � ä 2-v-2
v
v

2

H1 - v mod 2L
Hä bL-n-1 ã

ä p2

4 b â
j=0

n

2 j-n H- pLn- j Hp + 2 ä b zL j+1
ä Hp + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hp + 2 ä b zL2

4 b
-

H-ä bL-n-1 ã
-

ä p2

4 b â
j=0

n

2 j-n H- pLn- j Hp - 2 ä b zL j+1 -
ä Hp - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hp - 2 ä b zL2

4 b
-

2-v-2 ä-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv-1 ã

-
ä Hp+c ä H2 s-vLL2

4 b H-ä bL-n-1 â
j=0

n

2 j-n H- p - ä c H2 s - vLLn- j Hp + c ä H2 s - vL - 2 ä b zL j+1

-
ä Hp + c ä H2 s - vL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hp + c ä H2 s - vL - 2 ä b zL2

4 b
-

ã
-

ä Hp+c ä Hv-2 sLL2
4 b H-ä bL-n-1 â

j=0

n

2 j-n H- p - ä c Hv - 2 sLLn- j Hp + c ä Hv - 2 sL - 2 ä b zL j+1

-
ä Hp + c ä Hv - 2 sL - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hp + c ä Hv - 2 sL - 2 ä b zL2

4 b
+

H-1Lv Hä bL-n-1 ã
ä Hp+c ä H2 s-vLL2

4 b â
j=0

n

2 j-n H- p - ä c H2 s - vLLn- j Hp + c ä H2 s - vL + 2 ä b zL j+1

ä Hp + c ä H2 s - vL + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hp + c ä H2 s - vL + 2 ä b zL2

4 b
+

Hä bL-n-1 ã
ä Hp+c ä Hv-2 sLL2

4 b â
j=0

n

2 j-n H- p - ä c Hv - 2 sLLn- j Hp + c ä Hv - 2 sL + 2 ä b zL j+1

ä Hp + c ä Hv - 2 sL + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hp + c ä Hv - 2 sL + 2 ä b zL2

4 b
�; n Î N ì v Î N+

01.06.21.1572.01

à zn ãp z sinIb z N sinvHc zL â z � ä-v-1 2-2 n-v-2 ã
b2

4 p
+

ä Π v

2 p-2 n-2
v
v

2

H1 - v mod 2L
â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 p z Nh+ j
-

Iä b + 2 p z N2

p

1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 p z N

+ -
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G
1

2
Hh + j + 1L, -

Iä b + 2 p z N2

4 p
+ 2 -

Iä b + 2 p z N2

p
p G

1

2
Hh + j + 2L, -

Iä b + 2 p z N2

4 p
-

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b + 2 p z Nh+ j
-

I-ä b + 2 p z N2

p

1

2
H-h- j-1L

j

h

n

j

2 p -
I-ä b + 2 p z N2

p
G

1

2
Hh + j + 2L, -

I-ä b + 2 p z N2

4 p
-

ä b I-ä b + 2 p z N G
1

2
Hh + j + 1L, -

I-ä b + 2 p z N2

4 p
+

2-2 n-v-2 ä-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

b2

4 Hp+c ä H2 s-vLL â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b + 2 Hp + c ä H2 s - vLL z Nh+ j

-
I-ä b + 2 Hp + c ä H2 s - vLL z N2

p + c ä H2 s - vL
1

2
H-h- j-1L

j

h

n

j
2 Hp + c ä H2 s - vLL

-
I-ä b + 2 Hp + c ä H2 s - vLL z N2

p + c ä H2 s - vL G
1

2
Hh + j + 2L, -

I-ä b + 2 Hp + c ä H2 s - vLL z N2

4 Hp + c ä H2 s - vLL - ä

b I-ä b + 2 Hp + c ä H2 s - vLL z N G
1

2
Hh + j + 1L, -

I-ä b + 2 Hp + c ä H2 s - vLL z N2

4 Hp + c ä H2 s - vLL

Hp + c ä H2 s - vLL-2 n-2 + H-1Lv ã
b2

4 Hp+c ä H2 s-vLL â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 Hp + c ä H2 s - vLL z Nh+ j

-
Iä b + 2 Hp + c ä H2 s - vLL z N2

p + c ä H2 s - vL
1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 Hp + c ä H2 s - vLL z N

+
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G
1

2
Hh + j + 1L, -

Iä b + 2 Hp + c ä H2 s - vLL z N2

4 Hp + c ä H2 s - vLL + 2 -
Iä b + 2 Hp + c ä H2 s - vLL z N2

p + c ä H2 s - vL
Hp + c ä H2 s - vLL G

1

2
Hh + j + 2L, -

Iä b + 2 Hp + c ä H2 s - vLL z N2

4 Hp + c ä H2 s - vLL Hp + c ä H2 s - vLL-2 n-2 -

ã
b2

4 Hp+c ä Hv-2 sLL Hp + c ä Hv - 2 sLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b + 2 Hp + c ä Hv - 2 sLL z Nh+ j

-
I-ä b + 2 Hp + c ä Hv - 2 sLL z N2

p + c ä Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 Hp + c ä Hv - 2 sLL

-
I-ä b + 2 Hp + c ä Hv - 2 sLL z N2

p + c ä Hv - 2 sL G
1

2
Hh + j + 2L, -

I-ä b + 2 Hp + c ä Hv - 2 sLL z N2

4 Hp + c ä Hv - 2 sLL -

ä b I-ä b + 2 Hp + c ä Hv - 2 sLL z N G
1

2
Hh + j + 1L, -

I-ä b + 2 Hp + c ä Hv - 2 sLL z N2

4 Hp + c ä Hv - 2 sLL +

ã
b2

4 Hp+c ä Hv-2 sLL Hp + c ä Hv - 2 sLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 Hp + c ä Hv - 2 sLL z Nh+ j

-
Iä b + 2 Hp + c ä Hv - 2 sLL z N2

p + c ä Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 Hp + c ä Hv - 2 sLL z N G

1

2
Hh + j + 1L, -

Iä b + 2 Hp + c ä Hv - 2 sLL z N2

4 Hp + c ä Hv - 2 sLL + 2 -
Iä b + 2 Hp + c ä Hv - 2 sLL z N2

p + c ä Hv - 2 sL
Hp + c ä Hv - 2 sLL G

1

2
Hh + j + 2L, -

Iä b + 2 Hp + c ä Hv - 2 sLL z N2

4 Hp + c ä Hv - 2 sLL �; n Î N ì v Î N+

Involving zn  ãp z sinHb zL sinv Ic zr M
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01.06.21.1573.01à zn ãp z sinHb zL sinvIc z2M â z �

ä 2-v-1 zn+1
v
v

2

IHH-ä b - pL zL-n-1 GHn + 1, H-ä b - pL zL - HHä b - pL zL-n-1 GHn + 1, Hä b - pL zLM H1 - v mod 2L -

2-v-2 ä-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

ä H-ä b+pL2
4 c H2 s-vL â

j=0

n

2 j-n Hä b - pLn- j H-ä b + p + 2 ä c H2 s - vL zL j+1

ä H-ä b + p + 2 ä c H2 s - vL zL2

c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-ä b + p + 2 ä c H2 s - vL zL2

4 c H2 s - vL Hä c H2 s - vLL-n-1 +

H-1Lv ã
ä Hä b+pL2
4 c H2 s-vL â

j=0

n

2 j-n H-ä b - pLn- j Hä b + p + 2 ä c H2 s - vL zL j+1
ä Hä b + p + 2 ä c H2 s - vL zL2

c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä b + p + 2 ä c H2 s - vL zL2

4 c H2 s - vL Hä c H2 s - vLL-n-1 -

ã
ä H-ä b+pL2
4 c Hv-2 sL Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n Hä b - pLn- j H-ä b + p + 2 ä c Hv - 2 sL zL j+1

ä H-ä b + p + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä H-ä b + p + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL +

ã
ä Hä b+pL2
4 c Hv-2 sL Hä c Hv - 2 sLL-n-1 â

j=0

n

2 j-n H-ä b - pLn- j Hä b + p + 2 ä c Hv - 2 sL zL j+1

ä Hä b + p + 2 ä c Hv - 2 sL zL2

c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hä b + p + 2 ä c Hv - 2 sL zL2

4 c Hv - 2 sL �; n Î N ì v Î N+

01.06.21.1574.01à zn ãp z sinHb zL sinvIc z N â z �

-2-v-1 ä
v
v

2

H1 - v mod 2L IH-H-ä b + pLL-n-1 GHn + 1, -H-ä b + pL zL - H-Hä b + pLL-n-1 GHn + 1, -Hä b + pL zLM +

ä-v-1 2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

c2 H2 s-vL2
4 H-ä b+pL â

j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 s - vLL-h- j+2 n I2 z H-ä b + pL + c ä H2 s - vLNh+ j

-
I2 z H-ä b + pL + c ä H2 s - vLN2

-ä b + p

1

2
H-h- j-1L

j

h

n

j
c ä H2 s - vL I2 z H-ä b + pL + c ä H2 s - vLN

+
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G
1

2
Hh + j + 1L, -

I2 z H-ä b + pL + c ä H2 s - vLN2

4 H-ä b + pL + 2 -
I2 z H-ä b + pL + c ä H2 s - vLN2

-ä b + p

H-ä b + pL G
1

2
Hh + j + 2L, -

I2 z H-ä b + pL + c ä H2 s - vLN2

4 H-ä b + pL H-ä b + pL-2 n-2 -

ã
c2 Hv-2 sL2
4 H-ä b+pL â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n I2 z H-ä b + pL + c ä Hv - 2 sLNh+ j

-
I2 z H-ä b + pL + c ä Hv - 2 sLN2

-ä b + p

1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL I2 z H-ä b + pL + c ä Hv - 2 sLN

G
1

2
Hh + j + 1L, -

I2 z H-ä b + pL + c ä Hv - 2 sLN2

4 H-ä b + pL + 2 -
I2 z H-ä b + pL + c ä Hv - 2 sLN2

-ä b + p

H-ä b + pL G
1

2
Hh + j + 2L, -

I2 z H-ä b + pL + c ä Hv - 2 sLN2

4 H-ä b + pL H-ä b + pL-2 n-2 +

H-1Lv ã
c2 H2 s-vL2

4 Hä b+pL Hä b + pL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 s - vLL-h- j+2 n I2 z Hä b + pL + c ä H2 s - vLNh+ j

-
I2 z Hä b + pL + c ä H2 s - vLN2

ä b + p

1

2
H-h- j-1L

j

h

n

j

c ä H2 s - vL I2 z Hä b + pL + c ä H2 s - vLN G
1

2
Hh + j + 1L, -

I2 z Hä b + pL + c ä H2 s - vLN2

4 Hä b + pL +

2 -
I2 z Hä b + pL + c ä H2 s - vLN2

ä b + p
Hä b + pL G

1

2
Hh + j + 2L, -

I2 z Hä b + pL + c ä H2 s - vLN2

4 Hä b + pL +

ã
c2 Hv-2 sL2

4 Hä b+pL Hä b + pL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sLL-h- j+2 n I2 z Hä b + pL + c ä Hv - 2 sLNh+ j

http://functions.wolfram.com 724



-
I2 z Hä b + pL + c ä Hv - 2 sLN2

ä b + p

1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 sL I2 z Hä b + pL + c ä Hv - 2 sLN G

1

2
Hh + j + 1L, -

I2 z Hä b + pL + c ä Hv - 2 sLN2

4 Hä b + pL + 2 -
I2 z Hä b + pL + c ä Hv - 2 sLN2

ä b + p

Hä b + pL G
1

2
Hh + j + 2L, -

I2 z Hä b + pL + c ä Hv - 2 sLN2

4 Hä b + pL �; n Î N ì v Î N+

Involving zn  ãp z sinIb zr M sinv Ic zr M
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01.06.21.1575.01à zn ãp z sinIb z2M sinvIc z2M â z � ä 2-v-2
v
v

2

H1 - v mod 2L
Hä bL-n-1 ã

ä p2

4 b â
j=0

n

2 j-n H- pLn- j Hp + 2 ä b zL j+1
ä Hp + 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hp + 2 ä b zL2

4 b
- H-ä bL-n-1 ã

-
ä p2

4 b

â
j=0

n

2 j-n H- pLn- j Hp - 2 ä b zL j+1 -
ä Hp - 2 ä b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hp - 2 ä b zL2

4 b
- 2-v-2 ä-v-1 â

s=0

f v-1

2
v H-1Ls

v

s
H-1Lv+1 ã

-
p2

4 H-ä b+ä c H2 s-vLL â
j=0

n

2 j-n H- pLn- j Hp + 2 H-ä b + ä c H2 s - vLL zL j+1 -
Hp + 2 H-ä b + ä c H2 s - vLL zL2

-ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hp + 2 H-ä b + ä c H2 s - vLL zL2

4 H-ä b + ä c H2 s - vLL H-ä b + ä c H2 s - vLL-n-1 +

H-1Lv ã
-

p2

4 Hä b+ä c H2 s-vLL Hä b + ä c H2 s - vLL-n-1 â
j=0

n

2 j-n H- pLn- j Hp + 2 Hä b + ä c H2 s - vLL zL j+1

-
Hp + 2 Hä b + ä c H2 s - vLL zL2

ä b + ä c H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hp + 2 Hä b + ä c H2 s - vLL zL2

4 Hä b + ä c H2 s - vLL -

ã
-

p2

4 H-ä b+ä c Hv-2 sLL H-ä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H- pLn- j Hp + 2 H-ä b + ä c Hv - 2 sLL zL j+1

-
Hp + 2 H-ä b + ä c Hv - 2 sLL zL2

-ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hp + 2 H-ä b + ä c Hv - 2 sLL zL2

4 H-ä b + ä c Hv - 2 sLL +

ã
-

p2

4 Hä b+ä c Hv-2 sLL Hä b + ä c Hv - 2 sLL-n-1 â
j=0

n

2 j-n H- pLn- j Hp + 2 Hä b + ä c Hv - 2 sLL zL j+1

-
Hp + 2 Hä b + ä c Hv - 2 sLL zL2

ä b + ä c Hv - 2 sL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hp + 2 Hä b + ä c Hv - 2 sLL zL2

4 Hä b + ä c Hv - 2 sLL �; n Î N ì v Î N+

01.06.21.1576.01à zn ãp z sinIb z N sinvIc z N â z �

ä 2-2 n-v-2
v
v

2

H1 - v mod 2L ã
b2

4 p p-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä bL-h- j+2 n I-ä b + 2 p z Nh+ j
-

I-ä b + 2 p z N2

p

1

2
H-h- j-1L
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j

h

n

j
2 p -

I-ä b + 2 p z N2

p
G

1

2
Hh + j + 2L, -

I-ä b + 2 p z N2

4 p
-

ä b I-ä b + 2 p z N G
1

2
Hh + j + 1L, -

I-ä b + 2 p z N2

4 p
-

ã
b2

4 p p-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä bL-h- j+2 n Iä b + 2 p z Nh+ j
-

Iä b + 2 p z N2

p

1

2
H-h- j-1L

j

h

n

j
b ä Iä b + 2 p z N

G
1

2
Hh + j + 1L, -

Iä b + 2 p z N2

4 p
+ 2 -

Iä b + 2 p z N2

p
p G

1

2
Hh + j + 2L, -

Iä b + 2 p z N2

4 p
+

ä-v-1 2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

-
H-ä b+ä c H2 s-vLL2

4 p â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c H2 s - vLL-h- j+2 n

I-ä b + ä c H2 s - vL + 2 p z Nh+ j
-

I-ä b + ä c H2 s - vL + 2 p z N2

p

1

2
H-h- j-1L

j

h

n

j

H-ä b + ä c H2 s - vLL I-ä b + ä c H2 s - vL + 2 p z N G
1

2
Hh + j + 1L, -

I-ä b + ä c H2 s - vL + 2 p z N2

4 p
+

2 -
I-ä b + ä c H2 s - vL + 2 p z N2

p
p G

1

2
Hh + j + 2L, -

I-ä b + ä c H2 s - vL + 2 p z N2

4 p

p-2 n-2 + H-1Lv ã
-

Hä b+ä c H2 s-vLL2
4 p â

j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c H2 s - vLL-h- j+2 n Iä b + ä c H2 s - vL + 2 p z Nh+ j

-
Iä b + ä c H2 s - vL + 2 p z N2

p

1

2
H-h- j-1L

j

h

n

j
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Hä b + ä c H2 s - vLL Iä b + ä c H2 s - vL + 2 p z N G
1

2
Hh + j + 1L, -

Iä b + ä c H2 s - vL + 2 p z N2

4 p
+ 2

-
Iä b + ä c H2 s - vL + 2 p z N2

p
p G

1

2
Hh + j + 2L, -

Iä b + ä c H2 s - vL + 2 p z N2

4 p
p-2 n-2 -

ã
-

H-ä b+ä c Hv-2 sLL2
4 p â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + ä c Hv - 2 sLL-h- j+2 n I-ä b + ä c Hv - 2 sL + 2 p z Nh+ j

-
I-ä b + ä c Hv - 2 sL + 2 p z N2

p

1

2
H-h- j-1L

j

h

n

j

H-ä b + ä c Hv - 2 sLL I-ä b + ä c Hv - 2 sL + 2 p z N G
1

2
Hh + j + 1L, -

I-ä b + ä c Hv - 2 sL + 2 p z N2

4 p
+

2 -
I-ä b + ä c Hv - 2 sL + 2 p z N2

p
p G

1

2
Hh + j + 2L, -

I-ä b + ä c Hv - 2 sL + 2 p z N2

4 p

p-2 n-2 + ã
-

Hä b+ä c Hv-2 sLL2
4 p â

j=0

n â
h=0

j H-1L j-h 4 j Hä b + ä c Hv - 2 sLL-h- j+2 n Iä b + ä c Hv - 2 sL + 2 p z Nh+ j

-
Iä b + ä c Hv - 2 sL + 2 p z N2

p

1

2
H-h- j-1L

j

h

n

j
Hä b + ä c Hv - 2 sLL Iä b + ä c Hv - 2 sL + 2 p z N

G
1

2
Hh + j + 1L, -

Iä b + ä c Hv - 2 sL + 2 p z N2

4 p
+ 2 -

Iä b + ä c Hv - 2 sL + 2 p z N2

p

p G
1

2
Hh + j + 2L, -

Iä b + ä c Hv - 2 sL + 2 p z N2

4 p
p-2 n-2 �; n Î N ì v Î N+
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Involving zn  ãp zr
sinHb zL sinv Ic zr M

01.06.21.1577.01à zn ãp z2
sinHb zL sinvIc z2M â z �

ä 2-v-2 ã
b2

4 p p-n-1
v
v

2

H1 - v mod 2L â
j=0

n

2 j-n H-ä bLn- j Hä b + 2 p zL j+1 -
Hä b + 2 p zL2

p

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä b + 2 p zL2

4 p
-

â
j=0

n

2 j-n Hä bLn- j H-ä b + 2 p zL j+1 -
H-ä b + 2 p zL2

p

1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä b + 2 p zL2

4 p
- 2-v-2 ä-v-1

â
h=0

f v-1

2
v H-1Lh v

h
-ã

b2

4 Hp+c ä Hv-2 hLL â
j=0

n

2 j-n Hä bLn- j H-ä b + 2 Hp + c ä Hv - 2 hLL zL j+1 -
H-ä b + 2 Hp + c ä Hv - 2 hLL zL2

p + c ä Hv - 2 hL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä b + 2 Hp + c ä Hv - 2 hLL zL2

4 Hp + c ä Hv - 2 hLL Hp + c ä Hv - 2 hLL-n-1 +

ã
b2

4 Hp+c ä Hv-2 hLL â
j=0

n

2 j-n H-ä bLn- j Hä b + 2 Hp + c ä Hv - 2 hLL zL j+1 -
Hä b + 2 Hp + c ä Hv - 2 hLL zL2

p + c ä Hv - 2 hL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä b + 2 Hp + c ä Hv - 2 hLL zL2

4 Hp + c ä Hv - 2 hLL Hp + c ä Hv - 2 hLL-n-1 +

H-1Lv+1 ã
b2

4 Hp-ä c Hv-2 hLL Hp - ä c Hv - 2 hLL-n-1 â
j=0

n

2 j-n Hä bLn- j H-ä b + 2 Hp - ä c Hv - 2 hLL zL j+1

-
H-ä b + 2 Hp - ä c Hv - 2 hLL zL2

p - ä c Hv - 2 hL
1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä b + 2 Hp - ä c Hv - 2 hLL zL2

4 Hp - ä c Hv - 2 hLL +

H-1Lv ã
b2

4 Hp-ä c Hv-2 hLL Hp - ä c Hv - 2 hLL-n-1 â
j=0

n

2 j-n H-ä bLn- j Hä b + 2 Hp - ä c Hv - 2 hLL zL j+1

-
Hä b + 2 Hp - ä c Hv - 2 hLL zL2

p - ä c Hv - 2 hL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hä b + 2 Hp - ä c Hv - 2 hLL zL2

4 Hp - ä c Hv - 2 hLL �; n Î N ì v Î N+
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01.06.21.1578.01à zn ãp z sinHb zL sinvIc z N â z �

ä 2-2 n-v-2
v
v

2

H1 - v mod 2L H-ä bL-2 n-2 ã
-

ä p2

4 b â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n Ip - 2 ä b z Nh+ j
-

ä Ip - 2 ä b z N2

b

1

2
H-h- j-1L

j

h

n

j
p Ip - 2 ä b z N G

1

2
Hh + j + 1L, -

ä Ip - 2 ä b z N2

4 b
-

2 ä b -
ä Ip - 2 ä b z N2

b
G

1

2
Hh + j + 2L, -

ä Ip - 2 ä b z N2

4 b
-

Hä bL-2 n-2 ã
ä p2

4 b â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n Ip + 2 ä b z Nh+ j
ä Ip + 2 ä b z N2

b

1

2
H-h- j-1L

j

h

n

j
p Ip + 2 ä b z N

G
1

2
Hh + j + 1L, ä Ip + 2 ä b z N2

4 b
+ 2

ä Ip + 2 ä b z N2

b
b ä G

1

2
Hh + j + 2L, ä Ip + 2 ä b z N2

4 b
+

ä-v-1 2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

-
ä Hp+c ä H2 s-vLL2

4 b â
j=0

n â
h=0

j H-1L j-h 4 j Hp + c ä H2 s - vLL-h- j+2 n

Ip + ä c H2 s - vL - 2 ä b z Nh+ j
-

ä Ip + ä c H2 s - vL - 2 ä b z N2

b

1

2
H-h- j-1L

j

h

n

j

Hp + c ä H2 s - vLL Ip + ä c H2 s - vL - 2 ä b z N G
1

2
Hh + j + 1L, -

ä Ip + ä c H2 s - vL - 2 ä b z N2

4 b
- 2

ä b -
ä Ip + ä c H2 s - vL - 2 ä b z N2

b
G

1

2
Hh + j + 2L, -

ä Ip + ä c H2 s - vL - 2 ä b z N2

4 b

-
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H-ä bL-2 n-2 - ã
-

ä Hp+c ä Hv-2 sLL2
4 b â

j=0

n â
h=0

j H-1L j-h 4 j Hp + c ä Hv - 2 sLL-h- j+2 n Ip + ä c Hv - 2 sL - 2 ä b z Nh+ j

-
ä Ip + ä c Hv - 2 sL - 2 ä b z N2

b

1

2
H-h- j-1L

j

h

n

j

Hp + c ä Hv - 2 sLL Ip + ä c Hv - 2 sL - 2 ä b z N G
1

2
Hh + j + 1L, -

ä Ip + ä c Hv - 2 sL - 2 ä b z N2

4 b
- 2

ä b -
ä Ip + ä c Hv - 2 sL - 2 ä b z N2

b
G

1

2
Hh + j + 2L, -

ä Ip + ä c Hv - 2 sL - 2 ä b z N2

4 b

H-ä bL-2 n-2 + H-1Lv Hä bL-2 n-2 ã
ä Hp+c ä H2 s-vLL2

4 b â
j=0

n â
h=0

j H-1L j-h 4 j Hp + c ä H2 s - vLL-h- j+2 n

Ip + ä c H2 s - vL + 2 ä b z Nh+ j
ä Ip + ä c H2 s - vL + 2 ä b z N2

b

1

2
H-h- j-1L

j

h

n

j

Hp + c ä H2 s - vLL Ip + ä c H2 s - vL + 2 ä b z N G
1

2
Hh + j + 1L, ä Ip + ä c H2 s - vL + 2 ä b z N2

4 b
+

2
ä Ip + ä c H2 s - vL + 2 ä b z N2

b
b ä G

1

2
Hh + j + 2L, ä Ip + ä c H2 s - vL + 2 ä b z N2

4 b
+

Hä bL-2 n-2 ã
ä Hp+c ä Hv-2 sLL2

4 b â
j=0

n â
h=0

j H-1L j-h 4 j Hp + c ä Hv - 2 sLL-h- j+2 n Ip + ä c Hv - 2 sL + 2 ä b z Nh+ j

ä Ip + ä c Hv - 2 sL + 2 ä b z N2

b

1

2
H-h- j-1L

j

h

n

j
Hp + c ä Hv - 2 sLL Ip + ä c Hv - 2 sL + 2 ä b z N G

1

2
Hh + j + 1L, ä Ip + ä c Hv - 2 sL + 2 ä b z N2

4 b
+ 2

ä Ip + ä c Hv - 2 sL + 2 ä b z N2

b
b ä G

�;
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Involving zn  ãp zr
 sinIb zr M sinv Hc zL

01.06.21.1579.01à zn ãp z2
sinIb z2M sinvHc zL â z �

ä 2-v-2 zn+1
v
v

2

IH-ä b - pL z2M 1

2
H-n-1L

G
n + 1

2
, H-ä b - pL z2 - IHä b - pL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b - pL z2 H1 - v mod 2L +

2-v-2 ä-v-1

-ä b + p ä b + p

 â
s=0

f v-1

2
v H-1Ls ã

c2 p Hv-2 sL2
2 H-ä b+pL Hä b+pL v

s

H-1Lv ã
-

c2 Hv-2 sL2
4 Hä b+pL ä b + p â

q=0

n

2q-n H-ä b + pL-n-
1

2 Hä c Hv - 2 sLLn-q Hc ä H2 s - vL + 2 H-ä b + pL zLq+1

-
Hc ä H2 s - vL + 2 H-ä b + pL zL2

-ä b + p

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hc ä H2 s - vL + 2 H-ä b + pL zL2

4 H-ä b + pL +

ã
-

c2 Hv-2 sL2
4 Hä b+pL ä b + p â

q=0

n H-ä b + pL-n-
1

2 ä c s -
v

2

n-q Hc ä Hv - 2 sL + 2 H-ä b + pL zLq+1

-
Hc ä Hv - 2 sL + 2 H-ä b + pL zL2

-ä b + p

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hc ä Hv - 2 sL + 2 H-ä b + pL zL2

4 H-ä b + pL -

ã
-

c2 Hv-2 sL2
4 H-ä b+pL -ä b + p H-1Lv â

q=0

n

2q-n Hä b + pL-n-
1

2 Hä c Hv - 2 sLLn-q Hc ä H2 s - vL + 2 Hä b + pL zLq+1

-
Hc ä H2 s - vL + 2 Hä b + pL zL2

ä b + p

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hc ä H2 s - vL + 2 Hä b + pL zL2

4 Hä b + pL +

â
q=0

n Hä b + pL-n-
1

2 ä c s -
v

2

n-q Hc ä Hv - 2 sL + 2 Hä b + pL zLq+1 -
Hc ä Hv - 2 sL + 2 Hä b + pL zL2

ä b + p

1

2
H-q-1L

n

q
G

q + 1

2
, -

Hc ä Hv - 2 sL + 2 Hä b + pL zL2

4 Hä b + pL �; v Î N+ ì n Î N

01.06.21.1580.01à zn ãp z sinIb z N sinvHc zL â z �

2-v ä zn+1
v
v

2

KIH-ä b - pL z N-2 Hn+1L
GI2 Hn + 1L, H-ä b - pL z N - IHä b - pL z N-2 Hn+1L

GI2 Hn + 1L, Hä b - pL z NO
-
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H1 - v mod 2L - ä1-v 2-2 n-v-2 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv-1 ã

-
ä H-ä b+pL2
4 c Hv-2 sL H-ä c Hv - 2 sLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + pL-h- j+2 n

I-ä b + p - 2 ä c Hv - 2 sL z Nh+ j
-

ä I-ä b + p - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
H-ä b + pL

I-ä b + p - 2 ä c Hv - 2 sL z N G
1

2
Hh + j + 1L, -

ä I-ä b + p - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL - 2 ä c Hv - 2 sL

-
ä I-ä b + p - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L, -

ä I-ä b + p - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL +

H-1Lv ã
-

ä Hä b+pL2
4 c Hv-2 sL H-ä c Hv - 2 sLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j Hä b + pL-h- j+2 n Iä b + p - 2 ä c Hv - 2 sL z Nh+ j

-
ä Iä b + p - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hä b + pL Iä b + p - 2 ä c Hv - 2 sL z N G
1

2
Hh + j + 1L, -

ä Iä b + p - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL - 2 ä c Hv - 2 sL

-
ä Iä b + p - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L, -

ä Iä b + p - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL -

ã
ä H-ä b+pL2
4 c Hv-2 sL Hä c Hv - 2 sLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b + pL-h- j+2 n I-ä b + p + 2 ä c Hv - 2 sL z Nh+ j

ä I-ä b + p + 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

H-ä b + pL I-ä b + p + 2 ä c Hv - 2 sL z N G
1

2
Hh + j + 1L, ä I-ä b + p + 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL + 2 c ä

+
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Hv - 2 sL ä I-ä b + p + 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L, ä I-ä b + p + 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL +

ã
ä Hä b+pL2
4 c Hv-2 sL Hä c Hv - 2 sLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j Hä b + pL-h- j+2 n Iä b + p + 2 ä c Hv - 2 sL z Nh+ j

ä Iä b + p + 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hä b + pL Iä b + p + 2 ä c Hv - 2 sL z N G

1

2
Hh + j + 1L,

ä Iä b + p + 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL + 2 c ä Hv - 2 sL ä Iä b + p + 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G

1

2
Hh + j + 2L, ä Iä b + p + 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL �; n Î N ì v Î N+

Involving zΑ-1 ãp zr
sinIb zr M sinv Ic zr M

01.06.21.1581.01à zΑ-1 ãp zr
sinHb zrL sinvHc zrL â z �

1

r
 2-v-1 zΑ ä

v
v

2

HH-ä b - pL zrL-
Α

r G
Α

r
, H-ä b - pL zr - HHä b - pL zrL-

Α

r G
Α

r
, Hä b - pL zr H1 - v mod 2L +

2-v-1 zΑ ä-v-1

r
 â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 G

Α

r
, H-ä b - p - 2 ä c s + ä c vL zr HH-ä b - p - 2 ä c s + ä c vL zrL-

Α

r +

H-1Lv HHä b - p - 2 ä c s + ä c vL zrL-
Α

r G
Α

r
, Hä b - p - 2 ä c s + ä c vL zr - HH-ä b - p + 2 ä c s - ä c vL zrL-

Α

r

G
Α

r
, H-ä b - p + 2 ä c s - ä c vL zr + HHä b - p + 2 ä c s - ä c vL zrL-

Α

r G
Α

r
, Hä b - p + 2 ä c s - ä c vL zr �; v Î N+

Involving zΑ-1 ãb zr +e sinIa zr + qM sinv Ic zr + gM
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01.06.21.1582.01à zΑ-1 ãb zr+e sinHa zr + qL sinvHc zr + gL â z �

ä 2-v-1 zΑ

r

v
v

2

ãe+ä q HH-b - ä a L zrL-
Α

r G
Α

r
, H-b - ä a L zr - ãe-ä q HHä a - bL zrL-

Α

r G
Α

r
, Hä a - bL zr H1 - v mod 2L +

2-v-1 zΑ ä-v-1

r
 â

s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ãe+ä q+2 ä g s-ä g v G

Α

r
, H-b - ä a - 2 ä c s + ä c vL zr HH-b - ä a - 2 ä c s + ä c vL zrL-

Α

r +

H-1Lv ãe-ä q+2 ä g s-ä g v HH-b + ä a - 2 ä c s + ä c vL zrL-
Α

r G
Α

r
, H-b + ä a - 2 ä c s + ä c vL zr -

ãe+ä q-2 ä g s+ä g v HH-b - ä a + 2 ä c s - ä c vL zrL-
Α

r G
Α

r
, H-b - ä a + 2 ä c s - ä c vL zr +

ãe-ä q-2 ä g s+ä g v HH-b + ä a + 2 ä c s - ä c vL zrL-
Α

r G
Α

r
, H-b + ä a + 2 ä c s - ä c vL zr �; v Î N+

Involving zn ãb zr +d z+e sinIa zr + p z + qM sinv Ic zr + f z + gM
01.06.21.1583.01à zn ãb z2+d z+e sinIa z2 + p z + qM sinvIc z2 + f z + gM â z �

ä 2-v-2
v
v

2

H1 - v mod 2L Hb + ä a L-n-1 ã
-

Hd+ä pL2
4 Hb+ä a L +e+ä q â

j=0

n

2 j-n H-d - ä pLn- j Hd + ä p + 2 Hb + ä a L zL j+1

-
Hd + ä p + 2 Hb + ä a L zL2

b + ä a

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hd + ä p + 2 Hb + ä a L zL2

4 Hb + ä a L -

Hb - ä aL-n-1 ã
-

Hd-ä pL2
4 Hb-ä aL +e-ä q â

j=0

n

2 j-n Hä p - dLn- j Hd - ä p + 2 Hb - ä aL zL j+1 -
Hd - ä p + 2 Hb - ä aL zL2

b - ä a

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hd - ä p + 2 Hb - ä aL zL2

4 Hb - ä aL -

2-v-2 ä-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv+1 ã

-
Hd-ä p+ f ä H2 s-vLL2
4 Hb-ä a +c ä H2 s-vLL +e-ä q+g ä H2 s-vL â

j=0

n

2 j-n H-d + ä p - ä f H2 s - vLLn- j Hd - ä p + f ä H2 s - vL +

2 Hb - ä a + c ä H2 s - vLL zL j+1 -
Hd - ä p + f ä H2 s - vL + 2 Hb - ä a + c ä H2 s - vLL zL2

b - ä a + c ä H2 s - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hd - ä p + f ä H2 s - vL + 2 Hb - ä a + c ä H2 s - vLL zL2

4 Hb - ä a + c ä H2 s - vLL
Hb - ä a + c ä H2 s - vLL-n-1 + H-1Lv ã

-
Hd+ä p+ f ä H2 s-vLL2
4 Hb+ä a +c ä H2 s-vLL +e+ä q+g ä H2 s-vL Hb + ä a + c ä H2 s - vLL-n-1

ân

2
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â
j=0

n

2 j-n H-d - ä p - ä f H2 s - vLLn- j Hd + ä p + f ä H2 s - vL + 2 Hb + ä a + c ä H2 s - vLL zL j+1

-
Hd + ä p + f ä H2 s - vL + 2 Hb + ä a + c ä H2 s - vLL zL2

b + ä a + c ä H2 s - vL
1

2
H- j-1L

n

j

G
j + 1

2
, -

Hd + ä p + f ä H2 s - vL + 2 Hb + ä a + c ä H2 s - vLL zL2

4 Hb + ä a + c ä H2 s - vLL -

ã
-

Hd-ä p+ f ä Hv-2 sLL2
4 Hb-ä a +c ä Hv-2 sLL +e-ä q+g ä Hv-2 sL Hb - ä a + c ä Hv - 2 sLL-n-1 â

j=0

n

2 j-n H-d + ä p - ä f Hv - 2 sLLn- j

Hd - ä p + f ä Hv - 2 sL + 2 Hb - ä a + c ä Hv - 2 sLL zL j+1

-
Hd - ä p + f ä Hv - 2 sL + 2 Hb - ä a + c ä Hv - 2 sLL zL2

b - ä a + c ä Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

Hd - ä p + f ä Hv - 2 sL + 2 Hb - ä a + c ä Hv - 2 sLL zL2

4 Hb - ä a + c ä Hv - 2 sLL +

ã
-

Hd+ä p+ f ä Hv-2 sLL2
4 Hb+ä a +c ä Hv-2 sLL +e+ä q+g ä Hv-2 sL Hb + ä a + c ä Hv - 2 sLL-n-1 â

j=0

n

2 j-n H-d - ä p - ä f Hv - 2 sLLn- j

Hd + ä p + f ä Hv - 2 sL + 2 Hb + ä a + c ä Hv - 2 sLL zL j+1

-
Hd + ä p + f ä Hv - 2 sL + 2 Hb + ä a + c ä Hv - 2 sLL zL2

b + ä a + c ä Hv - 2 sL
1

2
H- j-1L

n

j

G
j + 1

2
, -

Hd + ä p + f ä Hv - 2 sL + 2 Hb + ä a + c ä Hv - 2 sLL zL2

4 Hb + ä a + c ä Hv - 2 sLL �; n Î N ì v Î N+

01.06.21.1584.01à zn ã z b+d z+e sinI z a + p z + qN sinvI z c + f z + gN â z �

ä 2-2 n-v-2
v
v

2

H1 - v mod 2L ã
-

Hb-ä aL2
4 Hd-ä pL +e-ä q Hd - ä pL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j Hb - ä aL-h- j+2 n Ib - ä a + 2 Hd - ä pL z Nh+ j

-
Ib - ä a + 2 Hd - ä pL z N2

d - ä p

1

2
H-h- j-1L

j

h

n

j
Hb - ä aL Ib - ä a + 2 Hd - ä pL z N

G
1

2
Hh + j + 1L, -

Ib - ä a + 2 Hd - ä pL z N2

4 Hd - ä pL + 2 -
Ib - ä a + 2 Hd - ä pL z N2

d - ä p

-

http://functions.wolfram.com 736



Hd - ä pL G
1

2
Hh + j + 2L, -

Ib - ä a + 2 Hd - ä pL z N2

4 Hd - ä pL - ã
-

Hb+ä a L2
4 Hd+ä pL +e+ä q Hd + ä pL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hb + ä a L-h- j+2 n Ib + ä a + 2 Hd + ä pL z Nh+ j
-

Ib + ä a + 2 Hd + ä pL z N2

d + ä p

1

2
H-h- j-1L

j

h

n

j
Hb + ä a L Ib + ä a + 2 Hd + ä pL z N G

1

2
Hh + j + 1L, -

Ib + ä a + 2 Hd + ä pL z N2

4 Hd + ä pL +

2 -
Ib + ä a + 2 Hd + ä pL z N2

d + ä p
Hd + ä pL G

1

2
Hh + j + 2L, -

Ib + ä a + 2 Hd + ä pL z N2

4 Hd + ä pL +

2-2 n-v-2 ä-v-1 â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
Hb+ä a +c ä H2 s-vLL2
4 Hd+ä p+ f ä H2 s-vLL +e+ä q+g ä H2 s-vL â

j=0

n â
h=0

j H-1L j-h 4 j Hb + ä a + c ä H2 s - vLL-h- j+2 n

Ib + ä a + c ä H2 s - vL + 2 Hd + ä p + f ä H2 s - vLL z Nh+ j

-
Ib + ä a + c ä H2 s - vL + 2 Hd + ä p + f ä H2 s - vLL z N2

d + ä p + f ä H2 s - vL
1

2
H-h- j-1L

j

h

n

j

Hb + ä a + c ä H2 s - vLL Ib + ä a + c ä H2 s - vL + 2 Hd + ä p + f ä H2 s - vLL z N
G

1

2
Hh + j + 1L, -Ib + ä a + c ä H2 s - vL + 2 Hd + ä p + f ä H2 s - vLL z N2 �

H4 Hd + ä p + f ä H2 s - vLLL + 2 Hd + ä p + f ä H2 s - vLL G
1

2
Hh + j + 2L,

-Ib + ä a + c ä H2 s - vL + 2 Hd + ä p + f ä H2 s - vLL z N2 � H4 Hd + ä p + f ä H2 s - vLLL
- K-Ib + ä a + c ä H2 s - vL + 2 Hd + ä p + f ä H2 s - vLL z N2 � Hd + ä p + f ä H2 s - vLLO

Hd + ä p + f ä H2 s - vLL-2 n-2 + H-1Lv+1 ã
-

Hb-ä a +c ä H2 s-vLL2
4 Hd-ä p+ f ä H2 s-vLL +e-ä q+g ä H2 s-vL Hd - ä p + f ä H2 s - vLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hb - ä a + c ä H2 s - vLL-h- j+2 n Ib - ä a + c ä H2 s - vL + 2 Hd - ä p + f ä H2 s - vLL z Nh+ j
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K-Ib - ä a + c ä H2 s - vL + 2 Hd - ä p + f ä H2 s - vLL z N2 � Hd - ä p + f ä H2 s - vLLO 1

2
H-h- j-1L

j

h

n

j
Hb - ä a + c ä H2 s - vLL Ib - ä a + c ä H2 s - vL + 2 Hd - ä p + f ä H2 s - vLL z N G

1

2
Hh + j + 1L, -Ib - ä a + c ä H2 s - vL + 2 Hd - ä p + f ä H2 s - vLL z N2 �

H4 Hd - ä p + f ä H2 s - vLLL + 2 Hd - ä p + f ä H2 s - vLL G
1

2
Hh + j + 2L,

-Ib - ä a + c ä H2 s - vL + 2 Hd - ä p + f ä H2 s - vLL z N2 � H4 Hd - ä p + f ä H2 s - vLLL
- K-Ib - ä a + c ä H2 s - vL + 2 Hd - ä p + f ä H2 s - vLL z N2 � Hd - ä p + f ä H2 s - vLLO +

ã
-

Hb+ä a +c ä Hv-2 sLL2
4 Hd+ä p+ f ä Hv-2 sLL +e+ä q+g ä Hv-2 sL Hd + ä p + f ä Hv - 2 sLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j Hb + ä a + c ä Hv - 2 sLL-h- j+2 n

Ib + ä a + c ä Hv - 2 sL + 2 Hd + ä p + f ä Hv - 2 sLL z Nh+ j

-
Ib + ä a + c ä Hv - 2 sL + 2 Hd + ä p + f ä Hv - 2 sLL z N2

d + ä p + f ä Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j

Hb + ä a + c ä Hv - 2 sLL Ib + ä a + c ä Hv - 2 sL + 2 Hd + ä p + f ä Hv - 2 sLL z N G

1

2
Hh + j + 1L, -

Ib + ä a + c ä Hv - 2 sL + 2 Hd + ä p + f ä Hv - 2 sLL z N2

4 Hd + ä p + f ä Hv - 2 sLL +

2 Hd + ä p + f ä Hv - 2 sLL G
1

2
Hh + j + 2L, -

Ib + ä a + c ä Hv - 2 sL + 2 Hd + ä p + f ä Hv - 2 sLL z N2

4 Hd + ä p + f ä Hv - 2 sLL
- K-Ib + ä a + c ä Hv - 2 sL + 2 Hd + ä p + f ä Hv - 2 sLL z N2 � Hd + ä p + f ä Hv - 2 sLLO -

ã
-

Hb-ä a +c ä Hv-2 sLL2
4 Hd-ä p+ f ä Hv-2 sLL +e-ä q+g ä Hv-2 sL Hd - ä p + f ä Hv - 2 sLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j Hb - ä a + c ä Hv - 2 sLL-h- j+2 n

Ib - ä a + c ä Hv - 2 sL + 2 Hd - ä p + f ä Hv - 2 sLL z Nh+ j

K-Ib - ä a + c ä Hv - 2 sL + 2 Hd - ä p + f ä Hv - 2 sLL z N2 � Hd - ä p + f ä Hv - 2 sLLO 1

2
H-h- j-1L j

h

n

j
Hb - ä a + c ä Hv - 2 sLL Ib - ä a + c ä Hv - 2 sL + 2 Hd - ä p + f ä Hv - 2 sLL z N G

1

2
Hh + j + 1L,

-Ib - ä a + c ä Hv - 2 sL + 2 Hd - ä p + f ä Hv - 2 sLL z N2 � H4 Hd - ä p + f ä Hv - 2 sLLL +
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2 Hd - ä p + f ä Hv - 2 sLL G
1

2
Hh + j + 2L, -Ib - ä a + c ä Hv - 2 sL + 2 Hd - ä p + f ä Hv - 2 sLL z N2 �

H4 Hd - ä p + f ä Hv - 2 sLLL - K-Ib - ä a + c ä Hv - 2 sL + 2 Hd - ä p + f ä Hv - 2 sLL z N2 �
Hd - ä p + f ä Hv - 2 sLLO �; n Î N ì v Î N+

Involving product of powers of two direct functions, exponential and a power functions 

Involving zΑ-1 ãb z  sinΜHc zL sinv Ha zL
01.06.21.1585.01à zΑ-1 ãb z sinmHc zL sinvHa zL â z � H-1Lm-1 2-m-v zΑ H-b zL-Α

m
m

2

v
v

2

GHΑ, -b zL H1 - m mod 2L H1 - v mod 2L -

2-m-v ä-m-v zΑ
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk+m ã

ä Π v

2
m

kIãä m Π GHΑ, H-b + 2 ä c k - ä c mL zL HH-b + 2 ä c k - ä c mL zL-Α + HHä c Hm - 2 kL - bL zL-Α GHΑ, Hä c Hm - 2 kL - bL zLM -

H-1Lm ä-v 2-m-v zΑ
m
m

2

H1 - m mod 2L â
s=0

f v-1

2
v H-1Ls v

s
Iãä Π v GHΑ, H-b - 2 ä a s + ä a vL zL HH-b - 2 ä a s + ä a vL zL-Α +

HH-b - ä a Hv - 2 sLL zL-Α GHΑ, H-b - ä a Hv - 2 sLL zLM + 2-m-v ä-m-v zΑ â
k=0

f m-1

2
v H-1Lk m

k

â
s=0

f v-1

2
v H-1Lm+s v

s
I-ãä Π v GHΑ, H-b - 2 ä c k + ä c m - 2 ä a s + ä a vL zL HH-b - 2 ä c k + ä c m - 2 ä a s + ä a vL zL-Α -

ãä Π m+ä Π v HH-b + 2 ä c k - ä c m - 2 ä a s + ä a vL zL-Α GHΑ, H-b + 2 ä c k - ä c m - 2 ä a s + ä a vL zL -HH-b - 2 ä c k + ä c m + 2 ä a s - ä a vL zL-Α GHΑ, H-b - 2 ä c k + ä c m + 2 ä a s - ä a vL zL -

ãä m Π HH-b + 2 ä c k - ä c m + 2 ä a s - ä a vL zL-Α GHΑ, H-b + 2 ä c k - ä c m + 2 ä a s - ä a vL zLM �; m Î N+ ì v Î N+
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01.06.21.1586.01à zn ãb z sinΜHc zL sinvHa zL â z � 2-v ãb z
v
v

2

n! H1 - v mod 2L sinΜHc zL
â
p=0

n H-1Lp zn-p Hb - ä c ΜL-p-1Hn - pL !
 p+2Fp+1 -

ä b + c Μ

2 c
, ¼, -

ä b + c Μ

2 c
, -Μ; 1 -

ä b + c Μ

2 c
, ¼, 1 -

ä b + c Μ

2 c
; ã2 ä c z

I1 - ã2 ä c zM-Μ
+ 2-v n! sinΜHc zL

â
k=0

f v-1

2
v H-1Lk v

k
äv ãHb-ä a Hv-2 kLL z â

p=0

n H-1Lp zn-p Hb - ä a Hv - 2 kL - ä c ΜL-p-1Hn - pL !
 p+2Fp+1 -

ä b - 2 a k + a v + c Μ

2 c
, ¼,

-
ä b - 2 a k + a v + c Μ

2 c
, -Μ; 1 -

ä b - 2 a k + a v + c Μ

2 c
, ¼, 1 -

ä b - 2 a k + a v + c Μ

2 c
; ã2 ä c z +

ä-v ãHb+a ä Hv-2 kLL z â
p=0

n H-1Lp zn-p Hb + a ä Hv - 2 kL - ä c ΜL-p-1Hn - pL !
 p+2Fp+1 -

ä b + 2 a k - a v + c Μ

2 c
,

¼, -
ä b + 2 a k - a v + c Μ

2 c
, -Μ; 1 -

ä b + 2 a k - a v + c Μ

2 c
, ¼,

1 -
ä b + 2 a k - a v + c Μ

2 c
; ã2 ä c z I1 - ã2 ä c zM-Μ �; v Î N ß n Î N

Involving zΑ-1 ãp z  sinmHc zL sinv Ha z + bL
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01.06.21.1587.01à zΑ-1 ãp z sinmHc zL sinvHb + a zL â z � -2-m-v zΑ
m
m

2

v
v

2

GHΑ, - p zL H1 - m mod 2L H1 - v mod 2L H- p zL-Α -

2-m-v zΑ
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk HH-ä c Hm - 2 kL - pL zL-Α HHä c Hm - 2 kL - pL zL-Α m

k

ã
ä m Π

2 GHΑ, Hä c Hm - 2 kL - pL zL HH-ä c Hm - 2 kL - pL zLΑ + ã-
1

2
ä m Π HHä c Hm - 2 kL - pL zLΑ GHΑ, H-ä c Hm - 2 kL - pL zL -

2-m-v zΑ
m
m

2

H1 - m mod 2L â
s=0

f v-1

2
v H-1Ls HH- p - ä a Hv - 2 sLL zL-Α HHä a Hv - 2 sL - pL zL-Α v

s
Kã-ä J2 b s-b v+

Π v

2
N GHΑ,

H- p - ä a Hv - 2 sLL zL HHä a Hv - 2 sL - pL zLΑ + ãä J2 b s-b v+
Π v

2
N HH- p - ä a Hv - 2 sLL zLΑ GHΑ, Hä a Hv - 2 sL - pL zLO -

2-m-v zΑ â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls Hä H2 c k - c m + ä p - 2 a s + a vL zL-Α HH- p - ä H2 c k - c m + 2 a s - a vLL zL-Α

HH- p - ä H2 c k - c m - 2 a s + a vLL zL-Α HH- p - ä Hc Hm - 2 kL + a Hv - 2 sLLL zL-Α v

s

ã-ä J2 b s-b v+
Π v

2
N ã-

1

2
ä m Π GHΑ, H- p - ä Hc Hm - 2 kL + a Hv - 2 sLLL zL HH- p - ä H2 c k - c m - 2 a s + a vLL zLΑ +

ã
ä m Π

2 HH- p - ä Hc Hm - 2 kL + a Hv - 2 sLLL zLΑ GHΑ, H- p - ä H2 c k - c m - 2 a s + a vLL zL
Hä H2 c k - c m + ä p - 2 a s + a vL zLΑ + ã-

1

2
ä HΠ m-4 b s+2 b v-Π vL HH- p - ä H2 c k - c m - 2 a s + a vLL zLΑ

HH- p - ä Hc Hm - 2 kL + a Hv - 2 sLLL zLΑ GHΑ, H- p - ä H-2 c k + c m + 2 a s - a vLL zL
HH- p - ä H2 c k - c m + 2 a s - a vLL zLΑ + ã

1

2
ä HΠ m+4 b s-2 b v+Π vL Hä H2 c k - c m + ä p - 2 a s + a vL zLΑHH- p - ä H2 c k - c m - 2 a s + a vLL zLΑ HH- p - ä Hc Hm - 2 kL + a Hv - 2 sLLL zLΑ

GHΑ, H- p - ä H2 c k - c m + 2 a s - a vLL zL �; m Î N+ ì v Î N+
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01.06.21.1588.01à zn ãp z sinΜHc zL sinvHa z + bL â z � 2-v ãp z
v
v

2

n! H1 - v mod 2L sinΜHc zL I1 - ã2 ä c zM-Μ
 

â
j=0

n H-1L j zn- jHn - jL ! Hp - ä c ΜL j+1
 j+2F j+1 -

ä p + c Μ

2 c
, ¼, -

ä p + c Μ

2 c
, -Μ; 1 -

ä p + c Μ

2 c
, ¼, 1 -

ä p + c Μ

2 c
; ã2 ä c z +

2-v n! sinΜHc zL I1 - ã2 ä c zM-Μ
 â

k=0

f v-1

2
v H-1Lk v

k
ã

ä Π v

2
-ä b Hv-2 kL+Hp-ä a Hv-2 kLL z

â
j=0

n H-1L j zn- j Hp - ä a Hv - 2 kL - ä c ΜL- j-1Hn - jL !
 j+2F j+1 -

ä p + a H-2 k + vL + c Μ

2 c
, ¼, -

ä p + a H-2 k + vL + c Μ

2 c
,

-Μ; 1 -
ä p + a H-2 k + vL + c Μ

2 c
, ¼, 1 -

ä p + a H-2 k + vL + c Μ

2 c
; ã2 ä c z + ã-

1

2
ä Π v+b ä Hv-2 kL+Hp+a ä Hv-2 kLL z

â
j=0

n H-1L j zn- j Hp + a ä Hv - 2 kL - ä c ΜL- j-1Hn - jL !
j+2F j+1 -

ä p - a H-2 k + vL + c Μ

2 c
, ¼, -

ä p - a H-2 k + vL + c Μ

2 c
,

-Μ; 1 -
ä p - a H-2 k + vL + c Μ

2 c
, ¼, 1 -

ä p - a H-2 k + vL + c Μ

2 c
; ã2 ä c z �; n Î N ì v Î N+

01.06.21.1589.01à zn ãp z sinmHc zL sinΝHb + a zL â z � 2-m ãp z
m
m

2

n! H1 - m mod 2L sinΝHb + a zL
â
j=0

n H-1L j zn- j Hp - ä a ΝL- j-1Hn - jL !
 j+2F j+1 -

ä p + a Ν

2 a
, ¼, -

ä p + a Ν

2 a
, -Ν; 1 -

ä p + a Ν

2 a
, ¼, 1 -

ä p + a Ν

2 a
; ã2 ä Hb+a zL

I1 - ã2 ä Hb+a zLM-Ν
+ 2-m n! sinΝHb + a zL

â
k=0

f m-1

2
v H-1Lk m

k
ãHc ä Hm-2 kL+pL z-

ä m Π

2 â
j=0

n H-1L j zn- j Hc ä Hm - 2 kL + p - ä a ΝL- j-1Hn - jL !
 j+2F j+1 -

-c Hm - 2 kL + ä p + a Ν

2 a
, ¼,

-
-c Hm - 2 kL + ä p + a Ν

2 a
, -Ν; 1 -

-c Hm - 2 kL + ä p + a Ν

2 a
, ¼, 1 -

-c Hm - 2 kL + ä p + a Ν

2 a
;

ã2 ä Hb+a zL + ã
ä Π m

2
+Hp-ä c Hm-2 kLL z â

j=0

n H-1L j zn- j H-ä c Hm - 2 kL + p - ä a ΝL- j-1Hn - jL !
 

j+2F j+1 -
c Hm - 2 kL + ä p + a Ν

2 a
, ¼, -

c Hm - 2 kL + ä p + a Ν

2 a
, -Ν; 1 -

c Hm - 2 kL + ä p + a Ν

2 a
,

¼, 1 -
c Hm - 2 kL + ä p + a Ν

2 a
; ã2 ä Hb+a zL I1 - ã2 ä Hb+a zLM-Ν �; n Î N ì m Î N+

Involving zΑ-1 ãp z  sinmHc z + dL sinv Ha z + bL
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01.06.21.1590.01à zΑ-1 ãp z sinmHd + c zL sinvHb + a zL â z �

-2-m-v zΑ
m
m

2

v
v

2

GHΑ, - p zL H1 - m mod 2L H1 - v mod 2L H- p zL-Α - 2-m-v zΑ
v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk m

k
H-Hp - ä c Hm - 2 kLL zL-Α H-Hc ä Hm - 2 kL + pL zL-Α Kã-ä J2 d k-d m+

m Π

2
N GHΑ, -Hc ä Hm - 2 kL + pL zL

H-Hp - ä c Hm - 2 kLL zLΑ + ãä J2 d k-d m+
m Π

2
N H-Hc ä Hm - 2 kL + pL zLΑ GHΑ, -Hp - ä c Hm - 2 kLL zLO -

2-m-v zΑ
m
m

2

H1 - m mod 2L â
s=0

f v-1

2
v H-1Ls v

s
H-Hp - ä a Hv - 2 sLL zL-Α H-Hp + a ä Hv - 2 sLL zL-Α

Kãä J2 b s-b v+
Π v

2
N GHΑ, -Hp - ä a Hv - 2 sLL zL H-Hp + a ä Hv - 2 sLL zLΑ +

ã-ä J2 b s-b v+
Π v

2
N H-Hp - ä a Hv - 2 sLL zLΑ GHΑ, -Hp + a ä Hv - 2 sLL zLO -

2-m-v zΑ â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
Hä H2 c k - c m + ä p - 2 a s + a vL zL-Α H-Hp + ä H2 c k - c m + 2 a s - a vLL zL-Α

H-Hp + ä H2 c k - c m - 2 a s + a vLL zL-Α H-Hp + ä Hc Hm - 2 kL + a Hv - 2 sLLL zL-Α

ã-ä J2 b s-b v+
Π v

2
N Kã-ä J2 d k-d m+

m Π

2
N GHΑ, -Hp + ä Hc Hm - 2 kL + a Hv - 2 sLLL zL H-Hp + ä H2 c k - c m - 2 a s + a vLL zLΑ +

ãä J2 d k-d m+
m Π

2
N H-Hp + ä Hc Hm - 2 kL + a Hv - 2 sLLL zLΑ GHΑ, -Hp + ä H2 c k - c m - 2 a s + a vLL zLO

Hä H2 c k - c m + ä p - 2 a s + a vL zLΑ + ã-ä
1

2
H4 d k-2 d m-4 b s+2 b v-Π v+m ΠLH-Hp + ä H2 c k - c m - 2 a s + a vLL zLΑ H-Hp + ä Hc Hm - 2 kL + a Hv - 2 sLLL zLΑ

GHΑ, -Hp + ä H-2 c k + c m + 2 a s - a vLL zL H-Hp + ä H2 c k - c m + 2 a s - a vLL zLΑ +

ã
1

2
ä H4 d k-2 d m+4 b s-2 b v+Π v+m ΠL Hä H2 c k - c m + ä p - 2 a s + a vL zLΑ H-Hp + ä H2 c k - c m - 2 a s + a vLL zLΑ

H-Hp + ä Hc Hm - 2 kL + a Hv - 2 sLLL zLΑ GHΑ, -Hp + ä H2 c k - c m + 2 a s - a vLL zL �; m Î N+ ì v Î N+
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01.06.21.1591.01à zn ãp z sinΜHc z + dL sinvHa z + bL â z � 2-v ãp z
v
v

2

n! H1 - v mod 2L sinΜHd + c zL I1 - ã2 ä Hd+c zLM-Μ
 

â
j=0

n H-1L j zn- jHn - jL ! Hp - ä c ΜL j+1
 j+2F j+1 -

ä p + c Μ

2 c
, ¼, -

ä p + c Μ

2 c
, -Μ; 1 -

ä p + c Μ

2 c
, ¼, 1 -

ä p + c Μ

2 c
; ã2 ä Hd+c zL +

2-v n! sinΜHd + c zL I1 - ã2 ä Hd+c zLM-Μ
 â

k=0

f v-1

2
v H-1Lk v

k

ã
ä Π v

2
-ä b Hv-2 kL+Hp-ä a Hv-2 kLL z â

j=0

n H-1L j zn- j Hp - ä a Hv - 2 kL - ä c ΜL- j-1Hn - jL !
 j+2F j+1 -

ä p + a H-2 k + vL + c Μ

2 c
, ¼,

-
ä p + a H-2 k + vL + c Μ

2 c
, -Μ; 1 -

ä p + a H-2 k + vL + c Μ

2 c
, ¼, 1 -

ä p + a H-2 k + vL + c Μ

2 c
; ã2 ä Hd+c zL +

ã-
1

2
ä Π v+b ä Hv-2 kL+Hp+a ä Hv-2 kLL z â

j=0

n H-1L j zn- j Hp + a ä Hv - 2 kL - ä c ΜL- j-1Hn - jL !

j+2F j+1 -
ä p - a H-2 k + vL + c Μ

2 c
, ¼, -

ä p - a H-2 k + vL + c Μ

2 c
, -Μ; 1 -

ä p - a H-2 k + vL + c Μ

2 c
,

¼, 1 -
ä p - a H-2 k + vL + c Μ

2 c
; ã2 ä Hd+c zL �; n Î N ì v Î N+

Involving zn  ãp zr
 sinmHb zL sinv Hc zL

01.06.21.1592.01à zn ãp z2
sinmHb zL sinvHc zL â z �

-H-1Lm 2-m-v-1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

b2 H2 k-mL2
4 p

+
ä m Π

2 â
j=0

n

2 j-n Hä b H2 k - mLLn- j H2 p z - ä b H2 k - mLL j+1

-
H2 p z - ä b H2 k - mLL2

p

1

2
H- j-1L

n

j
G

j + 1

2
, -

H2 p z - ä b H2 k - mLL2

4 p
+

ã
b2 Hm-2 kL2

4 p
-

ä m Π

2 â
j=0

n

2 j-n Hä b Hm - 2 kLLn- j H2 p z - ä b Hm - 2 kLL j+1 -
H2 p z - ä b Hm - 2 kLL2

p

1

2
H- j-1L

n

j
G

j + 1

2
, -

H2 p z - ä b Hm - 2 kLL2

4 p
p-n-1 - H-1Lm ä-v 2-m-v-1

m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

c2 H2 k-vL2
4 p â

j=0

n

2 j-n H-ä c H2 k - vLLn- j Hc ä H2 k - vL + 2 p zL j+1 -
Hc ä H2 k - vL + 2 p zL2

p

1

2
H- j-1L

+ ã ân

2

p -
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n

j
G

j + 1

2
, -

Hc ä H2 k - vL + 2 p zL2

4 p
+ ã

c2 Hv-2 kL2
4 p â

j=0

n

2 j-n H-ä c Hv - 2 kLLn- j Hc ä Hv - 2 kL + 2 p zL j+1

-
Hc ä Hv - 2 kL + 2 p zL2

p

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hc ä Hv - 2 kL + 2 p zL2

4 p
p-n-1 -

H-1Lm ä-v 2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

ä m Π

2
-

Hä c H2 s-vL-ä b H2 k-mLL2
4 p â

j=0

n

2 j-n Hä b H2 k - mL - ä c H2 s - vLLn- j

H-ä b H2 k - mL + c ä H2 s - vL + 2 p zL j+1 -
H-ä b H2 k - mL + c ä H2 s - vL + 2 p zL2

p

1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä b H2 k - mL + c ä H2 s - vL + 2 p zL2

4 p
+

H-1Lv ã
-

Hä c H2 s-vL-ä b Hm-2 kLL2
4 p

-
ä m Π

2 â
j=0

n

2 j-n Hä b Hm - 2 kL - ä c H2 s - vLLn- j

H-ä b Hm - 2 kL + c ä H2 s - vL + 2 p zL j+1 -
H-ä b Hm - 2 kL + c ä H2 s - vL + 2 p zL2

p

1

2
H- j-1L

n

j
G

j + 1

2
, -

H-ä b Hm - 2 kL + c ä H2 s - vL + 2 p zL2

4 p
+

ã
ä m Π

2
-

Hä c Hv-2 sL-ä b H2 k-mLL2
4 p â

j=0

n

2 j-n Hä b H2 k - mL - ä c Hv - 2 sLLn- j H-ä b H2 k - mL + c ä Hv - 2 sL + 2 p zL j+1

-
H-ä b H2 k - mL + c ä Hv - 2 sL + 2 p zL2

p

1

2
H- j-1L

n

j

G
j + 1

2
, -

H-ä b H2 k - mL + c ä Hv - 2 sL + 2 p zL2

4 p
+

ã
-

Hä c Hv-2 sL-ä b Hm-2 kLL2
4 p

-
ä m Π

2 â
j=0

n

2 j-n Hä b Hm - 2 kL - ä c Hv - 2 sLLn- j H-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 p zL j+1

-
H-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 p zL2

p

1

2
H- j-1L

n

j

G
j + 1

2
, -

H-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 p zL2

4 p

p-n-1 + H-1Lm-1 2-m-v-1 zn+1 I- p z2M 1

2
H-n-1L m

m

2

v
v

2

G
n + 1

2
, - p z2 H1 - m mod 2L

H1 -

v mod 2L �; n Î N ì m Î N+ ì v Î N+
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01.06.21.1593.01à zn ãp z sinmHb zL sinvHc zL â z �

H-1Lm-1 2-m-v+1 I- p z N-2 Hn+1L
zn+1

m
m

2

v
v

2

GI2 Hn + 1L, - p z N H1 - m mod 2L H1 - v mod 2L +

ä-m 2-m-2 n-v-1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k

ã
-

ä p2

4 b H2 k-mL â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n Ip - 2 ä b H2 k - mL z Nh+ j
-

ä Ip - 2 ä b H2 k - mL z N2

b H2 k - mL
1

2
H-h- j-1L

j

h

n

j
p Ip - 2 ä b H2 k - mL z N G

1

2
Hh + j + 1L, -

ä Ip - 2 ä b H2 k - mL z N2

4 b H2 k - mL - 2 ä b H2 k - mL

-
ä Ip - 2 ä b H2 k - mL z N2

b H2 k - mL G
1

2
Hh + j + 2L, -

ä Ip - 2 ä b H2 k - mL z N2

4 b H2 k - mL
H-ä b H2 k - mLL-2 n-2 + H-1Lm ã

-
ä p2

4 b Hm-2 kL H-ä b Hm - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n

Ip - 2 ä b Hm - 2 kL z Nh+ j
-

ä Ip - 2 ä b Hm - 2 kL z N2

b Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j

p Ip - 2 ä b Hm - 2 kL z N G
1

2
Hh + j + 1L, -

ä Ip - 2 ä b Hm - 2 kL z N2

4 b Hm - 2 kL -

2 ä b Hm - 2 kL -
ä Ip - 2 ä b Hm - 2 kL z N2

b Hm - 2 kL G
1

2
Hh + j + 2L, -

ä Ip - 2 ä b Hm - 2 kL z N2

4 b Hm - 2 kL +

H-1Lm ä-v 2-m-2 n-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

ä p2

4 c H2 k-vL â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n
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Ip + 2 c ä H2 k - vL z Nh+ j
ä Ip + 2 c ä H2 k - vL z N2

c H2 k - vL
1

2
H-h- j-1L

j

h

n

j
p Ip + 2 c ä H2 k - vL z N

G
1

2
Hh + j + 1L, ä Ip + 2 c ä H2 k - vL z N2

4 c H2 k - vL + 2 c ä H2 k - vL ä Ip + 2 c ä H2 k - vL z N2

c H2 k - vL
G

1

2
Hh + j + 2L, ä Ip + 2 c ä H2 k - vL z N2

4 c H2 k - vL Hä c H2 k - vLL-2 n-2 + ã
ä p2

4 c Hv-2 kL Hä c Hv - 2 kLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n Ip + 2 c ä Hv - 2 kL z Nh+ j
ä Ip + 2 c ä Hv - 2 kL z N2

c Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
p Ip + 2 c ä Hv - 2 kL z N G

1

2
Hh + j + 1L, ä Ip + 2 c ä Hv - 2 kL z N2

4 c Hv - 2 kL +

2 c ä Hv - 2 kL ä Ip + 2 c ä Hv - 2 kL z N2

c Hv - 2 kL G
1

2
Hh + j + 2L, ä Ip + 2 c ä Hv - 2 kL z N2

4 c Hv - 2 kL +

ä-m-v 2-m-2 n-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
p2

4 Hä c H2 s-vL-ä b H2 k-mLL â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n

Ip + 2 Hä c H2 s - vL - ä b H2 k - mLL z Nh+ j
-

Ip + 2 Hä c H2 s - vL - ä b H2 k - mLL z N2

ä c H2 s - vL - ä b H2 k - mL
1

2
H-h- j-1L

j

h

n

j
p Ip + 2 Hä c H2 s - vL - ä b H2 k - mLL z N

G
1

2
Hh + j + 1L, -

Ip + 2 Hä c H2 s - vL - ä b H2 k - mLL z N2

4 Hä c H2 s - vL - ä b H2 k - mLL +
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2 -
Ip + 2 Hä c H2 s - vL - ä b H2 k - mLL z N2

ä c H2 s - vL - ä b H2 k - mL Hä c H2 s - vL - ä b H2 k - mLL G
1

2
Hh + j + 2L,

-
Ip + 2 Hä c H2 s - vL - ä b H2 k - mLL z N2

4 Hä c H2 s - vL - ä b H2 k - mLL Hä c H2 s - vL - ä b H2 k - mLL-2 n-2 +

H-1Lm+v ã
-

p2

4 Hä c H2 s-vL-ä b Hm-2 kLL Hä c H2 s - vL - ä b Hm - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n

Ip + 2 Hä c H2 s - vL - ä b Hm - 2 kLL z Nh+ j
-

Ip + 2 Hä c H2 s - vL - ä b Hm - 2 kLL z N2

ä c H2 s - vL - ä b Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
p Ip + 2 Hä c H2 s - vL - ä b Hm - 2 kLL z N G

1

2
Hh + j + 1L,

-
Ip + 2 Hä c H2 s - vL - ä b Hm - 2 kLL z N2

4 Hä c H2 s - vL - ä b Hm - 2 kLL + 2 -
Ip + 2 Hä c H2 s - vL - ä b Hm - 2 kLL z N2

ä c H2 s - vL - ä b Hm - 2 kL
Hä c H2 s - vL - ä b Hm - 2 kLL G

1

2
Hh + j + 2L, -

Ip + 2 Hä c H2 s - vL - ä b Hm - 2 kLL z N2

4 Hä c H2 s - vL - ä b Hm - 2 kLL +

ã
-

p2

4 Hä c Hv-2 sL-ä b H2 k-mLL Hä c Hv - 2 sL - ä b H2 k - mLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n

Ip + 2 Hä c Hv - 2 sL - ä b H2 k - mLL z Nh+ j
-

Ip + 2 Hä c Hv - 2 sL - ä b H2 k - mLL z N2

ä c Hv - 2 sL - ä b H2 k - mL
1

2
H-h- j-1L

j

h

n

j
p Ip + 2 Hä c Hv - 2 sL - ä b H2 k - mLL z N G

1

2
Hh + j + 1L,

-
Ip + 2 Hä c Hv - 2 sL - ä b H2 k - mLL z N2

4 Hä c Hv - 2 sL - ä b H2 k - mLL + 2 -
Ip + 2 Hä c Hv - 2 sL - ä b H2 k - mLL z N2

ä c Hv - 2 sL - ä b H2 k - mL
+

http://functions.wolfram.com 748



Hä c Hv - 2 sL - ä b H2 k - mLL G
1

2
Hh + j + 2L, -

Ip + 2 Hä c Hv - 2 sL - ä b H2 k - mLL z N2

4 Hä c Hv - 2 sL - ä b H2 k - mLL +

H-1Lm ã
-

p2

4 Hä c Hv-2 sL-ä b Hm-2 kLL Hä c Hv - 2 sL - ä b Hm - 2 kLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n

Ip + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL z Nh+ j
-

Ip + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL z N2

ä c Hv - 2 sL - ä b Hm - 2 kL
1

2
H-h- j-1L

j

h

n

j
p Ip + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL z N

G
1

2
Hh + j + 1L, -

Ip + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL z N2

4 Hä c Hv - 2 sL - ä b Hm - 2 kLL +

2 -
Ip + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL z N2

ä c Hv - 2 sL - ä b Hm - 2 kL Hä c Hv - 2 sL - ä b Hm - 2 kLL
G

1

2
Hh + j + 2L, -

Ip + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL z N2

4 Hä c Hv - 2 sL - ä b Hm - 2 kLL �; n Î N ì m Î N+ ì v Î N+

Involving zn  ãp z  sinmIb zr M sinv Hc zL
01.06.21.1594.01à zn ãp z sinmIb z2M sinvHc zL â z � H-1Lm-1 2-m-v H- pL-n-1

m
m

2

v
v

2

GHn + 1, - p zL H1 - m mod 2L H1 - v mod 2L -

H-1Lm ä-v 2-m-v zn+1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
IH-1Lv GHn + 1, H-2 c ä k - p + ä c vL zL HH-2 c ä k - p + ä c vL zL-n-1 +

HH- p - ä c Hv - 2 kLL zL-n-1 GHn + 1, H- p - ä c Hv - 2 kLL zLM - ä-m 2-m-v-1
v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk m

k
ã

-
ä p2

4 b H2 k-mL â
j=0

n

2 j-n H- pLn- j Hp - 2 ä b H2 k - mL zL j+1 -
ä Hp - 2 ä b H2 k - mL zL2

b H2 k - mL
1

2
H- j-1L

n

j
G

j + 1

2
,

+
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-
ä Hp - 2 ä b H2 k - mL zL2

4 b H2 k - mL H-ä b H2 k - mLL-n-1 + H-1Lm ã
-

ä p2

4 b Hm-2 kL H-ä b Hm - 2 kLL-n-1 â
j=0

n

2 j-n H- pLn- j

Hp - 2 ä b Hm - 2 kL zL j+1 -
ä Hp - 2 ä b Hm - 2 kL zL2

b Hm - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hp - 2 ä b Hm - 2 kL zL2

4 b Hm - 2 kL -

H-1Lm 2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
ã

-
ä Hp+c ä H2 s-vLL2

4 b H2 k-mL +
ä Π v

2
+

ä m Π

2 â
j=0

n

2 j-n H- p - ä c H2 s - vLLn- j

Hp + c ä H2 s - vL - 2 ä b H2 k - mL zL j+1 -
ä Hp + c ä H2 s - vL - 2 ä b H2 k - mL zL2

b H2 k - mL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hp + c ä H2 s - vL - 2 ä b H2 k - mL zL2

4 b H2 k - mL H-ä b H2 k - mLL-n-1 +

ã
-

ä Hp+c ä Hv-2 sLL2
4 b H2 k-mL -

ä Π v

2
+

ä m Π

2 â
j=0

n

2 j-n H- p - ä c Hv - 2 sLLn- j Hp + c ä Hv - 2 sL - 2 ä b H2 k - mL zL j+1

-
ä Hp + c ä Hv - 2 sL - 2 ä b H2 k - mL zL2

b H2 k - mL
1

2
H- j-1L

n

j

G
j + 1

2
, -

ä Hp + c ä Hv - 2 sL - 2 ä b H2 k - mL zL2

4 b H2 k - mL H-ä b H2 k - mLL-n-1 +

ã
-

ä Hp+c ä H2 s-vLL2
4 b Hm-2 kL +

ä Π v

2
-

ä m Π

2 H-ä b Hm - 2 kLL-n-1 â
j=0

n

2 j-n H- p - ä c H2 s - vLLn- j

Hp + c ä H2 s - vL - 2 ä b Hm - 2 kL zL j+1 -
ä Hp + c ä H2 s - vL - 2 ä b Hm - 2 kL zL2

b Hm - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hp + c ä H2 s - vL - 2 ä b Hm - 2 kL zL2

4 b Hm - 2 kL +

ã
-

ä Hp+c ä Hv-2 sLL2
4 b Hm-2 kL -

ä Π v

2
-

ä m Π

2 H-ä b Hm - 2 kLL-n-1 â
j=0

n

2 j-n H- p - ä c Hv - 2 sLLn- j

Hp + c ä Hv - 2 sL - 2 ä b Hm - 2 kL zL j+1 -
ä Hp + c ä Hv - 2 sL - 2 ä b Hm - 2 kL zL2

b Hm - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hp + c ä Hv - 2 sL - 2 ä b Hm - 2 kL zL2

4 b Hm - 2 kL �; n Î N ì m Î N+ ì v Î N+
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01.06.21.1595.01à zn ãp z sinmIb z N sinvHc zL â z �

H-1Lm-1 2-m-v
m
m

2

v
v

2

GHn + 1, - p zL H1 - m mod 2L H1 - v mod 2L H- pL-n-1 - H-1Lm ä-v 2-m-v zn+1
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v H-1Lk v

k
IH-1Lv GHn + 1, H-2 c ä k - p + ä c vL zL HH-2 c ä k - p + ä c vL zL-n-1 + HH- p - ä c Hv - 2 kLL zL-n-1

GHn + 1, H- p - ä c Hv - 2 kLL zLM + 2-m-2 n-v-1 ä-m-v p-2 n-2
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

b2 H2 k-mL2
4 p

+
ä Π v

2

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b H2 k - mLL-h- j+2 n I2 p z - ä b H2 k - mLNh+ j
-

I2 p z - ä b H2 k - mLN2

p

1

2
H-h- j-1L

j

h

n

j
2 p -

I2 p z - ä b H2 k - mLN2

p
G

1

2
Hh + j + 2L, -

I2 p z - ä b H2 k - mLN2

4 p
- ä b H2 k - mL

I2 p z - ä b H2 k - mLN G
1

2
Hh + j + 1L, -

I2 p z - ä b H2 k - mLN2

4 p
+ H-1Lm ã

b2 Hm-2 kL2
4 p

+
ä Π v

2

â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b Hm - 2 kLL-h- j+2 n I2 p z - ä b Hm - 2 kLNh+ j
-

I2 p z - ä b Hm - 2 kLN2

p

1

2
H-h- j-1L

j

h

n

j
2 p -

I2 p z - ä b Hm - 2 kLN2

p
G

1

2
Hh + j + 2L, -

I2 p z - ä b Hm - 2 kLN2

4 p
-

ä b Hm - 2 kL I2 p z - ä b Hm - 2 kLN G
1

2
Hh + j + 1L, -

I2 p z - ä b Hm - 2 kLN2

4 p
+

2-m-2 n-v-1 ä-m-v â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

b2 H2 k-mL2
4 Hp+c ä H2 s-vLL â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b H2 k - mLL-h- j+2 n
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I2 Hp + c ä H2 s - vLL z - ä b H2 k - mLNh+ j
-

I2 Hp + c ä H2 s - vLL z - ä b H2 k - mLN2

p + c ä H2 s - vL
1

2
H-h- j-1L

j

h

n

j
2 Hp + c ä H2 s - vLL -

I2 Hp + c ä H2 s - vLL z - ä b H2 k - mLN2

p + c ä H2 s - vL G
1

2
Hh + j + 2L,

-
I2 Hp + c ä H2 s - vLL z - ä b H2 k - mLN2

4 Hp + c ä H2 s - vLL - ä b H2 k - mL I2 Hp + c ä H2 s - vLL z -

ä b H2 k - mLN G
1

2
Hh + j + 1L, -

I2 Hp + c ä H2 s - vLL z - ä b H2 k - mLN2

4 Hp + c ä H2 s - vLL

Hp + c ä H2 s - vLL-2 n-2 + H-1Lm+v ã
b2 Hm-2 kL2

4 Hp+c ä H2 s-vLL â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b Hm - 2 kLL-h- j+2 n

I2 Hp + c ä H2 s - vLL z - ä b Hm - 2 kLNh+ j
-

I2 Hp + c ä H2 s - vLL z - ä b Hm - 2 kLN2

p + c ä H2 s - vL
1

2
H-h- j-1L

j

h

n

j
2 Hp + c ä H2 s - vLL -

I2 Hp + c ä H2 s - vLL z - ä b Hm - 2 kLN2

p + c ä H2 s - vL G
1

2
Hh + j + 2L,

-
I2 Hp + c ä H2 s - vLL z - ä b Hm - 2 kLN2

4 Hp + c ä H2 s - vLL - ä b Hm - 2 kL I2 Hp + c ä H2 s - vLL z -

ä b Hm - 2 kLN G
1

2
Hh + j + 1L, -

I2 Hp + c ä H2 s - vLL z - ä b Hm - 2 kLN2

4 Hp + c ä H2 s - vLL
Hp + c ä H2 s - vLL-2 n-2 + ã

b2 H2 k-mL2
4 Hp+c ä Hv-2 sLL Hp + c ä Hv - 2 sLL-2 n-2 â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b H2 k - mLL-h- j+2 n

I2 Hp + c ä Hv - 2 sLL z - ä b H2 k - mLNh+ j
-

I2 Hp + c ä Hv - 2 sLL z - ä b H2 k - mLN2

p + c ä Hv - 2 sL
1

2
H-h- j-1L
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j

h

n

j
2 Hp + c ä Hv - 2 sLL -

I2 Hp + c ä Hv - 2 sLL z - ä b H2 k - mLN2

p + c ä Hv - 2 sL G
1

2
Hh + j + 2L,

-
I2 Hp + c ä Hv - 2 sLL z - ä b H2 k - mLN2

4 Hp + c ä Hv - 2 sLL - ä b H2 k - mL I2 Hp + c ä Hv - 2 sLL z -

ä b H2 k - mLN G
1

2
Hh + j + 1L, -

I2 Hp + c ä Hv - 2 sLL z - ä b H2 k - mLN2

4 Hp + c ä Hv - 2 sLL +

H-1Lm ã
b2 Hm-2 kL2

4 Hp+c ä Hv-2 sLL Hp + c ä Hv - 2 sLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b Hm - 2 kLL-h- j+2 n

I2 Hp + c ä Hv - 2 sLL z - ä b Hm - 2 kLNh+ j
-

I2 Hp + c ä Hv - 2 sLL z - ä b Hm - 2 kLN2

p + c ä Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
2 Hp + c ä Hv - 2 sLL -

I2 Hp + c ä Hv - 2 sLL z - ä b Hm - 2 kLN2

p + c ä Hv - 2 sL
G

1

2
Hh + j + 2L, -

I2 Hp + c ä Hv - 2 sLL z - ä b Hm - 2 kLN2

4 Hp + c ä Hv - 2 sLL -

ä b Hm - 2 kL I2 Hp + c ä Hv - 2 sLL z - ä b Hm - 2 kLN G
1

2
Hh + j + 1L,

-
I2 Hp + c ä Hv - 2 sLL z - ä b Hm - 2 kLN2

4 Hp + c ä Hv - 2 sLL �; n Î N ì m Î N+ ì v Î N+

Involving zn  ãp zr
 sinmIb zr M sinv Hc zL

01.06.21.1596.01à zn ãp z2
sinmIb z2M sinvHc zL â z � H-1Lm-1 2-m-v-1 zn+1 I- p z2M 1

2
H-n-1L m

m

2

v
v

2

G
n + 1

2
, - p z2 H1 - m mod 2L H1 - v mod 2L -

äm 2-m-v-1 zn+1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
H-1Lm G

n + 1

2
, H2 ä b k - ä b m - pL z2 IH2 ä b k - ä b m - pL z2M 1

2
H-n-1L

+

- m ä 2 p
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IHä b Hm - 2 kL - pL z2M 1

2
H-n-1L

G
n + 1

2
, Hä b Hm - 2 kL - pL z2 - H-1Lm ä-v 2-m-v-1 p-n-1

m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

c2 Hv-2 kL2
4 p â

h=0

n

2h-n Hä c Hv - 2 kLLn-h H2 p z - ä c Hv - 2 kLLh+1 -
H2 p z - ä c Hv - 2 kLL2

p

1

2
H-h-1L

n

h
G

h + 1

2
, -

H2 p z - ä c Hv - 2 kLL2

4 p
+ ã

c2 Hv-2 kL2
4 p â

h=0

n

2h-n H-ä c Hv - 2 kLLn-h

Hc ä Hv - 2 kL + 2 p zLh+1 -
Hc ä Hv - 2 kL + 2 p zL2

p

1

2
H-h-1L

n

h
G

h + 1

2
, -

Hc ä Hv - 2 kL + 2 p zL2

4 p
-

H-1Lm ä-v 2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
j=0

f v-1

2
v H-1L j v

j
ã

c2 Hv-2 jL2
4 Hp-ä b Hm-2 kLL +ä Π v-

ä m Π

2 â
h=0

n

2h-n Hä c Hv - 2 jLLn-h

H2 Hp - ä b Hm - 2 kLL z - ä c Hv - 2 jLLh+1 -
H2 Hp - ä b Hm - 2 kLL z - ä c Hv - 2 jLL2

p - ä b Hm - 2 kL
1

2
H-h-1L

n

h
G

h + 1

2
, -

H2 Hp - ä b Hm - 2 kLL z - ä c Hv - 2 jLL2

4 Hp - ä b Hm - 2 kLL Hp - ä b Hm - 2 kLL-n-1 +

ã
c2 Hv-2 jL2

4 Hp-ä b Hm-2 kLL -
ä m Π

2 â
h=0

n

2h-n H-ä c Hv - 2 jLLn-h Hc ä Hv - 2 jL + 2 Hp - ä b Hm - 2 kLL zLh+1

-
Hc ä Hv - 2 jL + 2 Hp - ä b Hm - 2 kLL zL2

p - ä b Hm - 2 kL
1

2
H-h-1L

n

h

G
h + 1

2
, -

Hc ä Hv - 2 jL + 2 Hp - ä b Hm - 2 kLL zL2

4 Hp - ä b Hm - 2 kLL Hp - ä b Hm - 2 kLL-n-1 +

ã
c2 Hv-2 jL2

4 Hb ä Hm-2 kL+pL +ä Π v+
ä m Π

2 Hb ä Hm - 2 kL + pL-n-1 â
h=0

n

2h-n Hä c Hv - 2 jLLn-h H2 Hb ä Hm - 2 kL + pL z - ä c Hv - 2 jLLh+1

-
H2 Hb ä Hm - 2 kL + pL z - ä c Hv - 2 jLL2

b ä Hm - 2 kL + p

1

2
H-h-1L

n

h

G
h + 1

2
, -

H2 Hb ä Hm - 2 kL + pL z - ä c Hv - 2 jLL2

4 Hb ä Hm - 2 kL + pL +

ã ân

2

http://functions.wolfram.com 754



ã
c2 Hv-2 jL2

4 Hb ä Hm-2 kL+pL +
ä m Π

2 Hb ä Hm - 2 kL + pL-n-1 â
h=0

n

2h-n H-ä c Hv - 2 jLLn-h Hc ä Hv - 2 jL + 2 Hb ä Hm - 2 kL + pL zLh+1

-
Hc ä Hv - 2 jL + 2 Hb ä Hm - 2 kL + pL zL2

b ä Hm - 2 kL + p

1

2
H-h-1L

n

h

G
h + 1

2
, -

Hc ä Hv - 2 jL + 2 Hb ä Hm - 2 kL + pL zL2

4 Hb ä Hm - 2 kL + pL �; m Î N+ ì v Î N+ ì n Î N

01.06.21.1597.01à zn ãp z sinmIb z N sinvHc zL â z �

H-1Lm-1 2-m-v+1 I- p z N-2 Hn+1L
zn+1

m
m

2

v
v

2

GI2 Hn + 1L, - p z N H1 - m mod 2L H1 - v mod 2L -

ä-m 2-m-v+1 zn+1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
KGI2 Hn + 1L, H2 ä b k - ä b m - pL z N IH2 ä b k - ä b m - pL z N-2 Hn+1L

+

H-1Lm IHä b Hm - 2 kL - pL z N-2 Hn+1L
GI2 Hn + 1L, Hä b Hm - 2 kL - pL z NO +

H-1Lm ä-v 2-m-2 n-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

-
ä p2

4 c Hv-2 kL â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n

Ip - 2 ä c Hv - 2 kL z Nh+ j
-

ä Ip - 2 ä c Hv - 2 kL z N2

c Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
p Ip - 2 ä c Hv - 2 kL z N

G
1

2
Hh + j + 1L, -

ä Ip - 2 ä c Hv - 2 kL z N2

4 c Hv - 2 kL - 2 ä c Hv - 2 kL -
ä Ip - 2 ä c Hv - 2 kL z N2

c Hv - 2 kL
G

1

2
Hh + j + 2L, -

ä Ip - 2 ä c Hv - 2 kL z N2

4 c Hv - 2 kL H-ä c Hv - 2 kLL-2 n-2 + ã
ä p2

4 c Hv-2 kL Hä c Hv - 2 kLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j p-h- j+2 n Ip + 2 c ä Hv - 2 kL z Nh+ j
ä Ip + 2 c ä Hv - 2 kL z N2

c Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
p Ip + 2 c ä Hv - 2 kL z N G

1

2
Hh + j + 1L, ä Ip + 2 c ä Hv - 2 kL z N2

4 c Hv - 2 kL +

+
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2 c ä Hv - 2 kL ä Ip + 2 c ä Hv - 2 kL z N2

c Hv - 2 kL G
1

2
Hh + j + 2L, ä Ip + 2 c ä Hv - 2 kL z N2

4 c Hv - 2 kL +

H-1Lm ä-v 2-m-2 n-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
ä Hp-ä b Hm-2 kLL2

4 c Hv-2 sL -
ä m Π

2

â
j=0

n â
h=0

j H-1L j-h 4 j Hp - ä b Hm - 2 kLL-h- j+2 n I-ä b Hm - 2 kL + p - 2 ä c Hv - 2 sL z Nh+ j

-
ä I-ä b Hm - 2 kL + p - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hp - ä b Hm - 2 kLL I-ä b Hm - 2 kL +

p - 2 ä c Hv - 2 sL z N G
1

2
Hh + j + 1L, -

ä I-ä b Hm - 2 kL + p - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL -

2 ä c Hv - 2 sL -
ä I-ä b Hm - 2 kL + p - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L,

-
ä I-ä b Hm - 2 kL + p - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-2 n-2 +

H-1Lv ã
ä m Π

2
-

ä Hb ä Hm-2 kL+pL2
4 c Hv-2 sL â

j=0

n â
h=0

j H-1L j-h 4 j Hb ä Hm - 2 kL + pL-h- j+2 n Ib ä Hm - 2 kL + p - 2 ä c Hv - 2 sL z Nh+ j

-
ä Ib ä Hm - 2 kL + p - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hb ä Hm - 2 kL + pL Ib ä Hm - 2 kL +

p - 2 ä c Hv - 2 sL z N G
1

2
Hh + j + 1L, -

ä Ib ä Hm - 2 kL + p - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL -
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2 ä c Hv - 2 sL -
ä Ib ä Hm - 2 kL + p - 2 ä c Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L,

-
ä Ib ä Hm - 2 kL + p - 2 ä c Hv - 2 sL z N2

4 c Hv - 2 sL H-ä c Hv - 2 sLL-2 n-2 + ã
ä Hp-ä b Hm-2 kLL2

4 c Hv-2 sL -
ä m Π

2

Hä c Hv - 2 sLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hp - ä b Hm - 2 kLL-h- j+2 n I-ä b Hm - 2 kL + p + 2 c ä Hv - 2 sL z Nh+ j

ä I-ä b Hm - 2 kL + p + 2 c ä Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hp - ä b Hm - 2 kLL I-ä b Hm - 2 kL +

p + 2 c ä Hv - 2 sL z N G
1

2
Hh + j + 1L, ä I-ä b Hm - 2 kL + p + 2 c ä Hv - 2 sL z N2

4 c Hv - 2 sL +

2 c ä Hv - 2 sL ä I-ä b Hm - 2 kL + p + 2 c ä Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L,

ä I-ä b Hm - 2 kL + p + 2 c ä Hv - 2 sL z N2

4 c Hv - 2 sL + ã
ä Hb ä Hm-2 kL+pL2

4 c Hv-2 sL +
ä m Π

2 Hä c Hv - 2 sLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hb ä Hm - 2 kL + pL-h- j+2 n Ib ä Hm - 2 kL + p + 2 c ä Hv - 2 sL z Nh+ j

ä Ib ä Hm - 2 kL + p + 2 c ä Hv - 2 sL z N2

c Hv - 2 sL
1

2
H-h- j-1L

j

h

n

j
Hb ä Hm - 2 kL + pL Ib ä Hm - 2 kL +

p + 2 c ä Hv - 2 sL z N G
1

2
Hh + j + 1L, ä Ib ä Hm - 2 kL + p + 2 c ä Hv - 2 sL z N2

4 c Hv - 2 sL +

2 c ä Hv - 2 sL ä Ib ä Hm - 2 kL + p + 2 c ä Hv - 2 sL z N2

c Hv - 2 sL G
1

2
Hh + j + 2L,

ä Ib ä Hm - 2 kL + p + 2 c ä Hv - 2 sL z N2 �; n Î N ì m Î N+ ì v Î N+
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Involving zn  ãp z sinmIb zr M sinv Ic zr M
01.06.21.1598.01à zn ãp z sinmIb z2M sinvIc z2M â z �

H-1Lm-1 2-m-v H- pL-n-1
m
m

2

v
v

2

GHn + 1, - p zL H1 - m mod 2L H1 - v mod 2L - ä-m 2-m-v-1
v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk m

k
ã

-
ä p2

4 b H2 k-mL â
j=0

n

2 j-n H- pLn- j Hp - 2 ä b H2 k - mL zL j+1 -
ä Hp - 2 ä b H2 k - mL zL2

b H2 k - mL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hp - 2 ä b H2 k - mL zL2

4 b H2 k - mL H-ä b H2 k - mLL-n-1 +

H-1Lm ã
-

ä p2

4 b Hm-2 kL H-ä b Hm - 2 kLL-n-1 â
j=0

n

2 j-n H- pLn- j Hp - 2 ä b Hm - 2 kL zL j+1 -
ä Hp - 2 ä b Hm - 2 kL zL2

b Hm - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

ä Hp - 2 ä b Hm - 2 kL zL2

4 b Hm - 2 kL - H-1Lm ä-v 2-m-v-1
m
m

2

H1 - m mod 2L
â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

ä p2

4 c H2 k-vL â
j=0

n

2 j-n H- pLn- j Hp + 2 c ä H2 k - vL zL j+1
ä Hp + 2 c ä H2 k - vL zL2

c H2 k - vL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hp + 2 c ä H2 k - vL zL2

4 c H2 k - vL Hä c H2 k - vLL-n-1 + ã
ä p2

4 c Hv-2 kL Hä c Hv - 2 kLL-n-1 â
j=0

n

2 j-n H- pLn- j

Hp + 2 c ä Hv - 2 kL zL j+1
ä Hp + 2 c ä Hv - 2 kL zL2

c Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
,

ä Hp + 2 c ä Hv - 2 kL zL2

4 c Hv - 2 kL -

ä-m-v 2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
p2

4 Hä c H2 s-vL-ä b H2 k-mLL

â
j=0

n

2 j-n H- pLn- j Hp + 2 Hä c H2 s - vL - ä b H2 k - mLL zL j+1 -
Hp + 2 Hä c H2 s - vL - ä b H2 k - mLL zL2

ä c H2 s - vL - ä b H2 k - mL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hp + 2 Hä c H2 s - vL - ä b H2 k - mLL zL2

4 Hä c H2 s - vL - ä b H2 k - mLL
Hä c H2 s - vL - ä b H2 k - mLL-n-1 + H-1Lm+v ã

-
p2

4 Hä c H2 s-vL-ä b Hm-2 kLL Hä c H2 s - vL - ä b Hm - 2 kLL-n-1
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â
j=0

n

2 j-n H- pLn- j Hp + 2 Hä c H2 s - vL - ä b Hm - 2 kLL zL j+1 -
Hp + 2 Hä c H2 s - vL - ä b Hm - 2 kLL zL2

ä c H2 s - vL - ä b Hm - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hp + 2 Hä c H2 s - vL - ä b Hm - 2 kLL zL2

4 Hä c H2 s - vL - ä b Hm - 2 kLL +

ã
-

p2

4 Hä c Hv-2 sL-ä b H2 k-mLL Hä c Hv - 2 sL - ä b H2 k - mLL-n-1 â
j=0

n

2 j-n H- pLn- j Hp + 2 Hä c Hv - 2 sL - ä b H2 k - mLL zL j+1

-
Hp + 2 Hä c Hv - 2 sL - ä b H2 k - mLL zL2

ä c Hv - 2 sL - ä b H2 k - mL
1

2
H- j-1L

n

j
G

j + 1

2
,

-
Hp + 2 Hä c Hv - 2 sL - ä b H2 k - mLL zL2

4 Hä c Hv - 2 sL - ä b H2 k - mLL + H-1Lm ã
-

p2

4 Hä c Hv-2 sL-ä b Hm-2 kLL Hä c Hv - 2 sL - ä b Hm - 2 kLL-n-1

â
j=0

n

2 j-n H- pLn- j Hp + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL j+1 -
Hp + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2

ä c Hv - 2 sL - ä b Hm - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hp + 2 Hä c Hv - 2 sL - ä b Hm - 2 kLL zL2

4 Hä c Hv - 2 sL - ä b Hm - 2 kLL �; n Î N ì m Î N+ ì v Î N+

01.06.21.1599.01à zn ãp z sinmIb z N sinvIc z N â z �

H-1Lm+n 2-m-v p-1-n
m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L GHn + 1, - p zL + ä-m 2-m-2 n-v-1
v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk m

k
ã

b2 H2 k-mL2
4 p â

j=0

n â
h=0

j H-1L j-h 4 j H-ä b H2 k - mLL-h- j+2 n I2 p z - ä b H2 k - mLNh+ j

-
I2 p z - ä b H2 k - mLN2

p

1

2
H-h- j-1L

j

h

n

j

2 p -
I2 p z - ä b H2 k - mLN2

p
G

1

2
Hh + j + 2L, -

I2 p z - ä b H2 k - mLN2

4 p
- ä b H2 k - mL

I2 p z - ä b H2 k - mLN G
1

2
Hh + j + 1L, -

I2 p z - ä b H2 k - mLN2

4 p
p-2 n-2 + H-1Lm ã

b2 Hm-2 kL2
4 p
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â
j=0

n â
h=0

j H-1L j-h 4 j H-ä b Hm - 2 kLL-h- j+2 n I2 p z - ä b Hm - 2 kLNh+ j
-

I2 p z - ä b Hm - 2 kLN2

p

1

2
H-h- j-1L

j

h

n

j
2 p -

I2 p z - ä b Hm - 2 kLN2

p
G

1

2
Hh + j + 2L, -

I2 p z - ä b Hm - 2 kLN2

4 p
- ä b

Hm - 2 kL I2 p z - ä b Hm - 2 kLN G
1

2
Hh + j + 1L, -

I2 p z - ä b Hm - 2 kLN2

4 p
p-2 n-2 +

ä-m-v 2-m-2 n-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

c2 H2 k-vL2
4 p

-
ä m Π

2 â
j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 k - vLL-h- j+2 n

I2 z p + c ä H2 k - vLNh+ j
-

I2 z p + c ä H2 k - vLN2

p

1

2
H-h- j-1L

j

h

n

j
c ä H2 k - vL I2 z p +

c ä H2 k - vLN G
1

2
Hh + j + 1L, -

I2 z p + c ä H2 k - vLN2

4 p
+ 2 -

I2 z p + c ä H2 k - vLN2

p

p G
1

2
Hh + j + 2L, -

I2 z p + c ä H2 k - vLN2

4 p
p-2 n-2 + ã

c2 Hv-2 kL2
4 p

-
ä m Π

2

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 kLL-h- j+2 n I2 z p + c ä Hv - 2 kLNh+ j
-

I2 z p + c ä Hv - 2 kLN2

p

1

2
H-h- j-1L

j

h

n

j
c ä Hv - 2 kL I2 z p + c ä Hv - 2 kLN G

1

2
Hh + j + 1L, -

I2 z p + c ä Hv - 2 kLN2

4 p
+ 2

-
I2 z p + c ä Hv - 2 kLN2

p
p G

1

2
Hh + j + 2L, -

I2 z p + c ä Hv - 2 kLN2

4 p
p-2 n-2 + ä-m-v

2
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2-m-2 n-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
Hä c H2 s-vL-ä b H2 k-mLL2

4 p â
j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 s - vL - ä b H2 k - mLL-h- j+2 n

I-ä b H2 k - mL + c ä H2 s - vL + 2 p z Nh+ j
-

I-ä b H2 k - mL + c ä H2 s - vL + 2 p z N2

p

1

2
H-h- j-1L

j

h

n

j
Hä c H2 s - vL - ä b H2 k - mLL I-ä b H2 k - mL + c ä H2 s - vL + 2 p z N

G
1

2
Hh + j + 1L, -

I-ä b H2 k - mL + c ä H2 s - vL + 2 p z N2

4 p
+

2 -
I-ä b H2 k - mL + c ä H2 s - vL + 2 p z N2

p
p G

1

2
Hh + j + 2L,

-
I-ä b H2 k - mL + c ä H2 s - vL + 2 p z N2

4 p
p-2 n-2 +

H-1Lm+v ã
-

Hä c H2 s-vL-ä b Hm-2 kLL2
4 p â

j=0

n â
h=0

j H-1L j-h 4 j Hä c H2 s - vL - ä b Hm - 2 kLL-h- j+2 n

I-ä b Hm - 2 kL + c ä H2 s - vL + 2 p z Nh+ j
-

I-ä b Hm - 2 kL + c ä H2 s - vL + 2 p z N2

p

1

2
H-h- j-1L

j

h

n

j
Hä c H2 s - vL - ä b Hm - 2 kLL I-ä b Hm - 2 kL + c ä H2 s - vL + 2 p z N

G
1

2
Hh + j + 1L, -

I-ä b Hm - 2 kL + c ä H2 s - vL + 2 p z N2

4 p
+
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2 -
I-ä b Hm - 2 kL + c ä H2 s - vL + 2 p z N2

p
p G

1

2
Hh + j + 2L,

-
I-ä b Hm - 2 kL + c ä H2 s - vL + 2 p z N2

4 p
p-2 n-2 + ã

-
Hä c Hv-2 sL-ä b H2 k-mLL2

4 p

â
j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sL - ä b H2 k - mLL-h- j+2 n I-ä b H2 k - mL + c ä Hv - 2 sL + 2 p z Nh+ j

-
I-ä b H2 k - mL + c ä Hv - 2 sL + 2 p z N2

p

1

2
H-h- j-1L

j

h

n

j

Hä c Hv - 2 sL - ä b H2 k - mLL I-ä b H2 k - mL + c ä Hv - 2 sL + 2 p z N

G
1

2
Hh + j + 1L, -

I-ä b H2 k - mL + c ä Hv - 2 sL + 2 p z N2

4 p
+

2 -
I-ä b H2 k - mL + c ä Hv - 2 sL + 2 p z N2

p
p G

1

2
Hh + j + 2L,

-
I-ä b H2 k - mL + c ä Hv - 2 sL + 2 p z N2

4 p
p-2 n-2 +

H-1Lm ã
-

Hä c Hv-2 sL-ä b Hm-2 kLL2
4 p â

j=0

n â
h=0

j H-1L j-h 4 j Hä c Hv - 2 sL - ä b Hm - 2 kLL-h- j+2 n

I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 p z Nh+ j
-

I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 p z N2

p

1

2
H-h- j-1L
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j

h

n

j
Hä c Hv - 2 sL - ä b Hm - 2 kLL I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 p z N

G
1

2
Hh + j + 1L, -

I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 p z N2

4 p
+

2 -
I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 p z N2

p
p G

1

2
Hh + j + 2L,

-
I-ä b Hm - 2 kL + c ä Hv - 2 sL + 2 p z N2

4 p
p-2 n-2 �; n Î N ì m Î N+ ì v Î N+

Involving zΑ-1 ãp zr
sinmIb zr M sinv Ic zr M

01.06.21.1600.01

à zΑ-1 ãp zr
sinmHb zrL sinvHc zrL â z �

H-1Lm-1 2-m-v zΑ H- p zrL-
Α

r H1 - m mod 2L H1 - v mod 2L
r

 
m
m

2

v
v

2

G
Α

r
, - p zr -

H2 ä L-m-v zΑ

r
 

v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
H-1Lm ã

ä Π v

2 G
Α

r
, H-2 b ä k + ä b m - pL zr HH-2 b ä k + ä b m - pL zrL-

Α

r +

ã
ä Π v

2 HH2 ä b k - ä b m - pL zrL-
Α

r G
Α

r
, H2 ä b k - ä b m - pL zr -

H-1Lm ä-v 2-m-v zΑ

r

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv G

Α

r
, H-2 c ä k - p + ä c vL zr HH-2 c ä k - p + ä c vL zrL-

Α

r +

HH2 ä c k - p - ä c vL zrL-
Α

r G
Α

r
, H2 ä c k - p - ä c vL zr -

äm-v 2-m-v zΑ

r
 â

k=0

f m-1

2
v H-1Lk m

k

â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv G

Α

r
, H-2 b ä k + ä b m - p - 2 ä c s + ä c vL zr HH-2 b ä k + ä b m - p - 2 ä c s + ä c vL zrL-

Α

r +

H-1Lm+v HH2 ä b k - ä b m - p - 2 ä c s + ä c vL zrL-
Α

r G
Α

r
, H2 ä b k - ä b m - p - 2 ä c s + ä c vL zr +

HH-2 b ä k + ä b m - p + 2 ä c s - ä c vL zrL-
Α

r G
Α

r
, H-2 b ä k + ä b m - p + 2 ä c s - ä c vL zr + H-1Lm

HH2 ä b k - ä b m - p + 2 ä c s - ä c vL zrL-
Α

r G
Α

r
, H2 ä b k - ä b m - p + 2 ä c s - ä c vL zr �; m Î N+ ì v Î N+
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Involving zΑ-1 ãb zr +e sinmIa zr + qM sinv Ic zr + gM
01.06.21.1601.01à zΑ-1 ãb zr+e sinmHa zr + qL sinvHc zr + gL â z �

H-1Lm-1 2-m-v ãe zΑ H-b zrL-
Α

r H1 - m mod 2L H1 - v mod 2L
r

 
m
m

2

v
v

2

G
Α

r
, -b zr -

H2 ä L-m-v zΑ

r

v
v

2

H1 - v mod 2L
â
k=0

f m-1

2
v H-1Lk m

k
H-1Lm ãe+2 ä k q-ä m q+

ä Π v

2 G
Α

r
, H-b - 2 ä a k + ä a mL zr HH-b - 2 ä a k + ä a mL zrL-

Α

r +

ãe-2 ä k q+ä m q+
ä Π v

2 HH-b + 2 ä a k - ä a mL zrL-
Α

r G
Α

r
, H-b + 2 ä a k - ä a mL zr -

H-1Lm ä-v 2-m-v zΑ

r

m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ãe+2 ä g k-ä g v G

Α

r
, H-b - 2 ä c k + ä c vL zr

HH-b - 2 ä c k + ä c vL zrL-
Α

r + ãe-2 ä g k+ä g v HH-b + 2 ä c k - ä c vL zrL-
Α

r G
Α

r
, H-b + 2 ä c k - ä c vL zr -

äm-v 2-m-v zΑ

r
 â

k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ãe+2 ä k q-ä m q+2 ä g s-ä g v G

Α

r
, H-b - 2 ä a k + ä a m - 2 ä c s + ä c vL zr

HH-b - 2 ä a k + ä a m - 2 ä c s + ä c vL zrL-
Α

r + H-1Lm+v ãe-2 ä k q+ä m q+2 ä g s-ä g v

HH-b + 2 ä a k - ä a m - 2 ä c s + ä c vL zrL-
Α

r G
Α

r
, H-b + 2 ä a k - ä a m - 2 ä c s + ä c vL zr +

ãe+2 ä k q-ä m q-2 ä g s+ä g v HH-b - 2 ä a k + ä a m + 2 ä c s - ä c vL zrL-
Α

r

G
Α

r
, H-b - 2 ä a k + ä a m + 2 ä c s - ä c vL zr + H-1Lm ãe-2 ä k q+ä m q-2 ä g s+ä g v

HH-b + 2 ä a k - ä a m + 2 ä c s - ä c vL zrL-
Α

r G
Α

r
, H-b + 2 ä a k - ä a m + 2 ä c s - ä c vL zr �; m Î N+ ì v Î N+

Involving zn ãb zr +d z+e sinmIa zr + p z + qM sinv Ic zr + f z + gM
01.06.21.1602.01

à zn ãb z2+d z+e sinmIa z2 + p z + qM sinvIc z2 + f z + gM â z � H-1Lm-1 2-m-v-1 b-n-1 ã
e-

d2

4 b

m
m

2

v
v

2

H1 - m mod 2L
H1 - v mod 2L â

j=0

n

2 j-n H-dLn- j Hd + 2 b zL j+1 -
Hd + 2 b zL2

b

1

2
H- j-1L

n

j
G

j + 1

2
, -

Hd + 2 b zL2

4 b
-

ä-m 2-m-v-1
v
v

2

H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

-
Hd-ä H2 k-mL pL2
4 Hb-ä a H2 k-mLL +e-ä H2 k-mL q â

j=0

n

2 j-n Hä H2 k - mL p - dLn- j

Hd - ä H2 k - mL p + 2 Hb - ä a H2 k - mLL zL j+1 -
Hd - ä H2 k - mL p + 2 Hb - ä a H2 k - mLL zL2

b - ä a H2 k - mL
1

2
H- j-1L

+
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n

j
G

j + 1

2
, -

Hd - ä H2 k - mL p + 2 Hb - ä a H2 k - mLL zL2

4 Hb - ä a H2 k - mLL Hb - ä a H2 k - mLL-n-1 +

H-1Lm ã
-

Hd-ä Hm-2 kL pL2
4 Hb-ä a Hm-2 kLL +e-ä Hm-2 kL q Hb - ä a Hm - 2 kLL-n-1 â

j=0

n

2 j-n Hä Hm - 2 kL p - dLn- j

Hd - ä Hm - 2 kL p + 2 Hb - ä a Hm - 2 kLL zL j+1 -
Hd - ä Hm - 2 kL p + 2 Hb - ä a Hm - 2 kLL zL2

b - ä a Hm - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hd - ä Hm - 2 kL p + 2 Hb - ä a Hm - 2 kLL zL2

4 Hb - ä a Hm - 2 kLL -

ä-m-v 2-m-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

-
Hd+ f ä H2 k-vLL2
4 Hb+c ä H2 k-vLL +e+g ä H2 k-vL-

ä m Π

2 â
j=0

n

2 j-n H-d - ä f H2 k - vLLn- j

Hd + f ä H2 k - vL + 2 Hb + c ä H2 k - vLL zL j+1 -
Hd + f ä H2 k - vL + 2 Hb + c ä H2 k - vLL zL2

b + c ä H2 k - vL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hd + f ä H2 k - vL + 2 Hb + c ä H2 k - vLL zL2

4 Hb + c ä H2 k - vLL Hb + c ä H2 k - vLL-n-1 +

ã
-

Hd+ f ä Hv-2 kLL2
4 Hb+c ä Hv-2 kLL +e+g ä Hv-2 kL-

ä m Π

2 Hb + c ä Hv - 2 kLL-n-1 â
j=0

n

2 j-n H-d - ä f Hv - 2 kLLn- j

Hd + f ä Hv - 2 kL + 2 Hb + c ä Hv - 2 kLL zL j+1 -
Hd + f ä Hv - 2 kL + 2 Hb + c ä Hv - 2 kLL zL2

b + c ä Hv - 2 kL
1

2
H- j-1L

n

j
G

j + 1

2
, -

Hd + f ä Hv - 2 kL + 2 Hb + c ä Hv - 2 kLL zL2

4 Hb + c ä Hv - 2 kLL -

ä-m-v 2-m-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
Hd-ä H2 k-mL p+ f ä H2 s-vLL2
4 Hb-ä a H2 k-mL+c ä H2 s-vLL +e-ä H2 k-mL q+g ä H2 s-vL

â
j=0

n

2 j-n H-d + ä H2 k - mL p - ä f H2 s - vLLn- j Hd - ä H2 k - mL p + f ä H2 s - vL + 2 Hb - ä a H2 k - mL + c ä H2 s -

vLL zL j+1 I-Hd - ä H2 k - mL p + f ä H2 s - vL + 2 Hb - ä a H2 k - mL + c ä H2 s - vLL zL2 �
Hb - ä a H2 k - mL + c ä H2 s - vLLM 1

2
H- j-1L n

j
G

j + 1

2
, -Hd - ä H2 k - mL p +

f ä H2 s - vL + 2 Hb - ä a H2 k - mL + c ä H2 s - vLL zL2 � H4 Hb - ä a H2 k - mL + c ä H2 s - vLLL
+
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Hb - ä a H2 k - mL + c ä H2 s - vLL-n-1 + H-1Lm+v ã
-

Hd-ä Hm-2 kL p+ f ä H2 s-vLL2
4 Hb-ä a Hm-2 kL+c ä H2 s-vLL +e-ä Hm-2 kL q+g ä H2 s-vL

Hb - ä a Hm - 2 kL + c ä H2 s - vLL-n-1 â
j=0

n

2 j-n H-d + ä Hm - 2 kL p - ä f H2 s - vLLn- j

Hd - ä Hm - 2 kL p + f ä H2 s - vL + 2 Hb - ä a Hm - 2 kL + c ä H2 s - vLL zL j+1I-Hd - ä Hm - 2 kL p + f ä H2 s - vL + 2 Hb - ä a Hm - 2 kL + c ä H2 s - vLL zL2 �
Hb - ä a Hm - 2 kL + c ä H2 s - vLLM 1

2
H- j-1L n

j
G

j + 1

2
, -Hd - ä Hm - 2 kL p + f ä H2 s - vL +

2 Hb - ä a Hm - 2 kL + c ä H2 s - vLL zL2 � H4 Hb - ä a Hm - 2 kL + c ä H2 s - vLLL +

ã
-

Hd-ä H2 k-mL p+ f ä Hv-2 sLL2
4 Hb-ä a H2 k-mL+c ä Hv-2 sLL +e-ä H2 k-mL q+g ä Hv-2 sL Hb - ä a H2 k - mL + c ä Hv - 2 sLL-n-1 â

j=0

n

2 j-n

H-d + ä H2 k - mL p - ä f Hv - 2 sLLn- j Hd - ä H2 k - mL p + f ä Hv - 2 sL + 2 Hb - ä a H2 k - mL + c ä Hv - 2 sLL
zL j+1 I-Hd - ä H2 k - mL p + f ä Hv - 2 sL + 2 Hb - ä a H2 k - mL + c ä Hv - 2 sLL zL2 �
Hb - ä a H2 k - mL + c ä Hv - 2 sLLM 1

2
H- j-1L n

j
G

j + 1

2
, -Hd - ä H2 k - mL p + f ä Hv - 2 sL +

2 Hb - ä a H2 k - mL + c ä Hv - 2 sLL zL2 � H4 Hb - ä a H2 k - mL + c ä Hv - 2 sLLL +

H-1Lm ã
-

Hd-ä Hm-2 kL p+ f ä Hv-2 sLL2
4 Hb-ä a Hm-2 kL+c ä Hv-2 sLL +e-ä Hm-2 kL q+g ä Hv-2 sL Hb - ä a Hm - 2 kL + c ä Hv - 2 sLL-n-1

â
j=0

n

2 j-n H-d + ä Hm - 2 kL p - ä f Hv - 2 sLLn- j Hd - ä Hm - 2 kL p + f ä Hv - 2 sL +

2 Hb - ä a Hm - 2 kL + c ä Hv - 2 sLL zL j+1 I-Hd - ä Hm - 2 kL p + f ä Hv - 2 sL +

2 Hb - ä a Hm - 2 kL + c ä Hv - 2 sLL zL2 � Hb - ä a Hm - 2 kL + c ä Hv - 2 sLLM 1

2
H- j-1L

n

j
G

j + 1

2
, -Hd - ä Hm - 2 kL p + f ä Hv - 2 sL + 2 Hb - ä a Hm - 2 kL + c ä Hv - 2 sLL zL2 �

H4 Hb - ä a Hm - 2 kL + c ä Hv - 2 sLLL �; n Î N ì m Î N+ ì v Î N+

01.06.21.1603.01à zn ã z b+d z+e sinmI z a + p z + qN sinvI z c + f z + gN â z �

H-1Lm 2-m-2 n-v-1 d-2 n-2 ã
e-

b2

4 d

m
m

2

v
v

2

H1 - m mod 2L H1 - v mod 2L
â
j=0

n â
h=0

j H-1L j-h 4 j b-h- j+2 n Ib + 2 d z Nh+ j
-

Ib + 2 d z N2

d

1

2
H-h- j-1L

j

h

n

j
b Ib + 2 d z N G

1

2
Hh + j + 1L,

-
Ib + 2 d z N2

4 d
+ 2 -

Ib + 2 d z N2

d
d G

1

2
Hh + j + 2L, -

Ib + 2 d z N2

4 d
+ ä-m 2-m-2 n-v-1

v
v

2
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H1 - v mod 2L â
k=0

f m-1

2
v H-1Lk m

k
ã

-
Hb-ä a H2 k-mLL2
4 Hd-ä H2 k-mL pL +e-ä H2 k-mL q â

j=0

n â
h=0

j H-1L j-h 4 j Hb - ä a H2 k - mLL-h- j+2 n Ib - ä a H2 k - mL +

2 Hd - ä H2 k - mL pL z Nh+ j
-

Ib - ä a H2 k - mL + 2 Hd - ä H2 k - mL pL z N2

d - ä H2 k - mL p

1

2
H-h- j-1L

j

h

n

j
Hb - ä a H2 k - mLL Ib - ä a H2 k - mL + 2 Hd - ä H2 k - mL pL z N

G
1

2
Hh + j + 1L, -

Ib - ä a H2 k - mL + 2 Hd - ä H2 k - mL pL z N2

4 Hd - ä H2 k - mL pL + 2

-
Ib - ä a H2 k - mL + 2 Hd - ä H2 k - mL pL z N2

d - ä H2 k - mL p
Hd - ä H2 k - mL pL

G
1

2
Hh + j + 2L, -

Ib - ä a H2 k - mL + 2 Hd - ä H2 k - mL pL z N2

4 Hd - ä H2 k - mL pL
Hd - ä H2 k - mL pL-2 n-2 + H-1Lm ã

-
Hb-ä a Hm-2 kLL2
4 Hd-ä Hm-2 kL pL +e-ä Hm-2 kL q Hd - ä Hm - 2 kL pL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hb - ä a Hm - 2 kLL-h- j+2 n Ib - ä a Hm - 2 kL + 2 Hd - ä Hm - 2 kL pL z Nh+ j

-
Ib - ä a Hm - 2 kL + 2 Hd - ä Hm - 2 kL pL z N2

d - ä Hm - 2 kL p

1

2
H-h- j-1L

j

h

n

j
Hb - ä a Hm - 2 kLL Ib - ä a Hm - 2 kL +

2 Hd - ä Hm - 2 kL pL z N G
1

2
Hh + j + 1L, -

Ib - ä a Hm - 2 kL + 2 Hd - ä Hm - 2 kL pL z N2

4 Hd - ä Hm - 2 kL pL +

2 -
Ib - ä a Hm - 2 kL + 2 Hd - ä Hm - 2 kL pL z N2

d - ä Hm - 2 kL p
Hd - ä Hm - 2 kL pL G

+
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1

2
Hh + j + 2L, -

Ib - ä a Hm - 2 kL + 2 Hd - ä Hm - 2 kL pL z N2

4 Hd - ä Hm - 2 kL pL +

ä-m-v 2-m-2 n-v-1
m
m

2

H1 - m mod 2L â
k=0

f v-1

2
v H-1Lk v

k
H-1Lv ã

-
Hb+c ä H2 k-vLL2
4 Hd+ f ä H2 k-vLL +e+g ä H2 k-vL-

ä m Π

2

â
j=0

n â
h=0

j H-1L j-h 4 j Hb + c ä H2 k - vLL-h- j+2 n Ib + c ä H2 k - vL + 2 Hd + f ä H2 k - vLL z Nh+ j

-
Ib + c ä H2 k - vL + 2 Hd + f ä H2 k - vLL z N2

d + f ä H2 k - vL
1

2
H-h- j-1L

j

h

n

j
Hb + c ä H2 k - vLL Ib + c ä H2 k - vL +

2 Hd + f ä H2 k - vLL z N G
1

2
Hh + j + 1L, -

Ib + c ä H2 k - vL + 2 Hd + f ä H2 k - vLL z N2

4 Hd + f ä H2 k - vLL + 2

-
Ib + c ä H2 k - vL + 2 Hd + f ä H2 k - vLL z N2

d + f ä H2 k - vL Hd + f ä H2 k - vLL
G

1

2
Hh + j + 2L, -

Ib + c ä H2 k - vL + 2 Hd + f ä H2 k - vLL z N2

4 Hd + f ä H2 k - vLL
Hd + f ä H2 k - vLL-2 n-2 + ã

-
Hb+c ä Hv-2 kLL2
4 Hd+ f ä Hv-2 kLL +e+g ä Hv-2 kL-

ä m Π

2 Hd + f ä Hv - 2 kLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hb + c ä Hv - 2 kLL-h- j+2 n Ib + c ä Hv - 2 kL + 2 Hd + f ä Hv - 2 kLL z Nh+ j

-
Ib + c ä Hv - 2 kL + 2 Hd + f ä Hv - 2 kLL z N2

d + f ä Hv - 2 kL
1

2
H-h- j-1L

j

h

n

j
Hb + c ä Hv - 2 kLL Ib + c ä Hv - 2 kL +

2 Hd + f ä Hv - 2 kLL z N G
1

2
Hh + j + 1L, -

Ib + c ä Hv - 2 kL + 2 Hd + f ä Hv - 2 kLL z N2

4 Hd + f ä Hv - 2 kLL +
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2 -
Ib + c ä Hv - 2 kL + 2 Hd + f ä Hv - 2 kLL z N2

d + f ä Hv - 2 kL Hd + f ä Hv - 2 kLL G

1

2
Hh + j + 2L, -

Ib + c ä Hv - 2 kL + 2 Hd + f ä Hv - 2 kLL z N2

4 Hd + f ä Hv - 2 kLL +

ä-m-v 2-m-2 n-v-1 â
k=0

f m-1

2
v H-1Lk m

k
â
s=0

f v-1

2
v H-1Ls v

s
H-1Lv ã

-
Hb-ä a H2 k-mL+c ä H2 s-vLL2
4 Hd-ä H2 k-mL p+ f ä H2 s-vLL +e-ä H2 k-mL q+g ä H2 s-vL

â
j=0

n â
h=0

j H-1L j-h 4 j Hb - ä a H2 k - mL + c ä H2 s - vLL-h- j+2 n

Ib - ä a H2 k - mL + c ä H2 s - vL + 2 Hd - ä H2 k - mL p + f ä H2 s - vLL z Nh+ j

K-Ib - ä a H2 k - mL + c ä H2 s - vL + 2 Hd - ä H2 k - mL p + f ä H2 s - vLL z N2 �
Hd - ä H2 k - mL p + f ä H2 s - vLLO 1

2
H-h- j-1L j

h

n

j
Hb - ä a H2 k - mL + c ä H2 s - vLL

Ib - ä a H2 k - mL + c ä H2 s - vL + 2 Hd - ä H2 k - mL p + f ä H2 s - vLL z N
G

1

2
Hh + j + 1L, -Ib - ä a H2 k - mL + c ä H2 s - vL + 2 Hd - ä H2 k - mL p + f ä H2 s - vLL z N2 �
H4 Hd - ä H2 k - mL p + f ä H2 s - vLLL + 2 Hd - ä H2 k - mL p + f ä H2 s - vLL G

1

2
Hh + j + 2L,

-Ib - ä a H2 k - mL + c ä H2 s - vL + 2 Hd - ä H2 k - mL p + f ä H2 s - vLL z N2 �
H4 Hd - ä H2 k - mL p + f ä H2 s - vLLL - K-Ib - ä a H2 k - mL + c ä H2 s - vL +

2 Hd - ä H2 k - mL p + f ä H2 s - vLL z N2 � Hd - ä H2 k - mL p + f ä H2 s - vLLO
Hd - ä H2 k - mL p + f ä H2 s - vLL-2 n-2 + H-1Lm+v ã

-
Hb-ä a Hm-2 kL+c ä H2 s-vLL2
4 Hd-ä Hm-2 kL p+ f ä H2 s-vLL +e-ä Hm-2 kL q+g ä H2 s-vL

Hd - ä Hm - 2 kL p + f ä H2 s - vLL-2 n-2 â
j=0

n â
h=0

j H-1L j-h 4 j Hb - ä a Hm - 2 kL + c ä H2 s - vLL-h- j+2 n

Ib - ä a Hm - 2 kL + c ä H2 s - vL + 2 Hd - ä Hm - 2 kL p + f ä H2 s - vLL z Nh+ j

K-Ib - ä a Hm - 2 kL + c ä H2 s - vL + 2 Hd - ä Hm - 2 kL p + f ä H2 s - vLL z N2 �
Hd - ä Hm - 2 kL p + f ä H2 s - vLLO 1

2
H-h- j-1L j

h

n

j
Hb - ä a Hm - 2 kL + c ä H2 s - vLL

Ib - ä a Hm - 2 kL + c ä H2 s - vL + 2 Hd - ä Hm - 2 kL p + f ä H2 s - vLL z N
G

1

2
Hh + j + 1L, -Ib - ä a Hm - 2 kL + c ä H2 s - vL + 2 Hd - ä Hm - 2 kL p + f ä H2 s - vLL z N2 �

+
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H4 Hd - ä Hm - 2 kL p + f ä H2 s - vLLL + 2 Hd - ä Hm - 2 kL p + f ä H2 s - vLL
G

1

2
Hh + j + 2L, -Ib - ä a Hm - 2 kL + c ä H2 s - vL + 2 Hd - ä Hm - 2 kL p + f ä H2 s - vLL z N2 �
H4 Hd - ä Hm - 2 kL p + f ä H2 s - vLLL - K-Ib - ä a Hm - 2 kL + c ä H2 s - vL +

2 Hd - ä Hm - 2 kL p + f ä H2 s - vLL z N2 � Hd - ä Hm - 2 kL p + f ä H2 s - vLLO +

ã
-

Hb-ä a H2 k-mL+c ä Hv-2 sLL2
4 Hd-ä H2 k-mL p+ f ä Hv-2 sLL +e-ä H2 k-mL q+g ä Hv-2 sL Hd - ä H2 k - mL p + f ä Hv - 2 sLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hb - ä a H2 k - mL + c ä Hv - 2 sLL-h- j+2 n

Ib - ä a H2 k - mL + c ä Hv - 2 sL + 2 Hd - ä H2 k - mL p + f ä Hv - 2 sLL z Nh+ j

K-Ib - ä a H2 k - mL + c ä Hv - 2 sL + 2 Hd - ä H2 k - mL p + f ä Hv - 2 sLL z N2 �
Hd - ä H2 k - mL p + f ä Hv - 2 sLLO 1

2
H-h- j-1L j

h

n

j
Hb - ä a H2 k - mL + c ä Hv - 2 sLL

Ib - ä a H2 k - mL + c ä Hv - 2 sL + 2 Hd - ä H2 k - mL p + f ä Hv - 2 sLL z N
G

1

2
Hh + j + 1L, -Ib - ä a H2 k - mL + c ä Hv - 2 sL + 2 Hd - ä H2 k - mL p + f ä Hv - 2 sLL z N2 �
H4 Hd - ä H2 k - mL p + f ä Hv - 2 sLLL + 2 Hd - ä H2 k - mL p + f ä Hv - 2 sLL

G
1

2
Hh + j + 2L, -Ib - ä a H2 k - mL + c ä Hv - 2 sL + 2 Hd - ä H2 k - mL p + f ä Hv - 2 sLL z N2 �
H4 Hd - ä H2 k - mL p + f ä Hv - 2 sLLL - K-Ib - ä a H2 k - mL + c ä Hv - 2 sL +

2 Hd - ä H2 k - mL p + f ä Hv - 2 sLL z N2 � Hd - ä H2 k - mL p + f ä Hv - 2 sLLO +

H-1Lm ã
-

Hb-ä a Hm-2 kL+c ä Hv-2 sLL2
4 Hd-ä Hm-2 kL p+ f ä Hv-2 sLL +e-ä Hm-2 kL q+g ä Hv-2 sL Hd - ä Hm - 2 kL p + f ä Hv - 2 sLL-2 n-2

â
j=0

n â
h=0

j H-1L j-h 4 j Hb - ä a Hm - 2 kL + c ä Hv - 2 sLL-h- j+2 n

Ib - ä a Hm - 2 kL + c ä Hv - 2 sL + 2 Hd - ä Hm - 2 kL p + f ä Hv - 2 sLL z Nh+ j

K-Ib - ä a Hm - 2 kL + c ä Hv - 2 sL + 2 Hd - ä Hm - 2 kL p + f ä Hv - 2 sLL z N2 �
Hd - ä Hm - 2 kL p + f ä Hv - 2 sLLO 1

2
H-h- j-1L j

h

n

j
Hb - ä a Hm - 2 kL + c ä Hv - 2 sLL

Ib - ä a Hm - 2 kL + c ä Hv - 2 sL + 2 Hd - ä Hm - 2 kL p + f ä Hv - 2 sLL z N
G

1

2
Hh + j + 1L, -Ib - ä a Hm - 2 kL + c ä Hv - 2 sL + 2 Hd - ä Hm - 2 kL p + f ä Hv - 2 sLL z N2 �
H4 Hd - ä Hm - 2 kL p + f ä Hv - 2 sLLL + 2 Hd - ä Hm - 2 kL p + f ä Hv - 2 sLL

G
1

2
Hh + j + 2L, -Ib - ä a Hm - 2 kL + c ä Hv - 2 sL + 2 Hd - ä Hm - 2 kL p + f ä Hv - 2 sLL z N2 �
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H4 Hd - ä Hm - 2 kL p + f ä Hv - 2 sLLL
- K-Ib - ä a Hm - 2 kL + c ä Hv - 2 sL + 2 Hd - ä Hm - 2 kL p + f ä Hv - 2 sLL z N2 �

Hd - ä Hm - 2 kL p + f ä Hv - 2 sLLO �; n Î N ì m Î N+ ì v Î N+

Involving products of powers of several direct functions, exponential and a power functions

Involving zΑ-1 dz sin2Ha zL sinHb zL sinHc zL
01.06.21.1604.01à zΑ-1 dz sin2Ha zL sinHb zL sinHc zL â z �

1

16
I-zΑ GHΑ, -z H-ä H2 a - b - cL + logHdLLL H-z H-ä H2 a - b - cL + logHdLLL-Α -

zΑ GHΑ, -z Hä H2 a - b - cL + logHdLLL H-z Hä H2 a - b - cL + logHdLLL-ΑM +

1

8
I-zΑ GHΑ, -z H-ä Hb - cL + logHdLLL H-z H-ä Hb - cL + logHdLLL-Α - zΑ GHΑ, -z Hä Hb - cL + logHdLLL H-z Hä Hb - cL + logHdLLL-ΑM +

1

16
IzΑ GHΑ, -z H-ä H2 a + b - cL + logHdLLL H-z H-ä H2 a + b - cL + logHdLLL-Α +

zΑ GHΑ, -z Hä H2 a + b - cL + logHdLLL H-z Hä H2 a + b - cL + logHdLLL-ΑM +

1

16
IzΑ GHΑ, -z H-ä H2 a - b + cL + logHdLLL H-z H-ä H2 a - b + cL + logHdLLL-Α +

zΑ GHΑ, -z Hä H2 a - b + cL + logHdLLL H-z Hä H2 a - b + cL + logHdLLL-ΑM +

1

8
IzΑ GHΑ, -z H-ä Hb + cL + logHdLLL H-z H-ä Hb + cL + logHdLLL-Α + zΑ GHΑ, -z Hä Hb + cL + logHdLLL H-z Hä Hb + cL + logHdLLL-ΑM +

1

16
I-zΑ GHΑ, -z H-ä H2 a + b + cL + logHdLLL H-z H-ä H2 a + b + cL + logHdLLL-Α -

zΑ GHΑ, -z Hä H2 a + b + cL + logHdLLL H-z Hä H2 a + b + cL + logHdLLL-ΑM
Involving functions of the direct function, exponential and algebraic functions

Involving powers of the direct function, exponential and algebraic functions

Involving powers of sin, exp and algebraic functions

Involving Ha z + bLΒ dz sinv Hc z + eL
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01.06.21.1605.01à Ha z + bLΒ dz sinvHc z + eL â z �

-
1

a
 2-v Hb + a zLΒ+1 d

-
b

a  â
k=0

f v-1

2
v H-1Lk v

k
ã

-ä J-
b c H2 k-vL

a
+

Π v

2
-e Hv-2 kLN

E-Β

ä Hb + a zL Hc H2 k - vL + ä logHdLL
a

+

ã
ä J-

b c H2 k-vL
a

+
Π v

2
-e Hv-2 kLN

E-Β -
ä Hb + a zL Hc H2 k - vL - ä logHdLL

a
-

2-v H1 - v mod 2L
a

d
-

b

a Hb + a zLΒ+1 E-Β -
Hb + a zL logHdL

a

v
v

2

�; v Î N

01.06.21.1606.01à Ha z + bLΒ ãp z sinvHc z + eL â z �

-
1

a
 2-v ã

-
p b

a Hb + a zLΒ+1 â
k=0

f v-1

2
v H-1Lk v

k
ã

-ä J-
b c H2 k-vL

a
+

Π v

2
-e Hv-2 kLN

E-Β

ä Hb + a zL Hä p + c H2 k - vLL
a

+ ã
ä J-

b c H2 k-vL
a

+
Π v

2
-e Hv-2 kLN

E-Β -
ä Hb + a zL Hc H2 k - vL - ä pL

a
-

2-v H1 - v mod 2L
a

 ã
-

p b

a Hb + a zLΒ+1 E-Β -
Hb + a zL p

a

v
v

2

�; v Î N

01.06.21.1607.01

à Ha z + bLΒ dz sinvHc zL â z � -
1

a
 2-v Hb + a zLΒ+1 d

-
b

a  â
k=0

f v-1

2
v H-1Lk v

k

ã
-ä J-

b c H2 k-vL
a

+
Π v

2
N
E-Β

ä Hb + a zL Hc H2 k - vL + ä logHdLL
a

+ ã
ä J-

b c H2 k-vL
a

+
Π v

2
N
E-Β -

ä Hb + a zL Hc H2 k - vL - ä logHdLL
a

-

2-v H1 - v mod 2L
a

d
-

b

a Hb + a zLΒ+1 E-Β -
Hb + a zL logHdL

a

v
v

2

�; v Î N

01.06.21.1608.01

à Hb + a zLΒ ãp z sinvHc zL â z �
2-v H1 - v mod 2L

p
ã

-
b p

a Hb + a zLΒ -
p Hb + a zL

a

-Β v
v

2

G Β + 1, -
p Hb + a zL

a
-

1

a
 2-v

Hb + a zLΒ+1 â
k=0

f v-1

2
v H-1Lk v

k
äv ã

-
b Hp-ä c Hv-2 kLL

a -
Hp - ä c Hv - 2 kLL Hb + a zL

a

-Β-1

G Β + 1, -
Hp - ä c Hv - 2 kLL Hb + a zL

a
+

ä-v ã
-

b Hp+c ä Hv-2 kLL
a -

Hp + c ä Hv - 2 kLL Hb + a zL
a

-Β-1

G Β + 1, -
Hp + c ä Hv - 2 kLL Hb + a zL

a
�; v Î N
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01.06.21.1609.01

à ãp z sinvHc zL
a z + b

 â z �
2-v ã

-
b p

a Π H1 - v mod 2L
a

p

a

 
v
v

2

erfi
p

a
b + a z +

2-v Π

a
â
k=0

f v-1

2
v H-1Lk v

k

äv

p-ä c Hv-2 kL
a

ã
-

b Hp-ä c Hv-2 kLL
a erfi

p - ä c Hv - 2 kL
a

b + a z +

ä-v

p+c ä Hv-2 kL
a

 ã
-

b Hp+c ä Hv-2 kLL
a erfi

p + c ä Hv - 2 kL
a

b + a z �; v Î N

01.06.21.1610.01

à ãp z sin2Hc zL
a z + b

 â z �

Π

4 a
-

ã
-

b H-2 ä c+pL
a erfi

-2 ä c+p

a
b + a z

-2 ä c+p

a

-

ã
-

b H2 ä c+pL
a erfi

2 ä c+p

a
b + a z

2 ä c+p

a

+
ã

-
b p

a Π

2 a
p

a

erfi
p

a
b + a z

Involving products of the direct function, exponential and algebraic functions

Involving products of sin, exp and algebraic functions

Involving Ha z + bLΒ dz sin Hc zL sinHe zL
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01.06.21.1611.01à Ha + b zLΒ dz sinHc zL sinHe zL â z � -
1

4
ä d

-
a

b Ha + b zLΒ

-
1

b
 ä Ha + b zL G Β + 1,

ä Ha + b zL Hc - e + ä logHdLL
b

ä Ha + b zL Hc - e + ä logHdLL
b

-Β-1

cos
a Hc - eL

b
+ ä sin

a Hc - eL
b

+

1

c - e - ä logHdL  

G Β + 1, -
ä Ha + b zL Hc - e - ä logHdLL

b
-

ä Ha + b zL Hc - e - ä logHdLL
b

-Β

cos
a Hc - eL

b
- ä sin

a Hc - eL
b

+

GJ Β + 1,
ä Ha+b zL Hc+e+ä logHdLL

b
N J ä Ha+b zL Hc+e+ä logHdLL

b
N-Β JcosJ a Hc+eL

b
N + ä sinJ a Hc+eL

b
NN

c + e + ä logHdL -
1

c + e - ä logHdL  

G Β + 1, -
ä Ha + b zL Hc + e - ä logHdLL

b
-

ä Ha + b zL Hc + e - ä logHdLL
b

-Β

cos
a Hc + eL

b
- ä sin

a Hc + eL
b

Definite integration

For the direct function itself

01.06.21.0014.01à
0

¥ sinHtL
t

 â t �
Π

2

01.06.21.0015.01à
0

¥ sinHa tL
t

 â t �
Π

2
 sgnHaL �; a Î R

01.06.21.0016.01

à
0

¥

sinIt2M â t �
1

2
 

Π

2

01.06.21.0017.01à
0

¥

tk sinHtL â t � cos
k Π

2
GHk + 1L �; -2 < ReHkL < 0

01.06.21.0018.01

à
0

¥

t-z sinHa tL â t �
Π az-1

2 GHzL sinI Π z

2
M �; 0 < ReHzL < 2 ß a Î R

01.06.21.1612.01

à
0

¥ sinHxL
x

n

 â x � 21-2 n Π
G J 1

4
H-2 n - H-1Ln + 3LN

GJ 1

4
H2 n - H-1Ln + 1LN  â

j=0

f n-1

2
v H-1L j+f n

2
v Hn - 2 jLn-1 n!

j ! Hn - jL !
�; n Î N+
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01.06.21.1613.01

à
0

¥

sinIa x4M sinIb x2M â x � -
1

4
Π

b

2 a
sin

b2

8 a
-

3 Π

8
J 1

4

b2

8 a
�; a Î R ì b Î R

Involving the direct function

01.06.21.0019.01à
0

2 Π

sinHn tL sinHm tL â t �
-m sinH2 Π m + 2 n ΠL + n sinH2 Π m + 2 n ΠL + m sinH2 m Π - 2 n ΠL + n sinH2 m Π - 2 n ΠL

2 Hm - nL Hm + nL
01.06.21.0020.01à

0

2 Π

sin2Hn tL â t � Π -
sinH4 n ΠL

4 n

01.06.21.1618.01

à
0

z

sin2 nHtL â t �

J 1

2
N
n

n!
z -

1

2
cotHzL â

k=1

n Hk - 1L ! sin2 kHzLJ 1

2
N
k

�; n Î N

01.06.21.0021.01à
0

Π 1

sinI t

2
M  sin n +

1

2
t  â t � Π �; n Î N

Dirichlet lemma

01.06.21.1619.01

à
Π k+csc-1J m N

Π k+
Π

2
1 - m sin2HtL  â t � H2 k + 1L EHmL - EJΠ k + csc-1I m N Ë mN �; k Î Z

Dirichlet lemma

01.06.21.1620.01

à
k Π-csc-1J m N

k n+
Π

2 1

1 - m sin2HtL  â t � H2 k + 1L KHmL - FJk Π - csc-1I m N Ë mN �; k Î Z

Dirichlet lemma

01.06.21.1621.01

à
Π k+csc-1J m N

Π k+
Π

2 1

I1 - n sin2HtLM 1 - m sin2HtL  â t � H2 k + 1L PHn È mL - PJn; Π k + csc-1I m N Ë mN �; k Î Z

Dirichlet lemma

Involving related functions

01.06.21.0022.01à
0

2 Π

cosHn tL sinHm tL â t �

m cosH2 Π m + 2 n ΠL - n cosH2 Π m + 2 n ΠL + m cosH2 m Π - 2 n ΠL + n cosH2 m Π - 2 n ΠL
2 Hn - mL Hm + nL -

mHn - mL Hm + nL
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01.06.21.0023.01

à
0

Π

2
logHsinHtLL â t � -

Π

2
logH2L

Integral transforms

Fourier exp transforms

01.06.22.0001.01

Ft@sinHa tLD HxL � ä
Π

2
∆Hx - aL - ä

Π

2
∆Ha + xL �; a Î R

Inverse Fourier exp transforms

01.06.22.0002.01

Ft
-1@sinHtLD HzL � -ä

Π

2
∆Hz - 1L + ä

Π

2
∆Hz + 1L

Fourier cos transforms

01.06.22.0003.01

Fct@sinHa tLD HzL �
2

Π
 

a

a2 - z2
�; a Î R

Fourier sin transforms

01.06.22.0004.01

Fst@sinHa tLD HzL �
Π

2
H∆Ha - zL - ∆Ha + zLL �; a Î R

Laplace transforms

01.06.22.0005.01

Lt@sinHtLD HzL �
1

z2 + 1

Mellin transforms

01.06.22.0006.01

Mt@sinHtLD HzL � GHzL sin
Π z

2
�; -1 < ReHzL < 1

Hankel transforms

01.06.22.0007.01

Ht;ΝAtΑ-1 sinHtLE HzL �

-
1

GHΝ + 1L  2-Ν zΝ+
1

2 cos
1

4
Π H2 Α + 2 Ν + 3L G Α + Ν +

1

2
2F1

1

4
H2 Α + 2 Ν + 1L, 1

4
H2 Α + 2 Ν + 3L; Ν + 1; z2 �;

ReHΑ + ΝL > -
3

2
í ReHΑL < 1
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Hilbert transforms

01.06.22.0008.01

Ht@sinHtLD HxL � cosHxL
Summation

Finite summation

01.06.23.0001.01â
k=0

n

sinHa kL � cscK a

2
O sin

1

2
a Hn + 1L sinK a n

2
O

01.06.23.0002.01â
k=0

n H-1Lk sinHa kL � cos
1

2
Ha + n Ha + ΠLL secK a

2
O sin

1

2
n Ha + ΠL

01.06.23.0003.01â
k=0

n

sinHa k + zL � cscK a

2
O sin

1

2
a Hn + 1L sinK a n

2
+ zO

01.06.23.0004.01â
k=0

n H-1Lk sinHa k + zL � cos
1

2
Ha + n Ha + ΠLL secK a

2
O sin

1

2
n Ha + ΠL + z

01.06.23.0005.01â
k=1

n

sinHH2 k - 1L aL � cscHaL sin2Ha nL
01.06.23.0006.01â

k=1

n H-1Lk sinHH2 k - 1L aL �
1

2
secHaL sinHn H2 a - ΠLL

01.06.23.0007.01â
k=1

n

k sinHk aL �
1

4
csc2K a

2
O HHn + 1L sinHn aL - n sinHHn + 1L aLL

01.06.23.0008.01â
k=1

n

zk sinHk aL �
z HHz sinHa nL - sinHa Hn + 1LLL zn + sinHaLL

z2 - 2 cosHaL z + 1

Infinite summation

01.06.23.0009.01â
k=1

¥ sinHk xL
k

�
Π - x

2
�; 0 < ReHxL < 2 Π

01.06.23.0010.01

â
k=1

¥ H-1Lk-1 sinHk xL
k

�
x

2
�;  ReHxL¤ < Π
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01.06.23.0011.01

â
k=1

¥ sinHk xL
k3

�
x3

12
-

Π x2

4
+

Π2 x

6
�; 0 £ ReHxL £ 2 Π

01.06.23.0012.01â
k=1

¥ k sinHk xL
a2 + k2

�
Π sinhHHΠ - xL aL

2 sinhHΠ aL �; 0 < ReHxL < 2 Π

01.06.23.0013.01

â
k=1

¥ H-1Lk-1 k sinHk xL
a2 + k2

�
Π sinhHx aL
2 sinhHΠ aL �;  ReHxL¤ < Π

01.06.23.0014.01â
k=1

¥

ã-k a sinHk xL �
sinHxL

2 HcoshHaL - cosHxLL �; ReHaL > 0

01.06.23.0015.01â
k=1

¥

zk sinHk xL �
z sinHxL

z2 - 2 cosHxL z + 1
�;  z¤ < 1

01.06.23.0016.01

â
k=1

¥ zk sinHk xL
k

� tan-1
z sinHxL

1 - z cosHxL �; 0 < ReHxL < 2 Π ß  z¤ < 1

01.06.23.0017.01â
k=1

¥ sinHk xL
k !

� ãcosHxL sinHsinHxLL
01.06.23.0018.01

â
k=1

¥ zk sinHk xL
k !

� ãz cosHxL sinHz sinHxLL
01.06.23.0019.01â

k=1

¥

sinHk xL �
1

2
cotK x

2
O �; x Î R

Above relation holds in a distributional sense for x Î R.

01.06.23.0020.01

â
k=1

¥

k sinHk xL � -
1

2

¶DiracCombJ x

2 Π
N

¶ x
�; x Î R

Above relation holds in a distributional sense for x Î R.

01.06.23.0021.01

â
k=1

¥

k2 m+1 sinHk xL �
1

2
H-1Lm-1

¶2 m+1 DiracCombJ x

2 Π
N

¶ x2 m+1
�; x Î R ß m Î N

Above relation holds in a distributional sense for x Î R.
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01.06.23.0022.01

â
k=1

¥

k2 m sinHk xL � -
∆m ä

2
+

1

2
KcotK z

2
O + äO â

k=0

2 m H-1Lk k !

2k
 S2 m

HkL Kä cotK z

2
O + 1Ok �; x Î R ß m Î N

Above relation holds in a distributional sense for x Î R.

Products

Finite products

01.06.24.0001.01

ä
k=1

n-1

sin
k Π

n
�

n

2n-1
�; n Î N+

01.06.24.0002.01

ä
k=1

n-1

sin
Π k

n
+ z �

21-n sinHn zL
sinHzL �; n Î N+

01.06.24.0003.01

ä
k=1

n-1

sin
2 Π k

n
+ z � H-2L1-n cscHzL cos n z -

Π n

2
- cos

n Π

2
�; n Î N+

01.06.24.0004.01

ä
k=1

f n-1

2
v
sin

Π k

n
� 2

1-n

2 n �; n Î N+

01.06.24.0005.01

ä
k=1

f n-1

2
v
sin

H2 k + 1L Π

2 n
� 2

1-n

2 csc
Π

2 n
�; n Î N+

Infinite products

01.06.24.0006.01ä
k=1

¥

1 -
4

3
sin2

z

3k
�

sinHzL
z

Representations through more general functions

Through hypergeometric functions

Involving 0F1

01.06.26.0001.01

sinHzL � z 0F1 ;
3

2
; -

z2

4
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01.06.26.0002.01

sinHzL � 0F1 ;
1

2
; -

1

4
z -

Π

2

2

01.06.26.0004.01

sin2HzL �
1

2
0F1 ;

1

2
; - z -

Π

2

2

+
1

2

01.06.26.0005.01

sin3HzL �
3

4
0F1 ;

1

2
; -

1

4
z -

Π

2

2

+
1

4
0F1 ;

1

2
; -

9

4
z -

Π

2

2

Involving pFq

01.06.26.0101.01

sinHzL � z 3F2

z

Π
,

z

Π
,

z

Π
; 1, 1; -1 -

2 z3

Π2
3F2

z

Π
+ 1,

z

Π
+ 1,

z

Π
+ 1; 2, 2; -1

Brychkov Yu.A. (2005)

01.06.26.0003.01

sin2HzL � z2
1F2 1; 2,

3

2
; -z2

Through Meijer G

Classical cases for the direct function itself

01.06.26.0006.01

sin HzL �
Π

2
 z G0,2

1,0
z2

4
0, - 1

2

01.06.26.0007.01

sin HzL �
Π z2

z
 G0,2

1,0
z2

4

1

2
, 0

01.06.26.0008.01

sin HzL � Π G0,2
1,0

z2

4

1

2
, 0 �; Re HzL > 0

01.06.26.0009.01

sin Ia + z N � Π G1,3
2,0

z

4

a

Π

0, 1

2
, a

Π

Classical cases for powers of sin

01.06.26.0010.01

sinn I z N � 2-n-1 HH-1Ln + 1L n
n

2

+ 21-n Π â
k=0

f n-1

2
v H-1Lf n

2
v-k n

k
G0,2

1,0
1

4
z Hn - 2 kL2 1

4
H1 - H-1LnL, 1

4
H1 + H-1LnL �; n Î N+

Classical cases involving exp
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01.06.26.0095.01

ã
-

z
3

3 sinK z
3 O �

1

2
3 G0,3

2,0
8 z

81 3

1

3
, 2

3
, 0

01.06.26.0102.01

ã- z
4

sinJ z
4 N �

1

2 Π
 G0,4

3,0
z

64

1

4
, 1

2
, 3

4
, 0

01.06.26.0096.01

ã- 3 z
6

sinK z
6 O �

3

4 Π3�2 G0,6
5,0

z

729

1

6
, 1

3
, 1

2
, 2

3
, 5

6
, 0

Classical cases involving sinh

01.06.26.0097.01

sinJ z
4 N sinhJ z

4 N � 2 Π3�2 G0,4
1,0

z

64

1

2
, 0, 1

4
, 3

4

Classical cases involving cosh

01.06.26.0098.01

sinJ z
4 N coshJ z

4 N � 2 Π3�2 G1,5
2,0

z

64

1

2

1

4
, 3

4
, 0, 1

2
, 1

2

Classical cases involving cos, Ci, Si

01.06.26.0011.01

cos I z N Ci I z N + sin I z N Si I z N � -
1

2
Π3�2 G2,4

2,1
z

4

0, 1

2

0, 0, 1

2
, 1

2

01.06.26.0012.01

cos I z N Ci I z N + sin I z N Si I z N -
Π

2
� -

1

2 Π
 G1,3

3,1
z

4

0

0, 0, 1

2

01.06.26.0013.01

sin I z N Ci I z N - cos I z N Si I z N � -
1

2
Π3�2 G2,4

2,1
z

4

1

2
, 1

1

2
, 1

2
, 1, 0

01.06.26.0014.01

sin I z N Ci I z N - cos I z N Si I z N -
Π

2
�

1

2 Π
 G1,3

3,1
z

4

1

2

0, 1

2
, 1

2

Classical cases involving cos-1 in the arguments and unit step Θ

01.06.26.0015.01

ΘH1 -  z¤L sin JΝ cos-1 I z NN �
Π Ν

2
G2,2

2,0 z
1 - Ν

2
, Ν+2

2

0, 1

2

�; z Ï H-1, 0L
Classical cases involving tan-1 in the arguments
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01.06.26.0016.01

Hz + 1LΝ�2 sin JΝ tan-1 I z NN � -
2-Ν-1

G H-ΝL  G2,2
1,2 z

Ν

2
+ 1, Ν+1

2

1

2
, 0

Classical cases involving cot-1 in the arguments

01.06.26.0017.01

Hz + 1LΝ�2 sin JΝ cot-1 I z NN � -
2-Ν-1

G H-ΝL  G2,2
2,1 z

Ν+1

2
, Ν

2
+ 1

0, 1

2

�; z Ï H-1, 0L
Classical cases involving sec-1 in the arguments and unit step Θ

01.06.26.0018.01

ΘH z¤ - 1L sin JΝ sec-1 I z NN �
Π Ν

2
 G2,2

0,2 z

1

2
, 1

- Ν

2
, Ν

2

Classical cases involving Bessel J

01.06.26.0019.01

sin I z N JΝ I z N �
1

2
 G2,4

1,2 z

1

4
, 3

4

Ν+1

2
, - Ν

2
, 1-Ν

2
, Ν

2

01.06.26.0020.01

sin Ia + z N JΝ I z N �
1

2
 G3,5

2,2 z

1

4
, 3

4
, a

Π
+ Ν

2

Ν

2
, Ν+1

2
, - Ν

2
, 1-Ν

2
, a

Π
+ Ν

2

Classical cases involving cos and Bessel J

01.06.26.0021.01

cos I z N J-Ν I z N + sin I z N JΝ I z N � - 2  sin 
1

4
H2 Ν - 1L Π G2,4

2,1 z

3

4
, 1

4

- Ν

2
, Ν+1

2
, Ν

2
, 1-Ν

2

01.06.26.0022.01

cos I z N J-Ν I z N - sin I z N JΝ I z N � 2 sin 
1

4
Π H2 Ν + 1L  G2,4

2,1 z

1

4
, 3

4

- Ν

2
, Ν+1

2
, 1-Ν

2
, Ν

2

01.06.26.0103.01

JΝI z N cosI z N + J-ΝI z N sinI z N � 2 sin
1

4
Π H2 Ν + 1L G2,4

2,1 z

3

4
, 1

4

Ν

2
, 1-Ν

2
, Ν+1

2
, - Ν

2

01.06.26.0104.01

sinI z N J-ΝI z N - cosI z N JΝI z N � 2 sin
1

4
Π H2 Ν - 1L G2,4

2,1 z

1

4
, 3

4

Ν

2
, 1-Ν

2
, Ν+1

2
, - Ν

2

Classical cases involving Bessel Y
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01.06.26.0023.01

sin I z N YΝ I z N �
1

2
 G3,5

2,2 z

1

4
, 3

4
, - Ν

2

Ν+1

2
, 1-Ν

2
, - Ν

2
, - Ν

2
, Ν

2

Classical cases involving cos and Bessel J, Y

01.06.26.0024.01

cos I z N YΝ I z N + sin I z N JΝ I z N � - 2 G2,4
3,0 z

1

4
, 3

4

- Ν

2
, Ν

2
, Ν+1

2
, 1-Ν

2

01.06.26.0025.01

sin I z N YΝ I z N - cos I z N JΝ I z N � - 2 G2,4
3,0 z

1

4
, 3

4

1-Ν

2
, Ν

2
, Ν+1

2
, - Ν

2

01.06.26.0026.01

cos I z N YΝ I z N - sin I z N JΝ I z N � -
cos HΝ ΠL
Π2 2

 G2,4
3,2 z

1

4
, 3

4

- Ν

2
, Ν

2
, Ν+1

2
, 1-Ν

2

01.06.26.0027.01

sin I z N YΝ I z N + cos I z N JΝ I z N �
cos HΝ ΠL
Π2 2

 G2,4
3,2 z

1

4
, 3

4

1-Ν

2
, Ν

2
, Ν+1

2
, - Ν

2

01.06.26.0028.01

sin Ia + z N JΝ I z N - cos Ia + z N YΝ I z N �
cos HΠ ΝL
Π2 2

 G3,5
4,2 z

1

4
, 3

4
, 1-Ν

2
- a

Π

- Ν

2
, 1-Ν

2
, Ν

2
, Ν+1

2
, 1-Ν

2
- a

Π

01.06.26.0105.01

cosIa + z N JΝI z N + sinIa + z N YΝI z N �
cosHΠ ΝL

2 Π2
 G3,5

4,2 z

1

4
, 3

4
, - a

Π
- Ν

2

1-Ν

2
, - Ν

2
, Ν

2
, Ν+1

2
, - a

Π
- Ν

2

Classical cases involving 0F1

01.06.26.0029.01

sin HzL 0F1 ; b; -
z2

4
� 2b-

3

2 G HbL G2,4
1,2 z2

3-2 b

4
, 5-2 b

4

1

2
, 0, 1 - b, 3

2
- b

�; -
Π

2
< argHzL £

Π

2

01.06.26.0106.01

sinHzL 0F1 ; b; -
z2

4
�

2b-
3

2 GHbL
z

 G2,4
1,2 z2

5

4
- b

2
, 7

4
- b

2

1, 1

2
, 3

2
- b, 2 - b

01.06.26.0031.01

sin Ha + zL 0F1 ; b; -
z2

4
� -2b-

3

2 G HbL G3,5
2,2 z2

3-2 b

4
, 5-2 b

4
, a

Π
+ 1

0, 1

2
, 1 - b, 3

2
- b, a

Π
+ 1

�; -
Π

2
< argHzL £

Π

2
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01.06.26.0107.01

sinHa + zL 0F1 ; b; -
z2

4
� 2b-

3

2 GHbL cosHaL
z

 G2,4
1,2 z2

5

4
- b

2
, 7

4
- b

2

1, 1

2
, 3

2
- b, 2 - b

+ sinHaL G2,4
1,2 z2

1

4
H3 - 2 bL, 1

4
H5 - 2 bL

0, 1

2
, 1 - b, 3

2
- b

01.06.26.0030.01

sin I2 z N 0F1H; b; -zL � 2b-
3

2 G HbL G2,4
1,2 4 z

3-2 b

4
, 5-2 b

4

1

2
, 0, 1 - b, 3

2
- b

01.06.26.0032.01

sin Ia + 2 z N 0F1H; b; -zL � -2b-
3

2 G HbL G3,5
2,2 4 z

3-2 b

4
, 5-2 b

4
, a

Π
+ 1

0, 1

2
, 1 - b, 3

2
- b, a

Π
+ 1

Classical cases involving 0F
�

1

01.06.26.0033.01

sin HzL 0F
�

1 ; b; -
z2

4
� 2b-

3

2 G2,4
1,2 z2

3-2 b

4
, 5-2 b

4

1

2
, 0, 1 - b, 3

2
- b

�; -
Π

2
< argHzL £

Π

2

01.06.26.0108.01

sinHzL 0F
�

1 ; b; -
z2

4
�

2b-
3

2

z
 G2,4

1,2 z2

5

4
- b

2
, 7

4
- b

2

1, 1

2
, 3

2
- b, 2 - b

01.06.26.0035.01

sin Ha + zL 0F
�

1 ; b; -
z2

4
� -2b-

3

2 G3,5
2,2 z2

3-2 b

4
, 5-2 b

4
, a

Π
+ 1

0, 1

2
, 1 - b, 3

2
- b, a

Π
+ 1

�; -
Π

2
< arg@zD £

Π

2

01.06.26.0109.01

sinHa + zL 0F
�

1 ; b; -
z2

4
� 2b-

3

2

cosHaL
z

 G2,4
1,2 z2

5

4
- b

2
, 7

4
- b

2

1, 1

2
, 3

2
- b, 2 - b

+ sinHaL G2,4
1,2 z2

1

4
H3 - 2 bL, 1

4
H5 - 2 bL

0, 1

2
, 1 - b, 3

2
- b

01.06.26.0034.01

sin I2 z N 0F
�

1H; b; -zL � 2b-
3

2  G2,4
1,2 4 z

3-2 b

4
, 5-2 b

4

1

2
, 0, 1 - b, 3

2
- b

01.06.26.0036.01

sin Ia + 2 z N 0F
�

1H; b; -zL � -2b-
3

2 G3,5
2,2 4 z

3-2 b

4
, 5-2 b

4
, a

Π
+ 1

0, 1

2
, 1 - b, 3

2
- b, a

Π
+ 1

Generalized cases for the direct function itself

01.06.26.0037.01

sin HzL � Π G0,2
1,0

z

2
,

1

2

1

2
, 0

01.06.26.0038.01

sin Ha + zL � Π G1,3
2,0

z

2
,

1

2

a

Π

0, 1

2
, a

Π
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Generalized cases for powers of sin

01.06.26.0039.01

sinn HzL � 2-n-1 HH-1Ln + 1L n
n

2

+ 21-n Π â
k=0

f n-1

2
v H-1Lf n

2
v-k n

k
G0,2

1,0
1

2
z Hn - 2 kL, 1

2

1

4
H1 - H-1LnL, 1

4
H1 + H-1LnL �; n Î N+

01.06.26.0099.01

sin2 nHzL � Π 21-2 n â
k=0

n-1 H-1L-k+n-1 2 n

k
G1,3

1,1 Hn - kL z,
1

2

1

1, 0, 1

2

�; n Î N+

Generalized cases involving exp

01.06.26.0040.01

ã-z sin HzL �
1

2 Π
 G0,4

3,0
z

2 2
,

1

4

1

4
, 1

2
, 3

4
, 0

01.06.26.0041.01

ã
-

z

3 sin HzL �
1

2
3 G0,3

2,0
2 z

3 3
,

1

3

1

3
, 2

3
, 0

01.06.26.0042.01

ã- 3 z sin HzL �
3

4 Π3�2 G0,6
5,0

z

3
,

1

6

1

6
, 1

3
, 1

2
, 2

3
, 5

6
, 0

Generalized cases involving cosh

01.06.26.0043.01

sin HzL cosh HzL � 2 Π3�2 G1,5
2,0

z

2 2
,

1

4

1

2

1

4
, 3

4
, 0, 1

2
, 1

2

Generalized cases involving sinh

01.06.26.0044.01

sin HzL sinh HzL � 2 Π3�2 G0,4
1,0

z

2 2
,

1

4

1

2
, 0, 1

4
, 3

4

Generalized cases involving cos, Ci, Si

01.06.26.0045.01

cos HzL Ci HzL + sin HzL Si HzL � -
1

2
Π3�2 G2,4

2,1
z

2
,

1

2

0, 1

2

0, 0, 1

2
, 1

2

01.06.26.0046.01

cos HzL Ci HzL + sin HzL Si HzL -
Π

2
� -

1

2 Π
 G1,3

3,1
z

2
,

1

2

0

0, 0, 1

2

01.06.26.0047.01

sin HzL Ci HzL - cos HzL Si HzL � -
1

2
Π3�2 G2,4

2,1
z

2
,

1

2

1

2
, 1

1

2
, 1

2
, 1, 0
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01.06.26.0048.01

sin HzL Ci HzL - cos HzL Si HzL -
Π

2
�

1

2 Π
 G1,3

3,1
z

2
,

1

2

1

2

0, 1

2
, 1

2

Generalized cases involving cos and Fresnel C, S

01.06.26.0049.01

cos HzL C
2 z

Π
+ sin HzL S

2 z

Π
�

Π

2
G1,3

1,1
z

2
,

1

2

1

4

1

4
, 0, 1

2

01.06.26.0050.01

cos HzL S
2 z

Π
- sin HzL C

2 z

Π
� -

Π

2
G1,3

1,1
z

2
,

1

2

3

4

3

4
, 0, 1

2

01.06.26.0051.01

cos HzL 1

2
- C

2 z

Π
+ sin HzL 

1

2
- S

2 z

Π
� H2 ΠL-3�2 G1,3

3,1
z

2
,

1

2

1

4

0, 1

4
, 1

2

01.06.26.0052.01

cos HzL 1

2
- S

2 z

Π
- sin HzL 1

2
- C

2 z

Π
� H2 ΠL-3�2 G1,3

3,1
z

2
,

1

2

3

4

0, 1

2
, 3

4

01.06.26.0110.01

cos 
Π z2

2
CHzL + sin 

Π z2

2
 SHzL �

Π

2
G1,3

1,1
Π z

2
,

1

4

1

4

1

4
, 0, 1

2

01.06.26.0111.01

cos 
Π z2

2
SHzL - sin 

Π z2

2
 CHzL � -

Π

2
G1,3

1,1
Π z

2
,

1

4

3

4

3

4
, 0, 1

2

01.06.26.0112.01

cos 
Π z2

2

1

2
- CHzL + sin 

Π z2

2
 

1

2
- SHzL � H2 ΠL-3�2 G1,3

3,1
Π z

2
,

1

4

1

4

0, 1

4
, 1

2

01.06.26.0113.01

cos 
Π z2

2

1

2
- CHzL + sin 

Π z2

2
 

1

2
- SHzL � H2 ΠL-3�2 G1,3

3,1
Π z

2
,

1

4

3

4

0, 1

2
, 3

4

Generalized cases involving cos-1 in the arguments and unit step Θ

01.06.26.0053.01

ΘH1 -  z¤L sin IΝ cos-1 HzLM �
Π Ν

2
G2,2

2,0 z,
1

2

1 - Ν

2
, Ν+2

2

0, 1

2

Generalized cases involving tan-1 in the arguments
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01.06.26.0054.01

Iz2 + 1MΝ�2
sin IΝ tan-1 HzLM � -

2-Ν-1

G H-ΝL G2,2
1,2 z,

1

2

Ν

2
+ 1, Ν+1

2

1

2
, 0

Generalized cases involving cot-1 in the arguments

01.06.26.0055.01

Iz2 + 1MΝ�2
sin IΝ cot-1 HzLM � -

2-Ν-1

G H-ΝL  G2,2
2,1 z,

1

2

Ν+1

2
, Ν

2
+ 1

0, 1

2

�; Re HzL > 0

Generalized cases involving sec-1 in the arguments and unit step Θ

01.06.26.0056.01

ΘH z¤ - 1L sin IΝ sec-1 HzLM �
Π Ν

2
G2,2

0,2 z,
1

2

1

2
, 1

- Ν

2
, Ν

2

Generalized cases involving Bessel J

01.06.26.0057.01

sin HzL JΝ HzL �
1

2
 G2,4

1,2 z,
1

2

1

4
, 3

4

Ν+1

2
, - Ν

2
, 1-Ν

2
, Ν

2

01.06.26.0058.01

sin Ha + zL JΝ HzL �
1

2
 G3,5

2,2 z,
1

2

1

4
, 3

4
, a

Π
+ Ν

2

Ν

2
, Ν+1

2
, - Ν

2
, 1-Ν

2
, a

Π
+ Ν

2

Generalized cases involving cos and Bessel J

01.06.26.0059.01

cos HzL J-Ν HzL + sin HzL JΝ HzL � - 2 sin 
1

4
Π H2 Ν - 1L G2,4

2,1 z,
1

2

3

4
, 1

4

- Ν

2
, Ν+1

2
, 1-Ν

2
, Ν

2

01.06.26.0060.01

cos HzL J-Ν HzL - sin HzL JΝ HzL � 2 sin 
1

4
Π H2 Ν + 1L G2,4

2,1 z,
1

2

1

4
, 3

4

- Ν

2
, Ν+1

2
, 1-Ν

2
, Ν

2

01.06.26.0114.01

sin HzL J-ΝHzL + cosHzL JΝHzL � 2 sin
1

4
Π H2 Ν + 1L G2,4

2,1 z,
1

2

3

4
, 1

4

Ν

2
, 1-Ν

2
, Ν+1

2
, - Ν

2

01.06.26.0115.01

sinHzL J-ΝHzL - cosHzL JΝHzL � 2 sin
1

4
Π H2 Ν - 1L G2,4

2,1 z,
1

2

1

4
, 3

4

Ν

2
, 1-Ν

2
, Ν+1

2
, - Ν

2

Generalized cases involving Bessel Y
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01.06.26.0061.01

sin HzL YΝ HzL �
1

2
 G3,5

2,2 z,
1

2

1

4
, 3

4
, - Ν

2

Ν+1

2
, 1-Ν

2
, - Ν

2
, - Ν

2
, Ν

2

01.06.26.0100.01

sinHa + zL YΝHzL �
cosHΠ ΝL

2 Π2
G3,5

4,2 z,
1

2

1

4
, 3

4
, - a

Π
- Ν

2

1-Ν

2
, - Ν

2
, Ν

2
, Ν+1

2
, - a

Π
- Ν

2

-
1

2
 G3,5

2,2 z,
1

2

1

4
, 3

4
, 1

2
J 2 a

Π
+ Ν + 1N

Ν

2
, Ν+1

2
, 1-Ν

2
, - Ν

2
, 1

2
J 2 a

Π
+ Ν + 1N

Generalized cases involving cos and Bessel J, Y

01.06.26.0062.01

sin HzL JΝ HzL + cos HzL YΝ HzL � - 2 G2,4
3,0 z,

1

2

1

4
, 3

4

- Ν

2
, Ν

2
, Ν+1

2
, 1-Ν

2

01.06.26.0063.01

cos HzL JΝ HzL - sin HzL YΝ HzL � 2 G2,4
3,0 z,

1

2

1

4
, 3

4

1-Ν

2
, Ν

2
, Ν+1

2
, - Ν

2

01.06.26.0064.01

sin HzL JΝ HzL - cos HzL YΝ HzL �
cos HΝ ΠL
Π2 2

 G2,4
3,2 z,

1

2

1

4
, 3

4

- Ν

2
, Ν

2
, Ν+1

2
, 1-Ν

2

01.06.26.0065.01

cos HzL JΝ HzL + sin HzL YΝ HzL �
cos HΝ ΠL
Π2 2

 G2,4
3,2 z,

1

2

1

4
, 3

4

1-Ν

2
, Ν

2
, Ν+1

2
, - Ν

2

01.06.26.0066.01

sin Ha + zL JΝ HzL - cos Ha + zL YΝ HzL �
cos HΠ ΝL
Π2 2

G3,5
4,2 z,

1

2

1

4
, 3

4
, 1-Ν

2
- a

Π

- Ν

2
, 1-Ν

2
, Ν

2
, Ν+1

2
, 1-Ν

2
- a

Π

01.06.26.0116.01

cosHa + zL JΝHzL + sinHa + zL YΝHzL �
cosHΠ ΝL

2 Π2
 G3,5

4,2 z,
1

2

1

4
, 3

4
, - a

Π
- Ν

2

1-Ν

2
, - Ν

2
, Ν

2
, Ν+1

2
, - a

Π
- Ν

2

Generalized cases involving 0F1

01.06.26.0117.01

sin HzL 0F1 ; b; -
z2

4
� 2b-

3

2 G HbL G2,4
1,2 z,

1

2

3-2 b

4
, 5-2 b

4

1

2
, 0, 1 - b, 3

2
- b

01.06.26.0118.01

sinHa + zL 0F1 ; b; -
z2

4
� 2b-

3

2 GHbL G3,5
2,2 z,

1

2

3

4
- b

2
, 5

4
- b

2
, a

Π

0, 1

2
, 1 - b, 3

2
- b, a

Π

Generalized cases involving 0F
�

1
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01.06.26.0119.01

sinHzL 0F
�

1 ; b; -
z2

4
� 2b-

3

2 G2,4
1,2 z,

1

2

1

4
H3 - 2 bL, 1

4
H5 - 2 bL

1

2
, 0, 1 - b, 3

2
- b

01.06.26.0120.01

sinHa + zL 0F
�

1 ; b; -
z2

4
� 2b-

3

2 G3,5
2,2 z,

1

2

3

4
- b

2
, 5

4
- b

2
, a

Π

0, 1

2
, 1 - b, 3

2
- b, a

Π

Through other functions

Involving Bessel functions

01.06.26.0067.01

sinHzL �
Π z

2
J 1

2

HzL
01.06.26.0068.01

sinHzL � -ä
Π ä z

2
I 1

2

Hä zL
01.06.26.0069.01

sinHzL �
Π z

2
Y

-
1

2

HzL
01.06.26.0070.01

sinHzL �
ä

2 Π
 ä z K

-
1

2

Hä zL - -ä z K
-

1

2

H-ä zL
Involving Jacobi functions

01.06.26.0071.01

sinHzL � cd
Π

2
- z 0

01.06.26.0072.01

sinHzL � cn
Π

2
- z 0

01.06.26.0073.01

sinHzL �
1

cnJ Π ä

2
- ä z Ë 1N

01.06.26.0074.01

sinHzL � -
ä

csHä z È 1L
01.06.26.0075.01

sinHzL �
1

dcI Π

2
- z É 0M
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01.06.26.0076.01

sinHzL �
1

dnJ Π ä

2
- ä z Ë 1N

01.06.26.0077.01

sinHzL �
1

dsHz È 0L
01.06.26.0078.01

sinHzL � -
ä

dsHä z È 1L
01.06.26.0079.01

sinHzL �
1

ncI Π

2
- z É 0M

01.06.26.0080.01

sinHzL � nc
Π ä

2
- ä z 1

01.06.26.0081.01

sinHzL � nd
Π ä

2
- ä z 1

01.06.26.0082.01

sinHzL �
1

nsHz È 0L
01.06.26.0083.01

sinHzL � -ä scHä z È 1L
01.06.26.0084.01

sinHzL � -ä sdHä z È 1L
01.06.26.0085.01

sinHzL � sdHz È 0L
01.06.26.0086.01

sinHzL � snHz È 0L
Involving Mathieu functions

01.06.26.0087.01

sinI a zN � SeHa, 0, zL
01.06.26.0088.01

sinI a zN � -
1

a
 CezHa, 0, zL

Involving some elliptic-type functions

01.06.26.0089.01

sinHzL � EHz È 1L �;  ReHzL¤ £
Π

2
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01.06.26.0090.01

sinHzL �
3

2
ã

-
z2

6  Σ
2

3
z; 3, 1

Involving some hypergeometric-type functions

01.06.26.0091.01

sinHΠ zL �
Π

GHzL GH1 - zL
01.06.26.0092.01

sinHzL �
Π z

2
H

-
1

2

HzL
01.06.26.0093.01

sinHzL � -ä
Π ä z

2
L

-
1

2

Hä zL
01.06.26.0094.01

sinHn zL � sinHzL Un-1HcosHzLL
Representations through equivalent functions

With inverse function

01.06.27.0001.01

sinIsin-1HzLM � z

01.06.27.0002.02

sin-1HsinHzLL � z �; -
Π

2
< ReHzL <

Π

2
ë ReHzL � -

Π

2
í ImHzL ³ 0 ë ReHzL �

Π

2
í ImHzL £ 0

01.06.27.0065.01

sin-1HsinHzLL � -z - Π �; -
3 Π

2
< ReHzL < -

Π

2
ë ReHzL � -

3 Π

2
í ImHzL ³ 0 ë ReHzL � -

Π

2
í ImHzL £ 0

01.06.27.0066.01

sin-1HsinHzLL � Π - z �; Π

2
< ReHzL <

3 Π

2
ë ReHzL �

Π

2
í ImHzL ³ 0 ë ReHzL �

3 Π

2
í ImHzL £ 0

01.06.27.0067.01

sin-1HsinHzLL � H-1Lk Hz - Π kL �;
k Π -

Π

2
< ReHzL < Π k +

Π

2
ë ReHzL � k Π -

Π

2
í ImHzL ³ 0 ë ReHzL � Π k +

Π

2
í ImHzL £ 0 í k Î Z

01.06.27.0003.01

sin-1HsinHzLL �H-1Lf ReHzL
Π

-
1

2
v

1 + H-1Lf ReHzL
Π

+
1

2
v-b ReHzL

Π
+

1

2
r

ΘH-ImHzLL - 1 z - Π
ReHzL

Π
-

1

2
+

Π

2
1 + H-1Lf ReHzL

Π
+

1

2
v-b ReHzL

Π
+

1

2
r

ΘH-ImHzLL - Π
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01.06.27.0068.01

sin-1HsinHzLL �
H-1Lf 2 ReHzL+Π

2 Π
v JΠ f 2 ReHzL-Π

2 Π
v - zN 2 ReHzL+Π

2 Π
Î Z í ImHzL £ 0

H-1Lf 2 ReHzL+Π

2 Π
v Jz - Π f 2 ReHzL+Π

2 Π
vN True

With related functions

Involving exp

01.06.27.0004.01

sinHzL �
ãä z - ã-ä z

2 ä

Involving cos

01.06.27.0005.01

sinHzL � cos
Π

2
- z

01.06.27.0006.01

sinHzL � -cos
Π

2
+ z

01.06.27.0007.01

sinHzL � -
-z2

z
 

cosH2 zL - 1

2
�; ImHzL ¹ 0 í  ReHzL¤ <

Π

2

01.06.27.0008.01

sinHzL �
z2

z
 

1 - cosH2 zL
2

�;  ReHzL¤ < Π

01.06.27.0009.01

sinHzL �
1 - cosH2 zL

2
�; 0 < ReHzL < Π

01.06.27.0010.01

sinHzL � H-1Lf ReHzL
Π

v 1 - cosH2 zL
2

1 - 1 + H-1Lf ReHzL
Π

v+f-
ReHzL

Π
v

ΘH-ImHzLL
01.06.27.0011.01

sinHzL � -
-z2

z
 cos2HzL - 1 �; ImHzL ¹ 0 í  ReHzL¤ <

Π

2

01.06.27.0012.01

sinHzL �
z2

z
 1 - cos2HzL �;  ReHzL¤ < Π

01.06.27.0013.01

sinHzL � 1 - cos2HzL �; 0 < ReHzL < Π Þ ReHzL � 0 ß ImHzL ³ 0 Þ ReHzL � Π ß ImHzL £ 0

01.06.27.0014.01

sinHzL � 1 - cos2HzL  H-1Lf ReHzL
Π

v
1 - 1 + H-1Lf ReHzL

Π
v+f-

ReHzL
Π

v
ΘH-ImHzLL
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01.06.27.0015.01

sin2HzL �
1 - cosH2 zL

2

01.06.27.0016.01

sin2HzL � 1 - cos2HzL
01.06.27.0017.01

sin2HzL + cos2HzL � 1

01.06.27.0018.01

sin2HzL - cos2HzL � -cosH2 zL
01.06.27.0019.01

sinHzL + ä cosHzL � ä ã-ä z

01.06.27.0020.01

sinHzL - ä cosHzL � -ä ãä z

01.06.27.0021.01

sinHzL + cosHzL � 2 sin z +
Π

4

01.06.27.0022.01

sinHzL - cosHzL � 2 sin z -
Π

4

01.06.27.0023.01

a sinHzL + b cosHzL �
a2

b2
+ 1 b cos z - tan-1

a

b

01.06.27.0024.01

sin
Π

2
+ z � cosHzL

01.06.27.0025.01

sin
Π

2
- z � cosHzL

Involving tan

01.06.27.0026.01

sinHzL �
2 tanI z

2
M

tan2I z

2
M + 1

01.06.27.0027.01

sinHzL �
tanHzL

tan2HzL + 1

�;  ReHzL¤ <
Π

2

01.06.27.0028.01

sinHzL �
tanHzL

tan2HzL + 1

 H-1Lf 1

2
-

ReHzL
Π

v
1 - 1 + H-1Lf ReHzL

Π
-

1

2
v+f 1

2
-

ReHzL
Π

v
ΘH-ImHzLL
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01.06.27.0029.01

sin2HzL �
tan2HzL

tan2HzL + 1

Involving cot

01.06.27.0030.01

sinHzL �
2 cotI z

2
M

cot2I z

2
M + 1

01.06.27.0031.01

sinHzL �
1

1 + cot2HzL �; 0 < ReHzL < Π

01.06.27.0032.01

sinHzL �
1

1 + cot2HzL  H-1Lf ReHzL
Π

v
 1 - 1 + H-1Lf ReHzL

Π
v+f-

ReHzL
Π

v
ΘHImHzLL

01.06.27.0033.01

sin2HzL �
1

cot2HzL + 1

Involving csc

01.06.27.0034.01

sinHzL �
1

cscHzL
Involving sec

01.06.27.0035.01

sinHzL �
1

secI Π

2
- zM

01.06.27.0036.01

sinHzL � -
1

secI Π

2
+ zM

01.06.27.0037.01

sinHzL �
z2

z
 

sec2HzL - 1

secHzL �;  ReHzL¤ <
Π

2

01.06.27.0038.01

sinHzL � z -
1

z2
 

1 - sec2HzL
secHzL �; ImHzL ¹ 0

01.06.27.0039.01

sin2HzL �
sec2HzL - 1

sec2HzL
Involving sinh
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01.06.27.0040.01

sinHzL � -ä sinhHä zL
01.06.27.0041.01

sinHä zL � ä sinhHzL
Involving cosh

01.06.27.0042.01

sinHzL � cosh
Π ä

2
- ä z

01.06.27.0043.01

sinHzL � -cosh
Π ä

2
+ ä z

01.06.27.0044.01

sinHzL �
z2

z
 

1 - coshH2 ä zL
2

�;  ReHzL¤ < Π

01.06.27.0045.01

sinHzL �
1 - coshH2 ä zL

2
�; 0 < ReHzL < Π

01.06.27.0046.01

sinHzL �
1 - coshH2 ä zL

2
H-1Lf ReHzL

Π
v

1 - 1 + H-1Lf ReHzL
Π

v+f-
ReHzL

Π
v

ΘH-ImHzLL
01.06.27.0047.01

sinHzL �
z2

z
 1 - cosh2Hä zL �;  ReHzL¤ < Π

01.06.27.0048.01

sinHzL � 1 - cosh2Hä zL �; 0 < ReHzL < Π

01.06.27.0049.01

sinHzL � 1 - cosh2Hä zL  H-1Lf ReHzL
Π

v
1 - 1 + H-1Lf ReHzL

Π
v+f-

ReHzL
Π

v
ΘH-ImHzLL

01.06.27.0050.01

sin2HzL � 1 - cosh2Hä zL
Involving tanh

01.06.27.0051.01

sinHzL �
2 ä tanhJ z ä

2
N

tanh2J z ä

2
N - 1

01.06.27.0052.01

sinHzL � -
ä tanhHä zL

1 - tanh2Hä zL �;  ReHzL¤ <
Π

2
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01.06.27.0053.01

sinHzL �
ä tanhHä zL

1 - tanh2Hä zL  H-1Lf-
1

2
-

ReHzL
Π

v
1 - 1 + H-1Lf ReHzL

Π
-

1

2
v+f 1

2
-

ReHzL
Π

v
ΘH-ImHzLL

01.06.27.0054.01

sin2HzL �
tanh2Hä zL

tanh2Hä zL - 1

Involving coth

01.06.27.0055.01

sinHzL �
2 ä cothJ ä z

2
N

1 - coth2J ä z

2
N

01.06.27.0056.01

sinHzL �
1

1 - coth2Hä zL �; 0 < ReHzL < Π

01.06.27.0057.01

sinHzL �
1

1 - coth2Hä zL  H-1Lf ReHzL
Π

v
 1 - 1 + H-1Lf ReHzL

Π
v+f-

ReHzL
Π

v
ΘHImHzLL

01.06.27.0058.01

sin2HzL �
1

1 - coth2Hä zL
Involving csch

01.06.27.0059.01

sinHzL � -
ä

cschHä zL
Involving sech

01.06.27.0060.01

sinHzL �
1

sechJ Π ä

2
- ä zN

01.06.27.0061.01

sinHzL � -
1

sechJ Π ä

2
+ ä zN

01.06.27.0062.01

sinHzL �
z2

z
 

sech2Hä zL - 1

sechHä zL �;  ReHzL¤ <
Π

2

01.06.27.0063.01

sinHzL � -
-z2

z
 

1 - sech2Hä zL
sechHä zL �; ImHzL ¹ 0
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01.06.27.0064.01

sin2HzL �
sech2Hä zL - 1

sech2Hä zL
Inequalities

01.06.29.0001.01

sinHxL
x

>
2

Π
�; -

Π

2
< x <

Π

2

01.06.29.0002.01

sinHxL £ x �; x ³ 0

01.06.29.0003.01

sinHxL > x cosHxL �; 0 < x < 4.493409

01.06.29.0004.01

sinHxL ³ x 1 -
x

Π
�; 0 £ x £ Π

01.06.29.0005.01

sinHxL £
4 x

Π
1 -

x

Π
�; 0 £ x £ Π

01.06.29.0006.01 sinHxL¤ £ 1 �; x Î R

01.06.29.0007.01 sinHxL¤ £  x¤ �; x Î R

01.06.29.0008.01 sinHzL¤ £ sinhH z¤L
01.06.29.0009.01 sinHzL¤ £ coshHImHzLL
01.06.29.0010.01 sinHzL¤ ³  sinhHImHzLL¤
01.06.29.0011.01

x HΠ - xL
Π

< sinHxL < x 
HΠ - xL H2 Π - xL

Π2
�; x Î R ß 0 < x < Π

Zeros
01.06.30.0001.01

sinHzL � 0 �; z � Π k ì k Î Z

Theorems

Fourier sin transforms
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f
`HyL � à

0

¥

f HxL sinHx yL â x � f HxL �
2

Π
 à
0

¥

f
`HyL sinHx yL â y.

Fourier series

f  HxL ~
a0

2
+ â

k=1

¥

ak cos 
Π k x

r
+ bk  sin 

Π k x

r
�; ak �

1

r
 à

-r

r

f HtL cos
Π k t

r
 â t í bk �

1

r
 à

-r

r

f HtL sin
Π k t

r
 â t

De Moivre's theorem

 Hcos HzL + ä sin HzLLn � cosHn zL + ä sinHn zL �; n Î N

The law of sines

For a triangle in the Euclidean plane with edges a , b, c and opposite angles Α, Β, Γ,  the following holds: 

sin HΑL
a

�
sin H ΒL

b
�

sin HΓL
c

.

Logistic equation solution

yn � sin2HHc 2n mod 1L ΠL is a closed form for the chaos-exhibiting logistic equation yn+1 � 4 ynH1 - ynL.
Weierstrass-Riemann function WHxL

Weierstrass-Riemann function WHxL , which is continuous everywhere but not differentiable at a dense set of points,

has the following representation:  

WHxL � â
k=1

¥ sin Ik2 Π xM
k2 Π

�
Π

4 q2
 â
k=1

q-1

sin
k2 p Π

q
� sin2

k Π

2 q
�; x �

p

q
ì p, q Î N ì gcdHp, qL � 1.

Coriolis force 

The closed form solution of the vector equation ¶2 rHtL
¶t2

� g - 2 Ω ´ ¶ rHtL
¶t

 , describing the movement of a mass point

rHtL  under  the  gravitational  force   m g  and  the  Coriolis  force  2 m Ω ´ ¶ rHtL
¶t

and  initial  conditions  rHtL � r0 and

¶rHtL � ¶ t È t�0 � v0,  is given by  

rHtL � r0 + v0 t + g
t2

2
- Ω ´

2 sin2 HΩ tL
2 Ω2

 v0 +
2 Ω t - sin H2 Ω tL

4 Ω3
 g +

Ω ´ Ω ´
2 Ω t - sin H2 Ω tL

2 Ω3
 v0 +

2 Ω2 t2 - 2 sin2 HΩ tL
4 Ω4

 g .

Other information

Value properties
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01.06.33.0001.01Hx Î Q ì sinHx °L Î QL Þ sinHxL � 0 ë sinHxL �
1

2
ë sinHxL � -

1

2
ë sinHxL � 1 ë sinHxL � -1

History

– K. Ptolemaeus

– Brahmagupta (c. 630)

– R.de Chesters (1140) translated Abu Ja'far Muhammed ibn Musa al-Khwarizme's works and used the word "sine"

(in Latin, "sinus"; al-Khwarisme's name is the source of the word "algorithm")

– J. M. Regiomontanus (1464) and A. Dürer (1525)

– F. Maurolyco (1555) used the notation "sinus"

– E. Gunter (1624) used the notation "sin"

– I. Newton (1665) found a series expansion for sin

– L. Euler (1734) found a product representation

– T. Simpson (1750)

The function sin is encountered often in mathematics and the natural sciences.
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