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Notations

Traditional name

Spherical Bessel function of thefirst kind

Traditional notation

W@

Mathematica StandardForm notation

Spheri cal Bessel J[v, z]

Primary definition

03.21.02.0001.01
) 1
2= —3 .0
2 \/; v+

Specific values

Specialized values

For fixed v

03.21.03.0001.01
j»©)=0/;Re(v)>1

03.21.03.0002.01
j»(0) =&/, Re(v) <0

03.21.03.0003.01
W0 =¢/,Re(») =0

For fixed z

Explicit rational v
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03.21.03.0004.01

3,23 3,23
ja@= L [-288@ (97 - 110) Ai -[—) 22/3J 7' +288(97 - 110) Bi[—[—) z2/3J Al
O 162V2 A 2 ?

3 6 3 73 3 3 73
3\/?ﬁ(81z4—432022+14080)Ai’[-(5) 22/3]+x/732/3 (817 - 4320 2 + 14080) Bi’[—(a) 22/3]]

03.21.03.0005.01
(7 - 452 + 105) cos(2) + 52(21 - 22 sin(2)

>

j-s(2) =

03.21.03.0006.01

\/7[—168\6/3(922—80)Ai’

3 2/3 3 2/3
_(E) 22/3]22/3+5632/3(80—922) Bi’[—(;) 22/3)22/3+

j 2= ——
= 54 65/6 729/6

2%° /3 (817 - 30247 + 4480) Ai

3 2/3 3 2/3
-(-) z2/3] + 273 (817 - 3024 7 + 4480) Bi[—(—] 22/3]]
2 2

03.21.03.0007.01

1
i s@=————Vr
" 5447 302

2/3

9V3 (97 - 160) Ai[—(g)% 22/3] 77 +9(160-97) Bi[—[z) 22/3) A3 _

602 V3 (92 -32) Al

—G)% 22/3] +20V2 323 (92 -32) Bi’[—@Z/3 22/3]]

03.21.03.0008.01
3(222-5)cos(2) + z(Z - 15)sin(2)

ja@) =
) 2
03.21.03.0009.01
. 3 2/3
i 2@= ﬁ(sﬁ(gzz-llz)m’ -(-] z2/3]22/3+
s 9 65/6 Z23/6 2
3 2/3 3 2/3 3 2/3
3?3972 - 112) Bi'[—(g) 22/3] 2P+ 8223 (92 - 14) Ai —(5) 22/3) +82%3(97 - 14) Bi[—(a) 22/3]]
03.21.03.0010.01
1 33
o al {2 e
g 18~/2 356 796 2
3 2/3 s . 3 2/3 5 3 2/3
90 Bi[—(;) z2/3] 7 -3v2 V3 (92 -40) Ai’[—(a) 22/3] +V2 3392 - 40) Bi’[—(a) 22/3]]
03.21.03.0011.01
3zsin(?) - (Z - 3) cos(2)
-3 =

ra
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03.21.03.0012.01

{—48\6/§Ai’[—(g)2/3 22/3] 23 _

j w@=-
s 6 65/6 Zl7/6

2/3

16323 Bi’[—(g)m 22/3] 7+ 2233 (972 - 16) Ai[—@ 22/3] +22%(92 - 16) Bi[—(g)% 22/3]]

03.21.03.0013.01

_ Vr
] 8=

6 6 f/? 35/6 ,13/6

3 2/3 3 2/3 s .
[—9\/§Ai(—(£) 22/3]24/3+98i[—(£) 22/3]z4/3+12x/7 V3 Al

3 2/3 3 2/3
—[—) 28| - a2 3°Bi —[—) P
2 2
03.21.03.0014.01
cos(2) + zsin(2)
2

03.21.03.0015.01
j u@=
"6

j22=-

T

. 3 2/3 3 2/3
il (e sms ( #)emsamvan

ool 7

65/ 6 le/ 6

03.21.03.0016.01

Lg(z) = ZS/GGL\/’;_ZM [Bi’[—(g)m 22/3] - «/§Ai’[—(§)2/3 22/3]]

03.21.03.0017.01
cos(2)

1@ =

03.21.03.0018.01
\/— 3 2/3 3 2/3

j s(z):iﬂ[\’SAi[—(—J 22/3]+x/?8i[—(—) 22/3]]
o 2V2 VB P 2 2

03.21.03.0019.01

\/_ 3,23 3,2/3

j 1(z)=—7ﬂ[x/§ Bi[—(—) 22/3]—3Ai[—(—) 22/3]]
T Yz g 2

03.21.03.0020.01
jo(2 = sinc(2)

03.21.03.0021.01
1=

Vr
V3 AV
6 25/6 \G/g /6

{72
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03.21.03.0022.01

js(@=
6
NES 3423 3,23 3,23 3,23
- [—3\6/§Ai’ -(-) 22/3) £/3+32/3Bi’[-(-) z2/3] z2/3-22/3x/§Ai[-(-) 22/3)+22/3 Bi[—(—) 22/3]]
65/6 11/6 2 2 2 2

03.21.03.0023.01
) sin(z) — zcos(2)
W= —

2

03.21.03.0024.01
_ Vv
Q=
6 6\6/735/6 A3/6

3 2/3 3 2/3 5 . 3 2/3 5 3 2/3
[gﬁAi[_(_] 22/3] 24/3+98i[—[—) 22/3] 24/3—12x/?x/?Ai’[—[—) 22/3]_4ﬁ 32/33r[_(_) 22/3]]
2 2 2 2
03.21.03.0025.01

{—48{7? AV’

ju@=-
5 6 65/6 Zl7/6

)

2/3

16373 Bi’[—(g)% 22/3] 73 +2%3 3 (97 - 16) Ai[—@ 22/3] +22°%(16-92) Bi[—(g)% 22/3]]

03.21.03.0026.01
3zcos(2) + (2 - 3)sin(2)

j22 = -
’ 2
03.21.03.0027.01
\/_ 3 2/3 3 2/3
o= Yoz a3 | sonf (2] 2]
0 18~/2 356 796 2 2
5 . 3 2/3 5 3 2/3
3V2 V3 (92 -40)Al’ _(E) 22/3] +V2 323 (92 - 40) Bi’[—[a) 22/3])
03.21.03.0028.01
. 3 2/3
ju@=- «/7[3@(922- 112) AV -[—) 22/3) 28+
0 966 726 2
3 2/3 3 2/3 3 2/3
33(112-97) Bi'[—(a) 22/3] 2P+ 8223 V3 (92 - 14) Ai —[5) 22/3) +82%3(14-927) Bi[—(g) 22/3]]
03.21.03.0029.01
_ z(Z - 15)cos(2) + 3(5-27) sin(2)
132 =

z
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03.21.03.0030.01

ju@ = L(9x/?(9z2-1<ao)Ai

3,23 3,23
-[-) 22/3) 78 +9(97 - 160) Bi[-(-) 22/3] AL
6 542 356 2506 2 2

. o 3 2/3 . 3 2/3
60V2 V3 (92 - 32) AV -(5) 22/3)+20x/732/3 (32—922)Bi'[—(5) 22/3]]

03.21.03.0031.01

o 3 2/3 3 2/3
jz@= —— [—168 V3 (92 -80) Al —(—) 22/3] 7P -563%°(80-92) Bi’[—(—) 22/3] 253
- 54 65/6 729/6 2 2
3 2/3 3 2/3
2%3/3 (-817 + 3024 7 - 4480) Ai _(5) z2/3] - 228 (817 - 3024 2 + 4480) Bi[—(i) z2/3]]
03.21.03.0032.01

_ 52(27 - 21) cos(2) + (2 — 457 + 105) sin(2)
14@ =

rad

03.21.03.0033.01

1
jx@= ——— V1 [288\/3(922 - 110) Ai
° 1622 AU

2/3 2/3

{3

3= 6 3\%3 s 323
3\/?«/?(81z4—432022+14080)Ai’[—(5) 22/3]+\/?32/3 (817" - 43207 + 14080) Bi’[—(a) 22/3]]

3
22/3] 73 +288(97 - 110) Bi[—[g) 22/3] 7B+

03.21.03.0034.01

. o—(27(32-280)Z 3123 3,23
jo(2 = —————29120V2 V1 «/?[—+1][\/§ Bi’[—(—) 2B |-3A1 —(—) 22/3]]22/3+
5 81 35/6 735/6 58240 2 2

2437 97 323 323
273 [— -—+ 1] [Bi[—(—) 22/3] -V3 Ai —(—) 22/3]])
8320 13 2 2
03.21.03.0035.01
2\6 8172 277 3\ 3\23
jn(@=- (24640(—) «/7] [9z4/3[— -+ 1] V3 Ai —(—) 22/3]+Bi[—(—] 22/3]]—
G 243 757/ 3 98560 280 2 2
a— o (2437 97 3\%3 3\
4x/7x/?[—- — +1|[3A1 -(—) z2/3]+«/§Bi’[-(—) 22/3]]]
24640 28 2 2

Symbolic rational v

03.21.03.0036.01

b3l v 22 7201 (24 o+ 5| - 1)

iv(2 =sin(z— E)
2 j=0 (2j)!(—2j+|v+%|—%)!

Cos(z_ Q)E(leil-?’ﬂ (-1 22 722 (2] 4|y + 3] + 1)1 s
2 j=0 (2j+1)!(—2j+‘v+%|—g)! ’
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03.21.03.0037.01
1 1

E'(|V+ E|_%) (sgn(v+%)+1) 2|V+ 2l

13

oV 2P (- sonfv+ )

W@ = o F(1—|v+ %D
T s _ k 1| 4
\6/?22/3[\/? Bi’[_(i)mz% Caar _[3)2/322/3Jsgn(v+i]] | i|:3 47%(2) (—k+‘v+ 5‘— 5)! .
2 2 2 k=0 k!(—2k+‘v+%‘—%)!(%)k(l—’v+%|)k
2/3 3 2/3
22/3(8{ ( ] 22/3]—\/§Ai[—(5) 22/3]sgn[v+—))
|V+%‘_% 47I< (Zz)k(—k+ ‘V+ %‘ - %)' 1 1
S (-2ke e 2= De(d), (- 1)) ‘ 5‘_5
03.21.03.0038.01
. ﬂ_(’v+%‘—§)(sgn(v+%)+1) 2’v+%‘—% \/7 Zf|v+%‘—% F(— g) sgn(v+ %)
s 31—+ )
i3 _ k 1] 5
ool anl 5 )l 5 o) 3 LA
2 2 2/) i k!(—2k+‘v+%‘—g)!(g)k(l—‘v+%|)k

4«3/?\6/?[3Ai’[-(§)2/3 22/3]+\/§Bi’[-(§]2/3

22/3] v+ %)]

S el | y 2
/;‘V+—‘——el
R TR T A

Values at fixed points

03.21.03.0039.01
jo@=1

Values at infinities
03.21.03.0040.01
limj,x)=0
X—00
03.21.03.0041.01
lim j,(x) =0
X——00
03.21.03.0042.01

S 0 A=0Va=
et oo) ={ TXJE T rimay =0

03.21.03.0043.01
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03.21.03.0044.01
jv(_oo) =0

General characteristics

Domain and analyticity
jy(2) isan analytical function of v and z which is defined over C2.
03.21.04.0001.01
vx2—j,(2::(CRC)—C
Symmetries and periodicities

Parity

03.21.04.0002.01
W=2=(=2"2"j,(

03.21.04.0003.01

1
i 1@=C0 @0+ ez

Mirror symmetry

03.21.04.0004.01
@ =12/ z2¢ (-, 0)

Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed v, the function j,(2) has an essential singularity at z== c. At the same time, the point z== & isabranch

point for generic v.

03.21.04.0005.01
Sing (j,(2)) == ({0, oo}}

With respect to v
For fixed z, the function j,(2) has only one singular point at v = co. It isan essential singular point.

03.21.04.0006.01
Sing, (j,(2) = {{0, co}}

Branch points

With respect to z
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For fixed noninteger v + % the function j,(2) has two branch points: z==0, z== c. At the same time, the point z== s isan
essential singularity.
03.21.04.0007.01

1
BPAj,(2) = {0, &} /; v+ > ¢z

03.21.04.0008.01

1
BPAi/(2) =} ;v + 5 € z

03.21.04.0009.01
Rjv(2), 0 ==1log/;v&Q

03.21.04.0010.01

Rz(jg(z), O)zzq/; peZAq-1eN" Aged(p, g =1
q

03.21.04.0011.01
R(jv(2), o) =log /; v & Q

03.21.04.0012.01
Rz(jg(z), 60) =q/;peZNgq-1eN"Agcd(p, q =1
q
With respect tov
For fixed z, the function j,(z) does not have branch points.
03.21.04.0013.01
BP,(jy(2) = {}
Branch cuts
With respect to z

When v + % isan integer, j,(2) is an entire function of z. For fixed noninteger v + % it has one infinitely long branch cut.

For fixed noninteger v + % the function j,(2) is a single-valued function on the z-plane cut along the interval (—co, 0),
whereit is continuous from above.

03.21.04.0014.01
1
BCAj (D) = {{(=00, 0), —i}} /; v + > ¢z

03.21.04.0015.01

1
BCAjy@) =} /;v+ 5 € z

03.21.04.0016.01
lim j,(x+ie)=j,(X)/; xeRAXx<0
e->+0

03.21.04.0017.01
lim j,(x—ie)=e 2" j,(x) /; xeRAXx<0
e—>+0

With respect to v
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For fixed z, the function j,(2) is an entire function of v and does not have branch cuts.

03.21.04.0018.01
BC(jv(2) = {}

Series representations

Generalized power series

Expansionsat v == +n

03.21.06.0001.01
21221

(@ « jn(2) +

%]
2z ) (~DK 22k(
k=0

n

3 1
_ _ _ i g _ =g ; k_
2k+1)( 2k+2n 1)!( cos(z)C|(22)+cos(z)(w[k+ 2) l//(k n+ 2]) s:n(z)S|(22))z2

H N 1 1
Z(—l)k 22k(2k)(2n—2k)! (—Ci(22)sin(z)+ [w(k+ E] —w(k— n+ 5))s;in(z) +cos(z)Si(22))22k v -
k=0

nN+.../;(vo-nAneN

03.21.06.0002.01
(_1)n 21—n Z—n

W@ o jon(2) -
(n-=1)!

5] N1 1 3
Z (—4)k22k( . )(—2k+2n— 2)! (cos(z) Ci(22) + cos(2) (w(m E)—w(k— n+ E])+sin(z)8i(22))+
k=0

2”l k2e( "1 ok 2no3n(cieo s ke ) —ufken+ 2))s Si2
z 0(—4) (2k+1)(— +2n— ).[ i z)sm(z)+[w( +§)_¢/( —n+£))sn(z)—cos(z) ( z)) (n+

k=
V4+...;v->-nNAneN*

Expansions at generic point z== 7,

For the function itself

03.21.06.0003.01
asle-1)
V| |

) 2x
Jv(2) o [_
%

)

_ _ v+l (Y +3v-2+2)j,(20) ~ 22 j,-1(Z0) 5
Jv(Z0) + (]vl(zo) . Jv(Zo)] (Z-2) + Z-20)+...|/i (2> %)

27
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03.21.06.0004.01

wdin)| o)
. “[1]VU°J 175
%

) ) v+1l (
(Z) + [Jv—l(zo) - 7 Jv(Zo)] (z-29) +

V2 43y =2 +2) () — 22 jy-1(Z)

03.21.06.0005.01
rg(Ho)J larg(z-Zo)J
. V|2 | T | &
2= [_] 2
%

03.21.06.0006.01

(Ho)J larg(Ho)

arg
@) = = T 1)(z°)y[1JV[T |
J@=-To+D|—| [—
J 2 4/ \ 7 %

27

(z-20)* + O((z- 20)°)

03.21.06.0007.01

ader)| |aer)
(2T
%

=

IS B

@=
T e Y i
[Zo)[ Jzo{ Jkg(;k_’zok — m=0
1 u-1

(-j+u-114iZ)

(4w 2) S (b))

joo 27 (v+1 v+2 v-k+1 v—k+2 3
Z 2F3 ;

, ; V= —— [(z2- 20"
2 2 2 2 2 4 %

_-'k1112'132'-2%' k
> 3 sl HK+ ’Z( - J),Z( - J),—Z Jj-kev(Z0) (2= 2Z9)

m (_1)u—1 22 u-m (_m)Z(m—u) (V + %)

ars (m-u!

2 Djr2j+u-n(-u-v+ %)](
z-2)"
03.21.06.0009.01
[ag(kz& J [ ar(izfzo)
) 1 Y 2n v 2n
Jv(z) o« [_]
Z

% J Iv(zo) 1+ 0O(z- %))

Expansions on branch cuts
For the function itself

03.21.06.0010.01
[argtz—m

vmi . . v+l (
W@ ¢ n J [Jv(X) + (]v—l(x) T Jv(X)) (z—x+

u-jraiz

=X +v2+3v+2) j,(0) = 2X j,.1(%)

(z->xAxeRAXx<O0

Z=-x%+...|/;
2%2
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03.21.06.0011.01

_ [z (. _ v+l (=32 +v2+3v+2) (%) = 2X j,-1(X)
(@ o 2 JV(X)+(JV_1(X)——JV(X)] z-%+ z-%%+0(z-%%) |/
X 2x2

xeRAXx<O0

03.21.06.0012.01

i 79 & 171 @0)
o= (- %"

k=0

03.21.06.0013.01

n X\ 2yni [WM)J © KxKk (vl v+2 1 . 1 y " 3 X
'V(z):—l“(v+1)(—) 2x , —( +v+1), —( V42, v+ — —— |- x5/
MO=3 4 S P27 2 2 4

XeRAXx<0

03.21.06.0014.01
{ g(z—x)J ) 2k 22 y—j
Fs

Hlese st

o=
2

1-j X2 )
-- T —j+k+1, —(1 2j), —(3 2j); 7 Jj—ker¥) =%/,
xeRAXx<O0

03.21.06.0015.01
i agz-x | oo X—k k 1 i - i 1
e IS S 2], Sy
pars Uy 2k 1m0 2/i-m

— _ 1 . .
(DU 224 (M) (V+ z)u 1 utl (Ci+u-D141521)j, 10
a— X -

(m-u)! 2 j:oj!(—2j+u—1)!(_u_v+%)j(v+%)Hl

Mz

c
I
o

(z-X"/;xeRAX<0

u (=prai®) j,m
,Zc; jtu-2jt(-u-v+ %)] (v+ %)l
03.21.06.0016.01
Jy(@) &5 j, () (1+0@zZ-X) /; xeRAX<0

Expansionsat z==0

For the function itself

General case
03.21.06.0017.01
Vr zy Z z 1
(D) o (—) [1— + —...]/;(z—>0)/\—v——e,EN+
2r(v+g) 2 2(3+2v) 8(3+2v)(5+2v) >

03.21.06.0018.01

. V71 Z\v z Z 1
jV(Z)oc—(—) 1- + —O(ZG) fi—y—— &N*
2r(v+g) 2 2(3+2v) 8(3+2v)(5+2v) 2
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03.21.06.0019.01

Vr (z)vw (—1k 2K

Ko=) A .
k=0 4 F(k+v+ E)k!
03.21.06.0020.01
_ Voo oz (CDKAK 1
i@ = (—) [i=v-—- &N
21“(v+3) 2 ko4k(v+ ) k! 2
03.21.06.0021.01
_ 27 g 2 F[ 3 22] T
W@ =———0oF|;v+=——|/i—v—=&N
3 2
F(V+ E)

03.21.06.0022.01
. 3 72
W@ = 27N 2 OFl[; v+ 5; - Z]

03.21.06.0023.01
Vv Z\Y 1
(—) +0(2*?) /; -v - 5 & N*

-VZOC
@ >

ZF(V + g)

03.21.06.0024.01
W@ =Fu@z v/,

= - (2 3 T

k=0 4% (k+v+ )k'

(D<K N 5 2
=@+ (D223 2™ E 1 n+2, n+v+ 5; - neN

Summed form of the truncated series expansion.

Special cases
03.21.06.0025.01
i(-2Vr 1 2 v ] 1
(2 « 1+ + +... /;(Z—>O)/\—v——eNJr
r(%—v) 22v-1 8Q2v-1)(@v-3) 2

03.21.06.0026.01

i(-2) V2t 2 P 1
(@) 1+ + +0(2) |/, -v-=eN*
F(%—v) 22v-1 8@2v-1)(2v-3) 2

03.21.06.0027.01

D EVE & (-1

) 3 E 2k- o E .

2= gl‘(k " )k!( ) Y ZEN
03.21.06.0028.01

o (—1)”%\/; & (-Df iz 1

@ = i) é(l—v)kk' (5) =y en
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03.21.06.0029.01
1
D22V L 1 2 1
oFd|; ==vi—— |/ —v-—eN*

=

03.21.06.0030.01

jv(z) =

1 B 1 Z2 1
MD=CD"22'Vx Z‘V'lo':l[? —= __] [;-v-—eN*
2 4 2

03.21.06.0031.01

i (-2 Vr 2t 1
b« 2T oA oy _en

1
iz -v)
For small integer powers of the function

For the second power

03.21.06.0032.01

272v2 g 2V ( 2 2 @Q2+v) ]
jy(2)? 1- + +..0/i@-0
r(v+ g)z 3+2v  (3+2v)Y2(5+2v)
03.21.06.0033.01
272v=2 g R2v Z 2@+
Jy(2? i (1— + il +0(26))
r(v+ g)z 3+2v  (3+2v)2(5+2v)

03.21.06.0034.01
272252y @ (DK (v + 1) 2K

jW2? = - -
3 — 3
F(”z) k=0 (v+ 2)k(2v+2)kk!
03.21.06.0035.01
2—2v—2 T ZZV 3
@2?= ——— 1F2(v+ Lv+—,2v+2 —22)
r 3\2 2
(V + 5)

03.21.06.0036.01
Vo ~ 3
jV(Z)Z = 7 v+ 1) Z2y le(V'F 1, v+ E, 2v+2; —22)

03.21.06.0037.01
2—21/—2 ZZV
j (2% £ (1+0(2))

F(v + g)z
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03.21.06.0038.01

. 272v-272v n o (—DK(v+ 1), 2K
/(2% =Fu@v) /|| Faz v) = - Z _
r(v+3) 0 (v+3), @v+2k!

1 B 5
jy(z)2+5(—l)”\/722”+zv+21“(n+v+2)2F3[1, N+v+2n+2 n+v+£, n+2v+3; —22] /\neN

Summed form of the truncated series expansion.

Asymptotic series expansions

Expansionsinside Stokes sectors
Expansions containing z - oo

In exponential form ||| In exponential form

03.21.06.0039.01

(Z) o i ezt( 2 z+m v+m) 1-
2z

iviv+l) A-v)vv+2Wr¥+1

+ +... |+
2z 87 ]

iviv+l) @-DvEry+2Hrv+1
2z - 87

g7 D (-2zmvem [1 + + ]] /;larg@)| < 7 A (12 > o)

03.21.06.0040.01

1 N (= +Dy (i 1
i (=2z+mv+m)
v(@ « > [ez [Z ' (22) +O( ]

o Zn+1

(=D i 1
——( 2 z+m v+r)
-—] +9
[Z ! ( 22) i [

k=0
larg(@)| <7 A (12 - o0)
03.21.06.0041.01
1 i (=2z+mv+m) i l(—s')(—22+7rv+7r) i
@« — (fz Fo( v, v+ 1] —) +e2 zFo(—V, v+l ——)) i larg@| <7 A (12 - o0)
2z 2z 2z

03.21.06.0042.01

. 1 _L i (=2z+mv+m) 1 1 i (-2z+mv+m) 1
jy(2) o —(@ 2 (l+O(—])+ez [1+O[—))) /ilag@| <n A (Z - o)
27 z z

In trigonometric form ||| In trigonometric form

03.21.06.0043.01

1 l8% F1+v)yv@A+v)2+v) (3+V)(2+V)(-1+v)vA+v)2+Vv)B+Vv)(4+V)
jv(2) o< —sin(z— —)(1— + +
z 2 87 3847
viv+l Ty “2+V)(-1+v)2+Vv)(3+V)
cos( __)[1_ "
272 24 7

4+V) 3+ V) (-2+V)(-1+v)2+v)B+v)(4+Vv)(5+V)

4 larg@l < m A2 - o)
19207
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03.21.06.0044.01

o1 an(a B G ERT) 1y a
jv(2 o —sm(z— —) Z [——] +O[ ] +

z 2|3 k! (%)k z 2D

vv+1) any| & (%_%)k(l_g)k(%+l)k(‘;_3)k 1)k 1
cos(z— —) Z [——] +O[ ) i lag@| < x A (12 - o)
27 2/ k! (E) zZ 20D
2Jk

03.21.06.0045.01
) iet™\ -z ) AL (%_g)k(%_‘_l)k(_g)k(%)k 1K 1
WD) o ——— SII'I(Z+ —)Z (__] +O( ] "

5 2) & (2] 2) Az

viv+1) v
cos(z+ _]
2z 2

_)k 1 1
(_§)+O[ ] /;0<arg® <7 A (12 - o)

T

o
=~
—
N w
22
=~

03.21.06.0046.01

1 v 1 vv 1v v 1 1
jV(Z)oc—Sn(Z——)4F1——— —+ =, —=+1 - ==+
z 2 2 22 22 2 2

72
viv+1l) v 1 v Y v 3 3
COS(Z——)4F1 —— = 1= —+1 —+ - =
22 2 2 2 2 2 2 22

03.21.06.0047.01
1 v 1 viv+1l) v 1

jy(2) oc — sin(z— —) (1 + O[—)) + cos(z— —) (1 + O(—]) [ilarg@| <n A (12 - o)
z 2 Z 27 2 Z

Expansions containing z - —oo

1
—22] /i larg@l <m A (124 - eo)

In exponential form ||| In exponential form

03.21.06.0048.01
) -1y [ 1[_(2BM)[ ivA+yv) A-v)vA+v)2+V) ]
JV(Z)OC e 2 1- + + ... |-
5 /—_22 2z 87
ls(zym)[ ivil+v) A-v)vA+v)2+v) ]]
ez 1+ + +...|{|/;0<ag@ <7 A(Z > o)
22 87
03.21.06.0049.01
-1y (=MD (i 1 n(=)(v+ 1) i \K 1
. =1 __E(ZH,”,) Z k k(i) +O[ ) —5(22+7rv) Z k k( i) +O[ ] P
° \/; e ! 2z paasy o ! 2z paa

0<ag@ =2 - )

03.21.06.0050.01

1 (1, iyt i
[e 2@z ZFO(—v, v+1; Z) — 2! T ZFO(—V, v+1; —5)) /;0<arg@ <nA(Z - o)

W@ e
2V -2
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03.21.06.0051.01

. D’ L@z 1 Li@zny) 1
V(2 o [e PR (1+ O(—)) —e2'' (1+ O(—))) ;0<arg@<n (2 - )
2/-2 ’ ’

In trigonometric form ||| In trigonometric form

03.21.06.0052.01
i(-1)’'vV-z
72
v 1+ vA+v)2+v) (3+v)(—2+V)(1+v)v@A+v)2+v)(B+Vv)(4+V)
(sin(z+—)[1— + + ...
2 827 3847
viv+1) v (=2+V)(-1+v)(2+V)(3+V)
cos(z+ —)[l— +
2z 2 247
4+v)(-3+V)(-2+V)(-1+V)2+V)B+V) (4 +v)(B+V)

192072

jv(z) &

+ )] /;0<ag@ <n A2 - )

03.21.06.0053.01

jv(z) &

i-1’V=z sin( M)i(%‘%)k@”)k(—%)k(%)k( 1)k+0[ 1 ]+

b 2 /i k! (%)k z 2D

V(V+1)cos( RV) n (3 ;)k(l_%)k(%+l)k(’/;3)k( 1]k+o[ 1

z+ —

] 0<ag@=<nA(Z - o)

2z 2 3 (n+1)
k=0 k'(z)k 22 22
03.21.06.0054.01
) i)'V -z (viv+1 v 1 v v v y 33 1
(2 o COS(Z+—)4F1———,1——,—+1,—+—; - -+
22 2z 2 2 2 2 2 2 22 2
) v 1 vv 1w v 1 1
s{z+—j4ﬁ-~n—+—,—+L——wﬁ——DA0<wqasnAaaew)
2 2 2 2 22 2 2 2

03.21.06.0055.01

i)' vV-z (viv+d Ty 1 Ty 1
jy(2) o ( cos(z+ —) [1+ O[—)) + sin(z+ —) [1+ O[—))] /;0<ag@ <aA(2 - )
22 2z 2 2 2 Vil

Expansionsfor any zin exponential form

Using exponential function with branch cut-containing arguments

03.21.06.0056.01
i AT Ly ivA+v) (l+v)yv(d+v)(2+v)
jV(Z)ocEZV(ZZ)Z( l)[@ “/; 2 [1— - +...]—

Nz o

. iny j 1 -1 1 2
m/?__ 1 iv( +v)_( +V)v(1+v)( +V)+...]J/;(|Z|—>oo)

e 2[+
22 87



http: //functions.wolfram.com

03.21.06.0057.01

i Lo, . inv
(@ o -2 2y

03.21.06.0058.01

i

i(2) o« —2' (2
i@ 22()

et

03.21.06.0059.01

; 1
jv(z) o %ZV (22)5(—1/—1) e

2

k=0

D (=) (v + D)

DD

k=0

i

2Nz

+o( ]_

Zn+1

K
N (=v) (v + D) i o 1 _
» - + o /(14 = o)
2V 2
e""/;g%v SJFol-v, v+1;; ! —e“/;’% ZFQ[—V, v+1;; —L /(|12 > o)
24 2 2 7

inv

2

A

el

Using exponential function with branch cut-free arguments

03.21.06.0060.01

i1’
jv(2) o > (-97tz

ivil+v) (1+v)v@A+v)(2+V)

vz sin(rv)

ivl+v) (1+v)v@A+v)(2+v)
- +
87

2z

— J

-z

e"z[l+

03.21.06.0061.01

i’

(2 oc — (-2t Z
2

3
k=0
03.21.06.0062.01

i1
jv(2) o - -7tz

03.21.06.0063.01

i’
jv(2) o - -7tz

22

D= v+ D)y

k!

+...J]/; (127 > c0)
87

1
Zn+l

i

2z

Vzs n(rv)

D= (v + D)

oSt V)] [Z X

+

- S ) o)

1
+ 0[—) /3 (12 = o)
Zn+1

_ i (Vz sin(y) i
e”zFo(—v, v+1;; ——) +e | —— —cos(nv) zFo[—V, v+1;; —) /i (12 = o0)
2z —7 2z
. 1 . \/;Sin(ﬂ'v) 1
e”(l+ O(—]) +e | —— —cos(n V) (1+ O(—)] /(12 = o0)
z — z

Expansionsfor any zin trigonometric form

Using trigonometric functions with branch cut-containing arguments
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03.21.06.0064.01
v 1

@) <2 (2) 72

sin[\/? nv)[l—(_1+V)V(1+V)(2+V)+(_3+V)(_2+V)(_1+V)V(1+V)(2+V)(3+V)(4+V)+... .

2 82 3847

viv+1) m{\/;_g)(l_ “2+V)(-1+v)2+V)(3+V) .

2\/; 247

4+v)(-3+V)(-2+v)(-1+v)2+v)B+v)(4+v)(B+V)
+ ) /(12 = o0)

19207

03.21.06.0065.01

@ 2 (2) 3 sz -7

1 v v v v+3
viv+1) vy & (E_E)k(l_i)k(§+1)k(7)k 1\
SR (__) +o[ ] J; 12 > o)
7 2)|& o) 2) Az
2V 2 2)x
03.21.06.0066.01
_r 1 1 1 3 3 1
2«2 (Z) 22 v )cos(\/z2 —2)4&(——1,1—1, Y1l - —;——]
2 ’22 2 2 2 2 2 2 22 2
v 1 vv 1v v 1 1
: sz——)F Tt Tt | VA B
Sm( 2 “[2 22722777272 22]]/”2' )
03.21.06.0067.01
vt 1 1 1
2«2 (Z) 22 v )cos(\/z2 —2)[l+0(—])+sin(\/z2 —2)(1+O(—]) /(12 = o)
2y 2 2 z 2 z

Using trigonometric functions with branch cut-free arguments
03.21.06.0068.01

1( . iV-2z v iVv-2z v
W@ o — ™1+ sin(z+ —)+ 1- sin(z— —)
22[ [ vz J ’ [ vz ] ’

(1 1+ vA+v)2+v) (3+V)(2+V)(-1+v)vA+v)2+Vv)B+Vv)(4+V) )
- + +.o ]+
87 3847

V(:;l) {e””[l+ ! \/;Z ]cos(z+ g)+[1— i\/;z ]cos(z— g)]

(1 “2+V)(1+v)2+v)B+V) (—4+V)(-3+V)(-2+V)(-1+v)2+v)B+v)d+Vv)(5+V)
- +
2472 19207

+...]/; 1z = o0)
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03.21.06.0069.01

W@ o
oy iVz o) (3= 3), G+, (5 (), 1
e H e e e R
V(:;l) (e“”[1+ ! ;Z ]cos(z+ g)-ﬁ-[l— ; ;Z ]cos(z— 2)]
0 (3-4),0-0,G+0,(2), 1y
[ S 2 e

03.21.06.0070.01

1( . iVv-2z v iv-2z v 1 vv 1v v 1 1 viv+1)
W@ o« — ™1+ sin(z+ —)+ 1- sin(z— —) 4F1(———, -+ =, —+1 —=; —;——]+
2z vz 2 NEa 2 2 22 22 22 2 47

) iv-2z v iv-2z v 1 v vV v v 3 3 1
&1+ cos(z+ —)+ 1- cos(z— —) 4Fl(—— = 1-= —+1 —+—; = ——] /i (14 — o0)
{ [ vz ] 2 [ NE2 ] 2 2 2 2 2 2 22 2R

4 z

03.21.06.0071.01

1[, [ i\/—ZJ v [ i\/—z] v
(@ o — |1+ sin(z+ —) +11- s'n(z_ _)
2z 2 2

vz z
viv+1) [ . iVv-2z v iv-2z v 1
— |1+ cos(z+ —) +|1- cos(z— —) (1+ O(—]] /; (|12 > o)
47 vz 2 vz 2 z
Residue representations
03.21.06.0072.01
132 i (_ é)_s S
W@=27"""177 ) res )]
j=0 F(s+ %)F(%—s)l“(—s+v+ g)

03.21.06.0073.01

(%) r(s+ 3+ 2)

b8 _ri= y 1
=5 7 E) T Y e (-i-3-3)
2 j=0 F(% (-4s+2v+ 5)) 2 4

03.21.06.0074.01

_r1 2\
PREE S M T
V2 j=0 F(s+£+§)l‘(—s—é+%)l‘(—s+%+§) 2 4 2 4

03.21.06.0075.01

\/— - z -2s 1
W@ = A Zr%s LF{H K) (——(21 +v)]
2 r(3(-2s+v+3) 2/\ 2

i=0
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03.21.06.0076.01
1 iz\~2S
N R (5) y Ll v o1
@)= Yres tfss 2 2)|(-i-2-2
V2 i=0 F(—s— )

Integral representations

On the real axis

Of thedirect function

03.21.07.0001.01
277

(v +1)

1
(2= f (1- 1) cost2 dt /; Rev) > -1
0
03.21.07.0002.01
2—v—l Vi

jv(z) =

z 1
f 2cosz(“z)(t) cos(zsin(t)) dt /; Re(v) > -1
rov+1J-2
03.21.07.0003.01
2—v—l Vi

jv(z) =

f cos(zcos(t)) Sin?”* X (t) dt /: Re(v) > -1
rov+1) Jo

03.21.07.0004.01
CoS(v)

) 1 T 1 . 0 —t(v+l)—zs’nh(t) 4
jV(Z)Z 7[ COS(t(V+—)—ZS|ﬂ(t))dt——f e 2 dt/, arg(z)< —
V2r vz o 2 Var vz o 7

03.21.07.0005.01

-t
I 2 T 1 1
W= —f 200y cos([v+ —)t] dt/;v+—eN*
Var z Vo 2 2

03. 21 07.0006.01
1
V(2= fcos([v+ )t—zsm(t))dt/ v+—€Z
Vor vz Yo 2

Contour integral representations

03.21.07.0007.01

i27727 o 20 1
W2 =- f e 4t 2dt/;y>0/\Re(v)>——
Vr  Ydobe 2
03.21.07.0008.01
y+ico  T(9) X\v-28 Re(v)
¥ = f (—) ds/;x>0/\0<7< +1
47m ('yr)ool"__s+v 2

03.21.07.0009.01

v 1
1 vt I(s+-+-> 2\°
Wo=— |- Z(72) 2 4[u[—] ds
2mi 2 L

L
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03.21.07.0010.01

)= — P2 () 7 f Mfs+5+3)(- é)_s ds

' 2ni V2 lr(—s—%+%)I‘(—s+%+§)l‘(s+%+%)
03.21.07.0011.01

1 i F(S+ g + %) Z\-2s
Jv( )=-——— f (—) ds
2ni p\2x Nz F(—s+%+%) 2
03.21.07.0012.01
. 1 222 f F(s+ 5+ %) (E)—zsds

2ri V2 ~’3F(s+g+%)r(—s—g+%)r(—s+g+§) 2

Integral representations of negative integer order BAD

03.21.07.0013.01

H o 2kJo(Z)

in@= chn /neN*/\coo_O/\clz_—/\

~D"@2n-1!! n-1 2n-1
%,nziA(ck,nzTck_l,n_z— - ck,n_l/;n>0Aksn)/\<ck,n=0/;k>n>

n!

Limit representations

03.21.09.0001.01

a1 Jal L z
@=.,- —IlimaA zP (cos(—))
2 \/? A-o0 A

03.21.09.0002.01
) I B z
i@=2"1Vx 2limn "2 P& 2 )(cos(—))
N—oo n
03.21.09.0003.01

- .-
iy@=2""Vr Zlimn" 2L, 2| —

N—oo

03.21.09.0004.01

_ 2 2 ! F[ 3 22)
@)= ———7—IimFlav+_—-—
l"(v+g) fee 4a

Generating functions

03.21.11.0001.01

il s e%(tf%)z
Z h1@=47
Ke—oo 2 2z
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03.21.11.0002.01

[}

) T es‘zsin(q)
Z Blkq jk,l(z)z —
k=—c0 2 2

vz

P. Abbott

Differential equations

Ordinary linear differential equations and wronskians
For thedirect function itself
03.21.13.0001.01
ZW'(@2) +2Z2W@+(Z-v+D)W2) =0/, W2 =¢; j,(2) +C¥,(2)
03.21.13.0002.01

1
W(j,(2), Y»(2) = —
2

03.21.13.0003.01

1
W@Z+2W@)z+(Z-v(v+ D)W@) =0/; W2) = C1 j,(D +C2 j_,-1(2) /\ v+ 3 ¢z
03.21.13.0004.01

R cos(mv)
W(j (D), J-y-1(2) == — >

03.21.13.0005.01

AZW'(2) +42-2p+q+DW @ +(4p°-4qp+° (4nP 29— 42 + 1)) W) = 0/; WD) = ¢, 2° j,(mZ) + ¢, 2P y,(MZY)
03.21.13.0006.01

q 22 p-g-1
Wy (2P j,(mZ), 2 y,(mZY) ==

03.21.13.0007.01
A2W'(2) +42 (-2p+q+DW @ +(4p? - 4qp+ P (4mP 29— 42 + 1))w(z) = 0/;
1
W) = 2 M) +¢, 2 [, amd) \ v+~ ez
03.21.13.0008.01

i : qZ2P-% cog(nv)
W2 j(mP), 2 j_, ((mP)y = —

03.21.13.0009.01

9@ 29@ vty ) _
w’(2) —( — - )V\/ @ - -1|9@ W@ =0/; W(2) = ¢1 j»(9(2) +C2¥,(9(2)
g@ 9@ g(2?

03.21.13.0010.01

; g@
We(ju(9(2), y(g @) = —
92
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03.21.13.0011.01
292 2h(@ g'@ V2t , 2h@g@ hoho-20@* h@g'®
w'(2-|- + + ]W(z)— -1|ld@" + + - w2 =0/
92 h dJ@ 9(2? 92h@ h(2)? h(2 g2

W2 = ¢ h(2) j,(9(2) + ¢z h(D y,(9(2)
03.21.13.0012.01
h2* g (2
92?

W;(h(2) j(9(2), h(2) /(9 (D)) =

03.21.13.0013.01

ZW'(@2) +2(r-2s+DW@+ (@2 -vr+D)r’+L-rs)wa =

03.21.13.0014.01
r Zr+2$1

WZ(ZSjv(aZr)x ZSYV (azr) ==

03.21.13.0015.01

0/iw@=cZj(@aZ)+c 2y (aZ)

W'(2) + (log(r) — 210g(s) W (2) + (82 22 — v (v + 1)) log’(r) - log(s) log(r) + log*(9)) w(2) = 0 /;

W@ =c¢ & j@r’) +c sy, @rd)

03.21.13.0016.01

. r-2s2Zlog(r)
W,(s" jy(ar?), sy, (ar?)) = ——

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.21.16.0001.01
W=2=(-2"7"j2

03.21.16.0002.01

T 1
Wiz = /— 2’2721 12
2 v+3

03.21.16.0003.01

T 1
W-in= - (-iz" 2|
2 v+2

1(2)

03.21.16.0004.01

(V2 )=z @)" o

Addition formulas

03.21.16.0005.01

\{ Z1 VZ 2
Wz -2) = Z Jkiv(Ze) J 1(22) /; ‘—
Vz,-2 K a

<1\/v+%el
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03.21.16.0006.01

Vﬁ VZ . )
Wa+z)= I 1@ @) /; ‘Z_
2 1

1
<1\/v+—eZ
Z]_+Zz k:—oo 2

Multiple arguments
03.21.16.0007.01

1
iz o CDKE-1)f Zy\k
]k+v(22)( )

k!

g

jv(zl ZZ) =
Z1Zy k=0

03.21.16.0008.01
1
Vrz, *Vz,

| S I
iz12) = > jv-k(22) (—2)
Vz2 o Vr k! 2

Identities

Recurrence identities

Consecutive neighbors

03.21.17.0001.01

) 2v+3 )
W= T Iv+1(@ = J142(2

03.21.17.0002.01
. 2v-1
W2 =

jv—l(z) - jv—Z(Z)
Distant neighbors

Increasing

03.21.17.0003.01

2 272K(N=K)! jou (2 22X 1z 272k —k= D! jpp.1(2 2¥

3
jv(z)=2”‘lz‘”(v+5) (2n+2v+1)z -z
n-1

pany k!(n—2k)!(—n—v— %)k(w g)k pany k!(n—2k—1)!(%—n—v)k(v+ ;)k

03.21.17.0004.01
. 3 1-n n 1 3 .

jy@=2"1z" (v+ —) ((2n+ 2v+ 1)3F4(l, — ——1,-n,-N-v——, v+ —; —22) inev(2 -
2/n-1 2 2 2 2

1-n n 1 3 )
23F4(1, — 1- > 1L1-n-n-v+ PG —22) Jn+v+1(z)) fineN

03.21.17.0005.01

1
2= 2 (@v+3)(2v+5)=Z) 422 — 22V +3) j,13(2)

03.21.17.0006.01

1
(2= > (@Qv+5) (-2 +4v* +20v+21) j,13() + 2(Z = 3+ 2v) 5+ 2V)) },+4(D)
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03.21.17.0007.01

1
2= " (Z-32@v+5 v+7)(16v*+96v+109)) j,.4(2 + 2(2v+5) (27 - (2v+3) 2V + 7)) },+5(2)

03.21.17.0008.01

1
i@ = ;((2v+7)(324—4(2v+5) Rv+9Z+R2v+32v+5(2v+9) (2v+11)) j,.5(2) -

z2(Z-32v+5 Qv+ NZ+2v+3)2v+5R2v+7)(2v+9) jy46(2)

03.21.17.0009.01
W@ =Cn(v, 2 jniv(@ = Cno1(V, D jravaa (@ /;
2n+2v+1)

2v+3
co =1 \Civ. 9= —— \Citr. 2 = Co1(v, D= Coa(v, 2 [\ neN*
4

03.21.17.0010.01
(@ =Cn(v, D jnev(@D = Cnoa (v, D) a1 (D /s

3 1-n n 3 1
Cn(v, z)=2”z‘“(v+ —) 2F3(—, -—— v+ —,-Nn,-N-v-——; —f)/\neN"
2/n 2 2 2 2

Decreasing

03.21.17.0011.01

1
-V — 2n—1 _5-N (_ _ ]
e (-2 > v

n-1

2 272K(n-K)! j,_n(2 22X 1z 272k(n-k-1!j,_n1(2 2*
(2n—2v—1)z +z /ineN

pany k!(n—2k)!(%—v)k(v—n+%)k pany k!(n—2k—1)!(%—v)k(v—n+;)k

03.21.17.0012.01
) 1 1-n n 1 3 )
h@=2"(-2™" (— - v) (23F4(1, —1-—11-n—--v,v-n+—; —22) Jy-n-1(2 +
2 2 2 2 2

1-n n 1 1 )
(2n—2v—l)3F4[1, — =1, -n,—=v,v—-n+ —; —zz)jv_n(z))/; neN
2 2 2 2

03.21.17.0013.01

1
2 =- 2 (z@v-D @+ (Z-2v-3)(2v-1)},22)

03.21.17.0014.01

1
@ = (z2(Z-@v-3@v-1)j-@-2v-3)(2Z7 - 2v-5 2V~ 1) },32)

03.21.17.0015.01
jv(z) =

1
;(Z(ZV—3)(222—(ZV—5) 2v-1)j,5@+(Z-32v-5@2v-3Z+Q2v-72v-52v-3)(2v-1)) j,-4(2)

03.21.17.0016.01

1
W@ = —;(2(24—3(2v—5)(2v—3)22+(2v—7) 2v-5Q2v-3)2v-1)j,s2 -

@v-5(32-4R2v-7R2v-3Z+R2v-9Rv-72v-3)(2v-1))j,52)
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03.21.17.0017.01
(@ = Cn(v, D) jy-n(D - Cn- 1(v 2) jv—n—l(z) /s
_2v-2n+1

Cov,2=1/\Ci(v, 2 = D -Coav, D \neN

03.21.17.0018.01
W@ =Cn(v, 2 jy-n(d = Cn-1(v, 2) jy-n1(D /;
1 1-n n 1
Cn(v, z)=(—2)”z‘”(—(1—2v)) 2F3(—,—— —(1-2v), -n, ——n+v - )/\nel\l+
2 2 2 2

n

Functional identities

Relations between contiguous functions

03.21.17.0019.01

V4
-VZ:—.V_Z+.V+Z
e 2y+1(J 1@ + Jy11(2)

Relations of special kind

03.21.17.0020.01
CoS(r v)

jov-1@ Jy1 @D + 5D (2 =

Differentiation

Low-order differentiation

With respect tov

03.21.20.0001.01
i j l : i
19 = |, lo (—)—
J J g > >

03.21.20.0002.01

—v-2 v+2 1 3.
L0 272Nm 2z L L Lyt zZ
5@ = = Folova

(2v+3)r(v+5)

03.21.20.0003.01
(1,0 __
j0(z) =

2 (2 Z)’n ln%J

!
N ko

n

2(22)—” 13

Brychkov Yu.A. (2005)

o -t ofo )
- —,——|+|-lo 092 - —1iv
R 4+ 9(2) +109(2) (//v+2 W2

3 1
Z(—l)kZZK(Zk 1)(Zn 2k - 1)'( cos(z)Ci(22)+cos(z)(z//[k+E)—w(k—n+5))—sin(z)8i(22))22k—

1 1
Z( 1)k 22k( nk)(Zn— 2k)! (—Ci(Zz)sin(z)+(w[k+ 5)—lp(k— n+ E))sin(z)+ cos(z)Si(Zz))sz/; neN
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03.21.20.0004.01
n ol
L0 (=phatnzn
=
(n-1)!

1 3
Z( 4)k22k( )(2n 2k - 2)'(cos(z)C|(22)+cos(z)[w( E)—w(k—n+5))+sin(z)8i(22))+22

EJ—I n-1 3 3
Z (-4)k22k( )(2n—2k— 3)! (Ci(Zz)sin(z) +(¢/(k+ —)-lp(k- n+ —))sin(z)—cos(z)Si(Zz)) /ineN?
2k+1 2 2

k=0

Brychkov Yu.A. (2005)

03.21.20.0005.01
_nn-1 jk_l(z)
2

10 1 1 z
9@ = ny 1(z)+—n!(—) %) fnen
27T 2T 22 Ak \2

03.21.20.0006.01
10 nt , zy-n=too1 A z\n n1 o zZ
j* 1(2)==—(——) Z—kag(Z)(—) +(——) DRl el -— |+
-n-2 2 2 =0 (n-Kk k! 2 2 2 \/_ny iz lJ 4

(-1 (1 3 ken- D1 (G
y, 1@+ = >, /ineN
- 2 7 & k!

With respect to z

03.21.20.0007.01

(2 v+1
= Jv—l(z) - JV(Z)
0z
03.21.20.0008.01
dj,(2 i _
=-@D- ]
0z z

03.21.20.0009.01
6jv(z) _ jv—l(z) - jv+1(z) jv(z)
oz 2 2z

03.21.20.0010.01
djo(2
0z

=-12

03.21.20.0011.01
i@
0z

=j22

03.21.20.0012.01
(2" ju(@)

=2"1j,.2
0z
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03.21.20.0013.01
eaghe)

=-7' .v 2
oz Jy+1

03.21.20.0014.01
Fj2 1 3-27 1 1 1
= = Jy- (Z) + V(Z) + — V- (Z) + = v+ (Z) - — Jv- (Z)
07 41 2 —422 j 27 Jvs1 l 2 22J 1

Symbolic differentiation

With respect to v

03.21.20.0015.01

7( 00 ( ]_)k F(k+v+g)
jMO(z) == E ( ) ;meN
b= =k am !
With respect to z

03.21.20.0016.01
) n-v-1
j(vo'“)(O)=O/;neN*/\veN/\(v>n\/ )

03.21.20.0017.01
217 T(n+1)

F(%(n—v+2))l“(%(n+v+3))

jP70) =

/;neN*/\veN/\n;yeN

03.21.20.0018.01

"> G(n ( ) i 1
o102 (ol
0z ’ .Z;‘( l) " Z( ) Y 2)i-m
m (—1)k_1 22k=m (=M2 m-k (V+ %)k 1 k1 (—j+k—l)!4_j22j .
ey 272 o
k=0 : j=0 j1(=2] +k—1)!(—k—v+ z)J (v+ )J+1
k (k—j)r4 2 .
Z ~ W@|/ineN

=0 j!(k—zj)!(_k_v+ %)J (V+ E)j

03.21.20.0019.01

", _(v+1 v+2 1 1 3 2
=272 g2 "Iy + 1) 5F5 ;= (-N+v+1), —(-n+v+2),v+—;——|/ineN
07" 2 2 2 2" 4
03.21.20.0020.01
" @ iZZKZK _( k 1-k y 1-2k 3-2k 2,
=22 xn! = — ~k+n+l, —— —— —— k@ /ineN
92 : Fs 2 > 4 4 4 Jk=n+v

Fractional integro-differentiation

With respect to z
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03.21.20.0021.01

v+l v+2 1 1 3 Z

"}, . 1
=202 g 270 (v + 1) ,F5 : s—(—a+v+l), —(—a+v+2), v+ — ——|/i-v— — &NF
2 2 2 2 4 2

0z

2

03.21.20.0022.01

s L _(1-v v 1 1 1 1
=(-1"z2 202 g 7 () Fy moi ==V, —(ma-y), —(—a-v+ 1), ——|/;-v——eN*
0z 2 2 2 4 2
Integration
Indefinite integration
Involving only one direct function
03.21.21.0001.01
v+1 v+1 3 v+3 1
i @zdz=2""2Vr z anF[ ) IE( V-, ——azzz)
va( ) (a2 > )Pl > 2 2
03.21.21.0002.01
v+1y _ (v+1 3 v+3 Z
fjv(z)dz=2‘v‘2\/72“lr( )le — v+ -, ——
2 2 2 4

03.21.21.0003.01

fjo(Z)dZ= Si(2)

03.21.21.0004.01

sin(z
f11(2)612=— @

z

Involving onedirect function and elementary functions

Involving power function
Involving power

Linear arguments

03.21.21.0005.01

a+vy _ (a+v 31 1
fz"’ljv(az)dz:Z’V’Z\/;z“(az)Vl"( 5 )le( 5 ;v+5,5(a+v+2);—za222)

03.21.21.0006.01

a+vy _ [(a+v 31 2
fz‘”l jv(z)dz:Z’V’Z\/;z(”VF[ ]1F2 V=, —(@+V+2); ——
2 2 2 2 4

03.21.21.0007.01

1 -
fza-l jo@dz= 5 () T-1i2(-id" + (2" (-1, -i2)
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03.21.21.0008.01
1
. 272z Jol _
le-v y@dz= —— (\/71 v+1)-2"2VzZT(r+2) ] 1(z))
I(v+2) -3
03.21.21.0009.01

fzjo(z)dz= —C0s(2)

03.21.21.0010.01

jo@ _ sin(2)
——dz=_Ci(2 -
z

Power arguments

03.21.21.0011.01

27 2\x 2 @7y Iﬂ(oz+rv) ~(a/+rv' 3 a+r(v+2)

fz“‘ljv(az’)dz=
2r

r 2r 2 2r

Involving exponential function
Involving exp

Linear arguments

03.21.21.0012.01

o 271\ z(an)y .
fe tazj@2)dz= ———F(v+ 1L, v+1,v+2,2v+2,-2iaz)

(v+1)l“(v+g)

03.21.21.0013.01

o 271\ 1 z(an)"
f@‘azjv(az)dZ: — SR+, v+1v+22v+2;2ia2)

v+1) F(v+ g)

Power arguments

03.21.21.0014.01
27V z@@zy
- 1 ZFZ(

v+ 1)r(v+ g)

. 1 1
fe-m' iyaz)dz= v+1,v+—;v+—+1,2v+2;—2n'az')

r r
03.21.21.0015.01

. 27 1\x z@@zy 1 1
fe‘a ]v(azr)dz=—ZFZ(V+1,v+—;v+—+1,2v+2;2r£az’)

(rv+1)r(v+§) r r

Involving exponential function and a power function

Involving exp and power

Vo ;-
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Linear arguments

03.21.21.0016.01

1 oian 271\r 2 (@2’ '
fz" et?j(@addz= —  SF(v+ L a+v;a+v+1, 2v+ 2, -2iaz)

(@+v) F(v+ g)

03.21.21.0017.01

o i27 e 827 sl . vl .
fz’v et??j@andz= ——— (—e‘aZ\/ﬂ @2 2+27zaizlv+1)j 1(@2+2"2azl[(v+1)]j 1(az))
av+1DI'(v+1 vi3 -1

03.21.21.0018.01

i 27 1\Vr 2@z’ .
fz" e'??j,(adz= ————F(v+ 1, a+v;a+v+1,2v+2;2iaz

(a/+v)F(v+5

03.21.21.0019.01
1 1
o i2" 2\ 2 _ _
f 7V eé??j(andz= (@2 -2"€?2,aT(v+ 1)+ 2" ¢?%iJ, (@2 T(v+1))
vaz 2v+D)I(v+1)

Power arguments

03.21.21.0020.01

2717 # @) @ @
ZFz(v+1, —+v, —+v+1,2v+2; —Zéaz‘]
r

fz‘”l e'?? j(aZ)dz=
r

3
(a+rv)l"(v+5

03.21.21.0021.01

27171 # @) a o
—ZFZ(V+1, —+V; —+v+1,2v+2;2iaz’)

fz""l &% j(az)dz=
r r

(a+rv)F(v+ g)
Involving trigonometric functions
Involving sin

Linear arguments

03.21.21.0022.01

271\ n z(az*! v v v
3 4[—+1, —+1, =
2 2 2

. . 33 v 3
fsn(aZ)Jv(aZ)d2= F— = =+ 2, v+ —, v+2 a2 22)
222 2

v+2) r(v+ g)

03.21.21.0023.01

2771V z(@azy v v v 33y 3
fsin(b+az) iWazdz= (az(v+ 1)cos(b)3F4(—+1, —+1, —+— -, —+2,v+—,v+2, -3 22)+
(v2+3v+2)l"(v+g) 2 2 2 222 2
v 1 v 1wy 1 v 3 3
(v+2)sin(b)3F4(—+—,—+—,—+l; —,—+—,v+1,v+—;—a222))
2 22 22 2 2
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Power arguments

03.21.21.0024.01

. . 2717 z@Zy v v 3v 1 1 3v 3 1
fsm(az')Jv(az’)dzz 3F4(—+1,—+—‘— —+—;—.—+—+—,v+—,v+2,—a222’)
Grerenr(yed) 2 2 272 2 20'2'2 2 o

03.21.21.0025.01
27 x z@7Z)y
fsin(az’ +b)j,(@aZ)dz=
(v(v+1)r2+2vr+r+1F(v+3)
v v 3 v 1 1 3 v 3 1 3
(a(rv+l)cos(b)3F4(— L, —4—, —+—+—; —, — —+—,v+—,v+2;—a222')z’+
2 2 22 2 2r'2'2 2 2r 2
v 1 v v l 1 v 1 3
(vr+r+1)sin(b)3F4(—+—,—+1 —— =, = —+1,v+1,v+—;—a222r))
2 2 2 2r'2'2 2 2
Involving cos
Linear arguments
03.21.21.0026.01
277 z(a)” v 1v 1v 1v 3 3
f00§a2)jv(a2)d2=—3F4(—+—,—+—,—+1;—,—+—,v+1,v+—;—a222)
v+ DT(r+2) 2 22 22 722 2 2
03.21.21.0027.01
fcos(b+az) yazdz=
2717 z(@a2" . v y y 33 vy 3
- (az(v+1)sm(b)3F4[—+1,—+1,—+—;—,—+2,v+—,v+2;—a222)—
(v2+3v+2)1“(v+g) 2 2 2 222 2
1 v 1y 1 v 3 3
(v+2)cos(b)3F4( o, —+—, —+1 —,—+—,v+1,v+—;—a222))
2 22 22 2 2 2
Power arguments
03.21.21.0028.01
_ 2717 z@Z) v 1v v 1 1y 1 3
fcos(az’)Jv(az’)clz:— F4(—+—,—+ =+ — —,—+—+1,v+1,v+—;—a222r)
rvapr(ped) 2 272 T2 2ri2i2 o 2
03.21.21.0029.01
fcos(azr +b)j,(@aZ)dz=
27V z@Zy v 1v v 1 1v 1 3
((vr+r+l)cos(b)3F4(—+—,—+1 —— = —+— 41 v+l v+ — & 22)—
(v(v+l)r2+2vr+r+l)l“(v+g) 2 2 2 2r'2'2 2r 2
) y v 3 v 1 1 3v 3 1 3
az'(rv+1)sm(b)3F4( +1, -+ —, -+ —+ —; —,—+—+—,v+—,v+2;—a222r))
2 2 22 2 2r 22 2 2r 2
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Involving trigonometric functions and a power function

Involving sin and power

Linear arguments

03.21.21.0030.01

) . 27171 2@zt v v 3¢ v 13 a v 3
fz‘"lsn(az)Jv(az)dz= 3 4(—+1, —t = — =t = =, ==+ =, V=, V+ 2 —azzz)
@eveprp+d) 2 T2 27272 2722 22
03.21.21.0031.01
fz“‘lsin(b+az)jv(az)aiz=
2v-1Vrn # @2 v v 3a v 13« v 3 3
(az(a+v)cos(b)3F4(—+l,—+—,—+—+—;—,—+—+—,v+—,v+2;—a222)+
(a2+2va+a+v2+v)r(v+§ 2 2 22 2 222 22
) v 1v a v 1a v 3
(a+v+1)S|n(b)3F4(—+—,—+1,—+—;—,—+—+1,v+1,v+—;—a222))
2 22 2 222 2 2
Power arguments
03.21.21.0032.01
2 Wr 2@ (v v 3 a v 13 a v 3 3
ff_lgn(azr)jv(azr)dz= 3 4[—+1, — = —+ -+ -, — =+, V+ -, V+ 2 —a222’)
Grovear(yed) 2 2 2'2r 2 272720 2 2

03.21.21.0033.01
271\ n #@zy

(v(v+l)r2+(2va+a)r+az)r(v+ g)

fz"‘lsin(azr +b)j(@z)dz=

% v 3 a v 13 a v 3 3
(a(a/+rv)cos(b)3F4[—+l, —t o, — = =, — =+ —, V=, V+ 2 —azzz’)z'+
2 2 2 2r 2 2 2 2r 2 2 2
v 1 v a v1 a v 3
(vr+r+a)sin(b)3F4(—+—, —+1, —+ = —+—+1,v+1,v+—;—a222r])
2 2 2 2r 2 2 2r 2 2

Involving cos and power

Linear arguments

03.21.21.0034.01

_ 271 n 2 (a2’ v 1 v a v 1a v 3
fz“’lcos(az)Jy(az)de:—g 4(—+—, —+1, —+ = - —+—+1,v+1,v+—;—a222)
@nr(p+d) S 222772 2'2727 2 2
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03.21.21.0035.01

fz"‘l cosb+az j(@azdz=

2v-1\rx # (a2’

(cx2+2va+cx+v2+v)l"(v+§

1 a v 3
;—,—+—+1,v+1,v+—;—a222)—
2 2 2

N <

4
((a/+v+ 1)cos(b)3F4(— +—, —+1,
2 22

14
az(a+v) S|I‘I(b) 3':4(5 +1,

Power arguments

03.21.21.0036.01

27\ 2 @z)y v 1 v a vi1a v 3

fz”‘lcos(az’)jv(az')dz= 3 4(—+—, —+1, —+— -, —+—+1,v+1,v+—;—a222’)
@ronr(p+d) 2 22 Tar 22 a2 2

2

03.21.21.0037.01
21\ #@zy

(v(v+1)r2+(2va+a)r+a2)F(v+ g)

fz”’l cosaz +b)j(@az)dz=

v 1 v a v 1 a v 3
((vr+r+a)cos(b)3F4[—+—,—+1,—+_; —,—+—+1,v+1,v+—;—a222r)_
2 22 2r 2 2 2r 2 2
v v 3 a v 13 a v 3 3
az’(a+rv)sin(b)3F4(—+1,—+—,_+_+_; _,_+_+_’V+_,V+2;_a222r))
2 2 2 2r 2 22 2r 2 2

Involving functions of the direct function

Involving elementary functions of the direct function
Involving powers of the direct function

Linear arguments

03.21.21.0038.01

_ 47 nz(a2?” 1 3 3
fjv(az)zd’z: —2F3[v+ > v+1Lv+ > v+ > 2v+2; —azzz)
3 1
Q2v+1) I"(v+§)
03.21.21.0039.01

_ 4 p 2t 1 3 3
fjv(z)2d2= —22F3(V+5,V+1;V+£,V+5,2V+2; —22)
Qv+ 1)3r(v+ %)

03.21.21.0040.01
1 1 j—v—l(z)
[ ar= el D)oo 22
2,122 2 (2

Power arguments
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03.21.21.0041.01

27272 z(aZ)?” 1 3 1
fjv(az’) dz_—22F3(v+1 v+ — v+ —, v+ —+12v+ 2 -a 22)
(2rv+l)F(v+ ) 21 2 21

Involving products of the direct function

Linear arguments
03.21.21.0042.01
fjﬂ(aZ) hazdz=

2z
- (Zazjy,l(az) jv+3(az) +ju(@2 ((—Z,u +2v+1) jwl(az) - 2azjyi(az)])
2 2 2

442 —Au+4v2>+8v+3

03.21.21.0043.01

z
@z j.1@2dz=
fj bt 2v+3

(azng(az)2 ~1,.2@2], @2 -az] 1@ Jv+g(az))

03.21.21.0044.01
gﬁma

2a 7

fjo(az) 1@zdz=-

Power arguments

03.21.21.0045.01

2+ 2pz@Z )M
fjﬂ(ai)jv(ai)dk

(r(y+v)+1)r(p+g)r(v+ §)

[T u v 3 u v 1 3 v 1 3
3F4[ +—-+1, —+—+—-, -+ -+ —p+ -, —F+ -+ —+L v+, u+v+2 azz)
2 2 2 2 22 2 2r 22 2 2r 2

Involving functions of the direct function and elementary functions

Involving elementary functions of the direct function and elementary functions
Involving powers of the direct function and a power function

Linear arguments

03.21.21.0046.01
2722 1 2 (az)?” 1% 3 «
-1 2 2
fz“ Waz?dz= ——— ,F3|v+1, §+v;v+ - §+v+l, 2v+2 -a’ 7

3 2
(@+2v) r(v+ E)
03.21.21.0047.01

le‘ZV iy@azldz=-

2—2(v+1) TZV
(—71 (@2?’ +22"*1azl(v + 1)° jHE(az)z +22*lazT(v+ 1)2 jvi(az)z)
2 2

2va+a) (v + 1)
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03.21.21.0048.01

log(2) - Ci(2a2
fzjo(az)zclz: _
2a°

03.21.21.0049.01
1 Yv(2)

f dz= -
2,2 2

03.21.21.0050.01
(2a22-2v-1) jwfl(az)2 -2az@v+1)j _i@2j i@+ 287 jv_l(az)2
2 2 2 2

fjv(az)2
dz=
z 4v24+8v+3

Power arguments

03.21.21.0051.01

) ) 272040 2 (q )2V a 3 «a
fz‘”ljv(az') dz= 2F3(v+1, — +ViVvH+—, —+Vv+1,2v+2 —azzzr)

2r

(a+2rv)r(v+g)

Involving products of the direct function and a power function

Linear arguments

03.21.21.0052.01
f (@2 j@addz=

27H2 1 2 (@)t

u v 3 a pu v 3 a u v 3
3F4( +—+1,—+—+—,—+—+—;p+—,—+—+—+1,v+—,,u+v+2;—a222)
@rpenr(ur 22 N2 2 T2 2722 2 22T 2 2

03.21.21.0053.01
Zbj,1b2j,(@2-2aj,1@2 j,(b2)

a?—b?

fzzmaz) jub2dz=

03.21.21.0054.01

2
f Zj,1a2jbadz=- . @jy-2@2j,(bz+bj_,1(@2 j41(b2)

a2 -b?

03.21.21.0055.01

12 1
f[(az—bz)zz+u2—(v+ —) ]j _E(bz)jv(az)dz:z[sz s(b2j@+j 1(b2) ([—,u+v+ —)jv(az)—azjv_l(az)))
2 H 2 H 2 H 2 2

03.21.21.0056.01

142 1
f[(az—bz)zz+p2—(v+ —) ]j _i(bz)jv(az)dz=z(sz s(b2)j@D) +] _i(bz)((—,u+v+ —)jy(az)—azjv_l(az)))
2 H 2 H 2 H 2 2

Power arguments
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03.21.21.0057.01

2702 2 (@ MY
[zt1a) i@z az=

(a+r(y+v))F(u+g)F(v+g)

[T i 3 a v 3
3F4[E+£+1'E+ - — -+l v utv+2 - er)

3 a u v
+— —+—+—pu
2 2 2 2 22r 2 2

v
2
03.21.21.0058.01

fx/?jv(ax/?)jv(b«/?)dzz

2_sz (b jy-a(b \/?) J'v(a\/?) - ajv_l(a\/?) jv(b ﬁ))

03.21.21.0059.01

f\/?j_v_l(a\/;)jy(b\/?)dz:—

27

(@122 VZ) 1o VE) bl a(aVZ ) b VZ)

Definite integration

For thedirect function itself

03.21.21.0060.01
\/— F(v+1)
f hdt= ﬁ /i Re(v) > -1

03.21.21.0061.01
2\/_r(ar+\/)
f y)dt= ———  /; Re(a +v) > 0ARe(e) < 2
( a+v+3))

Involving the direct function

03.21.21.0062.01
—v-1 b’

0 mTa
fo @O OO dt= ———— Re(v)>——/\0<b<a

03.21.21.0063.01
oo b 1 1
f iy’ dt= ——/;Re(v) > —— /; Re(y) > — =
0 4y +2 2 2

03.21.21.0064.01

o Vr r(1-9r(<+y
f‘“’liv(t)zdt=— 1)1+
0

2(a—1)r(1‘7")r(—§+v+2)

/i Re(@+2v)>0ARea) < 2

03.21.21.0065.01

o _ né(a—b)
f t?j, @b j,(btydt= ——— ;acRAbeRAvER
0 2a¥2+/b
03.21.21.0066.01
2&—4 aA b C_a_"_” 71_3/2 l_,(a+/\+/1+v) boo a+)uz-;4+v’ a+,\+g—v—1 e a2 b2

f @b jubt j e dt = 200

° EE R R S

acRAbeRAceRAa>0Ab>0ARe@a+A+u+v)>0Aa+b<cARea)<4
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Integral transforms

Fourier cos transforms

03.21.22.0001.01

9(1—2)‘/?1"(%) v v+l 1
Feljy (0] (2 = —zFl(—E, D= zz)—

vI(3)

1
0z-12" 227 Tv+)sSn(5) v+l ve2 3 1
2 1( ;v+5; ;]/;z>0/\z¢1/\Re(v)>—1

r(v+3)

Fourier sin transforms

03.21.22.0002.01

. 6z-1)2" 2z eog F)T(v+ 1) v+l v+2 31 6(1-2) v
TSl 0] @ = 2 1[ ] (3

. vt =
2" 2 2°2) ayzar()

1-v v+2

el

1
—5; 22)]/;z> 0OAz+1ARe(w)> -2

Laplace transforms

03.21.22.0003.01
+1 v+2 3 1
Lliy®@=2"17""Vr T(v+1),F, [Vz Vz +§;—;]/; Re(2) > 0ARe(y) > -1

03.21.22.0004.01
Lljin®1 @ =i""Qi2 /;neNARe® >0

03.21.22.0005.01

L[t ti,o]|@=2""17""Vr [a+v) zﬁl(

a+v 1 3 1
—(a+v+1);v+—;——)/; Re(z2 > 0ARe(@) > 0ARea@+v) >0
2 2 2 2

03.21.22.0006.01

k( 1)M z-2k-2m-1

3] B
Ll @ =72 tan*l[;)chJ 7D D, —————|ineN N\eoo=0/\a,= —/\
k=0 k=0 m=0

D" @2n-1Nt (N=Dcecipo @En=1)cpa
e T

G = - /;nzl/\ksn]/\(ck,n=0/;k>n)
n

n! n

Mellin transforms

03.21.22.0007.01

222+ e
Mdj,H)] (@)= ———— /;Re(® < 2ARe(z+v) >0
F(% (-z+v+3)

Hankel transforms
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03.21.22.0008.01

0(1-z 1
Heuliv(D] (@) = — 22 )(—l)”/",/g\/?(—(—1)3/42)“F(Z(2ﬂ+2v+3))

F(Z(—Z,u+2v+3)

_ (1 1 6(z-1) n 3 (1
2Fl(—(2/4—2v+1),—(2u+2v+3);;1+1;22)+— -z 2F[—(2u+2v+3))
4 4 F(%(Zu—2v+l)) 2 4

F —1 —2u+2v+3), —Q2u+2v+3), v+ — —1 0/\ :#1/\ + -—
F ( v+3), = ( v+3);v ; [iz> z Re(u +v) >
2 1( H H ] H

Summation

Infinite summation

03.21.23.0001.01

ey (X) XK 1
D v
o k! 2 x

03.21.23.0002.01
(2k+v+2) (k+v+ )12k+V(X) 1

s 1
Z - =272+ X2

03.21.23.0003.01
(-D¥ 1 X
.1 =—-(2]l - i 1(X)— 1
Joi 1 4( (09(2)+y)17(x) nyﬁg(x))

03.21.23.0004.01
(D (2K+ v+ ) i

k=1 k(k+v+ E)
1 —K K
1 1 _V_gv_z Jk—g(x)z X X 3 n 1
-2 2(v+—]!x 227+[I0g(—)—¢(°)(v+—))jv(x)——yy(x)/;v+—eN
2 k:O(—k+V+%)k' 2 2 2 2

03.21.23.0005.01

> 1 1/, 1
>, 10tk = [Z el
3 2 Vx

k=—c0

03.21.23.0006.01
© ] n cos(xsin(t)) 1
Dleos2ktj, 10 =] ——— =] 1
k=1 2 2 2vVx 2 72

03.21.23.0007.01

& 1
i 1P = ———J 1007

=1 2
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03.21.23.0008.01
> ) 7 sin(xsin(t))
Dlsn@k+ o, 10= = ———
k=0 2 2 2Vx

03.21.23.0009.01

© ) . n cos(xcos(t)) 1
D=Dreos2kt j, 10 =] - ——— - =] 1
) 2 2 2\/Y 27

03.21.23.0010.01

> n
DL Deost@k+ DYy, 10 =] 5 ———
k=0 2 2 2Vx

03.21.23.0011.01

S =yt
] 1(X) = — ——] 1(X
o e 2 2¢x 272

03.21.23.0012.01

Sk, =2 22
- )= |- s
G ey 2 oyx 23

sin(x cos(t))

03.21.23.0013.01

© . b =1010%]
DD, 0= =
k=0 2 2 24/x

03.21.23.0014.01

& 1 T 1 1 2k
DA 1@==ia@+, 2 S5 e
k=0 2 272 2 2nvVz i

03.21.23.0015.01

> 1 T 1 =l 2k
D 1 @=ci @+ - S e 5 e
ko0 2 272 2 2nvVz i

03.21.23.0016.01
a _ . W2) (Z]y-1(W) [,(2) =W j,_1(D) j,(W)) 1
DL AK+2v+ D) ok W) ok (@ = /; Rev) > —=
py 2 - w2 2

Representations through more general functions

Through hypergeometric functions

Involving oF1
03.21.26.0001.01
. 3 Z
@=2""Vr 2 oFl[: v _Z]

Involving oF 1



http: //functions.wolfram.com

41

03.21.26.0002.01

27 I\ 2 F( 3 22] 1 .

—————— Ry mi—— |-y &N
3 2

F(V+E)

Involving 1F;

jv(z) =

03.21.26.0003.01

2—v—1 e—iz ~/ Tz

W= ——— Fi(v+1,2v+2,2i2)
F(v + 2)
2
03.21.26.0004.01

27\ 2 [ 3 22]
y@=———IlimF{]la;v+—; ——

F(v+g) ae 2 4a

Through Meijer G

Classical casesfor the direct function itself

03.21.26.0005.01

1 v pia
o= VT (@) eg;g(z

% 1
3 _E(V+ 1))

03.21.26.0006.01

1 v 2 =
H _ _ 32 _ 2\ 20T 2
Mo =2 (E) ey, Lo+, 2t
2" 2 v 2
03.21.26.0007.01
1 z
. 1,0 1
]v(\/;) = E‘/;Goz(z %y _%)
03.21.26.0008.01
; ; 1 20| ¢ _%
B(VZ)+ ,_y_l(ﬁ):ﬁcos(_@mm) 2|
4 4 -tw+n, L
s0v+1)

03.21.26.0009.01

WVZ) - sl V2 ) = 7 se{ 5@+ 2) Gig[

Classical casesinvolving cos

03.21.26.0010.01

o V7) (VZ) = -V 6

4

03.21.26.0011.01

1 a v+1

Vz)i. Wz 1\/— 2,2 0.5+
cos(a+ Z)jv< Z):— ﬂG3'5Z v v+l 1 v a
2 L v+, -2 2
2’ 27 2 2" n

Classical casesinvolving sin



http: //functions.wolfram.com

42

03.21.26.0012.01

Sn(V7)1,(v7) = - V7 oz

03.21.26.0013.01

snfa+Vz)(Vz)= \/—635

Classical casesinvolving cos, sin

03.21.26.0014.01

COS(\/?) j—y—l(‘/?) + sin(\/?) J'v(‘/?) =-Vr Sin(g) Gg:zll

03.21.26.0015.01

cos(ﬁ) JLH(‘/?) - sin(\/?) jv(\/?) =Vnr cos(g) Gi:i[z

Classical casesfor powersof spherical Bessel |

0 ]
1
V=5 V= 1
03.21.26.0017.01

ia(VZ )+ 1(VZ) =~V sineen) G2

03.21.26.0016.01

M(Vz) = \/_613[2

z

1
0, -3 ]
1 1
—y - 1y —= _5

2!

03.21.26.0018.01

2 0
val(\/?) —jv(\/_) =Vr cosnv) Glg[z 1 _1]
r 2
Classical casesfor productsof spherical Bessel |
03.21.26.0019.01
0
J—v—l(\/;)J (‘/_) ‘/_Gls[z 1, 1)
03.21.26.0020.01
1
jv—l(\/?) (\/—) \/_G13 z L 2 .
V- E, 1, -V — E
03.21.26.0021.01
1
. 0.-3
J#(\/;) (\/—) \/—624 S
- 5 Cu-v— 2, (u-v-1), :(-u+v-1
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03.21.26.0022.01

W(VZ)(VZ) + (V2 ) ia(Vz ) =V s‘n(%ww)) Gizi[z

0, -2 ]
1 ptvo 1 1
su=v=2), =, s (u-v=-0D, S (-u+v-1

03.21.26.0023.01

W(VZ) V2 )= ia(VZ ) ialVZ ) = =V co{% 7+ v)] Gﬁzi[z

20 ]
1 ptvo 1 1
sp=v=2), 5, s (u-v=-0D, S (-u+v-1)

Classical casesinvolving Bessel J

03.21.26.0024.01

3 Z) i) = % ot

z

03.21.26.0025.01

3.(Vz)iz) = % Gi3

4

03.21.26.0026.01

WV7)iV7) = — 6t

11
4’ 4
z
\/? v 1+p+v  p—v-1 v-pu

03.21.26.0027.01

1 1

1 1 33
L(VZ)WVZ) + (V2 ) i a(VZ ) = V2 s-r{_n[w_ _)) el
2 2 o Wb 5

03.21.26.0028.01

1 1 -3 3
Jﬂ(\/?) j,,(\/?) —J_#(\/?) val(ﬁ) =-v2 COS(—ﬂ[,u+v— —)] Gg:i 2| e e l4 4 .
2 2 BT s

Classical casesinvolving Bessel Y

03.21.26.0029.01

1
1 =
YaWz)iVz)=-—eldzl
2 \/? _Z’V+ Z,—V—Z
03.21.26.0030.01
1,1
. 2.1 2’ 2
Y_V_z(ﬁ)lv(ﬁ)—\/—%z IR O _E]
2 iRt ATl Al
03.21.26.0031.01
L 1a
. _ 21 ' 2
o=zl
2 2V V3
03.21.26.0032.01
L 11
. . 2.1 2’2
DD vt L S ]
2 Vg
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03.21.26.0033.01

VA
B T L u—v-1), 2 (~utv+ D)

2T T2

VVZ)1(VZ) = -% &2

V=i
2

Classical casesinvolving Bessel J, Y, y

03.21.26.0034.01
1
Y, (V2)iVz)+3 (V2 w(Vz) = -V2 6z ‘o ]
2 -V - 2 V+ 272
03.21.26.0035.01
. 1
sin2nv) n
Y _l(ﬁ)lv(\/?)—J _E(x/?)yy(«/_)=—7 3 L
v 2 V2 22 —3 V- v+s
03.21.26.0036.01
1 1
V(VZ)(VZ)+ u(VZ)w(VZ) =-V2 63z | | B e
PR e e
03.21.26.0037.01
1 1
, Cos( (11— v)) -3
Yﬂ(\/;) JV(\/;)_JM(E) yV(\/?) = \/? 2 g:lzl[ ( 1) :1—;44/&1/ y+v+l]
m P et R
03.21.26.0038.01
1 1
J,V,E(\/?) jy(\/?) - Y7V7£(\/?) yv(\/?) = —\/7 Gg:g[z N 4'34 ) 1]
? ? T VTV e
03.21.26.0039.01
11 o
. 44 2
WV VE)- VT E) = vE e ]
BRI it el el iy
03.21.26.0040.01
LVZ)WVE )+ YVZ ) (V2 ) =
11
cosr ) G322 44 |-snn 632 i

Classical casesinvolving Bessel |

03.21.26.0041.01

Vi3 2\4/?

z

03.21.26.0042.01
1
z 8 (1—4V)
64| -2, 2 2(-4v-3), : (1-4v), @v+D)

2,0
Gis

2 2vV2

Classical casesinvolving Bessel K
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03.21.26.0043.01
) 1 of Z
(V) ilVe )= oz Gg,g(a

1 31 1
38 §(4V+ 1),—5(4V+3))

03.21.26.0044.01
T
cos = (1+2v
B (5 ( ) aof Z
— Gyl —

7))+ 1(37) -

3 1 1 1
8 —g(4V+3), §(4V+1), —g)

2vV2 Vo4
03.21.26.0045.01
K (\4/?)(] (\4/?)_]' ((‘/?))z MG&O(i ‘ L Yaves), tav+y E)
v+§ —v-1 v e 04\ g | 8 8 '8 i)

Classical casesinvolving spherical Bessel y

03.21.26.0046.01

. i 1 50l Z —%(2a+v+1)
cos(arn) jv(\/?)+sm(a7r) yv(\/?) =-Vr Gg| - ) o
2 4] -5+, 5, -5 Ra+v+])
03.21.26.0047.01
Vr 0
H 2,0
e e (RN
03.21.26.0048.01
. 1 21 0 -v- g
J—v—l(\/;) yv(\/;) == \/7 62:4 Z 1 3
2 -5 v-L-v-2,v
03.21.26.0049.01
1 0 -3
jv+l(\/?) yv(\/?) = - ‘/7 Ggi Z 1 2 3
2 O, v+ E, 1, -V — E

03.21.26.0050.01

VT lVE) =V G2

z

03.21.26.0051.01
vV
iW(Vz) yv(‘/;) = Gil2

1 pv
0.-3.3 ]

2 2 2 ' 2" 2

0
-v-=1,v, —1]

2

03.21.26.0052.01

jv(\/;) Y—v—l(‘/?) + j—v—l(‘/;) Yv(‘/;) =-Vn Gig(z

03.21.26.0053.01

in(2rv 0
VB sVE) - ) = el )

2 732 —5,—v—1,v
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03.21.26.0054.01

WVZ) Nz )+ (V2 )WV 7 ) = V_G“F

|
1 1 ptvo 1
Sw=v=10,3(u+v=-0, —, S (-p-v=-2)

03.21.26.0055.01

. 1
sn(r(v-p) 5, 0,-3

jV(‘/;) yﬂ(\/;) - j#(‘/;) yV(\/;) S — G2:4 z

2732

1 1 Hrvo 1
sw=y=1, 5 (p+v=1), =, 5(—ﬂ—v—2)]

03.21.26.0056.01
2 sin(rrv)

LVE) vz ) = - eiqg

7(3/ 2

1
-5 —v-Llv

1
0,-v-13
1 1

-5 -v-1Lv,-v- 3

03.21.26.0057.01

BVZ) -w(Vz) = -V G

z

03.21.26.0058.01

0,0
j—v—l(\/?)j (‘/_) Yoy 1(\/—) (\/—) ‘/—G24[Z Y O]
03.21.26.0059.01
, _ 0,-3 3(-u-v=1
Ju(\/?)l (‘/—) yu(\/_) (\/—) \/—G35[Z w1 ]
—(uv2)—(uv1)—(u+v1)——(/1v1)

03.21.26.0060.01

nwanwa+wwawwa=-“””exk

2 7.(3/2

1 1 ptv o1 -
sCp=v=2, s(u-v=-1, 0, 5 (-p+v-1

sin(rrv)
_— Gg’i z
2792 ’

Classical casesinvolving cos, sin, y

1
0,-3 ]
1 1 ptvo 1
Sp-v=2), 5(pu+v-1, o, s (u-v-1

03.21.26.0061.01

sin(\/Y)Jy(\/?)NOS(\/?)yy( ) ~Vr Gyy

4

_i
03.21.26.0062.01

cos(\/_)( )sm(\/—)(\/—) Vr Gyy

z

03.21.26.0063.01

. . sin(zr v) 0,3
sn(\/?)Jv(ﬁ)—COS(\/?)yv(‘/;)=—FG§I§H 1y €+1 v]
m EERETE R
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03.21.26.0064.01

. 1
_ _ sin(rv) ., 03
cos(\/?)Jy(\/?)+sn(\/?)yy(\/?)=— -y Gy4|z v o e
4 272" 2 2
03.21.26.0065.01
sin( ) 0 1 a v
. . _ v 42 "2 T x 2
sm(a+\/7)Jv(ﬁ)—cos(a+\/7)yv(\/?)———2 i L VI
n BRI it
Classical casesinvolving gF 1
03.21.26.0066.01
2 5 1_b3_ b
oFl;bJ—z J'v(Z)=2b_EF(b)G%:i[ZZ vy o1 ) 2v4 ’ , 1|/ RE@>0
7727z PryrL-b-gag
03.21.26.0067.01
3 2 v 3 v 3 z
. _L_2 —— 1 1- 3v+2
oF1 JV+£§ " h@=272"7222(7) 4F(V+E)G(1J:2(a it ]
03.21.26.0068.01
1 Z\ i 1 2,0 z 1:1_V
OFl ; E_V; Z JV(Z)Z Z HF(E_V)GJ-ZS a v o v+2 v+l 1-v 3v+l /; Re(z)>0
44T T4 a4
Classical casesinvolving oF1
03.21.26.0069.01
2 s 1_b3 b
oﬁl[; b;—z]mz):zb‘ieéﬁ 2, .00 |hRe@>0
2727z PryrL-b-gas
03.21.26.0070.01
3 7 v 3 v z
= |. . . - -7 ~1,0 v v+l 1-v 3v+2
03.21.26.0071.01
1-v
1 Z v =
= |. . . -1 2,0 4 :
o)’ E_V’ Z W@ =22 "nGrg — v ov#2  vil 1oy 3yl iR >0
4’ 4T T4 a4

Generalized casesfor thedirect function itself

03.21.26.0072.01

03.21.26.0073.01

NI -

i 1 3/2 ;2 n—v v ~L0 iz %
(@ = Eﬂ (277 le3 ; el v
2

2

v
E:

Generalized casesinvolving cos
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03.21.26.0074.01

1
CoS(2) j,(2) = Ex/7 G%;i[z, 5

03.21.26.0075.01

cos@a+2 j,(2 = \/_GS.5 z

Generalized casesinvolving sin

03.21.26.0076.01

1
0.1
v+l +1 v v
AR AR

1
sin@ j,(2 = x/_ Gy 4[2 >

03.21.26.0077.01

1 a v
. . 1 0.3 7%32
sn@+2j,2 = \/—63525 Vv e ey
2’ 27 2’ 2'nx + 2
Generalized casesinvolving cos, sin
03.21.26.0078.01
) ) ) 1
cos(2) j_,_1(2) +SiN(?) j,(2) = \/—sm( )624 5
03.21.26.0079.01
. . . 2,1 1
C08(?) j,-1(2) - SN@ (2 = V7 cos( )624 2|
2

Generalized casesfor powersof spherical Bessdl |

0
v, —%, —v—l]

03.21.26.0080.01

1 1
W2?=-Vn Gi;é[z, -
2 2

03.21.26.0081.01

0, -2
j1@?+ @7 = -V sn(y) Gg;j[z, 2
-v-1v, -,
2

03.21.26.0082.01
1 0

j_y1(2% - j(2? = V7 costn) Gf‘g[z, - ‘ 1)

' 2| -v-1v, - 3

Generalized casesfor products of spherical Bessel |

0
-1, —V—l]

2!

03.21.26.0083.01
1

i@ i@ = \/_ Gla[z >

1
2 v v+l v+1 vy a v+1

N |-
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03.21.26.0084.01

jv—l(z) jv(z) \/— G]_ 3[2

03.21.26.0085.01

1 1
1@ (@ = 5 Vr G%:i[z, 5

1
0.-3
u+v 1

- 5 u-v—- 2),2(ﬂ v=1), s (-u+v-1

03.21.26.0086.01

i 1@ i@+ 1@ @ =-Vr sm( 7T(/J+V))Gz4

1‘ O’__ ]
1 ptvo 1 1
eu=v=2, 2 L u-v=1), 3 (~ut+v-1)

03.21.26.0087.01

@@= 1@ 1@ = ~Vr 005( 7+ V)) Gz4

19 ]
1 prvo1
stp=-v=2, 7, s(u-v- l)'z( u+v-1

Generalized casesinvolving Bessel J

03.21.26.0088.01

_ 1 1
I @@= —GHz =
"2 V2 2

|
I
<
I
w
<
+
1=
~—_———

03.21.26.0089.01

) 1 1
J 1(2 ]v(z) = G]_:3 zZ, —
V-3 (—2 2

03.21.26.0090.01

1 1

2

1 - =
1@ i@ =—Gy)z N

V2

1P B

p+v

7——(#+V+1) Z(u-v-1), " ]

03.21.26.0091.01

1 1 1 -2
L@@+ 3@ @=-V2 sjn(— n(y +v - —)) Gz =| | 1 v
2 2 2 —§(ﬂ+"+1)1 T’E('u_v_l)’T
03.21.26.0092.01
1 1 1 .
3,2 V@ - 34@D 1@ =2 cos(— ﬂ(# +v- —)] Gulz =| v 1 -
2 2 2 —5(/1+V+1), T’E('u_v_l)’T

Generalized casesinvolving Bessel Y

03.21.26.0093.01

_ 1 L4 1
Y 122 =-—GC3z ~
v+ (—2 2

03.21.26.0094.01

) 1 21 1
Y_V_l(z) ]v(z) = G2:4 Z, —
2 \/?
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03.21.26.0095.01

: 1 2,1
ny}(z) M2=— G2:4 z
2 V2

03.21.26.0096.01

) 1 21 1
Y _§(Z) 2= 62:4 Z, —
v 2 RV,

Generalized casesinvolving Bessel J, Y, y

03.21.26.0098.01

1
1 =
Y 1@i@+d 1@y@= \/—Gls[z - . a 1 1]
y2 V2 2 —y__'y+_‘__
4 4 4
03.21.26.0099.01
_ sn@2ry) [ 1 7
Y @i@-3 @w@=-—-—0CHz - | .
2 2 V2 n? 2| -3 -v=3.v+3
03.21.26.0100.01
1 11
Y@ i@ + 32 %@ = V2 63z . ,,4#+“V
2| 3u-v=-1), 5 5 - v+ D)
03.21.26.0101.01
1 1
_ COS(r (1t — ) 1 -3
Y,@ /(@ - 3@ %@ = ———— Gz, = = 4,;
V2 2 2 —(,U v-1), > (H+v+1)

03.21.26.0102.01

1
I @h@-Y_ 1@w@=-V2 Gé’:ﬁ[z, 5 ‘
2 2

03.21.26.0103.01

11
N
Jy(z) jv(z)_Yp(Z)yv(Z) -V C;35Z 1 “ v,u p+v
2| =3 utv+D, 5 (u-v=1), 55 5 S+

03.21.26.0104.01

B

1
-3

3@ @D+ YD %@ = [COS(M) Gyalz

‘—%(/ﬁwl) F-v=1,5 V;‘]

,gw—v—l)]]

VZ 22

1

sin(y) Goglz —

= MR

|3
<

| 3
1 V-
—E(,U‘*'V‘*'l), -

Generalized casesinvolving Bessdl |
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03.21.26.0105.01

. 4 z 1l 13 4n3
| 1@ 0@ =——0Cofl —. —| .5 5~ 5
2 2v2 \2v2 4
03.21.26.0106.01
1 1-4v
z 8
| @@= —Gi3 "2l 13 4w 14y ava
: 2V \2vZ 4 -pe
03.21.26.0107.01
ﬂCOS(%ﬂ(2V+ 1)) ;1 . %
| 1@ (1@ + @) = Gze "l 103 4wl a3 v w2
V+2 \4/? 2\/? 4 _glgr ) y ) 1217
03.21.26.0108.01
JTSin(%ﬂ(ZV+ 1)) s 1 vel v+
Iv+£(z)(j_v_l(z)_j‘/(z)): vag ' 1 3 4v+14 4:—3 v+l v+3
’ V2 2vV2 455 5 T e a4
Generalized casesinvolving Bessel K
03.21.26.0109.01
. 1 Z Ll 1 3 41 ans3
KV+1<Z)JV(Z>=—GS'13[ Sk e )
2 svz2 \2v2 4
03.21.26.0110.01
1
. . o Z”(2V+1)) 3 4w3 4wl 1
K,1@(ysa@+),2) = Goa =le 8 8 "8
2 a2 2v2 4

03.21.26.0111.01

Sin(%ﬂ(2v+l)) 30[ 7
Goa » =
a2 2v2 4

Generalized casesinvolving spherical Bessdl y

1 1 1 3
Y —§(4V+3), §(4V+1), §]

K,1@(1@-)@) =
2

03.21.26.0112.01

1
1 z 1 - (2a+v+1
cosam j(@+sn@ny@=-Vr G5 -, = | *
2 2 2| 20+, 5, -5 Qa+v+]
03.21.26.0113.01
_ Vo 20 1 0
L2V, (D) =-——Gralz —
J()yv() > 13 > —%,V,—V—l
03.21.26.0114.01
; v oaf 1 0, _V_g
J—v—l(z) yv(z) = G2:4 zZ, — 1 3
2 2| -2, —v-1,-v-2,v
2 2
03.21.26.0115.01
1 1 0,-2
1@ Y@ == V1 Golz - L2,
2 2|0 v+t —1,-v-2
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03.21.26.0116.01

1
2@ Y2 = 5\/7 Gyl z

03.21.26.0117.01

1 1 0,-3 5
; 22 T2 2
]”(Z) V(2 = E(_\/?) GS,S Z 5 pov=lopdy o pave2opev v,ul]
2 2! 2 ' 2 2
03.21.26.0118.01
1 0
@ Yoy1@ + @ W@ = -V GF 3[2 1]
v-1,v, >
03.21.26.0119.01
, _ sn@ry) ., 1 0
@D Y_y1D = 1D (D) = - 271_73/2 (31:3 Z, E B %’ y_1y

03.21.26.0120.01

@ Y.@+ i@ y@=-Vr G

2 ' 2 2 2

03.21.26.0121.01

1
, 1 0, -3
? 2 pu=v-1 v-pu-1 pu+v HAv+2

! 1
. . Sn(r(v—p) 4, 1 0,-3
@ y#(z) - J#(Z) W@ = T G2,4 Z E p=v=-1 v-p-1 p+v V2
T 2 ' 2 "2 T2
03.21.26.0122.01
_ sin(rv) 1 0
M2%+ (2P = - G ;(z ! . ]
232 -5 —v-Llv
03.21.26.0123.01
1
1 0,-v-=
iW(@? - y(@? = -Vr G|z - 2
-, -v=-1v,-v-=
03.21.26.0124.01
_ _ sin’() o, 0
Jov-1D V@) + Y--1D V(D) = 2 13| Z > - % 1y
03.21.26.0125.01
Vr G3° 1 0,0
-—v— .v - Y- v = Gyulz =
Jo-1D 1@ = Y1 W (D 7 Gyl Z > —%,—v 1,v,0]
03.21.26.0126.01
o 1 -0 -5
W@ B@ =Y @W@=-Vr Cogz =l o 5 e e e
2 ' 2 "2 2T

2
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03.21.26.0127.01

. 1
. ) Sin(r ) 1 0, -3
W@ 1@+ Y@@ =~ ———G3ilz ~| | . L
27 2| 2(-pu-v=2, S(u-v-1), 25, 2 (-p+v-1)
Sney) o 0, -3
4|4 S v
2732 2| Lpu-v=2, 3 (p+v-1, 25 Lu-v-1)
Generalized casesinvolving cos, sin, y
03.21.26.0128.01
. . 3,0 1 0, %
SN j,(2) + cos2) yy(2) = ~Vr Gyg|z - . .
2| —2(v+1), L, 2 L
2 r2 2 2
03.21.26.0129.01
2 (2 - sinz z—\/_Ge”Oz1 0‘%
cos(2) |y(2) - SN (D =V Gyy Sl vy e 1
2’2" 2 2
03.21.26.0130.01
o sny) [ 1 0,3
sin(2) JV(Z) - C0s(2) yv(z) = _—3/2 62:4 Z, 5 1 vyl Y
2n —E(V“'l), 3273
03.21.26.0131.01
o sy of 1 0,3
Cos(2) j,(2) + SN2 ¥,(2) = - - Gy Z’E vy ol v
2" 2" 27 2
03.21.26.0132.01
1
. . Sin(ﬂ')/) 42 0, 5'_;_5
sin(@a+ 2 j,(2 — cosa+ z)yv(z):——s/2 G35 z,E N Sy v A
27 B T T e it
Generalized casesinvolving oF
03.21.26.0133.01
2 3 1 1@a-2n), t3-2b
oFa: b; ——]jy(z)=2”‘5 oGz, * o
4 2| 5 —50+1), 5(=2b+v+2), 7 (-2b-v+1)

03.21.26.0134.01

Fql: +3'22 i z—2_%_g I +3Gl’0 G +1), 2 -1@y+2
oF1,V Eszv()— Ty 5 0,4 :,Z Z’_Z(V )‘T‘_Z(V )
03.21.26.0135.01
1-v
1 Z v 1 z 1 —_
OFl -V — jv(z) =22 17TF[_ _V) Gig v v ov+2 1 ) 1-v 1
2 4 2 22 4 7 T’_Z(V+l)’ T:z(3V+1)

Generalized casesinvolving oF;

]_
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03.21.26.0136.01

b 3
Euib——|j,@=2"2G6%2z =
0 1[ 4]1 245 5

03.21.26.0137.01

r 1
22

1 1
7(1-2b), 7 (3-2b)

v+1), %(—2b+v+2), %(—2b—v+l)

. 3 2\ BT M2 VY v 1
oF1 ;v+5; Z W@=2"7221Gp, \/_, Z > _Z(V+1)' = _Z(3V+2)
2V 2
03.21.26.0138.01
1-v
1 22 v z 1 -
. . v_ 4
OFl{; —=V _) W2 = 22 l”Gig r
2 4 22 4| LR e+ D, 2 1 @v+D)

Through other functions

03.21.26.0139.01

. r 1
2=,z —J 1@
2 Z v+2
03.21.26.0140.01
, GEV
W2 = - H 1@/,veN
vz 2 3

Representations through equivalent functions

With related functions

03.21.27.0001.01

Ve 1
jv(2)=,/ — (27221 12
2 V+E

03.21.27.0002.01

Vg L
jv(ziZ)z,/ - ({2"z 21 12
2 Vi3

03.21.27.0003.01
V(2 = sec(rv) y_,_1(2) + Y, (2) tan(zr v)

03.21.27.0004.01

1
W2 Y41 = jy1@ V@2 = -—
1 1 22

03.21.27.0005.01

B 3 2
h@=2""Vr 2 oFl[: v+ -, ——]
2 4

03.21.27.0006.01

2v-1\rx 7

3

(2 = Fif; v+ —=; -
(@ 01( >

22] 1
—|f-v- &Nt
4 2

|
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03.21.27.0007.01

_ 2 Nr 2 F( 3 22] 1
@@= ————0oFiv+t i —— |/ -v- - &N’
r(v+3) 2 4 2

03.21.27.0008.01

3; n .t
@ =0 S 2 (¥ z(ber ((~(-D¥2)—ibei_,
2 v+3 v+

03.21.27.0009.01

1

E5'7{ % 4 —v—— (4 v i
jv(zt/—_l Z)I@S @v+1) | E . 2(4_1 Z) (berv+l(z)_ibeiv+£(z))
2 2

(1%
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