
SphericalBesselJ

Notations

Traditional name

Spherical Bessel function of the first kind

Traditional notation

jΝHzL
Mathematica StandardForm notation

SphericalBesselJ@Ν, zD

Primary definition
03.21.02.0001.01

jΝHzL �
Π

2
 

1

z
J

Ν+
1

2

HzL

Specific values

Specialized values

For fixed Ν

03.21.03.0001.01

jΝH0L � 0 �; ReHΝL > 1

03.21.03.0002.01

jΝH0L � ¥� �; ReHΝL < 0

03.21.03.0003.01

jΝH0L � È �; ReHΝL � 0

For fixed z

Explicit rational  Ν



03.21.03.0004.01

j
-

31

6

HzL �
Π

162 2
6

35�6 z31�6  -288 3 I9 z2 - 110M Ai -
3

2

2�3
z2�3 z4�3 + 288 I9 z2 - 110M Bi -

3

2

2�3
z2�3 z4�3 -

3 2
3

3
6 I81 z4 - 4320 z2 + 14 080M Ai¢ -

3

2

2�3
z2�3 + 2

3
32�3 I81 z4 - 4320 z2 + 14 080M Bi¢ -

3

2

2�3
z2�3

03.21.03.0005.01

j-5HzL �
Iz4 - 45 z2 + 105M cosHzL + 5 z I21 - 2 z2M sinHzL

z5

03.21.03.0006.01

j
-

29

6

HzL �
1

54 65�6 z29�6  Π -168 3
6 I9 z2 - 80M Ai¢ -

3

2

2�3
z2�3 z2�3 + 56 32�3 I80 - 9 z2M Bi¢ -

3

2

2�3
z2�3 z2�3 +

22�3 3 I81 z4 - 3024 z2 + 4480M Ai -
3

2

2�3
z2�3 + 22�3 I81 z4 - 3024 z2 + 4480M Bi -

3

2

2�3
z2�3

03.21.03.0007.01

j
-

25

6

HzL �
1

54 2
6

35�6 z25�6  Π 9 3 I9 z2 - 160M Ai -
3

2

2�3
z2�3 z4�3 + 9 I160 - 9 z2M Bi -

3

2

2�3
z2�3 z4�3 -

60 2
3

3
6 I9 z2 - 32M Ai¢ -

3

2

2�3
z2�3 + 20 2

3
32�3 I9 z2 - 32M Bi¢ -

3

2

2�3
z2�3

03.21.03.0008.01

j-4HzL �
3 I2 z2 - 5M cosHzL + z Iz2 - 15M sinHzL

z4

03.21.03.0009.01

j
-

23

6

HzL �
1

9 65�6 z23�6  Π 3 3
6 I9 z2 - 112M Ai¢ -

3

2

2�3
z2�3 z2�3 +

32�3 I9 z2 - 112M Bi¢ -
3

2

2�3
z2�3 z2�3 + 8 22�3 3 I9 z2 - 14M Ai -

3

2

2�3
z2�3 + 8 22�3 I9 z2 - 14M Bi -

3

2

2�3
z2�3

03.21.03.0010.01

j
-

19

6

HzL � -
1

18 2
6

35�6 z19�6  Π -90 3 Ai -
3

2

2�3
z2�3 z4�3 +

90 Bi -
3

2

2�3
z2�3 z4�3 - 3 2

3
3

6 I9 z2 - 40M Ai¢ -
3

2

2�3
z2�3 + 2

3
32�3 I9 z2 - 40M Bi¢ -

3

2

2�3
z2�3

03.21.03.0011.01

j-3HzL �
3 z sinHzL - Iz2 - 3M cosHzL

z3

http://functions.wolfram.com 2



03.21.03.0012.01

j
-

17

6

HzL � -
Π

6 65�6 z17�6  -48 3
6

Ai¢ -
3

2

2�3
z2�3 z2�3 -

16 32�3 Bi¢ -
3

2

2�3
z2�3 z2�3 + 22�3 3 I9 z2 - 16M Ai -

3

2

2�3
z2�3 + 22�3 I9 z2 - 16M Bi -

3

2

2�3
z2�3

03.21.03.0013.01

j
-

13

6

HzL �
Π

6 2
6

35�6 z13�6  

-9 3 Ai -
3

2

2�3
z2�3 z4�3 + 9 Bi -

3

2

2�3
z2�3 z4�3 + 12 2

3
3

6
Ai¢ -

3

2

2�3
z2�3 - 4 2

3
32�3 Bi¢ -

3

2

2�3
z2�3

03.21.03.0014.01

j-2HzL � -
cosHzL + z sinHzL

z2

03.21.03.0015.01

j
-

11

6

HzL �

-
Π

65�6 z11�6  3 3
6

Ai¢ -
3

2

2�3
z2�3 z2�3 + 32�3 Bi¢ -

3

2

2�3
z2�3 z2�3 + 22�3 3 Ai -

3

2

2�3
z2�3 + 22�3 Bi -

3

2

2�3
z2�3

03.21.03.0016.01

j
-

7

6

HzL �
Π

25�6 3
6

z7�6  Bi¢ -
3

2

2�3
z2�3 - 3 Ai¢ -

3

2

2�3
z2�3

03.21.03.0017.01

j-1HzL �
cosHzL

z

03.21.03.0018.01

j
-

5

6

HzL �
Π

2 2
6

3
3

z5�6  3 Ai -
3

2

2�3
z2�3 + 3 Bi -

3

2

2�3
z2�3

03.21.03.0019.01

j
-

1

6

HzL � -
Π

2 2
6

3
3

z5�6  3 Bi -
3

2

2�3
z2�3 - 3 Ai -

3

2

2�3
z2�3

03.21.03.0020.01

j0HzL � sincHzL
03.21.03.0021.01

j 1

6

HzL �
Π

25�6 3
6

z7�6  3 Ai¢ -
3

2

2�3
z2�3 + Bi¢ -

3

2

2�3
z2�3

http://functions.wolfram.com 3



03.21.03.0022.01

j 5

6

HzL �

-
Π

65�6 z11�6  -3 3
6

Ai¢ -
3

2

2�3
z2�3 z2�3 + 32�3 Bi¢ -

3

2

2�3
z2�3 z2�3 - 22�3 3 Ai -

3

2

2�3
z2�3 + 22�3 Bi -

3

2

2�3
z2�3

03.21.03.0023.01

j1HzL �
sinHzL - z cosHzL

z2

03.21.03.0024.01

j 7

6

HzL � -
Π

6 2
6

35�6 z13�6  

9 3 Ai -
3

2

2�3
z2�3 z4�3 + 9 Bi -

3

2

2�3
z2�3 z4�3 - 12 2

3
3

6
Ai¢ -

3

2

2�3
z2�3 - 4 2

3
32�3 Bi¢ -

3

2

2�3
z2�3

03.21.03.0025.01

j 11

6

HzL � -
Π

6 65�6 z17�6  -48 3
6

Ai¢ -
3

2

2�3
z2�3 z2�3 +

16 32�3 Bi¢ -
3

2

2�3
z2�3 z2�3 + 22�3 3 I9 z2 - 16M Ai -

3

2

2�3
z2�3 + 22�3 I16 - 9 z2M Bi -

3

2

2�3
z2�3

03.21.03.0026.01

j2HzL � -
3 z cosHzL + Iz2 - 3M sinHzL

z3

03.21.03.0027.01

j 13

6

HzL � -
Π

18 2
6

35�6 z19�6  90 3 Ai -
3

2

2�3
z2�3 z4�3 + 90 Bi -

3

2

2�3
z2�3 z4�3 +

3 2
3

3
6 I9 z2 - 40M Ai¢ -

3

2

2�3
z2�3 + 2

3
32�3 I9 z2 - 40M Bi¢ -

3

2

2�3
z2�3

03.21.03.0028.01

j 17

6

HzL � -
1

9 65�6 z23�6  Π 3 3
6 I9 z2 - 112M Ai¢ -

3

2

2�3
z2�3 z2�3 +

32�3 I112 - 9 z2M Bi¢ -
3

2

2�3
z2�3 z2�3 + 8 22�3 3 I9 z2 - 14M Ai -

3

2

2�3
z2�3 + 8 22�3 I14 - 9 z2M Bi -

3

2

2�3
z2�3

03.21.03.0029.01

j3HzL �
z Iz2 - 15M cosHzL + 3 I5 - 2 z2M sinHzL

z4

http://functions.wolfram.com 4



03.21.03.0030.01

j 19

6

HzL �
Π

54 2
6

35�6 z25�6 9 3 I9 z2 - 160M Ai -
3

2

2�3
z2�3 z4�3 + 9 I9 z2 - 160M Bi -

3

2

2�3
z2�3 z4�3 -

60 2
3

3
6 I9 z2 - 32M Ai¢ -

3

2

2�3
z2�3 + 20 2

3
32�3 I32 - 9 z2M Bi¢ -

3

2

2�3
z2�3

03.21.03.0031.01

j 23

6

HzL �
Π

54 65�6 z29�6  -168 3
6 I9 z2 - 80M Ai¢ -

3

2

2�3
z2�3 z2�3 - 56 32�3 I80 - 9 z2M Bi¢ -

3

2

2�3
z2�3 z2�3 -

22�3 3 I-81 z4 + 3024 z2 - 4480M Ai -
3

2

2�3
z2�3 - 22�3 I81 z4 - 3024 z2 + 4480M Bi -

3

2

2�3
z2�3

03.21.03.0032.01

j4HzL �
5 z I2 z2 - 21M cosHzL + Iz4 - 45 z2 + 105M sinHzL

z5

03.21.03.0033.01

j 25

6

HzL �
1

162 2
6

35�6 z31�6  Π 288 3 I9 z2 - 110M Ai -
3

2

2�3
z2�3 z4�3 + 288 I9 z2 - 110M Bi -

3

2

2�3
z2�3 z4�3 +

3 2
3

3
6 I81 z4 - 4320 z2 + 14 080M Ai¢ -

3

2

2�3
z2�3 + 2

3
32�3 I81 z4 - 4320 z2 + 14 080M Bi¢ -

3

2

2�3
z2�3

03.21.03.0034.01

j 29

6

HzL � -
1

81 35�6 z35�6  29 120 2
6

Π 3
6 27 I3 z2 - 280M z2

58 240
+ 1 3 Bi¢ -

3

2

2�3
z2�3 - 3 Ai¢ -

3

2

2�3
z2�3 z2�3 +

22�3 243 z4

8320
-

9 z2

13
+ 1 Bi -

3

2

2�3
z2�3 - 3 Ai -

3

2

2�3
z2�3

03.21.03.0035.01

j 31

6

HzL � -
1

243 z37�6  24 640
2

3

5�6
Π 9 z4�3 81 z4

98 560
-

27 z2

280
+ 1 3 Ai -

3

2

2�3
z2�3 + Bi -

3

2

2�3
z2�3 -

4 2
3

3
6 243 z4

24 640
-

9 z2

28
+ 1 3 Ai¢ -

3

2

2�3
z2�3 + 3 Bi¢ -

3

2

2�3
z2�3

Symbolic rational  Ν

03.21.03.0036.01

jΝHzL � sin z -
Π Ν

2
â
j=0

f 1

4
J2 ¢Ν+

1

2
¦-1Nv H-1L j 2-2 j z-2 j-1 J2 j + ¢Ν + 1

2
¦ - 1

2
N !

H2 jL ! J-2 j + ¢Ν + 1

2
¦ - 1

2
N !

+

cos z -
Π Ν

2
â
j=0

f 1

4
J2 ¢Ν+

1

2
¦-3Nv H-1L j 2-2 j-1 z-2 j-2 J2 j + ¢Ν + 1

2
¦ + 1

2
N !

H2 j + 1L ! J-2 j + ¢Ν + 1

2
¦ - 3

2
N !

�; Ν Î Z

http://functions.wolfram.com 5



03.21.03.0037.01

jΝHzL �
ä

J¢Ν+
1

2
¦- 1

3
N JsgnJΝ+

1

2
N+1N

2
¢Ν+

1

2
¦- 13

6 Π z-¢Ν+
1

2
¦- 1

2 GJ- 1

3
N sgnJΝ + 1

2
N

35�6 GJ1 - ¢Ν + 1

2
¦N  

3
6

z2�3 3 Bi¢ -
3

2

2�3
z2�3 - 3 Ai¢ -

3

2

2�3
z2�3 sgn Ν +

1

2
â
k=0

¢Ν+
1

2
¦- 4

3 4-k Iz2Mk J-k + ¢Ν + 1

2
¦ - 4

3
N !

k ! J-2 k + ¢Ν + 1

2
¦ - 4

3
N ! J 4

3
N
k

J1 - ¢Ν + 1

2
¦N

k

+

22�3 Bi -
3

2

2�3
z2�3 - 3 Ai -

3

2

2�3
z2�3 sgn Ν +

1

2

â
k=0

¢Ν+
1

2
¦- 1

3 4-k Iz2Mk J-k + ¢Ν + 1

2
¦ - 1

3
N !

k ! J-2 k + ¢Ν + 1

2
¦ - 1

3
N ! J 1

3
N
k

J1 - ¢Ν + 1

2
¦N

k

�; Ν +
1

2
-

1

3
Î Z

03.21.03.0038.01

jΝHzL �
ä

J¢Ν+
1

2
¦- 2

3
N JsgnJΝ+

1

2
N+1N

2
¢Ν+

1

2
¦- 17

6 Π z-¢Ν+
1

2
¦- 1

2 GJ- 2

3
N sgnJΝ + 1

2
N

3 35�6 GJ1 - ¢Ν + 1

2
¦N

9 z4�3 3 Ai -
3

2

2�3
z2�3 + Bi -

3

2

2�3
z2�3 sgn Ν +

1

2
â
k=0

¢Ν+
1

2
¦- 5

3 4-k Iz2Mk J-k + ¢Ν + 1

2
¦ - 5

3
N !

k ! J-2 k + ¢Ν + 1

2
¦ - 5

3
N ! J 5

3
N
k

J1 - ¢Ν + 1

2
¦N

k

-

4 2
3

3
6

3 Ai¢ -
3

2

2�3
z2�3 + 3 Bi¢ -

3

2

2�3
z2�3 sgn Ν +

1

2

â
k=0

¢Ν+
1

2
¦- 2

3 4-k Iz2Mk J-k + ¢Ν + 1

2
¦ - 2

3
N !

k ! J-2 k + ¢Ν + 1

2
¦ - 2

3
N ! J 2

3
N
k

J1 - ¢Ν + 1

2
¦N

k

�; Ν +
1

2
-

2

3
Î Z

Values at fixed points

03.21.03.0039.01

j0H0L � 1

Values at infinities

03.21.03.0040.01

lim
x®¥

jΝHxL � 0

03.21.03.0041.01

lim
x®-¥

jΝHxL � 0

03.21.03.0042.01

jΝIãä Λ  ¥M � 0 Λ � 0 ê Λ � Π
~ True

�; ImHΛL � 0

03.21.03.0043.01

jΝH¥L � 0

http://functions.wolfram.com 6



03.21.03.0044.01

jΝH-¥L � 0

General characteristics

Domain and analyticity

jΝHzL is an analytical function of Ν and z which is defined over C2.

03.21.04.0001.01HΝ * zL � jΝHzL � HC Ä CL �C

Symmetries and periodicities

Parity

03.21.04.0002.01

jΝH-zL � H-zLΝ z-Ν jΝHzL
03.21.04.0003.01

j
-n-

1

2

HzL � H-1Ln j
n-

1

2

HzL �; n +
1

2
Î Z

Mirror symmetry

03.21.04.0004.01

jΝ Hz�L � jΝHzL �; z Ï H-¥, 0L
Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed Ν, the function jΝHzL has an essential singularity at z � ¥� . At the same time, the point z � ¥�  is a branch

point for generic Ν.

03.21.04.0005.01

SingzH jΝHzLL � 88¥� , ¥<<
With respect to Ν

For fixed z, the function jΝHzL has only one singular point at Ν = ¥� .  It is an essential singular point. 

03.21.04.0006.01

SingΝH jΝHzLL � 88¥� , ¥<<
Branch points

With respect to z

http://functions.wolfram.com 7



For fixed noninteger Ν + 1
2
, the function jΝHzL has two branch points: z � 0, z � ¥� .  At the same time, the point z � ¥�  is an

essential singularity.

03.21.04.0007.01

BPzH jΝHzLL � 80, ¥� < �; Ν +
1

2
Ï Z

03.21.04.0008.01

BPzH jΝHzLL � 8< �; Ν +
1

2
Î Z

03.21.04.0009.01

RzH jΝHzL, 0L � log �; Ν Ï Q

03.21.04.0010.01

Rz j p

q

HzL, 0 � q �; p Î Z ì q - 1 Î N+ ì gcdHp, qL � 1

03.21.04.0011.01

RzH jΝHzL, ¥� L � log �; Ν Ï Q

03.21.04.0012.01

Rz j p

q

HzL, ¥� � q �; p Î Z ì q - 1 Î N+ ì gcdHp, qL � 1

With respect to Ν

For fixed z, the function jΝHzL does not have branch points.

03.21.04.0013.01

BPΝH jΝHzLL � 8<
Branch cuts

With respect to z

When Ν + 1
2

 is an integer, jΝHzL is an entire function of z. For fixed noninteger Ν + 1
2
, it has one infinitely long branch cut.

For fixed noninteger Ν + 1
2
, the function jΝHzL is a single-valued function on the z-plane cut along the interval H-¥, 0L,

where it is continuous from above.

03.21.04.0014.01

BCzH jΝHzLL � 88H-¥, 0L, -ä<< �; Ν +
1

2
Ï Z

03.21.04.0015.01

BCzH jΝHzLL � 8< �; Ν +
1

2
Î Z

03.21.04.0016.01

lim
Ε®+0

jΝHx + ä ΕL � jΝHxL �; x Î R ß x < 0

03.21.04.0017.01

lim
Ε®+0

jΝHx - ä ΕL � ã-2 ä Π Ν jΝHxL �; x Î R ß x < 0

With respect to Ν

http://functions.wolfram.com 8



For fixed z, the function jΝHzL is an entire function of Ν and does not have branch cuts.

03.21.04.0018.01

BCΝH jΝHzLL � 8<
Series representations

Generalized power series

Expansions at Ν � ±n

03.21.06.0001.01

jΝHzL µ jnHzL +
2 H2 zL-n-1

n!
 

2 z â
k=0

f n-1

2
v H-1Lk 22 k n

2 k + 1
H-2 k + 2 n - 1L ! -cosHzL CiH2 zL + cosHzL Ψ k +

3

2
- Ψ k - n +

1

2
- sinHzL SiH2 zL z2 k -

â
k=0

f n

2
v H-1Lk 22 k n

2 k
H2 n - 2 kL ! -CiH2 zL sinHzL + Ψ k +

1

2
- Ψ k - n +

1

2
sinHzL + cosHzL SiH2 zL z2 k  HΝ -

nL + ¼ �; HΝ ® nL ß n Î N

03.21.06.0002.01

jΝHzL µ j-nHzL -
H-1Ln 21-n z-n

Hn - 1L !

â
k=0

f n-1

2
v H-4Lk z2 k n - 1

2 k
H-2 k + 2 n - 2L ! cosHzL CiH2 zL + cosHzL Ψ k +

1

2
- Ψ k - n +

3

2
+ sinHzL SiH2 zL +

2 z â
k=0

f n

2
v-1 H-4Lk z2 k n - 1

2 k + 1
H-2 k + 2 n - 3L ! CiH2 zL sinHzL + Ψ k +

3

2
- Ψ k - n +

3

2
sinHzL - cosHzL SiH2 zL Hn +

ΝL + ¼ �; HΝ ® -nL ì n Î N+

Expansions at generic point z � z0

For the function itself

03.21.06.0003.01

jΝHzL µ
1

z0

Ν
argJz-z0N

2 Π

z0

Ν
argJz-z0N

2 Π

jΝHz0L + jΝ-1Hz0L -
Ν + 1

z0

 jΝHz0L Hz - z0L +
IΝ2 + 3 Ν - z0

2 + 2M jΝHz0L - 2 z0 jΝ-1Hz0L
2 z0

2
 Hz - z0L2 + ¼ �; Hz ® z0L

http://functions.wolfram.com 9



03.21.06.0004.01

jΝHzL µ
1

z0

Ν
argJz-z0N

2 Π

z0

Ν
argJz-z0N

2 Π

jΝHz0L + jΝ-1Hz0L -
Ν + 1

z0

 jΝHz0L Hz - z0L +
IΝ2 + 3 Ν - z0

2 + 2M jΝHz0L - 2 z0 jΝ-1Hz0L
2 z0

2
 Hz - z0L2 + OIHz - z0L3M

03.21.06.0005.01

jΝHzL �
1

z0

Ν
argJz-z0N

2 Π

z0

Ν
argJz-z0N

2 Π â
k=0

¥ jΝ
H0,kLHz0L

k !
 Hz - z0Lk

03.21.06.0006.01

jΝHzL �
Π

2
GHΝ + 1L K z0

4
OΝ 1

z0

Ν
argJz-z0N

2 Π

z0

Ν
argJz-z0N

2 Π â
k=0

¥ 2k z0
-k

k !
 2F

�
3

Ν + 1

2
,

Ν + 2

2
;

Ν - k + 1

2
,

Ν - k + 2

2
, Ν +

3

2
; -

z0
2

4
Hz - z0Lk

03.21.06.0007.01

jΝHzL �
1

z0

Ν
argJz-z0N

2 Π

z0

Ν
argJz-z0N

2 Π

2 Π

â
k=0

¥

2-k â
j=0

2 k 22 j z0
- j

j !
 2F

�
3 -

j

2
,

1 - j

2
; - j + k + 1,

1

4
H1 - 2 jL, 1

4
H3 - 2 jL; -

z0
2

4
j j-k+ΝHz0L Hz - z0Lk

03.21.06.0008.01

jΝHzL �

1

z0

Ν
argJz-z0N

2 Π

z0

Ν
argJz-z0N

2 Π â
k=0

¥ 1

k !
 z0

-k â
i=0

k
k
i

i - k +
1

2 k-i
â
m=0

i H-1Li+m i

m
-Ν -

1

2 i-m
â
u=0

m H-1Lu-1 22 u-m H-mL2 Hm-uL JΝ + 1

2
N
u

Hm - uL !
 

1

2
z0 â

j=0

u-1 H- j + u - 1L ! 4- j z0
2 j

j ! H-2 j + u - 1L ! J-u - Ν + 1

2
N

j
JΝ + 1

2
N

j+1

 jΝ-1Hz0L - â
j=0

u Hu - jL ! 4- j z0
2 j

j ! Hu - 2 jL ! J-u - Ν + 1

2
N

j
JΝ + 1

2
N

j

 jΝHz0L
Hz - z0Lk

03.21.06.0009.01

jΝHzL µ
1

z0

Ν
argJz-z0N

2 Π

z0

Ν
argJz-z0N

2 Π

jΝHz0L H1 + OHz - z0LL
Expansions on branch cuts

For the function itself

03.21.06.0010.01

jΝHzL µ ã
2 Ν Π ä g argHz-xL

2 Π
w

jΝHxL + jΝ-1HxL -
Ν + 1

x
 jΝHxL Hz - xL +

I-x2 + Ν2 + 3 Ν + 2M jΝHxL - 2 x jΝ-1HxL
2 x2

 Hz - xL2 + ¼ �;
Hz ® xL ß x Î R ß x < 0

http://functions.wolfram.com 10



03.21.06.0011.01

jΝHzL µ ã
2 Ν Π ä g argHz-xL

2 Π
w

jΝHxL + jΝ-1HxL -
Ν + 1

x
 jΝHxL Hz - xL +

I-x2 + Ν2 + 3 Ν + 2M jΝHxL - 2 x jΝ-1HxL
2 x2

 Hz - xL2 + OIHz - xL3M �;
x Î R ß x < 0

03.21.06.0012.01

jΝHzL � ã
2 Ν Π ä g argHz-xL

2 Π
w â

k=0

¥ jΝ
H0,kLHz0L

k !
 Hz - xLk

03.21.06.0013.01

jΝHzL �
Π

2
 GHΝ + 1L K x

4
OΝ

ã
2 Ν Π ä g argHz-xL

2 Π
w â

k=0

¥ 2k x-k

k !
 2F

�
3

Ν + 1

2
,

Ν + 2

2
;

1

2
H-k + Ν + 1L, 1

2
H-k + Ν + 2L, Ν +

3

2
; -

x2

4
Hz - xLk �;

x Î R ß x < 0

03.21.06.0014.01

jΝHzL � ã
2 Ν Π ä g argHz-xL

2 Π
w

2 Π â
k=0

¥

2-k â
j=0

2 k 22 j x- j

j !
 2F

�
3 -

j

2
,

1 - j

2
; - j + k + 1,

1

4
H1 - 2 jL, 1

4
H3 - 2 jL; -

x2

4
j j-k+ΝHxL Hz - xLk �;

x Î R ß x < 0

03.21.06.0015.01

jΝHzL � ã
2 Ν Π ä g argHz-xL

2 Π
w â

k=0

¥ x-k

k !
â
i=0

k
k
i

i - k +
1

2 k-i
â
m=0

i H-1Li+m i

m
-Ν -

1

2 i-m

â
u=0

m H-1Lu-1 22 u-m H-mL2 Hm-uL JΝ + 1

2
N
u

Hm - uL !
 

1

2
x â

j=0

u-1 IH- j + u - 1L ! 4- j x2 jM jΝ-1HxL
j ! H-2 j + u - 1L ! J-u - Ν + 1

2
N

j
JΝ + 1

2
N

j+1

-

â
j=0

u IHu - jL ! 4- j x2 jM jΝHxL
j ! Hu - 2 jL ! J-u - Ν + 1

2
N

j
JΝ + 1

2
N

j

Hz - xLk �; x Î R ß x < 0

03.21.06.0016.01

jΝHzL µ ã
2 Ν Π ä g argHz-xL

2 Π
w

jΝHxL H1 + OHz - xLL �; x Î R ß x < 0

Expansions at z � 0

For the function itself

General case

03.21.06.0017.01

jΝHzL µ
Π

2 GJΝ + 3

2
N  K z

2
OΝ

1 -
z2

2 H3 + 2 ΝL +
z4

8 H3 + 2 ΝL H5 + 2 ΝL - ¼ �; Hz ® 0L í -Ν -
1

2
Ï N+

03.21.06.0018.01

jΝHzL µ
Π

2 GJΝ + 3

2
N  K z

2
OΝ

1 -
z2

2 H3 + 2 ΝL +
z4

8 H3 + 2 ΝL H5 + 2 ΝL - OIz6M �; -Ν -
1

2
Ï N+

http://functions.wolfram.com 11



03.21.06.0019.01

jΝHzL �
Π

2
K z

2
OΝ â

k=0

¥ H-1Lk z2 k

4k GJk + Ν + 3

2
N k !

03.21.06.0020.01

jΝHzL �
Π

2 GJΝ + 3

2
N  K z

2
OΝ â

k=0

¥ H-1Lk z2 k

4k JΝ + 3

2
N
k

k !
�; -Ν -

1

2
Ï N+

03.21.06.0021.01

jΝHzL �
2-Ν-1 Π zΝ

GJΝ + 3

2
N  0F1 ; Ν +

3

2
; -

z2

4
�; -Ν -

1

2
Ï N+

03.21.06.0022.01

jΝHzL � 2-Ν-1 Π zΝ
0F

�
1 ; Ν +

3

2
; -

z2

4

03.21.06.0023.01

jΝHzL µ
Π

2 GJΝ + 3

2
N  K z

2
OΝ

+ OIzΝ+2M �; -Ν -
1

2
Ï N+

03.21.06.0024.01

jΝHzL � F¥Hz, ΝL �;
FnHz, ΝL �

Π

2
K z

2
OΝ â

k=0

n H-1Lk z2 k

4k GJk + Ν + 3

2
N k !

� jΝHzL + H-1Ln 2-2 n-Ν-3 Π  z2 n+Ν+2
1F

�
2 1; n + 2, n + Ν +

5

2
; -

z2

4
í n Î N

Summed form of the truncated series expansion.

Special cases

03.21.06.0025.01

jΝHzL µ
ä H-2LΝ Π z-Ν-1

GJ 1

2
- ΝN  1 +

z2

2 H2 Ν - 1L +
z4

8 H2 Ν - 1L H2 Ν - 3L + ¼ �; Hz ® 0L í -Ν -
1

2
Î N+

03.21.06.0026.01

jΝHzL µ
ä H-2LΝ Π z-Ν-1

GJ 1

2
- ΝN  1 +

z2

2 H2 Ν - 1L +
z4

8 H2 Ν - 1L H2 Ν - 3L + OIz6M �; -Ν -
1

2
Î N+

03.21.06.0027.01

jΝHzL �
H-1LΝ+

1

2 Π

z
 â
k=0

¥ H-1Lk

GJk - Ν + 1

2
N k !

 K z

2
O2 k-Ν �; -Ν -

1

2
Î N+

03.21.06.0028.01

jΝHzL �
H-1LΝ+

1

2 Π

z GJ 1

2
- ΝN  â

k=0

¥ H-1Lk

J 1

2
- ΝN

k
k !

 K z

2
O2 k-Ν �; -Ν -

1

2
Î N+

http://functions.wolfram.com 12



03.21.06.0029.01

jΝHzL �
H-1LΝ+

1

2 2Ν Π z-Ν-1

GJ 1

2
- ΝN  0F1 ;

1

2
- Ν; -

z2

4
�; -Ν -

1

2
Î N+

03.21.06.0030.01

jΝHzL � H-1LΝ+
1

2 2Ν Π z-Ν-1
0F

�
1 ;

1

2
- Ν; -

z2

4
�; -Ν -

1

2
Î N+

03.21.06.0031.01

jΝHzL µ
ä H-2LΝ Π z-Ν-1

GJ 1

2
- ΝN + OIz1-ΝM �; -Ν -

1

2
Î N+

For small integer powers of the function

For the second power

03.21.06.0032.01

jΝHzL2 µ
2-2 Ν-2 Π z2 Ν

GJΝ + 3

2
N2

 1 -
z2

3 + 2 Ν
+

z4 H2 + ΝL
H3 + 2 ΝL2 H5 + 2 ΝL + ¼ �; Hz ® 0L

03.21.06.0033.01

jΝHzL2 µ
2-2 Ν-2 Π z2 Ν

GJΝ + 3

2
N2

 1 -
z2

3 + 2 Ν
+

z4 H2 + ΝL
H3 + 2 ΝL2 H5 + 2 ΝL + OIz6M

03.21.06.0034.01

jΝHzL2 �
2-2 Ν-2 Π z2 Ν

GJΝ + 3

2
N2

 â
k=0

¥ H-1Lk HΝ + 1Lk z2 k

JΝ + 3

2
N
k

H2 Ν + 2Lk k !

03.21.06.0035.01

jΝHzL2 �
2-2 Ν-2 Π z2 Ν

GJΝ + 3

2
N2

 1F2 Ν + 1; Ν +
3

2
, 2 Ν + 2; -z2

03.21.06.0036.01

jΝHzL2 �
Π

2
 GHΝ + 1L z2 Ν

1F
�

2 Ν + 1; Ν +
3

2
, 2 Ν + 2; -z2

03.21.06.0037.01

jΝHzL2 µ
2-2 Ν-2 Π z2 Ν

GJΝ + 3

2
N2

 I1 + OIz2MM
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03.21.06.0038.01

jΝHzL2 � F¥Hz.ΝL �; FnHz, ΝL �
2-2 Ν-2 Π z2 Ν

GJΝ + 3

2
N2

â
k=0

n H-1Lk HΝ + 1Lk z2 k

JΝ + 3

2
N
k

H2 Ν + 2Lk k !
�

jΝHzL2 +
1

2
H-1Ln Π z2 n+2 Ν+2 GHn + Ν + 2L 2F

�
3 1, n + Ν + 2; n + 2, n + Ν +

5

2
, n + 2 Ν + 3; -z2 í n Î N

Summed form of the truncated series expansion.

Asymptotic series expansions

Expansions inside Stokes sectors

Expansions containing z ® ¥

In exponential form |||  In exponential form

03.21.06.0039.01

jΝHzL µ
1

2 z
 ã

1

2
ä H-2 z+Π Ν+ΠL 1 -

ä Ν HΝ + 1L
2 z

+
H1 - ΝL Ν HΝ + 2L HΝ + 1L

8 z2
+ ¼ +

ã
1

2
H-äL H-2 z+Π Ν+ΠL 1 +

ä Ν HΝ + 1L
2 z

-
HΝ - 1L Ν HΝ + 2L HΝ + 1L

8 z2
+ ¼ �;  argHzL¤ < Π ì H z¤ ® ¥L

03.21.06.0040.01

jΝHzL µ
1

2 z
 ã

1

2
ä H-2 z+Π Ν+ΠL â

k=0

n H-ΝLk HΝ + 1Lk

k !
 

ä

2 z

k

+ O
1

zn+1
+ ã-

ä

2
H-2 z+Π Ν+ΠL â

k=0

n H-ΝLk HΝ + 1Lk

k !
 -

ä

2 z

k

+ O
1

zn+1
�;

 argHzL¤ < Π ì H z¤ ® ¥L
03.21.06.0041.01

jΝHzL µ
1

2 z
 ã

1

2
ä H-2 z+Π Ν+ΠL

2F0 -Ν, Ν + 1; ;
ä

2 z
+ ã

1

2
H-äL H-2 z+Π Ν+ΠL

2F0 -Ν, Ν + 1; ; -
ä

2 z
�;  argHzL¤ < Π ì H z¤ ® ¥L

03.21.06.0042.01

jΝHzL µ
1

2 z
 ã-

1

2
ä H-2 z+Π Ν+ΠL 1 + O

1

z
+ ã

1

2
ä H-2 z+Π Ν+ΠL 1 + O

1

z
�;  argHzL¤ < Π ì H z¤ ® ¥L

In trigonometric form |||  In trigonometric form

03.21.06.0043.01

jΝHzL µ
1

z
sin z -

Π Ν

2
 1 -

H-1 + ΝL Ν H1 + ΝL H2 + ΝL
8 z2

+
H-3 + ΝL H-2 + ΝL H-1 + ΝL Ν H1 + ΝL H2 + ΝL H3 + ΝL H4 + ΝL

384 z4
+ ¼ +

Ν HΝ + 1L
2 z2

 cos z -
Π Ν

2
1 -

H-2 + ΝL H-1 + ΝL H2 + ΝL H3 + ΝL
24 z2

+

H-4 + ΝL H-3 + ΝL H-2 + ΝL H-1 + ΝL H2 + ΝL H3 + ΝL H4 + ΝL H5 + ΝL
1920 z4

+ ¼ �;  argHzL¤ < Π ì H z¤ ® ¥L
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03.21.06.0044.01

jΝHzL µ
1

z
sin z -

Π Ν

2
 â

k=0

n J 1

2
- Ν

2
N
k

I Ν

2
+ 1M

k
I- Ν

2
M
k

J Ν+1

2
N
k

k ! J 1

2
N
k

 -
1

z2

k

+ O
1

z2 Hn+1L +

Ν HΝ + 1L
2 z2

 cos z -
Π Ν

2
â
k=0

n J 1

2
- Ν

2
N
k

I1 - Ν

2
M
k

I Ν

2
+ 1M

k
J Ν+3

2
N
k

k ! J 3

2
N
k

 -
1

z2

k

+ O
1

z2 Hn+1L �;  argHzL¤ < Π ì H z¤ ® ¥L
03.21.06.0045.01

jΝHzL µ
ä ãä Π Ν -z

z3�2 sin z +
Π Ν

2
 â
k=0

n J 1

2
- Ν

2
N
k

I Ν

2
+ 1M

k
I- Ν

2
M
k

J Ν+1

2
N
k

k ! J 1

2
N
k

 -
1

z2

k

+ O
1

z2 Hn+1L +

Ν HΝ + 1L
2 z

 cos z +
Π Ν

2
â
k=0

n J 1

2
- Ν

2
N
k

I1 - Ν

2
M
k

I Ν

2
+ 1M

k
J Ν+3

2
N
k

k ! J 3

2
N
k

 -
1

z2

k

+ O
1

z2 Hn+1L �; 0 < argHzL £ Π ì H z¤ ® ¥L
03.21.06.0046.01

jΝHzL µ
1

z
 sin z -

Π Ν

2
 4F1

1

2
-

Ν

2
,

Ν

2
+

1

2
,

Ν

2
+ 1, -

Ν

2
;

1

2
; -

1

z2
+

Ν HΝ + 1L
2 z2

 cos z -
Π Ν

2
 4F1

1

2
-

Ν

2
, 1 -

Ν

2
,

Ν

2
+ 1,

Ν

2
+

3

2
;

3

2
; -

1

z2
�;  argHzL¤ < Π ì H z¤ ® ¥L

03.21.06.0047.01

jΝHzL µ
1

z
 sin z -

Π Ν

2
1 + O

1

z2
+

Ν HΝ + 1L
2 z2

 cos z -
Π Ν

2
1 + O

1

z2
�;  argHzL¤ < Π ì H z¤ ® ¥L

Expansions containing z ® -¥

In exponential form |||  In exponential form

03.21.06.0048.01

jΝHzL µ
H-1LΝ

2 -z2

 ã-
1

2
ä H2 z+Π ΝL 1 -

ä Ν H1 + ΝL
2 z

+
H1 - ΝL Ν H1 + ΝL H2 + ΝL

8 z2
+ ¼ -

ã
1

2
ä H2 z+Π ΝL 1 +

ä Ν H1 + ΝL
2 z

+
H1 - ΝL Ν H1 + ΝL H2 + ΝL

8 z2
+ ¼ �; 0 < argHzL £ Π ì H z¤ ® ¥L

03.21.06.0049.01

jΝHzL µ
H-1LΝ

2 -z2

 ã-
1

2
ä H2 z+Π ΝL â

k=0

n H-ΝLk HΝ + 1Lk

k !
 

ä

2 z

k

+ O
1

zn+1
- ã

1

2
ä H2 z+Π ΝL â

k=0

n H-ΝLk HΝ + 1Lk

k !
 -

ä

2 z

k

+ O
1

zn+1
�;

0 < argHzL £ Π ì H z¤ ® ¥L
03.21.06.0050.01

jΝHzL µ
H-1LΝ

2 -z2

 ã-
1

2
ä H2 z+Π ΝL

2F0 -Ν, Ν + 1; ;
ä

2 z
- ã

1

2
ä H2 z+Π ΝL

2F0 -Ν, Ν + 1; ; -
ä

2 z
�; 0 < argHzL £ Π ì H z¤ ® ¥L
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03.21.06.0051.01

jΝHzL µ
H-1LΝ

2 -z2

 ã-
1

2
ä H2 z+Π ΝL 1 + O

1

z
- ã

1

2
ä H2 z+Π ΝL 1 + O

1

z
�; 0 < argHzL £ Π ì H z¤ ® ¥L

In trigonometric form |||  In trigonometric form

03.21.06.0052.01

jΝHzL µ
ä H-1LΝ -z

z3�2
sin z +

Π Ν

2
 1 -

H-1 + ΝL Ν H1 + ΝL H2 + ΝL
8 z2

+
H-3 + ΝL H-2 + ΝL H-1 + ΝL Ν H1 + ΝL H2 + ΝL H3 + ΝL H4 + ΝL

384 z4
+ ¼ +

Ν HΝ + 1L
2 z

cos z +
Π Ν

2
1 -

H-2 + ΝL H-1 + ΝL H2 + ΝL H3 + ΝL
24 z2

+

H-4 + ΝL H-3 + ΝL H-2 + ΝL H-1 + ΝL H2 + ΝL H3 + ΝL H4 + ΝL H5 + ΝL
1920 z4

+ ¼ �; 0 < argHzL £ Π ì H z¤ ® ¥L
03.21.06.0053.01

jΝHzL µ
ä H-1LΝ -z

z3�2 sin z +
Π Ν

2
 â

k=0

n J 1

2
- Ν

2
N
k

I Ν

2
+ 1M

k
I- Ν

2
M
k

J Ν+1

2
N
k

k ! J 1

2
N
k

 -
1

z2

k

+ O
1

z2 Hn+1L +

Ν HΝ + 1L
2 z

cos z +
Π Ν

2
â
k=0

n J 1

2
- Ν

2
N
k

I1 - Ν

2
M
k

I Ν

2
+ 1M

k
J Ν+3

2
N
k

k ! J 3

2
N
k

 -
1

z2

k

+ O
1

z2 Hn+1L �; 0 < argHzL £ Π ì H z¤ ® ¥L
03.21.06.0054.01

jΝHzL µ
ä H-1LΝ -z

z3�2  
Ν HΝ + 1L

2 z
 cos z +

Π Ν

2
 4F1

1

2
-

Ν

2
, 1 -

Ν

2
,

Ν

2
+ 1,

Ν

2
+

3

2
;

3

2
; -

1

z2
+

sin z +
Π Ν

2
 4F1

1

2
-

Ν

2
,

Ν

2
+

1

2
,

Ν

2
+ 1, -

Ν

2
;

1

2
; -

1

z2
�; 0 < argHzL £ Π ì H z¤ ® ¥L

03.21.06.0055.01

jΝHzL µ
ä H-1LΝ -z

z3�2  
Ν HΝ + 1L

2 z
 cos z +

Π Ν

2
 1 + O

1

z2
+ sin z +

Π Ν

2
 1 + O

1

z2
�; 0 < argHzL £ Π ì H z¤ ® ¥L

Expansions for any z in exponential form

Using exponential function with branch cut-containing arguments

03.21.06.0056.01

jΝHzL µ
ä

2
 zΝ Iz2M 1

2
H-Ν-1L

ã-ä z2 +
ä Π Ν

2 1 -
ä Ν H1 + ΝL
2 z2

-
H-1 + ΝL Ν H1 + ΝL H2 + ΝL

8 z2
+ ¼ -

ãä z2 -
ä Π Ν

2 1 +
ä Ν H1 + ΝL
2 z2

-
H-1 + ΝL Ν H1 + ΝL H2 + ΝL

8 z2
+ ¼ �; H z¤ ® ¥L

http://functions.wolfram.com 16



03.21.06.0057.01

jΝHzL µ
ä

2
 zΝ Iz2M 1

2
H-Ν-1L

ã-ä z2 +
ä Π Ν

2 â
k=0

n H-ΝLk HΝ + 1Lk

k !
 

ä

2 z2

k

+ O
1

zn+1
-

ãä z2 -
ä Π Ν

2 â
k=0

n H-ΝLk HΝ + 1Lk

k !
 -

ä

2 z2

k

+ O
1

zn+1
�; H z¤ ® ¥L

03.21.06.0058.01

jΝHzL µ
ä

2
 zΝ Iz2M 1

2
H-Ν-1L

ã-ä z2 +
ä Π Ν

2 2F0 -Ν, Ν + 1; ;
ä

2 z2

- ãä z2 -
ä Π Ν

2 2F0 -Ν, Ν + 1; ; -
ä

2 z2

�; H z¤ ® ¥L
03.21.06.0059.01

jΝHzL µ
ä

2
 zΝ Iz2M 1

2
H-Ν-1L

ã-ä z2 +
ä Π Ν

2 1 + O
1

z
- ãä z2 -

ä Π Ν

2 1 + O
1

z
�; H z¤ ® ¥L

Using exponential function with branch cut-free arguments

03.21.06.0060.01

jΝHzL µ
ä äΝ

2
H-zL-Ν-1 zΝ ã-ä z

z sinHΠ ΝL
-z

- cosHΠ ΝL 1 -
ä Ν H1 + ΝL

2 z
-

H-1 + ΝL Ν H1 + ΝL H2 + ΝL
8 z2

+ ¼ +

ãä z 1 +
ä Ν H1 + ΝL

2 z
-

H-1 + ΝL Ν H1 + ΝL H2 + ΝL
8 z2

+ ¼ �; H z¤ ® ¥L
03.21.06.0061.01

jΝHzL µ
ä äΝ

2
H-zL-Ν-1 zΝ ã-ä z

z sinHΠ ΝL
-z

- cosHΠ ΝL â
k=0

n H-ΝLk HΝ + 1Lk

k !
 

ä

2 z

k

+ O
1

zn+1
+

ãä z â
k=0

n H-ΝLk HΝ + 1Lk

k !
 -

ä

2 z

k

+ O
1

zn+1
�; H z¤ ® ¥L

03.21.06.0062.01

jΝHzL µ
ä äΝ

2
H-zL-Ν-1 zΝ ãä z

2F0 -Ν, Ν + 1; ; -
ä

2 z
+ ã-ä z

z sinHΠ ΝL
-z

- cosHΠ ΝL 2F0 -Ν, Ν + 1; ;
ä

2 z
�; H z¤ ® ¥L

03.21.06.0063.01

jΝHzL µ
ä äΝ

2
H-zL-Ν-1 zΝ ãä z 1 + O

1

z
+ ã-ä z

z sinHΠ ΝL
-z

- cosHΠ ΝL 1 + O
1

z
�; H z¤ ® ¥L

Expansions for any z in trigonometric form

Using trigonometric functions with branch cut-containing arguments
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03.21.06.0064.01

jΝHzL µ zΝ Iz2M-
Ν

2
-

1

2

sin z2 -
Π Ν

2
 1 -

H-1 + ΝL Ν H1 + ΝL H2 + ΝL
8 z2

+
H-3 + ΝL H-2 + ΝL H-1 + ΝL Ν H1 + ΝL H2 + ΝL H3 + ΝL H4 + ΝL

384 z4
+ ¼ +

Ν HΝ + 1L
2 z2

 cos z2 -
Π Ν

2
1 -

H-2 + ΝL H-1 + ΝL H2 + ΝL H3 + ΝL
24 z2

+

H-4 + ΝL H-3 + ΝL H-2 + ΝL H-1 + ΝL H2 + ΝL H3 + ΝL H4 + ΝL H5 + ΝL
1920 z4

+ ¼ �; H z¤ ® ¥L
03.21.06.0065.01

jΝHzL µ zΝ Iz2M-
Ν

2
-

1

2 sin z2 -
Π Ν

2
 â

k=0

n J 1

2
- Ν

2
N
k

I Ν

2
+ 1M

k
I- Ν

2
M
k

J Ν+1

2
N
k

k ! J 1

2
N
k

 -
1

z2

k

+ O
1

z2 n+2
+

Ν HΝ + 1L
2 z2

 cos z2 -
Π Ν

2
â
k=0

n J 1

2
- Ν

2
N
k

I1 - Ν

2
M
k

I Ν

2
+ 1M

k
J Ν+3

2
N
k

k ! J 3

2
N
k

 -
1

z2

k

+ O
1

z2 n+2
�; H z¤ ® ¥L

03.21.06.0066.01

jΝHzL µ zΝ Iz2M-
Ν

2
-

1

2
Ν HΝ + 1L
2 z2

 cos z2 -
Π Ν

2
4F1

1

2
-

Ν

2
, 1 -

Ν

2
,

Ν

2
+ 1,

Ν

2
+

3

2
;

3

2
; -

1

z2
+

sin z2 -
Π Ν

2
 4F1

1

2
-

Ν

2
,

Ν

2
+

1

2
,

Ν

2
+ 1, -

Ν

2
;

1

2
; -

1

z2
�; H z¤ ® ¥L

03.21.06.0067.01

jΝHzL µ zΝ Iz2M-
Ν

2
-

1

2
Ν HΝ + 1L
2 z2

 cos z2 -
Π Ν

2
1 + O

1

z2
+ sin z2 -

Π Ν

2
 1 + O

1

z2
�; H z¤ ® ¥L

Using trigonometric functions with branch cut-free arguments

03.21.06.0068.01

jΝHzL µ
1

2 z
 ãä Π Ν 1 +

ä -z

z
sin z +

Π Ν

2
+ 1 -

ä -z

z
sin z -

Π Ν

2
 

1 -
H-1 + ΝL Ν H1 + ΝL H2 + ΝL

8 z2
+

H-3 + ΝL H-2 + ΝL H-1 + ΝL Ν H1 + ΝL H2 + ΝL H3 + ΝL H4 + ΝL
384 z4

+ ¼ +

Ν HΝ + 1L
4 z2

 ãä Π Ν 1 +
ä -z

z
cos z +

Π Ν

2
+ 1 -

ä -z

z
cos z -

Π Ν

2

1 -
H-2 + ΝL H-1 + ΝL H2 + ΝL H3 + ΝL

24 z2
+

H-4 + ΝL H-3 + ΝL H-2 + ΝL H-1 + ΝL H2 + ΝL H3 + ΝL H4 + ΝL H5 + ΝL
1920 z4

+ ¼ �; H z¤ ® ¥L
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03.21.06.0069.01

jΝHzL µ

1

2 z
 ãä Π Ν 1 +

ä -z

z
sin z +

Π Ν

2
+ 1 -

ä -z

z
sin z -

Π Ν

2
 â

k=0

n J 1

2
- Ν

2
N
k

I Ν

2
+ 1M

k
I- Ν

2
M
k

J Ν+1

2
N
k

k ! J 1

2
N
k

 -
1

z2

k

+ O
1

z2 n+2
+

Ν HΝ + 1L
4 z2

 ãä Π Ν 1 +
ä -z

z
cos z +

Π Ν

2
+ 1 -

ä -z

z
cos z -

Π Ν

2

â
k=0

n J 1

2
- Ν

2
N
k

I1 - Ν

2
M
k

I Ν

2
+ 1M

k
J Ν+3

2
N
k

k ! J 3

2
N
k

 -
1

z2

k

+ O
1

z2 n+2
�; H z¤ ® ¥L

03.21.06.0070.01

jΝHzL µ
1

2 z
ãä Π Ν 1 +

ä -z

z
sin z +

Π Ν

2
+ 1 -

ä -z

z
sin z -

Π Ν

2
 4F1

1

2
-

Ν

2
,

Ν

2
+

1

2
,

Ν

2
+ 1, -

Ν

2
;

1

2
; -

1

z2
+

Ν HΝ + 1L
4 z2

 

ãä Π Ν 1 +
ä -z

z
cos z +

Π Ν

2
+ 1 -

ä -z

z
cos z -

Π Ν

2
4F1

1

2
-

Ν

2
, 1 -

Ν

2
,

Ν

2
+ 1,

Ν

2
+

3

2
;

3

2
; -

1

z2
�; H z¤ ® ¥L

03.21.06.0071.01

jΝHzL µ
1

2 z
ãä Π Ν 1 +

ä -z

z
sin z +

Π Ν

2
+ 1 -

ä -z

z
sin z -

Π Ν

2
 1 + O

1

z2
+

Ν HΝ + 1L
4 z2

 ãä Π Ν 1 +
ä -z

z
cos z +

Π Ν

2
+ 1 -

ä -z

z
cos z -

Π Ν

2
1 + O

1

z2
�; H z¤ ® ¥L

Residue representations

03.21.06.0072.01

jΝHzL � 2-Ν-1 Π3�2 zΝ â
j=0

¥

ress

J- z2

4
N-s

GHsL
GJs + 1

2
N GJ 1

2
- sN GJ-s + Ν + 3

2
N  H- jL

03.21.06.0073.01

jΝHzL �
Π

2
zΝ Iz2M-

Ν

2
-

1

4 â
j=0

¥

ress

J z2

4
N-s

GJs + Ν

2
+ 1

4
N

GJ 1

4
H-4 s + 2 Ν + 5LN  - j -

Ν

2
-

1

4

03.21.06.0074.01

jΝHzL �
Π3�2 zΝ I-z2M-

Ν

2
-

1

4

2
 â
j=0

¥

ress

J- z2

4
N-s

GJs + Ν

2
+ 3

4
N GJ-s - Ν

2
+ 1

4
N GJ-s + Ν

2
+ 5

4
N G s +

Ν

2
+

1

4
 - j -

Ν

2
-

1

4

03.21.06.0075.01

jΝHzL �
Π

2
â
j=0

¥

ress

I z

2
M-2 s

GJ 1

2
H-2 s + Ν + 3LN  G s +

Ν

2
 -

1

2
H2 j + ΝL
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03.21.06.0076.01

jΝHzL �
Π3�2 Hä zL-Ν-

1

2 zΝ

2
 â
j=0

¥

ress

J ä z

2
N-2 s

GJ-s - Ν

2
+ 1

4
N GJ-s + Ν

2
+ 5

4
N GJs + Ν

2
+ 3

4
N  G s +

Ν

2
+

1

4
 - j -

Ν

2
-

1

4

Integral representations

On the real axis

Of the direct function

03.21.07.0001.01

jΝHzL �
2-Ν zΝ

GHΝ + 1L à
0

1I1 - t2MΝ
cosHt zL â t �; ReHΝL > -1

03.21.07.0002.01

jΝHzL �
2-Ν-1 zΝ

GHΝ + 1L  à
-

Π

2

Π

2
cos2 JΝ+

1

2
NHtL cosHz sinHtLL â t �; ReHΝL > -1

03.21.07.0003.01

jΝHzL �
2-Ν-1 zΝ

GHΝ + 1L  à
0

Π

cosHz cosHtLL sin2 Ν+1HtL â t �; ReHΝL > -1

03.21.07.0004.01

jΝHzL �
1

2 Π z
 à

0

Π

cos t Ν +
1

2
- z sinHtL  â t -

cosHΠ ΝL
2 Π z

 à
0

¥

ã-t JΝ+
1

2
N-z sinhHtL â t �; argHzL <

Π

2

03.21.07.0005.01

jΝHzL �
ä-Ν-

1

2

2 Π z
 à

0

Π

ãä z cosHtL cos Ν +
1

2
t  â t �; Ν +

1

2
Î N+

03.21.07.0006.01

jΝHzL �
1

2 Π z
 à

0

Π

cos Ν +
1

2
t - z sinHtL  â t �; Ν +

1

2
Î Z

Contour integral representations

03.21.07.0007.01

jΝHzL � -
ä 2-Ν-2 zΝ

Π
 àHΓ-äL ¥

HΓ+äL ¥

ã
t-

z2

4 t t-Ν-
3

2  â t �; Γ > 0 í ReHΝL > -
1

2

03.21.07.0008.01

jΝHxL �
1

4 Π ä
 

Π

2
 àHΓ-äL ¥

Γ+ä ¥ GHsL
GJ 3

2
- s + ΝN  K x

2
OΝ-2 s

 â s �; x > 0 í 0 < Γ <
ReHΝL

2
+ 1

03.21.07.0009.01

jΝHzL �
1

2 Π ä
 

Π

2
zΝ Iz2M-

Ν

2
-

1

4 à
L

GJs + Ν

2
+ 1

4
N

GJ-s + Ν

2
+ 5

4
N  

z2

4

-s

 â s
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03.21.07.0010.01

jΝHzL �
1

2 Π ä
 
Π3�2 zΝ I-z2M-

Ν

2
-

1

4

2
 à

L

GJs + Ν

2
+ 1

4
N J- z2

4
N-s

GJ-s - Ν

2
+ 1

4
N GJ-s + Ν

2
+ 5

4
N GJs + Ν

2
+ 3

4
N  â s

03.21.07.0011.01

jΝHzL � -
1

2 Π ä
 

ä

2 2 Π z
 à

L

GJs + Ν

2
+ 1

4
N

GJ-s + Ν

2
+ 5

4
N  K z

2
O-2 s

 â s

03.21.07.0012.01

jΝHzL �
1

2 Π ä
 
Π3�2 Hä zL-Ν-

1

2 zΝ

2
 à

L

GJs + Ν

2
+ 1

4
N

GJs + Ν

2
+ 3

4
N GJ-s - Ν

2
+ 1

4
N GJ-s + Ν

2
+ 5

4
N  

ä z

2

-2 s

 â s

Integral representations of negative integer order  BAD

03.21.07.0013.01

jnHzL � â
k=0

f l

2
v

ck,n

¶n-2 k j0HzL
¶ xn-2 k

�; n Î N+ í c0,0 � 0 í c1,2 �
1

2
í

c0,n �
H-1Ln H2 n - 1L !!

n!
í ck,n �

n - 1

n
 ck-1,n-2 -

2 n - 1

n
 ck,n-1 �; n > 0 ì k £ n í Hck,n � 0 �; k > nL

Limit representations
03.21.09.0001.01

jΝHzL �
Π

2
 

1

z
 lim
Λ®¥

ΛΝ+
1

2 PΛ

-Ν-
1

2 cos
z

Λ

03.21.09.0002.01

jΝHzL � 2-Ν-1 Π zΝ lim
n®¥

n-Ν-
1

2 Pn
JΝ+

1

2
,bN

cos
z

n

03.21.09.0003.01

jΝHzL � 2-Ν-1 Π zΝ lim
n®¥

n-Ν-
1

2 Ln
Ν+

1

2
z2

4 n

03.21.09.0004.01

jΝHzL �
2-Ν-1 Π zΝ

GJΝ + 3

2
N  lim

a®¥
1F1 a; Ν +

3

2
; -

z2

4 a

Generating functions
03.21.11.0001.01

â
k=-¥

¥

j
k-

1

2

HzL �
Π

2
 

ã
1

2
Jt- 1

t
N z

z
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03.21.11.0002.01

â
k=-¥

¥

ãä k q j
k-

1

2

HzL �
Π

2

ãä z sinHqL
z

P. Abbott

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

03.21.13.0001.01

z2 w¢¢HzL + 2 z w¢HzL + Iz2 - Ν HΝ + 1LM wHzL � 0 �; wHzL � c1 jΝHzL + c2 yΝHzL
03.21.13.0002.01

WzH jΝHzL, yΝHzLL �
1

z2

03.21.13.0003.01

w¢¢HzL z2 + 2 w¢HzL z + Iz2 - Ν HΝ + 1LM wHzL � 0 �; wHzL � c1 jΝHzL + c2 j-Ν-1HzL í Ν +
1

2
Ï Z

03.21.13.0004.01

WzH jΝHzL, j-Ν-1HzLL � -
cosHΠ ΝL

z2

03.21.13.0005.01

4 z2 w¢¢HzL + 4 zH-2 p + q + 1L w¢HzL + I4 p2 - 4 q p + q2 I4 m2 z2 q - 4 Ν2 + 1MM wHzL � 0 �; wHzL � c1 zp jΝHm zqL + c2 zp yΝHm zqL
03.21.13.0006.01

WzHzp jΝHm zqL, zp yΝHm zqLL �
q z2 p-q-1

m

03.21.13.0007.01

4 z2 w¢¢HzL + 4 z H-2 p + q + 1L w¢HzL + I4 p2 - 4 q p + q2 I4 m2 z2 q - 4 Ν2 + 1MM wHzL � 0 �;
wHzL � c1 zp jΝHm zqL + c2 zp j-Ν-1Hm zqL í Ν +

1

2
Ï Z

03.21.13.0008.01

WzHzp jΝHm zqL, zp j-Ν-1Hm zqLL � -
q z2 p-q-1 cosHΠ ΝL

m

03.21.13.0009.01

w¢¢HzL -
g¢¢HzL
g¢HzL -

2 g¢HzL
gHzL w¢HzL -

Ν2 + Ν

gHzL2
- 1 g¢HzL2 wHzL � 0 �; wHzL � c1 jΝHgHzLL + c2 yΝHgHzLL

03.21.13.0010.01

WzH jΝHgHzLL, yΝHg HzLLL �
g¢HzL
gHzL2
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03.21.13.0011.01

w¢¢HzL - -
2 g¢HzL
gHzL +

2 h¢HzL
hHzL +

g¢¢HzL
g¢HzL w¢HzL -

Ν2 + Ν

gHzL2
- 1 g¢HzL2 +

2 h¢HzL g¢HzL
gHzL hHzL +

hHzL h¢¢HzL - 2 h¢HzL2

hHzL2
-

h¢HzL g¢¢HzL
hHzL g¢HzL wHzL � 0 �;

wHzL � c1 hHzL jΝHgHzLL + c2 hHzL yΝHgHzLL
03.21.13.0012.01

WzHhHzL jΝHgHzLL, hHzL yΝHg HzLLL �
hHzL2 g¢HzL

gHzL2

03.21.13.0013.01

z2 w¢¢HzL + z Hr - 2 s + 1L w¢HzL + IIa2 z2 r - Ν HΝ + 1LM r2 + s2 - r sM wHzL � 0 �; wHzL � c1 zs jΝHa zrL + c2 zs yΝHa zrL
03.21.13.0014.01

WzHzs jΝHa zrL, zs yΝ Ha zrLL �
r z-r+2 s-1

a

03.21.13.0015.01

w¢¢HzL + HlogHrL - 2 logHsLL w¢HzL + IIa2 r2 z - Ν HΝ + 1LM log2HrL - logHsL logHrL + log2HsLM wHzL � 0 �;
wHzL � c1 sz jΝHa rzL + c2 sz yΝHa rzL

03.21.13.0016.01

WzHsz jΝHa rzL, sz yΝHa rzLL �
r-z s2 z logHrL

a

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.21.16.0001.01

jΝH-zL � H-zLΝ z-Ν jΝHzL
03.21.16.0002.01

jΝHä zL �
Π

2
Hä zLΝ z-Ν-

1

2 I
Ν+

1

2

HzL
03.21.16.0003.01

jΝH-ä zL �
Π

2
H-ä zLΝ z-Ν-

1

2 I
Ν+

1

2

HzL
03.21.16.0004.01

jΝ z2 � z-Ν Iz2MΝ�2
jΝHzL

Addition formulas

03.21.16.0005.01

jΝHz1 - z2L �
2

Π
 

z1 z2

z1 - z2

 â
k=-¥

¥

jk+ΝHz1L j
k-

1

2

Hz2L �; z2

z1

< 1 ë Ν +
1

2
Î Z
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03.21.16.0006.01

jΝHz1 + z2L �
2

Π
 

z1 z2

z1 + z2

 â
k=-¥

¥

j
k-

1

2

Hz2L jΝ-kHz1L �; z2

z1

< 1 ë Ν +
1

2
Î Z

Multiple arguments

03.21.16.0007.01

jΝHz1 z2L �
z1

Ν+
1

2 z2

z1 z2

 â
k=0

¥ H-1Lk Iz1
2 - 1Mk

k !
 jk+ΝHz2L K z2

2
Ok

03.21.16.0008.01

jΝHz1 z2L �
Π z1

-Ν-
1

2 z2

z1 z2

 â
k=0

¥ Iz1
2 - 1Mk

Π k !
 jΝ-kHz2L K z2

2
Ok

Identities

Recurrence identities

Consecutive neighbors

03.21.17.0001.01

jΝHzL �
2 Ν + 3

z
 jΝ+1HzL - jΝ+2HzL

03.21.17.0002.01

jΝHzL �
2 Ν - 1

z
 jΝ-1HzL - jΝ-2HzL

Distant neighbors

Increasing

03.21.17.0003.01

jΝHzL � 2n-1 z-n Ν +
3

2 n-1
H2 n + 2 Ν + 1L â

k=0

f n

2
v

2-2 k Hn - kL ! jn+ΝHzL z2 k

k ! Hn - 2 kL ! J-n - Ν - 1

2
N
k

JΝ + 3

2
N
k

- z â
k=0

f n-1

2
v

2-2 k Hn - k - 1L ! jn+Ν+1HzL z2 k

k ! Hn - 2 k - 1L ! J 1

2
- n - ΝN

k
JΝ + 3

2
N
k

03.21.17.0004.01

jΝHzL � 2n-1 z-n Ν +
3

2 n-1
H2 n + 2 Ν + 1L 3F4 1,

1 - n

2
, -

n

2
; 1, -n, -n - Ν -

1

2
, Ν +

3

2
; -z2 jn+ΝHzL -

z 3F4 1,
1 - n

2
, 1 -

n

2
; 1, 1 - n, -n - Ν +

1

2
, Ν +

3

2
; -z2 jn+Ν+1HzL �; n Î N

03.21.17.0005.01

jΝHzL �
1

z2
 IIH2 Ν + 3L H2 Ν + 5L - z2M jΝ+2HzL - z H2 Ν + 3L jΝ+3HzLM

03.21.17.0006.01

jΝHzL �
1

z3
 IH2 Ν + 5L I-2 z2 + 4 Ν2 + 20 Ν + 21M jΝ+3HzL + z Iz2 - H3 + 2 ΝL H5 + 2 ΝLM jΝ+4HzLM
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03.21.17.0007.01

jΝHzL �
1

z4
 IIz4 - 3 z2 H2 Ν + 5L H2 Ν + 7L I16 Ν2 + 96 Ν + 109MM jΝ+4HzL + z H2 Ν + 5L I2 z2 - H2 Ν + 3L H2 Ν + 7LM jΝ+5HzLM

03.21.17.0008.01

jΝHzL �
1

z5
 IH2 Ν + 7L I3 z4 - 4 H2 Ν + 5L H2 Ν + 9L z2 + H2 Ν + 3L H2 Ν + 5L H2 Ν + 9L H2 Ν + 11LM jΝ+5HzL -

z Iz4 - 3 H2 Ν + 5L H2 Ν + 7L z2 + H2 Ν + 3L H2 Ν + 5L H2 Ν + 7L H2 Ν + 9LM jΝ+6HzLM
03.21.17.0009.01

jΝHzL � CnHΝ, zL jn+ΝHzL - Cn-1HΝ, zL jn+Ν+1HzL �;
C0HΝ, zL � 1 í C1HΝ, zL �

2 Ν + 3

z
í CnHΝ, zL �

H2 n + 2 Ν + 1L
z

 Cn-1HΝ, zL - Cn-2HΝ, zL í n Î N+

03.21.17.0010.01

jΝHzL � CnHΝ, zL jn+ΝHzL - Cn-1HΝ, zL jn+Ν+1HzL �;
CnHΝ, zL � 2n z-n Ν +

3

2 n
2F3

1 - n

2
, -

n

2
; Ν +

3

2
, -n, -n - Ν -

1

2
; -z2 í n Î N+

Decreasing

03.21.17.0011.01

jΝHzL � 2n-1 H-zL-n
1

2
- Ν

n-1

H2 n - 2 Ν - 1L â
k=0

f n

2
v

2-2 k Hn - kL ! jΝ-nHzL z2 k

k ! Hn - 2 kL ! J 1

2
- ΝN

k
JΝ - n + 1

2
N
k

+ z â
k=0

f n-1

2
v

2-2 k Hn - k - 1L ! jΝ-n-1HzL z2 k

k ! Hn - 2 k - 1L ! J 1

2
- ΝN

k
JΝ - n + 3

2
N
k

�; n Î N

03.21.17.0012.01

jΝHzL � 2n-1 H-zL-n
1

2
- Ν

n-1
z 3F4 1,

1 - n

2
, 1 -

n

2
; 1, 1 - n,

1

2
- Ν, Ν - n +

3

2
; -z2 jΝ-n-1HzL +

H2 n - 2 Ν - 1L 3F4 1,
1 - n

2
, -

n

2
; 1, -n,

1

2
- Ν, Ν - n +

1

2
; -z2 jΝ-nHzL �; n Î N

03.21.17.0013.01

jΝHzL � -
1

z2
 Iz H2 Ν - 1L jΝ-3HzL + Iz2 - H2 Ν - 3L H2 Ν - 1LM jΝ-2HzLM

03.21.17.0014.01

jΝHzL �
1

z3
 Iz Iz2 - H2 Ν - 3L H2 Ν - 1LM jΝ-4HzL - H2 Ν - 3L I2 z2 - H2 Ν - 5L H2 Ν - 1LM jΝ-3HzLM

03.21.17.0015.01

jΝHzL �
1

z4
 Iz H2 Ν - 3L I2 z2 - H2 Ν - 5L H2 Ν - 1LM jΝ-5HzL + Iz4 - 3 H2 Ν - 5L H2 Ν - 3L z2 + H2 Ν - 7L H2 Ν - 5L H2 Ν - 3L H2 Ν - 1LM jΝ-4HzLM

03.21.17.0016.01

jΝHzL � -
1

z5
 Iz Iz4 - 3 H2 Ν - 5L H2 Ν - 3L z2 + H2 Ν - 7L H2 Ν - 5L H2 Ν - 3L H2 Ν - 1LM jΝ-6HzL -

H2 Ν - 5L I3 z4 - 4 H2 Ν - 7L H2 Ν - 3L z2 + H2 Ν - 9L H2 Ν - 7L H2 Ν - 3L H2 Ν - 1LM jΝ-5HzLM
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03.21.17.0017.01

jΝHzL � CnHΝ, zL jΝ-nHzL - Cn-1HΝ, zL jΝ-n-1HzL �;
C0HΝ, zL � 1 í C1HΝ, zL �

2 Ν - 1

z
í CnHΝ, zL �

2 Ν - 2 n + 1

z
 Cn-1HΝ, zL - Cn-2HΝ, zL í n Î N+

03.21.17.0018.01

jΝHzL � CnHΝ, zL jΝ-nHzL - Cn-1HΝ, zL jΝ-n-1HzL �;
CnHΝ, zL � H-2Ln z-n

1

2
H1 - 2 ΝL

n
2F3

1 - n

2
, -

n

2
;

1

2
H1 - 2 ΝL, -n,

1

2
- n + Ν; -z2 í n Î N+

Functional identities

Relations between contiguous functions

03.21.17.0019.01

jΝHzL �
z

2 Ν + 1
 H jΝ-1HzL + jΝ+1HzLL

Relations of special kind

03.21.17.0020.01

j-Ν-1HzL jΝ-1HzL + j-ΝHzL jΝHzL �
cosHΠ ΝL

z2

Differentiation

Low-order differentiation

With respect to Ν

03.21.20.0001.01

jΝ
H1,0LHzL � jΝHzL logK z

2
O -

Π

2
â
k=0

¥ H-1Lk ΨJk + Ν + 3

2
N

k ! GJk + Ν + 3

2
N  K z

2
O2 k+Ν

03.21.20.0002.01

jΝ
H1,0LHzL �

2-Ν-2 Π zΝ+2

H2 Ν + 3L GJΝ + 5

2
N  F2 ´ 0 ´ 1

0 ´ 1 ´ 2
; 1; 1, Ν + 3

2
;

2, Ν + 5

2
;; Ν + 5

2
;

-
z2

4
, -

z2

4
+ -logH2L + logHzL - Ψ Ν +

3

2
jΝHzL

03.21.20.0003.01

jn
H1,0LHzL �

2 H2 zL-n

n!
 â

k=0

f n-1

2
v H-1Lk 22 k n

2 k + 1
H2 n - 2 k - 1L ! -cosHzL CiH2 zL + cosHzL Ψ k +

3

2
- Ψ k - n +

1

2
- sinHzL SiH2 zL z2 k -

2 H2 zL-n-1

n!
 â
k=0

f n

2
v H-1Lk 22 k n

2 k
H2 n - 2 kL ! -CiH2 zL sinHzL + Ψ k +

1

2
- Ψ k - n +

1

2
sinHzL + cosHzL SiH2 zL z2 k �; n Î N

Brychkov Yu.A. (2005)
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03.21.20.0004.01

j-n
H1,0LHzL � -

H-1Ln 21-n z-n

Hn - 1L !

â
k=0

f n-1

2
v H-4Lk z2 k n - 1

2 k
H2 n - 2 k - 2L ! cosHzL CiH2 zL + cosHzL Ψ k +

1

2
- Ψ k - n +

3

2
+ sinHzL SiH2 zL + 2 z

â
k=0

f n

2
v-1 H-4Lk z2 k n - 1

2 k + 1
H2 n - 2 k - 3L ! CiH2 zL sinHzL + Ψ k +

3

2
- Ψ k - n +

3

2
sinHzL - cosHzL SiH2 zL �; n Î N+

Brychkov Yu.A. (2005)

03.21.20.0005.01

j
n-

1

2

H1,0LHzL �
1

2
Π y

n-
1

2

HzL +
1

2
n! K z

2
O-n

 â
k=0

n-1 j
k-

1

2

HzL
Hn - kL k !

 K z

2
Ok �; n Î N

03.21.20.0006.01

j
-n-

1

2

H1,0L HzL �
n!

2
 K-

z

2
O-n

 â
k=0

n-1 1

Hn - kL k !
 j

k-
1

2

HzL K z

2
Ok

+ K-
z

2
On

 
Π

2
 

1

z n!
 â
j=1

n 1

j
 1F2 j; j + 1, n + 1; -

z2

4
+

H-1Ln Π

2
y

n-
1

2

HzL +
Π

2
 

H-1Ln-1

z
 â
k=0

n-1 H-k + n - 1L ! I z

2
M2 k-n

k !
�; n Î N

With respect to z

03.21.20.0007.01

¶ jΝHzL
¶z

� jΝ-1HzL -
Ν + 1

z
 jΝHzL

03.21.20.0008.01

¶ jΝHzL
¶z

�
Ν

z
 jΝHzL - jΝ+1HzL

03.21.20.0009.01

¶ jΝHzL
¶z

�
jΝ-1HzL - jΝ+1HzL

2
-

jΝHzL
2 z

03.21.20.0010.01

¶ j0HzL
¶z

� - j1HzL
03.21.20.0011.01

¶ j-1HzL
¶z

� j-2HzL
03.21.20.0012.01

¶IzΝ+1 jΝHzLM
¶z

� zΝ+1 jΝ-1HzL

http://functions.wolfram.com 27



03.21.20.0013.01

¶Hz-Ν jΝHzLL
¶z

� -z-Ν jΝ+1HzL
03.21.20.0014.01

¶2 jΝHzL
¶z2

�
1

4
jΝ-2HzL +

3 - 2 z2

4 z2
 jΝHzL +

1

2 z
 jΝ+1HzL +

1

4
jΝ+2HzL -

1

2 z
 jΝ-1HzL

Symbolic differentiation 

With respect to Ν

03.21.20.0015.01

jΝ
Hm,0LHzL �

Π

2
â
k=0

¥ H-1Lk

k !
 K z

2
O2 k

¶m
J z

2
NΝ

GJk+Ν+
3

2
N

¶Νm
�; m Î N

With respect to z

03.21.20.0016.01

jΝ
H0,nLH0L � 0 �; n Î N+ í Ν Î N í Ν > n ë n - Ν - 1

2
Î N

03.21.20.0017.01

jΝ
H0,nLH0L �

än-Ν 2-n-1 Π GHn + 1L
GJ 1

2
Hn - Ν + 2LN GJ 1

2
Hn + Ν + 3LN �; n Î N+ í Ν Î N í n - Ν

2
Î N

03.21.20.0018.01

¶n jΝHzL
¶zn

� z-n â
i=0

n n

i
i - n +

1

2 n-i
â
m=0

i H-1Li+m i

m
-Ν -

1

2 i-m

â
k=0

m H-1Lk-1 22 k-m H-mL2 Hm-kL JΝ + 1

2
N
k

Hm - kL !
 

1

2
z â

j=0

k-1 H- j + k - 1L ! 4- j z2 j

j ! H-2 j + k - 1L ! J-k - Ν + 1

2
N

j
JΝ + 1

2
N

j+1

 jΝ-1HzL -

â
j=0

k Hk - jL ! 4- j z2 j

j ! Hk - 2 jL ! J-k - Ν + 1

2
N

j
JΝ + 1

2
N

j

 jΝHzL �; n Î N

03.21.20.0019.01

¶n jΝHzL
¶zn

� 2n-2 Ν-1 Π zΝ-n GHΝ + 1L 2F
�

3

Ν + 1

2
,

Ν + 2

2
;

1

2
H-n + Ν + 1L, 1

2
H-n + Ν + 2L, Ν +

3

2
; -

z2

4
�; n Î N

03.21.20.0020.01

¶n jΝHzL
¶zn

� 2
1

2
-n Π n! â

k=0

2 n 22 k z-k

k !
 2F

�
3 -

k

2
,

1 - k

2
; -k + n + 1,

1 - 2 k

4
,

3 - 2 k

4
; -

z2

4
jk-n+ΝHzL �; n Î N

Fractional integro-differentiation

With respect to z
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03.21.20.0021.01

¶Α jΝHzL
¶zΑ

� 2Α-2 Ν-1 Π zΝ-Α GHΝ + 1L 2F
�

3

Ν + 1

2
,

Ν + 2

2
;

1

2
H-Α + Ν + 1L, 1

2
H-Α + Ν + 2L, Ν +

3

2
; -

z2

4
�; -Ν -

1

2
Ï N+

03.21.20.0022.01

¶Α jΝHzL
¶zΑ

� H-1LΝ+
1

2 2Α+2 Ν+1 Π z-Α-Ν-1 GH-ΝL 2F
�

3

1 - Ν

2
, -

Ν

2
;

1

2
- Ν,

1

2
H-Α - ΝL, 1

2
H-Α - Ν + 1L; -

z2

4
�; -Ν -

1

2
Î N+

Integration

Indefinite integration

Involving only one direct function

03.21.21.0001.01

à jΝHa zL â z � 2-Ν-2 Π z Ha zLΝ G
Ν + 1

2
1F

�
2

Ν + 1

2
; Ν +

3

2
,

Ν + 3

2
; -

1

4
a2 z2

03.21.21.0002.01

à jΝHzL â z � 2-Ν-2 Π zΝ+1 G
Ν + 1

2
1F

�
2

Ν + 1

2
; Ν +

3

2
,

Ν + 3

2
; -

z2

4

03.21.21.0003.01

à j0HzL â z � SiHzL
03.21.21.0004.01

à j1HzL â z � -
sinHzL

z

Involving one direct function and elementary functions

Involving power function

Involving power

Linear arguments

03.21.21.0005.01

à zΑ-1 jΝHa zL â z � 2-Ν-2 Π zΑ Ha zLΝ G
Α + Ν

2
1F

�
2

Α + Ν

2
; Ν +

3

2
,

1

2
HΑ + Ν + 2L; -

1

4
a2 z2

03.21.21.0006.01

à zΑ-1 jΝHzL â z � 2-Ν-2 Π zΑ+Ν G
Α + Ν

2
1F

�
2

Α + Ν

2
; Ν +

3

2
,

1

2
HΑ + Ν + 2L; -

z2

4

03.21.21.0007.01

à zΑ-1 j0HzL â z �
1

2
zΑ Iz2M-Α HGHΑ - 1, ä zL H-ä zLΑ + Hä zLΑ GHΑ - 1, -ä zLL
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03.21.21.0008.01

à z1-Ν jΝHzL â z �
2-Ν-

1

2 z-Ν

GHΝ + 2L  Π zΝ HΝ + 1L - 2Ν+
1

2 z GHΝ + 2L j
Ν-

1

2

HzL
03.21.21.0009.01

à z j0HzL â z � -cosHzL
03.21.21.0010.01

à j0HzL
z

 â z � CiHzL -
sinHzL

z

Power arguments

03.21.21.0011.01

à zΑ-1 jΝHa zrL â z �
2-Ν-2 Π zΑ Ha zrLΝ

r
 G

Α + r Ν

2 r
1F

�
2

Α + r Ν

2 r
; Ν +

3

2
,

Α + r HΝ + 2L
2 r

; -
1

4
a2 z2 r

Involving exponential function

Involving exp

Linear arguments

03.21.21.0012.01

à ã-ä a z jΝHa zL â z �
2-Ν-1 Π z Ha zLΝ

HΝ + 1L GJΝ + 3

2
N  2F2HΝ + 1, Ν + 1; Ν + 2, 2 Ν + 2; -2 ä a zL

03.21.21.0013.01

à ãä a z jΝHa zL â z �
2-Ν-1 Π z Ha zLΝ

HΝ + 1L GJΝ + 3

2
N  2F2HΝ + 1, Ν + 1; Ν + 2, 2 Ν + 2; 2 ä a zL

Power arguments

03.21.21.0014.01

à ã-ä a zr
jΝHa zrL â z �

2-Ν-1 Π z Ha zrLΝ

Hr Ν + 1L GJΝ + 3

2
N  2F2 Ν + 1, Ν +

1

r
; Ν +

1

r
+ 1, 2 Ν + 2; -2 ä a zr

03.21.21.0015.01

à ãä a zr
jΝHa zrL â z �

2-Ν-1 Π z Ha zrLΝ

Hr Ν + 1L GJΝ + 3

2
N  2F2 Ν + 1, Ν +

1

r
; Ν +

1

r
+ 1, 2 Ν + 2; 2 ä a zr

Involving exponential function and a power function

Involving exp and power
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Linear arguments

03.21.21.0016.01

à zΑ-1 ã-ä a z jΝHa zL â z �
2-Ν-1 Π zΑ Ha zLΝ

HΑ + ΝL GJΝ + 3

2
N  2F2HΝ + 1, Α + Ν; Α + Ν + 1, 2 Ν + 2; -2 ä a zL

03.21.21.0017.01

à z-Ν ã-ä a z jΝHa zL â z �
ä 2-Ν-

1

2 ã-ä a z z-Ν-
1

2

a H2 Ν + 1L GHΝ + 1L  -ãä a z Π Ha zLΝ+
1

2 + 2Ν+
1

2 a ä z GHΝ + 1L j
Ν+

1

2

Ha zL + 2Ν+
1

2 a z GHΝ + 1L j
Ν-

1

2

Ha zL
03.21.21.0018.01

à zΑ-1 ãä a z jΝHa zL â z �
2-Ν-1 Π zΑ Ha zLΝ

HΑ + ΝL GJΝ + 3

2
N  2F2HΝ + 1, Α + Ν; Α + Ν + 1, 2 Ν + 2; 2 ä a zL

03.21.21.0019.01

à z-Ν ãä a z jΝHa zL â z �
ä 2-Ν-

1

2 Π z
1

2
-Ν

a z H2 Ν + 1L GHΝ + 1L  IHa zLΝ - 2Ν ãä a z JΝHa zL GHΝ + 1L + 2Ν ãä a z ä JΝ+1Ha zL GHΝ + 1LM

Power arguments

03.21.21.0020.01

à zΑ-1 ã-ä a zr
jΝHa zrL â z �

2-Ν-1 Π zΑ Ha zrLΝ

HΑ + r ΝL GJΝ + 3

2
N  2F2 Ν + 1,

Α

r
+ Ν;

Α

r
+ Ν + 1, 2 Ν + 2; -2 ä a zr

03.21.21.0021.01

à zΑ-1 ãä a zr
jΝHa zrL â z �

2-Ν-1 Π zΑ Ha zrLΝ

HΑ + r ΝL GJΝ + 3

2
N  2F2 Ν + 1,

Α

r
+ Ν;

Α

r
+ Ν + 1, 2 Ν + 2; 2 ä a zr

Involving trigonometric functions

Involving sin

Linear arguments

03.21.21.0022.01

à sinHa zL jΝHa zL â z �
2-Ν-1 Π z Ha zLΝ+1

HΝ + 2L GJΝ + 3

2
N  3F4

Ν

2
+ 1,

Ν

2
+ 1,

Ν

2
+

3

2
;

3

2
,

Ν

2
+ 2, Ν +

3

2
, Ν + 2; -a2 z2

03.21.21.0023.01

à sinHb + a zL jΝHa zL â z �
2-Ν-1 Π z Ha zLΝ

IΝ2 + 3 Ν + 2M GJΝ + 3

2
N  a z HΝ + 1L cosHbL 3F4

Ν

2
+ 1,

Ν

2
+ 1,

Ν

2
+

3

2
;

3

2
,

Ν

2
+ 2, Ν +

3

2
, Ν + 2; -a2 z2 +

HΝ + 2L sinHbL 3F4

Ν

2
+

1

2
,

Ν

2
+

1

2
,

Ν

2
+ 1;

1

2
,

Ν

2
+

3

2
, Ν + 1, Ν +

3

2
; -a2 z2
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Power arguments

03.21.21.0024.01

à sinHa zrL jΝHa zrL â z �
2-Ν-1 Π z Ha zrLΝ+1

HΝ r + r + 1L GJΝ + 3

2
N  3F4

Ν

2
+ 1,

Ν

2
+

3

2
,

Ν

2
+

1

2
+

1

2 r
;

3

2
,

Ν

2
+

3

2
+

1

2 r
, Ν +

3

2
, Ν + 2; -a2 z2 r

03.21.21.0025.01

à sinHa zr + bL jΝHa zrL â z �
2-Ν-1 Π z Ha zrLΝ

IΝ HΝ + 1L r2 + 2 Ν r + r + 1M GJΝ + 3

2
N

a Hr Ν + 1L cosHbL 3F4

Ν

2
+ 1,

Ν

2
+

3

2
,

Ν

2
+

1

2
+

1

2 r
;

3

2
,

Ν

2
+

3

2
+

1

2 r
, Ν +

3

2
, Ν + 2; -a2 z2 r zr +

HΝ r + r + 1L sinHbL 3F4

Ν

2
+

1

2
,

Ν

2
+ 1,

Ν

2
+

1

2 r
;

1

2
,

Ν

2
+

1

2 r
+ 1, Ν + 1, Ν +

3

2
; -a2 z2 r

Involving cos

Linear arguments

03.21.21.0026.01

à cosHa zL jΝHa zL â z �
2-Ν-1 Π z Ha zLΝ

HΝ + 1L GJΝ + 3

2
N  3F4

Ν

2
+

1

2
,

Ν

2
+

1

2
,

Ν

2
+ 1;

1

2
,

Ν

2
+

3

2
, Ν + 1, Ν +

3

2
; -a2 z2

03.21.21.0027.01

à cosHb + a zL jΝHa zL â z �

-
2-Ν-1 Π z Ha zLΝ

IΝ2 + 3 Ν + 2M GJΝ + 3

2
N a z HΝ + 1L sinHbL 3F4

Ν

2
+ 1,

Ν

2
+ 1,

Ν

2
+

3

2
;

3

2
,

Ν

2
+ 2, Ν +

3

2
, Ν + 2; -a2 z2 -

HΝ + 2L cosHbL 3F4

Ν

2
+

1

2
,

Ν

2
+

1

2
,

Ν

2
+ 1;

1

2
,

Ν

2
+

3

2
, Ν + 1, Ν +

3

2
; -a2 z2

Power arguments

03.21.21.0028.01

à cosHa zrL jΝHa zrL â z �
2-Ν-1 Π z Ha zrLΝ

Hr Ν + 1L GJΝ + 3

2
N  3F4

Ν

2
+

1

2
,

Ν

2
+ 1,

Ν

2
+

1

2 r
;

1

2
,

Ν

2
+

1

2 r
+ 1, Ν + 1, Ν +

3

2
; -a2 z2 r

03.21.21.0029.01

à cosHa zr + bL jΝHa zrL â z �

2-Ν-1 Π z Ha zrLΝ

IΝ HΝ + 1L r2 + 2 Ν r + r + 1M GJΝ + 3

2
N  HΝ r + r + 1L cosHbL 3F4

Ν

2
+

1

2
,

Ν

2
+ 1,

Ν

2
+

1

2 r
;

1

2
,

Ν

2
+

1

2 r
+ 1, Ν + 1, Ν +

3

2
; -a2 z2 r -

a zr Hr Ν + 1L sinHbL 3F4

Ν

2
+ 1,

Ν

2
+

3

2
,

Ν

2
+

1

2
+

1

2 r
;

3

2
,

Ν

2
+

3

2
+

1

2 r
, Ν +

3

2
, Ν + 2; -a2 z2 r
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Involving trigonometric functions and a power function

Involving sin and power

Linear arguments

03.21.21.0030.01

à zΑ-1 sinHa zL jΝHa zL â z �
2-Ν-1 Π zΑ Ha zLΝ+1

HΑ + Ν + 1L GJΝ + 3

2
N  3F4

Ν

2
+ 1,

Ν

2
+

3

2
,

Α

2
+

Ν

2
+

1

2
;

3

2
,

Α

2
+

Ν

2
+

3

2
, Ν +

3

2
, Ν + 2; -a2 z2

03.21.21.0031.01

à zΑ-1 sinHb + a zL jΝHa zL â z �

2-Ν-1 Π zΑ Ha zLΝ

IΑ2 + 2 Ν Α + Α + Ν2 + ΝM GJΝ + 3

2
N  a z HΑ + ΝL cosHbL 3F4

Ν

2
+ 1,

Ν

2
+

3

2
,

Α

2
+

Ν

2
+

1

2
;

3

2
,

Α

2
+

Ν

2
+

3

2
, Ν +

3

2
, Ν + 2; -a2 z2 +

HΑ + Ν + 1L sinHbL 3F4

Ν

2
+

1

2
,

Ν

2
+ 1,

Α

2
+

Ν

2
;

1

2
,

Α

2
+

Ν

2
+ 1, Ν + 1, Ν +

3

2
; -a2 z2

Power arguments

03.21.21.0032.01

à zΑ-1 sinHa zrL jΝHa zrL â z �
2-Ν-1 Π zΑ Ha zrLΝ+1

HΝ r + r + ΑL GJΝ + 3

2
N  3F4

Ν

2
+ 1,

Ν

2
+

3

2
,

Α

2 r
+

Ν

2
+

1

2
;

3

2
,

Α

2 r
+

Ν

2
+

3

2
, Ν +

3

2
, Ν + 2; -a2 z2 r

03.21.21.0033.01

à zΑ-1 sinHa zr + bL jΝHa zrL â z �
2-Ν-1 Π zΑ Ha zrLΝ

IΝ HΝ + 1L r2 + H2 Ν Α + ΑL r + Α2M GJΝ + 3

2
N  

a HΑ + r ΝL cosHbL 3F4

Ν

2
+ 1,

Ν

2
+

3

2
,

Α

2 r
+

Ν

2
+

1

2
;

3

2
,

Α

2 r
+

Ν

2
+

3

2
, Ν +

3

2
, Ν + 2; -a2 z2 r zr +

HΝ r + r + ΑL sinHbL 3F4

Ν

2
+

1

2
,

Ν

2
+ 1,

Α

2 r
+

Ν

2
;

1

2
,

Α

2 r
+

Ν

2
+ 1, Ν + 1, Ν +

3

2
; -a2 z2 r

Involving cos and power

Linear arguments

03.21.21.0034.01

à zΑ-1 cosHa zL jΝHa zL â z �
2-Ν-1 Π zΑ Ha zLΝ

HΑ + ΝL GJΝ + 3

2
N  3F4

Ν

2
+

1

2
,

Ν

2
+ 1,

Α

2
+

Ν

2
;

1

2
,

Α

2
+

Ν

2
+ 1, Ν + 1, Ν +

3

2
; -a2 z2
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03.21.21.0035.01

à zΑ-1 cosHb + a zL jΝHa zL â z �

2-Ν-1 Π zΑ Ha zLΝ

IΑ2 + 2 Ν Α + Α + Ν2 + ΝM GJΝ + 3

2
N HΑ + Ν + 1L cosHbL 3F4

Ν

2
+

1

2
,

Ν

2
+ 1,

Α

2
+

Ν

2
;

1

2
,

Α

2
+

Ν

2
+ 1, Ν + 1, Ν +

3

2
; -a2 z2 -

a z HΑ + ΝL sinHbL 3F4

Ν

2
+ 1,

Ν

2
+

3

2
,

Α

2
+

Ν

2
+

1

2
;

3

2
,

Α

2
+

Ν

2
+

3

2
, Ν +

3

2
, Ν + 2; -a2 z2

Power arguments

03.21.21.0036.01

à zΑ-1 cosHa zrL jΝHa zrL â z �
2-Ν-1 Π zΑ Ha zrLΝ

HΑ + r ΝL GJΝ + 3

2
N  3F4

Ν

2
+

1

2
,

Ν

2
+ 1,

Α

2 r
+

Ν

2
;

1

2
,

Α

2 r
+

Ν

2
+ 1, Ν + 1, Ν +

3

2
; -a2 z2 r

03.21.21.0037.01

à zΑ-1 cosHa zr + bL jΝHa zrL â z �
2-Ν-1 Π zΑ Ha zrLΝ

IΝ HΝ + 1L r2 + H2 Ν Α + ΑL r + Α2M GJΝ + 3

2
N  

HΝ r + r + ΑL cosHbL 3F4

Ν

2
+

1

2
,

Ν

2
+ 1,

Α

2 r
+

Ν

2
;

1

2
,

Α

2 r
+

Ν

2
+ 1, Ν + 1, Ν +

3

2
; -a2 z2 r -

a zr HΑ + r ΝL sinHbL 3F4

Ν

2
+ 1,

Ν

2
+

3

2
,

Α

2 r
+

Ν

2
+

1

2
;

3

2
,

Α

2 r
+

Ν

2
+

3

2
, Ν +

3

2
, Ν + 2; -a2 z2 r

Involving functions of the direct function

Involving elementary functions of the direct function

Involving powers of the direct function

Linear arguments

03.21.21.0038.01

à jΝHa zL2 â z �
4-Ν Π z Ha zL2 Ν

H2 Ν + 1L3 GJΝ + 1

2
N2

 2F3 Ν +
1

2
, Ν + 1; Ν +

3

2
, Ν +

3

2
, 2 Ν + 2; -a2 z2

03.21.21.0039.01

à jΝHzL2 â z �
4-Ν Π z2 Ν+1

H2 Ν + 1L3 GJΝ + 1

2
N2

 2F3 Ν +
1

2
, Ν + 1; Ν +

3

2
, Ν +

3

2
, 2 Ν + 2; -z2

03.21.21.0040.01

à 1

z2 j-Ν-1HzL jΝHzL  â z � -csc Π Ν +
1

2
log

j-Ν-1HzL
jΝHzL

Power arguments
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03.21.21.0041.01

à jΝHa zrL2 â z �
2-2 Ν-2 Π z Ha zrL2 Ν

H2 r Ν + 1L GJΝ + 3

2
N2

 2F3 Ν + 1, Ν +
1

2 r
; Ν +

3

2
, Ν +

1

2 r
+ 1, 2 Ν + 2; -a2 z2 r

Involving products of the direct function

Linear arguments

03.21.21.0042.01

à jΜHa zL jΝHa zL â z �

-
2 z

-4 Μ2 - 4 Μ + 4 Ν2 + 8 Ν + 3
 2 a z jΜ-1Ha zL j

Ν+
1

2

Ha zL + jΜHa zL H-2 Μ + 2 Ν + 1L j
Ν+

1

2

Ha zL - 2 a z j
Ν-

1

2

Ha zL
03.21.21.0043.01

à jΝHa zL jΝ+1Ha zL â z �
z

2 Ν + 3
 a z j

Ν+
1

2

Ha zL2 - j
Ν+

3

2

Ha zL j
Ν+

1

2

Ha zL - a z j
Ν-

1

2

Ha zL j
Ν+

3

2

Ha zL
03.21.21.0044.01

à j0Ha zL j1Ha zL â z � -
sin2Ha zL
2 a3 z2

Power arguments

03.21.21.0045.01

à jΜHa zrL jΝHa zrL â z �
2-Μ-Ν-2 Π z Ha zrLΜ+Ν

Hr HΜ + ΝL + 1L GJΜ + 3

2
N GJΝ + 3

2
N  

3F4

Μ

2
+

Ν

2
+ 1,

Μ

2
+

Ν

2
+

3

2
,

Μ

2
+

Ν

2
+

1

2 r
; Μ +

3

2
,

Μ

2
+

Ν

2
+

1

2 r
+ 1, Ν +

3

2
, Μ + Ν + 2; -a2 z2 r

Involving functions of the direct function and elementary functions

Involving elementary functions of the direct function and elementary functions

Involving powers of the direct function and a power function

Linear arguments

03.21.21.0046.01

à zΑ-1 jΝHa zL2 â z �
2-2 Ν-2 Π zΑ Ha zL2 Ν

HΑ + 2 ΝL GJΝ + 3

2
N2

 2F3 Ν + 1,
Α

2
+ Ν; Ν +

3

2
,

Α

2
+ Ν + 1, 2 Ν + 2; -a2 z2

03.21.21.0047.01

à z1-2 Ν jΝHa zL2 â z � -
2-2 HΝ+1L z-2 Ν

H2 Ν a + aL GHΝ + 1L2
 -Π Ha zL2 Ν + 22 Ν+1 a z GHΝ + 1L2 j

Ν+
1

2

Ha zL2 + 22 Ν+1 a z GHΝ + 1L2 j
Ν-

1

2

Ha zL2
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03.21.21.0048.01

à z j0Ha zL2 â z �
logHzL - CiH2 a zL

2 a2

03.21.21.0049.01

à 1

z2 jΝHzL2
 â z �

yΝHzL
jΝHzL

03.21.21.0050.01

à jΝHa zL2

z
 â z �

I2 a2 z2 - 2 Ν - 1M j
Ν+

1

2

Ha zL2 - 2 a z H2 Ν + 1L j
Ν-

1

2

Ha zL j
Ν+

1

2

Ha zL + 2 a2 z2 j
Ν-

1

2

Ha zL2

4 Ν2 + 8 Ν + 3

Power arguments

03.21.21.0051.01

à zΑ-1 jΝHa zrL2 â z �
2-2 HΝ+1L Π zΑ Ha zrL2 Ν

HΑ + 2 r ΝL GJΝ + 3

2
N2

 2F3 Ν + 1,
Α

2 r
+ Ν; Ν +

3

2
,

Α

2 r
+ Ν + 1, 2 Ν + 2; -a2 z2 r

Involving products of the direct function and a power function

Linear arguments

03.21.21.0052.01

à zΑ-1 jΜHa zL jΝHa zL â z �

2-Μ-Ν-2 Π zΑ Ha zLΜ+Ν

HΑ + Μ + ΝL GJΜ + 3

2
N GJΝ + 3

2
N  3F4

Μ

2
+

Ν

2
+ 1,

Μ

2
+

Ν

2
+

3

2
,

Α

2
+

Μ

2
+

Ν

2
; Μ +

3

2
,

Α

2
+

Μ

2
+

Ν

2
+ 1, Ν +

3

2
, Μ + Ν + 2; -a2 z2

03.21.21.0053.01

à z2 jΝHa zL jΝHb zL â z �
z2 Hb jΝ-1Hb zL jΝHa zL - a jΝ-1Ha zL jΝHb zLL

a2 - b2

03.21.21.0054.01

à z2 j-Ν-1Ha zL jΝHb zL â z � -
z2

a2 - b2
 Ha j-Ν-2Ha zL jΝHb zL + b j-Ν-1Ha zL jΝ+1Hb zLL

03.21.21.0055.01

à Ia2 - b2M z2 + Μ2 - Ν +
1

2

2

j
Μ-

1

2

Hb zL jΝHa zL â z � z b z j
Μ-

3

2

Hb zL jΝHa zL + j
Μ-

1

2

Hb zL -Μ + Ν +
1

2
jΝHa zL - a z jΝ-1Ha zL

03.21.21.0056.01

à Ia2 - b2M z2 + Μ2 - Ν +
1

2

2

j
Μ-

1

2

Hb zL jΝHa zL â z � z b z j
Μ-

3

2

Hb zL jΝHa zL + j
Μ-

1

2

Hb zL -Μ + Ν +
1

2
jΝHa zL - a z jΝ-1Ha zL

Power arguments
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03.21.21.0057.01

à zΑ-1 jΜHa zrL jΝHa zrL â z �
2-Μ-Ν-2 Π zΑ Ha zrLΜ+Ν

HΑ + r HΜ + ΝLL GJΜ + 3

2
N GJΝ + 3

2
N  

3F4

Μ

2
+

Ν

2
+ 1,

Μ

2
+

Ν

2
+

3

2
,

Α

2 r
+

Μ

2
+

Ν

2
; Μ +

3

2
,

Α

2 r
+

Μ

2
+

Ν

2
+ 1, Ν +

3

2
, Μ + Ν + 2; -a2 z2 r

03.21.21.0058.01

à z jΝIa z N jΝIb z N â z �
2 z

a2 - b2
 Jb jΝ-1Ib z N jΝIa z N - a jΝ-1Ia z N jΝIb z NN

03.21.21.0059.01

à z j-Ν-1Ia z N jΝIb z N â z � -
2 z

a2 - b2
 Ja j-Ν-2Ia z N jΝIb z N + b j-Ν-1Ia z N jΝ+1Ib z NN

Definite integration

For the direct function itself

03.21.21.0060.01

à
0

¥

jΝHtL â t �
Π GJ Ν+1

2
N

2 GI Ν

2
+ 1M �; ReHΝL > -1

03.21.21.0061.01

à
0

¥

jΝHtL â t �
2Α-2 Π GI Α+Ν

2
M

GJ 1

2
H-Α + Ν + 3LN �; ReHΑ + ΝL > 0 ß ReHΑL < 2

Involving the direct function

03.21.21.0062.01

à
0

¥

jΝHa tL jΝHb tL â t �
Π a-Ν-1 bΝ

4 Ν + 2
�; ReHΝL > -

1

2
í 0 < b < a

03.21.21.0063.01

à
0

¥

jΝHtL2 â t �
Π

4 Ν + 2
�; ReHΝL > -

1

2
�; ReHΝL > -

1

2

03.21.21.0064.01

à
0

¥

tΑ-1 jΝHtL2 â t � -
Π GI1 - Α

2
M GI Α

2
+ ΝM

2 HΑ - 1L GJ 1-Α

2
N GI- Α

2
+ Ν + 2M �; ReHΑ + 2 ΝL > 0 ß ReHΑL < 2

03.21.21.0065.01

à
0

¥

t2 jΝHa tL jΝHb tL â t �
Π ∆Ha - bL
2 a3�2 b

�; a Î R ì b Î R ì Ν Î R

03.21.21.0066.01

à
0

¥

tΑ-1 jΛHa tL jΜHb tL jΝHc tL â t �
2Α-4 aΛ bΜ c-Α-Λ-Μ Π3�2 G J Α+Λ+Μ+Ν

2
N

GJΛ + 3

2
N GJΜ + 3

2
N GJ 3-Α-Λ-Μ+Ν

2
N  F0,1,1

2,0,0

Α+Λ+Μ+Ν

2
,

Α+Λ+Μ-Ν-1

2
 ; ;;

; Λ + 3

2
; Μ + 3

2
;

 
a2

c2
,

b2

c2
�;

a Î R ì b Î R ì c Î R ì a > 0 ì b > 0 ì ReHΑ + Λ + Μ + ΝL > 0 ì a + b < c ì ReHΑL < 4
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Integral transforms

Fourier cos transforms

03.21.22.0001.01

Fct@ jΝHtLD HzL �
ΘH1 - zL 2 GJ Ν+1

2
N

Ν GI Ν

2
M  2F1 -

Ν

2
,

Ν + 1

2
;

1

2
; z2 -

ΘHz - 1L 2-Ν-
1

2 z-Ν-1 GHΝ + 1L sinI Π Ν

2
M

GJΝ + 3

2
N  2F1

Ν + 1

2
,

Ν + 2

2
; Ν +

3

2
;

1

z2
�; z > 0 ß z ¹ 1 ß ReHΝL > -1

Fourier sin transforms

03.21.22.0002.01

Fst@ jΝHtLD HzL �
ΘHz - 1L 2-Ν-

1

2 z-Ν-1 cosI Π Ν

2
M GHΝ + 1L

GJΝ + 3

2
N  2F1

Ν + 1

2
,

Ν + 2

2
; Ν +

3

2
;

1

z2
-

ΘH1 - zL
2 2 z GJ Ν+3

2
N  G

Ν

2

I1 - 3 z2M 2F1

1 - Ν

2
,

Ν + 2

2
;

1

2
; z2 + Iz2 - 1M 2F1

1 - Ν

2
,

Ν + 2

2
; -

1

2
; z2 �; z > 0 ß z ¹ 1 ß ReHΝL > -2

Laplace transforms

03.21.22.0003.01

Lt@ jΝHtLD HzL � 2-Ν-1 z-Ν-1 Π GHΝ + 1L 2F
�

1

Ν + 1

2
,

Ν + 2

2
; Ν +

3

2
; -

1

z2
�; ReHzL > 0 ß ReHΝL > -1

03.21.22.0004.01

Lt@ jnHtLD HzL � än+1 Qn
0Hä zL �; n Î N ß ReHzL > 0

03.21.22.0005.01

LtAtΑ-1 jΝHtLE HzL � 2-Ν-1 z-Α-Ν Π GHΑ + ΝL 2F
�

1

Α + Ν

2
,

1

2
HΑ + Ν + 1L; Ν +

3

2
; -

1

z2
�; ReHzL > 0 ß ReHΑL > 0 ß ReHΑ + ΝL > 0

03.21.22.0006.01

Lt@ jnHtLD HzL � zn tan-1
1

z
â
k=0

f n

2
v

ck,l z-2 k - â
k=0

f n

2
v

ck,l â
m=0

f n-1

2
v-k H-1Lm z-2 k-2 m-1

2 m + 1
�; n Î N+ í c0,0 � 0 í c1,2 �

1

2
í

c0,n �
H-1Ln H2 n - 1L !!

n!
í ck,n �

Hn - 1L ck-1,n-2

n
-

H2 n - 1L ck,n-1

n
�; n ³ 1 ì k £ n í Hck,n � 0 �; k > nL

Mellin transforms

03.21.22.0007.01

Mt@ jΝHtLD HzL �
2z-2 Π GI z+Ν

2
M

GJ 1

2
H-z + Ν + 3LN �; ReHzL < 2 ß ReHz + ΝL > 0

Hankel transforms
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03.21.22.0008.01

Ht;Μ@ jΝHtLD HzL �
ΘH1 - zL

GJ 1

4
H-2 Μ + 2 Ν + 3LN  H-1LΜ�4 Π

2
z I-H-1L3�4 zMΜ

G
1

4
H2 Μ + 2 Ν + 3L  

2F
�

1

1

4
H2 Μ - 2 Ν + 1L, 1

4
H2 Μ + 2 Ν + 3L; Μ + 1; z2 +

ΘHz - 1L
GJ 1

4
H2 Μ - 2 Ν + 1LN  

Π

2
z-Ν-

3

2 G
1

4
H2 Μ + 2 Ν + 3L  

2F
�

1

1

4
H-2 Μ + 2 Ν + 3L, 1

4
H2 Μ + 2 Ν + 3L; Ν +

3

2
;

1

z2
�; z > 0 í z ¹ 1 í ReHΜ + ΝL > -

3

2

Summation

Infinite summation

03.21.23.0001.01

â
k=0

¥ jk+ΝHxL xk

k !
�

Π

2
 

1

x
 I

Ν+
1

2

HxL
03.21.23.0002.01

â
k=0

¥ J2 k + Ν + 1

2
N GJk + Ν + 1

2
N j2 k+ΝHxL

k !
� 2-Ν-

1

2 Π xΝ-
1

2

03.21.23.0003.01

â
k=1

¥ H-1Lk

k
 j

2 k-
1

2

HxL �
1

4
2 KlogK x

2
O + ýO j

-
1

2

HxL - Π y
-

1

2

HxL
03.21.23.0004.01

â
k=1

¥ H-1Lk J2 k + Ν + 1

2
N j2 k+ΝHxL

k Jk + Ν + 1

2
N �

-2Ν-
1

2 Ν +
1

2
! x-Ν-

1

2  â
k=0

Ν-
1

2
j
k-

1

2

HxL 2-k xk

J-k + Ν + 1

2
N k !

+ logK x

2
O - ΨH0L Ν +

3

2
jΝHxL -

Π

2
 yΝHxL �; Ν +

1

2
Î N

03.21.23.0005.01

â
k=-¥

¥

j
k-

1

2

HxL tk �
Π

2

1

x
 ã

1

2
Jt- 1

t
N x

03.21.23.0006.01

â
k=1

¥

cosH2 k tL j
2 k-

1

2

HxL �
Π

2
 

cosHx sinHtLL
2 x

-
1

2
j

-
1

2

HxL
03.21.23.0007.01

â
k=1

¥

j
k-

1

2

HxL2 �
Π

4 x
-

1

2
j

-
1

2

HxL2
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03.21.23.0008.01

â
k=0

¥

sinHH2 k + 1L tL j
2 k+

1

2

HxL �
Π

2
 

sinHx sinHtLL
2 x

03.21.23.0009.01

â
k=1

¥ H-1Lk cosH2 k tL j
2 k-

1

2

HxL �
Π

2

cosHx cosHtLL
2 x

-
1

2
j

-
1

2

HxL
03.21.23.0010.01

â
k=0

¥ H-1Lk cosHH2 k + 1L tL j
2 k+

1

2

HxL �
Π

2

sinHx cosHtLL
2 x

03.21.23.0011.01

â
k=1

¥

j
2 k-

1

2

HxL �
Π

2
 

1

2 x
-

1

2
j

-
1

2

HxL
03.21.23.0012.01

â
k=1

¥ H-1Lk j
2 k-

1

2

HxL �
Π

2

cosHxL
2 x

-
1

2
j

-
1

2

HxL
03.21.23.0013.01

â
k=0

¥ H-1Lk j
2 k+

1

2

HxL �
Π

2

sinHxL
2 x

03.21.23.0014.01

â
k=0

¥

äk n j
k n-

1

2

HzL �
1

2
j

-
1

2

HzL +
Π

2
 

1

2 n z
 â
k=0

n-1

ã
ä z cosJ 2 k Π

n
N �; n Î N

03.21.23.0015.01

â
k=0

¥ H-äLk n j
k n-

1

2

HzL �
1

2
j

-
1

2

HzL +
Π

2
 

1

2 n z
 â
k=0

n-1

ã
-ä z cosJ 2 k Π

n
N �; n Î N

03.21.23.0016.01

â
k=0

¥ H4 k + 2 Ν + 1L j2 k+ΝHwL j2 k+ΝHzL �
Hw zL Hz jΝ-1HwL jΝHzL - w jΝ-1HzL jΝHwLL

z2 - w2
�; ReHΝL > -

1

2

Representations through more general functions

Through hypergeometric functions

Involving 0F
�

1

03.21.26.0001.01

jΝHzL � 2-Ν-1 Π zΝ
0F

�
1 ; Ν +

3

2
; -

z2

4

Involving 0F1
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03.21.26.0002.01

jΝHzL �
2-Ν-1 Π zΝ

GJΝ + 3

2
N  0F1 ; Ν +

3

2
; -

z2

4
�; -Ν -

1

2
Ï N+

Involving 1F1

03.21.26.0003.01

jΝHzL �
2-Ν-1 ã-ä z Π zΝ

GJΝ + 3

2
N  1F1HΝ + 1; 2 Ν + 2; 2 ä zL

03.21.26.0004.01

jΝHzL �
2-Ν-1 Π zΝ

GJΝ + 3

2
N  lim

a®¥
1F1 a; Ν +

3

2
; -

z2

4 a

Through Meijer G

Classical cases for the direct function itself

03.21.26.0005.01

jΝHzL �
1

2
Π zΝ Iz2M-

Ν

2 G0,2
1,0

z2

4

Ν

2
, - 1

2
HΝ + 1L

03.21.26.0006.01

jΝHzL �
1

2
Π3�2 zΝ I-z2M-

Ν

2 G1,3
1,0 -

z2

4

Ν+1

2

Ν

2
, - 1

2
HΝ + 1L, Ν+1

2

03.21.26.0007.01

jΝI z N �
1

2
Π G0,2

1,0K z

4
Ì Ν

2
, - Ν+1

2
O

03.21.26.0008.01

jΝI z N + j-Ν-1I z N � Π cos
1

4
H2 Π Ν + ΠL G1,3

2,0
z

4

- 1

4

- 1

2
HΝ + 1L, Ν

2
, - 1

4

03.21.26.0009.01

jΝI z N - j-Ν-1I z N � - Π sin
1

4
Π H2 Ν + 1L G1,3

2,0
z

4

1

4

- Ν+1

2
, Ν

2
, 1

4

Classical cases involving cos

03.21.26.0010.01

cosI z N jΝI z N �
1

2
Π G2,4

1,2 z
0, 1

2

Ν

2
, - 1+Ν

2
, Ν+1

2
, - Ν

2

03.21.26.0011.01

cosIa + z N jΝI z N �
1

2
Π G3,5

2,2 z
0, 1

2
, a

Π
+ Ν+1

2

Ν

2
, Ν+1

2
, - 1

2
HΝ + 1L, - Ν

2
, a

Π
+ Ν+1

2

Classical cases involving sin
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03.21.26.0012.01

sinI z N jΝI z N �
1

2
Π G2,4

1,2 z
0, 1

2

Ν+1

2
, - 1

2
HΝ + 1L, - Ν

2
, Ν

2

03.21.26.0013.01

sinIa + z N jΝI z N �
1

2
Π G3,5

2,2 z
0, 1

2
, a

Π
+ Ν

2

Ν

2
, Ν+1

2
, - 1+Ν

2
, - Ν

2
, a

Π
+ Ν

2

Classical cases involving cos, sin

03.21.26.0014.01

cosI z N j-Ν-1I z N + sinI z N jΝI z N � - Π sin
Π Ν

2
G2,4

2,1 z

1

2
, 0

- 1

2
HΝ + 1L, Ν+1

2
, - Ν

2
, Ν

2

03.21.26.0015.01

cosI z N j-Ν-1I z N - sinI z N jΝI z N � Π cos
Π Ν

2
G2,4

2,1 z
0, 1

2

- 1

2
HΝ + 1L, Ν+1

2
, - Ν

2
, Ν

2

Classical cases for powers of spherical Bessel j

03.21.26.0016.01

jΝI z N2
�

1

2
Π G1,3

1,1 z
0

Ν, - 1

2
, -Ν - 1

03.21.26.0017.01

j-Ν-1I z N2
+ jΝI z N2

� - Π sinHΠ ΝL G2,4
2,1 z

0, - 1

2

-Ν - 1, Ν, - 1

2
, - 1

2

03.21.26.0018.01

j-Ν-1I z N2
- jΝI z N2

� Π cosHΠ ΝL G1,3
2,0 z

0

-Ν - 1, Ν, - 1

2

Classical cases for products of spherical Bessel j

03.21.26.0019.01

j-Ν-1I z N jΝI z N �
1

2
Π G1,3

1,1 z
0

- 1

2
, Ν, -Ν - 1

03.21.26.0020.01

jΝ-1I z N jΝI z N �
1

2
Π G1,3

1,1 z
- 1

2

Ν - 1

2
, -1, -Ν - 1

2

03.21.26.0021.01

jΜI z N jΝI z N �
1

2
Π G2,4

1,2 z
0, - 1

2
Μ+Ν

2
, 1

2
H-Μ - Ν - 2L, 1

2
HΜ - Ν - 1L, 1

2
H-Μ + Ν - 1L
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03.21.26.0022.01

jΜI z N jΝI z N + j-Μ-1I z N j-Ν-1I z N � - Π sin
1

2
Π HΜ + ΝL  G2,4

2,1 z
0, - 1

2

1

2
H-Μ - Ν - 2L, Μ+Ν

2
, 1

2
HΜ - Ν - 1L, 1

2
H-Μ + Ν - 1L

03.21.26.0023.01

jΜI z N jΝI z N - j-Μ-1I z N j-Ν-1I z N � - Π cos
1

2
Π HΜ + ΝL G2,4

2,1 z
- 1

2
, 0

1

2
H-Μ - Ν - 2L, Μ+Ν

2
, 1

2
HΜ - Ν - 1L, 1

2
H-Μ + Ν - 1L

Classical cases involving Bessel J

03.21.26.0024.01

J
-Ν-

1

2

I z N jΝI z N �
1

2
 G1,3

1,1 z

1

4

- 1

4
, -Ν - 3

4
, Ν + 1

4

03.21.26.0025.01

J
Ν-

1

2

I z N jΝI z N �
1

2
 G1,3

1,1 z
- 1

4

Ν - 1

4
, - 3

4
, -Ν - 1

4

03.21.26.0026.01

JΜI z N jΝI z N �
1

2
 G2,4

1,2 z

1

4
, - 1

4

Μ+Ν

2
, -

1+Μ+Ν

2
,

Μ-Ν-1

2
,

Ν-Μ

2

03.21.26.0027.01

JΜI z N jΝI z N + J-ΜI z N j-Ν-1I z N � - 2 sin
1

2
Π Μ + Ν -

1

2
 G2,4

2,1 z

1

4
, - 1

4

-
1+Μ+Ν

2
,

Μ+Ν

2
, 1

2
HΜ - Ν - 1L, Ν-Μ

2

03.21.26.0028.01

JΜI z N jΝI z N - J-ΜI z N j-Ν-1I z N � - 2 cos
1

2
Π Μ + Ν -

1

2
G2,4

2,1 z
- 1

4
, 1

4

-
1+Μ+Ν

2
,

Μ+Ν

2
, 1

2
HΜ - Ν - 1L, Ν-Μ

2

Classical cases involving Bessel Y

03.21.26.0029.01

Y
Ν+

1

2

I z N jΝI z N � -
1

2
 G1,3

2,0 z

1

4

- 1

4
, Ν + 1

4
, -Ν - 3

4

03.21.26.0030.01

Y
-Ν-

1

2

I z N jΝI z N �
1

2
 G2,4

2,1 z

1

4
, Ν - 1

4

- 1

4
, Ν + 1

4
, Ν - 1

4
, -Ν - 3

4

03.21.26.0031.01

Y
Ν-

1

2

I z N jΝI z N �
1

2
 G2,4

2,1 z

1

4
, - 1

4

1

4
, Ν - 1

4
, - 3

4
, -Ν - 1

4

03.21.26.0032.01

Y
Ν-

3

2

I z N jΝI z N �
1

2
 G2,4

2,1 z
- 1

4
, 1

4

3

4
, Ν - 3

4
, - 5

4
, 1

4
- Ν
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03.21.26.0033.01

YΜI z N jΝI z N � -
1

2
 G3,5

2,2 z
- 1

4
, 1

4
, 1

2
H-Μ + Ν + 1L

Ν-Μ

2
,

Μ+Ν

2
, -

1+Μ+Ν

2
, 1

2
HΜ - Ν - 1L, 1

2
H-Μ + Ν + 1L

Classical cases involving Bessel J, Y, y

03.21.26.0034.01

Y
-Ν-

1

2

I z N jΝI z N + J
-Ν-

1

2

I z N yΝI z N � - 2 G1,3
2,0 z

1

4

-Ν - 3

4
, Ν + 1

4
, - 1

4

03.21.26.0035.01

Y
-Ν-

1

2

I z N jΝI z N - J
-Ν-

1

2

I z N yΝI z N � -
sinH2 Π ΝL

2 Π2
 G1,3

3,1 z

1

4

- 1

4
, -Ν - 3

4
, Ν + 1

4

03.21.26.0036.01

YΜI z N jΝI z N + JΜI z N yΝI z N � - 2 G2,4
3,0 z

- 1

4
, 1

4

1

2
HΜ - Ν - 1L, Ν-Μ

2
,

Μ+Ν

2
, -

Μ+Ν+1

2

03.21.26.0037.01

YΜI z N jΝI z N - JΜI z N yΝI z N �
cosHΠ HΜ - ΝLL

2 Π2
 G2,4

3,2 z
- 1

4
, 1

4

1

2
HΜ - Ν - 1L, Ν-Μ

2
,

Μ+Ν

2
, -

Μ+Ν+1

2

03.21.26.0038.01

J
-Ν-

1

2

I z N jΝI z N - Y
-Ν-

1

2

I z N yΝI z N � - 2 G2,4
3,0 z

1

4
, 1

4

- 1

4
, -Ν - 3

4
, Ν + 1

4
, 1

4

03.21.26.0039.01

JΜI z N jΝI z N - YΜI z N yΝI z N � - 2 G3,5
4,0 z

- 1

4
, 1

4
, -

Μ+Ν

2

-
Μ+Ν+1

2
, 1

2
HΜ - Ν - 1L, Ν-Μ

2
,

Μ+Ν

2
, -

Μ+Ν

2

03.21.26.0040.01

JΜI z N jΝI z N + YΜI z N yΝI z N �

1

2 Π2
 cosHΠ ΜL G2,4

3,2 z
- 1

4
, 1

4

-
Μ+Ν+1

2
, 1

2
HΜ - Ν - 1L, Μ+Ν

2
,

Ν-Μ

2

- sinHΠ ΝL G2,4
3,2 z

- 1

4
, 1

4

-
Μ+Ν+1

2
,

Ν-Μ

2
,

Μ+Ν

2
, 1

2
HΜ - Ν - 1L

Classical cases involving Bessel I

03.21.26.0041.01

I
Ν+

1

2

J z
4 N jΝJ z

4 N �
Π

2 2
4

 G0,4
1,0

z

64

Ν

2
+ 1

8
, - 1

8
, 3

8
, - Ν

2
- 3

8

03.21.26.0042.01

I
-Ν-

1

2

J z
4 N jΝJ z

4 N �
Π

2 2
4

 G1,5
2,0

z

64

1

8
H1 - 4 ΝL

- 1

8
, 3

8
, 1

8
H-4 Ν - 3L, 1

8
H1 - 4 ΝL, 1

8
H4 Ν + 1L

Classical cases involving Bessel K
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03.21.26.0043.01

I
-Ν-

1

2

J z
4 N jΝJ z

4 N �
1

8 2
4

 G0,4
3,0

z

64
- 1

8
, 3

8
, 1

8
H4 Ν + 1L, - 1

8
H4 Ν + 3L

03.21.26.0044.01

K
Ν+

1

2

J z
4 N J j-Ν-1J z

4 N + jΝJ z
4 NN �

cosI Π

4
H1 + 2 ΝLM

2 2 64
8

 G0,4
3,0

z

64

3

8
, - 1

8
H4 Ν + 3L, 1

8
H4 Ν + 1L, - 1

8

03.21.26.0045.01

K
Ν+

1

2

J z
4 N J j-Ν-1J z

4 N - jΝJ z
4 NN �

sinJ 1

2
Π JΝ + 1

2
NN

4 2
4

 G0,4
3,0

z

64
- 1

8
, - 1

8
H4 Ν + 3L, 1

8
H4 Ν + 1L, 3

8

Classical cases involving spherical Bessel y

03.21.26.0046.01

cosHa ΠL jΝI z N + sinHa ΠL yΝI z N �
1

2
Π G1,3

2,0
z

4

- 1

2
H2 a + Ν + 1L

- 1

2
HΝ + 1L, Ν

2
, - 1

2
H2 a + Ν + 1L

03.21.26.0047.01

jΝI z N yΝI z N � -
Π

2
G1,3

2,0 z
0

- 1

2
, Ν, -Ν - 1

03.21.26.0048.01

j-Ν-1I z N yΝI z N �
1

2
Π G2,4

2,1 z
0, -Ν - 3

2

- 1

2
, -Ν - 1, -Ν - 3

2
, Ν

03.21.26.0049.01

jΝ+1I z N yΝI z N �
1

2
Π G2,4

2,1 z
0, - 1

2

0, Ν + 1

2
, -1, -Ν - 3

2

03.21.26.0050.01

jΝ+2I z N yΝI z N �
1

2
Π G2,4

2,1 z
- 1

2
, 0

1

2
, Ν + 1, - 3

2
, -Ν - 2

03.21.26.0051.01

jΜI z N yΝI z N � -
Π

2
G3,5

2,2 z
0, - 1

2
,

Μ-Ν

2

Μ-Ν-1

2
,

Μ+Ν

2
, -

Μ+Ν+2

2
,

Μ-Ν

2
,

Ν-Μ-1

2

03.21.26.0052.01

jΝI z N y-Ν-1I z N + j-Ν-1I z N yΝI z N � - Π G1,3
2,0 z

0

-Ν - 1, Ν, - 1

2

03.21.26.0053.01

jΝI z N y-Ν-1I z N - j-Ν-1I z N yΝI z N � -
sinH2 Π ΝL

2 Π3�2  G1,3
3,1 z

0

- 1

2
, -Ν - 1, Ν
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03.21.26.0054.01

jΝI z N yΜI z N + jΜI z N yΝI z N � - Π G2,4
3,0 z

0, - 1

2

1

2
HΜ - Ν - 1L, 1

2
H-Μ + Ν - 1L, Μ+Ν

2
, 1

2
H-Μ - Ν - 2L

03.21.26.0055.01

jΝI z N yΜI z N - jΜI z N yΝI z N �
sinHΠ HΝ - ΜLL

2 Π3�2  G2,4
3,2 z

0, - 1

2

1

2
HΜ - Ν - 1L, 1

2
H-Μ + Ν - 1L, Μ+Ν

2
, 1

2
H-Μ - Ν - 2L

03.21.26.0056.01

jΝI z N2
+ yΝI z N2

� -
sinHΠ ΝL

Π3�2  G1,3
3,1 z

0

- 1

2
, -Ν - 1, Ν

03.21.26.0057.01

jΝI z N2
- yΝI z N2

� - Π G2,4
3,0 z

0, -Ν - 1

2

- 1

2
, -Ν - 1, Ν, -Ν - 1

2

03.21.26.0058.01

j-Ν-1I z N jΝI z N - y-Ν-1I z N yΝI z N � - Π G2,4
3,0 z

0, 0

- 1

2
, -Ν - 1, Ν, 0

03.21.26.0059.01

jΜI z N jΝI z N - yΜI z N yΝI z N � - Π G3,5
4,0 z

0, - 1

2
, 1

2
H-Μ - Ν - 1L

1

2
H-Μ - Ν - 2L, 1

2
HΜ - Ν - 1L, 1

2
H-Μ + Ν - 1L, Μ+Ν

2
, 1

2
H-Μ - Ν - 1L

03.21.26.0060.01

jΜI z N jΝI z N + yΜI z N yΝI z N � -
sinHΠ ΜL

2 Π3�2  G2,4
3,2 z

0, - 1

2

1

2
H-Μ - Ν - 2L, 1

2
HΜ - Ν - 1L, Μ+Ν

2
, 1

2
H-Μ + Ν - 1L -

sinHΠ ΝL
2 Π3�2  G2,4

3,2 z
0, - 1

2

1

2
H-Μ - Ν - 2L, 1

2
H-Μ + Ν - 1L, Μ+Ν

2
, 1

2
HΜ - Ν - 1L

Classical cases involving cos, sin, y

03.21.26.0061.01

sinI z N jΝI z N + cosI z N yΝI z N � - Π G2,4
3,0 z

0, 1

2

- 1+Ν

2
, Ν

2
, Ν+1

2
, - Ν

2

03.21.26.0062.01

cosI z N jΝI z N - sinI z N yΝI z N � Π G2,4
3,0 z

0, 1

2

- Ν

2
, Ν

2
, Ν+1

2
, - Ν+1

2

03.21.26.0063.01

sinI z N jΝI z N - cosI z N yΝI z N � -
sinHΠ ΝL
2 Π3�2  G2,4

3,2 z
0, 1

2

- Ν+1

2
, Ν

2
, Ν+1

2
, - Ν

2
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03.21.26.0064.01

cosI z N jΝI z N + sinI z N yΝI z N � -
sinHΠ ΝL
2 Π3�2  G2,4

3,2 z
0, 1

2

- Ν

2
, Ν

2
, Ν+1

2
, - Ν+1

2

03.21.26.0065.01

sinIa + z N jΝI z N - cosIa + z N yΝI z N � -
sinHΠ ΝL
2 Π3�2  G3,5

4,2 z
0, 1

2
, - a

Π
- Ν

2

- Ν+1

2
, - Ν

2
, Ν

2
, Ν+1

2
, - a

Π
- Ν

2

Classical cases involving 0F1

03.21.26.0066.01

0F1 ; b; -
z2

4
jΝHzL � 2b-

3

2 GHbL G2,4
1,2 z2

1

4
- b

2
, 3

4
- b

2

Ν

2
, - Ν

2
- 1

2
, -b + Ν

2
+ 1, -b - Ν

2
+ 1

2

�; ReHzL > 0

03.21.26.0067.01

0F1 ; Ν +
3

2
;

z2

4
jΝHzL � 2-

Ν

2
-

3

2 Π zΝ Iz4M-
Ν

4 G Ν +
3

2
G0,4

1,0
z4

64

Ν

4
, - Ν+1

4
, 1-Ν

4
, - 3 Ν+2

4

03.21.26.0068.01

0F1 ;
1

2
- Ν;

z2

4
jΝHzL � 2

Ν

2
-1 Π G

1

2
- Ν G1,5

2,0
z4

64

1-Ν

4

Ν

4
, Ν+2

4
, - Ν+1

4
, 1-Ν

4
, 3 Ν+1

4

�; ReHzL > 0

Classical cases involving 0F
�

1

03.21.26.0069.01

0F
�

1 ; b; -
z2

4
jΝHzL � 2b-

3

2 G2,4
1,2 z2

1

4
- b

2
, 3

4
- b

2

Ν

2
, - Ν

2
- 1

2
, -b + Ν

2
+ 1, -b - Ν

2
+ 1

2

�; ReHzL > 0

03.21.26.0070.01

0F
�

1 ; Ν +
3

2
;

z2

4
jΝHzL � 2-

Ν

2
-

3

2 Π zΝ Iz4M-
Ν

4 G0,4
1,0

z4

64

Ν

4
, - Ν+1

4
, 1-Ν

4
, - 3 Ν+2

4

03.21.26.0071.01

0F
�

1 ;
1

2
- Ν;

z2

4
jΝHzL � 2

Ν

2
-1 Π G1,5

2,0
z4

64

1-Ν

4

Ν

4
, Ν+2

4
, - Ν+1

4
, 1-Ν

4
, 3 Ν+1

4

�; ReHzL > 0

Generalized cases for the direct function itself

03.21.26.0072.01

jΝHzL �
Π

2
G0,2

1,0
z

2
,

1

2

Ν

2
, - Ν+1

2

03.21.26.0073.01

jΝHzL �
1

2
Π3�2 Hä zL-Ν zΝ G1,3

1,0
ä z

2
,

1

2

Ν+1

2

Ν

2
, - Ν+1

2
, Ν+1

2

Generalized cases involving cos
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03.21.26.0074.01

cosHzL jΝHzL �
1

2
Π G2,4

1,2 z,
1

2

0, 1

2

Ν

2
, - Ν+1

2
, Ν+1

2
, - Ν

2

03.21.26.0075.01

cosHa + zL jΝHzL �
1

2
Π G3,5

2,2 z,
1

2

0, 1

2
, Ν+1

2
+ a

Π

Ν

2
, Ν+1

2
, - Ν+1

2
, - Ν

2
, a

Π
+ Ν+1

2

Generalized cases involving sin

03.21.26.0076.01

sinHzL jΝHzL �
1

2
Π G2,4

1,2 z,
1

2

0, 1

2

Ν+1

2
, - 1

2
HΝ + 1L, - Ν

2
, Ν

2

03.21.26.0077.01

sinHa + zL jΝHzL �
1

2
Π G3,5

2,2 z,
1

2

0, 1

2
, a

Π
+ Ν

2

Ν

2
, Ν+1

2
, - Ν+1

2
, - Ν

2
, a

Π
+ Ν

2

Generalized cases involving cos, sin

03.21.26.0078.01

cosHzL j-Ν-1HzL + sinHzL jΝHzL � - Π sin
Π Ν

2
G2,4

2,1 z,
1

2

1

2
, 0

- Ν+1

2
, Ν+1

2
, - Ν

2
, Ν

2

03.21.26.0079.01

cosHzL j-Ν-1HzL - sinHzL jΝHzL � Π cos
Π Ν

2
G2,4

2,1 z,
1

2

0, 1

2

- 1

2
HΝ + 1L, Ν+1

2
, - Ν

2
, Ν

2

Generalized cases for powers of spherical Bessel j

03.21.26.0080.01

jΝHzL2 �
1

2
Π G1,3

1,1 z,
1

2

0

Ν, - 1

2
, -Ν - 1

03.21.26.0081.01

j-Ν-1HzL2 + jΝHzL2 � - Π sinHΠ ΝL G2,4
2,1 z,

1

2

0, - 1

2

-Ν - 1, Ν, - 1

2
, - 1

2

03.21.26.0082.01

j-Ν-1HzL2 - jΝHzL2 � Π cosHΠ ΝL G1,3
2,0 z,

1

2

0

-Ν - 1, Ν, - 1

2

Generalized cases for products of spherical Bessel j

03.21.26.0083.01

j-Ν-1HzL jΝHzL �
1

2
Π G1,3

1,1 z,
1

2

0

- 1

2
, Ν, -Ν - 1
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03.21.26.0084.01

jΝ-1HzL jΝHzL �
1

2
Π G1,3

1,1 z,
1

2

- 1

2

Ν - 1

2
, -1, -Ν - 1

2

03.21.26.0085.01

jΜHzL jΝHzL �
1

2
Π G2,4

1,2 z,
1

2

0, - 1

2
Μ+Ν

2
, 1

2
H-Μ - Ν - 2L, 1

2
HΜ - Ν - 1L, 1

2
H-Μ + Ν - 1L

03.21.26.0086.01

j-Μ-1HzL j-Ν-1HzL + jΜHzL jΝHzL � - Π sin
1

2
Π HΜ + ΝL G2,4

2,1 z,
1

2

0, - 1

2

1

2
H-Μ - Ν - 2L, Μ+Ν

2
, 1

2
HΜ - Ν - 1L, 1

2
H-Μ + Ν - 1L

03.21.26.0087.01

jΜHzL jΝHzL - j-Μ-1HzL j-Ν-1HzL � - Π cos
1

2
Π HΜ + ΝL G2,4

2,1 z,
1

2

- 1

2
, 0

1

2
H-Μ - Ν - 2L, Μ+Ν

2
, 1

2
HΜ - Ν - 1L, 1

2
H-Μ + Ν - 1L

Generalized cases involving Bessel J

03.21.26.0088.01

J
-Ν-

1

2

HzL jΝHzL �
1

2
 G1,3

1,1 z,
1

2

1

4

- 1

4
, -Ν - 3

4
, Ν + 1

4

03.21.26.0089.01

J
Ν-

1

2

HzL jΝHzL �
1

2
 G1,3

1,1 z,
1

2

- 1

4

Ν - 1

4
, - 3

4
, -Ν - 1

4

03.21.26.0090.01

JΜHzL jΝHzL �
1

2
 G2,4

1,2 z,
1

2

1

4
, - 1

4
Μ+Ν

2
, - 1

2
HΜ + Ν + 1L, 1

2
HΜ - Ν - 1L, Ν-Μ

2

03.21.26.0091.01

J-ΜHzL j-Ν-1HzL + JΜHzL jΝHzL � - 2 sin
1

2
Π Μ + Ν -

1

2
G2,4

2,1 z,
1

2

1

4
, - 1

4

- 1

2
HΜ + Ν + 1L, Μ+Ν

2
, 1

2
HΜ - Ν - 1L, Ν-Μ

2

03.21.26.0092.01

JΜHzL jΝHzL - J-ΜHzL j-Ν-1HzL � - 2 cos
1

2
Π Μ + Ν -

1

2
G2,4

2,1 z,
1

2

- 1

4
, 1

4

- 1

2
HΜ + Ν + 1L, Μ+Ν

2
, 1

2
HΜ - Ν - 1L, Ν-Μ

2

Generalized cases involving Bessel Y

03.21.26.0093.01

Y
Ν+

1

2

HzL jΝHzL � -
1

2
 G1,3

2,0 z,
1

2

1

4

- 1

4
, Ν + 1

4
, -Ν - 3

4

03.21.26.0094.01

Y
-Ν-

1

2

HzL jΝHzL �
1

2
 G2,4

2,1 z,
1

2

1

4
, Ν - 1

4

- 1

4
, Ν + 1

4
, Ν - 1

4
, -Ν - 3

4
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03.21.26.0095.01

Y
Ν-

1

2

HzL jΝHzL �
1

2
 G2,4

2,1 z

1

4
, - 1

4

1

4
, Ν - 1

4
, - 3

4
, -Ν - 1

4

03.21.26.0096.01

Y
Ν-

3

2

HzL jΝHzL �
1

2
 G2,4

2,1 z,
1

2

- 1

4
, 1

4

3

4
, Ν - 3

4
, - 5

4
, 1

4
- Ν

03.21.26.0097.01

YΜHzL jΝHzL � -
1

2
 G3,5

2,2 z,
1

2

- 1

4
, 1

4
, 1

2
H-Μ + Ν + 1L

Ν-Μ

2
,

Μ+Ν

2
, - 1

2
HΜ + Ν + 1L, 1

2
HΜ - Ν - 1L, 1

2
H-Μ + Ν + 1L

Generalized cases involving Bessel J, Y, y

03.21.26.0098.01

Y
-Ν-

1

2

HzL jΝHzL + J
-Ν-

1

2

HzL yΝHzL � - 2 G1,3
2,0 z,

1

2

1

4

-Ν - 3

4
, Ν + 1

4
, - 1

4

03.21.26.0099.01

Y
-Ν-

1

2

HzL jΝHzL - J
-Ν-

1

2

HzL yΝHzL � -
sinH2 Π ΝL

2 Π2
 G1,3

3,1 z,
1

2

1

4

- 1

4
, -Ν - 3

4
, Ν + 1

4

03.21.26.0100.01

YΜHzL jΝHzL + JΜHzL yΝHzL � - 2 G2,4
3,0 z,

1

2

- 1

4
, 1

4

1

2
HΜ - Ν - 1L, Ν-Μ

2
,

Μ+Ν

2
, - 1

2
HΜ + Ν + 1L

03.21.26.0101.01

YΜHzL jΝHzL - JΜHzL yΝHzL �
cosHΠ HΜ - ΝLL

2 Π2
 G2,4

3,2 z,
1

2

- 1

4
, 1

4

1

2
HΜ - Ν - 1L, Ν-Μ

2
,

Μ+Ν

2
, - 1

2
HΜ + Ν + 1L

03.21.26.0102.01

J
-Ν-

1

2

HzL jΝHzL - Y
-Ν-

1

2

HzL yΝHzL � - 2 G2,4
3,0 z,

1

2

1

4
, 1

4

- 1

4
, -Ν - 3

4
, Ν + 1

4
, 1

4

03.21.26.0103.01

JΜHzL jΝHzL - YΜHzL yΝHzL � - 2 G3,5
4,0 z,

1

2

- 1

4
, 1

4
, - 1

2
HΜ + ΝL

- 1

2
HΜ + Ν + 1L, 1

2
HΜ - Ν - 1L, Ν-Μ

2
,

Μ+Ν

2
, - 1

2
HΜ + ΝL

03.21.26.0104.01

JΜHzL jΝHzL + YΜHzL yΝHzL �
1

2 Π2
 cosHΠ ΜL G2,4

3,2 z,
1

2

- 1

4
, 1

4

- 1

2
HΜ + Ν + 1L, 1

2
HΜ - Ν - 1L, Μ+Ν

2
,

Ν-Μ

2

-

sinHΠ ΝL G2,4
3,2 z,

1

2

- 1

4
, 1

4

- 1

2
HΜ + Ν + 1L, Ν-Μ

2
,

Μ+Ν

2
, 1

2
HΜ - Ν - 1L

Generalized cases involving Bessel I
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03.21.26.0105.01

I
Ν+

1

2

HzL jΝHzL �
Π

2 2
4

 G0,4
1,0

z

2 2
,

1

4

4 Ν+1

8
, - 1

8
, 3

8
, - 4 Ν+3

8

03.21.26.0106.01

I
-Ν-

1

2

HzL jΝHzL �
Π

2 2
4

 G1,5
2,0

z

2 2
,

1

4

1-4 Ν

8

- 1

8
, 3

8
, - 4 Ν+3

8
, 1-4 Ν

8
, 4 Ν+1

8

03.21.26.0107.01

I
Ν+

1

2

HzL H j-Ν-1HzL + jΝHzLL �
Π cosJ 1

4
Π H2 Ν + 1LN

2
4

 G2,6
3,0

z

2 2
,

1

4

Ν

4
, Ν+2

4

- 1

8
, 3

8
, 4 Ν+1

8
, - 4 Ν+3

8
, Ν

4
, Ν+2

4

03.21.26.0108.01

I
Ν+

1

2

HzL H j-Ν-1HzL - jΝHzLL �
Π sinJ 1

4
Π H2 Ν + 1LN

2
4

 G2,6
3,0

z

2 2
,

1

4

Ν+1

4
, Ν+3

4

- 1

8
, 3

8
, 4 Ν+1

8
, - 4 Ν+3

8
, Ν+1

4
, Ν+3

4

Generalized cases involving Bessel K

03.21.26.0109.01

K
Ν+

1

2

HzL jΝHzL �
1

8 2
4

 G0,4
3,0

z

2 2
,

1

4
- 1

8
, 3

8
, 4 Ν+1

8
, - 4 Ν+3

8

03.21.26.0110.01

K
Ν+

1

2

HzL H j-Ν-1HzL + jΝHzLL �
cosJ 1

4
Π H2 Ν + 1LN
4 2

4
 G0,4

3,0
z

2 2
,

1

4

3

8
, - 4 Ν+3

8
, 4 Ν+1

8
, - 1

8

03.21.26.0111.01

K
Ν+

1

2

HzL H j-Ν-1HzL - jΝHzLL �
sinJ 1

4
Π H2 Ν + 1LN
4 2

4
 G0,4

3,0
z

2 2
,

1

4
- 1

8
, - 1

8
H4 Ν + 3L, 1

8
H4 Ν + 1L, 3

8

Generalized cases involving spherical Bessel y

03.21.26.0112.01

cosHa ΠL jΝHzL + sinHa ΠL yΝHzL �
1

2
Π G1,3

2,0
z

2
,

1

2

- 1

2
H2 a + Ν + 1L

- 1

2
HΝ + 1L, Ν

2
, - 1

2
H2 a + Ν + 1L

03.21.26.0113.01

jΝHzL yΝHzL � -
Π

2
G1,3

2,0 z,
1

2

0

- 1

2
, Ν, -Ν - 1

03.21.26.0114.01

j-Ν-1HzL yΝHzL �
Π

2
G2,4

2,1 z,
1

2

0, -Ν - 3

2

- 1

2
, -Ν - 1, -Ν - 3

2
, Ν

03.21.26.0115.01

jΝ+1HzL yΝHzL �
1

2
Π G2,4

2,1 z,
1

2

0, - 1

2

0, Ν + 1

2
, -1, -Ν - 3

2

http://functions.wolfram.com 51



03.21.26.0116.01

jΝ+2HzL yΝHzL �
1

2
Π G2,4

2,1 z,
1

2

- 1

2
, 0

1

2
, Ν + 1, - 3

2
, -Ν - 2

03.21.26.0117.01

jΜHzL yΝHzL �
1

2
I- Π N G3,5

2,2 z,
1

2

0, - 1

2
,

Μ-Ν

2

Μ-Ν-1

2
,

Μ+Ν

2
, -

Μ+Ν+2

2
,

Μ-Ν

2
,

Ν-Μ-1

2

03.21.26.0118.01

jΝHzL y-Ν-1HzL + j-Ν-1HzL yΝHzL � - Π G1,3
2,0 z,

1

2

0

-Ν - 1, Ν, - 1

2

03.21.26.0119.01

jΝHzL y-Ν-1HzL - j-Ν-1HzL yΝHzL � -
sinH2 Π ΝL

2 Π3�2  G1,3
3,1 z,

1

2

0

- 1

2
, -Ν - 1, Ν

03.21.26.0120.01

jΝHzL yΜHzL + jΜHzL yΝHzL � - Π G2,4
3,0 z,

1

2

0, - 1

2

Μ-Ν-1

2
,

Ν-Μ-1

2
,

Μ+Ν

2
, -

Μ+Ν+2

2

03.21.26.0121.01

jΝHzL yΜHzL - jΜHzL yΝHzL �
sinHΠ HΝ - ΜLL

2 Π3�2  G2,4
3,2 z,

1

2

0, - 1

2

Μ-Ν-1

2
,

Ν-Μ-1

2
,

Μ+Ν

2
, -

Μ+Ν+2

2

03.21.26.0122.01

jΝHzL2 + yΝHzL2 � -
sinHΠ ΝL

Π3�2  G1,3
3,1 z,

1

2

0

- 1

2
, -Ν - 1, Ν

03.21.26.0123.01

jΝHzL2 - yΝHzL2 � - Π G2,4
3,0 z,

1

2

0, -Ν - 1

2

- 1

2
, -Ν - 1, Ν, -Ν - 1

2

03.21.26.0124.01

j-Ν-1HzL jΝHzL + y-Ν-1HzL yΝHzL �
sin2HΠ ΝL

Π3�2  G1,3
3,1 z,

1

2

0

- 1

2
, -Ν - 1, Ν

03.21.26.0125.01

j-Ν-1HzL jΝHzL - y-Ν-1HzL yΝHzL � - Π G2,4
3,0 z,

1

2

0, 0

- 1

2
, -Ν - 1, Ν, 0

03.21.26.0126.01

jΜHzL jΝHzL - yΜHzL yΝHzL � - Π G3,5
4,0 z,

1

2

- 1

2
, 0, -

Μ+Ν+1

2

-
Μ+Ν+2

2
,

Μ-Ν-1

2
,

Ν-Μ-1

2
,

Μ+Ν

2
, -

Μ+Ν+1

2
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03.21.26.0127.01

jΜHzL jΝHzL + yΜHzL yΝHzL � -
sinHΠ ΜL

2 Π3�2  G2,4
3,2 z,

1

2

0, - 1

2

1

2
H-Μ - Ν - 2L, 1

2
HΜ - Ν - 1L, Μ+Ν

2
, 1

2
H-Μ + Ν - 1L -

sinHΠ ΝL
2 Π3�2  G2,4

3,2 z,
1

2

0, - 1

2

1

2
H-Μ - Ν - 2L, 1

2
H-Μ + Ν - 1L, Μ+Ν

2
, 1

2
HΜ - Ν - 1L

Generalized cases involving cos, sin, y

03.21.26.0128.01

sinHzL jΝHzL + cosHzL yΝHzL � - Π G2,4
3,0 z,

1

2

0, 1

2

- 1

2
HΝ + 1L, Ν

2
, Ν+1

2
, - Ν

2

03.21.26.0129.01

cosHzL jΝHzL - sinHzL yΝHzL � Π G2,4
3,0 z,

1

2

0, 1

2

- Ν

2
, Ν

2
, Ν+1

2
, - 1+Ν

2

03.21.26.0130.01

sinHzL jΝHzL - cosHzL yΝHzL � -
sinHΠ ΝL
2 Π3�2  G2,4

3,2 z,
1

2

0, 1

2

- 1

2
HΝ + 1L, Ν

2
, Ν+1

2
, - Ν

2

03.21.26.0131.01

cosHzL jΝHzL + sinHzL yΝHzL � -
sinHΠ ΝL
2 Π3�2  G2,4

3,2 z,
1

2

0, 1

2

- Ν

2
, Ν

2
, Ν+1

2
, - Ν+1

2

03.21.26.0132.01

sinHa + zL jΝHzL - cosHa + zL yΝHzL � -
sinHΠ ΝL
2 Π3�2  G3,5

4,2 z,
1

2

0, 1

2
, - a

Π
- Ν

2

- 1

2
HΝ + 1L, - Ν

2
, Ν

2
, Ν+1

2
, - a

Π
- Ν

2

Generalized cases involving 0F1

03.21.26.0133.01

0F1 ; b; -
z2

4
jΝHzL � 2b-

3

2 GHbL G2,4
1,2 z,

1

2

1

4
H1 - 2 bL, 1

4
H3 - 2 bL

Ν

2
, - 1

2
HΝ + 1L, 1

2
H-2 b + Ν + 2L, 1

2
H-2 b - Ν + 1L

03.21.26.0134.01

0F1 ; Ν +
3

2
;

z2

4
jΝHzL � 2-

Ν

2
-

3

2 Π G Ν +
3

2
G0,4

1,0
z

2 2
,

1

4

Ν

4
, - 1

4
HΝ + 1L, 1-Ν

4
, - 1

4
H3 Ν + 2L

03.21.26.0135.01

0F1 ;
1

2
- Ν;

z2

4
jΝHzL � 2

Ν

2
-1 Π G

1

2
- Ν G1,5

2,0
z

2 2
,

1

4

1-Ν

4

Ν

4
, Ν+2

4
, - 1

4
HΝ + 1L, 1-Ν

4
, 1

4
H3 Ν + 1L

Generalized cases involving 0F
�

1
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03.21.26.0136.01

0F
�

1 ; b; -
z2

4
jΝHzL � 2b-

3

2 G2,4
1,2 z,

1

2

1

4
H1 - 2 bL, 1

4
H3 - 2 bL

Ν

2
, - 1

2
HΝ + 1L, 1

2
H-2 b + Ν + 2L, 1

2
H-2 b - Ν + 1L

03.21.26.0137.01

0F
�

1 ; Ν +
3

2
;

z2

4
jΝHzL � 2-

Ν

2
-

3

2 Π G0,4
1,0

z

2 2
,

1

4

Ν

4
, - 1

4
HΝ + 1L, 1-Ν

4
, - 1

4
H3 Ν + 2L

03.21.26.0138.01

0F
�

1 ;
1

2
- Ν;

z2

4
jΝHzL � 2

Ν

2
-1 Π G1,5

2,0
z

2 2
,

1

4

1-Ν

4

Ν

4
, Ν+2

4
, - 1

4
HΝ + 1L, 1-Ν

4
, 1

4
H3 Ν + 1L

Through other functions

03.21.26.0139.01

jΝHzL �
Π

2
 

1

z
J

Ν+
1

2

HzL
03.21.26.0140.01

jΝHzL �
H-1LΝ

z
 

Π

2
 H

-Ν-
1

2

HzL �; Ν Î N

Representations through equivalent functions

With related functions

03.21.27.0001.01

jΝHzL �
Π

2
Hä zL-Ν-

1

2 zΝ I
Ν+

1

2

Hä zL
03.21.27.0002.01

jΝHä zL �
Π

2
Hä zLΝ z-Ν-

1

2 I
Ν+

1

2

HzL
03.21.27.0003.01

jΝHzL � secHΠ ΝL y-Ν-1HzL + yΝHzL tanHΠ ΝL
03.21.27.0004.01

jΝHzL yΝ+1HzL - jΝ+1HzL yΝHzL � -
1

z2

03.21.27.0005.01

jΝHzL � 2-Ν-1 Π zΝ
0F

�
1 ; Ν +

3

2
; -

z2

4

03.21.27.0006.01

jΝHzL �
2-Ν-1 Π zΝ

GJΝ + 3

2
N  0F1 ; Ν +

3

2
; -

z2

4
�; -Ν -

1

2
Ï N+
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03.21.27.0007.01

jΝHzL �
2-Ν-1 Π zΝ

GJΝ + 3

2
N  0F1 ; Ν +

3

2
; -

z2

4
�; -Ν -

1

2
Ï N+

03.21.27.0008.01

jΝHzL � ã
3

8
ä Π H2 Ν+1L Π

2
zΝ I-H-1L3�4 zM-Ν-

1

2 ber
Ν+

1

2

I-H-1L3�4 zM - ä bei
Ν+

1

2

I-H-1L3�4 zM
03.21.27.0009.01

jΝJ -1
4

zN � ã
3

8
ä Π H2 Ν+1L Π

2
z-Ν-

1

2 J -1
4

zNΝ
ber

Ν+
1

2

HzL - ä bei
Ν+

1

2

HzL
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