
SpheroidalQS

Notations

Traditional name

Angular spheroidal function of the second kind

Traditional notation

QSΝ,ΜHΓ, zL

Mathematica StandardForm notation

SpheroidalQS@Ν, Μ, Γ, zD

Primary definition
11.09.02.0001.01

QSΝ,ΜHΓ, zL

QSΝ,ΜHΓ, zL is the angular spheroidal function of the first kind with variable z and parameters Ν,  Μ,  Γ.  It is defined

as  the  normalizable  solution  wHzL � QSΝ,ΜHΓ, zL  of  the  wave  differential  equation

I1 - z2M w¢¢HzL - 2 z w¢HzL + IΛ + Γ2I1 - z2M - Μ2 � I1 - z2MM wHzL � 0 with parameter Λ equal to spheroidal eigenvalue

Λ � ΛΝ,ΜHΓL. The parameter Ν enumerates the spheroidal eigenvalues in such a manner that in the limit (Γ ® 0), the

eigenvalues are ΛΝ,ΜH0L � ΝHΝ + 1L  and QSΝ,ΜH0, zL � QΝ
ΜHzL,  where QΝ

ΜHzL  is  the Legendre function of the second

kind. The angular spheroidal functions are normalized according to the Meixner-Schäfke normalization scheme.

QSΝ,ΜHΓ, zL  is an analytical function in the variables Ν, Μ, Γ and z. 

Specific values

Specialized values

For fixed Ν, Μ, z

11.09.03.0001.01

QSΝ,ΜH0, zL � QΝ
ΜHzL

For fixed Ν, Γ, z



11.09.03.0002.01

QS
Ν,

1

2

HΓ, zL � -
Π

2 1 - z24

 Se b
Ν+

1

2

Γ2

4
,

Γ2

4
, cos-1HzL

For fixed Ν, z

11.09.03.0003.01

QSΝ,0H0, zL � QΝHzL
11.09.03.0004.01

QS
Ν,

1

2

H0, zL � -
Π

2 1 - z24

 sin Ν +
1

2
cos-1HzL

11.09.03.0005.01

QS
Ν,

1

2

H0, zL � -
Π 1 - z24

2
 U

Ν-
1

2

HzL

General characteristics

Domain and analyticity

QSΝ,ΜHΓ, zL is an analytical function of Ν, Μ, Γ, z which is defined in C4. 

11.09.04.0001.01

HΝ * Μ * Γ * zL �QSΝ,ΜHΓ, zL � HC Ä C Ä C Ä CL �C

Symmetries and periodicities

Parity

QSΝ,ΜHΓ, zL is an even function with respect to Γ.

11.09.04.0002.01

QSΝ,ΜH-Γ, zL � QSΝ,ΜHΓ, zL

Mirror symmetry

11.09.04.0003.01

QSΝ,ΜHΓ, z�L � QSΝ,ΜHΓ, zL

Periodicity

No periodicity

Series representations

Generalized power series

Expansions at Γ � 0
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11.09.06.0001.01

QSΝ,ΜHΓ, zL µ QΝ
ΜHzL +

1

2 H2 Ν + 1L  
H-Μ + Ν + 1L H-Μ + Ν + 2L

H2 Ν + 3L2
 QΝ+2

Μ HzL -
HΜ + Ν - 1L HΜ + ΝL

H1 - 2 ΝL2
 QΝ-2

Μ HzL Γ2 +

1

8

HΜ + Ν - 3L HΜ + Ν - 2L HΜ + Ν - 1L HΜ + ΝL
I4 Ν2 - 8 Ν - 5M I4 Ν2 - 8 Ν + 3M2

 QΝ-4
Μ HzL +

8 I4 Μ2 - 1M IΜ2 + H2 Ν - 1L Μ + HΝ - 1L ΝM
H1 - 2 ΝL4 I8 Ν3 - 4 Ν2 - 34 Ν - 15M

 QΝ-2
Μ HzL -

1

2 Ν + 1
 

HΜ - ΝL HΜ - Ν + 1L HΜ + Ν - 1L HΜ + ΝL
H1 - 2 ΝL4 H2 Ν - 3L

+
H-Μ + Ν + 1L H-Μ + Ν + 2L HΜ + Ν + 1L HΜ + Ν + 2L

H2 Ν + 3L4 H2 Ν + 5L
QΝ

ΜHzL -

8 I4 Μ2 - 1M IΜ2 - H2 Ν + 3L Μ + Ν2 + 3 Ν + 2M
H2 Ν + 3L4 I8 Ν3 + 28 Ν2 - 2 Ν - 7M

 QΝ+2
Μ HzL +

H-Μ + Ν + 1L H-Μ + Ν + 2L H-Μ + Ν + 3L H-Μ + Ν + 4L
H2 Ν + 1L H2 Ν + 3L2 H2 Ν + 5L2 H2 Ν + 7L

 QΝ+4
Μ HzL Γ4 + ¼ �; HΓ ® 0L

11.09.06.0002.01

QSΝ,ΜHΓ, zL µ QΝ
ΜHzL I1 + OIΓ2MM

Expansions at generic point z � z0

11.09.06.0003.01

QSΝ,ΜHΓ, zL µ QSΝ,ΜHΓ, z0L + QSΝ,Μ
¢HΓ, z0L Hz - z0L -

1

2 Iz0
2 - 1M2

 J2 QSΝ,Μ
¢HΓ, z0L z0 Iz0

2 - 1M + QSΝ,ΜHΓ, z0L J-Μ2 + Γ2 Iz0
2 - 1M2

- ΛΝ,ΜHΓL Iz0
2 - 1MNN Hz - z0L2 +

1

6 Iz0
2 - 1M3

 J2 QSΝ,ΜHΓ, z0L z0 J-3 Μ2 + Γ2 Iz0
2 - 1M2

- 2 ΛΝ,ΜHΓL Iz0
2 - 1MN -

QSΝ,Μ
¢HΓ, z0L Iz0

2 - 1M IΓ2 z0
4 - 2 IΓ2 + 3M z0

2 + Γ2 - Μ2 - ΛΝ,ΜHΓL Iz0
2 - 1M - 2MN Hz - z0L3 + ¼ �; Hz ® z0L

11.09.06.0004.01

QSΝ,ΜHΓ, zL µ QSΝ,ΜHΓ, z0L H1 + OHz - z0LL

Expansions at z � 0

11.09.06.0005.01

QSΝ,ΜHΓ, zL µ QSΝ,ΜHΓ, 0L + QSΝ,Μ
¢HΓ, 0L z -

1

2
IΓ2 - Μ2 + ΛΝ,ΜHΓLM QSΝ,ΜHΓ, 0L z2 +

1

6
I2 QSΝ,Μ

¢HΓ, 0L - IΓ2 - Μ2 + ΛΝ,ΜHΓLM QSΝ,Μ
¢HΓ, 0LM z3 + ¼ �; Hz ® 0L

11.09.06.0006.01

QSΝ,ΜHΓ, zL µ QSΝ,ΜHΓ, 0L H1 + OHzLL

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself
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11.09.13.0001.01

I1 - z2M w¢¢HzL - 2 z w¢HzL + I1 - z2M Γ2 + ΛΝ,ΜHΓL -
Μ2

1 - z2
wHzL � 0 �; wHzL � c1 QSΝ,ΜHΓ, zL + c2 PSΝ,ΜHΓ, zL

11.09.13.0002.01

WzIQSΝ,ΜHΓ, zL, PSΝ,ΜHΓ, zLM �
1

1 - z2
 IPSΝ,Μ

¢HΓ, 0L QSΝ,ΜHΓ, 0L - PSΝ,ΜHΓ, 0L QSΝ,Μ
¢HΓ, 0LM

11.09.13.0003.01

I1 - gHzL2M w¢¢HzL + IgHzL2 - 1M g¢¢HzL
g¢HzL - 2 gHzL g¢HzL w¢HzL +

IΓ gHzL2 + Μ - ΓM I-Γ gHzL2 + Μ + ΓM g¢HzL2

gHzL2 - 1
+ ΛΝ,ΜHΓL g¢HzL2 wHzL � 0 �;

wHzL � c1 QSΝ,ΜHΓ, gHzLL + c2 PSΝ,ΜHΓ, gHzLL
11.09.13.0004.01

WzIQSΝ,ΜHΓ, gHzLL, PSΝ,ΜHΓ, gHzLLM �
g¢HzL

1 - gHzL2
IPSΝ,Μ

¢HΓ, 0L QSΝ,ΜHΓ, 0L - PSΝ,ΜHΓ, 0L QSΝ,Μ
¢HΓ, 0LM

11.09.13.0005.01

I1 - gHzL2M w¢¢HzL + IgHzL2 - 1M 2 h¢HzL
hHzL +

g¢¢HzL
g¢HzL - 2 gHzL g¢HzL w¢HzL +

IΓ gHzL2 + Μ - ΓM I-Γ gHzL2 + Μ + ΓM g¢HzL2

gHzL2 - 1
+ ΛΝ,ΜHΓL g¢HzL2 +

2 gHzL h¢HzL g¢HzL
hHzL +

IgHzL2 - 1M IhHzL h¢¢HzL - 2 h¢HzL2M
hHzL2

-

IgHzL2 - 1M h¢HzL g¢¢HzL
hHzL g¢HzL wHzL � 0 �; wHzL � c1 hHzL QSΝ,ΜHΓ, gHzLL + c2 hHzL PSΝ,ΜHΓ, gHzLL

11.09.13.0006.01

WzIhHzL QSΝ,ΜHΓ, gHzLL, hHzL PSΝ,ΜHΓ, gHzLLM �
hHzL2 g¢HzL
1 - gHzL2

IPSΝ,Μ
¢HΓ, 0L QSΝ,ΜHΓ, 0L - PSΝ,ΜHΓ, 0L QSΝ,Μ

¢HΓ, 0LM

11.09.13.0007.01

I1 - a2 z2 rM w¢¢HzL -
a2 Hr - 2 s + 1L z2 r + r + 2 s - 1

z
 w¢HzL +

a2 r2 ΛΝ,ΜHΓL z2 r-2 +
-a2 r2 JIa2 z2 r - 1M2

Γ2 - Μ2N z2 r - s2 Ia2 z2 r - 1M2
+ r s Ia4 z4 r - 1M

z2 Ia2 z2 r - 1M
wHzL �

0 �; wHzL � c1 zs QSΝ,ΜHΓ, a zrL + c2 zs PSΝ,ΜHΓ, a zrL
11.09.13.0008.01

WzIzs QSΝ,ΜHΓ, a zrL, zs PSΝ,ΜHΓ, a zrLM �
a r zr+2 s-1

1 - a2 z2 r
IPSΝ,Μ

¢HΓ, 0L QSΝ,ΜHΓ, 0L - PSΝ,ΜHΓ, 0L QSΝ,Μ
¢HΓ, 0LM

11.09.13.0009.01

I1 - a2 r2 zM w¢¢HzL + I-a2 logHrL r2 z + 2 a2 logHsL r2 z - logHrL - 2 logHsLM w¢HzL +

a2 log2HrL ΛΝ,ΜHΓL r2 z +
1

a2 r2 z - 1
 J-a2 JIa2 r2 z - 1M2

Γ2 - Μ2N log2HrL r2 z - Ia2 r2 z - 1M2
log2HsL + Ia4 r4 z - 1M logHrL logHsLN

wHzL � 0 �; wHzL � c1 sz QSΝ,ΜHΓ, a rzL + c2 sz PSΝ,ΜHΓ, a rzL
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11.09.13.0010.01

WzIsz QSΝ,ΜHΓ, a rzL, sz PSΝ,ΜHΓ, a rzLM �
a rz s2 z logHrL

1 - a2 r2 z
IPSΝ,Μ

¢HΓ, 0L QSΝ,ΜHΓ, 0L - PSΝ,ΜHΓ, 0L QSΝ,Μ
¢HΓ, 0LM

Differentiation

Low-order differentiation

With respect to z

11.09.20.0001.01

¶QSΝ,ΜHΓ, zL
¶z

� QSΝ,Μ
¢HΓ, zL

11.09.20.0002.01

¶2 QSΝ,ΜHΓ, zL
¶z2

�

1

1 - z2
 2 z QSΝ,Μ

¢HΓ, zL - I1 - z2M Γ2 + ΛΝ,ΜHΓL -
Μ2

1 - z2
QSΝ,ΜHΓ, zL

Integration

Representations through equivalent functions

Theorems

History

http://functions.wolfram.com 5



Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas 

involving the special functions of mathematics. For a key to the notations used here, see 

http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for 

example: 

http://functions.wolfram.com/Constants/E/

To refer to a particular formula, cite functions.wolfram.com followed by the citation number.

e.g.:  http://functions.wolfram.com/01.03.03.0001.01

This document is currently in a preliminary form. If you have comments or suggestions, please email 

comments@functions.wolfram.com.
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