WOLFRAM ions.wolfram.com
RESEARCH I'he single most comp ve and wni sonrce of information abont mathematical function:

SpheroidalS2

Wiow the onling version at Download the
® functions.weolfram.com @ PDF File

Notations

Traditional name

Radial spheroidal function of the second kind

Traditional notation
20,2

Mathematica StandardForm notation

Spheroi dal S2[v, u, v, z]

Primary definition
11.11.02.0001.01
P02
S(f,),(y, 2) istheradial spheroidal function of the second kind with variable z and parameters v, u, y. Itisdefined

as the normalizable solution w(2==S%(y,2 of the wave differentia equation
(1-A)W' @ -2zWw @ + (A +y%(1-2) - 42 [ (1 - 2)) W(2) = O with parameter A equal to spheroidal eigenvalue
A=A, ,(y). The parameter v enumerates the spheroidal eigenvalues in such a manner that in the limit (y — 0), the

eigenvalues are A, ,(0) = v (u + 1) and lim, o Si)l(y, z/y) = vy,(2), where y,(2) is the spherical Bessel function of
the second kind. The radial spheroidal functions are normalized according to the Meixner-Schafke normalization
scheme, meaning lim,.. S%(y, 2/7) /¥, = 1. S7,(y, 2) isan andlytical function in the variablesv, », y and z.

Specific values
General characteristics
Domain and analyticity
SP.(y, 2 isan analytical function of v, u, y, zwhich is defined in C*.

11.11.04.0001.01
(v*,u*y*z)—>3fl)l(7, 2 (CeCRCR®C)—C

Symmetries and periodicities
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Parity
2 (v, 2) is an even function with respect to .

11.11.04.0002.01

82,0, 2=8%02
Mirror symmetry
11.11.04.0003.01
L7 2=520.2
Periodicity

No periodicity

Series representations

Generalized power series

Expansionsat generic point z == z,

11.11.06.0001.01
2
282/ v, 200 20+ S22y, ) [(B - 1) 2 - 4,0 + (z-20° -

2(1-2) 1%

(82'0n 20 (B-2) (P % -2(r* +3) B+~ 12~ X0 (B - 1) - 2) -

27, 2 o« Sy, 20) + 92 (7, 20) (2~ 20) +

6(3-1)’

2820 )20 (342 + 72 (Z - 1) - 20,0 (F - 1)) @~ 2 +

1 ,
74(45@ 7 22 (B-1) (P4 -2(07+3)B+1* =312 21,0 (B-1)-6) +
24(%-1)
R0 2 (B -1 AP (B -1 - 22 (1 +4F+2) (B-1) -
20,00 (P A— (272 +9)B+72 — 12— 3) (B - 1) + 1% (1? + 36 B +8))) Z-2)*+ ... [ (2> 20)
11.11.06.0002.01
S, 2 o« §2,(, 20) (1+ Oz~ 7))
Expansionsat z==0

11.11.06.0003.01

, 1
27,2« §2(, 0 +52 (7, 0z 3 (VP =12+ 0,,(0) Sy, 00 2 +

1 ’ ’
p (292 7, 0= (¥ = 12 + X, ) S 7, 0) 2 + ... /; (2> 0)

11.11.06.0004.01
2.7, 2 « §2,(7, 0) (1 + O(2)
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Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

11.11.13.0001.01
2

(1-2)w'@-2zw @)+ [(1 -2)Y? + 4, - Jw(z) =0/ W@ =820, 2+ S0, 2

11.11.13.0002.01

1 , ,
WA(S2,(7, 2, Sh(r, 2) = T (SY (. 0052, 0 - SV (v, 00 S2, (7, 0))

11.11.13.0003.01

4

Y9@P+u-7)(-y9@* +u+7)92°
(1-9@?)wW'@ +|(9@” - 1) Z((ZZ)) ( A )

-29(2 g’(Z)) W (2) + [ + 4,19 @ (W2 =0/
g2%-1

W) = ¢, S2(, 9@) + ¢ SNy, 92)

11.11.13.0004.01

g
W,(S2(7, 92), SN, 9(2)) =

P (S50 0 2.0 0 - 5,0, 052 (7, 0))

11.11.13.0005.01
2 g’

+
ha d@

(1-0@*)W'(2) + [(g(z>2 -1) { ) -292 g’(z)] W (2 +

(Y9@?+ 1 —y) (-7 9@* + 1 +v) g (2° , 200h@g@ (92°-1)(hah'@ -2 @)
+4,,NID + +
92%-1 h(2) h(2)2
(02*-1)h@ 9"
h2 g2

]w(z) =0/, W2 = ¢ h@ (7, 9@) + 2 h@ (v, 92)

11.11.13.0006.01

h@’ g2
2

Wy(h@ S2,(7, 9@), h@ L, 9@) == (S (v, 0927, 0~ SV(7, 0 S2) (7, 0))

1-9(7Z]

11.11.13.0007.01
a(r-2s+1)Z2" +r+2s-1

(1-22Z2")W' (@) - - W (2) +
e 2 —azrz((azz”—1)2y2—u2)22r—sz(azzzr—1)2+rs(a4z4f—1) ()
ar-a,,(y + W(2) =
' 2222 - 1)

0/, w@) =1 22y, aZ) + ¢, 2Ny, az)

11.11.13.0008.01

a
W2 S5, a2), 20 a2) = ———

Zr+2&l

(S8 0, 027, 0~ Sy, 02 (7, 0))
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11.11.13.0009.01

(1-a%r*?)w’(2) + (-a? log(r) r?* + 2a% log(s) r** — log(r) — 2log(s)) W (2) +

a2 10g(r) A, () 1?2 +

T (—a2 ((a2 r2z— 1)2 y? - ;12) log?(r) r2% — (a?r?7 - 1)2 log?(s) + (a*r*?—1)log(r) Iog(s)))
W) =0/,w@) =c, 8§y, ar’) + ¢, 5 Sy, ar’)

11.11.13.0010.01

2) z 1) z ar’s*log(n 1)’ 2) 1) 2’
WA(s* SP(r, ar?), S (y, ar’)) = ——— (§) 7, 00§27, 0 - §L(r, 0 2, (7, 0))

1_a2 rZZ

Differentiation

Low-order differentiation

With respect to z

11.11.20.0001.01
Spheroidal S2°°* (v, 11,7, 2 = 2 (7, 2)

11.11.20.0002.01

2

. (0,0,0,2) _ 1 2’ _ — 22 _ H 2)
Spheroidal S2%%°?(v, 4, 5, z)—l 5 2282, (7, - |(1-2)¥* + 4,,(») - .. 2

Integration
Operations

Limit operation

11.11.25.0001.01

SHI0
lim
ze Y2

=1

Representations through equivalent functions
Theorems

History
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This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For a key to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01
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