
Sqrt

Notations

Traditional name

Square root

Traditional notation

z

Mathematica StandardForm notation

Sqrt@zD

Primary definition
01.01.02.0001.01

z � z1�2
01.01.02.0002.01

z � â
k=0

¥

-
1

2 k
 
H1 - zLk

k !
�;  z - 1¤ < 1

Specific values

Values at fixed points

01.01.03.0001.01

0 � 0

01.01.03.0002.01

-1 � ä

01.01.03.0003.01

ä � -1
4

� ã
ä Π

4

01.01.03.0004.01

-ä � -H-1L3�4 � ã-
1

4
Hä ΠL

Values of nested square roots



01.01.03.0011.01

bn

2
2 + bn-1 2 + bn-2 2 + ¼ + b2 2 + sin

Π b1

4
� cos Π

1

2
- â

k=1

n

2-k  ä
j=1

k

bk- j �;
Hbk � -1 ê bk � 0 ê bk � 1L ì H2 £ k £ n ì k Î NL ì b1 Î R ì -2 £ b1 £ 2

L. D. Servi: Nested Square Roots of 2 American Mathematical Monthly 110, 326-329 (2003)

01.01.03.0012.01

bn

2
2 - bn-1 2 + bn-2 2 + ¼ + b2 2 + sin

Π b1

4
� sin Π

1

2
- â

k=1

n

2-k  ä
j=1

k

bk- j �;
Hbn � 1 ê bn � -1L ì H2 £ k £ n - 1 ì k Î NL ì b1 Î R ì -2 £ b1 £ 2

L. D. Servi: Nested Square Roots of 2 American Mathematical Monthly 110, 326-329 (2003)

Values at infinities

01.01.03.0005.01

¥ � ¥

01.01.03.0006.01

-¥ � ä ¥

01.01.03.0007.01

ä ¥ � -1
4

 ¥

01.01.03.0008.01

-ä ¥ � -H-1L3�4 ¥

01.01.03.0009.01

¥� � ¥�

01.01.03.0010.01

Hz ¥L � sgnHzL  ¥

General characteristics

Domain and analyticity

 z  is an analytical function of z which is defined over the whole complex z-plane.

01.01.04.0001.01

z� z � C�C

Symmetries and periodicities

Mirror symmetry
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01.01.04.0002.01

z� � z �; z Ï H-¥, 0L
Periodicity

No periodicity

Poles and essential singularities

The function z  does not have poles and essential singularities.

01.01.04.0003.01

SingzI z N � 8<
Branch points

The function z  has two singular branch points: z � 0, z � ¥� .

01.01.04.0004.01

BPzI z N � 80, ¥� <
01.01.04.0005.01

RzI z , 0N � 2

01.01.04.0006.01

RzI z , ¥� N � 2

Branch cuts

The function z  is a single-valued function on the z-plane cut along the interval H-¥, 0L, where it is continuous from

above.

01.01.04.0007.01

BCzI z N � 88H-¥, 0L, -ä<<
01.01.04.0008.01

lim
Ε®+0

x + ä Ε � x �; x < 0

01.01.04.0010.01

lim
Ε®+0

x + ä Ε �  x¤ �; x < 0

01.01.04.0011.01

lim
Ε®+0

x + ä Ε � ä -x �; x < 0

01.01.04.0012.01

lim
Ε®+0

x - ä Ε � -ä  x¤ �; x < 0

01.01.04.0009.01

lim
Ε®+0

x - ä Ε � -ä -x �; x < 0
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01.01.04.0013.01

lim
Ε®+0

x - ä Ε � - x �; x < 0

Analytic continuations

z  is chosen to be the principal branch of the general square root function which has two sheets: ± z .

Series representations

Generalized power series

Expansions at generic point z � z0

For the function itself

01.01.06.0013.01

z µ
1

z0

1

2

argJz-z0N
2 Π

z0

1

2

argJz-z0N
2 Π

+1

1 +
z - z0

2 z0

-
Hz - z0L2

8 z0
2

+ ¼ �; Hz ® z0L
01.01.06.0014.01

z µ
1

z0

1

2

argJz-z0N
2 Π

z0

1

2

argJz-z0N
2 Π

+1

1 +
z - z0

2 z0

-
Hz - z0L2

8 z0
2

+ OIHz - z0L3M
01.01.06.0015.01

z �
1

z0

1

2

argJz-z0N
2 Π

z0

1

2

argJz-z0N
2 Π

+1 â
k=0

¥ H-1Lk

k !
 -

1

2 k
z0

-kHz - z0Lk

01.01.06.0016.01

z �
1

z0

1

2

argJz-z0N
2 Π

z0

1

2

argJz-z0N
2 Π

+1

1F0 -
1

2
; ; -

z - z0

z0

01.01.06.0017.01

z �
1

z0

1

2

argJz-z0N
2 Π

z0

1

2

argJz-z0N
2 Π

+1 H1 + OHz - z0LL
Expansions on branch cuts

For the function itself

01.01.06.0018.01

z µ x ã
Π ä g argHz-xL

2 Π
w

1 +
1

2 z0

 Hz - xL -
1

8 z0
2

 Hz - xL2 + ¼ �; Hz ® xL ß x Î R ß x < 0
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01.01.06.0019.01

z µ x ã
Π ä g argHz-xL

2 Π
w

1 +
1

2 z0

 Hz - xL -
1

8 z0
2

 Hz - xL2 + OIHz - xL3M �; x Î R ß x < 0

01.01.06.0020.01

z µ x ã
Π ä g argHz-xL

2 Π
w â

k=0

¥ H-1Lk

k !
-

1

2 k
x-kHz - xLk �; x Î R ß x < 0

01.01.06.0021.01

z � x ã
Π ä g argHz-xL

2 Π
w

1F0 -
1

2
; ; -

z - x

x
�; x Î R ß x < 0

01.01.06.0022.01

z � x ã
Π ä g argHz-xL

2 Π
w H1 + OHz - xLL �; x Î R ß x < 0

Expansions at z � 1

For the function itself

01.01.06.0005.02

z µ 1 +
1

2
Hz - 1L -

1

8
Hz - 1L2 +

1

16
Hz - 1L3 - ¼ �; Hz ® 1L

01.01.06.0023.01

z µ 1 +
1

2
Hz - 1L -

1

8
Hz - 1L2 +

1

16
Hz - 1L3 - OIHz - 1L4M

01.01.06.0006.01

z � â
k=0

¥ H-1Lk

k !
 -

1

2 k
Hz - 1Lk �;  z - 1¤ < 1

01.01.06.0007.01

z � 1F0 -
1

2
; ; 1 - z

01.01.06.0008.02

z µ 1 + OHz - 1L
01.01.06.0024.01

z � F¥HzL �;
FnHzL � â

k=0

n H-1Lk H-1 � 2Lk Hz - 1Lk

k !
� z + H-1Ln Hz - 1Ln+1 H-1 � 2Ln+1 2F

�
1H1, n + 1 � 2; n + 2; 1 - zL í n Î N

Summed form of the truncated series expansion.

Expansions of 1 + z at z � 0

For the function itself

01.01.06.0001.01

1 + z µ 1 +
1

2
z -

1

8
z2 +

1

16
z3 - ¼ �; Hz ® 0L
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01.01.06.0025.01

1 + z µ 1 +
1

2
z -

1

8
z2 +

1

16
z3 - OIz4M

01.01.06.0002.01

1 + z � â
k=0

¥ H-1Lk

k !
 -

1

2 k
zk �;  z¤ < 1

01.01.06.0003.01

1 + z � 1F0 -
1

2
; ; -z

01.01.06.0004.02

1 + z µ 1 + OHzL
01.01.06.0026.01

1 + z � F¥HzL �; FnHzL � â
k=0

n H-1Lk H-1 � 2Lk zk

k !
� 1 + z + H-1Ln zn+1 H-1 � 2Ln+1 2F

�
1H1, n + 1 � 2; n + 2; -zL í n Î N

Summed form of the truncated series expansion.

Asymptotic series expansions

01.01.06.0009.01

z µ z �; H z¤ ® ¥L
Residue representations

Representations of z

01.01.06.0027.01

z � -
1

2 Π
 â
j=0

¥

ress G -s -
1

2
Hz - 1L-s  GHsL  H- jL �;  z - 1¤ < 1

01.01.06.0028.01

1 �
1

2 Π
 â
j=0

¥

ress HGHsL Hz - 1L-sL G -s -
1

2
 -

1

2
+ j �;  z - 1¤ > 1

Representations of 1 + z

01.01.06.0010.01

z + 1 � -
1

2 Π
 â
j=0

¥

ress G -s -
1

2
z-s  GHsL  H- jL �;  z¤ < 1

01.01.06.0011.01

z + 1 �
1

2 Π
 â
j=0

¥

ress HGHsL z-sL G -s -
1

2
 -

1

2
+ j �;  z¤ > 1

Other series representations
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01.01.06.0012.01

a + z + 1 � a + 1 1 -
1

2
 â
k=1

¥ 1

k
-

z

2 a + 2

k

 Pk-1

Jk-
1

2
,
1

2
-kNHaL �;  z¤ < 1

Integral representations

Contour integral representations

01.01.07.0001.01

z + 1 � -
1

2 Π
 

1

2 Π ä
 à

L
GHsL G -s -

1

2
z-s â s

Limit representations
01.01.09.0001.01

lim
n®¥

yn �; yn = yn-1 -
yn-1

2 - z

2 yn

í y0 = z ì z Ï 8-¥, 0<
P. W. Pedersen

Continued fraction representations
01.01.10.0005.01

1 + z � 1 +
z

4 1

2
+ z

16
1

2
+

z

16
1

2
+

z

16
1

2
+

z

16 ¼

Andreas Lauschke (2006)

01.01.10.0006.01

1 + z � 1 + 4 Kk

z

16
,

1

2 1

¥

Andreas Lauschke (2006)
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01.01.10.0001.01

z + 1 � 1 +
z

2 1 +
z

2 2 +
3 z

2 3 +
3 z

2 2 +
5 z

2 H5 + ¼L

�; z Ï H-¥, -1L

01.01.10.0002.01

z + 1 � 1 + Kk

k

2
-

H-1Lk

2
z,

1

2
I1 - H-1LkM k + H-1Lk + 1

1

¥ �; z Ï H-¥, -1L
01.01.10.0003.01

z � z +
z - z2

2 z + z-z2

2 z+
z-z2

2 z+
z-z2

¼

í z Ï 8-¥, 0<

P. W. Pedersen

01.01.10.0004.01

z � z + KkIz - z2, 2 zM
1

¥ �; z Ï H-¥, 0L
P. W. Pedersen

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

01.01.13.0001.01

w¢HzL -
1

2 z
wHzL � 0 �; wHzL � c1 z
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01.01.13.0002.01

w¢HzL -
1

2 z
wHzL � 0 �; wHzL � z í w@1D � 1

01.01.13.0003.01

4 w¢¢HzL z2 + wHzL � 0 �; wHzL � z c1 + z logHzL c2

01.01.13.0004.01

WzI z , z logHzLN � 1

01.01.13.0005.01

w¢HzL -
g¢HzL

2 gHzL  wHzL � 0 �; wHzL � c1 gHzL
01.01.13.0006.01

w¢HzL -
g¢HzL
2 gHzL +

h¢HzL
hHzL  wHzL � 0 �; wHzL � c1 hHzL gHzL

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

01.01.16.0001.01

-z � -ä z �; ImHzL > 0 Þ ImHzL � 0 ß ReHzL < 0

01.01.16.0002.01

-z � ä z �; ImHzL < 0 Þ ImHzL � 0 ß ReHzL > 0

01.01.16.0044.01

-z � -ä z �; argHzL > 0

01.01.16.0045.01

-z � ä z �; argHzL £ 0

01.01.16.0003.01

-z � exp
1

2
ä Π 1 + 2 -

argHzL
2 Π

 z

01.01.16.0004.01

-z � exp
Π -z2

2 z
 z

01.01.16.0046.01

ä z � -1
4

z �; argHzL £
Π

2

01.01.16.0047.01

ä z � - -1
4

z �; argHzL >
Π

2

01.01.16.0048.01

ä z � H-1Lg 1

4
-

argHzL
2 Π

w+
1

4 z
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01.01.16.0049.01

-ä z � -H-1L3�4 z �; argHzL > -
Π

2

01.01.16.0050.01

-ä z � H-1L3�4 z �; argHzL £ -
Π

2

01.01.16.0051.01

-ä z � -H-1Lg 3

4
-

argHzL
2 Π

w+
3

4 z

01.01.16.0005.01

1

z
�

1

z
�; z Ï H-¥, 0L

01.01.16.0052.01

1

z
�

1

z
�; argHzL ¹ Π

01.01.16.0053.01

1

z
� -

1

z
�; argHzL � Π

01.01.16.0054.01

1

z
�

H-1Lg argHzL
2 Π

+
1

2
w

z

01.01.16.0055.01

-
1

z
�

ä

z
�; ImHzL ³ 0

01.01.16.0056.01

-
1

z
� -

ä

z
�; ImHzL < 0

01.01.16.0057.01

-
1

z
�

ä H-1Lg argHzL
2 Π

w
z

01.01.16.0058.01

ä

z
�

-1
4

z
�; argHzL ³ -

Π

2

01.01.16.0059.01

ä

z
� -

-1
4

z
�; argHzL < -

Π

2

01.01.16.0060.01

ä

z
�

H-1Lg argHzL
2 Π

+
1

4
w+

1

4

z
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01.01.16.0061.01

-
ä

z
� -

H-1L3�4
z

�; argHzL <
Π

2

01.01.16.0062.01

-
ä

z
�

H-1L3�4
z

�; argHzL ³
Π

2

01.01.16.0063.01

-
ä

z
� -

H-1Lg argHzL
2 Π

+
3

4
w+

3

4

z

Half-angle formulas

01.01.16.0006.01

z

2
�

z

2

Multiple arguments

For products

01.01.16.0007.01

a z � a z �; a > 0

01.01.16.0008.01

z1 z2 � z1 z2 �; z1 + z2 ³ 0

01.01.16.0009.01

z - z2 � z 1 - z

01.01.16.0010.01

-z2 - z � -z z + 1

01.01.16.0064.01

z1 z2 � z1 z2 �; argHz1L £ 0 ì -argHz1L - Π < argHz2L ê argHz1L ³ 0 ì argHz2L £ Π - argHz1L
01.01.16.0065.01

z1 z2 � - z1 z2 �; argHz1L ³ 0 ì argHz2L > Π - argHz1L ê argHz1L £ 0 ì argHz2L £ -argHz1L - Π

01.01.16.0011.01

z1 z2 � z1 z2 exp Π ä
Π - argHz1L - argHz2L

2 Π

01.01.16.0066.01

ä
k=1

n

zk � ã
Π ä

Π-Úk=1
n argJzk N

2 Π ä
k=1

n

zk �; n Î N+

For quotients
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01.01.16.0012.01

z

z + 1
�

z

z + 1

01.01.16.0013.01

z

z - 1
�

-z

1 - z

01.01.16.0014.01

z1

z2

�
1

z2

z2-z1

 
z1

z2 - z1

�; z2 - z1 Î R ì z2 ¹ z1

01.01.16.0015.01

z1

z2

�
z1

z2

�; z2 - z1 ³ 0

01.01.16.0016.01

z1

z2

�
-z1

-z2

�; z2 - z1 < 0

01.01.16.0067.01

z1

z2

�
z1

z2

�; argHz1L £ 0 ì argHz2L < argHz1L + Π ê argHz1L > 0 ì argHz2L ³ argHz1L - Π

01.01.16.0068.01

z1

z2

� -
z1

z2

�; argHz1L ³ 0 ì argHz2L < argHz1L - Π ê argHz1L £ 0 ì argHz2L ³ argHz1L + Π

01.01.16.0069.01

z1

z2

�
z1

z2

ã
ä Π

Π-argIz1 M+argIz2 M
2 Π

01.01.16.0017.01

a + z

b + z
�

1

b+z

b-a

 
a + z

b - a
�; a - b Î R ì a ¹ b

01.01.16.0018.01

z

1 - z
� z

1

1 - z

01.01.16.0019.01

-
z

1 + z
� -z

1

1 + z

01.01.16.0020.01

z1

z2

�
z1

z1 + z2

z1 + z2

z2

�; z1 + z2 Î R ì z1 + z2 ¹ 0
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01.01.16.0021.01

z1

z2

� z1

1

z2

�; z1 + z2 ³ 0

01.01.16.0022.01

z1

z2

� -z1 -
1

z2

�; z1 + z2 < 0

01.01.16.0023.01

a + z

b - z
�

a + z

a + b

a + b

b - z
�; a + b Î R ì a + b ¹ 0

Power of arguments

01.01.16.0070.01

z2 � z �; -
Π

2
< argHzL £

Π

2

01.01.16.0071.01

z2 � -z �; -Π < argHzL £ -
Π

2
ë Π

2
< argHzL £ Π

01.01.16.0024.01

z2 � -ä z ä z

01.01.16.0025.01

-z2 � z -z

01.01.16.0072.01

za � za�2 �; a Î R ì -Π < a argHzL £ Π

01.01.16.0073.01

za � H-1Lk za�2 �; a Î R ì -2 Π k - Π < a argHzL £ Π - 2 Π k ì k Î Z

01.01.16.0026.01

za � za�2 �; -Π < ImHa logHzLL £ Π ê -1 < a £ 1

01.01.16.0074.01

za � H-1Lk za�2 �; -2 Π k - Π < ImHa logHzLL £ Π - 2 Π k ì k Î Z

01.01.16.0027.01

za � za�2 exp Π ä
Π - ImHa logHzLL

2 Π

Exponent of arguments

01.01.16.0075.01

ãz � ãz�2 �; -Π < ImHzL £ Π
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01.01.16.0076.01

ãz � H-1Lk ãz�2 �; -2 Π k - Π < ImHzL £ Π - 2 Π k ì k Î Z

01.01.16.0077.01

ãz � ãz�2 ã
Π ä f Π-ImHzL

2 Π
v

01.01.16.0078.01

ãä z � ã
ä z

2 ã
Π ä f Π-ReHzL

2 Π
v

Some functions of arguments

01.01.16.0079.01

c zm � c zm�2 ã
Π ä

Π-argHcL-ImIm logHzLM
2 Π

01.01.16.0080.01

c ãz � c ãz�2 ã
Π ä

Π-argHcL-ImHzL
2 Π

01.01.16.0081.01

xa1 ya2 � ã
ä Π

Π-ImIa1 logHxLM-ImIa2 logHyLM
2 Π x

a1

2 y
a2

2

01.01.16.0082.01

xa1 ya2 za3 � ã
ä Π

Π-ImIa1 logHxLM-ImIa2 logHyLM-ImJa3 logHzLN
2 Π

x
a1

2 y
a2

2  z
a3

2

01.01.16.0083.01

ä
k=1

n

zk
ak � ã

ä Π
Π-Úk=1

n ImJak logJzk NN
2 Π ä

k=1

n

zk

ak

2

Products, sums, and powers of the direct function

Products of the direct function

01.01.16.0028.01

z z � z

01.01.16.0029.01

x1 x2 � x1 x2 �; x1 > 0 ì x2 > 0 ê x1 x2 < 0

01.01.16.0030.01

x1 x2 � - x1 x2 �; x1 < 0 ì x2 < 0

01.01.16.0084.01

z1 z2 � z1 z2 �; argHz1L £ 0 ì -argHz1L - Π < argHz2L ê argHz1L ³ 0 ì argHz2L £ Π - argHz1L
01.01.16.0085.01

z1 z2 � - z1 z2 �; argHz1L ³ 0 ì argHz2L > Π - argHz1L ê argHz1L £ 0 ì argHz2L £ -argHz1L - Π

01.01.16.0031.01

z1 z2 � z1 z2 exp -Π ä
Π - argHz1L - argHz2L

2 Π
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01.01.16.0086.01

ä
k=1

n

zk � ä
k=1

n

zk ã
-Π ä

Π-Úk=1
n argJzk N

2 Π �; n Î N+

01.01.16.0087.01

z1

z2

�
z1

z2

�; z2 - z1 ³ 0

01.01.16.0088.01

z1

z2

�
z1

z2

�; argHz1L £ 0 ì argHz2L < argHz1L + Π ê argHz1L > 0 ì argHz2L ³ argHz1L - Π

01.01.16.0089.01

z1

z2

� -
z1

z2

�; argHz1L ³ 0 ì argHz2L < argHz1L - Π ê argHz1L £ 0 ì argHz2L ³ argHz1L + Π

01.01.16.0090.01

z1

z2

�
z1

z2

ã
-ä Π

Π-argIz1 M+argIz2 M
2 Π

Powers of the direct function

01.01.16.0032.01

z
2

� z

01.01.16.0033.01

z
a

� za�2
Power of the product of the direct function

01.01.16.0091.01

J x y Na

� xa�2 ya�2
01.01.16.0092.01

J x y z Na

� ã
2 ä a Π

2 Π-argHxL-argHyL-argHzL
4 Π xa�2 ya�2 za�2

01.01.16.0093.01

ä
k=1

n

zk

a

� ã
2 ä a Π

2 Π-Úk=1
n argJzk N
4 Π ä

k=1

n

zk
a�2

Nested direct and inverse functions

01.01.16.0034.01

-1 - z
1

1 + z
 

1

z
 -z � -1

01.01.16.0035.01

z - 1

z

z

1 - z
� -

1

z
z
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01.01.16.0036.01

z2 + 1 - 1

1 - z2 + 1

�
z2

-z2

01.01.16.0037.01

1 - z2 - 1

1 - 1 - z2

�
-z2

z2

01.01.16.0038.01

z2 + 1 - z

z - z2 + 1

� - z -
1

z

01.01.16.0039.01

z + z2 + 1

-z - z2 + 1

� - -z
1

z

01.01.16.0040.01

1 - z2 - ä z

ä z - 1 - z2

� - ä z
ä

z

01.01.16.0041.01

ä z + 1 - z2

-ä z - 1 - z2

� - -ä z -
ä

z

01.01.16.0042.01

z2

1 - 1 - z2

1 - 1 - z2

z2
� 1

01.01.16.0043.01

z

z2 + 1 - z

z2 + 1 - z

z
�

1

z2 + 1
z2 + 1 +

1

z
z - 1

http://functions.wolfram.com 16



01.01.16.0094.01

z - 1 z + 1 � z - 1

Brychkov Yu.A. (2006)

01.01.16.0095.01

z + 1 - 1 z + 1 + 1 � z

Brychkov Yu.A. (2006)

01.01.16.0096.01

2 1 - 1 - z 1 - z + ä z

ä I1 - 1 - z N + z
� 1

01.01.16.0097.01

1 - z 1 + z - ä 1 - z2

z + 1 1 - z + ä 1 - z2

� -ä

01.01.16.0098.01

1 - z 1 + z + ä 1 - z2

z + 1 1 - z - ä 1 - z2

� ä

01.01.16.0099.01

1

1 - z

+
1

1 + z

�
2 1 - z + 1

1 - z

01.01.16.0100.01

1

1 - z

-
1

1 + z

�
2 1 - 1 - z

1 - z

01.01.16.0101.01

1 + z + 1 - z � 2 1 + 1 - z

01.01.16.0102.01

1 + z - 1 - z � 2 1 - 1 - z

Identities

Functional identities

01.01.17.0001.01

z � z - 1
z

z - 1
�; z Ï H0, 1L

http://functions.wolfram.com 17



01.01.17.0002.01

wHx1 x2L � wHx1L wHx2L �; wHxL � x í x1 > 0 í x2 > 0 ë x1 x2 < 0

Complex characteristics

Real part

01.01.19.0001.01

ReJ x + ä y N � x2 + y24
cos

1

2
tan-1Hx, yL

Imaginary part

01.01.19.0002.01

ImJ x + ä y N � x2 + y24
sin

1

2
tan-1Hx, yL

Absolute value

01.01.19.0003.01

¢ x + ä y ¦ � x2 + y24

Argument

01.01.19.0004.01

argJ x + ä y N �
1

2
tan-1Hx, yL

Conjugate value

01.01.19.0005.01

x + ä y � x2 + y24
cos

1

2
tan-1Hx, yL - ä x2 + y24

sin
1

2
tan-1Hx, yL

Signum value

01.01.19.0006.01

sgnHxaL � xä Im HaL �; x > 0

01.01.19.0007.01

sgnHzaL � z ã-
1

2
ReHlogHzLL

01.01.19.0008.01

sgnI z N � ã
ä

2
 tan-1HReHzL,ImHzLL

01.01.19.0009.01

sgnI z N � ã
ä

2
argHzL

Differentiation

http://functions.wolfram.com 18



Low-order differentiation

01.01.20.0001.01

¶ z

¶z
�

1

2 z

01.01.20.0002.01

¶2 z

¶z2
� -

1

4 z3�2

Symbolic differentiation 

01.01.20.0003.02

¶n z

¶zn
�

3

2
- n

n
z

1

2
-n �; n Î N

01.01.20.0006.01

¶n b + c z

¶zn
� cn

3

2
- n

n
Hb + c zL 1

2
-n �; n Î N

01.01.20.0007.01

¶n c z2 + b

¶zn
� â

k=0

n H2 k - n + 1L2 Hn-kL J 3

2
- kN

k
 ck Ic z2 + bM 1

2
-k

Hn - kL ! H2 zLn-2 k
�; n Î N

01.01.20.0008.01

¶n c z2 + b

¶zn
� 2n Hc zLn Ic z2 + bM 1

2
-n 3

2
- n

n
2F1 -

n

2
,

1 - n

2
;

3

2
- n;

b

c z2
+ 1 �; n Î N

01.01.20.0009.01

¶n b + c z

¶zn
� â

k=0

n H-1Ln-k HkL2 Hn-kL J 3

2
- kN

k
ck Ib + c z N 1

2
-k

Hn - kL ! I2 z N2 n-k
�; n Î N

01.01.20.0010.01

¶n c zΝ + b

¶zn
� â

k=0

n â
j=0

k H-1L j H-n - Ν j + k Ν + 1Ln J 3

2
- kN

k
ck Hc zΝ + bL 1

2
-k

j ! Hk - jL ! zn-Ν k
�; n Î N

01.01.20.0011.01

¶n gHzLa

¶zn
� a

n - a

n â
k=0

n H-1Lk

a - k
 

n

k
gHzLa-k

¶n gHzLk

¶zn
�; n Î N

01.01.20.0004.02

¶n f I z N
¶zn

� â
k=0

n H-1Lk Hn - kL2 k

k ! I2 z Nk+n
 f Hn-kLI z N �; n Î N

Fractional integro-differentiation
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01.01.20.0005.01

¶Α z

¶zΑ
�

Π

2 GJ 3

2
- ΑN  z

1

2
-Α

Integration

Indefinite integration

For the direct function itself

01.01.21.0001.01

à z  â z �
2 z3�2

3

Definite integration

For the direct function itself

01.01.21.0002.01

à
0

1

t  â t �
2

3

Involving the direct function

01.01.21.0003.01

à
0

1

t Ht + 1Lb â t �
2

3
2F1

3

2
, -b;

5

2
; -1

Involving related functions

01.01.21.0004.01

à
0

1

t logHtL â t � -
4

9

Integral transforms

Laplace transforms

01.01.22.0001.01

LtA t E HzL �
Π

2 z3�2 �; ReHzL > 0

01.01.22.0002.01

Lt
-1A t E HpL � -

1

2 p3�2 Π

Operations

Limit operation
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01.01.25.0001.01

lim
z®¥

z b-z � 0 �; b > 1

01.01.25.0002.01

lim
z®0

z logHzL � 0

01.01.25.0003.01

lim
z®¥

logHzL
z

� 0

Representations through more general functions

Through hypergeometric functions

Involving pF
�

q

01.01.26.0001.01

z � 1F
�

0 -
1

2
; ; 1 - z

Involving pFq

01.01.26.0002.01

z � 1F0 -
1

2
; ; 1 - z

01.01.26.0003.01

z � 0F0 ; ;
1

2
logHzL

Involving 2F1

01.01.26.0004.01

z � 2F1 -
1

2
, b; b; 1 - z

Through Meijer G

Classical cases for the direct function itself

01.01.26.0005.01

1 + z � -
1

2 Π
 G1,1

1,1 z
3

2

0

See power function.

Classical cases involving unit step Θ

01.01.26.0006.01

Θ H1 -  z¤L 1 - z �
1

2
Π G1,1

1,0 z
3

2

0
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01.01.26.0007.01

Θ H z¤ - 1L z - 1 �
1

2
Π G1,1

0,1 z
3

2

0

See power function.

Through other functions

01.01.26.0008.01

z � Ix; x2 - zM
2

-1

Representations through equivalent functions

With inverse function

01.01.27.0001.01

z
2

� z

The left side of above formula corresponds to composition f H-1LH f HzLL �; f HzL � z , which generically equal to z.

01.01.27.0008.01

z2 � ã
ä Π

Π-2 argHzL
2 Π z

The left side of above formula corresponds to composition f I f H-1LHzLM �; f HzL � z , which generically does not

equal to z.

01.01.27.0002.01

z2 � z �; -
Π

2
< argHzL £

Π

2

The  left  side  of  above  formula  corresponds  to  composition  f I f H-1LHzLM �; f HzL � z ,  which  equal  to  z  under

restriction - Π
2

< ArgHzL £ Π
2

.

01.01.27.0003.01

z2 � -z �; Π

2
< argHzL £ Π ë -Π < argHzL £

Π

2

The left  side of  above formula corresponds to composition f I f H-1LHzLM �; f HzL � z ,  which equal  to -z  under

restriction Π
2

< ArgHzL £ Π ë -Π < ArgHzL £ Π
2

.

01.01.27.0004.01

z2 � -ä z ä z

01.01.27.0005.01

-z2 � z -z

With related functions
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01.01.27.0006.01

z � za �; a �
1

2

01.01.27.0007.01

z � Ix; x2 - zM
2

-1

Inequalities
01.01.29.0001.01

x < x �; x > 1

Zeros
01.01.30.0001.01

z � 0 �; z � 0

Theorems

Wigner's semi-circle law

The  probability  density  pHxL  for  the  eigenvalues  of  a  unitary  n ´ n  Gaussian  ensemble  matrix  is

pHxL � ΘI2 n - x2M 1
Π

 2 n - x2 .

The maximal power efficiency output of an endo-reversible Carnot heat engine operating 
in finite times with a linear Newtonian heat transfer

The maximal power efficiency Η output of an endo-reversible Carnot heat engine operating in finite times with a

linear Newtonian heat transfer is given by Η = 1 - Tc � Th  , where Tc  and Th  are the cold and hot temperature of

the heat reservoirs.

Differential-Algebraic Constants

To ensure the correctness of many formulas given in this collection over the whole complex plane, it is often

necessary to work with expressions of the form z2 � ä z  -ä z  , z2 � z, z 1 � z2 , -z2 � z  -z ,

etc..  While in a textbook-mathematics setting these expressions are often simplified to z,  ±1, 1,  ±ä  z, etc, this

cannot be done inside Mathematica. From a complex function point of view the Riemann surface of such functions

are made from disconnected sheets. Inside Mathematica  all branch cuts of all functions (that have branch cuts)

follow uniquely from the branch cut of the power function (the logarithm function respectively). As a result the

branch cuts related to functions such as z2 , z2 � z, z 1 � z2 , -z2 exist, although they do not start and end

at branch points, but mostly extend from -ä ¥ to ä ¥ or from -¥ to ¥. 

In details we have:

BCz z2 � BCzI ä z  -ä z N � 88H-ä ¥, 0L, 1<, 8H0, ä ¥L, -1<<
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lim
Ε®+0

Hx + ΕL2 � - x2 �; ä x > 0

lim
Ε®+0

Hx - ΕL2 � - x2 �; ä x < 0

BCz -z2 � BCzI z  -z M � 88H-¥, 0L, -ä<, 8H0, ¥L, ä<<
lim

Ε®+0
-Hx - ä ΕL2 � - -x2 �; x < 0

lim
Ε®+0

-Hx + ä ΕL2 � - -x2 �; x > 0

BCzKz 1 � z2 O � 88H-ä ¥, 0L, -1<, 8H0, ä ¥L, 1<<
BCzI z  1 � z N � 88H-¥, 0L, 8<<<
An expression of the form z2 � z , z 1 � z2 are called differential-algebraic constants because their derivative

vanishes generically everywhere as a complex function (but not as a generalized function).

History

– Babylonians (1900 BC) gave the first approximate evaluations of 2  and from other natural numbers

– H. Briggs (1617)

– I. Newton (1665) derived an infinite series expression for 1 + z; the notation z  was introduced in 1675

The function sqrt is encountered often in mathematics and the natural sciences.
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