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Notations

Traditional name

Struve function H
Traditional notation

H.(2

Mathematica StandardForm notation

StruveH[v, z]

Primary definition

03.09.02.0001.01

H,(2) = (E)M i - ) (E)Zk

k=0 F(k+ g)r(k+y+ g 2

Specific values

Specialized values

For fixed v

03.09.03.0001.01
H,(0)=0/; Re(v) > -1

03.09.03.0002.01
Hy(0)=c /;Re(v) < -1

03.09.03.0003.01
H,(0)==¢/; Re(v) == -1

For fixed z

Explicit rational v
03.09.03.0008.01
\/E (z(z* - 1052 + 945) cos(z) — 15(2* - 282 + 63) sin(2))

H - (Z) - 11/2
VA

2
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03.09.03.0009.01

f (5z(222 - 21) cos(2) + (Z* - 452 + 105) sin(2))

H,g(z) ==
2 22

03.09.03.0010.01

\/E (z(Z - 15) cos(2) + 3(5-22) sin(2)

7112

H_Z(Z) == —
2

03.09.03.0011.01

\/E (3zcos(2) + (2 - 3)sin(?)
22

Hj(z) == -
2

03.09.03.0012.01

% (zcos(2) — sin(2))

H 3(2 ==
-3 23/2

03.09.03.0005.01

2 .
H.2= _z sin(z)
2 e

03.09.03.0004.01

2
Hi(? =,/ — (1-cox2)
2 nz

03.09.03.0013.01

Z-2sin(2)z-2cos(2) + 2
HE(Z) ==

2 V2n 22

03.09.03.0014.01
Z+47 -24sin(2) 2+ 8(Z - 3)cos(2) + 24

aNZr B

H E(Z) ==
2

03.09.03.0015.01
B+62+7272 +48(Z - 15)sin(2) z+ 144(2 2 - 5) cos(2) + 720

24N 2n 772

H Z(Z) ==

03.09.03.0016.01
2 +872+1447 + 28807 + 1920 (22 — 21) sin(2) z— 384 (Z* — 45 2 + 105) cos(2) + 40320

192V 2n 2P

He(2) =

03.09.03.0017.01

1
HE(Z) e —————
2 1920V 27 22

(z°+ 1072 + 2402° + 72007 + 201600 7 — 3840 (' — 105 7 + 945) sin(2) z— 57600 (7' — 28 Z + 63) cos(2) + 3628800)
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Symbolic rational v

03.09.03.0006.01

coE o[z o1y (e eizi-v-g)

H,(2 = - sin( ( )+z -+

z u -0 (2])!(—2j—v—§)z(2z)21
1 1y \EERleni2i-ve re?it)

IR R
2 2 o @i+ni(-2j-v-3) 2

03.09.03.0007.01

1 z2v-1"72 /1y (1 2\*
”v@:m(a) (2)(2)[2] ¥
2 s
’ N

N |

( 1) v+

—|s

-7

vz 2

1 1y (L2l cor(ekey- 1)
[ )+z ;
pany (2k)s(—2k+v—§)z(2z)2k

11y (2P D2k v Lo .
of5a(3)+

iv——€e”Z
par (2k+1)s(-2k+v-g)z 2

Values at fixed points
03.09.03.0018.01

2
H_1(0) = -
n

General characteristics

Domain and analyticity

H,(2) isan analytical function of v and z which is defined over C2.
03.09.04.0001.01
vx2)—H,(2:: (CRC)—C
Symmetries and periodicities
Parity
03.09.04.0002.01
H(-2=-(-2"2"H,(2
Mirror symmetry

03.09.04.0003.02
Hy(2 =H,(2) /; Z¢ (-0, 0)
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Periodicity

No periodicity

Poles and essential singularities
With respect to z

For fixed v, the function H,(2) has an essential singularity at z== co. At the same time, the point z== co is a branch
point for generic v.

03.09.04.0004.01
Sing (H,(2) = {{c0.00}}

With respect to v
For fixed z, the function H,(2) has only one singular point at v = co. Itisan essentia singular point.
03.09.04.0005.01

Sing (H,(2)) = {0, o}}

Branch points
With respect to z
For fixed noninteger v, the function H,(2) has two branch points: z== 0, z== co. At the same time, the point z== c
isan essential singularity.
For integer v, the function H,(2) does not have branch points.

03.09.04.0006.01
BP,(H,(2) = {0, s} v ¢ Z

03.09.04.0007.01
BP(H(2)={}/;veZ

03.09.04.0008.01
R.(Hy (2, 0)=log/; v & Q

03.09.04.0009.01

RZ(HE(Z)v 0) =q/;peZAq-1eN" Aged(p, ) =1
q

03.09.04.0010.01
Ro(H,(2), ) ==1log /; v € Q

03.09.04.0011.01

Rz(Hg(Z), o”o) =q/;peZNq-1eN" Aged(p, g =1
q
With respect tov

For fixed z, the function H,(2) does not have branch points.

03.09.04.0012.01
BP,(H\(2) == {}
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Branch cuts

With respect to z

When v is an integer, H,(2) is an entire function of z For fixed noninteger v, it has one infinitely long branch cut.
For fixed noninteger v, the function H,(2) isasingle-valued function on the z-plane cut along the interval (—co, 0),
whereit is continuous from above.

03.09.04.0013.01
BCAH,(2) =={{(=0,0), —i}} /;v& Z

03.09.04.0014.01

BC(H,@)={};veZ

03.09.04.0015.01
lim H,(Xx+ie)== H,(X) /; x<0

e—>+0

03.09.04.0016.01
lim Hy(x—i€) == —e " H,(=x) /; X< 0
e->+0

With respect tov
For fixed z, the function H,(2) is an entire function of v and does not have branch cuts.

03.09.04.0017.01
BCy(H\(2) = {}

Series representations

Generalized power series

Expansionsat generic point z == z,

For the function itself
03.09.06.0016.01
rg(HO)J lars(z—zO)J
N I e
H,(2) « [—] Z,
Z

1 21—\/ Z(‘;
— || ——H1(@
2 23 \/7 F(v + %)

03.09.06.0017.01

wofir) || asles)

o251
%

v
Hy(20) + [Hv—l(ZO) T HV(ZO)) (z-29) +

20+ H,(20) (VP +v-2)|(z- 20" + ...]/; (z- 2)

%
H.(z) + [Hvl(Zo) "2 Hy(Zo)] (z2-2) +

2o+ Hy(2) (VP +v - ) |(z2- 20 + O((z- 2)?)

. BV
27 \/?F(v+%)
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03.09.06.0018.01

% 1 vrrg(PZO)J V[a’g(z—zo)J
H,(2) ::x/7r(v+2)(—) (—) EPAN
4 Zy
o 2Xz* (v y43 3 y-k 1 3 2
Z aFd1, —+1 - +1, —(-k+v+3), v+ - ——|[z- )
ok 2 "2 2 2 2 4
03.09.06.0019.01
rg(Z-Zo)J [afg(Z*Zo)J
1V 2= L
H,(2) == [_) Z
Z
—k -1 52p-m _ . j
© (7 k K m (—DP 22PN M)y M) (1 PE (—j+p-1! z
) S YETE N[N LI i
ko[ K! oo pary (m-p)! 2 2+ p-DIp-v+D; (M | 4
p (=) [Z% i _y —k+v+1 kel i 4
H,_1(zo) - ) - - —| @) [+ ——— (=p=m
' ;H(p—ZJ)!(—p—V+1),-(V)j 4 ﬁk!r(v+%)§n§
(i)( ) m (= D)P 2P (M gy (D B2 272 (4 P D! @] K+ V+2) 1 ) - 20)*
~Vi-m i H B
m 0 (m-p)! o N1E2j+p-DIp-v+D;Mjn
03.09.06.0020.01
rs(Ho)J rg(Ho)j
1 v 2 v 2
H,(2) « Z Zy H,(Z) (1+ 0z~ %))
Expansions on branch cuts
For the function itself
03.09.06.0021.01
H,(2) o«
ZW[@J v 1 2l x
e 2r Hv(x)+(HV_l(x)——Hv(x))(z—x)+— ————— —Ha® [Xx+ H,x (P +v =) | (2=%%+ ... | /;
X 2x2 \/71"(v+%)

(z->xAxeRAx<O0

03.09.06.0022.01

. rg(Z—n

H@ e ™ Z_J [HV(X) + (Hy_l(X) _ HV(X)) (Z-X+
X

1 21—v v
S 7X—Hv_l(x) x+H,(x) (V+v-x)|(z-%*+0(z-%?)|/; xeRAx<0
2x2 \/;l"(v+ %)
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03.09.06.0023.01

Xyr+l ZV,”-[G'Q(MJ o kyk v v+3 3 v-k 1 3 X
HV(Z)==\/7F(V+2)(—) e 2n aFal, =+ 1, i = ——+1, = (—k+v+3), v+ —; ——[(z- x5/,
4 &g 2 2 2" 2 2 2" 4
XxeRAx<0
03.09.06.0024.01
| ag(z%)
HV(Z) _ @2””{727( J
i kK ( 1)k+m( k)( ) Zm:(—1)|D—122p—m(_m)2(m_p) Mp sz_i (-j+p-1!
N - ~V)k- 5 - -
ico| K! o m mp:o (m-p! 235 1NE2j+p=-DI=p-v+D);Mjn
X2 P (p- ! S
(—] Hyo(0 = ) - , (—) Hy 0|+
4 o It(P=2PH=p-v+D;m; | 4
2V yktr+l k=l i i m (-1)P1 22p—m(_m)2(m_p) M
—ZZ(_]_)Hm(m)(_V)l_m
Vr k! F(v+ %) i=1 m=0 p=0 (m-p!

L2l (—j+p-D!IQj-k+Vv+2) 4 ¥

, . (Z-X/;xeRAX<0
0 N'E2j+p-DI=p-v+ 1M

03.09.06.0025.01
.[ag(zfx)

H 2 o« ™ = H,() (1+O(z-%) /; Xe RAX <0

Expansionsat z==0

For the function itself

General case

03.09.06.0001.02

27V Zv+l [ Z2 z4 )

H,(2) 1- + - ... |/ z->0
\/;r(wg) 32v+3) 15(2v+3)(2v+5)
03.09.06.0026.01

27V Zv+1 Z2 Z4

H, (@) o 1- + -0(2)

\/;r(wg) 32v+3) 15(2v+3)(2v+5)

03.09.06.0002.01

D e rweriEl

k=0 F(k+ g)l"(k+v+ g 2

03.09.06.0027.01
2 (Z)V+1 o (=K 2k

Hy (2= ——— E ﬁ
o 4(3), [+ 3),

\/;F(v+ g)
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03.09.06.0028.01

H (z)==#(f)v+1 F [1-3 v+§'—f)
’ Va v+ 2) 2 A2 2 4

03.09.06.0003.01

Zy+l 3 3 Z
H,(2 ::(E) 1R L > v+ E: 7

03.09.06.0004.02
27V Zv+l 3
Hy(2) c ————— +0(2*3) /; —v - 5 N

\/;I“(v+ g)

03.09.06.0029.01
H/(2 =Fx(z V) /;

zy+1 D (_1)k(§)2k 1" Z\2n+v+3 5 5 2
Fn(z, v) == (—) Z =H,(2+ (—) 1F2[1; n+—,N+v+—; ——]

2 k:or(k+§)r(k+v+§) F(n+g)r(n+v+g) 2 2 2 4
neN]

Summed form of the truncated series expansion.

A

Special cases

03.09.06.0030.01
1

172 yz\v 2 z 3
H,(2) « (—) 1- + - /;(z->0)/\—v——eN*
Ird-v) \2 4(1-v) 32A-v)(2-v) 2
03.09.06.0031.01
1
-1z yzy\ Z? z 3
SN M PR -ofe) - 2 e
ra-v) \2 4(1-v) 32(A-v)(2-v) 2
03.09.06.0032.01
Lo DR 3
H@ =172y — = /i—v——eN
HTk-v+Dk! 2

03.09.06.0033.01
1

-2 (z)—v > (=K 2K 3

H,(2 == /i-v——€N
rd-v 2

2/ 4@ -v)k!

03.09.06.0034.01

(_1)‘V‘§ Z\-v ra 3
H,(2) == (—) oFi|;1-vi—-—|/i-v—-=-€N
rl-v) \2 4 2

03.09.06.0035.01

Lol Z 3
Hy(@ = (-1) (5) oFifi 1=y - =]y =S en
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03.09.06.0036.01
ot 3
H@=(-1"2J,@/-v- 5 € N
03.09.06.0005.02
1
-2z 3

@« —— +O(Z") /; —v— = eN
Gamma[1l - v] 2

Asymptotic series expansions

Expansionsinside Stokes sectors

Expansions containing z - oo

In exponential form ||| In exponential form

03.09.06.0037.01

1
H,(2) «
V2nz
(42 (442
@4z+%(2v+3)m - i(4v3-1) B 16v* - 402 +9 N +ei17%(2V+3)”E_ " i(4v3-1) B 16v* - 402 +9 N N
8z 128 7 8z 1287
2t 21 2v-1 3(42-8v+3)
1+ + .. larg@l <7 A2 - o)
\/71"(1/+%) z z
03.09.06.0038.01
H,(2)
1) (1 1
1 L P R (V+E)k(5_v)k i\ 1 222 o (V+5)k(5_v)k i\ 1
e 4 27[—) +O( +e "4 27[——) +O( +
27z pare k! 2z 2t par k! 2z Al
2zt (21 (1 4\ 1
B E— Z(—) (——V) (——) +O(—] [ilarg@| < A\ (12 - o)
\/7F(v+%) o 2/kr2 A2 2m2
03.09.06.0039.01
—xZ+ZV+ i : iz— V37HS 11 L
H,(2) « e 2Folv+ = == +e 2 2F0V+—,——v,,——) +
\N2rz 2 2z 2z
2t 2t . [1 1 L ] A
—3Fo| = ==V, L - — | S lag@ < A (14 - o)
\/71"(1/+%) 22

03.09.06.0040.01

L 2v3 . 1 L 2w3 1 21y -1 1
(«;‘”*T’” [1+ o(—)) + 5" (1+ o(—))) I [1+ o[—]] /i larg(@)| < 7 A\ (12 > o)
z z v F(v+ %) z

H,(2) «

2nz

In trigonometric form ||| In trigonometric form



http: //functions.wolfram.com 10
03.09.06.0041.01
H,(2) «
2 ) 2v+Dn 16v*-40v2+9 25618 — 537615 + 31584 v* — 51664 v2 + 11025 4v2-1
— sm(z— ) 1- + + ...+
nz 4 128 22 98304 7 8z
@v+Dn 16v* - 136v2+225 25618 — 10496 v® + 137824 v* — 656 784 v2 + 893025
cos(z— ) 1- + + ...+
38472 4915207
2zt 2v-1 3(4*-8v+3)
1+ + +... |/ lag@| <7 A (2 > o)
Vo F(v + %) z z

03.09.06.0042.01

5 @vsDm [ (%(1—2v))k(%(3—ZV))k(%(2v+1))k(%(2v+3))k 1K 1
H(2 o [ — sin[z— ) Z [__] +O[ ) +
nz 4 pay

(e o) e

4y2-1 Qv+ (%(S_ZV))k(%(S_ZV))k(%(ZV-FS))k(%(2V+5))k 1\« 1
=) SR E
4 k=0 (g)kk! 2m?2

v
21—v Zv—l
v F(v + %) [

03.09.06.0043.01

2 (. 2v+1 1-2v 3-2v 2v+1 2v+3 1 1
H,(2) o< [ — sm[z— 2 n)4F1[ '—'——)+

o N e e |
Z Ek E—Vk(—;) + (ﬁ] /i1larg@| <m A (17 - o)

k=0

nz 4 7 4 4 4 T2 2

4y2-1
e
8z

2v+1 3-2y 5-2y 2v+3 2v+5 3 1
n)4F1 , , : o]+

4 4 4 4 4 2 2
21—vzv—l 1 1
—“3%["“
T r(V+E) 2 2

03.09.06.0044.01

H,(2) « \/g [sin[z— 2V4+ ! n) [1+ O[;]] + 4::2_ ! COS(Z— 2V4+ - ﬂ) [1+ O[;]]] " % [1+ O[;]] f

larg@)| <7 A\ (12 - o)

4
v, 1 —;) /i larg@l <m A (12 - oo)

Containing Bessel functions

03.09.06.0045.01

2lv -1 2v-1 3(4v*-8v+3)
H,(2-Y,(2) « 1+ + +...|/;lag@ <7 A (|2 = o)
\/7 F(v+ %) ra z
03.09.06.0046.01
2zt (&1 (1 4\ 1
H,2-Y(2 « ——— Z(—) (——V) (——) +O(—2] i larg@| < A (|12 = o0)
P I“(v+%) koo 2/k\2 K\ 2 ral
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03.09.06.0047.01

21—v Zv—l 1 1
)3 0[

4
H,(2-Y,(2 « -v, 1, —;] /i larg@| < A (12 - o)

Vo F(V+ %
03.09.06.0048.01
21-v -1 1
H(@ - Y (2) o« ———— [1 + O[—)) /i larg@| <7 A (12 - o0)
\/7 Iy + %) 2
03.09.06.0049.01
2l -1 2v-1 3(4v*-8v+3) v
H,(2) +iJ,(2 « 1+ + +... /;‘— >1/\(|z|—>oo)
\/;F(v+ %) z z z

03.09.06.0050.01

2Ly -1 n1y (1 4k 1 v

Hy(@ +i 3,(2) o« ————— Z[—) (——v) [——] +o[ /;’—
\/7F(v+%) o\ 2/k\2 k\ 2 Z22n+2 z

03.09.06.0051.01
v -1 11 4 v
H(@+id(2oc ——3Fg| = ==, L, ——| /i ‘—
Vo Ty + %) 72 z

03.09.06.0052.01

1
7TFV+E

21—v Zv—l 1 v
H,(2+iJ,(2) c ——— (1+ O(—]] /i ‘—
JLoEE

Expansions containing z - —oo

In exponentia form ||| In exponential form

03.09.06.0053.01

(_ 1)1+V
H,(2) «

V-2nz

i 2 _ 4 2 i 2 _ 4 2
[e”*zl:(z”3)”[1+L<4v 1) 16v4-40v +9+m)+eE.Zi(zﬂs)m[l_u@v 1) 16v4-40v2+9

8z 128 7

8z 128 7

21—v (_1)v+l (_Z)v—l [ 2v—-1 3(4 V2 —8y+ 3)
1+ +
Vr F(v+ %) Z z

03.09.06.0054.01
H,(2) «

+...]/;O<arg(z)sn/\(|z| - o)

(_1)v+1 e*' zv4+3 | & w( ‘ )k+o( !
V2nz ZE

oL (_1)v+1 (_Z)v—l n o1 1 4\K 1
Z(_] (——v) [——] +o[—] [0<ag@ =n (|24 - o)
\/7F(v+%) o 22 A2 zme
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03.09.06.0055.01
11 i
+

(—1)V+1 i 28 11 i g2
("3 e 2F0(V+— - =V )+€Z+ a” 2F0(V+—,——v;;——
2z 2 2 2z

H,(2) o
-2nz

21—v (_1)v+1 (_Z)v—l 11 4
( —V,1"——)/;O<al’g(Z)S7T/\(|Z|—>oo)

Vel 2’2

03.09.06.0056.01

(_ 1)V+1 » 272v+3 ; 1 E'ZJrﬁ . 1 21—1/ (_1)V+l (_Z)V—l 1

7(«3 i (1+O(—)]+e a " (1+O(—)))+ (1+O( ))/;
z \/7 F(v + %)

V-2nz z

H,(2) «
O<ag2<nA(Z - )

In trigonometric form ||| In trigonometric form

03.09.06.0057.01

|2 ot
H @ o [ — Z(-2 2
Ve

16v*-40v2+9 25618 — 5376v° + 31584 v* — 51664 v? + 11025 ] 1-4vy
+... |- cos

( 2v+1
sin(z+ n) 1- +
4 128 22 98304 7 8z
2v+1 6v*—136v2+225 25618 — 10496 v° + 137824 v* — 656 784 v2 + 893025
[z+ n) 1- + +... ]+
4 3847 4915207

2 71 [ 2v-1 3(4”-8v+3)
1+ +
\/71"(1/+%) z z

03.09.06.0058.01

H,(2) «
5 c@vein|a ( (1—2v))k(%(3—2v))k(%(2v+1))k(%(2v+3))k 1K 1
/ (-2 zz sm( ] Z (__) +o( ] —
k=0 (%)kk!
" (%(3—2v))k(%(5—2v))k(%(2v+3))k(%(2v+5))k[ 1]k [ 1 ]
-—| +0O +

k=0 (g)k k!

+ ) [ larg(=2)| < (|2 = o)

1-4y? S( 7r(2v+1))
CoS Z+
8z

n 1 1 4 K 1
Z(_) [__V) (__) +O( ] J: larg(=2)| < 7 (12 - o0)
2h\2 Akl 2 2042

21—1/ Zv—l [
k=0

\/7F(v+ )

03.09.06.0006.02
ol 1 1 4 J

\/71"(v+ g) 3F°(E’ h2

,[ -2~

H,(2) «

2v+1 ) . 1-2v 3-2v 2v+1 2v+3 1 1
41(4, Y 4,2,22)

2v+1 3-2y 5-2v 2v+3 2v+5 3 1
s( ] 1[ , , , ;= ——] /i larg(=2)| <7 (|12 - o)
4 4 4 4 2 2
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03.09.06.0007.02

21—1/ Zv—l 1
H, (2 x ———— [1+ O[—]] +
\/; F(v + %) ra

2 1 [ 2v+1 1 1-4y2
\ - 2722 sin(z+ n)[1+0[—]]—
b 4 2 8z

Thegeneral formulas

03.09.06.0008.01

Z\v+1l
i (2) ﬂﬁ[ .
]

03.09.06.0009.01

H.@ o (g)wl [ﬂ(f)ower)[ 1 ~ é, %, oo}] +ﬂ2rig)[

3 3_{
F >Vt

1
{—é, &, oo}] J; (12~ o)

3.
V+§,

Expansionsfor any zin exponential form

1

3
E,V‘I’

2v+1 1
cos(z+ 71'] [1 . o[—]]] J; larg(=2)| < 7 (|2 - o)
4 2

N | w

{_; &, oo}]] /; (12— c0)

Using exponential function with branch cut-containing arguments

03.09.06.0059.01

16v* —40v2+9

v+1 (4 2_1
H, (2 i (22)—‘1—1(21/-;.3) e_t‘/;+%(2v+3)m'[l_l( V )

vor Nz

1287

(402 4 2
es\/?fi(sz)m' 1 i(42-1 _16v"-40v +9+...]] N

" 8\/? 1287

2l -1 2v-1 3(4v*-8v+3)
1+ +
Va v+ ) 2 Z

03.09.06.0060.01

H,(2) «

1\ (1
: 2
ZV+1(22)_243 eii\/;ﬂvfm‘ i 2/k\2 )k

+ ...]/; (12 » o)

2r k=0

- 2\;; + O[
2 B o2

x_\/?}ws” an(v-'- %)k(%_v)k
e

4
k!

k=0

2\
1
-

- )

1
+ O( ] +
Zn+1
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03.09.06.0061.01

7+ A 23 11 i ) 23 11 i
H,(2) « (22) 4 @3_“/?+ 4 szo[v+—, ——v;,;, — +e”/;_ 4 szo[v+—, ——v;; - +
Van 2y 2 2 2

2lv -1 11 4
—3Fo[—, --n1; ——] /(14 = o)
Verpe)® 22 2

03.09.06.0062.01

2v+3
4

1 _
Hy(2) « —— 2% (Z)
V2nr

o7 af 5 ) 2 ff

Using exponential function with branch cut-free arguments

03.09.06.0063.01

_2n3 2743 . ) vV 22 ) V 22 i 4V2_1 16 4—40 2+9
H,(2 « 27 (B) 4 e E e +1{+e?1- 1+ ( )— ’ ’ +. |+
2V 2n z 4 8 /22 128 2
s | V2 _ V2 i(4v2-1) 16v4-40v2+9
e s Tlemi? +1{+e'?|1- 1- - +.. ]+
z z 8\/; 128 72

2l -1 2v-1 3(4v*-8v+3)

ﬁr(v+g)[l+ 2 T2

03.09.06.0064.01

+ ...]/; (12 » o)

HV(Z)oc;z”l(zz)_gt‘i e3+42V"” e 2 \/;+1 +é'? 1—\/; Zn: : +O( ! ] +
2V2n z z [l k! o2 2t
e, [ (V2 N2 (3G, i) 1
e 4 T2 +1{+e21- - +O[ ) +
z z =0 k! 2\/; 1
—V V- n k
L[Z(E) -) (i] +O(L]]/; 2= o
\/71"(1/+%) ko 2/k\2 Akl 2 2

03.09.06.0065.01

3+2v

Z g Bt

_otev 3+2v . X
H,(2) 2 (Z) 4 fed et +1 1- — V4=, = - +
2V 2n z 2y 2
s, | (N2 , VZ 11 i
e 4 e’ +1|+et*|1- ol v+ =, ——v;; - +
z z
2y 7

2Ly -1 11 4
73%[—, S 1 M ——]/; (12 - )
«/FF(H%) 2 2 Z



http: //functions.wolfram.com

15

03.09.06.0066.01

_3+2y 3+2v . V 22 V 22 1
H,(2) o 27 (2) ¢4 |ed et +1[+e?[1- (1+o(—])+
2v2r z z z
3+2v V 22 V 22 1 21—)/ v-1 1
P +1|+e 2|1 (1+O(—)) + i [1+O[—)]/; (12 — o0)
z z z \/7F(v+ —) z

Expansionsfor any zin trigonometric form

Using trigonometric functions with branch cut-containing arguments

03.09.06.0067.01

2 _ 243
H@ o [ — 27 (Z) 4
Ve

) Qv+Dn 16v*—40v2+9 2568 - 5376v° + 31584 v* — 516642 + 11025
S‘”(VZZ - )1— +.o |+

+
4 1287 98304 7

4V2_lcos(\/;— (2v+1)71)
N 4

[1 16v* —1361v2 +225 25618 — 10496 v + 137824 v* — 656 784 v2 + 893025 ]]
— + ... +

+
38427 4915207

2l -1 2v-1 3(4v*-8v+3)
) 1+ +o /112 - )

+
)l 2 2

03.09.06.0068.01

2 _t
H@ o | = (2) 320 21
Vs

1 1 1 1
. Cv+hm| & (Z(1_2v))k(‘_1(3_ZV))k(Z(2V+1))k(z(zv+3))k 1\ 1
Sn(‘/?_ 4 )kZ:; () ke ( 22) +O(z2“+2] i
(

4v2—lcos(\/?_(2v:1)ﬂ) n (%(3—2v))k %(5—2v))k(%(2v+3))k(%(2v+5))k[ 1]k+0[
2

iz B
e BOARA

Z2n+2
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03.09.06.0010.01

2 _ 2043
H@ o |- 2% (Z) ¢
/s

sin(\/; -

2v+1 1-2v 3-2v 2v+1 2v+3 1 1 442 —
SR L),

1005(\/?—2v+17r)

4 4 4 o4 2 4
z) gz
3-2v 5-2v 2v+3 2v+5 3 1 ol -1 11 4
4':1[ : ’ ' ?_?__) +73Fo[—,——v, 1;;——]/;(|z|—>oo)
44442 2)] Yar(el) (202 2

03.09.06.0011.01

Hv(z)oc\/?z”l(zz)zv‘:3 s’n(\/;— 2v+17r)(1+o(i )+ 4V2_1cos(\/;—
m 4 2) gz

21—v Zv—l 1
- [1 + O[—)] /3 (12 - o)
\/7 F(V + %) Z

)

Using trigonometric functions with branch cut-free arguments
03.09.06.0069.01
2 _2r38 z 2v+1 2v+1
H@ o |- 24 (2) * cos( 2 n)sjn(z)—sjn( 2 n) cos(2)
T
VZ

[1 16v* - 40v2+9 25618 — 537616 + 31584v* — 51664 v2 + 11025 ]
- +.. 0+

+

128 22 983047
4»-1] 1 2v+1 1 (2v+1
3 cos( n) cos(z)+—sm( ann(z)
/22 z

+
3847 4915207

[1 16v* - 13612 +225 25678 — 1049615 + 137824 v* — 656 784 v + 893025 ]
- + +

T + + ...]/; (12 » o)
\/FF(V'FE

21-v -1 2v-1 3(4v*-8v+3)
1+
) z z
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2 _2n+3
H@ o« |- 24 (Z) ¢
T \/;

N (% (1—2v))k(%(3—2v))k(%(2v+l))k(%(2v+3))k

> " 44|

4v2-1{ 1 2v+1 1 (2v+1
5 \/7005( 2 ﬂ)cos(z)+;sm( 2 zr)sm(z)
ra
0 (38-2v) (36-2v) (@r+3) (;@v+5)

- 2] &) ]|
S A e

03.09.06.0070.01
z 2v+1 S (2v+1
cos( 2 ﬂ] sin(z) - s n( 2 n) cos(2)

03.09.06.0071.01

2 23
H@ o« |- 24 (2) ¢
/s

4v2-1
8

\/? z

1 2v+1 1 2v+1 1 1
cos( 71) cos(2) + — sin( n)sin(z)]4F1[— (3-2v), —(6-2v),
4 4 4 4

1 1 3 1
- (2v+3), —(2v+5) —;——]
4 4 2 2

2tv -t 11 4
+ 73%[1, S il ——]/; (14 - o)
v F(v + %) 22 ra

03.09.06.0072.01
z 2v+1 S (2v+1
cos{ 2 n] sin(z) - s n( 2 n) cos(2)

2 2v+3
H,(2) « \/j 7 (Z)
T \/;
1
[+4:)
ra

1 2v+1 1 (2v+1
cos( 2 n)cos(z)+—sm( 2 n)sm(z)

\/; z

Residue representations

[ref2)) 5

21—v Zv—l 1
+— (1 + O(—]) /; (12 - o0)
\/71"(1/+ %) ra

03.09.06.0012.01

H,(2) == Zv+1(zz)—vz—lir F(%_ )(é)—s F(V+1+S) (_V-ﬁ-l_ )
o 1:0651“(1*'1—5)1*(1—%—5) 2 2 J

z 2v+1 2v+1 1 1 1 1 1 1
cos( n)sin(z)—sin[ n]cos(z) 4F1[—(1—2v), —(3-2v), = (2v+1), - 2v+3); —; —— |+
/zz 4 4 4 4 4 4 2 2
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03.09.06.0013.01

v z\—2
& r(lT_S)(E) ° v+1 v+l
H,(2 == Zr&g - - 1"( +s) [— - j)
i |Tl+3-9T(1-3-5 2 2
Other series representations
03.09.06.0014.01
4 2 B2
Ho(® = - Z
mic 2k+1
03.09.06.0015.01
2 4 = ‘]Zk(z)
Hi@) = = (1-Jo@) + = )|
T T k=1 4k2 -1
Integral representations
On the real axis
Of thedirect function
03.09.07.0001.01
21z 1 B 1
Hy(2) = 7f (1-t3) zsint2dt/; Re(v) > ——
\/;F(V+ %) 0 2
03.09.07.0002.01
2z 7 oy 1
H@=—— f sin””(t) sin(zcos(t)) d't /; Re(v) > — —
\/7F(v+ %) 0 2
03.09.07.0003.01
21z oo L
H(@=Y%2+ ——— f e (tP+1) 2dt/;Re(>0
\/7F(v+ %) 0

Contour integral representations

03.09.07.0004.01

H " 1 fy+£oo I'(s) F(l_s) (X)—antv+ld / 0 ) [1
y(X) = — — S/, 0<y<minll,
208 Sy p(3 (e 29 2 !

03.09.07.0005.01

vl ] F(V;—l+s)l“(1’TV—s) [Zz]’S
[ s
LD

H, (2 =2*1(7) 2

2ni

03.09.07.0006.01
1 F(E +s)F(H—s) 71-2s
R e i e <
2miJrr(1+ z -9T(1- : -5 \2

Re(v)

+

5
4

)/\x>0
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Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

03.09.13.0001.01

4 v+l
W@ Z+W (@ z+(Z -V )WD) = 4) (g) [ W(@) == ¢, (2 + G, Yy (D + Hy (2

03.09.13.0002.01

2
W,(J,(2), Y, (2) = —
4

03.09.13.0003.01

Z\v+1
W@ Z+W (@ z+(Z -V )W@D) = (—) W@ =63,@+ I, D+H,@OAveZ
b/ F(v+ %) 2
03.09.13.0004.01
2sin(rv)
W2(3,(2), J-(2) = —
nz

03.09.13.0005.01
2w +2-MZW @ +(Z-v+D)zW@+(P+V2-Zv+Z)W2) =0/;W2) = ¢ H,(2) +¢ 3, +¢ Y, (2

03.09.13.0006.01
22—v Zv—2
W(H,(2), 3,2, Y,(2) = —
732 F(v + E)

03.09.13.0007.01
v-2dg@ 3 g”(z)] ’ [ v(v+1)g2? ., 3@% (v-29'@ g3
- + W@+|-——+d @+ + -

w(2)
9@ g 9(2)? g (2? 92 g®

W (2) +

(Vr+D-v-192% 9@
92°

W(2) =0/, W2 = ¢ H,(9(2) + ¢ J,(9(2) +C3Y,(9(2)

03.09.13.0008.01
2792 9@’

Wo(H,(9(2), 3,(9(2)), Yv(9(2) =
72 F(v + %)
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03.09.13.0009.01

-2d@ 3h®@ 39z
W(3)(Z)_((v )g()+ ()+ g2 W+
92 h(2 g
v+ g @? , 20-2@g@ 6N©@* 3¢g'@* 6hW@Yg'@ (-29'@®@ 3@ ¢
-———+d@ + + + + + - -
9(2? 92 h2 h(2)? g@? h2g' (2 92 h@  Jg@
[ v-Dg@® Pr+Dg@® vo+DW@I@? 20-2NW@°gd@ 6h@N @
W2 +|- + + - + +
9@ 92° 9% h(2) 92 h(2)? h(2)?

3°QN@+h@¢¥@ N@2g@*+h¥@ (-2M@9'@-gd@h'@) 6h@°
h@ g @ h() 92 h@ h2?*

6h@2°g’ (2 3@ g @?

. . w(2) =0/, W2 = ¢, h(2 H,(9(2) ¢, + ¢, J,(9(2) h(2) +¢3Y,(9(2) h(2)
h(2° 9@ h2g®

03.09.13.0010.01
2792 ?h@° g 2°

W,(h(2) H,(9(2), h(2) 3,(9(2), h(2) Y,(9(2)) =
72 F(v + %)

03.09.13.0011.01
w32 —(vr+r+3s-3)Z2wW' @ +((@* 2" -V r’+ 2s-D(v+Dr+3(s-Ds+1)zw (@) +
(Po+p-a2Z"(v-1))r¥+s(P-a2 2" )rP -+ Dr-s)wz =0/;
W2 =c, ZH, (@) +c2J,@a7) +cz Y, (a)
03.09.13.0012.01
227 a3 7+353 (gAY

(v + )

W,ZH,(az), ZJ,@z), ZY,(az)) =

03.09.13.0013.01
wW(2) - (v + D log(r) + 3log(9) W’ (2) + (@2 r?2 —v2) log’(r) + 2 (v + 1) log(s) log(r) + 310g*(9)) W' (2) +
(Po+D-a®r??(v-1) log*(r) — (a®r?2—v?)log(s) log?(r) — (v + 1) log™(s) log(r) — Iogs(s)) w2 =0/;
W2 =c¢ S Hy@r?) +c s J,(ard) +czsY,(ar?
03.09.13.0014.01
227 (ar?)*1 S321og’(r)

72 F(v + %)

Wy (s H,(ar?), ¢ J,(ar?), sY,(ar?) ==

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

03.09.16.0001.01
H(-2=-(-2"2"H,®

03.09.16.0002.01
H,(i2=i(02"Z2"L,(2
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03.09.16.0003.01
H(-i=-i(-i2 2" L,(2

03.09.16.0004.01

n(VZ2 )= @) 7 h

03.09.16.0005.01

cdzmH™’*t
H,(cdzH™) = (7) H,(cd™z" /:2me Z
(Cdm Zmn)v+1

Identities

Recurrence identities

Consecutive neighbors

03.09.17.0001.01

2(v+1) 27l
H,(2) == Hy11(2 - Hy2(2) + .
ﬁ r(V + E)
03.09.17.0002.01
2(v-1) v z-1
H,(2) == H,_1(2 - H,>(2 + .
'\/; F(V + E)

Distant neighbors

Increasing

03.09.17.0012.01
|3 k
H@=2"12"(v+ 1, 1|20+ Z
K (N=2K)! (=N = V) (v + D)y

n-k! v
4

n-1
12 (n—k-1)!

k
Z —| Hhpvr1@ |+
;0k!(n—2k—1)!(1—n—V)k(V+1)k[4] 1@

k

(j-k! [22)
—1| /ineN
KIG-2K! (=] -, v+, | 4

,_
N | —
o

i

(V+ 1)J

1 y+1 0=
L

I

I}
o

F(j+v+§)k

i}
o

Brychkov Yu.A. (2005)

_] Hn+v(z) -
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03.09.17.0013.01
1-n n
H(@=2"17"v+ 14 [2 (N+v) 3F4[1, - 5; 1,-n-n-v,v+1 —zZJ Hpn(2) —

n
z3F4(1, - 1- E; 1,1-nl1-n-v,v+1; —22) Hn+v+1(z)) +

2—v—1 Zv+l n- v+ _’]_)j

1
1
Z3 J‘=0F(j+v+g)3 4(

1-j
,—5;1,—j,—j—v,v+1; —22)/;neN

Brychkov Y u.A. (2005)

03.09.17.0004.01
27 2(@4v+nz2t (4P +3v+2)-P)H,2@ 2+ DH,52)

H,(2 == +
Vo F(v+ ;) z z
03.09.17.0005.01
273(2-12v2-54y-57)2*1  A(v+2)(-Z+2v*+8v+6)H,32 Av+1)(v+2)
H\(2) = - + +[1- H,.4(2)
\/7F(v+ g) z z
03.09.17.0006.01
2774(-32v3 - 2642+ 67 v - 688y + 177 - 561) 2!
H,(2) = -
\/71"(v+ 12—1)
8(r+4)(-Z+2/2+8v+6)(v+2) 4+ (v+2 4(v+2) (-2 +2v?+8v+6)H,.5(2
- +1 Hv+4(z) -
z Z Z
03.09.17.0007.01
2(v+3) (32 -16(v2+6v+8) 2+ 16(v* + 12v® + 49v? + 78v + 40)) H,.,5(2)
H,(2) = -
rad
8(v+4)(—22+2v2+8v+6)(v+2) 4v+DH(v+2)
- +1|H,,6(2+
z
2752+ (2 - 242 2 - 160v 22 — 259 7 + 80 v* + 10401° + 484012 + 9490 v + 6555)
\/7 F(v + ?)

03.09.17.0014.01

5)\2

1 n=1 1 Z\j+v+l
M@ = Cal0, D Huun@ = Co 11 D Hyina@+ — 3. ———— (] 2
T j=0 F(j +v+ 5)

2(v+1) 2(n+v)
Cov. 9=1/\C10v, 2 = \Catv. 2= Coa(v, D= Cra(v, 2 [\ NN
z z
03.09.17.0015.01

Hy(2) = Cn(v, 2 Hni(2) = Cra (v, D Hiiy i1 (2) +

———oF3| —, —l;v+l, ot et il —22)/;
=) 2

n 1"(1/+E 2

(z v#1 -1 (V+1)j (1_1'
23]
2

1-n n
Cn(v,z)=2”z‘”(v+1)n2F3( 5 ,—£;v+1,—n,—n—v;—22)/\neN+
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Brychkov Yu.A. (2005)

Decreasing

03.09.17.0016.01
H@=2"1(-2"(1- V)4

K (h—k-1)!

FJ

2 (n-k)! z
2 —_

4 V)Z_(;k!(n—Zk)!(l—V)k(V_n)k[4)

ki

&
H,_n(2+2z Z
k=0

1 zpand  (1-v), 3] (j—k)z(é)k
—I5 ineN
e Rr(y-jr ) (-5) 072D ©

Brychkov Yu.A. (2005)

03.09.17.0017.01
1-n n
H@=2"11-v)1 (-2 [z3F4[1, - 1- E; 1,1-n1-v,v—-n+1; —22] H_niy1(2 +

1-n n
2(n—v)3F4(1, - —5; 1L, -nl-v,v—n; —22) Hv,n(z)) +

21-v -1 n-1 41 (—22)_' (1-»); ( 1-j
3F4

L ——1, -], 1—v,v—j;—22)/;neN
Vr i F(v—j+%) 2 2

Brychkov Yu.A. (2005)

03.09.17.0008.01
2 (Z+4v2-6v+2)73 [ 4(v—2)(v—l)] 20v-1H, 52
-{1- v—2(2) —

H,(2 =
\/7 F(v + %) zZ z
03.09.17.0009.01
22 (Z+2vZ -2 +16v* - 803 + 140v* - 100 v + 24) 25
H, (2=
3 F(V + %)
Av-2)(v-1) 4(v-2) (-2 +2v*-8v+6)H, 32
R e

03.09.17.0010.01

4v-2)(v-1) 8(-4H(-2(-Z+2v*-8v+6)
H,(2) =|- + +1|H, 42 -
z z
4(v-2) (- +2v2-8v+6)H, 52 1
( )@ | (@27 (B r2vE -7 - 16V 2 +12813 7 -
z N/FF(V+%)

33227 +328vZ - 96 7 + 64° — 672v° + 2800* — 5880 v® + 6496 v* — 3528 v + 720))

~ KI(N=2Kk=1)! (1= ) (v =N+ D)

Z

[_

4

k

) Hv—n—l(z) +
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03.09.17.0011.01
4v-2)(v-1) 8 -4H(-2(-Z+2v*-8v+6)
+
z z
2(v-3)(32'-16(v* - 6v+8)Z +16(v* - 12v% + 492 - 78v + 40)) H,_5(2)
z

Hv(z) = —-|-

+1|H, 6@+

+

ﬁ(Zlvzv9(28+2VZ6—26+12V224_24Vz4+924_128V622+1824v522_
Vo v+
2

10160 v* 2 + 28200 v° 72 — 406522 2 + 28116 v 22 — 6840 2 + 256 v® — 46087 +
34944° - 145152 v° + 359184 v* — 53827212 + 472496 — 219168 + 40320))

03.09.17.0018.01

1 nd 1 z\-i-1
M@ = Colr, D Hy-n@ = Coav D Hy @+ — 5 ———— () qwa
bid j:OF(V+%—j) 2

2001 20—
Cov,2=1\Ci0v, 2 = — \Cnv, 2= —— 10 2= o0, [\nen

03.09.17.0019.01

1 ,zy1t
i@ = Crlr B Hn® =Cors D Hhona = (5) _
i .1 Z
g For(v-j+3)(-5)
1-n n

Ch(r,2=(=2"Z2"1-v), ZFS(T’ —5; 1-v,-nv—n; —22) /ineN*

(1-v); 1-j
-+

5 ,—%;1—v.—i,V—j:—22)/;

Brychkov Yu.A. (2005)

Functional identities

Relations between contiguous functions

03.09.17.0003.01

z 2—v—1 Zv+l
H,(2) = — (H,_1(2 + H,,1(2) -
2y v vF(v+ g)
Differentiation
Low-order differentiation
With respect tov
03.09.20.0001.01
z Z\+l @ —1)K 3\ /z\2k
HOz) = Iog(—) H,(2 - (—) b w(k+ v+ —) (—)
2 2 k=oF(k+g)F(k+v+g) 2712
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03.09.20.0014.01
Zn—l

1
HO@ = -~7h@+— Gy
" 2" 'n 24

l\)ll—‘

V4
2’ n,

]+
, 0
n-1 okene . . .
;rkz(%;- [%)k(g) ) 1(Iog(§)—w(n k+_)) % Zok'(n k)(z)k H_«(2/;neN
n-k

Brychkov Yu.A. (2005)

NI NP
NP N

03.09.20.0015.01

( 1n+1ﬂ. (_ )n n-1 z 1 1‘ l n! n-1 1 Z\k-n
H(lO)Z Iz 5 [ 222 |_ - (—— H_ (2 /;neN
@=——rar— =il 110 Zék!(n_k) 2) @ /ine
Brychkov Yu.A. (2005)
03.09.20.0016.01
1 Z\ [ Z\"2 1 4
0=l o b )
"2 n!x/? 2712 2 z
L(z)“-%”iw(ﬁ]”(i) _nr (E)%-"”i -G
Vr \2 = (M-=K! z 2)k 2 2 o Kl(n—k) \2
n—-k- 1 g)p 1 1
> = o ((—l)'°+1 Jk%(z) (2 J}p(z) -2z J}p(Z z)) - (-1 Jik%(z) (2 .]p%(z) -2"2 Jpé(z z))) +

p=0

1 1 1 zZ\v-n-3; onlzy-ner el ( _ _
—F(n+—)(Iog(4)+t//(——n)+3y)(—) - (—) +(-1)"J 12 (Ci(22)-2Ci(2) +
2n 2 2 2 2y 2 oo k! (n-k -n-3

, . nt (2"t g Z\k
J 1(29(S(29-2S(2) - — [—) Z (——) J 1@/;neN
s 2 Sn-kk'\ 2/ k3

Brychkov Yu.A. (2005)

03.09.20.0017.01
H (,lfl(z) =(-1" Jmi(z) (2Ci(20 - Ci(22) +
2 2

n-1

1 Z\k-n nvr &
1ZS|22 25|z—— 'n! 5] da1@
J_:(2(Si29-28(@)- = (-1"n )%k,(n k)() 1@+ — Z(n 1K

k-1 prk% ) §
Z ((—1)n (J 1(29-22"J 1(2))3 W1@- (—1)k+f’(J1 (2-22"", (z))J 1(2)) /ineN
oo P! P32 P n-k+3 3P 5P k-n-3

Brychkov Yu.A. (2005)

03.09.20.0002.01

—v +3 -1 3.
HLO (5 27z Flx1x2 Ly 2’
y (@)= oy 3x0x1
3«/7(2v+3)r(v+ 2)

N

ol
(9]

V+ v+ S

z .z I log(2 > H
22 +[09(Z)— og( )—w(v+5)) v(2)

N
N
N
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With respect to z

03.09.20.0003.01
oH,(2

\4
=H,1(2--H,(2
0z z
03.09.20.0004.01
27z %
== - Hv+1(z) + ; HV(Z)

9z Vr F(v + g)
03.09.20.0005.01

oH, (29 1 277z
== +H,.1(2-H,.1(2

iz 2 Varfy+d)

03.09.20.0006.01

#PH, (2 1
" ::;(HV_2(2)22+(Z—221/)Hv_l(z)+v(v+1)HV(z))

oH,(2

03.09.20.0007.01
#H,(2 1

271 (8v2+14v+3-2) 271

= —(H,2(2+H,;2(2-2H,(2) +
oz 4 \/7(4v(v+2)+3)1"(v+%)

03.09.20.0008.01
0(z' H,(2)

dz

=27 H,_.1(2

03.09.20.0009.01
9(z7 H,(2) 2

0z Vrrlyed)

-z Hv+1(z)

Symbolic differentiation

With respect to z
03.09.20.0018.01
d"H,(2 n! 5
0

(_ 1)k n-k

(-2)" 2 22k (n—-2K)! 1

Brychkov Yu.A. (2005)

03.09.20.0019.01

"H,(2 n! [EJ
o7 (- @2k km-2k g P L2
neN

Brychkov Yu.A. (2005)

ey [ L (T

(-1)F ”Z'i(n—k)(_r)_k+n_p (g)p How - :

)2 p+v-1

p-1

z

2

)_zr /i
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03.09.20.0020.01

V(Z) n m (= 1)k 22K M )y g (V)
=7 1)mn V)
Z( () o) —
j j
e k-j-1!(%) K k-D1(%) v il
- - - Z H,@| +
24Tk 2] DIA k-0, 0

=it k=2)1A—k=v); () «/?r(v+%)

) 12( )Hm( | )( ) m (—1) 122K M ), e D K2 272 (k= - D12 -n+v+ D), 2
VI m

- - /ineN
i=1 m=0 k=0 (m_k)' j=0 J'(k_ZJ _1)' (1_k_v)j (V)j+l
03.09.20.0010.02

d"H,(2) - v v+3 3 v-n v—-n+3 3 2
T 22\ 2y 4 2) 5B 1, — + 1, o +1, v+ ———|/sineN
iy 2 2 2 2 2 2
Fractional integro-differentiation
With respect to z
03.09.20.0011.01
H,(2 - v v+3 3 v-« 3+v—a 3 Z
L 20722\ [ Ay 4 2) 0Bl 1, — 4 1, . +1, VA — —— | —veNt
by 2 2 2 2 2 2" 4
03.09.20.0012.01
H@
0z
v+l v+1 B 1 v+1 1 v+1 3 |v+1
(_1)7[7J a— 2(v+1)+4[ J\/_r[ { J+2)3F4 1, —[V—Z{ J+2), —(V—Z{ +3); - - ,
2 2 2 2 2 2 2

1 v+1 1 v+1 v+l 3 272 v-a2| i
—(v—a—Z{ J+2),—(v—cx—2{ J+3),v—{ J+—;—— z 2 77 4
2 2 2 2 2 2 4
v+3
1z (—1)k+v 2-2kv-1 Z2k-atvil (|og(z) + (- 2k — v — 1) Rk —a + v + 2))
k=0 (—2k—v—2)!F(k+ ) (k+v+ )F(Zk a+v+2)
03.09.20.0013.01

9 H,(2 w 2-2kv-1 (L) 7_—C(ef;)p(z’ 2K+ v + 1) 2karr+l

/i —veNt

0z k=0 F(k+ g)l“(k+v+ g)

Integration

Indefinite integration

Involving only one direct function
03.09.21.0001.01

27V 742 v 3 v 3 7
fHV(Z)dZ:: oF3|1, —+1; - —+2,V+ - ——
\/;(v+2)l"(v+g) 2 2
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Involving one direct function and elementary functions

Involving power function

03.09.21.0002.01

27V v+l a+v+1l 3 a+v+3 3 Z

ng[l, S Vo —

fz"‘l H,(2)dz==
\/7(0/+v+1)1"(v+g) 2 2 2 2 4

03.09.21.0003.01
2lvz

f 2H(Ddz==——— - 77" H, 1(2)
\/; F(v + %)

03.09.21.0004.01

Zl—v 21—v (a Z)V
le-v H,(@2dz= —|———-H, 1(@2

Ve

03.09.21.0005.01
Zv+1

fz“l H,(az)dz= - H,.1(@2)

03.09.21.0006.01

Ho(@2 1 5, a2z
[roen,,
2 PRt

03.09.21.0007.01

01 ]
1 1
0,0-% -3

1 . 1 331 1
fz" H,(@2dz=2""2az*?(az’ I“(— (n+v+2)) 2F3(l, —(N+v+2v+—, — —(N+v+4), —— & 22)
2 2 2 22 4
03.09.21.0008.01
3 Z (a2™” ) 5 2-v-1 (a Z)2v+5
fz” H,(@2dz= 2v+1DH,,@2 @2 -H, ;@2 @2+
at «/7(2v+5)r(v+g)
Involving exponential function and a power function
03.09.21.0009.01
e“ 21—v
f 7 e H (2 d 2= — 27 (i H,_, (2 + H,(2)
2v-1 \/71"(v+ 1)
2
03.09.21.0010.01
, 7 _ 27 (=i 2V 2T2v+2, —i2)
fzve”Hv(Z)dz:: e*z(Hy(2) - iH,41(2) -
2v+1 \/7 F(v + g)

Involving functions of the direct function and elementary functions

Involving elementary functions of the direct function and elementary functions



http: //functions.wolfram.com

29

Involving products of the direct function and a power function

03.09.21.0011.01

dz=

H,2H,2 1
f— ———|2H,.,@H,@z+
z 2(u=v)(u+v)

1
TRER

2

N w
N w

)

1 1y _ 1
[2"” 72 F[E (u+v+ 2)) [F(u + 5) 2F3[1, > (L+v+2); u+

( 1)IE 11 ) 3
v+ - , =W+ v+2 v+ —,
2)7 " 2" 2

N w

1 z
'S (u+v+4); _Z]]] -2H,2 ZH,.1@ + (u-V) HV(Z))]

03.09.21.0012.01
1

le’*"v H.@H,(@dz=-——
2(u+v-1)

[Z#v+2 (H#_l(z) H,_1(2 + H#(Z) HV(Z)) —

2z Floe ot z Flre 2oyt z
S — L2t — —— 4R L L =, 2 v = - —
)23 PR M 2 2" 4

771"(/1+ %)F(v+ %

03.09.21.0013.01

2—;1—v—1 Z2 (u+v+2)

f 2" H,(@H,(9dz= 72 (H, (@ Hy(@ + H 1D H,y.0(2) -

2(u+v+1) n(/,t+v+2)r(,u+g)F(v+g)

Fs|1 23 > 3 Fs|1 23 3 3
JHAVH2 = gt = u v+ 3 - — |+ JHAYVH2 = v = p v+ 3 ——
27 M H yHr gk i R ke 2Tt 4

Involving direct function and Bessel-, Airy-, Struve-type functions

Involving Bessel functions

Involving Bessel J and power

03.09.21.0014.01
J(@H.(2 1
f dz==
z M=) (u+v)
J,(2H ! 2TH A 1r(l 1);31 1 11 3 z
L2QH, 1 0Z2- ———— V2T = — ; , = e |
@H,.1(2 JTF#+%) 2(,u+v+)122(u+v+)v+ 2(;¢+v+) 2

(231D + (=) I,(2) H,J(Z)]

Z

! 4
s (v ——
' 4
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03.09.21.0015.01

1 ) 2-wvz (1 3 Z
f 2 3, (29H, (2 dz= - 7#72(3, .12 H,ea(2) + 3,29 H,(2) - - 1Fa| = v, 5; 7
(u+v-1 r(u+3)
03.09.21.0016.01

fzf””l J@H,(2dz=

Zp+v+2 2—H-V Z/J+v+1 I’(u +Vv+ g) li [ 3 L 5 22] . ’ )3 Ny

- iFolu+v+ v+ L u+v+ = ——(+23,(@DH.2+2,1(29H (D
4(u+v+1) ﬁr(#+g) 2 2 4

Definite integration

For thedirect function itself

03.09.21.0017.01

00 v
f H, @) dt = —cot(?] /; Re(v) > -2
0

03.09.21.0018.01

f t* 1 H, () dt =

0 r(1-4-3)r(;@-a+v)

2“*%3ec(%n(a+v))

3
/: Re(a+v)>—1/\Re(a)<§

03.09.21.0019.01

oo Ho(t) 7
f dt=
0 t 2

Involving the direct function

03.09.21.0020.01
2a a—a—y—l bu+1

00 1
f t*1J,@at)H,(bt) dt = )F[E(a+/x+v+1))
0

ﬁr(wg)r(%(—a—ywn)

1 1 3 3R
3F2[1, E(ar+y+v+l), E(a/+,u—v+1);y+£, E; —2]/;a>0/\b>0/\Re(,u+v)>—l/\Re(a)<1
a

Integral transforms

Fourier cos transforms

03.09.22.0001.01

Feil[H, (0] (2) = - -

1
227" 77 2T (v + 2) v v+2 v+3
_— COS( ) 3F2( , )

ﬂF(v + g)

Fourier sin transforms
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03.09.22.0002.01

1
22777 2T (v + 2) v v+3 v+2 331
Fsi[H, (D] (2 ::——sin(—)s 2[ , TV =, =) —] /; Re(v) > -3
ar(v+3) 2 2 2022
Laplace transforms
03.09.22.0003.01
LM 277" 2T(v+2) v+3 v+2 33 1 R )
1@ =— , v+ —, = —— |/, Re(v) > -
t[H, (O] ( 3 2[ > > > 22)/

\/;F(v+g)

Mellin transforms

03.09.22.0004.01

271 g 1 3
Mi[H, (D] (2 = sec(zn(z+ v)) /i Re(z+v) > —1/\Re(z) < 5

Hankel transforms
03.09.22.0005.01

ZJETVZF(%(Z,u+2v+5))

) )

N W
N w

1
Hi,,[H, (D] (2 = 3F2(1, n Qu+2v+5), n (=2pu+2v+5);,v+

F(%(?_y—Zv—l))l"(v+ g)
5
Re(y+v)>—5

Representations through more general functions

Through hypergeometric functions

Involving pFyq
03.09.26.0001.01
Zy+l 3 3 Z
H,(2) = (—) 1P v+ i ——
2 2 2 4

03.09.26.0010.01
IR AR 72 3
Hy@ = (-1) (—) Falilovi-— | v-Cen
2 4 2

Involving ,Fq

03.09.26.0002.01
Zv+1

2V\/7r(v+§)lpz[;2 2 4

H,(2) ==

N | P
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03.09.26.0011.01
1

I N DR B
ST (E) A Uy Lt

Through Meijer G

Classical casesfor thedirect function itself

03.09.26.0003.01

03.09.26.0004.01
v+1

2

v+1

rr
2 2'2

1,1 zZ .
H,(2 = Gl,3 2 ]/, Re(2 >0

03.09.26.0005.01
!
/ 11 2
HV( z ) = Gl'3 v+l 1% v]
7723

4
Classical casesinvolving Bessel Y

03.09.26.0006.01
4

4

cos(v )

i (ﬁ) - HV(‘E) = Gi3

v+1
2
v+1 Y
u 222

2" 27

Generalized casesfor thedirect function itself

03.09.26.0007.01

v+l

2
v+1 v v
R

Generalized casesinvolving Bessel Y

H,(2) == Gﬁ

2

NI N

03.09.26.0008.01

cos(v ) z 1
G3,1 S
2 2

Yv (Z) - HV(Z == -
V8

Through other functions

03.09.26.0009.01

2

13 2 1 3 Z
32 1F> E; > 1-v;——

-—J,@F|v+ = v+ v+ —; ——
reov+1) 0N 2 2" 4

H,(2) == zcse(r v)[ 2

rd-v) F(v + %)

Representations through equivalent functions

With related functions
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03.09.27.0001.01
H,(i2=i(G2"Z2"L,(2

03.09.27.0002.01
H (-i2)=-i(-i2)"Z" L,(2)

03.09.27.0003.01

1 zyv-17 21y (1 2 1
Hv<z)==Yv<z)+7(—) (—) [——v) 2| pv-Zez
(v—%)!x/? 2/ \2k\2 k| 4 2

03.09.27.0004.01

N =

1 1
H@=-1"23,2/-v- 5 € N

Inequalities

03.09.29.0001.01

Hv(x)zO/;x>O/\v2

N[ -

Theorems

Struve H-Transformation

. r . 1
f.(y) ==ff(X)\/xy H,(xy)dx < f(X)==ffv(y)\/xy Y, (xy)dy /; Re(v)Z—E.
0 0

History

—H. Struve (1882)
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