
Subfactorial

Notations

Traditional name

Subfactorial

Traditional notation

SubfactorialHnL
Mathematica StandardForm notation

Subfactorial@nD

Primary definition
06.42.02.0001.01

SubfactorialHnL �
GHz + 1, -1L

ã

The numbers SubfactorialHnL represent the number of complete permutations (i.e., derangements) of n objects (that

is the number of a permutation in which no object appears in its "natural" (i.e., ordered) place).

Examples: SubfactorialH3L � 2 because the only derangements of 81, 2, 3< are 82, 3, 1< and 83, 1, 2<. 
                    SubfactorialH4L � 9 because the only derangements of 81, 2, 3, 4< are 82, 1, 4, 3<, 82, 3, 4, 1<,82, 4, 1, 3<, 83, 1, 4, 2<, 83, 4, 1, 2<, 83, 4, 2, 1<, 84, 1, 2, 3<, 84, 3, 1, 2<, and 84, 3, 2, 1<. 

Specific values

Specialized values

06.42.03.0001.01

SubfactorialHnL � n! â
k=0

n H-1Lk

k !
�; n Î N

06.42.03.0002.01

SubfactorialHnL �
n!

ã
�; n Î N+

06.42.03.0003.01

SubfactorialHnL �
n! + 1

ã
�; n Î N+



06.42.03.0004.01

SubfactorialHnL � ã +
1

ã
n! - dã n!t �; Hn Î Z ß n ³ 2L Þ n � 0

06.42.03.0005.01

SubfactorialH-nL �
H-1Ln

ã Hn - 1L !
Hä Π + EiH1LL - â

k=1

n-1 H-1Lk-n

H1 - nLk

�; n Î N+

06.42.03.0006.01

SubfactorialHnL �
H-1Ln

ã H-n - 1L !
 Hä Π + EiH1LL + â

k=0

n H-1Lk

Hn + 1Lk-n

- â
k=n+1

-1 H-1Lk

Hn + 1Lk-n

�; n Î Z

06.42.03.0007.01

Subfactorial n -
1

2
�

1

ã
 erfcHäL G n +

1

2
+ H-1Ln-1 ä â

k=0

n-1 1

2
- n

n-k-1
�; n Î N

06.42.03.0008.01

Subfactorial -n -
1

2
�

H-1Ln Π erfcHäL
ã J 1

2
N
n

- ä H-1Ln â
k=0

n-1 H-1Lk

J 1

2
- nN

k+1

�; n Î N

06.42.03.0009.01

Subfactorial n -
1

2
�

erfcHäL GJn + 1

2
N

ã
+ ä â

k=0

n-1 H-1Lk

Jn + 1

2
N
k-n+1

- ä â
k=n

-1 H-1Lk

Jn + 1

2
N
k-n+1

�; n Î Z

Values at fixed points

06.42.03.0010.01

SubfactorialH-10L �
ä Π + EiH1L
362 880 ã

-
23 117

181 440

06.42.03.0011.01

Subfactorial -
19

2
� -

47 458 ä

348 075
-

512 Π erfcHäL
34 459 425 ã

06.42.03.0012.01

SubfactorialH-9L �
2957

20 160
-

ä Π + EiH1L
40 320 ã

06.42.03.0013.01

Subfactorial -
17

2
�

3254 ä

20 475
+

256 Π erfcHäL
2 027 025 ã

06.42.03.0014.01

SubfactorialH-8L �
ä Π + EiH1L

5040 ã
-

437

2520

06.42.03.0015.01

Subfactorial -
15

2
� -

262 ä

1365
-

128 Π erfcHäL
135 135 ã
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06.42.03.0016.01

SubfactorialH-7L �
77

360
-

ä Π + EiH1L
720 ã

06.42.03.0017.01

Subfactorial -
13

2
�

26 ä

105
+

64 Π erfcHäL
10 395 ã

06.42.03.0018.01

SubfactorialH-6L �
ä Π + EiH1L

120 ã
-

17

60

06.42.03.0019.01

Subfactorial -
11

2
� -

1

105
H38 äL -

32 Π erfcHäL
945 ã

06.42.03.0020.01

SubfactorialH-5L �
5

12
-

ä Π + EiH1L
24 ã

06.42.03.0021.01

Subfactorial -
9

2
�

22 ä

35
+

16 Π erfcHäL
105 ã

06.42.03.0022.01

SubfactorialH-4L �
ä Π + EiH1L

6 ã
-

2

3

06.42.03.0023.01

Subfactorial -
7

2
� -

1

5
H6 äL -

8 Π erfcHäL
15 ã

06.42.03.0024.01

SubfactorialH-3L � 1 -
ä Π + EiH1L

2 ã

06.42.03.0025.01

Subfactorial -
5

2
� 2 ä +

4 Π erfcHäL
3 ã

06.42.03.0026.01

SubfactorialH-2L �
ä Π + EiH1L

ã
- 1

06.42.03.0027.01

Subfactorial -
3

2
� -2 ä -

2 Π erfcHäL
ã

06.42.03.0028.01

SubfactorialH-1L � -
ä Π + EiH1L

ã
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06.42.03.0029.01

Subfactorial -
1

2
�

Π erfcHäL
ã

06.42.03.0030.01

SubfactorialH0L � 1

06.42.03.0031.01

Subfactorial
1

2
� ä +

Π erfcHäL
2 ã

06.42.03.0032.01

SubfactorialH1L � 0

06.42.03.0033.01

Subfactorial
3

2
�

ä

2
+

3 Π erfcHäL
4 ã

06.42.03.0034.01

SubfactorialH2L � 1

06.42.03.0035.01

Subfactorial
5

2
�

9 ä

4
+

15 Π erfcHäL
8 ã

06.42.03.0036.01

SubfactorialH3L � 2

06.42.03.0037.01

Subfactorial
7

2
�

55 ä

8
+

105 Π erfcHäL
16 ã

06.42.03.0038.01

SubfactorialH4L � 9

06.42.03.0039.01

Subfactorial
9

2
�

511 ä

16
+

945 Π erfcHäL
32 ã

06.42.03.0040.01

SubfactorialH5L � 44

06.42.03.0041.01

Subfactorial
11

2
�

5589 ä

32
+

10 395 Π erfcHäL
64 ã

06.42.03.0042.01

SubfactorialH6L � 265

06.42.03.0043.01

Subfactorial
13

2
�

72 721 ä

64
+

135 135 Π erfcHäL
128 ã

06.42.03.0044.01

SubfactorialH7L � 1854
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06.42.03.0045.01

Subfactorial
15

2
�

1 090 687 ä

128
+

2 027 025 Π erfcHäL
256 ã

06.42.03.0046.01

SubfactorialH8L � 14 833

06.42.03.0047.01

Subfactorial
17

2
�

18 541 935 ä

256
+

34 459 425 Π erfcHäL
512 ã

06.42.03.0048.01

SubfactorialH9L � 133 496

06.42.03.0049.01

Subfactorial
19

2
�

352 296 253 ä

512
+

654 729 075 Π erfcHäL
1024 ã

06.42.03.0050.01

SubfactorialH10L � 1 334 961

General characteristics

Domain and analyticity

! z is an analytical function of z which is defined in the whole complex z-plane.

06.42.04.0001.01

z�SubfactorialHzL � C�C

Symmetries and periodicities

Mirror symmetry

06.42.04.0002.01

SubfactorialHz�L � ! z

Periodicity

No periodicity

Poles and essential singularities

The function ! z has only one singular point at z = ¥� .  It is an essential singular point. 

06.42.04.0003.01

SingzHSubfactorialHzLL � 88¥� , ¥<<
Branch points

The function ! z does not have branch points.

06.42.04.0004.01

BPzHSubfactorialHzLL � 8<
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Branch cuts

The function ! z does not have branch cuts.

06.42.04.0005.01

BCzHSubfactorialHzLL � 8<
Series representations

Generalized power series

Expansions at generic point z � z0

06.42.06.0001.01

SubfactorialHzL µ SubfactorialHz0L +

1

ã
 I-H-1Lz0

2F
�

2Hz0 + 1, z0 + 1; z0 + 2, z0 + 2; 1L GHz0 + 1L2 + ΨHz0 + 1L GHz0 + 1L - ä Π GHz0 + 1, 0, -1LM Hz - z0L +

1

2 ã
 -Π2 GHz0 + 1, -1L + GHz0 + 1L IΨHz0 + 1L2 + Π2 + ΨH1LHz0 + 1LM +

1

Hz0 + 1L3
 HH3F3Hz0 + 1, z0 + 1, z0 + 1; z0 + 2, z0 + 2, z0 + 2; 1L - ä Π Hz0 + 1L 2F2Hz0 + 1, z0 + 1; z0 + 2, z0 + 2; 1LL

H2 H-1Lz0 LL Hz - z0L2 + ¼ �; Ha ® a0L
06.42.06.0002.01

SubfactorialHzL µ SubfactorialHz0L +

1

ã
 I-H-1Lz0

2F
�

2Hz0 + 1, z0 + 1; z0 + 2, z0 + 2; 1L GHz0 + 1L2 + ΨHz0 + 1L GHz0 + 1L - ä Π GHz0 + 1, 0, -1LM Hz - z0L +

1

2 ã
 -Π2 GHz0 + 1, -1L + GHz0 + 1L IΨHz0 + 1L2 + Π2 + ΨH1LHz0 + 1LM +

1

Hz0 + 1L3
 HH3F3Hz0 + 1, z0 + 1, z0 + 1; z0 + 2, z0 + 2, z0 + 2; 1L - ä Π Hz0 + 1L 2F2Hz0 + 1, z0 + 1; z0 + 2, z0 + 2; 1LL

H2 H-1Lz0 LL Hz - z0L2 + OIHz - z0L3M
06.42.06.0003.01

SubfactorialHzL �
1

ã
 â
k=0

¥ 1

k !
 H-1Lz0 â

j=0

k H-1Lk- j k
j

Hk - jL ! GHz0 + 1Lk- j+1 HΠ äL j
4F

�
4Ia1, a2, ¼, an- j+1; a1 + 1, a2 + 1, ¼, an- j+1 + 1; 1M +

GHkLHz0 + 1L Hz - z0Lk �; a1 � a2 � ¼ � ak+1 � z0 + 1 ì k Î N

06.42.06.0004.01

SubfactorialHzL µ SubfactorialHz0L H1 + OHz - z0LL
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Asymptotic series expansions

06.42.06.0005.01

SubfactorialHzL µ ã-z-1 2 Π z  zz 1 +
1

12 z
+

1

288 z2
+ O

1

z3
+

H-1Lz

z
1 -

2

z
+

5

z2
+ O

1

z3
�; H z¤ ® ¥L

06.42.06.0006.01

SubfactorialHzL µ
1

ã z
 z z! + H-1Lz â

k=0

¥ H-1Lk z-k + H-1Lz â
k=0

¥ â
j=0

¥ H-1Lk H j + 2Lk z-k

H j + 1L !
�; H z¤ ® ¥L

06.42.06.0007.01

SubfactorialHzL µ

1

ã
 

1

2
cscHz ΠL g argHzL+Π

2 Π
w

ã-z 2 Π z ã
Π ä g argHzL+Π

2 Π
w

z
z-

1

2

ã
Úk=0

¥
B2 k+2

2 Hk+1L H2 k+1L z2 k+1 - H1 - ãL H-1Lz - H-1Lz â
k=0

¥ â
j=1

¥ H- jLk z-k

j !
�;

Ø Hz Î Z ß z < 1L ß H z¤ ® ¥L
06.42.06.0008.01

SubfactorialHzL µ
1

ã
 H-1Lz Hã - 1L + z GHzL - H-1Lz â

k=0

¥ â
j=1

¥ H- jLk z-k

j !
�; H z¤ ® ¥L

06.42.06.0009.01

SubfactorialHzL µ 2 Π  ã-z-1 zz+
1

2 1 + O
1

z
+

H-1Lz

z
1 + O

1

z
�; H z¤ ® ¥L

Integral representations

On the real axis

06.42.07.0001.01

SubfactorialHzL � à
0

¥Ht - 1Lz ã-t  â t �; ReHzL > -1

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.42.16.0001.01

SubfactorialHz + 1L � Hz + 1L SubfactorialHzL - H-1Lz

06.42.16.0002.01

SubfactorialHz - 1L �
SubfactorialHzL - H-1Lz

z

06.42.16.0003.01

SubfactorialHz + nL � Hz + 1Ln SubfactorialHzL + H-1Ln+z â
k=0

n-1 H-n - zLk �; n Î N
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06.42.16.0004.01

SubfactorialHz - nL �
H-1Ln

H-zLn

 SubfactorialHzL + H-1Lz-n â
k=0

n-1 H-1Lk

Hz - n + 1Lk+1

�; n Î N

Identities

Recurrence identities

Consecutive neighbors

06.42.17.0001.01

SubfactorialHzL �
SubfactorialHz + 1L + H-1Lz

z + 1

06.42.17.0002.01

SubfactorialHzL � z SubfactorialHz - 1L + H-1Lz

06.42.17.0003.01

SubfactorialHzL �
SubfactorialHz + 1L

z
- SubfactorialHz - 1L

Distant neighbors

06.42.17.0004.01

SubfactorialHzL �
H-1Ln

H-n - zLn

 SubfactorialHn + zL + H-1Lz â
k=0

n-1 H-1Lk

Hz + 1Lk+1

�; n Î N

06.42.17.0005.01

SubfactorialHzL � Hz - n + 1Ln SubfactorialHz - nL + H-1Lz â
k=0

n-1 H-zLk �; n Î N

Differentiation

Low-order differentiation

06.42.20.0001.01

¶SubfactorialHzL
¶z

�
1

ã
 G2,3

3,0 -1
1, 1

0, 0, z + 1
+ ä Π SubfactorialHzL

06.42.20.0002.01

¶SubfactorialHzL
¶z

�
1

ã
 I-H-1Lz

2F
�

2Hz + 1, z + 1; z + 2, z + 2; 1L GHz + 1L2 + ΨHz + 1L GHz + 1L - ä Π GHz + 1, 0, -1LM
06.42.20.0003.01

¶2 SubfactorialHzL
¶z2

�
1

ã
 2 ä Π G2,3

3,0 -1
1, 1

0, 0, z + 1
+ 2 G3,4

4,0 -1
1, 1, 1

0, 0, 0, z + 1
- Π2 SubfactorialHzL
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06.42.20.0004.01

¶2 SubfactorialHzL
¶z2

�
1

ã
 -Π2 GHz + 1, -1L +

1

Hz + 1L3
 HH2 H-1LzL H3F3Hz + 1, z + 1, z + 1; z + 2, z + 2, z + 2; 1L - ä Π Hz + 1L 2F2Hz + 1, z + 1; z + 2, z + 2; 1LLL +

GHz + 1L IΨHz + 1L2 + Π2 + ΨH1LHz + 1LM
Symbolic differentiation 

06.42.20.0005.01

¶n SubfactorialHzL
¶zn

�
1

ã
 GHnLHz + 1L - â

k=0

¥ H-1Ln-k GHn + 1, -Π ä Hk + z + 1LL
Hk + z + 1Ln+1 k !

�; n Î N

06.42.20.0006.01

¶n SubfactorialHzL
¶zn

� HΠ äLn SubfactorialHzL +
n!

ã
 â
k=1

n HΠ äLn-k

Hn - kL !
Gk+2,k+2

k+2,0 -1
1, 1, ¼, 1

0, 0, ¼, 0, z + 1
�; n Î N

06.42.20.0007.01

¶n SubfactorialHzL
¶zn

�

1

ã
 H-1Lz â

j=0

n H-1Ln- j n

j
Hn - jL ! GHz + 1Ln- j+1 HΠ äL j

n- j+1F
�

n- j+1Hz + 1, ¼, z + 1; z + 2, ¼, z + 2; 1L + GHnLHz + 1L �;
a1 � a2 � ¼ � an+1 � z + 1 ì n Î N

Fractional integro-differentiation

With respect to a

06.42.20.0008.01

¶Α SubfactorialHzL
¶zΑ

� z-Α à
0

¥Ht - 1Lz Hz logHt - 1LLΑ QH-Α, 0, z logHt - 1LL ã-t  â t �; ReHzL > -1

Integration

Indefinite integration

06.42.21.0001.01

à SubfactorialHzL â z � à
0

¥ Ht - 1Lz ã-t

logHt - 1L  â t �; ReHzL > -1

Representations through more general functions

Through hypergeometric functions

Involving 1F
�

1
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06.42.26.0001.01

SubfactorialHzL �
GHz + 1L

ã
 I1 + H-1Lz

1F
�

1Hz + 1; z + 2; 1LM �; Ø H-z Î Z ß -z > 0L
Involving 1F1

06.42.26.0002.01

SubfactorialHzL �
1

ã
 GHz + 1L +

H-1Lz

z + 1
 1F1Hz + 1; z + 2; 1L �; Ø H-z Î Z ß -z > 0L

Involving hypergeometric U

06.42.26.0003.01

SubfactorialHzL � UH-z, -z, -1L �; Ø Hz Î Z ß z > 1L
Through other functions

Involving some hypergeometric-type functions

06.42.26.0004.01

SubfactorialHzL �
GHz + 1L + GHz + 1, -1, 0L

ã
�; Ø H-z Î Z ß -z > 0L

06.42.26.0005.01

SubfactorialHzL �
GHz + 1L

ã
H1 + QHz + 1, -1, 0LL �; Ø H-z Î Z ß -z > 0L

06.42.26.0006.01

SubfactorialHzL �
GHz + 1L

ã
QHz + 1, -1L

06.42.26.0007.01

SubfactorialHzL �
H-1Lz-1

ã
 E-zH-1L
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