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Notations
Traditional name

Weierstrass elliptic function

Traditional notation

Q(Z, 2, g3)

Mathematica StandardForm notation

Vei erstrassP(z {g, 0s}]

Primary definition

09.13.02.0001.01

1 o 1 1
9(Z G2, G3) = — + Z - /i {wy, w3} == {w1(92, 93), w3(2, Ua)}
22 m, N=—co (Z—mel—an3)2 (2mw1+2nw3)2
{mn}={0,0}

Specia notations for thisfile:

09.13.02.0002.01
{w1, w3} = {w1(2, G3), W3(T2, Ga)}

09.13.02.0003.01
{w1, Wy, w3} == {w1(G2, Y3), —W1(F2, 93) — W3(d2, G3), wW3(Q2, U3)}

09.13.02.0004.01
€n = p(wn; G, G3) ANe{l, 2, 3}

09.13.02.0005.01
1 = {(wn; %2, G3) An el 2 3

09.13.02.0006.01

i w3
of)

wy

Specific values

Specialized values

For fixed z
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Degenerate case:
09.13.03.0001.01

(0,0 !
9(z,0,0) = —
2

09.13.03.0002.01

3 3
9z 3, 1)=—cot? .| - z|+1
2 2

For fixed {g,, g3}

Values at quarter-periods

09.13.03.0003.01

w o o n 0 p(Was 21 93)
W(?I;gb93)::Q+6i,j€i,k\/a_ej e—eK/;{l.J.k}e{1,2,3}/\lijik/\ea,ﬁ::sgn[g—‘arg[i)

0 (Wa; 92, G3)

|

Values at half-periods

09.13.03.0004.01
{p(w1; 92, 93), P(w2; G, G3), P(W3; D2, G3)} == {€1(F2, G3), €:(J2, G3), €3(T2, Ga)}

Values at poles

09.13.03.0005.01
P2Mw; +2Nwg; G, §z) = /; {m, n} € Z
Values at fixed points

Equianharmonic case {g, g3} == {0, 1}
09.13.03.0006.01

pwy;0,1) ==

3
V4
09.13.03.0007.01
P(wy; 0, 1) = 473 i

09.13.03.0008.01

P(wg; 0, 1) == 4713 273

09.13.03.0009.01
wWj 2

[g)(?; 0, 1)—&) =(e-¢)e-ea)/ifi,jkell, 23 Ai+j*kA{g, g =10, 1}
L emniscatic case {g,, g3} == {1, 0}
09.13.03.0010.01

w 1 0 = —
L 4 )
V)( 1
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09.13.03.0011.01
Plwz; 1,00=0

09.13.03.0012.01

1,0 !
P(wz; 1,0 =-—
$ 2

Values at infinities

09.13.03.0013.01

T )2 1 1
P(Z Go(wy, ), Ga(wy, X)) = (—) _—
2(1)1 Snz(;—z) 3
wy
09.13.03.0014.01
[ n ]2 1 1
P(Z Go(&, w3), Pa(&, w3)) = —| | ———— =
2(1)3 Snz(zﬂ—z) 3
w3
09.13.03.0015.01
1
P(Z Go(S0, &), g3(c0, ) == —
2
09.13.03.0016.01
P(0; 0p(0, %), P3(&, %)) =0
09.13.03.0017.01
303 ~
Plw1; O, O3) = — [ wz =
02
09.13.03.0018.01
30; 5
P(-w1 - w3, O, P3) == ——— [ w3 == &
92
09.13.03.0019.01
303 ~
Pws; G2, O3) == ——— [fwg =
7]

General characteristics

Domain and analyticity

9(Z g2, ga) isan analytical function of z, g,, and gs, which is defined in C3.

09.13.04.0001.01
(Z#{02 % Ga) —9(Z O, G3) :: (CR{CRC}H —C

Symmetries and periodicities
Parity

9(Z 92, gs3) isan even function with respect to z.
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09.13.04.0002.01
9(Z 92, 93) = 9(=Z G2, U3)
Mirror symmetry
09.13.04.0003.01
V)(Z 02, @) == @(Z, 02, gS)
Periodicity
©(Z 92, g3) isadoubly periodic function with respect to z with periods 2 w; and 2 ws.

09.13.04.0004.01
PZ+2Mw1 +2Nw3; G2, 93) = 9(Z G, Ga) s {M N} € Z
Transformation of half-periods

09.13.04.0005.01
P(Z G(aws +bwg, Cwy +dwg), gGg(@w, + bws, Cwy +dwsg)) = P(Z Go(wr, w3), Y3(w1, w3)) /;
{a,b,c,dfeZz Nad-bc==+1

Homogeneity

09.13.04.0006.01

1
P2t G, 0a) = — (2 G2 t, gat®) /iteR
t

09.13.04.0007.01
Oo(w1, w3) G3(wy, w3)
PAZ G(A w1, Awz), G3(Awy, Awg)) =p|A Z VI 5

09.13.04.0008.01

1
PAZ Go(A w1, A wz), PB3(Awy, Awg)) == /1_2 9(Z, G2(w1, w3), G3(wy, w3))

Poles and essential singularities
With respect to z

For fixed gy, gs, the function p(z; g,, g3) has an infinite set of singular points:
a) z==2muw1(g2, U3) + 2N w3(92, 93), {M, N} € Z, are the poles of order two with residues 0;
b) z== & isan essential singular point.

09.13.04.0009.01
Sing (9(Z; G2, 93)) == {{{2Mw; + 2N w3, 2} /; {M, n} € Z}, {&, oo}}

09.13.04.0010.01
res,(9(z 92, G3)) 2Mw1 +2Nw3)=0/;{m nje Z

Branch points
With respect to z

For fixed gy, gs, the function p(z g2, g3) does not have branch points.
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09.13.04.0011.01
BPAP(Z G2, G3)) == {}

Branch cuts
With respect to z
For fixed gy, gs, the function p(z; g», g3) does not have branch cuts.

09.13.04.0012.01
BCA9(Z G2, 93)) == {}

Series representations

Generalized power series
Expansionsat z==0
09.13.06.0013.01

1 o O3
Z O, —+=Z+=Z+.../;@z>0
9(Z 92 gs)oczz P 8 /; ( )

09.13.06.0014.01

1 o O3
" y o — —Z2 —Z4 OZ6
9(Z 92, G3) 22+20 togit (2)

09.13.06.0001.01

13 o7 Os 3 k2

PZ 0 G)=—+) a?fag=— \ag=— \ax=—— > aa
wB=2 k;‘ ? 20/\ ’ 28/\ (2k+1)(k—3),; '
09.13.06.0002.01

- i 2Kk i - P
9(Z % G3) = —+ ) (2k+1)

zZ k=1 mn——o (2Mwq + 2 nw3)2k+2

{m,n}={0,0}

09.13.06.0015.01

1
9(Z G2, G3) > (1+0(2)

g-series

09.13.06.0003.01

n T )2 nz 272 &, koPk knz
9(Z, 92, 93) ==——l+(—) CSCZ(—)——Z cos{—)

w1 2 w1 2 w1 w% k=1 l — q2k w1

09.13.06.0004.01

n T o\? nz 2n° = k3K knz
P(Z+w1; 92, G3) ==——1+(—) %g(—]——Z(—l)k cos[—]

w1 20.)1 2(1)1 w% k=1 1- q2k

09.13.06.0005.01

m 27 & kg« kmz
P(Z+w2; 02, 03) = —— — — Z:(—l)k ” COS{—]
W1 W] 1 1-q
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09.13.06.0006.01

m 272 &, kgt krz
{)(Z+(1)3, ng 93) = _Z CO -
wy w% e 1- q wy

Other series representations

09.13.06.0007.01
1 1
9(Z 92, O3) == — + Z -

M (Z—2Mw1 —2Nw3)?  2Mw; + 2Nws)?
{mn}={0,0}

09.13.06.0008.01

SR 1
9(Z 92, 93) = Z Z

M=—0co N=—co (Z+ 2 mwq + 2 nw3)2

Moo o1 (M1 + Nwg)? lZw%

I\)II—‘

09.13.06.0009.01

00 00 1 l 0 00 l 71-2
9(Z G2, Gs) == 1 i
n;oonz-m (Z+2Mwy +2nwz)? 2 Z Z

N=—o0 1 (m(/.)l + nw3)2 12 (1)%

?

09.13.06.0010.01
[oe] [oe] 1

Pz G, 03 = — + >y

M=—00 N=—00 (Z 2mw1—2nw3)4

09.13.06.0011.01
nooox m(z-2nw))) o
P G G = ——+ —— ) CSCZ[T‘]/; i jlelL23Ai%]
Wi Wi

09.13.06.0012.01

V1 o= m(Z—2Kws) o mkws
O O3) = | —| |-— csc?
9(z G2 &) (Zwl) [ 3+ - [ ] kZ: [ w1 ]]

k=—

Integral representations

On the real axis

Of thedirect function

09.13.07.0001.01

1 1 po . (tws tz 1
©(Z O, O3) == ; + Z fo t(((cosh(t w3)+e 23 smh(7)) (cosh(;) - 1)) / (s nh[2 t(wy — w3)) snh(g t(wy + w3)]) +
(@2% [1 - cos(t—z)) cos(tﬁ))/(sin(E t(wy — (4)3)) sin(E t(wy + (A)g)])) dt
2 2 2 2

Involving related functions

09.13.07.0002.01

1 z 2
9(Z O, U3) == — +f [50'(1; G2, Ga) + —]dt
2 Jo 3
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09.13.07.0003.01
W 1
9(Z G2, 93) =W/, Z==f —aﬂt/\we[R

T 4t -gt-gs

09.13.07.0004.01
Cd ,
dt

ozops) VA -0t —0s

Z==

Product representations

09.13.08.0001.01

2 K7 w;
P(Z 2, Go) = e+4—cot2( ]]_[tan( ] i el 2 3 Ai# ]
2 wj i

U.)I k=1

09.13.08.0002.01

4 2n nz An
2 ﬂ.z)oo[l_qzn] 1+2q cos(w1)+q
n=1

P(Z Uy, Oa) =€ + — cotz(
4(,)1 2(1)1 1_2q2ncoiﬂ)+q4n
wy

2

1+g?"

09.13.08.0003.01

nz

11

n=1

0(Z G2, O3) =€+ —— Cscz(

4w1 2wy

4 2n-1 nz n-2
[ 1- " ] 1+2q cos(wl)+q4
1+c2mt 1—2q2”cos(”—z)+q4”

wy
09.13.08.0004.01

— nz n-2 2
72 (ﬂz)m[ 1-¢en ]4 1—2(12"1<:os(w—1)+q4
]

9(Z Gp, Og) == €3 + —— CSC° —
1-g°" 1—2q2”cos(”—z)+q4”
wy

2

4wy 2w

Differential equations

Ordinary nonlinear differential equations

Every solution of the following nonlinear equation is of the form p(z+ a; g», g3) for somea € C.

09.13.13.0001.01

W (2% - AW2)® + G W(2) + O3 /; WD) = 9(Z+ & T, Ga)
09.13.13.0002.01

9

W (2) - 6W(2)° + S =0/iW@=p@+Z 6. 6
09.13.13.0003.01

W3(2) - 12W@2) W (2) = 0 /; W(2) == p(a+ Z Gz, G3)

09.13.13.0004.01
0'(Z G2, 93)° = 4(9(Z G2, G3) — P(w1; Gz, G2) (P(Z G2, U3) — 9(w2; o, G3)) (9(Z; Ga, G3) — 9(ws; G2, G3))
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09.13.13.0005.01

V\/(z)4—%(a+w(z))2(b+w(z))3——0/'w(z)——6 -5—2 -b 02—b
3 =0/ = %’Z,S( ) (@a-b),

Partial differential equations

09.13.13.0006.01
09(Z G2, 93) 09(Z 9o, Ga) 09(Z Go, Ga)
PPl ) -6

66— +29(2 0 %) =0
0z a9, 093
09.13.13.0007.01
124 09(Z, G2, Gs) 2 , 09(Z Gz, Gs) 2tz g g)ap(z; 9.0 29z 00 O
+ = - 24z 9, =— -—
T ag 327 ags 2T e 3 52 3

09.13.13.0008.01

09(Z Go, Ga) 09(Z Go, Ga)

w1 +ws3 +Z9(Z 92, 03) = —29(Z G, Ga)
dwq w3

09.13.13.0009.01

09(Z 92, Ga) 09(Z 9o, Ga) g“( ) 09(Z G2, 93) 10%90(Z G, G3) O
+ +{Z O Qy) — == —
m P 3 s 92, U3 97 3 P 6

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

09.13.16.0001.01
9 Z G, U3) == —9(Z G2, —03)

Addition formulas

Trandation by half-periods

09.13.16.0002.01
(6-ea)(g-a) o
Pzt wj; O, Ga) ==+ ————— /1 {i, j, ke (1, 2,3} \i#j#k
9(Z G2, G3) — €
09.13.16.0003.01
1 [p’(zl; G2, U3) — 9'(Z; G2, U3)

P(Z1 +2; 92, O3) == —
p(zlr 921 93) - 50(221 ng 93)

2
2 ] — (215 G2, 93) — 9(Z; Go, G3)

09.13.16.0004.01

P(Z1+2; 02, O3) == (—80'(21? 92, 93) 9 (225 92, 93) + 29(Z1; U2, G3) 9(Z2; G2, U3) (9(2Z1; G, G3) + 9(2Z2; G2, T3)) —

1
> 02 (9(Z1; G2, 93) + 9(2Z2; G2, O3)) — 93)/(2(@(21§ 02, G3) — 9(Z2; U2, B3))?)
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09.13.16.0005.01
Pz + 2, 92, G3) == (2 (@(21; G2, 93) 9(Z2; G2, 93) — 94_2) (9(z1; G2, 93) + 9(22; G2, 93)) — U3 — 9" (21} G2, Ga) 9" (22 D, 93))/
(2(p(z1; G2, B) — 9(22; G2, B3))?)
09.13.16.0006.01
P(Z1+2; 02, O3) == ((@(212 G2, 93) + 9(Z; G2, Ga3)) (2 P(Z; 92, 93) P(Z2; G2, G3) — %2) — (% F 9" (1) 92, 93) 9 (22 B2, 93)))/
(2(p(z1; G2, B) — 9(22; Go» B3))?)

09.13.16.0007.01
1 0 ¢'(Z1; 9 93) + 9 (Z; 02, G3)

9(Z1 302, 03) = 9(Z1; G0, U3) — — —
2 071 9(Z1; G2y G3) — 9(Z; U2, U3)

09.13.16.0008.01

1(¢' (z1; G, G3) F 9'(Z2; G2, G3) |2
9(Z1 £ 2, 02, O3) = —9(Z1; G2, G3) — 9(Z; O, O3) + —

4\ 9(z; 92, 93) — 9(Z; 921 Ga)
09.13.16.0009.01
& 1 1
P(Z1 + ; G2, O3) = 9(Z; Gp, G3) + Z -
mn=—oco (22 +27; - 2 Mmw; — 2 n(1)3)2 (22 -2 Mmw; — 2 nw3)2

09.13.16.0010.01
9(Z1+ 25 G2, 03) + 9(Z1 — Zp; G, O3) =
20z G2, 93) + (9 (215 G2, B2)° — 97(21; G, G3) (9215 B2, B) — 9(Zo; G, G3))) / (9(2; G, Ba) — 9(22; Gz, B))?

09.13.16.0011.01
9'(Z1; 92, 93) 9" (Z2; G2, Ga)

9(Z1 + 25, 02, 03) — 9(Z1 — 2, Op, G3) == — .
(9(z1; 92, 93) — 9(Z2; G2, 93))

09.13.16.0012.01
9(Z1 + 25; G2, 93) 9(Z1 — 25 O, U3) ==

022
[(W(Zﬂ G2, O3) 9(Z2; 92, 3) + Z) + 03 (9(Z1; G2, G3) + 9(2Z2; 92, ge))]/(f@(212 U2, 03) — 9(Z2; Uz, 03))°

Half-angle formulas

09.13.16.0013.01

z
V’(E 02, 93) =9(Z 92, G3) + €2 €3 \/W(Z; 92, Ga) — & \/W(ZJ 02, 93) — €& +é€3€1 \/W(Z; 92, 93) — &3 \/W(ZJ O2. 03)—€ +

T ‘ (UH(Z; 02, 93))
2 0(Z 92, Ga)

€1€ \/W(Zi 92, G3) - € \/K’(Z? 92 93)— € /i€n= 39”[ ]/\ nefl, 2 3}

Multiple arguments

Argument involving numeric multiples of variable

Double angle formulas
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09.13.16.0014.01

2
(9 G2, G2 + 2)" + 203 9(Z G2, Ga)

9(27 0z, O3) = 3
49(Z 92, 93)° — G 9(Z; 92, G3) — O3

09.13.16.0015.01

1(9"(Z G2 Ga)
P27 &, 0) = ~29(Z Gp, Ga) + — | ————

4\ 9'(Z 92, G3)
09.13.16.0016.01

4927 gz, 93) == 9(Z G2, G3) + 9(Z— w1; Uz, G3) + P(Z— w2; G2, U3) + P(Z— w3; Go, U3)

09.13.16.0017.01

2
(9(Z 92, Ga)* + %2) +2039(Z G, 93)

(27 g, 93) == .
9'(Z 92, 93)

Argument involving symbolic multiples of variable
Multiple angle formulas:

09.13.16.0018.01
1 n-1n-1
9(NZ g2, U3) == = ZZX/’(Z—

09.13.16.0019.01

2jwi+2kws
— O, gg)/;neN+

¢n+ ‘»Z’n—
9(NZ G2, §3) == 9(Z U, G3) — % fineNt /\ Yy = 1/\¢z = —¢'(Z G2, G3) /\

n

3 %
U3 =39(Z Oz, Ga)" - > % 9(Z G2, 93)° — 3Gs 9(Z G2, Ga) — I /\ Y4==9'(Z 92, 9a)

s 5% A , 56 , 920 , %
—29(Z, 92, 93)° + - 9(Z G2, 93)" + 1093 9(Z 02, G3)” + ry P(Z G, G3)" + — 9(Z G2, G3) + 03— - /\

__ 2 _ 2 E _ 3 _ 3 n;l
[wn—— 7@/(2;92,93)‘”2(1//%2(#271 wg_zwzﬂ)/,ZEN)/\(lﬁn——wnZ_lJrngZ_l wn%l_llﬁn;_lﬂ/, 2 eN

Determinants involving derivatives

09.13.16.0020.01
1 9(z; 92, 93) ©'(Z1; G2y G3)
1 9(z; 92, 93) 9'(Z; G2, G3)
1 9(z3; 92, 93) ¢'(Z3; G2, O3)

~(20(2, - 235 G, 93) 021 — 253 G2, Ua) (21 — Z3; G, Ga) 0(21 + 2o + 235 O, B)) [ (07(2a; G2, B3)° (225 B, 93)° (233 O, B)°)
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09.13.16.0021.01
1 920, G2, 93) ¢ (20 G2, B3) ... 9" V(2o; G2, Ga)
1 9(z1; 00, G3) ¢ (Z15 02, G3) - 9" V(2Z1; G2, Ga) _

1 9(Zn; 92, 93) ©'(Zn; G2, G3) ... 9" V(z; G2, Ga)

n n n-1 n
(—1)"0(24:92,93][|—[—1] [1o@-2i0 0)inen

i=0 0 0(Z; 92, 93)™" )izt j=ivd

Related transformations

Halving half-period
09.13.16.0022.01
w1 w1 2

w(z gz(? wz) 93( ,wz)) (9(Z 92, G3)° — €1 9(Z G, Ga) + (€1 — &) (&1 — &3)) / (P(Z G, Gz) — &)
09.13.16.0023.01
w1 w1

!0(2; 92(?, ws): 93(?, wa)) =9 (Z 02, 03) +P(Z+ w1, G2, 03) — €

Third of half-period

09.13.16.0024.01

w1 w1 2(1)1 2(1)1 4(1)1
W(ZJ 92(?, ws): 93(—, wa)) = K’(Z+ T; 02, 93) - ZW(TJ 92, 93) + K’(Z+ T; G2, 93) +9(Z 92, 93)

3

General fractions of half-periods

09.13.16.0025.01
Z , W2 |, y Wo =
o= % 2n+1 2) 9 2n+1 2

4 ka 2 4 .
1-6yp W(T&;gz.gs) +9'(Z G2, 93)° ) [kal
—<9
2

en 4 2n+1

2kw, 2
(p( 2 920 93) - 9(Z Go, 93)2)
09.13.16.0026.01

w1 w1 n-1 2 kwl 2 kwl
W(Z 92(—, ws). 93(—, ws)) = (?{ZJF ; O2, 93] -9 ; 02, 93]] +9(Z 92, 93) s neN’
n n iy n n

Other constructions

09.13.16.0027.01
9 (Z1; 92, 93) — 9" (Z; G2, Oa3)

9 (Z1; 92, 93) — 9 (Z2; 92, Ga)

——————— (2(p(Z1; G2, U3) — 9(Z2; G2, U3)) (9(Z1 + Z; G, U3) — 9(Z1; G2y U3) + 97 (21 Gy U3))
¢’ (215 92, 93)
09.13.16.0028.01
1 9(z1; 9, 09) 9’ (Z1; G2, 93)
1 920 %) 9’ (Z; G2, 93) =0
1 9p(@+2;92,0) —¢ (Z1+2; 02 93)

s O, 93) -9(Z 02, 93) |+ 9(Z G2, Gz) /s nEN
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Identities

Functional identities

Expressionsinvolvinga+ b+ ¢ = 0mod(2 w1, 2 w3)

09.13.17.0001.01
'@ 02, 03) —9'(0; G2, G3) 9’ (0; U2, U3) — 9'(C; O, O3)
= /ia+b+c=2mw; +2nwz3 A{mnjeZ
9(a; g2, U3) — 9(b; Go, Ga) 9(0; g2, 93) — 9(C; U2, U3)

09.13.17.0002.01
9’ (a; g2, 93) — ¢’ (0; G2, O3) _ 9'(C; O, 93) — 9" (& G, U3)

9@ g2, 93) — 9(b; g2, Js) 9(C; G2, 93) — 9(& G2, 93)

/ia+b+c=2mw;+2nwz3 A{mn}e”Z

09.13.17.0003.01
(p(b; G2, 3) 9'(C; U2, G3) — 9(C; Go, U3) 9" (05 G2, U3)) / (9(0; Uz, G3) — P(C; Gp, U3)) ==
(9(C; G2, U3) 9'(& 92, G3) — 9(& U2, G3) 9'(C; G2, U3)) / (9(C; G2, Gz) — 9(&; Go, G3)) /:
atb+c=2mw;+2nwz A{mneZ

09.13.17.0004.01
(p(b; 92, G3) 9'(C; G2, U3) — 9(C; U2, G3) ©'(D; G2, 93)) / (9(b; Gp, T3) — P(C; D2, U3)) =
(9(& G2, 93) ©'(b; G2, G3) — P(b; G2, G3) 9'(&; G2, U3))/ (9(&; G2, F3) — (0 T2, T3)) /;
a+b+c=2mw;+2nws A{mnle”Z

09.13.17.0005.01
0212
(g)(a; G2, G3) (05 92, G3) + (& G2, U3) P(C; U2, G3) + P(b; G2, U3) P(C; D2, O3) + Z) =

(49(a; g2, 93) P(b; G, G3) (C; G, G3) — G3) (P(&; U2, G3) + P(b; G2, U3) + 9(C; Uz, G3)) /;
axb+c=2mw;+2nwzs A{mnjeZ

Generalization for arbitrary a, b, c, d

09.13.17.0006.01
(49(@; g2, 93) P(b; G2, G3) P(C; Gos U3) — G3) (9(&; 2, G3) + P(b; G2, U3) + 9(C; U2, G3)) —

0212
(W(a; G2, U3) 9(b; 92, G3) + (& U2, 3) 9(C; Oz, G3) + 9(b; T2, U3) P(C; U2, G3) + Z) =

(@(@+b+¢ gy gg) @+ b—c; G, Gg) 7@—b+C; Gy, Ga) T(—a+b+C; Gz, §3)) / (0°(& G, ) o(b; G, Go)* (G G2, 03)7)

09.13.17.0007.01
(49(@; g2, 93) p(b; G, G3) P(C; Gos U3) — G3) (9(& 2, G3) + P(b; G2, U3) + 9(C; U2, O3)) —

022
(80(&; G2, U3) (b 02, G3) + (& U2, O3) 9(C; Oz, Gz) + 9(b; G2, U3) P(C; U2, G3) + Z) =

—(p(b; G2, Gs) — 9(C; Gz, 3))° (9(& o, G3) — (b +C; Gz, Ga)) (9(& o, G3) — 9(b— C; Gz, Ta))

09.13.17.0008.01
(49(@; g, 93) p(b; G, G3) P(C; Gos U3) — G3) (9(& 2, G3) + P(b; G2, U3) + P(C; U2, G3)) —

0212
(50(3; G2, U3) 9(b; 92, G3) + (& U2, 93) 9(C; Oz, Gz) + 9(b; T2, 93) P(C; U2, G3) + Z) =

—(9(C; Uz, U3) — 9(& Gz, 2))? (9(D; G2, G3) — P(@+ C; U, G3)) (9(D; Tz, Gz) — 9(C— & Tz, G3))
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09.13.17.0009.01
(49(a; g, 93) P(b; G, G3) P(C; Gz, U3) — G3) (P(&; 2, G3) + 9(b; Go, U3) + 9(C; Uz, U3)) —

0212
(ao(a; G2, 93) 9(0; 92, G3) + (& U2, 93) 9(C; U2, Gz) + (b; T2, U3) P(C; U2, G3) + Z)

—(9(& G2, Ga) — 9(b; Gp, Ga))° (P(C; G, G3) — 9(@+b; G, G3) (P(C; Gp, G3) — 9(@— b o, G3))

09.13.17.0010.01
©'(& G2, G3) — 9'(0; G2, G3)  9'(C; U2, G3) — 9'(d; G2, G3) 9’ (@+D; G2, G3) — 9'(C+d; Go, Ga)
9(@; g2, 93) — 9(b; Go, G3) ’ 9(C; 92, 93) — 9(d; G2, Ua) ’ p@+b; go, g3) — p(C+d; gz, G3)
98 02, G3) — 9'(C; G2, 93)  9'(D) G2, G3) — 9'(d; G2, G3) 9’ (@+C; U2, Ga) — 9’ (b +d; Ga, Ga)
9(a; G2, 93) — 9(C; U2, Ua) ’ 9(b; G2, 93) — 9(d; 92, Ga) " p(@+c gz, 93) — p(b + d; gz, G3)

Differentiation

Low-order differentiation

With respect to z

09.13.20.0001.01
99(Z, 92, Os) ,
——— =¢'(Z 02, Ga)
0z

09.13.20.0002.01
9(Z 92, Ga) 60(Z Gy, 00 O
————— =692z G %)’ - —
li¥a 2

09.13.20.0003.01

3P9(Z 92, G3)
0z

09.13.20.0004.01

*9(Z, 2, Gs)
ViV

=129(Z 92, 03) ©'(Z G2, U3)

=1209(Z G2, 0s)° — 180, 9(Z G2, Gz) — 1203

With respect to g,

09.13.20.0005.01

ap(zl 921 93) _ 1 . > . 2 o > )
= (29(z 92, 93) G5 + 693 O — 36 U3 (Z T, G3)* + 9'(Z G2, Ga) (95 2— 1803 4(Z G, B)))
09, 4(g5-2743)

09.13.20.0006.01
0 9(Z, 9z, 0a)

1o

2
1 / (32(63- 278)) (262 - 2(62 0@ 02, 09 - 4017 G2, 09+ 297 @ 99) 0 - 3605 (24(z 52, G0) - 263 +

21603 G5 (2(24(Z G2, 92) — 1) 9(Z G2, 92)° + 29 (Z G, 0) 9(Z B, G) — 9'(Z U2, Ga) £(Z O, T)) +
540, 03 (64(Z G2, 93)% + 329(Z Gp, G3) + 729/ (Z G2, G3)) +
32403 (-16 9(z Gy, G3)° — 12{(Z G2, G2)? (Z G2, §2)? — 129/ (Z G2, G2) {(Z U2, G3) 9(Z G, G3) + ¢ (Z G2, Ga)° + 4.03))

With respect to g3
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09.13.20.0007.01

99(Z, 92, Ga) 1
(129(z 92, 93)° 92 — 1893 9(Z Up, G3) — 205 + (602 {(Z B, G3) — U3 D 9 (Z U, Ba))
99; 2(g-278)
09.13.20.0008.01
9(Z 92, Ga) B 1
0% 8(0}-27¢8)"

(3(203 (6¢(z G2, 93)° +289(Z Gp, Ga) + 529 (Z Gz, 03)) — 1203 (16 0(Z G, 93)° + 124(Z G, Ga)? 9(Z G, Ga)° +
129/(Z G5, 99) {(Z; G, 93) 9(Z; G, Ga) — 9 (Z; G, o) + 03 (32L(Z; Gp, Q) — 10)) +
27 003 (0: 7 + 8(2(24(Z G2, G3) — D) 9(Z G, Ga)* + Z9'(Z G2, U3) 9(Z T2, G3) — 9'(Z G2, 93) £(Z G2, Da))) +
5405 (-6Z 0(z Gz, 92)° + 89(Z Gz, Gs) + 29 (Z Gz, Ga))))
With respect to w,

09.13.20.0012.02

99(Z; G2, G3) 2w, w3 ) , 92 ,
= (0)3 (2 P(Z 92, 03)° +{(Z 92, G3) 9'(Z 2, G3) - g) -13(29(Z, 92, 93) +29'(Z G2, 93)))

Odw, T w3 w?

With respect to w3

09.13.20.0013.02

09(Z, G2, G3) 2w,

w3

g
- (wl (2 9(Z G2, 02)° +{(Z U2, 03) 9 (Z U2, O3) — gz) -1 29z G, G3) + 29 (Z 9o, 93)))

w3 T w3 w?

Symbolic differentiation
With respect to z

The n-th derivative of p(z g,, g3) can be expressed in terms of p(z; g, 93) and ¢’ (z gy, gs) by using the first two equations
above and the following recursive rule:

09.13.20.0009.01
0(Z G2, G3) 9 "TO(Z Up, Ga) )
- — " /in

— eN*
oz" 0z o071

09.13.20.0010.01

M*o(Z 92, Ga) x & 1
%:(—nk(mm Z Z /i keN*
9

Mm=—oc0 N=—c0 (Z— 2 ma)l -2n (A)g)k+2

Fractional integro-differentiation

With respect to z
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09.13.20.0011.01

0" 9(Z, 92, 93) & 1
POER®) _ o pztiade 3 1
0z m, N=—co (2 Mmawq +2na)3)3
{mn}{0,04
- z
oFi1, 32— —MmM
2 Mw; + 2n w3

Integration

Indefinite integration

Involving only one direct function

09.13.21.0001.01

f@(Z; 92, 03) dZ== —{(Z Gz, Ga)
Involving functions of the direct function

Involving elementary functions of the direct function

Involving rational functions of the direct function

09.13.21.0002.01

1
f dz=
©(Z 92, 03) — 9(&; 92, O3)
(log(o(z—a; g2, U3)) — log(o(@+ Z g2, G3)) +2Z4(&; Gz, U3)) /(85 G2, U3) /; 9" (& O2, G3) # 0

09.13.21.0003.01

b+ap(z g, g3) az ad-bc
f— dz== — - ———————(log(c(z+Vv; G2, 93)) — 109(0"(Z— v; G2, U3)) — 2Z4(v; G2, G3)) /;
d+cp(z g, G3) C (v % G)
d

PV O, 93) = ——
c

09.13.21.0004.01

f dz
9(Z 92, 93) — Vv N 9 (v; 02, O3)

Involving powers of the direct function

09.13.21.0005.01

fp(z; G, Gs)° dz= Eso/(z; G2 Oa) + %
6 12
09.13.21.0006.01
f@(z; O, Ga)®dz== i M - i 02{(Z G2, G3) + i Z03
120§ 20 10

d

(log(o(z+v; G2, 93)) — 109(0(Z~v; Go, 3)) — 224 (V; G2, U3)) /s 9(V; U2, Ga) = — <
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09.13.21.0007.01

Pz o, g3 1 ‘ ) 1 {( ) 5203
_—  +— Z O, - — Z O, +
Py 20 G2 9°(Z 02, Q3 7 O3 02, O3 336

f 9(Z G, 9)* dz==

Summation

Finite summation

09.13.23.0001.01

n-1 [2]&)1+2k0)3

9 102, 03|=0/;n-1eN*

j, k=0
(i ki#(0,04

Representations through more general functions

Through other functions

I nvolving some hyper geometric-type functions

09.13.26.0001.01

1 1113 e-6 -6
9(Z, 02, O3) =W/; Z=— Fl( ; VT —

oo ——, J\ AW — g w— gy == 4w —e;) (W &) (W—e3)
m 22 2 2 w-¢e w—el)

Representations through equivalent functions

With inverse function

09.13.27.0001.01
9(p7z %2, Ga)i G2 Ga) = 2

09.13.27.0002.01

o972 22 02, 03): 02, O3) =21 i 2=\ 42 - Qo 21 — g

With related functions

Involving other Weler strass functions

09.13.27.0003.01
04(Z 92, Ga)
0z

9(Z G2, 93) == —

09.13.27.0004.01
4 2 , 160(3Z 0z G3)
489(Z 92, U3)" — 240> 9(Z G2, 03)° — 4803 9(Z O, O3) == 05 + - 5
0(Z 92, 93)

09.13.27.0005.01

0i(Z G G)°
9(Z 92, 03) == & + — fiiefl, 23}
0(Z 92, 93)
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09.13.27.0006.01
0(Z1 + 255 G2, 93) 0(Z1 — Z3; U2, O3)

W(le ng 93) - W(ZZ, gz, 93) == — ” ;
0(21; 92, 93)° 0(Z2; G2, G3)

09.13.27.0007.01

(2~ 2, G, G3) (2 + 20; G2, o) 71
9(Z 92, 93) == — . . /s Z0=9"(0; g2, G3)
0(Z 92, 93)° 0(2Z0; G2, 93)

09.13.27.0008.01
9'(Z1; 92, O3) — 9'(Z; 92, G3)

9(Z1; 92, 93) — 9(Z; D2, G3)

=2({(z1 + Z2; G2, 93) — {(Z1; U2, U3) — {(Z; 2y T3))

Involving Jacobi functions

09.13.27.0009.01

P(Z 92, G3) = (&1 — &3) n{\/ €1 -6 Z

09.13.27.0010.01

€ -8 w3
P(Z 02, g3) =€+ [y m== ){—)

sz |m) e

Involving theta functions

%—%r
+6
e -6

09.13.27.0011.01

U rz 2
2 (40 D (57 0
9(Z G2 Ga) =€ + — ks
4wt | ¢,1(0, o) 01(@' q)

09.13.27.0012.01
2 nz
2 15‘1(0’2’0)(1, 0, q) 0 |09(t91(m, q))
12w, 31(0, ) 07

9(Z 92, 93) =

Involving other related functions

09.13.27.0013.01

1 (a 1
©(Z O, O3) == 3—(§+x)/; {X, y} == eexp : zab /\
V& vz

2/3
a=|ivV3 %(i+\/§)[gg3+ /81g§—3g§] +(3n‘+\/§)n‘gz /2\3/?\3/993+ | 81¢% -3¢ /\
—|-V3 3(3i+\/§)g3+\/27g§—g§ +i\/81g§—393]\3/993+,/81g§—39§ +
2/3
9gs + /81g§—3g§] +\7§(i+«/§)ig§/222/3[9g3+ /81g§—39§]

2/3

29

N
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Theorems

Rational representation of double periodic functions
Any éliptic function &(z) with periods p1 and p, can be expressed as a rational function of the Welerstrassian
eliptic functions p(z; go(w1, w3), g3(w1, w3)) and their derivative p’(z go(w1, w3s), 93(w1, ws)) With the same

periods p; == 2 w1, p2 =2 w3 .

Solution of Korteweg-de Vries equation
The elongation of awater wave in a shallow channel is described by the Korteweg-de Vries equation

wzt 1wzt
= 3W(z 1) - — .
ot 0z 2 47

A solution to this nonlinear partial differential equation is given by
Co .,
W(Z 1) = 2¢1 p(C1(Z- Co ) + (T2, O3); U2, O3) — 3 [; (g2, 93) > 0, i w'(g2, G3) > 0.
Algebraic independence of some Weierstrass functions

If the algebraic numbers z; , 7, 73 are linearly independent over Q and g,, g3 are algebraic numbers, then two of

the three numbers p(z1; 92, 93), 9(Z2; 92, 93), 9(Zs; J2, gs) are algebraically independent over Q.

The Picard solution of a special case of the Painlevé VI- equation

The Picard solution of a special case of the Painlevé VI—-equation,

1 1 1 2
W (2) = —( + + )V\/(Z) -
2\w@-z w@ w®-1
( 1 1 1) w2w2-1)w@-2 z-1z
+ -+ — Z ,
w@-z z z-1 2(Z2@z- 17 W (2) - 2)

isgiven by

z+1
W(Z) == p(c1 K(2) + 2 K(1 - 2), {w1(2), w2(2)}) + = /i {w1(2), w2(2)} = {w(K(2), K(1-2), ' (K2, K(1-2)}

Uniformization of elliptic curves
The general dliptic curve y? == f(x) == ag x* + 4a; X3 + 6ay X° + 4az X + a4 can be uniformized (meaning x and y

can both be parameterized as a single-valued analytic function) through
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f'(Xo)
X(2) == Xg + T
4(9(Z G2, 93) — 5 (%0))
f'(X0) 9'(Z 92, G3)
Y(2) = -

-
4(p(z G2, Gs) — 57 17(%0))

Here xo isany zero of f(x), and g, = agay — 4@, ag+ 3a3, gz = dp @z ay + 2a; & ag — as — apas — a2 ay.

History

—N. H. Abel (1827)
—K. Welerstrass (1855, 1862)
—C. Hermite (1849) first used the notation g
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