WOLFRAM functions.wolfram.com

LTS,

R E 5‘ E A- R C H I'he -".":-'."_".': le smost « "-'-"-I-"IIJ:'.I'l'.'::':'.l'l'."']::'l:' @ 1 .':.l'.u'-:'r.'I SOTCE "".'r i forsmat fonr abont mathematical _II.-r.".l'
WelerstrassPPrime
Wiow the onling version at Download the
® functions. wolfram.com ® PDF File
Notations

Traditional name

Derivative of the Weierstrass elliptic function

Traditional notation

9 (Z 92, %)

Mathematica StandardForm notation

Vi erstrassPPrine(z {g, 0]

Primary definition

09.14.02.0001.01

[ee) o0 1
9'(Z U2, Ga) = -2 Z Z /i {w, w3} == {w1(92, G3), w3(Q2, U3)}
ME—00 N=—c0 (Z— 2 m(x)l bl 2 na)3)3

Specia notations for thisfile:

09.14.02.0002.01
{w1, w3} == {w1(02, U3), W3(Q2, G3)}

09.14.02.0003.01
{w1, Wy, w3} == {w1(F2, G3), —w1(d2, U3) — W3(Q2, U3), W3(Q2, U3)}

09.14.02.0004.01
& = p(wn; 92, ) AN€E{L 2,3}

09.14.02.0005.01
n=={(wn; U2, B3) Anefl, 2, 3}

09.14.02.0006.01

mi w3
of)

w1

Specific values

Specialized values
For fixed z

Degenerate case
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09.14.03.0001.01

(0,0 ’
9'(z0,0)=~—
g

09.14.03.0002.01

For fixed {g,, g3}

09.14.03.0003.01
9’ (w1; G, 93) =0

09.14.03.0004.01
9 (wy; o, 93) =0

09.14.03.0005.01
9 (w3; G2, 93) =0

09.14.03.0006.01
¢’ (Mwy +Nws; Gy, G3) == 0/; {mT_l n} €z \/ {m, n;l} ez

Values at poles:
09.14.03.0007.01

' 2mMws+2NnNws; O, Gg) == /; {mne”Z

Values at infinities

09.14.03.0008.01

Vs nz nz
9'(Z Go(wy, ), Ga(wy, %)) = ——— COt(—) CSCZ(—]
4wi 2wy 2w,

09.14.03.0009.01

2
9 (Z, Ga(&, &), ga(&0, &) == ——
2 3 23

General characteristics

Domain and analyticity
¢'(Z O, ga) isan analytical function of z, g, and gs, which is defined in C3.

09.14.04.0001.01
(Z#{02*93) —9'(Z G2, G3) :: (CR{CRCH) —C

Symmetries and periodicities
Parity

9’ (Z 92, gz) isan odd function with respect to z.
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09.14.04.0002.01
9'(Z G2, 93) = —9'(=Z G2, G3)
Mirror symmetry
09.14.04.0003.01
9'(Z T2, G3) = 9"(Z G2, Ga)
Periodicity
©'(Z d2, g3) isadoubly periodic function with respect to z with periods 2 w; and 2 ws.

09.14.04.0004.01
9 (Z+2Mw1+2Nws; G2, G3) = 9'(Z G2, Ga) /s (M N} € Z
Transformation of half-periods

09.14.04.0005.01
9’ (Z p(aw +bws, Cwy +dwy), gs(@wy +bws, Cwy +dws)) = P'(Z (w1, w3), Ga(wy, W3)) /s
{a,b,c,deZzANad-bc==+1

Homogeneity

09.14.04.0006.01

1
92t &2 o) = — /(2 G2 ', G 1°) /i L€ R
t

09.14.04.0007.01
, , O2(w1, w3) Ga(wy, w3)
9’ (AZ (A w1, Aws), Gz(A wy, Lw3)) = 9’| A Z VI v

09.14.04.0008.01

1
9’ (AZ (A wy, A ws), PG3(A wy, Awy)) = /\—3 9’ (Z 9o(w1, w3), Ga(w1, W3))

Poles and essential singularities
With respect to z

For fixed gy, gs, the function ¢’(z g2, gz) has an infinite set of singular points:
a) z==2Mw1(gy2, 93) + 2Nw3(gz, 93), {mM, n} € Z, are the poles of order three with residues O;
b) z== o isanessentia singular point.

09.14.04.0009.01
Sing (9(z, G, %3)) = {{{2ZMwy + 2N w3, 3} /; {M, n} € Z}, {&, oo}}

09.14.04.0010.01
1es,(¢’(z, o, 93)) 2Mw; +2Nw3) =0/, M nj e Z

Branch points
With respect to z

For fixed gy, gs, the function ¢’(z; g», g3) does not have branch points.
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09.14.04.0011.01
BP9 (Z 92, U3) = {}

Branch cuts
With respect to z
For fixed gy, gs, the function ¢’(z; g,, g3) does not have branch cuts.

09.14.04.0012.01
BCA9'(Z 92, Ga)) == {}

Series representations

Generalized power series

Expansionsat z==0

09.14.06.0011.01

Z, y <——+ —Z+—Z +... ,Z—)()
1Y gZ g3

09.14.06.0012.01

2
9’ (Z 9, ga)oc—;+i—gz+723++0(z5)

09.14.06.0001.01

2 92 O3
z =—— 2k-2)a 23/ a ag= — =
9 (Z %, G 23+Z( )a 2" /= 20/\ 5 28/\ak TR B)Zaaam

k=2

09.14.06.0002.01

2 o0 - 1
O (Z O ) =——+2 ) k(2k+1) 2kt
z ; m,nZ—oo (2Mw; + 2N wg)?k2
{mn}#{0,0}

09.14.06.0013.01

2
0'(Z G, G3) o« — > (1+0(2)

g-series

09.14.06.0003.01

P nz nz 273 = k2 g2k krz
o'z gz,g3)__——cot[ )cscz(—)+— a sin(—]

4wi 20.)1 2(1)1 w? k=1 1_q2k w1

09.14.06.0004.01

e nz 278 & kzqzk krz
9@+ wi; G, gs)==—tan( ) ( )+—Z( N [ ]
3 2(1)1

2w w
4wy 1 W] k=1 1

09.14.06.0005.01

218 &= k2 g krz
9’ (Z+ wy; Op, G3) == —Z( 1) Sin[—]
‘1’1 =y l_q2k w1
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09.14.06.0006.01
218 =, K kmz
0" (Z+ w3, O, = — sin
9'(Z+ w3; G2, G3) 3 T
w] k=11—0

wy

Other series representations

09.14.06.0007.01

9'(Z 92, 93) = -2 Z Z

m=oon—oo(z 2m0.)1—2n0.)3)3

1

09.14.06.0008.01
0 o l

Pz 0 00 92 G G =2 ) )
M=—o00 N=—00 (Z 2m(1.)1—2n0.)3)5

09.14.06.0009.01
3 (Z—anj) 7r(Z—2an-)
cot

9'(Z G, 93)-——— Zc

40} n—w 2w W

]/:{i,j}€{1,2,3}/\i¢1

09.14.06.0010.01

n(z-2nw3) m(z-2Nnw3)
( cot[ )

20)1

9'(Z 02 Ga) = ——— Z

(I.)l N=—oco wq

Integral representations

On the real axis

Of thedirect function

09.14.07.0001.01

2 1 e ez zcos(“’Z) in(2) sinh(%z)(com(thne’%“’zsinh(t%))
9'(Z G2 03 ::—§+—f £ 2 + gt
0

8 sin(E t(wy - wz)) sin(z t(wy + wz)) sinh( t(wy - wz)) smh( t(wy+ wz))

Involving related functions
09.14.07.0002.01

W 1
1 0 =N e 2= [ atf\wer
V4

t-gt-g;

Differential equations

Ordinary nonlinear differential equations

09.14.13.0001.01
2W (2% -3, W (2% - 27TW(2* - 5493 W(@2)% + g3 — 2703 == 0/, W(2) = ¢'(Z Gp, G3)

09.14.13.0002.01

27 z 64
(3077
2 729

a
w 3 - 2 —a)? =0 X -= — — ¢
2" -wW2)" (W2 -a) [, W(2) > 6"
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09.14.13.0003.01
2

W (@® - (W2° - 3aw@)? + 3W(Z))2 =0/, W2 =

a- 3@’(2; 0, % (4- 3a2))

Partial differential equations

09.14.13.0004.01

9z 993 I9(Z G2 G3) 99'(Z Gz, 9a) 09'(Z 9. %) _
z + -4g, -6g ————— —2¢'(Z 9, 93) =0
072 0z 09, 003
09.14.13.0005.01
09'(Z, 92, U3) 09'(Z, 92, U3) ) , , (o))
49, a9 +6 0 59 —69(Z 92, 03)° —1229'(Z Go, U3) 9(Z 92, G3) + 29"(Z Do, Ua) + 5= 0
2 3

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

09.14.16.0001.01
9 (2 0o, O3) =i 9'(Z U2, —03)

Addition formulas

09.14.16.0002.01
9 (Z+ 2 Op, G3) == (9(Z1 + Zo; G2y G3) (97 (Z4: G2, G3) — 97 (Z2; Gy G3)) + 9(Z1: G2, G3) 9 (2 G2, G3) — 9" (24 G2, G3) 9(Z; 02, G3))/
(9(22; 92, 93) — 9(21; G2, 93))

Multiple arguments

Argument involving numeric multiples of variable

Double angle formulas
09.14.16.0003.01
927 Gp, Gs) = _ (-49'(Z G2, 99" +120(Z B2, G9) 9 (Z G, Ga)° 97 (Z G, B3) — 97 (Z G, B3)°)
49z G, 9a)°
Argument involving symbolic multiples of variable

Multiple angle formula:

09.14.16.0004.01

1 =ind 2jwi +2kws
9'(NZ gz, g3) = —ZZ@' Z- ———— 0 O3|/ineN’
n® 50k n

Related transformations

Halving half-period
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09.14.16.0005.01

w1 wq
@'(Z 92[—, wa), 93(—, wa)) =¢'(Z 92, G3) + 9 (Z+ w1; U2, Ga)

2 2

Third of half-period

09.14.16.0006.01
(ze{3o0) of 5 02)) = (=
Z, go| —, , O3l —, =9(Z, 02, B3) + 9’| 2+ — 02,
9 923w3933w3 ©'(Z G2, 93) + 9 392
General fractions of half-periods

09.14.16.0007.01
n-1

w1 w1 kal
@'(Zi 92[71 wa), 93(7‘ wa)) =0'(Z U2, G3) + ZSO'(ZﬂL -

k=1

Other constructions

09.14.16.0008.01
9 (215 G2, O3) — 9’ (Z2; G2, U3)

9 (Z1; G2, O3) — 9 (Z; U2, Oa)

9 (1) 92, O3)

09.14.16.0009.01
¢ (1, 92, 93) 92150209 1
¢ (Z2; G2, 93) 9(2; 02,03 1|=0
-9 (Z1+2,02,03) 9@ +2;0,0) 1

Identities

Functional identities

Expressionsinvolvinga+ b+ ¢ = 0mod(2 w1, 2 w3)

09.14.17.0001.01
9’ (@ 02, 93) — ¢’ (0; G2, O3) B 9’ (b; 92, g3) — 9'(C: U2, O3)

= ia+b+c=2mw;+2nws A{mnleZ

9(&; 0z, 93) — (b; 0, Ga) p(b; 0z, 93) — 9(C; Gz, U3)

09.14.17.0002.01
9’ (@ g2, 93) — ¢’ (0; G2, O3) _ 9'(C; d2, 93) — 9" (& G, O3)

9@ g2, 93) — 9(b; g2, gs) 9(C; G2, 93) — 9(& 92, 93)

09.14.17.0003.01

9(0; G2, 93) 9'(C; G2, 93) — ©(C; G2, G3) ©'(D; U2, G3)  9(C; Gp, G3) ©'(& U2, Ga) — 9(&; U2, G3) 9’ (C; G2, Ga)

, 40.)1
93)+%’ (Z+ T? 2, 93)

» O2, 93]/; nenN*

(2(p(za; G2, G3) — 9(Z; G2, B3)) (P(Z1 + Zo; Go, G3) — (243 G2, G3)) + 97 (4 Do, G3))

/ia+b+c=2mw; +2nwz3 A{mn}eZ

9(0; g2, 93) — 9(C; U2, U3)
a+b+c=2mw;+2nws A{mnle”Z

09.14.17.0004.01

9(0; G2, 93) 9'(C; G2, G3) — 9(C; G2, Ga) (b G2, G3) ~ P(& G2, Gs) 9" (D; Gz, G3) — P(b; G, Gs) 9'(&; G, ) p

9(C; G2, 93) — ©(&; Gp, U3)

9(0; g2, 93) — 9(C; U2, U3)
a+b+c=2mw;+2nws A{mnlezZ

9(a; 0z, 93) — 9(0; G2, 93)

)
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Generalization for arbitrary a, b, c, d

09.14.17.0005.01
9@ G 03) -9’ (0, G, O3)  9©'(Cr G2, G3) —9'(d; U2, G3) 9’ (@+1D0; 2, G3) — ' (C+d; U2, O3)
+ +

(@ 02, G3) —9(0: 92, G3)  9(Ci 02, G3) —(d; G2, G3)  p(@+b; G, O3) — p(C+d; G, G3)
9’'(@ 02, 93) — 9'(C; G2, U3) . 9’ (b; 92, 93) — 9'(d; G, G3) .\ p'(@+C; O, 93) — 9'(b+d; g2, G3)
P(& 02, 03) —9(C G2, 93) 90 02, G3) —(d; G2, 93)  9(@+C; Oz, Gz) — (b +d; Gy, Ga)

Differentiation

Low-order differentiation

With respect to z
09.14.20.0001.01
0¢'(Z 9o, G3) 60 2 02
- == Z; s - —
97 9(Z G2, O3 >
09.14.20.0002.01
¢’ (Z, o, U3) ,
——————=129(Z 92, 93) 9"(Z G2, U3)
07
09.14.20.0003.01
%9’ (Z Go, Gs)

P == 120 0(Z G2, 02)° — 1802 9(Z U2, Us) — 1203

With respect to g,

09.14.20.0004.01

— (1220(z g2, 9202 63 — 203 + 6(0% - 1893 0(Z G2, B2)) ¢'(Z o, G3) + 180s(02 — 120(Z G, 03)%) {(Z G2, Ga))
8(g, - 2793)

09.14.20.0005.01
¢ (Z G, G3) 3

0% 32(¢- 2763

(-205 + 202 (49(Z G, G2) 9'(Z G2, 93) 22+ 69(Z G, G0)* Z— 9'(Z Gz, G3)) + 12053 03 (5Z9(Z G, G3) — 24(Z G, G3)) +
99305 (11203 - 4(1229(Z 0y, 93)° — 84(Z G2, U3) 9(Z G, G2)* + 4 9'(Z U, G2) RZL(Z U, G) - 1) 9(Z G, Ga) +
29'(Z Gz, 03)°)) — 5402 63 (14290(Z G2, 92)> + 204(Z Gy, 93) 9(Z Gp, Ga) + 119 (Z G2, Ga)) —
64803 (—12(Z G2, 93) 9(Z G2, 02)° — 49/ (Z G, Ga) 9(Z; G, 02)? — 49 (Z; Gp, ) L(Z; B, 02) 9(Z O, T) +
(05— 9'(Z 92, 93)°) {(Z B, B)))

With respect to g3

09.14.20.0006.01
09’ (Z 92, Ga) 1

093 4(g3 - 2743)

(929, 9 - 108203 9(Z G2, U3)° + (36 G2 9(Z G2, Gz) — 54.03) 9'(Z G, o) + (7202 9(Z G2, 93)° — 6 05) (Z G2, Ba))
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09.14.20.0007.01
9?9z 92, Ga) 3 . 3 , ,
- > (5203 -60;(1020(Z 92, G2)° + 20{(Z G2, I 9(Z G2, G) + 99'(Z G2, Go)) +
993 8 (gg -27d3)

3603 (244(Z G2, U3) 9(Z G2, Ua)° + 89'(Z Uz, Ua) 9(Z Gz, Ua)* + 89'(Z Gz, U3) L(Z Gp, Ua)* 9(Z Gp, Ga) +
20'(Z G, 03)° L(Z G, Ga) + 93 (5Z9(Z o, G3) — 4{(Z G2, B))) +
270,05 (3203 - 4(1229(z 05, 93)° — 84(Z G2, U3) 9(Z G, G2)* + 4 9'(Z U, G) RZL(Z G, G) - 1) 9(Z G, Ga) +
29/(Z G, 02)%)) + 16203 (49(Z G2, 0) 9'(Z G, Qo) 22+ 290(Z O, 93)° 2 39'(Z B, Bo)))

With respect to w,

09.14.20.0010.02

09'(Z %, %3) w1 w3
dwq mTws w%

(w3 (69(Z G2, ) 9'(Z G, Ga) + 12£(Z Gp, U3) 9(Z T2, G3)* — B2 L(Z T2, B3)) — m3(6 90'(Z G, U3) + 1229(Z; G, G3)* — G2 2))
With respect to w3
09.14.20.0011.02

09'(Z, 92, Ua)

6(4)3

(01(69(Z G2, 9) 9'(Z G, Gg) + 12£(Z Gp, U3) 9(Z T2, G3)* — B2 L(Z Tz, B3)) — 11(690'(Z G, G3) + 1229(Z; G, G3)* — G2 2)

Symbolic differentiation

With respect to z

09.14.20.0008.01

*¢'(Z U2, O3) o o 1
)l (k+2) >3 / ke N
azk M=—co N=—0c0 (Z— 2 mawq — 2 nw3)k+3

Fractional integro-differentiation

With respect to z

09.14.20.0009.01

"9 (02,030 1 s 1
_— =7 _x
oz 4 M (Mwy + Nwg)®
{mn}#{0,0}
- z
o1, 31— ——m
2Mmwq +2nw;3

Integration

Indefinite integration

Involving only one direct function
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09.14.21.0001.01

f 9’ (Z, 92, 93) dZ == 9(Z, Gp, U3)

Representations through equivalent functions

With inverse function

09.14.27.0001.01

9 (9712 223 G, 0); O, O3) = 22 /3 2 = 47 -0z -0

With related functions

Involving other Weier strass functions
09.14.27.0002.01
) 99(Z G2, Ga)
9 (Z g O3) = ——
0z

09.14.27.0003.01
9'(Z1; 92, O3) — 9'(Z; 92, Ga)

9(Z1; G2, 93) — 9(Z; G2, O3)

09.14.27.0004.01

, 0(2Z 92, 93)
9'(Z 92, U3) == VY
O'(Z, O, gS)

09.14.27.0005.01

20(2- w1; U2, 93) 0(Z— w3; Gz, U3) 0(Z~ w3; Go, O3)

9'(Z U2, G3) ==

0(Z G2, G3)° 0(w1; Gz, U3) T(w2; G, G3) T(w3; U, Ta)

09.14.27.0006.01
201(Z G2, 93) 02(Z U2, U3) 03(Z U2, U3)

9'(Z G2, 93) == — ;
0(Z 92, 93)

I nvolving Jacobi functions

09.14.27.0007.01

oo (o )

9'(Z G2, G3) = —2 (&, — &3)¥? ”

s(ye-e 7| m)

Involving theta functions

09.14.27.0008.01

o A P o o

9'(Z 92, 03) = — —

Zeros

3
401 5,0, 4)95(0, 9) 040, @) 472, q)

= 2({(z1 + 255 92, 93) — {(z1; U2, G3) — {(Z; 92, Ga))

w3

w1

)
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09.14.30.0001.01
m-1 n-1
9’ (Mw1 + Nws; O, g3)==0/;{ 5 n}eZ\/{m, T}EZ
Theorems
The conformal mapping from the triangle to the half plane
The conformal map from the triangle in the z-plane with coordinates {0, 0}, {1, 0}, {1/2, g} to the upper half w-

27

2o(3

planeis given by w(2) == % +

ole-etio-n(3 3

The P?-equation

Pz(1) _
o2

The P? -eguation can be cast in the form - _ # o2 (1, 7).
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