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Notations

Traditional name

Weierstrass sigma function

Traditional notation

oz 92, 93)

Mathematica StandardForm notation

Wi erstrassSigmz {g, s}]

Primary definition

09.15.02.0001.01

© z 2 z
0(Z 0z, 93) =2 l_[ 1- exp| + /i {w1, w3} = {w1(92, 93), w3(G2;s Ga)}
M R=—co 2Mwi +2nw3 22mwy +2nw3)? 2Mwi+2nwg
{m,n}#{0,0}

Specia notations for thisfile:

09.15.02.0002.01
{w1, w3} = {w1(F2, U3), W3(G2, G3)}

09.15.02.0003.01
{w1, Wy, w3} == {w1(Q2, P3), —w1(d2, U3) — W3(Q2, U3), W3(Q2, U3)}

09.15.02.0004.01
e = p(wn; G2, I3) ANefl, 2, 3}

09.15.02.0005.01
n={(wn; 92, B3) Ane{l, 2, 3}

09.15.02.0006.01

mi w3
q:: exp( )

w1

Specific values

Specialized values

For fixed z
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Degenerate cases:

09.15.03.0001.01
(20,0 =2

09.15.03.0002.01

[2 g_[/s ]
0(z3,1)=_| — e+ dn - Z
3 2

For fixed {g,, g3}

09.15.03.0003.01
7(0; g2, g3) == 0

09.15.03.0004.01
oc2mMwi+2Nws3;02,03) =0/ {mne”Z

Half-period values:

09.15.03.0005.01

o(wi; G2, 93)°

- =’ (e -¢)/i{i,j,Kell,23\Ni+jk
o (wi; G2, 93)° (wj; G2, Ga)

09.15.03.0006.01
o (wy; 921 93)

o(wj; G2, G) i (wi; 2, Ga)

=i K el 23 ANixj#k

09.15.03.0007.01
oj(wi; G2, 9a)° o o
— S =&-¢§/l Dell,23Ai#]
O'(a)|, 02, 93)
One-third period values:

09.15.03.0008.01

2w ° eXp(zmswl )
(E

= /iie{l,2,3
2w;
@'(Ti 92, 93)
Values at fixed points
Equianharmonic case(g, =0, g3 = 1):

09.15.03.0009.01
x 3

0(wq; 0, 1) == eﬁ

4
v3

09.15.03.0010.01
x 3

V2 o
0(wy; 0, 1) == etVs e s
V3
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09.15.03.0011.01
. 3

0(ws3; 0, 1) == e“‘/? e’
V3

Lemniscaticcase(g, =1,93=0):

09.15.03.0012.01
Ty 1,0) =" V2

09.15.03.0013.01
o(wy; 1, 0) == —e”“\/?e%

09.15.03.0014.01
o(ws; 1, 0) == &8 \L‘/?i

Values at infinities

09.15.03.0015.01

2w 1(nz\\ (nz
U—(Z! 92((‘01! OB)! gS(wll O’b)) = exp(_ (—) ]Sn(—)

bl 6\ 2w, 2wy

09.15.03.0016.01
0(Z, ga(c0, ), G3(60, &) ==Z

General characteristics

Domain and analyticity
0(Z gp, ga) isan entire analytical function of z, g, and gz, which is defined in C3.
09.15.04.0001.01
(Z#{92# 93D — (Z G2, G3) 11 (CR{CRCH —C
Symmetries and periodicities
Parity
0(z, 9o, g3) isan odd function with respect to z.

09.15.04.0002.01
0(=Z G, 93) == —0(Z 92, 93)

Mirror symmetry

09.15.04.0003.01
o(z, %2, gg) =0(z O2, g3)

Periodicity
0(zZ, g2, 03) isaquasi-periodic function with respect to z.

09.15.04.0004.01
0(2+ 2wn; Gp, Gg) = ) 0z gy, g3) ;N € {1, 2, 3)
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09.15.04.0005.01

O(Z+2Mwy +2Nwy + 2T w3, Gy, Gg) == (= 1)+ Memn-+mener [Bz(mflﬁnﬂz” n3) (Z+Mw1 +Nwy+1 w3) c(Z g Q) /s imn 1} eZ

Transformation of half-periods
09.15.04.0006.01

0(Z J(awr + bws, Cwy +dws), gs(@wq + bws, Cwy +dws)) = 0(Z Yolw1, w3), Ga(w1, w3)) /;
{a,b,c,dfeZ ANad-bc==+1

Homogeneity
09.15.04.0007.01
Tzt Op, 93) =to(z G t*, g t°) /i teR

09.15.04.0008.01
0(AZ (A wy, Aws), G3(A w1, Aw3)) = A 0(Z Ga(wq, w3), Pz(w1, W3))

09.15.04.0009.01
Oo(w1, w3) G3(wq, w3)
(A Z (A wy, Awg), Gz(A wy, Aw3)) =01 Z YR .
A A

Poles and essential singularities
With respect to z
For fixed gy, gs, the function o(z gy, g3) hasonly one singular point at z = c. It isan essential singular point.
09.15.04.0010.01
Sing (0(Z G2, 93)) == {0, co}}
Branch points
With respect to z
For fixed gy, gs, the function o(z, gy, g3) does not have branch points.

09.15.04.0011.01
BPA0(Z G, U3)) == {}

Branch cuts
With respect to z
For fixed gy, g3, the function o(z, g, g3) does not have branch cuts.

09.15.04.0012.01
BCA0(Z; G, G3)) == {}

Series representations

Generalized power series

Expansionsat z==0
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09.15.06.0005.01

+.../;(@Z->0

9
gz L B
92 Gs 240" 840" 161280

09.15.06.0006.01

crmaer- LA T g E o g
240 840 161280

09.15.06.0001.01

0(Z 92, G3) ::de 2k,

T T OO By oM L

840 161280 k =0k, =0
93
G =- 21(21 /\""1“0/\‘""2 /\ 3"E/\ak::(zk+l)(k 3)Za4akl

09.15.06.0002.01

© ® 8mn ( ) (2gy)"
. m+6n+1 . — — .
T(Z 2 G) = ) > amieniDr Z /; (ao,o 1N amn=0/;

m=0n=0

16 1
m<0\/n<0/\am,n == §(n+1)aw2'n+1— 5(2m+3n—1)(4m+6n—1)aw1‘n+3(m+l)awlyn,1)

09.15.06.0007.01
0(Z Gz, G3) < 2(1+ O(Z))
g-series
g -series for logarithms:

09.15.06.0003.01

2w Z nz & 2k krz
log(a(z, 92, 93)) == | ( 1) + 1— + Iog(sm( )) + 42 qi sinz[—]
bis 2w, 2w, =1 k(l_qzk) 2w,

Other series representations

09.15.06.0004.01

© 2l = 1
0(Z 92, 93) == Zexp - —
222 mng—oo (2mw1+2nw3)2‘
{m,n}=({0,0}

Integral representations

On the real axis

Of thedirect function
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09.15.07.0001.01

2 1
o(z 02, gS) == Zexp(‘f(; (g(tv 02, gS) - ?)dt)

Product representations

Infinite products involving trigonometric functions

09.15.08.0001.01

-n2 nz

20)i 77,22 . nzZ\& s (a) L. . i

T(Z Gp, G3) == —— expl —— sm[—]H 1- ———— /i, D el 2 3 NP # ]
T 2(1)i 2(ui n=1 Sinz(

Infinite products involving exponentials

09.15.08.0002.01
Goyio(wy, wa) 22K+2 G i 1
- /; Gpwy, w3) =
2k+2 P

m e (2Mwy +2Nw3)P
{mn}{0,0}

0(Z 92, 93) = Z]_[ exp)

k=1

Infinite products involving q, trigonometrics and exponentials

09.15.08.0003.01

inz inz

2w, (nz 2 [ 1= P ep(= ) |« 1P exp( )

7z G, o) == —sn(z—)exp —I'1
m

w1 2wy n=1 1- q2” n=1 1- an

09.15.08.0004.01

2wy (7nzZ M) 1—2q2“cos(2—f)+q4”
(Z G, Go) == —sn(—)exp —I1
n 2wy 2w1 )n g (1_q2n)2

g products for half-period values
09.15.08.0005.01

2(1)1 n wq b 1+q2n z
(w1} G2, Gg) = — exp[ ) [
4 2 n=1 1- q n

09.15.08.0006.01

2
w1 N Wy 1 & 1+q2n_1
T(ws; G2, Gs) ::—\/?—exp( )— 1
4 2 \4/6 n=1 1_q2n

09.15.08.0007.01

g nawgy 1 (= 1-g@t)
T(ws; G, Gg) == — exp( ) [
v/

2 \A/E n=1 1_q2n

Differential equations

Ordinary linear differential equations and wronskians
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For thedirect function itself
09.15.13.0001.01

(2 G2, U3) == £(Z U2, O3) 0(Z U2, O3)

Involving related functions

09.15.13.0002.01
010g(0(z; G, 93))

==¢(Z 92,
Py 4(Z, G2, 93)

Ordinary nonlinear differential equations

09.15.13.0003.01

20(Z 92, G3)

*o(Z %, Gs) 8 00(Z G2, G3) 0°0(Z U2, Ga) 6(620-(2; 02, 93)
- +

2
~ 0 0(Z G2, 93)* =0
0z Vil 97 ]

Partial differential equations

09.15.13.0004.01
00(Z, 92, 93) 9 0z g0 1

@-27)) 2 (2 ) 3 2oz 4 1 2230'(2; 92, Os)
— _— == — = D —————— o(z, , —_— o(z , — _—
9% J3 95 2 O3 Py 2 9> 02, 93 6 0203 92, O3 2 % 57
09.15.13.0005.01
G- 27) 00z G2 8s) 3 0G0 9 ( e L zo ) 00(Z Gz, 9a)
- == — +—030(Z Oy, O3) + — o(z 0o, —_——pz—m8M8M8M—
9% O3 9% > 92 P > O3 02, 03 8 9% 02, O3 > 92 P
09.15.13.0006.01
00(Z G2, 93) 00(Z, G2, 93) 00(Z G2, 93)
Z———— -4 ———— -6 ———— - 0(Z 02, 93) =0
0z 692 693

09.15.13.0007.01

?0(Z G2, 93) 1 00(2. G2, 83) 2 ,90(Z G2, G3)

1
-12g --g +—00(Z G2, 0) Z =0
07 P oy 37 ogs 1T

Transformations

Addition formulas

Trandation by half-periods

09.15.16.0001.01
(2% wi; G, ) = €™ 2 0(wi; G2, G3) Ti(wis B, G3) /1 € {1, 2, 3)

09.15.16.0002.01

4
0(Z2+ 21,02, O3) == eXp[Zl {(Z5; 92, 9a) — > 9(Z2; G2, 93) [0(Z2; G2, O3)

ﬁ [1 - A ]exp[ 4 + 4

mn=—co 2mw1+2nw3—22 2mw1+2nw3_22 2(2mw1+2nw3—22)2
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09.15.16.0003.01
0(Z1 + 2, U2, U3) 0(Z1 — 2o G, Ga) == —0(Z1; U2, U3)° 0 (225 U2, U3)% (9(21; G2, U3) — (225 G2, O3))
09.15.16.0004.01
0(z1 + 2 U2, U3) 021 — 2o G, G) == (21} G2, 0a)° 0i(Z23 G2, ) — (225 G2, 93)° 0i(Za; G2, G3)2 /s T €1, 2, 3}
09.15.16.0005.01
(21 + 2, U2, 93) 0(21 — 22, G2, 93) 0 (b + C; Gp, G3) (D — C; G2, Ga) +
0(zy +b; 92, G3) 0(Z1 — 15 92, G3) 0(C+ Z; G, U3) 0(C— 2, O, Q) +
0(Zy+C G, U3) 0(Z1 — C; U2, 03) 0(Z + b; U2, 93) (22— b; Op, 93) == 0
09.15.16.0006.01
T{(2Z1+ Z; G, O3) (21 — 23 G2, Ga) = 0(Z1; O B)° (223 G2, Ba) — (€ — €)) (& — 8) (21} B, 0a)? 0(23 O, Ba)° /1
{i,j,kKe{l, 23] Ai#j#Kk
09.15.16.0007.01
0i(z4 + 2} U2, 93) 0°(Z1 — Zp; U2, U3) == 0(Z1; U2, 93) 07i(Z1; U2, G3) 07j(2Z; G2, O3) 0k(Z; U2, U3) —

(225 G2, 03) 01(Z25 G2, U3) (215 G2, O3) 0k(Z1; B2, 93) /3 41, [, Kh e {1, 2, 3V A j £k

Multiple arguments

Argument involving numeric multiples of variable

Double angle formulas

09.15.16.0008.01
20(Z G2y G3) (w1 = Z Gz, G3) 0(w2 — Z; U2, U3) 0(w3 — Z o, 3)

(w1} G2, 93) 0(w2; G2, G3) 0(w3; G2, U3)

0(2Z 0y, 93) ==

09.15.16.0009.01
0(2Z G, 03) == 20(Z, 92, 93) 01(Z, 92, U3) 02(Z U, U3) 03(Z U2, U3)
09.15.16.0010.01
P(Z G, Ga) I0(Z 02, G3)  9°0(Z Op, O3)
+

. 2
2 P e 0(Z 92, 93)

00z 0, 9)
———| -30z % %)

(27 9z, 93) == 0(Z G2, Ga) [2

09.15.16.0011.01
(22 Gy, U3) = —¢'(Z G, U3) 0(Z Go, Ga)*

Triple angle formulas

09.15.16.0012.01

T(3Z Gz, G3) = —9'(Z G, B)° 7(Z G, B)° (9(2Z Gp, Go) — 9(Z T, Ts)
09.15.16.0013.01

%

3
0(3Z 0y, U3) = 0(Z G2, 3)° |39(Z G2, 92)* — > U2 9(Z G2, 93)* — 303 9(Z Gp, ) — 5

Argument involving symbolic multiples of variable

Multiple angle formula
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09.15.16.0014.01

2jwi+2kwg
5 n-1 O'(Z— f' gz, gg)
o(NZ G, G3) = N(-D" e " D25 (z gy, g3) 1_[ 2jwy+2k fin-1eN’
; Wy w3
j, k=0 =
{.KI#(0,0) 0—( n » % gg)

Related transformations

Halving half-period

09.15.16.0015.01

e 2

wq wq
U'(Z; 92(?‘ wg), 93(?, ws)) == exp, > 0(Z 92, 93) 01(Z G2, U3)

Third of half-period

09.15.16.0016.01

. 2“-)1 . 4w1 .
o 0 20, 77 9, 0 0(2+ “52: 0o, G5) {2+ 52 0o, Gs)
‘T(Z; gz(? w3)’ 93(? ws)) eXp(ZZ K"( 3 % 93) ~2 Z'“)

General fractions of half-periods

09.15.16.0017.01

(22 02, 0a) o 22 02 0

=y 2kw; |

2kw
o o 20l (ke 1 2ky, n1 o(z+ 2 gy, gg)
O'(Z; 92[71 wz), 93(7, ws)) == exp Py ﬁ’[ . ; O2, 93] - ZZ o 0(Z, 0, 03)| | —— /ineN*

09.15.16.0018.01

fesf2 o) of )

k=1 0’( N 192,93)

2jw
Z2 n-1 ] Zwl n-1 ] 2&)1 n-1 O'(Z+ %; 02, g3)
exp Py W[T; 02, 93) - ZZ§(T§ 02, 93) o0(z 9o, 93)1_[ ——  /;neN*

j=1 j=1

09.15.16.0019.01

w1 w1 22 2n
oz g)| ——, ws|, gs| ——, w3||=(-1)"exp — > |
( 92(2n+1 3) 93(2n+1 3)) p[z k;@
o(Z 9o, O3) olz+ 0o, olz- ;
92 Gs k_1( 2n+1 9 Gs 2n+1

09.15.16.0020.01

O P L Pt
(o2 4 , W3 |, , W ==
2 onrr ) B onr ®

Z22n

2kwl

j2wy

=1 U'(Ti 92, 93)

2k(/.)1
on+ 11 02, 93]

2k(ul
92, 93]/0{ y Oo, 93]]/;“6&4+
2n+1

n 2kwl
exp| — | O, 0(Z G, gg)° ™! Z Oy, O3) — : o, ‘neN*
p[2 Zp[2n+1 02 93)] (Z 92, 93) l_[[p( 92, 93) [0[ 1 02 93)]/

k=1 k=1

2n+
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09.15.16.0021.01

(ol g s) 57 )
ol Z , W3 |, , W ==
gz2n+1 3932n+1 $

2kw; | 2
22 2n 2kwl n o—i(z 1’ ng 93)
eXp[E Z!@[m Oz, 93)] o(Z 9, 93)1_[ 0i(Z G2, 93)° - - . oz g2 B?|/iefl, 2,3 AneN*
=

k=1 Zkwy )
0—( 2n+1’ 92, O3

Differentiation

Low-order differentiation

With respect to z

09.15.20.0001.01
90(Z 92, 93)

== O'(Z, 092, 93) {(Z: 02, gS)
0z

09.15.20.0002.01
0109(0(Z, G2, 03))  07(Z G2: U3)

9z 7(Z 92, G3)

09.15.20.0003.01
010g(0(z; G, 93))
————={(Z 92, Ga)
0z
09.15.20.0004.01
Po(Z G, G3)
iy

09.15.20.0005.01
Po(z G, G3)
oz

09.15.20.0006.01

Aoz g 0) 1

3 0(Z G2, G3) (G2 + 2(£(Z G2, G3)" — 69(Z G2, Uz) {(Z G2, B3)* — 49 (Z G2, Ga) {(Z G, Bs) — 39(Z G2, G3)7))

= 0(Z G, %) ({(Z 92, B3)* — 9(Z T2, Bs))

= 0(Z G2, 3) ({(Z G2, 92)° — 39(Z Uz, Ua) {(Z Gp, B2) — 9'(Z Gp, Ba))

With respect to g

09.15.20.0007.01

00(Z 9, 93) 1
=— 0(Z G, 93) (495 (24(Z Oz, Ga) — 1) + 36 03 (9(Z; O, Ga) — {(Z G2, 02)°) — 302 B3 Z)
09, 16 (g, - 27 93)
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09.15.20.0008.01
Po(Z G, G3)

a9

O'(Z, 9, gS) 2 2 3
————— (-16%(-{(Z 62, G* Z + 9(Z G, 02) 7 + 5L(Z Gp, 03) 2-5) ~ 24703 (2{(2. G, Ga) =N G +
256 (g5 - 27 3)

90305 (9s 7' + 32((6 - 24(Z G2, 9)) {(Z G2, Ba)* + 290/ (Z G2, G3) + 39(Z; Gp, Ga) (Z4(Z G, G) — D)) —
2160502 (—{(Z G2, 0)° Z + 9(Z G2, G) Z + 144(Z Gz, ) 2— 20) +

1296 05 (£(Z G2, 93)" — 6 9(Z U2, G3) {(Z G, Ga)* — 49 (Z U, G3) {(Z G, Gs) — 39(Z Gp, G3)* + Z Og))

With respect to g3

09.15.20.0009.01
00(zZ 92, Ga) 1

= 0(Z G2, 9) (Z 05 + 124(Z G2, Ga)° B2 — 120(Z; G2, G3) G2 — 36 03 (Z4(Z G2, G3) — 1))
093 8(g;-27¢3)

09.15.20.0010.01
0(Z G, G3) 0(Z G2, 93)

. = ~ (765 - 24(-Lz 02, 9° 7 +9(Z 02, 0) 7 + 104(Z G2, Ga) 2 16) 9 - 7203
093 64(g3 - 27 ¢3)

(-24(z 2. 93)* + 1290(Z G2, Ga) {(Z G2, G3)° + 89 (Z G, U3) £(Z G, o) + 6 9(Z Gp, G3)° + 2 U3 (ZL(Z G2, Ga) — 6)) +
864 03 0((6 — 2L(Z; G, G3)) £(Z Uz, U3)* + 29 (Z G2, G3) + 39(Z G2, G3) (ZL(Z G, G3) — ) —
1296 05 (—4(Z G2, G0)° Z + 9(Z Up, G3) Z + TL(Z G2, G3) 2— 7))

With respect to w

09.15.20.0013.02

2

00(Z, %2, %3) w1 w3 , 1
—_— = | -— (ws (50(2; 02,03 -{(Z 92,03 - — O 22) +213(24(Z 92, 93) — 1)] 0(Z 92, 93)
6w1 T w3 w% 12

With respect t0 w3

09.15.20.0014.02
00(zZ 92, 93) wy w3 )
—— =-—— | —— |w1|9(Z 92, G3) — {(Z G, G3)" —

6(1)3 T w3 w%

1
> 02 22] +2m (24(Z, 92, 93) — 1)) 0(Z G2, 93)

12
Symbolic differentiation

With respect to z
09.15.20.0011.01
3
"o (Z G2, 93) e 1 NG (1 1-j 2-j Z w102 9s)
————— =QRuw)' 1"z Fol o L ) ;
1 l_[ : 22 2 2

a2 1o gem 2’ 2w,

Adwi ) o0 _ 2k+Dz+(n—j
(ﬂ) (h)Z(—l)qu(k+1)(2k+1)""Jsin(ﬂ(( rhz J)wl))/;nel\l"

nz J k=0 2 w1

Fractional integro-differentiation
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With respect to z
09.15.20.0012.01
. - 3
0“0(zZ, 92, 93) o1 Ao l—l 1
0z* el

1_q2n

0

k=0 j=0 wy

Integration

Indefinite integration

Involving only one direct function

09.15.21.0001.01

fO'(Z; U2, O3)dz==

3/2 0o 3 2 2 .
w 1 kd e (2k+1) 1(2k+1)+2iz
1 [ ] Z (- l)k qk(k+l) exp[ ] [erf[ Ui
V2rn, \me1 1-?™) i 81wy 2v2n 0w,

Representations through equivalent functions

With related functions

Involving other Weier strass functions

09.15.27.0001.01

Z 1
0(Z 92, 93) = ZEXp(f ({(t; 02, O3) — ?)d’t)
0

Involving theta functions
09.15.27.0002.01
w, 1 (= 1 Y (mB) (nz
0(Z Gp, G3) = — [ exp| — al(—, q)
/e \“/E n=1 1—q2n 2(1)1 2(1)1
09.15.27.0003.01

2w, p(ﬂ122]01(%’q)

0(Z gz, 93) == — &X
b8 #(0, )

20.)1

Zeros

09.15.30.0001.01
oc(2mw; +2Nws; g, G3) =0/, M nfeZ

Theorems

& . o mz N\ 3 @ 3-a 2w O 03)
ZZ(—l)“kq“k“)(zm1)2‘*1[4—] 2F2{1+1,j+5;j—5+1,j+ i

2(1)1

o

7(2k+1)-2izn,

2V 2m wy

]]
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The solution to the special Lamé equation

The solution to the special Lamé equation w”(2) == (2 9(Z, g2, gs) + @) W(2) is given by

. o(z- 97 (@ G2 93 G2, Gs)
W(2) = ¢ exp(ug“(p (@; 92, O3); O, 93)) pE— "
s Y25 Y3

o (z+ 97 (@ G, B); G, Gs)
0 (Z 92, 93)-

coexp(ul (-9t (@; G2, G3); G2, Ga))

The equations of motion for a heavy symmetric top

The equations of motion for a heavy symmetric top

wy(®) = —Cay(t) wAt) = py(t), wi(t) = Cawx(t) wAt) + px(t), wy(t) =0,
P(D) == Py(t) wo(t) = PD) wy(t), PYD) == Pu(t) wt) — Pu(t) wA1), PA(D) == Px(t) wy(1) — Py(t) wx(t)

can be solved in closed form using the Weierstrass sigma function.

Expressing the Cartesian coordinates through ellipsoidal coordinates

Using Weierstrass sigma functions it is possible to give single-valued solutions X(A, u, v), Y(A, i, v), Z(A, u, v) for
expressing the Cartesian coordinates (X, y, z} through ellipsoidal coordinates {A, u, v} connected by

2 (a2+2) (a%+4) (a2+v) > (02+2) (0%+12) (b?+v) _ (c2+2) (cP+p) (c2+v) . ..
FATTEC S My ey pere g 2= ) where a > b > ¢ are the semi-axes of the defining

ellipsoid.

History

—F. G. Eisenstein (1847)
—K. Weierstrass (1855, 1862, 1895)
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