
WeierstrassSigma4

Notations

Traditional name

Associated Weierstrass sigma function

Traditional notation

ΣnHz, g2, g3L
Mathematica StandardForm notation

WeierstrassSigmaAn, z, 9g2, g3=E

Primary definition
09.16.02.0001.01

ΣnHz, g2, g3L �
ã-Ηn z ΣHz + Ωn; g2, g3L

ΣHΩn; g2, g3L �;
n Î 81, 2, 3< ì 8Ω1, Ω2, Ω3< � 8Ω1Hg2, g3L, -Ω1Hg2, g3L - Ω3Hg2, g3L, Ω3Hg2, g3L< ì Ηn � ΖHΩn; g2, g3L ì n Î 81, 2, 3<

Special notations for this file:

09.16.02.0002.018Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L<
09.16.02.0003.018Ω1, Ω2, Ω3< � 8Ω1Hg2, g3L, -Ω1Hg2, g3L - Ω3Hg2, g3L, Ω3Hg2, g3L<
09.16.02.0004.01

en � ÃHΩn; g2, g3L ì n Î 81, 2, 3<
09.16.02.0005.01

Ηn � ΖHΩn; g2, g3L ì n Î 81, 2, 3<
09.16.02.0006.01

q � exp
Π ä Ω3

Ω1

Specific values

Specialized values

For fixed z



Degenerate case:

09.16.03.0001.01

ΣnHz; 0, 0L � 1 �; n Î 81, 2, 3<
For fixed 8g2, g3<

Values at half-periods

09.16.03.0002.01

Σ j  H0; g2, g3L � 1 �; j Î 81, 2, 3<
09.16.03.0003.01

Σ jH2 m Ω1 + 2 n Ω3; g2, g3L � ¥� �; 8m, n< Î Z ì j Î 81, 2, 3<
09.16.03.0004.01

Σn IΩ j; g2, g3M � 0 �; j Î 81, 2, 3<
09.16.03.0005.01

ΣiIH2 m + 1L Ωi + 2 n Ω j + 2 r Ωk; g2, g3M � 0 �; 8m, n, r< Î Z ì 8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k

09.16.03.0006.01

ΣiIΩ j; g2, g3M � ã-Ηi Ω j
ΣHΩk; g2, g3L
ΣHΩi; g2, g3L �; 8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k

09.16.03.0007.01

Σ jHΩi; g2, g3L ΣkHΩi; g2, g3L � ãΗi Ωi �; 8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k

09.16.03.0008.01

ΣiHΩk; g2, g3L
ΣiIΩ j; g2, g3M ΣkHΩi; g2, g3L � ãΗ j Ωi �; 8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k

09.16.03.0009.01

ΣHΩk; g2, g3L
ΣIΩ j; g2, g3M Σ jHΩi; g2, g3L � ãΗ j Ωi �; 8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k

09.16.03.0010.01

Σ jHΩi; g2, g3L2

ΣHΩi; g2, g3L2
� ei - e j �; 8i, j< Î 81, 2, 3< ì i ¹ j

General characteristics

Domain and analyticity

ΣnHz, g2, g3L, n Î 81, 2, 3< are an entire analytical functions of z, g2, and g3, which are defined in C3.

09.16.04.0001.01Hn * z * 8g2 * g3<L �ΣnHz, g2, g3L � H81, 2, 3< Ä C Ä 8C Ä C<L �C

Symmetries and periodicities

Parity
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ΣnHz, g2, g3L, n Î 81, 2, 3< are an even functions with respect to z.

09.16.04.0002.01

ΣnH-z; g2, g3L � ΣnHz; g2, g3L �; n Î 81, 2, 3<
Mirror symmetry

09.16.04.0003.01

ΣnHz�; g2, g3L � ΣnHz; g2, g3L �; n Î 81, 2, 3<
Periodicity

ΣnHz, g2, g3L, n Î 81, 2, 3< are a quasi-periodic functions with respect to z.

09.16.04.0004.01

ΣnHz + 2 Ωn; g2, g3L � -ã2 Ηn Iz+ΩnM ΣnHz; g2, g3L �; n Î 81, 2, 3<
09.16.04.0005.01

ΣnIz + 2 Ω j; g2, g3M � ã2 Η j Iz+Ω jM ΣnHz; g2, g3L �; 8n, j< Î 81, 2, 3< ì n ¹ j

09.16.04.0006.01

ΣiIz + 2 m Ωi + 2 n Ω j + 2 r Ωk; g2, g3M � H-1Ln r+r m+m n +m ã2 Im Ηi+n Η j+r ΗkM Iz+m Ωi+n Ω j+r ΩkM ΣiHz; g2, g3L �;8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k ì 8m, n, r< Î Z

Transformation of half-periods

09.16.04.0007.01

Σ1Hz; g2Ha Ω1 + b Ω3, c Ω1 + d Ω3L, g3Ha Ω1 + b Ω3, c Ω1 + d Ω3LL
Σ2Hz; g2Ha Ω1 + b Ω3, c Ω1 + d Ω3L, g3Ha Ω1 + b Ω3, c Ω1 + d Ω3LL
Σ3Hz; g2Ha Ω1 + b Ω3, c Ω1 + d Ω3L, g3Ha Ω1 + b Ω3, c Ω1 + d Ω3LL � Σ1Hz; g2HΩ1, Ω3L, g3HΩ1, Ω3LL
Σ2Hz; g2HΩ1, Ω3L, g3HΩ1, Ω3LL Σ3Hz; g2HΩ1, Ω3L, g3HΩ1, Ω3LL �; 8a, b, c, d< Î Z ì a d - b c � ±1

Homogeneity

09.16.04.0008.01

ΣnHΛ z; g2HΛ Ω1, Λ Ω3L, g3HΛ Ω1, Λ Ω3LL � ΣnHz; g2HΩ1, Ω3L, g3HΩ1, Ω3LL �; n Î 81, 2, 3<
09.16.04.0009.01

ΣnHΛ z; g2HΛ Ω1, Λ Ω3L, g3HΛ Ω1, Λ Ω3LL � Σn Λ z;
g2HΩ1, Ω3L

Λ4
,

g3HΩ1, Ω3L
Λ6

�; n Î 81, 2, 3<
Poles and essential singularities

With respect to z

For  fixed  g2,  g3,  the  functions  Σ jHz; g2, g3L, j Î 81, 2, 3<  have  simple  poles  at  the  points

z � 2 m Ω1Hg2, g3L + 2 n Ω3Hg2, g3L, 8m, n< Î Z.

09.16.04.0010.01

SingzIΣ jHz; g2, g3LM � 8882 m Ω1 + 2 n Ω3, 1< �; 8m, n< Î Z<< �; j Î 81, 2, 3<
Branch points

With respect to z
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For fixed g2, g3, the function Σ jHz; g2, g3L, j Î 81, 2, 3< does not have branch points.

09.16.04.0011.01

BPzIΣ jHz; g2, g3LM � 8< �; j Î 81, 2, 3<
Branch cuts

With respect to z

For fixed g2, g3, the function Σ jHz; g2, g3L, j Î 81, 2, 3< does not have branch cuts.

09.16.04.0012.01

BCzIΣ jHz; g2, g3LM � 8< �; j Î 81, 2, 3<
Series representations

q-series

q-series for logarithms

09.16.06.0001.01

logHΣ1Hz; g2, g3LL �
Η1 z2

2 Ω1

+ log cos
Π z

2 Ω1

+ 4 â
k=1

¥ H-1Lk
q2 k

k I1 - q2 kM sin2
k Π z

2 Ω1

09.16.06.0002.01

logHΣ2Hz; g2, g3LL �
Η1 z2

2 Ω1

+ 4 â
k=1

¥ H-1Lk
qk

k I1 - q2 kM sin2
k Π z

2 Ω1

09.16.06.0003.01

logHΣ3Hz; g2, g3LL �
Η1 z2

2 Ω1

+ 4 â
k=1

¥ qk

k I1 - q2 kM sin2
k Π z

2 Ω1

Other series representations

09.16.06.0004.01

ΣiHz; g2, g3L � z exp -â
j=2

¥ z2 j

2 j
â

m, n=-¥8m,n<¹80,0<

¥ 1

H2 m Ω1 + 2 n Ω3L2 j
-ei +

1

z2
+ â

j=1

¥ H2 j + 1L z2 j â
m, n=-¥8m,n<¹80,0<

¥ 1

H2 m Ω1 + 2 n Ω3L2 j+2

1�2
�;

i Î 81, 2, 3<
Product representations

Infinite products involving trigonometric functions

09.16.08.0001.01

ΣiHz; g2, g3L � exp
Ηi z2

2 Ωi

cos
Π z

2 Ωi

ä
n=1

¥

1 -

sin2J Π z

2 Ωi
N

cos2J n Π Ω j

Ωi
N �; 8i, j< Î 81, 2, 3< ì i ¹ j
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09.16.08.0002.01

ΣiHz; g2, g3L � exp
Η j z2

2 Ω j

ä
n=1

¥

1 -

sin2J Π z

2 Ω j
N

cos2J n Π Ωi

Ω j
N �; 8i, j< Î 81, 2, 3< ì i ¹ j

09.16.08.0003.01

ΣiHz; g2, g3L � exp
Η j z2

2 Ω j

ä
n=1

¥

1 -

sin2J Π z

2 Ω j
N

cos2J 2 n-1

2

Π Ωk

Ω j
N �; 8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k

Infinite products involving exponentials

09.16.08.0004.01

ΣiHz; g2, g3L � exp -
ei z2

2
ä

m, n=-¥8m,n<¹80,0<

¥

1 -
z

2 m Ω1 + 2 n Ω2 - Ωi

exp
z

2 m Ω1 + 2 n Ω2 - Ωi

+
z2

2 H2 m Ω1 + 2 n Ω2 - ΩiL2
�;

i Î 81, 2, 3<
Infinite products involving q, trigonometrics and exponentials

09.16.08.0005.01

Σ1Hz; g2, g3L � cos
Π z

2 Ω1

exp
Η1 z2

2 Ω1

ä
n=1

¥ 1 + q2 n expJ- ä Π z

Ω1
N

1 + q2 n
ä
n=1

¥ 1 + q2 n expJ ä Π z

Ω1
N

1 + q2 n

09.16.08.0006.01

Σ1Hz; g2, g3L � cos
Π z

2 Ω1

exp
Η1 z2

2 Ω1

ä
n=1

¥ 1 + 2 q2 n cosJ Π z

Ω1
N + q4 n

I1 + q2 nM2

09.16.08.0007.01

Σ2Hz; g2, g3L � exp
Η1 z2

2 Ω1

ä
n=1

¥ 1 + q2 n-1 expJ- ä Π z

Ω1
N

1 + q2 n-1
ä
n=1

¥ 1 + q2 n-1 expJ ä Π z

Ω1
N

1 + q2 n-1

09.16.08.0008.01

Σ2Hz; g2, g3L � exp
Η1 z2

2 Ω1

ä
n=1

¥ 1 + 2 q2 n-1 cosJ Π z

Ω1
N + q4 n-2

I1 + q2 n-1M2

09.16.08.0009.01

Σ3Hz; g2, g3L � exp
Η1 z2

2 Ω1

ä
n=1

¥ 1 - q2 n-1 expJ- ä Π z

Ω1
N

1 - q2 n-1
ä
n=1

¥ 1 - q2 n-1 expJ ä Π z

Ω1
N

1 - q2 n-1

09.16.08.0010.01

Σ3Hz; g2, g3L � exp
Η1 z2

2 Ω1

ä
n=1

¥ 1 - 2 q2 n-1 cosJ Π z

Ω1
N + q4 n-2

I1 - q2 n-1M2

q-products for half-period values
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09.16.08.0011.01

Σ1HΩ1; g2, g3L � 0

09.16.08.0012.01

Σ1HΩ2; g2, g3L � -
ä ä

2 q
4

exp
Η2 Ω2

2
ä
n=1

¥ 1 - q2 n-1

1 + q2 n

2

09.16.08.0013.01

Σ1HΩ3; g2, g3L �
1

2 q
4

 exp
Η3 Ω3

2
ä
n=1

¥ 1 + q2 n-1

1 + q2 n

2

09.16.08.0014.01

Σ2HΩ1; g2, g3L � exp
Η1 Ω1

2
ä
n=1

¥ 1 - q2 n-1

1 + q2 n-1

2

09.16.08.0015.01

Σ2HΩ2; g2, g3L � 0

09.16.08.0016.01

Σ2HΩ3; g2, g3L � 2 q4  exp
Η3 Ω3

2
ä
n=1

¥ 1 + q2 n

1 + q2 n-1

2

09.16.08.0017.01

Σ3HΩ1; g2, g3L � exp
Η1 Ω1

2
ä
n=1

¥ 1 + q2 n-1

1 - q2 n-1

2

09.16.08.0018.01

Σ3HΩ2; g2, g3L � 2 ä q4 exp
Η2 Ω2

2
ä
n=1

¥ 1 + q2 n

1 - q2 n-1

2

09.16.08.0019.01

Σ3HΩ3; g2, g3L � 0

Transformations

Addition formulas

Translation by half-periods

09.16.16.0001.01

ΣiHz ± Ωi; g2, g3L � ¡ã±Ηi z
Σ jHΩi; g2, g3L ΣkHΩi; g2, g3L ΣHz; g2, g3L

ΣHΩi; g2, g3L �; 8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k

09.16.16.0002.01

Σ jHz ± Ωi; g2, g3L � ã±Ηi z Σ jHΩi; g2, g3L ΣkHz; g2, g3L �; 8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k

09.16.16.0003.01

ΣiHz1 + z2; g2, g3L ΣiHz1 - z2; g2, g3L � ΣiHz1; g2, g3L2 ΣiHz2; g2, g3L2 - Iei - e jM Hei - ekL ΣHz1; g2, g3L2 ΣHz2; g2, g3L2 �;8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k
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09.16.16.0004.01

ΣHz1 + z2; g2, g3L ΣHz1 - z2; g2, g3L � ΣHz1; g2, g3L2 ΣiHz2; g2, g3L2 - ΣHz2; g2, g3L2 ΣiHz1; g2, g3L2 �; i Î 81, 2, 3<
09.16.16.0005.01

ΣiHz1 + z2; g2, g3L ΣiHz1 - z2; g2, g3L � ΣiHz1; g2, g3L2 Σ jHz2; g2, g3L2 - Iei - e jM ΣHz2; g2, g3L2 ΣkHz1; g2, g3L2 �;8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k

09.16.16.0006.01

ΣiHz1 + z2; g2, g3L ΣHz1 - z2; g2, g3L � ΣHz1; g2, g3L ΣiHz1; g2, g3L Σ jHz2; g2, g3L ΣkHz2; g2, g3L -

ΣHz2; g2, g3L ΣiHz2; g2, g3L Σ jHz1; g2, g3L ΣkHz1; g2, g3L �; 8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k

09.16.16.0007.01

ΣkHz1 + z2; g2, g3L Σ jHz1 - z2; g2, g3L � ΣkHz1; g2, g3L Σ jHz1; g2, g3L ΣkHz2; g2, g3L Σ jHz2; g2, g3L +Ie j - ekM ΣHz1; g2, g3L ΣiHz1; g2, g3L ΣHz2; g2, g3L ΣiHz2; g2, g3L �; 8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k

Related transformations

Halving half-period

09.16.16.0008.01

Σ1 z; g2

Ω1

2
, Ω3 , g3

Ω1

2
, Ω3 � exp

e1 z2

2
Σ1Hz; g2, g3L2 - ãΗ1 Ω1

ΣHz; g2, g3L2

ΣHΩ1; g2, g3L2

09.16.16.0009.01

Σ2 z; g2

Ω1

2
, Ω3 , g3

Ω1

2
, Ω3 � exp

e1 z2

2
Σ1Hz; g2, g3L2 + ãΗ1 Ω1

ΣHz; g2, g3L2

ΣHΩ1; g2, g3L2

09.16.16.0010.01

Σ3 z; g2

Ω1

2
, Ω3 , g3

Ω1

2
, Ω3 � exp

e1 z2

2
Σ2Hz; g2, g3L Σ3Hz; g2, g3L

Third of half-period

09.16.16.0011.01

Σi z; g2

Ω1

3
, Ω3 , g3

Ω1

3
, Ω3 � exp z2 Ã

2 Ω1

3
; g2, g3 - 2 z Η1

ΣiHz; g2, g3L Σi z +
2 Ω1

3
; g2, g3 Σi z +

4 Ω1

3
; g2, g3 � Σi

2 Ω1

3
; g2, g3 Σi

4 Ω1

3
; g2, g3 �; i Î 81, 2, 3<

General fractions of half-periods

09.16.16.0012.01

Σ1 z; g2

Ω1

n
, Ω3 , g3

Ω1

n
, Ω3 �

exp
Hn - 1L z Η1

n
+ â

k=1

n-1 z2

2
Ã

2 k Ω1

n
; g2, g3 -

H2 k - n + 1L Η1 z

n
ä
k=0

n-1 Σ1Jz +
H2 k-n+1L Ω1

n
; g2, g3N

Σ1J H2 k-n+1L Ω1

n
; g2, g3N �; n Î N+
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09.16.16.0013.01

Σ2 z; g2

Ω1

n
, Ω3 , g3

Ω1

n
, Ω3 �

exp
Hn - 1L z Η1

n
+ â

k=1

n-1 z2

2
Ã

2 k Ω1

n
; g2, g3 -

H2 k - n + 1L Η1 z

n
ä
k=0

n-1 Σ2Jz +
H2 k-n+1L Ω1

n
; g2, g3N

Σ2J H2 k-n+1L Ω1

n
; g2, g3N �; n Î N+

09.16.16.0014.01

Σ3 z; g2

Ω1

n
, Ω3 , g3

Ω1

n
, Ω3 � exp â

k=1

n-1 z2

2
Ã

2 k Ω1

n
; g2, g3 -

2 k Η1 z

n
ä
k=0

n-1 Σ3Jz +
2 k Ω1

n
; g2, g3N

Σ3J 2 k Ω1

n
; g2, g3N �; n Î N+

Identities

Functional identities

09.16.17.0001.01

ΣiHz; g2, g3L2 - Σ jHz; g2, g3L2 � Ie j - eiM ΣHz; g2, g3L2 �; 8i, j< Î 81, 2, 3< ì i ¹ j

09.16.17.0002.01Iek - e jM ΣiHz; g2, g3L2 + Hei - ekL Σ jHz; g2, g3L2 + Ie j - eiM ΣkHz; g2, g3L2 � 0 �; 8i, j< Î 81, 2, 3< ì i ¹ j

Differentiation

Low-order differentiation

With respect to z

09.16.20.0001.01

¶ΣnHz, g2, g3L
¶z

� ΣnHz, g2, g3L HΖHz + Ωn; g2, g3L - ΗnL
09.16.20.0002.01

¶2 ΣnHz, g2, g3L
¶z2

� ΣnHz, g2, g3L IHΗn - ΖHz + Ωn; g2, g3LL2 - ÃHz + Ωn; g2, g3LM
Symbolic differentiation 

With respect to z

09.16.20.0003.01

¶n ΣmHz, g2, g3L
¶zn

�
H2 Ω1L1-n Πn-

1

2 ã-Ηm z

ΣmHz, g2, g3L ä
k=1

¥ 1

1 - q2 k

3

â
j=0

n

2F
�

2

1

2
, 1;

1 - j

2
,

2 - j

2
;

Hz + ΩmL2 ΖHΩ1; g2, g3L
2 Ω1

n

j
 

4 Ω1

Π Hz + ΩmL
j

 

â
k=0

¥ H-1Lk qk Hk+1L H2 k + 1Ln- j sin
1

2 Ω1

 HΠ HHn - jL Ω1 + H2 k + 1L Hz + ΩmLLL - Ηm ΣmHz, g2, g3L �; n Î N+

Representations through equivalent functions
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With related functions

Involving other Weierstrass functions

09.16.27.0001.01

ΣiHz; g2, g3L � ΣHz; g2, g3L ÃHz; g2, g3L - ei �; i Î 81, 2, 3<
09.16.27.0002.01

ΣiHz; g2, g3L2

ΣHz; g2, g3L2
� ÃHz; g2, g3L - ei �; i Î 81, 2, 3<

Involving theta functions

09.16.27.0003.01

Σ1Hz; g2, g3L �
1

2

1

q
4

ä
n=1

¥ 1

I1 - q4 nM I1 + q2 nM exp
Η1 z2

2 Ω1

J2

Π z

2 Ω1

, q

09.16.27.0004.01

Σ2Hz; g2, g3L � ä
n=1

¥ 1

I1 - q2 nM I1 + q2 n-1M2
exp

Η1 z2

2 Ω1

J3

Π z

2 Ω1

, q

09.16.27.0005.01

Σ3Hz; g2, g3L � ä
n=1

¥ 1

I1 - q2 nM I1 - q2 n-1M2
exp

Η1 z2

2 Ω1

J4

Π z

2 Ω1

, q

09.16.27.0006.01

ΣiHu; g2, g3L � exp
Η1 z2

2 Ω1

Ji+1J Π z

2 Ω1
, qN

Ji+1H0, qL �; i Î 81, 2, 3<

Zeros
09.16.30.0001.01

ΣiIH2 m + 1L Ωi + 2 n Ω j + 2 r Ωk; g2, g3M � 0 �; 8m, n, r< Î Z ì 8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k
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