
WeierstrassZeta

Notations

Traditional name

Weierstrass zeta function

Traditional notation

Ζ Hz; g2, g3L
Mathematica StandardForm notation

WeierstrassZetaAz, 9g2, g3=E

Primary definition
09.17.02.0001.01

ΖHz; g2, g3L �
1

z
+ â

m, n=-¥8m,n<¹80,0<

¥ z

H2 m Ω1 + 2 n Ω3L2
+

1

2 m Ω1 + 2 n Ω3

+
1

z - 2 m Ω1 - 2 n Ω3

�; 8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L<

Special notations for this file:

09.17.02.0002.018Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L<
09.17.02.0003.018Ω1, Ω2, Ω3< � 8Ω1Hg2, g3L, -Ω1Hg2, g3L - Ω3Hg2, g3L, Ω3Hg2, g3L<
09.17.02.0004.01

en � ÃHΩn; g2, g3L ì n Î 81, 2, 3<
09.17.02.0005.01

Ηn � ΖHΩn; g2, g3L ì n Î 81, 2, 3<
09.17.02.0006.01

q � exp
Π ä Ω3

Ω1

Specific values

Specialized values

For fixed z



Degenerate case:

09.17.03.0001.01

ΖHz; 0, 0L �
1

z

09.17.03.0002.01

ΖHz; 3, 1L �
z

2
+

3

2
cot

3

2
z

For fixed 8g2, g3<

One-third period values

09.17.03.0003.01

Ζ
2 Ωi

3
; g2, g3 -

2 Ηi

3

2

�
1

3
Ã

2 Ωi

3
; g2, g3 �; i Î 81, 2, 3<

Values at half-periods

09.17.03.0004.018ΖHΩ1; g2, g3L, ΖHΩ2; g2, g3L, ΖHΩ3; g2, g3L< � 8Η1Hg2, g3L, Η2Hg2, g3L, Η3Hg2, g3L<
Values at poles

09.17.03.0005.01

ΖH2 m Ω1 + 2 n Ω3; g2, g3L � ¥� �; 8m, n< Î Z

Values at fixed points

Equianharmonic case 8g2, g3< � 80, 1<
09.17.03.0006.01

ΖHΩ1; 0, 1L �
Π

2 Ω1 3

09.17.03.0007.01

ΖHΩ2; 0, 1L �
Π

2 Ω1 3
 ã2 Π ä�3

09.17.03.0008.01

ΖHΩ1; 0, 1L �
Π

2 Ω1 3
 ã4 Π ä�3

Lemniscatic case 8g2, g3< � 81, 0<
09.17.03.0009.01

ΖHΩ1; 1, 0L �
Π

4 Ω1
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09.17.03.0010.01

ΖHΩ2; 1, 0L �
Π

4 Ω1

H1 - äL
09.17.03.0011.01

ΖHΩ3; 1, 0L � -
Π ä

4 Ω1

Values at infinities

09.17.03.0012.01

ΖHz; g2HΩ1, ¥� L, g3HΩ, ¥� LL �
1

3

Π

2 Ω1

2

z +
Π

2 Ω1

cot
Π z

2 Ω1

09.17.03.0013.01

ΖHz; g2H¥� , ¥� L, g3H¥� , ¥� LL �
1

z

09.17.03.0014.01

ΖH¥� ; g2H¥� , ¥� L, g3H¥� , ¥� LL � 0

General characteristics

Domain and analyticity

ΖHz; g2, g3L is an analytical function of z, g2, and g3, which is defined in C3.

09.17.04.0001.01Hz * 8g2 * g3<L �ΖHz; g2, g3L � HC Ä 8C Ä C<L �C

Symmetries and periodicities

Parity

ΖHz; g2, g3L is an odd function with respect to z.

09.17.04.0002.01

ΖH-z; g2, g3L � -ΖHz; g2, g3L
Mirror symmetry

09.17.04.0003.01

ΖHz�; g2, g3L � ΖHz; g2, g3L
Periodicity

ΖHz; g2, g3L is a quasi-periodic function with respect to z.

09.17.04.0004.01

ΖHz + 2 m Ω1 + 2 n Ω2 + 2 r Ω3; g2, g3L � ΖHz; g2, g3L + 2 m Η1 + 2 n Η2 + 2 r Η3 �; 8m, n, r< Î Z

Transformation of half-periods
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09.17.04.0005.01

ΖHz; g2Ha Ω1 + b Ω3, c Ω1 + d Ω3L, g3Ha Ω1 + b Ω3, c Ω1 + d Ω3LL � ΖHz; g2HΩ1, Ω3L, g3HΩ1, Ω3LL �;8a, b, c, d< Î Z ì a d - b c � ±1

Homogeneity

09.17.04.0006.01

ΖHz t; g2, g3L �
1

t
 ΖIz; g2 t4, g3 t6M �; t Î R

09.17.04.0007.01

ΖHΛ z; g2HΛ Ω1, Λ Ω3L, g3HΛ Ω1, Λ Ω3LL � Ζ Λ z;
g2HΩ1, Ω3L

Λ4
,

g3HΩ1, Ω3L
Λ6

09.17.04.0008.01

ΖHΛ z; g2HΛ Ω1, Λ Ω3L, g3HΛ Ω1, Λ Ω3LL �
1

Λ
ΖHz; g2HΩ1, Ω3L, g3HΩ1, Ω3LL

Poles and essential singularities

With respect to z

For fixed g2,  g3, the function ΖHz; g2, g3L has an infinite set of singular points:

a) z � 2 m Ω1Hg2, g3L + 2 n Ω3Hg2, g3L, 8m, n< Î Z, are the simple poles with residues 1;

b)  z � ¥�  is an essential singular point.

09.17.04.0009.01

SingzHΖHz; g2, g3LL � 8882 m Ω1 + 2 n Ω3, 1< �; 8m, n< Î Z<, 8¥� , ¥<<
09.17.04.0010.01

reszHΖHz; g2, g3LL H2 m Ω1 + 2 n Ω3L � 1 �; 8m, n< Î Z

Branch points

With respect to z

For fixed g2, g3, the function ΖHz; g2, g3L does not have branch points.

09.17.04.0011.01

BPzHΖHz; g2, g3LL � 8<
Branch cuts

With respect to z

For fixed g2, g3, the function ΖHz; g2, g3L does not have branch cuts.

09.17.04.0012.01

BCzHΖHz; g2, g3LL � 8<
Series representations

Generalized power series
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Expansions at z � 0

09.17.06.0013.01

ΖHz; g2, g3L µ
1

z
-

g2

60
 z3 -

g3

140
 z5 - ¼ �; Hz ® 0L

09.17.06.0014.01

ΖHz; g2, g3L µ
1

z
-

g2

60
 z3 -

g3

140
 z5 - OIz7M

09.17.06.0001.01

ΖHz; g2, g3L �
1

z
- â

k=2

¥ ak z2 k-1

2 k - 1
�; a2 �

g2

20
í a3 �

g3

28
í ak �

3

H2 k + 1L Hk - 3L  â
l=2

k-2

al ak-l

09.17.06.0002.01

ΖHz; g2, g3L �
1

z
- â

k=1

¥ â
m, n=-¥8m,n<¹80,0<

¥ 1

H2 m Ω1 + 2 n Ω3L2 k+2
z2 k+1

09.17.06.0015.01

ΖHz; g2, g3L µ
1

z
 I1 + OIz4MM

q-series

09.17.06.0003.01

ΖHz; g2, g3L �
Η1 z

Ω1

+
Π

2 Ω1

 cot
Π z

2 Ω1

+
2 Π

Ω1

â
k=1

¥ q2 k

1 - q2 k
sin

k Π z

Ω1

09.17.06.0004.01

ΖHz; g2, g3L �
Η1 z

Ω1

+
Π

2 Ω1

cot
Π z

2 Ω1

+
2 Π

Ω1

â
k=1

¥ q2 k sinJ Π z

Ω1
N

1 - 2 cosJ Π z

Ω1
N q2 k + q4 k

09.17.06.0005.01

Η1 �
Π2

12 Ω1

-
2 Π2

Ω1

â
k=1

¥ k q2 k

1 - q2 k

09.17.06.0006.01

Η1 �
Π2

2 Ω1

 4 â
k=1

¥ q2 k

Iq2 k + 1M2
+

1

2
- e1 Ω1

09.17.06.0007.01

Η1 �
2 Π2

Ω1

 â
k=1

¥ q2 k-1

Iq2 k-1 + 1M2
- e2 Ω1

09.17.06.0008.01

Η1 � -e3 Ω1 -
2 Π2

Ω1

 â
k=1

¥ q2 k-1

I1 - q2 k-1M2
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09.17.06.0009.01

Η1 �
Π2

2 Ω1

1

6
- 4 â

k=1

¥ q2 k

I1 - q2 kM2

Other series representations

09.17.06.0010.01

ΖHz; g2, g3L �
1

z
+ â

m, n=-¥8m,n<¹80,0<

¥ z

H2 m Ω1 + 2 n Ω3L2
+

1

2 m Ω1 + 2 n Ω3

+
1

z - 2 m Ω1 - 2 n Ω3

09.17.06.0011.01

ΖHz; g2, g3L �
z Η1

Ω1

+
Π

2 Ω1

 â
n=-¥

¥

cot
Hz - 2 n Ω3L Π

2 Ω1

09.17.06.0012.01

ΖHz; g2, g3L �
Ηi z

Ωi

+
Π

2 Ωi

cot
Π z

2 Ωi

+
Π

2 Ωi

â
k=-¥

¥

cot Π
k Ω j

Ωi

+ cot Π
z - 2 k Ω j

2 Ωi

�; 8i, j< Î 81, 2, 3< ì i ¹ j

Integral representations

On the real axis

Of the direct function

09.17.07.0001.01

ΖHz; g2, g3L �
1

z
-

1

4
à

0

¥ It z - 2 sinI t z

2
MM ã

ä t

2
Ω2 cosI t Ω2

2
M

sinJ 1

2
t HΩ1 - Ω2LN sinJ 1

2
t HΩ1 + Ω2LN -

It z - 2 sinhI t z

2
MM KcoshHt Ω2L + ã-

t

2
 Ω2 sinhI t Ω2

2
MO

sinhJ 1

2
t HΩ1 - Ω2LN sinhJ 1

2
t HΩ1 + Ω2LN  â t

Involving related functions

09.17.07.0002.01

ΖHz; g2, g3L �
1

z
- à

0

z

ÃHt; g2, g3L -
1

t2
 â t

Differential equations

Ordinary nonlinear differential equations

09.17.13.0001.01

¶2 ΖHz; g2, g3L
¶z2

2

+ 4
¶ΖHz; g2, g3L

¶z

3

- g2

¶ΖHz; g2, g3L
¶z

+ g3 � 0

Partial differential equations

09.17.13.0002.01

72 g3

¶ΖHΩ1; g2, g3L
¶g2

+ 4 g2
2

¶ΖHΩ1; g2, g3L
¶g3

- Ω1 g2 � 0
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09.17.13.0003.01

72 g3

¶ΖHΩ3; g2, g3L
¶g2

+ 4 g2
2

¶ΖHΩ3; g2, g3L
¶g3

- Ω3 g2 � 0

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

09.17.16.0001.01

ΖHä z; g2, g3L � -ä ΖHz; g2, -g3L
Addition formulas

Translation by half-periods

09.17.16.0002.01

ΖHz ± Ωi; g2, g3L � ΖHz; g2, g3L ± Ηi +
1

2

Ã¢Hz; g2, g3L
ÃHz; g2, g3L - Ηi

�; i Î 81, 2, 3<
09.17.16.0003.01

ΖHz1 ± z2; g2, g3L � ΖHz1; g2, g3L ± ΖHz2; g2, g3L +
1

2

Ã¢Hz1; g2, g3L ¡ Ã¢Hz2; g2, g3L
ÃHz1; g2, g3L - ÃHz2; g2, g3L

09.17.16.0004.01

ΖHz1 + z2; g2, g3L � H1 - z1L ÃHz2; g2, g3L + â
m,n=-¥

¥ 1

z1 + z2 - 2 m Ω1 - 2 n Ω3

-
1

z2 - 2 m Ω1 - 2 n Ω3

+
z1

Hz2 - 2 m Ω1 - 2 n Ω3L2

09.17.16.0005.01

ΖHz1 + z2; g2, g3L + ΖHz1 - z2; g2, g3L � 2 ΖHz1; g2, g3L +
Ã¢Hz1; g2, g3L

ÃHz1; g2, g3L - ÃHz2; g2, g3L
09.17.16.0006.01

ΖHz1 + z2; g2, g3L - ΖHz1 - z2; g2, g3L � 2 ΖHz2; g2, g3L -
Ã¢Hz2; g2, g3L

ÃHz1; g2, g3L - ÃHz2; g2, g3L
Multiple arguments

Argument involving numeric multiples of variable

Double angle formulas

09.17.16.0007.01

ΖH2 z; g2, g3L �
1

2
 HΖHz; g2, g3L + ΖHz - Ω1; g2, g3L + ΖHz - Ω2; g2, g3L + ΖHz - Ω3; g2, g3LL

09.17.16.0008.01

ΖH2 z; g2, g3L � 2 ΖHz; g2, g3L +
Ã²Hz; g2, g3L

2 Ã¢Hz; g2, g3L

http://functions.wolfram.com 7



Triple angle formulas

09.17.16.0009.01

ΖH3 z; g2, g3L � 3 ΖHz; g2, g3L +
4 Ã¢Hz; g2, g3L3

Ã¢Hz; g2, g3L ÃH3LHz; g2, g3L - Ã²Hz; g2, g3L2

Argument involving symbolic multiples of variable

Multiple angle formula:

09.17.16.0010.01

ΖHn z; g2, g3L � -Hn - 1L Η2 +
1

n
â
j=0

n-1 â
k=0

n-1

Ζ z -
2 j Ω1 + 2 k Ω3

n
; g2, g3 �; n Î N+

Related transformations

Halving half-period

09.17.16.0011.01

Ζ z; g2

Ω1

2
, Ω3 , g3

Ω1

2
, Ω3 � e1 z + ΖHz; g2, g3L + ΖHz + Ω1; g2, g3L - Η1

Third of half-period

09.17.16.0012.01

Ζ z; g2

Ω1

3
, Ω3 , g3

Ω1

3
, Ω3 � Ζ Hz; g2, g3L + Ζ z +

2 Ω1

3
; g2, g3 + Ζ z +

4 Ω1

3
; g2, g3 + 2 z Ã

2 Ω1

3
; g2, g3 - 2 Η1

General fractions of half-periods

09.17.16.0013.01

Ζ z; g2

Ω1

n
, Ω3 , g3

Ω1

n
, Ω3 � ΖHz; g2, g3L + â

k=1

n-1

Ζ z +
2 k Ω1

n
; g2, g3 + z Ã

2 k Ω1

n
; g2, g3 -

2 k Η1

n
�; n Î N+

Differentiation

Low-order differentiation

With respect to z

09.17.20.0001.01

¶ΖHz; g2, g3L
¶z

� -ÃHz; g2, g3L
09.17.20.0002.01

¶2 ΖHz; g2, g3L
¶z2

� -Ã¢Hz; g2, g3L
09.17.20.0003.01

¶3 ΖHz; g2, g3L
¶z3

�
g2

2
- 6 ÃHz; g2, g3L2

http://functions.wolfram.com 8



09.17.20.0004.01

¶4 ΖHz; g2, g3L
¶z4

� -12 ÃHz; g2, g3L Ã¢Hz; g2, g3L
With respect to g2

09.17.20.0005.01

¶ΖHz; g2, g3L
¶g2

�
1

8 Ig2
3 - 27 g3

2M  I2 Ig2
2 + 18 g3 ÃHz; g2, g3LM ΖHz; g2, g3L - z g2 H3 g3 + 2 g2 ÃHz; g2, g3LL + 18 g3 Ã¢Hz; g2, g3LM

09.17.20.0006.01

¶2 ΖHz; g2, g3L
¶g2

2
�

1

16 Ig2
3 - 27 g3

2M2
 Ig2

4I-Ã¢Hz; g2, g3L z2 + ÃHz; g2, g3L z - 3 ΖHz; g2, g3LM +

36 g3 g2
2 I2 z ÃHz; g2, g3L2 - 4 ΖHz; g2, g3L ÃHz; g2, g3L + Ã¢Hz; g2, g3L Hz ΖHz; g2, g3L - 2LM +

162 z g3
3 + 27 g3

2 Ig2 H7 z ÃHz; g2, g3L - ΖHz; g2, g3LL -

12 I4 ΖHz; g2, g3L ÃHz; g2, g3L2 + Ã¢Hz; g2, g3L ÃHz; g2, g3L + Ã¢Hz; g2, g3L ΖHz; g2, g3L2MMM
With respect to g3

09.17.20.0007.01

¶ΖHz; g2, g3L
¶g3

�
1

4 Ig2
3 - 27 g3

2M  Iz Ig2
2 + 18 g3 ÃHz; g2, g3LM - 6 g2 Ã¢Hz; g2, g3L - 6 H3 g3 + 2 g2 ÃHz; g2, g3LL ΖHz; g2, g3LM

09.17.20.0008.01

¶2 ΖHz; g2, g3L
¶g3

2
�

3

4 Ig2
3 - 27 g3

2M2
 IH5 z ÃHz; g2, g3L + ΖHz; g2, g3LL g2

3 +

6 g2
2 Iz g3 - 2 I4 ΖHz; g2, g3L ÃHz; g2, g3L2 + Ã¢Hz; g2, g3L ÃHz; g2, g3L + Ã¢Hz; g2, g3L ΖHz; g2, g3L2MM +

36 g3 g2I2 z ÃHz; g2, g3L2 - 4 ΖHz; g2, g3L ÃHz; g2, g3L + Ã¢Hz; g2, g3L Hz ΖHz; g2, g3L - 2LM -

27 g3
2 IÃ¢Hz; g2, g3L z2 - 3 ÃHz; g2, g3L z + 5 ΖHz; g2, g3LMM

With respect to Ω1

09.17.20.0011.02

¶ΖHz; g2, g3L
¶Ω1

�
Ω1

Π Ω3

-
Ω3

2

Ω1
2

 Ω3 Ã¢Hz; g2, g3L + 2 ΖHz; g2, g3L ÃHz; g2, g3L -
1

6
 g2 z + 2 Η3 HΖHz; g2, g3L - z ÃHz; g2, g3LL

With respect to Ω3

09.17.20.0012.02

¶ΖHz; g2, g3L
¶Ω3

� -
Ω1

Π Ω3

-
Ω3

2

Ω1
2

 Ω1 Ã¢Hz; g2, g3L + 2 ΖHz; g2, g3L ÃHz; g2, g3L -
1

6
 g2 z + 2 Η1 HΖHz; g2, g3L - z ÃHz; g2, g3LL

09.17.20.0013.01

¶ΖHz; g2, g3L
¶Ω3

� -
Ω3

6 Π -Ω3
2

Ig2H1, Ω3L - 6 Ã¢H1; g2H1, Ω3L, g3H1, Ω3LL - 12 ΖH1; g2H1, Ω3L, g3H1, Ω3LL 2M

Symbolic differentiation 
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With respect to z

09.17.20.0009.01

¶n ΖHz; g2, g3L
¶zn

� -
n

2
 

Π

Ω1

n+1 â
k=0

n-1 â
j=0

k-1 H-1L j  2-2 k

k + 1

n - 1

k
 sin-2 k-2

Π z

2 Ω1

2 k
j

Hk - jLn-1 sin
Π z Hk - jL

Ω1

+
n Π

2
-

Π2 ∆n-1

4 Ω1
2

 csc2
Π z

2 Ω1

+
z1-n Η1

Ω1 GH2 - nL +
2 Πn+1

Ω1
n+1

 â
k=1

¥ q2 k kn

1 - q2 k
sin

Π n

2
+

k Π z

Ω1

�; n Î N+

Fractional integro-differentiation

With respect to z

09.17.20.0010.01

¶Α ΖHz; g2, g3L
¶zΑ

� FCexp
HΑL Hz, -1L z-Α-1 - 2 z2-Α â

m, n=-¥8m,n<¹80,0<

¥ 1

H2 m Ω1 + 2 n Ω3L3
´

2F
�

1 1, 3; 3 - Α;
z

2 m Ω1 + 2 n Ω3

Integration

Indefinite integration

For the direct function itself

09.17.21.0001.01

à ΖHz; g2, g3L â z � logHΣHz; g2, g3LL

Summation

Finite summation

09.17.23.0001.01

â
k=1

n-1

Ã
2 k Ω1

n
; g2, g3 �

n

Ω1

Ζ
Ω1

n
; g2

Ω1

n
, Ω3 , g3

Ω1

n
, Ω3 - Η1

09.17.23.0002.01

â
k=1

n-1

Ã
2 k Ω1

n
; g2, g3 �

1

Ω3

 Ζ
Ω1

n
; g2

Ω1

n
, Ω3 , g3

Ω1

n
, Ω3 - n Η3

09.17.23.0003.01

â
j, k=08 j,k<¹80,0<

n-1

Ζ
2 j Ω1 + 2 k Ω3

n
; g2, g3 � -n Hn - 1L Η2 �; n - 1 Î N+

Representations through equivalent functions
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With related functions

Involving other Weierstrass functions

09.17.27.0001.01

ΖHz; g2, g3L �
1

z
- à

0

z

ÃHt; g2, g3L -
1

t2
 â t

09.17.27.0002.01

ΖHz; g2, g3L �
¶ logHΣHz; g2, g3LL

¶z

09.17.27.0003.01

ΖHz; g2, g3L �
Σ¢Hz; g2, g3L
ΣHz; g2, g3L

Involving theta functions

09.17.27.0004.01

ΖHz; g2, g3L �
z Η1

Ω1

+
þ J1

¢ J Π z

2 Ω1
, qN

2 Ω1 J1J Π z

2 Ω1
, qN

09.17.27.0005.01

ΖHz + Ωi; g2, g3L � Ηi +
z Η1

Ω1

+
Π Ji+1

¢ J Π z

2 Ω1
, qN

2 Ω1 Ji+1J Π z

2 Ω1
, qN �; i Î 81, 2, 3<

09.17.27.0006.01

Η1 � -
Π2

12 Ω1

 
J1

H3LH0, qL
J1

¢ H0, qL
09.17.27.0007.01

Η1 � -ei Ω1 -
Π2

4 Ω1

 
Ji+1

² H0, qL
Ji+1H0, qL �; i Î 81, 2, 3<

09.17.27.0008.01

Η1
2 �

g2

6
- ei

2 Ω1
2 - ei -

Π2 Η1

2 Ω1

 
Ji+1

² H0, qL
Ji+1H0, qL -

Π4

48 Ω1
2

Ji+1
H4L H0, qL

Ji+1H0, qL �; i Î 81, 2, 3<
Involving elliptic integrals and modular functions

09.17.27.0009.01

8ΖHΩ1; g2, g3L, ΖHΩ3; g2, g3L< � : e1 - e3 EHmL -
e1

e1 - e3

 KHmL , -ä e1 - e3 EH1 - mL +
e3

e1 - e3

 KH1 - mL > �;
m � q-1HqL í 8e1, e2, e3< � 8e1Hg2, g3L, e2Hg2, g3L, e3 Hg2, g3L<

History

– K. Weierstrass (1862)
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