WOLFRAM s.wolfram.com

R E 5‘ E A- R C H I'he -".":-'."_"-': le most con iy ve it 1 .':I..-:'r. FOHCe l'.lll'. in fornal tore abont mathematical _|I..r_l'.l.|'I..lrj:I'.l.l'|'."-.

WelerstrassZeta

Wiow the onling version at Download the
® functions.weolfram.com @ PDF File

Notations

Traditional name

Weierstrass zeta function
Traditional notation
$(Z 92, 93)

Mathematica StandardForm notation

Vei erstrassZetalz {g, 0]

Primary definition

09.17.02.0001.01

1 o z 1 1
{(Z, 92, O3) == — + Z + + /i {w, w3} == {w1(92, 93), w3(Q2, U3)}
Z e @CMmwi+2nwg)? 2Mwi+2nwz  Z-2Mow;—2Nws
{m,n}+(0,0}

Specia notations for thisfile:

09.17.02.0002.01
{w1, w3} = {w1(2, G3), W3(T2, Ga)}

09.17.02.0003.01
{w1, Wy, w3} == {w1(G2, Y3), —W1(F2, 93) — W3(d2, G3), wW3(Q2, U3)}

09.17.02.0004.01
€n = p(wn; G, G3) ANe{l, 2, 3}

09.17.02.0005.01
1 = {(wn; %2, G3) An el 2 3

09.17.02.0006.01

i w3
q:: exp( )

wy

Specific values

Specialized values

For fixed z
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Degenerate case:
09.17.03.0001.01

1
{(z0,0)= —
z

09.17.03.0002.01

31 z 3 | 3
{(z,,)__5+/500 /52

For fixed {go, g3}

One-third period values

09.17.03.0003.01

20.)i 27], 2 1 2wi . 53
—i 0 WG| —| = -9 —: % yiefl, 2
[5[3 O 93) 3) 39[3 o7 93]/|€{ }
Values at half-periods
09.17.03.0004.01
{{(w1; 92, 93), {(w2; G2, B3), {(w3; G2, F3)} == {N1(G2, G3), M2(T2, F3), M3(T2, Fa)}
Values at poles

09.17.03.0005.01
{CMmw; +2Nw3; Ga, Ga) = /; {M, nf e Z
Values at fixed points

Equianharmonic case {g,, g3} == {0, 1}
09.17.03.0006.01

{(@1;0,1) =

2(1)1\/?

09.17.03.0007.01

l(wy;0,1) = 273

2(1)1\/?

09.17.03.0008.01

{(wy;0,1) = et

2w1\/§

Lemniscatic case {g, g3} == {1, 0}
09.17.03.0009.01

;1,0 i
((wlr 1 )——4—

wq
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09.17.03.0010.01

Vs
(s 1,0)= — (1)
4(1)1

09.17.03.0011.01

T
l(ws; 1, 0) = ———
w1

Values at infinities

09.17.03.0012.01

l[ P d )2 s (ﬂZ)
Z Oo(wq, &), g3(w, &0)) = —| — | z+ —— cot| —
{(Z, go(w1, %), Pa(w, %)) 320, o 2o

09.17.03.0013.01

1
{(Z Gao(®, ), P3(0, %)) == -

09.17.03.0014.01
£(69; go(S0, ), Gg(c0, 50)) =0

General characteristics

Domain and analyticity
L(Z, 2, g3) isan analytical function of z, g, and g3, which is defined in C3.

09.17.04.0001.01
(Z#{92#Gs) —{(Z G2, G3) 11 (CR{COCH —C

Symmetries and periodicities
Parity
{(z, 9o, 03) isan odd function with respect to z.

09.17.04.0002.01
$(=7 9, 93) = —{(Z 92, Ga)

Mirror symmetry

09.17.04.0003.01
((2, %2, %) == g(zv 02, gB)

Periodicity
{(z, @0, 03) isaquasi-periodic function with respect to z.

09.17.04.0004.01
{Z+2Mmwy +2Nwy + 21 w3; G2, G3) == 4(Z G2, Ga) + 2Mp  + 2Nz + 21z /; {im n, rt e Z

Transformation of half-periods
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09.17.04.0005.01
{(Z Q(aws + bws, Cwy +dws), gs(@wq + bws, Cwy +dws)) = {(Z Po(w1, w3), Gz(w1, w3)) /;
{a,b,c,deZz Nad-bc==+1

Homogeneity

09.17.04.0006.01
1
{(zt; G, 93) == ;{(Zi ot gst®) /iteR

09.17.04.0007.01

 G2(wy, w3) Ga(wy, wa)

{AZ g(Awy, Awz), G3(Awy, Awa)) =¢|A Z )
b A8

09.17.04.0008.01

1
{(AZ (A w1, Aws), Gz(A w1, A ws)) == Xe’(z; Oo(w1, w3), Y3(wy, W3))

Poles and essential singularities

With respect to z

For fixed g,, g3, the function £(z; g», g3) has an infinite set of singular points:
a) Z==2mMw1(9z, ¥3) + 2Nw3(0z, ¥3), {M, n} € Z, are the simple poleswith residues 1,
b) z== c isan essential singular point.

09.17.04.0009.01
Sing ({(Z, G2, %)) == {{2Mwy + 2nwg, 1} /; {m, n} € Z}, {0, oo}}

09.17.04.0010.01
1es,({(z g2, 93)) 2Mwy +2Nwgz)=1/;{m nfe Z

Branch points
With respect to z
For fixed gy, gs, the function £(z g», gs) does not have branch points.

09.17.04.0011.01
BPAL(Z G, O3)) == {}

Branch cuts
With respect to z
For fixed gy, gs, the function £(z gy, g3) does not have branch cuts.

09.17.04.0012.01
BCAL(Z G2, 3)) = {}

Series representations

Generalized power series
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Expansionsat z==0

09.17.06.0013.01
1 o O3

Z U x———22——2—...[;(z>0)

4(Z, 92, 93) . 120

09.17.06.0014.01

1 o O3
Z O Bx-—-—2-—22-0Z
4(Z 92, 93) . 120 (Z')
09.17.06.0001.01
1 ) akZZk—l
{Z 92, 93) =~ ~
2 93 z Z 2k-1

k=2

09.17.06.0002.01
(Eom=-d Y . 2k
V4

k=1 m,N=—co (2 mwq + 2n (U3)2 k2
{mnj#(0,0}

09.17.06.0015.01

1
{(Z 92, 93) 2 (1+0(2)

g-series

09.17.06.0003.01

mz rz\ 2 &, ¢ (knz
{(Z, G2, 93) == —+—cot(—)+— sinf —
w1 2(1)1 2(1)1 w1 o 1_q2k w1

09.17.06.0004.01
()

w1

mz big nz 2r &
{(Z G Gg) = —+— cot(—) +—
w1 2w, 2wy w15 1_200%77_2) q2k+q4k
w1

09.17.06.0005.01

7T2 27'1'2 oo kq2k
m== -
12(1)1 w1 k=1 1_q2k
09.17.06.0006.01
7T2 o0 q2k 1
n=—1024 —+ |6 w;

201 | o (o?<+ 1)2

09.17.06.0007.01
242 q2 k-1
m=—),—— S, &wu
w1 3 (qz k-1 + 1)

09.17.06.0008.01
242 q2k—1
M ey - —— ) ————
w1 (1 _ q2k71)

92 O3 3
y Ay == — Qg == — = -
e 20/\ : 28/\ak 2k+1) (k-3

k-2
Daa

1=2
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09.17.06.0009.01

71'2 1 ) q2k
Tll = — — - 4 _—
20.)1 6 k=1 (1 _ q2k)2

Other series representations

09.17.06.0010.01

1 © z 1 1
(ZOG)=—+ ) ' +
zZ e (2mw1+2nw3)2 2Mwi+2Nw3 z2-2Mw;—2Nws3
{Mn}£(00}

09.17.06.0011.01

Zm Vs i (z-2nw3)m
(ZGoyGa) == — + —— cotf —
4(Z, 92, 93 or | 2en ( 20, ]

09.17.06.0012.01

mnz n nz Tl Kw; z-2kwj
((Z;gg,gg)::—+2—cot[—]+—Zcotn— + cotf > [, j1efl, 2, 3IAiT#]

wWj wWj 2 wWj 2 Wi | wWj wWj
=—00

Integral representations

On the real axis
Of thedirect function

09.17.07.0001.01

it . L w
(tz_zgn(%z))e‘;wz cos(‘%) (tZ—ZSInh(%Z))(COSh(th)+e 2 anh(th))
dt

1 1 p
(Eew=--- [ -
RN Sin(%t(wl—wz))sin(%t(wl+w2)) Sinh(%t(wl—wz))sinh(%t(wl+w2))

Involving related functions

09.17.07.0002.01

1 Z 1
{(Z, 92, 93) == — —f [@(t; 92, O3) — —] dt
z Jo t2

Differential equations

Ordinary nonlinear differential equations

09.17.13.0001.01

[ PLZ 0 G3) )2 {64(2; ) ]3 0L(Z Uz, Gs)
T e | g, g =
072 0z 0z

Partial differential equations

09.17.13.0002.01
0{(w1; U2, 93) A2 0{(w1; U2, 93)
+

Os O ~w1gy==0
00 003
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09.17.13.0003.01
0{(w3; G2, O3) , 0{(ws3; G2, G3)

7203 +40; —w3gy==0
00 003

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

09.17.16.0001.01
4z 9z, 93) = —i4(Z 02, —03)

Addition formulas

Trandlation by half-periods

09.17.16.0002.01
1 ¢'(Z 0 0%)

{Z+wi; 00, 93)={(Z 0y, Q) 27+ - ———— [;ie{l, 2, 3
2 9(Z 92, O3) — i

09.17.16.0003.01

1 9'(z1; 92, 93) F 9’ (Z2; G2y G3)
{(Z1 £ 25; G2, O3) == {(Z1; G2, 93) £ {(Z; G2, 93) + —
2 9(z1; G2, G3) — 9(Z; U2, O3)

09.17.16.0004.01

ad 1 1 7
{(Z1+2; 02,0 = (1-2) p(Z; 92, Ua) + Z - +
e\ A+ —2Mw; - 2Nw;  Z-2Mw; - 2Nw3 (7, - 2Mw; - 2Nw3)?

09.17.16.0005.01
9'(215 92, 9a)

9(Z1; G2, 93) — 9(Z; G2, O3)

Lz + 2, 92, O3) + {(Z1 — 22, Oy G3) == 24(Z1; O, O3) +

09.17.16.0006.01
9'(Z25 92, 93)

9(Z1; 92, 93) — 9(Z; G2, G3)

{(Z1 + 255 92, 03) — {(Z1 — 225 U2, O3) == 2{(Z; U2, G3) —

Multiple arguments

Argument involving numeric multiples of variable

Double angle formulas

09.17.16.0007.01
1
{27 9y, 93) = 5(5(2; U2, G3) + {(Z2— w1; G2, 93) + {(Z— w3} Go, O3) + {(Z— w3; U2, O3))
09.17.16.0008.01

9”(Z G2, 93)

(272,92, 93) =24(Z, G, )+ —
2?) (z 02, 93)
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Triple angle formulas

09.17.16.0009.01
49'(Z G2, Ga)°

{(3Z 92, 93) = 3{(Z, 02, G3) + 5
9 (Z 92, 93) 9(Z G, U3) — 9”(Z U, Ta)

Argument involving symbolic multiples of variable
Multiple angle formula:

09.17.16.0010.01

1n-ind 2jwi+2kws
zZ- —— 0, Q3| /s neN’

{Nz,0p,93) =-(N=Dm + - ZZ(

j=0 k=0

Related transformations

Halving half-period

09.17.16.0011.01

w1 w1
§(Z§ 92(?1 ws), 93(?, 0—’3)) == €1 Z+{(Z 92, 93) + {(Z+ wy1; G2, G3) — 11

Third of half-period

09.17.16.0012.01
w1 w1 2(4)1 4(1.)1 2(.L)1
((Z? 92(?, ws). 93(?, ws)) ={(Z 92, 93) +§(Z+ T; O, 93) +§[Z+ T; 02, 93) + ZZP(T? G2, 93) -2

General fractions of half-periods

09.17.16.0013.01

w1 w1 n-1 2k0.)1 2k(l_)1 2k771
5(2; 92(7, ws): 93(7, ws)) =={(Z 92, 93) +Z[§[Z+ 5 O, 93] + Z@{ s O, 93] - T] /ineN*
k=1

Differentiation

Low-order differentiation

With respect to z

09.17.20.0001.01
04(z, 92, %)
——— =—-9(Z G2, O3)
0z

09.17.20.0002.01

Lz %, B3)
07

09.17.20.0003.01

PUZ G %) 60z 6. a2
623 - 2 9(Z 02, O3

=-9'(Z G, U3)
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09.17.20.0004.01
*U(zZ %, B3)

=-129(Z G, 93) ©'(Z G2, U3)
FiPa

With respect to g

09.17.20.0005.01

04(Z, 92, 93) 1
=— (2(05+ 1803 9(Z G2, 93)) £(Z Gp, G3) — 202 (303 + 202 9(Z; Tp, Ga)) + 1803 ¢ (Z G2, T3))
0% 8(g3-2743)
09.17.20.0006.01
8?L(Z Uz, O3) 1
— = —(B(-9'(Z 02, 9) 2+ 9(Z 02, 03) 2~ 34(Z &2 G) +
995 16(g; - 2763)

3603 05 (229(Z G2, 92)° — 4(Z O, Ga) 9(Z o, B) + 9'(Z Gp, G) (ZL(Z; G, Ga) — 2)) +
1622035 + 2703 (92 (7 29(Z G2, Ga) — {(Z Gp, G3)) -
12(44(Z G2, G3) 9(Z G, B)° + 9 (Z G2, G3) 9(Z G, G3) + 9'(Z T2, Ga) {(Z G2, G3)°))

With respect to g3

09.17.20.0007.01

04(Z G2, B3) 1
= (2(g5+ 1803 9(Z G2, U3)) 692 9'(Z G2, G3) — 6 (303 + 20 9(Z; G, Ba)) £(Z G, Bs))
093 4(g3-2763)

09.17.20.0008.01
0*L(zZ G2, o) 3 5
— = (529(Z G2, G9) +{(Z G2, 93)) G, +
99 4(g3-2743)

605 (20— 2(44(Z G, Ga) 9(Z G, G3)° + 9'(Z Ga, U3) (Z G2, G3) + 9'(Z G, G3) {(Z G, G3)7)) +
3603 02(229(Z G2, 92)° — 4L(Z U, G3) 9(Z G2, Ga) + ¢ (Z Gp, U3) (ZL(Z Gz, G3) — 2)) —
2703 (¢'(Z G2 03) 22 - 39(Z O, 93) 2+ 54(Z U, G3)))

With respect to w;

09.17.20.0011.02

HEZG G @ | @5 , 1
—_— = |- (ws (f@ (Z, 92, 93) + 2{(Z, G2, U3) 9(Z; G2, G3) — ggz Z) +2n13({(Z 92, 93) — Z9(Z Ga, 93)))

6(1)1 T w3 w%

With respect to ws

09.17.20.0012.02

04(Z, 92, Ga) wq w3 ) 1
— =" (0)1 (0 (Z G2, G3) + 24(Z G2, 93) 9(Z 02, O3) — 5 02 Z) +2n1({(Z 92, 93) — 29(Z O, 93)))

6(1)3 T w3 w3

09.17.20.0013.01

904(z 92, B3) w3 , )
= (92(1, w3) = 69'(L; Go(L, w3), G3(1, wg)) — 124(L; Gp(L, w3), G3(1, wy))?)

2
674 —w3

(9(1)3

Symbolic differentiation
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With respect to z

09.17.20.0009.01

knz

"z G2, Gs) n[n )“*1 ikl (-1l 272k (n—l) _ ,ZH( nz
—_— I — — _— Sn
97" 2\w/) @3 k+1 k
ﬂ'zén—l Cg:z( 1z )+ Zl—nn1 21 q2k Kkn Sin[ﬂ.n .
4w% 2w/ w1 T2-n) w’l”l o 1-g2k 2

Fractional integro-differentiation

With respect to z

09.17.20.0010.01
0°4(Z 92, 93)
0z

. z
2F11, 33— a;
Integration

Indefinite integration

For thedirect function itself

09.17.21.0001.01

f§(zi 92, 93) dz==109(c(Z, U2, Ga))

Summation

Finite summation

09.17.23.0001.01

k=1 n w1 n

09.17.23.0002.01

k=1 n w3 n

09.17.23.0003.01
n-1 2 J w1 + 2 k(ug
é’ —

i k=0 n

{J,K1#{0,0}

=FCop(z. D1 -272"

2m0.)1+2n(.d3

had 1

{mn}#{0,0}

”1p(2kw1; 02, 93) == i [{(ﬂ; 92(%‘ wa), 93(%, ws)) —771)
nl@(2kw1; 92, 93) == i [f(ﬂ; 92(%, 0—'3), 93(%, ws)) - nn3)

7 02, 93):—”(”—1)772/;n—leN+

mn=—c (2 Mmwq + 2n w3)3

w1

X

Representations through equivalent functions

(e

)/;neN*

nz(k-j)

w1

nm
+ —
2

5
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With related functions

Involving other Weierstrass functions

09.17.27.0001.01

1 Z 1
4(Z 92, 93) == — —f [Q(t; 92, O3) — —)dt
z Jo t2

09.17.27.0002.01
9log(o(z, 92, 93))

$(Z, 92, 93) =
0z
09.17.27.0003.01
0’(Z, 92, O3)
{Z gy O3) = —————
0(z, 92, 93)

Involving theta functions

09.17.27.0004.01
(22
zn 7“91(2%’ Q)
(@ G G = — 4 ———
w1 2(&)1 (91(&, q)

09.17.27.0005.01
’ nz
zn alzea)
{(Z+wi; G2, Q3) =1 + — + — Liefl, 2, 3}
@1 2w <9i+1(m, Q)
09.17.27.0006.01

72 ¢20, q

)’] ]
" 120 30,0
09.17.27.0007.01
n? 9,0
M= 8wy - — fief123)

4w 8,100, 0)

09.17.27.0008.01
” (%
2 (92 qz) 2 2 m #,10, 9 10 9

m == w1 - -
2wy 0i41(0, @) 48w? ¢:1(0, Q)

/1efl, 2, 3}

Involving elliptic integrals and modular functions

09.17.27.0009.01
e
{{(w1; G2, G3), {(w3; U2, O3)} == {\/ € —€ [E(m) P 1e3 K(m)], —iy € —8 [E(l— m) +
|-

m=q7@) /\ {er. &, &) = (&G, o), A0z Ga), & (G2, B))

K(1- m)]} J

€ -6

History

—K. Weierstrass (1862)
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01

Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.
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