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Notations

Traditional name

Hurwitz zeta function

Traditional notation

{(s Q)

Mathematica StandardForm notation

Zetals, a]

Primary definition

10.02.02.0001.01

=S}

1
(sa)=) ———/i-agNA\Re9 >1
k=0 (@@ +k)?)

10.02.02.0002.01
n-1 ) 1

£, —n)==2ﬁ+ > ——— ineNARe(>1
k=0 ((k_ n) ) k=n+1 ((k -n) )

10.02.02.0003.01

o

R 1
lsay=>) e /; Re(9) > 1

k=0

10.02.02.0004.01

o

lsay=>)

= @+k?®

/i—a¢N

10.02.02.0005.01

n-1 oo

s -m=>" +

ko (k= n° S k-n)®

/ineN

10.02.02.0006.01

= |@+k® -

. [-Re(@)] 1 1
(sy=lsa- S |i-aen
(@+k?)
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10.02.02.0007.01

1
{(s, —n)=Z(s, -n) - ineN
Z[(k n) ((k— n)z)S/Z]
In Mathematica for the definition of the function £(s, @) the relations £(s, @) =Yg ——— o ) =/, —a¢N ARes}>1and
s, —n) =Y s —— + Y21 ——— /;neN ARe{s} > 1 are used:

(G ) ((k—n)z)”

10.02.02.0008.01
{(s, ) ={(s,a)/;Re(a) > 0

Specific values

Specialized values

For fixed s

For {(s, a)
10.02.03.0001.01
n1
Z(s, - :“s“ZE/; neN
k=1
10.02.03.0002.01
(s, -5 ={(9)+2°+3°+4°+5°%+1

10.02.03.0003.01
s, D=L +2°5+3%+4°+1

10.02.03.0004.01
[ -3)={(9+25+35+1

10.02.03.0005.01
[(S, -2)=={(9+25+1

10.02.03.0006.01
(s - =49 +1

10.02.03.0007.01

£(s, 0)=¢(s)
10.02.03.0008.01
n-1 1
fsm=4e-),—/ineN
k=1 k
10.02.03.0009.01
(s, D=4
10.02.03.0010.01
(s, =9~

10.02.03.0011.01
{(s,3)=4(9-2°~
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10.02.03.0012.01
{sH={(e-2°-3°-1

10.02.03.0013.01
{(5,5)=4()-2°-3°-4°-1

10.02.03.0088.01
n

{(s, %— n) =%

— 2k-1°

+(2°-1{/;neN*

10.02.03.0089.01
7
g“(s, —5) =210+35+5°+ 79+ (=1+25(9
10.02.03.0090.01

5
([s, - 5] =21+3°5+5%+(=1+25(9

10.02.03.0091.01
3
((s, _E) =2501+3H+(=1+25(9
10.02.03.0092.01
1
((s, _E) =(-1+2%{(s)+2°

10.02.03.0014.01
n-1

1
SN+ —|=2-1¢>) -2
g( 2) ¢ §(2k+1)3

/ineN

10.02.03.0015.01
1
5(57 —) =(2°-1 0
2
10.02.03.0016.01
3
K(S- E) =2°-Die-2°
10.02.03.0017.01
5
é[s, E] = (- 1DU9-2(1+37)
10.02.03.0018.01
7
g(s, 5) = (-1 -25(1+35+5%
10.02.03.0019.01
9
g’(s, E) = (-1 -25(1+35+55+79)

10.02.03.0020.01

m 1.0 2miky  2xikm
g“(s, —)::—ZnSLis(e n )e n /imeNtAneN" Am=sn
n nNia

For Z(s, @)
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10.02.03.0021.01
n

S 1 .
S, ——-Nn[=2°-1 )+ 2™
5( 2 ) ¢ ¢ ;(m(-l)S

/ineN*t
10.02.03.0022.01

N 1 )

é(s _E) =(2-Di9+2%e""®
10.02.03.0023.01

N 3 .

{(S, - E) =(2-D{+21+35e "7
10.02.03.0024.01

N 5 .

{s—5|=@-De9+2A+37+5% e
10.02.03.0025.01

N 7 )

g(s, - 5) =(2-D{+2A+35+55+75) 78

10.02.03.0026.01

N 9 .
((s, —5) =(2-DL+2A+35+5°5+75+9 573

For fixed a
For (s, a)
10.02.03.0027.01
0 1
g( 1 a) - E —-a
10.02.03.0028.01
(1,8 =&
10.02.03.0093.01
sk 21 B1-n(@) D" V@
Z(n, @) == (((a+k)) 2—(a+k)"n)—6)(—n) +0n-1)——  /ineZAn=%1l
k=0 1-n (n-1!
10.02.03.0094.01
N yD(g) |-Re@] n
Z(n, @) = % + Z (((a+ k)z) 2_(a+ k)_") in—-1eN*
- k=0
10.02.03.0095.01
1 L-Re(@)]
l(-n, a) = — — Bra@+ (((a+ k)z)"/ ? _(a+ k)”) sineN
k=0

For Z(s, a)

10.02.03.0029.01
£, a) = yY@)
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10.02.03.0030.01
_1\n

{(n, @)= U ¥ D@ /;n-1eN* ARe@ >0
n-=-1!

10.02.03.0031.01
R 1
{(-n,a)=-——Bn 1@ /;neN
n+1
10.02.03.0032.01

. . 1
2" f(=n, @) - ¢(-n, 2a) = 3 E.2a)/;neN

10.02.03.0033.01

. . 1
Z(-n, a) - {(—n, a+ 5) =2"1E(2a)/;neN

Values at fixed points

Values at fixed points

For {(s, a)

10.02.03.0034.01
n

{(=n,1)=——Bp/;neN
n+1

10.02.03.0035.01
1
é(—n. Z) =22"2(E,-2(2"- 1 (-n) /;neN*
10.02.03.0036.01
1
2, -) =72+8C
{2
10.02.03.0037.01
(2 3) 2_8C
y — =1 —
¢ 4

10.02.03.0038.01

2,1 772
@21=—
¢ 6
10.02.03.0039.01
(2n=" 1
6
10.02.03.0040.01
(2y=">
Y=
6 4

10.02.03.0041.01
- % 49
24)=—-—=
¢ 6 36
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10.02.03.0042.01

7% 205
{2,5)=— - —
6 144

10.02.03.0043.01

@6 5269
)= — - —
¢ 6 3600

10.02.03.0044.01

n® 5369

10.02.03.0045.01

n? 266681

{2,8)=—-
6 176400

10.02.03.0046.01

7% 1077749
(2,9=—- ———
6 705600

10.02.03.0047.01
72 9778141

6 6350400

10.02.03.0049.01
4,2 il 1
{(4,2)=—-
90

10.02.03.0050.01

17
{(4,3)= — - —
90 16

10.02.03.0051.01

n* 1393

4,8y=—____
€9 90 1296

10.02.03.0052.01

L 7 22369
9= 90 20736

10.02.03.0053.01

% 14001361
(4, 8)=—-—""—
90 12960000

10.02.03.0054.01

7 14011361
(4, 1=——- ——
90 12960000
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10.02.03.0055.01
% 33654237761

((4,8)= —— ———
90 31116960000
10.02.03.0056.01
7% 538589354801
(4,9 = —- ———
90 497871360000
10.02.03.0057.01
7% 43631884298881
[4,10)== — - ————
90 40327580160000
10.02.03.0058.01
6,1 ~
£(6,1)=—
945
10.02.03.0059.01
ﬂ.6
[6,2)==— -1
945
10.02.03.0060.01
(6.3 7% 65
Y=
945 64
10.02.03.0061.01
7% 47449
(6,4)=—-——
945 46656
10.02.03.0062.01
7% 3037465
{(6,5)= — - ——
945 2985984
10.02.03.0063.01
7% 47463376609
{(6,6)== — - ———
945 46656000000
10.02.03.0064.01
7% 47464376609
(6, 7N=—-————
945 46656000000
10.02.03.0065.01
7%  5584183099672241
{(6,8)=— -
945 5489031 744000000
10.02.03.0066.01
6o 7%  357389058474664049
(6,9 = —-
¢ 945 351298031616 000000
10.02.03.0067.01
7%  260537105518334091721
((6, 1 ==

945 256096265 048064 000000
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10.02.03.0068.01
7T8
(8,1 = —
9450

10.02.03.0069.01
71.8
(82=——-1
9450

10.02.03.0070.01

x® 257
(8,3)= — - —
9450 256

10.02.03.0071.01
8 1686433

9450 1679616

10.02.03.0072.01
a8 431733409

{(8,5 = -
9450 429981696

10.02.03.0073.01
78  168646292872321

{8, 6)=——-
9450 167961600000 000

10.02.03.0074.01
8 168646392872321

9450 ~ 167961600000000

{8, 7)=

10.02.03.0075.01
8 972213062238348973121

((8,8)= —— -
9450 968265199641 600000000

10.02.03.0076.01
n®  248886558707571775009601

,{(81 9) == -
9450 247875891108 249600000000

10.02.03.0077.01
78 1632944749460578249437 992161

9450 1626313721561 225625600000000

((8, 10) =

10.02.03.0078.01
ﬂ.lo

(10, 1) = ——
93555

10.02.03.0079.01
710

£(10,2) =

-1
93555

10.02.03.0080.01
710 1025

{(10,3) == ——— — ——
93555 1024
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10.02.03.0081.01
710 60526249

£(10, 4) == -
93555 60466176

10.02.03.0082.01
710 61978938025

£(10,5) = -
93555 61917364224

10.02.03.0083.01
710 605263128567 754849

93555 604661 760000000000

£(10, 6) =

10.02.03.0084.01
710 605263138567 754 849

93555 604661 760000000000

{10, 7) =

10.02.03.0085.01
710 170971856382 109814 342232 401

£(10, 8) == -
93555 170801981216 778 240000000000

10.02.03.0086.01
710 175075181098 169912564 190119249

(10, 9) = -
93555 174901 228 765980 917 760 000 000 000

10.02.03.0087.01
710 10338014 371627 802833957102 351534 201

93555 - 10327742657 402407 212 810 240 000 000 000

£(10, 10) =

General characteristics

Domain and analyticity

Domain and analyticity
For (s, a)

(s, a) isan analytical function of s, awhich is defined in C2. For fixed a, it is an entire function of s.

10.02.04.0001.01
(sxa)—l(s,a):: (CR®C)—C

Symmetries and periodicities

Mirror symmetry

For {(s, a)

10.02.04.0002.01

{(Ea=L{sa

Periodicity
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10

No periodicity

Poles and essential singularities

With respect to a
For £(s, a)

For fixed s, the function £(s, a) does not have poles and essentia singularities.

10.02.04.0003.01
Sing,({(s, @) = {}

For Z(s, a)

For fixed s/; s ¢ N*, the function Z(s, a) does not have poles and essentia singularities.

10.02.04.0004.01
Sing (£ (s @) =1{}/;s¢N*

For positiveinteger s, the function Z(s, a) has an infinite set of singular points:

a) a==-n/;s==1 A neN arethe simple poles with residues 1;

b)a==-n/; s> 1A neN arethe polesof order s with residues 0;

) a== o isthe point of convergence of poles, which isan essential singular point.

10.02.04.0005.01
Sing (£ (s, @)= {{{-n, s} ineN}, (&, o}} /; sEN?

10.02.04.0006.01
res,({(s, @) (—n) =dg1 /; neN

With respect to s
For {(s, a)

For fixed a, the function £(s, a) has only one singular point at s = . Itisan essential singular point.

10.02.04.0007.01
Sing (¢ (s, @) = {{&, co}}

For Z(s, a)

For fixed a, the function Z(s, a) has only one singular point at s = . It isan essential singular point.

10.02.04.0008.01
Sing (£ (s, @) = {{60, co}}

Branch points
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With respect toa
For (s, a)

For fixed s, the function £(s, a) does not have branch points.

10.02.04.0009.01
BPaL(s, @) == {}

For Z(s, a)

For noninteger s, the function Z(s, a) has infinitely many branch points: a==-n/; ne N and a == . All these are power-
type branch points.

For integer s, the function (s, a) does not have branch points.

10.02.04.0010.01
BPA(¢ (s @) ={{-n/;neN}, &

10.02.04.0011.01
BPL(l (s @) =1{}/;seZ

10.02.04.0012.01
Ra({(s @), —n)=log/;neNAS¢EZ \s¢Q
10.02.04.0013.01

Ra(L(s, @), —n)==q/;neN/\s== gApeZ/\q—leW/\gcd(p, Q) =

10.02.04.0014.01
Ra({(s, @), ®)=log/; s¢ Z A\s¢ Q

10.02.04.0015.01

. p
Ro({(s @), ©)==q/; 5= a/\ pezN\a-1en /\ ged(p, ) =1
With respect to s

For {(s, a)

For fixed a, the function £(s, a) does not have branch points.

10.02.04.0016.01
BP({(s @) = {}

For Z(s, a)

For fixed a, the function Z(s a) does not have branch points.

10.02.04.0017.01
BPYL(s, ) = {}
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Branch cuts

With respect to a
For {(s, a)

For fixed s/, % ¢ Z, the function (s, a) has infinitely many branch cuts parallel to the imaginary axis at
Re(@a) = —n/;neN. In these cases the function (s, @) is continuous from the left on the interval
(—ioco—n, —n) /; ne N and from theright on theinterval (-n, —-n+ i) /; neN.

For integer ; the function (s, a) does not have branch cuts.
10.02.04.0018.01

BCal(s, @) = {{{(-ico—n, —n), 1} /ine N}, {{(-n, —-n+ic0), -1} /;neN}}
10.02.04.0019.01

BCa{(s, @) == {}
10.02.04.0020.01

Iin10§(& —N-iXx—€)=0(5,-Nn—iX)/;neNAX>0

10.02.04.0021.01

ins TS _s
lim (s, —n—ix+e€) ={(S, —n—ix)+2e7n'sin(?)(—x2) 2/ neNAXx>0
e>+0

10.02.04.0022.01
lim (s, —n+ix+e€)=4(5,—-n+ixX)/;neNAx>0

e—>+0

10.02.04.0023.01

s

ins TS _s
lim (s, —n+ix—¢€) =={ (s, —n+m'x)+2e7n'sin(?)(—x2) 2/ neNAXx>0
e—>+0

For Z(s, @)

For fixed noninteger s, the function 2(5, a) is a single-valued function on the a-plane cut along the interval
(—o0, 0), where Z(s, a) iscontinuous from above. Thisinterval includes an infinite set of branch cut lines of power
typealong (—oo, —N) /; neN.
For integer s, the function (s, a) does not have branch cuts.

10.02.04.0024.01
BCa({ (s, @) == {{(=0, 0), —i}}

10.02.04.0025.01
BCa({(s @) =1}

10.02.04.0026.01
lim Z(s, x+ie)==(s X) /; Xx<0
e—>+0
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10.02.04.0027.01

L-x] 1
lim Z(s, x—i€)==£(s, X) + (2™ -1 /i x<0
ea+0§ re g (e )é(k+x)

For Z (s, a)

For fixed non integer s, the function Z(s, a) is a single-valued function on the a-plane cut along the interval
(=00, 0), where Z(s, a) iscontinuous from above. Thisinterval includes an infinite set of branch cut lines of power
typedong (—co, —N)/;neN,

For fixed a, the function Z (s, @) does not have branch cuts.
10.02.04.0028.01

BCa( (s, @) = {{(—e0, 0), —i}}
10.02.04.0029.01

BCa(L(s @) = {}

10.02.04.0030.01
limZ(s, x+i€) =Z(s, X) /; x<0

e->+0
10.02.04.0031.01
. 0 = 1
limZ(s, x—i€) == (s, X) + (e?*S -1 /i x<0
e->+0 ( ) ;O (k+ X)S

With respect to s

For £(s, a)

For fixed a, the function (s, @) does not have branch cuts.

10.02.04.0032.01
BCs(L(s, @) == {}

For Z(s, a)

For fixed a, the function (s, a) does not have branch cuts.

10.02.04.0033.01
BC({(s, @) = {}
For Z (s, a)

For fixed a, the function Z(s, a) does not have branch cuts.

10.02.04.0034.01
BCYL(s, @) = {}
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Series representations

Generalized power series

Expansionsat s==S /; s # 1

For {(s, a)
10.02.06.0021.01
{(s, @) o £(So, @) + {80, @) (5—50) + % (®0(sp, @) (s—%)*+ ... 15> ) As #1
10.02.06.0022.01
£(s, @) < {(Sp, @) +{M0(sp, @) (5—50) + % (s, @) (5-9)* +O((5-%)°) i # 1
10.02.06.0023.01

> 1
(=) " a6 o+l
k=0 ™*

10.02.06.0024.01

(s, ) (s, A(L+0(5-5) /;so#1

For Z(s, a)

10.02.06.0025.01

. . ~(10) 1 2o 5

(S a)cl(sga)+l (S, )(S—)+ Eg (Sp, G- +.../;>9P N9 +1
10.02.06.0026.01

. . L(10) 1.co 2 3\ .

(A clsod+( (9 aE-+ 0 (% d6E-2) O((s-50)°) /iso#1
10.02.06.0027.01

N <1 ko
s a 2254( (50, @ (5- %0 /s 59 # 1
k=0 ™*

10.02.06.0028.01
lsa) o d(s, A(1+06-%) /%1

Expansionsat s== 1

For Z(s, @)

10.02.06.0029.01

. 1 © Iogj(a+k—1) Iogj(k) 1 © Iogj(a+k—1) Iogj(k) )
ls e — —v@+ -y - =D+ =y - s=1%+.../;

ol a+k-1 k o\ a+k-1 k
(z-1
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10.02.06.0030.01
. 1 & Iogj(a+k—1) Iogi(k) L
s o ——-y@+|-y, - - s-1)+
{saye ——v@+|-n kZ; 1 — |-
1 © Iogj (a+k-1) Iogj(k)
— |y, - - s—1)2+0((s-1)°
2[y2 ;‘[ a+k-1 | N (-7

10.02.06.0001.01

. 1 > 1 ) & Iogj(a+k—1) Iogj(k) )
(s a)= :—d/(fmzj—'[(—l)J Y —Z[ - (s-1
=

il a+k-1 k

10.02.06.0002.02

N 1

(s ) — - Y@ (1+0(s-1)
s—-1

Expansionsat a==ay /; ag # —n

For (s, a)

10.02.06.0031.01
{(s, @) o< (s, @) — (s, [-Re(@g)] + ap + 1) + (s, max(0, [-Re(ap)] + 1) + ) —
S((s+1, )~ ¢{(s+1 [-Re@)] +a+1) +{(s+1, max(0, [-Re@o)] + 1) +ap)) (a—a) +

E (s+1) s(;(—z(—E - 1) ao) - {(—2(—E - 1) |-Re(ag)] +ag + 1) +{(s+ 2, max(0, |-Re(ag)] + 1) + ao)) (a-ag)?+
2 2 2
.../i(@a-ag)
10.02.06.0032.01
© (1-k-9), [-Refa)] 1
(say=>y - ~+{(k+ s max(L-Re@o)] +1, 0) +a9) | (@~ 20)"

k=0 =0 (j+a)((+ ao)z)y

10.02.06.0033.01
4(s, @) o« (4(s, @) — (s, l-Re(@y)] + ag + 1) + 4(s, max(0, |-Re(ap)] + 1) + ag)) (1 + O(a - ap))

For Z(s, a)
10.02.06.0034.01
{(s @) « {(s, ag) — s{(s+ 1, ag) (a— ap) + % s(s+1){(s+2 a8 (@2’ + ... /; (@~ &)
10.02.06.0035.01
{(s @) o< {(s, @) — S{(s+1, ag) (@—ap) + % s(s+1){(s+2, ay) (a—ap)* + O(a- ay)*)
10.02.06.0036.01
i(s a)= g (1157'_5)'( {(k+s, ap) (a—ag)*

10.02.06.0037.01
(s @) « £(s, ay) (1+O(@-ag))

Expansionsat a==-n
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For £(s, a)

{(s, @) «

(s, @) o«

(a-

{(sa)=

{(s, @) «

For Z(s, a)

(s @)

i(s @)

(s )=

{(s, @)«

10.02.06.0038.01
n-1 1 1
+ s +4(9)—-si{(s+(@+n+—(s+1)si{(s+2)(a+ n?+.../i@a->-MAneN
((a+n)2) o (-k+n-(a+n) 2

10.02.06.0039.01

n-1 1
~+ S +{(9 -85+ D @+n)+ - (s+1)sL(s+2) @+ n?+0(@+n?) /;
(@+ n)2 o (-k+n-(a+n) 2
—mAneN
10.02.06.0040.01
n-t 1 © (1-k-9s)
g +k k@ +4( )+Z (k+9@+nk/;neN
a+n =
10.02.06.0041.01
n-1 1
s/2+ ﬁ‘f’é’(s) (l+O(a+n)) /;nEN
((a+n)2) co (=K+n—(a+n
10.02.06.0042.01
n-1 1 s(s+1)
+Z +{(59—-sl(s+1)(@a+n+ {(s+2)(a+n)2+.../; (a-»-nAneN

@+n® = k-n+@+n)°

10.02.06.0043.01

1 n-1 1 s(s+
>y +2(9-si(s+1)@+n) +

1
) Us+@+n?+0(@+m?) /i @a>-mAneN
@+n® = k-n+@+n)°

10.02.06.0003.01
= 1 > (1-j-9;4(j+9
{© —_—

1
(a+n)® i [Z

@+n/ineN

= (k—n+@+n)° P} j!

10.02.06.0004.01

1 n-1 1
(a+n?® * [Z SO

oo (k—=n+(@+ny)

(1+0@+ny)/;(a-»-MAneN

Expansions on branch cuts

For (s, a)
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10.02.06.0044.01

{8 @) =iS(—i(n+ag) e ool e & (21— 20 (9
k!

(a-ap* +

=~
Il
o

3

-1 o (k+a0)” (9);

o T (a-a) +{(s a+n+1)/;(a- a) ARe(@) =-nAneN
k=0 ) oo :

10.02.06.0045.01

n—

. o (_n_ -k
(s a=i%(-in+a) e { (arg(n+30]+arg( (n+80)))J k—ow (@t Z:;

+§(S a+n+1)/;

(a—-ag) ARe(@) =-nAneN
10.02.06.0046.01

—ins

(s @i ®(-i(nN+ag) e

Y EEA N

-1
(1+0@-a)+ [ S+ a0+ DA+ O@-20)
,0 - -

Re(ag) = -nAneN

For Z(s, a)

10.02.06.0047.01

(n+80) ™ (S )
lsay=4sa+n+1) +(n+ag)” Zki(a—ao) +
k=0 :

kzzl— [t s oy ) m

i=0

(a-a) /;(@a»a)N-n<a<l-nAneN

10.02.06.0048.01

L S P —kea )+ a+k
is @) e ((N+30)° +{(s 3 +N+1)(L+0@-ap) + ) e el ) (k+a9) " (1+O(a-ag)) /;
k=0
-n<ag<l-nAneN*

Asymptotic series expansions

For £(+n, a) by a

10.02.06.0049.01
|-Re(@)] n

_n By_n(@) D"y D(a
Z(n, a) « Z [((a+k)2) 2—(a+k)’”)—9(—n) L + g(n_l)w/; (lal > o) AneZAns1
k=0 1-n (n-1)!
10.02.06.0050.01
(" 2" | |arg(@)l -1 (— 1)k k! S®, (i cot(ra) + D
Z(n, @) oc — J (i cot(ra) — 1) Z 4
(n— 1)! p 2k

1 © (2k+n-2)!'B 2a+n-1 [L-Re@] n
(n 1),2( L - + Z (((a+k)z) 2—(<'=H'|()7n)/;(|<':1|—’00)/\neZ/\n>1

+
g kazkent 2a"(n-1) 5
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10.02.06.0051.01
n+1 [-Re(@]

1 n+1
Z(-n, a)oc—n—Z( )Bl ken &+ Z ((a+k)) —@+k"/;neN

10.02.06.0052.01
2a+n-1 Varg(a)l J (i )" 2" (i cot(ra) — 1) =L (—1FK! S(nkll (i cot(r @) + 1)¥
2a"(n-1)

+

2(“, a) «

7T (n=1)! par ok
1 ks (2k+n—2)!BZk
Z /;i(al > )AneZAn>1
(n-D!'7 (@k!a2kn-t

10.02.06.0053.01
1 n+l

1
(( n, a)oc——Z[n+ )Bl k+na /ineN

n+1

For {19(s, a) by a

10.02.06.0013.01

1 as 1 = kKl (s-1), pd T
105, @) o —(Io (@) + —) (s a) + — Y B Y ——a s — cag@ = — /\ (Re@) - )
¢ @+ 1)¢ T 1;2: "Lk )! 2 =9 2/\
10.02.06.0014.01
o k-1 Nl kel gkl I(n+1)a+ By, (@
§(1VO>(_n’ 2 o By.1(a) log(a) D't a Bk+n+2 Z ( n+ 1) (-1 a” 2 ( ) n+1(2) ]
n+1 o K+ Dy n+1k i k—j (n+1)?

Vs Vs
neN*/\—§<arg(a)s E/\(Re(a)—mo)

10.02.06.0015.01

g(a) > bg T
19(p, a) < alog(a) — a-— al ki —— <arg@ = — /\ (Re(@) - oo
{10(p, a) o« alog(a) Z;k(k & oy e 2/\(e()a )

Exponential Fourier series

Exponential Fourier series

For {(s, a)

10.02.06.0005.01

)

7S\ &, cos(2rak) s sin(2r ak)
a)=22n>rad-s sin(—) _ cos(—) —— | /;Re(s9) < 1AO<ax<1l
{(s @) =22m* " I( )[ =2 + >, /;Re(s) <10 <

) kl—s 2 =1 kl—s

Residue representations

Residuerepresentations

For {(s, a)
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10.02.06.0016.01

(s, a) = Zrea(n (@-1?) 2 (-1 esc(n t)) (-))/;Re(9 > 1A -a¢N

j=0
Allan Cortzen
10.02.06.0017.01

1
(s a) = S—Zrea((a (@-v?) Z(ncsc(nt»Z)( /i Re(s)>1A\-agN

j=0

Allan Cortzen

For Z(s, a)

10.02.06.0006.02

F'@a-t \® .
—1)) (—1)‘5)(—1)/; Re(s)>1A-a¢N

fe = S res{r© -
{sa Zrest( (9 T( S)[l"(a—t+

j=0
10.02.06.0018.01

1
s, a)--s—Zreq @-v**(rescrt)?) (-) /; Re® > LA -a &N
j=0

Allan Cortzen

Other series representations

Other seriesrepresentations

For £(s, a)

10.02.06.0054.01
fsa)= —Zk 12( 1)1( )(a+1)“

10.02.06.0055.01
w K
=D

fsay=y,

k=0

X (k+9@-DF/jla-1<1

10.02.06.0007.01
= (L (k+9)

o ki

10.02.06.0008.01
o t%l —a(atk)t

2__ .
{(sa) r()Zf e U Re9 > 1ha>0
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10.02.06.0019.01

n s @+mts =l (k+s-1) By, o1 (Bt —[t) - B,
g(s;a)::Z((a_'_k)Z)Z_'_( ) +Z k kl_()rl f rl( [th rldt/
=0 s-1 o k+Dl@+nks r+D!'Jo @+n+t)yst
neNAreNARe@ >-nA-a¢NAResS) >-rAs+1
Allan Cortzen
For Z(s, @)

10.02.06.0009.01
Z(S a=a’+@+1)+@+2)5+.../;Re(s>1
10.02.06.0010.01
n c1
{say=) ——/Re9>1
o @+Kk
10.02.06.0011.01

. © ((@a+k+ D —@+ks
lsay=-) =

k=m

LI

—(a+k+1)"s]+ /iReS)>1AmeN

o @+k?® B 1-9@+ms?

10.02.06.0012.01
© (-D¥(dk+9ak 1

((5,)= + = [lal<1
‘ kZ:(; k! a®
10.02.06.0020.01
; n @+ & k+s-DBar (g (< Bralt-1th-B
{(s, @)= Z(a+ k)7 + + Z kPkel r+1 f il il
k=0 s-1 o k+Dl@+nks +D!Jo (@a+n+ty+st

neNAreNARe@ >-nA-a¢N" AReS) >-rAs+1

Allan Cortzen

Integral representations

On the real axis

Of thedirect function

For {(s, a)

10.02.07.0001.01
o t&l e—at

1
{(s, ) = —f dt/; Re(s)>1ARe(@ >0
I Jo 1-et

10.02.07.0002.01

al-s w S n(stan‘l( g)) 1
f dt+—s/;Re(a)>0
O (@+t)P(errt-1) 22
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Contour integral representations

Contour integral representations

For Z(s, a)
10.02.07.0003.01
R 1 rOra-nra-nsu™
K(Sa):—f dt/;seN*
2niJr rad+a-t?®

10.02.07.0004.02

. 1 picoty Fa-t) \°
s, a)::rf r(t)r(l—t)[ﬁ) (-D)'dt/;0<y<1ARe@ >y ARes > 1

L Jy—ico (a_t+

10.02.07.0005.01
T

fm 7(a—t)l-Scscz(nt)dt/;nel/\n<y<n+1/\Re(a)>y/\s;e1

Usa-n)=—
Zl(s— 1) Y-

Allan Cortzen

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

For {(s, a)

10.02.16.0001.01

{s,a+1)=4(s a)—

(@)™
10.02.16.0002.01
{5 a-D=ds @) s —
(@-17"
10.02.16.0003.01
fs a+m={(s a)- Z ~/ineN
k=0 ((@a+k) )
10.02.16.0004.01
fsa-m=s a)+z ineN

k=0 ((@+k—-n) )s/

10.02.16.0005.01

5(1_ n)_ ZF(S)Z s( ann) (s,in'q)/;neN*/\meNW\nsm

i @2r m)S




http: //functions.wolfram.com

22

For £(s, a)

10.02.16.0006.01

5 s 1
{sa+th={sa-—

a

10.02.16.0007.01

5 R 1
{sa-DH={sa+—

a

10.02.16.0008.01

. ~ n-1 1
l(s,a+n)=/(s a) - ineN
kzzc‘j (a+k?®
10.02.16.0009.01
n R n 1
{(s,a-n)=={(s a)+ ineN
kZ:; (a-k?®

Multiple arguments

Argument involving numeric multiples of variable

For Z(s, a)
10.02.16.0010.01
ls2a)=2" (Z(s, a)+ Z(s a+ %))
10.02.16.0011.01

1 2
Us 3a) = 3‘5(2(3, a) +2(s a+ 5) +Z(s, a+ 5))

10.02.16.0012.01
A1

10.02.16.0013.01

(1 (1, 1\ .« 2\ . N
g(lo)(s, 3a)= 3*5({(10)(3 a+ 5) +§(10)(s, a+ 5] +§(10)(s a)) —log(3)3°® [g

Argument involving symbolic multiples of variable

For Z(s, a)

10.02.16.0014.01
m-1 k
{(s,ma) = m‘sZg“(s, a+ —] /imeNT*
m
k=0

10.02.16.0015.01

R rrklA , k W1A k
£ may = m—SZ{(lo)[s a+ —] —log(m) m‘SZK(s a+ —] /imeN
k=0 m k=0 "

0 o [~10 1y a0 (s 1y
. (s 2a)=2 s(( (s a+ E)+§ (s, a))— log(2) 2 s(((s, a+ £)+§(S a))
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Identities
Recurrence identities

Consecutive neighbors

For (s, a)
10.02.17.0001.01

{sa={(sa+D+

(22"
10.02.17.0002.01
1
{sa={(s,a-1)—
(@-1?)
For Z(s, a)
10.02.17.0003.01
u . 1
{sa=4sa+l)+—
a
10.02.17.0004.01
Z(s a)==|ls,a-1) -
{(s @ [{( ) (a_l)s]
Distant neighbors
For (s, a)
10.02.17.0005.01
n-1 1
{(s @) =S, a+n)+27/; nen

<0 (@+ k)™
10.02.17.0006.01
n-1 1
{sa={sa-m-) ————/neN
k=0 ((@+k—n)’)

10.02.17.0012.01
Re(b-a)-1 1
{(s @ ={(s, b—min©, Reb-a) + > ————— /iReb-a) e Z A\Im(b-a) =0
k0 (@+ k)z)s/

For Z(s, a)
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10.02.17.0007.01

n-1
l(s @) ={(s, a+n)+ sineN
¢ ¢ kzz(‘j (a+k?®
10.02.17.0008.01
A . n-1 Zk
{sa=z"{sa-N- ) ———|/ineN

= @+k-n?

10.02.17.0013.01
Re(b-a)-1 1

lsa= )]

- +2(s,b—min(0, Re(b—a))) /; Reb—a) e Z A Im(b—a) = 0
w0 (@+k

Functional identities

Major general cases

For {(s, a)
10.02.17.0014.01
(s, @) =—{(s, 1-a) +{(s, a+ [-Re(@1) + {(s, —a— | -Re(@)]) - Sfraq—reay (~IM@?) 2 /;a¢ R

Pavlyk 0. (2006)

10.02.17.0009.01

n 2lr1-9 2jrn n&s j
{(S, —):: sin( +—)§(1—s, —)/;neW/\meN"/\nsm
m 2 m

For Z(s, a)
10.02.17.0010.01
ls a)= 2‘5[2(3 a)+2(s a+l])
B 2 )
10.02.17.0011.01

. 9 ( a+k-1
Us a)= q‘SZ§(s,
k=1

)/;qu+

Differentiation

Low-order differentiation

With respect to s

For (s, a)

General case
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10.02.20.0011.01

1 >~ |og((a+ k)
{H0s, @) = Zg/; —agN

k=0 ((a+ k)Z)S/2

10.02.20.0012.01
log(a?)

2 (az)S/2

{9, a+1)=¢*%s a)+

10.02.20.0013.01

1 ™1 log((a+ky)

{0(s, a+m) = {10(s, a) + — Z ~imeN
2 i (@+ k))
10.02.20.0014.01
172 ogk + 1
(MO m=9+ —ZM/ mezZAmz-1

213 (k+1)°

10.02.20.0015.01

1 = log ((a+k) )
(2,0) .
£ a) = § . /i —ae¢N

k0 ((@+ k)z)s/
10.02.20.0016.01
log*(a?)

4()%

(@9, a+1)=(?%s, a)-

10.02.20.0017.01

1 m-1]og? (@+k )
(2,0) __ 20) _ N+
FoV(s a+m = (s, a)- 2 2 —~ /ime

k=0 ((a+k) )S/

10.02.20.0018.01

™2 |og’(k + 1
29, m)=¢"(s) - Z lgk+D imeZAm=-1
= (k+1)°

Derivatives at zero
10.02.20.0001.01
1
1090, a) = logl'(a) - 5 log(27) /; Re(@) > 0
10.02.20.0019.01
1 1
{*9(0, a) = logl'(a) - 5 log27) — i 7 Re(la)) (26(Im(@)) — 1) — 37 i (1+ (-1 Re@IHREA]) g 1m(a)) 6(—Re(a))

10.02.20.0020.01
1 [1-Re(@)] 1
190, a) = logl'(a— 1) + logla— 1) - 5 log(27) + Z (Iog(a+ k) — 3 log((a+ k)z))
k=0
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10.02.20.0021.01

1
290, 0) = — 3 log(2)

Derivatives at hegarive integer points
10.02.20.0022.01
1
ﬁ”@5)=?mmaagﬂf—nfw

10.02.20.0023.01

1
(01, )= 5 (-6a°+18a-12(a-1)loga— 1)+ 121og(A) + 6 (a— 1) log(2x) — 13) +

[-Re@)] 1
w(—2>(a—1)+[ Z ((a+i)|og(a+i)— 3 vV @+iy? Iog((a+i)2))] 6(l—Re@)])

i=0

10.02.20.0024.01

(10(-2,a) =

. [27r2 (a(2ya®+3(-6+y)a+y+18)-9)-3{(3) +
127

a [(—6+4y) |-Re(@?+3(a+1)(-3+27y)|-Re@® + (6a(@+ 1)+ 1) (-3+2y) |-Re(@] +
6{(a— 1) (log(2) + 2 (a—1)log(a— 1) — 4log(A) + log(x) — alog2 ) + 4y~ D@-1) +

|-Re@)] 1
2 Z 5 @+k?(2log@+k) —log(@+ k?)) + (-3 +27) {(-2, a+max(0, |1 - Re@) J))]]]
k=0

10.02.20.0025.01
(19(-2, a)=2y@-1)+logla- 1) (a- 1%+

1
—— (2@@-Dn*(2ya® - (log(8) + 3log(n) +y + 9) a+ 3(—4log(A) + log2m) + 3)) - 3£(3)) +

12 72

3 [1-Re@)] 1 ) )
-— -2, a —(@+k“(2log(a+k)—log((a+k
( 2+y]a ) + 2; 5@ ) (21og(a+ k) - log ((@+ k)

10.02.20.0026.01
1
(0(-3,8) =6y @-1) +logla-1)(@a-1>- 5 log(27) (a—1)* -

3¢@@-1y 1 1
3Iog(A)(a—1)2—7——(120a((a—3)a+3)—121)+(——+y]§(—3,a)+

472 720 6
3+ (30(a- 12 -1 LlRe(a)J( 1 0 =@+ 22 k2)
4&-r+£5( @-12a2-1)y+ E; @+k’loga+k - - (@+Kk’)" log(@+ k)
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10.02.20.0027.01

1
(104, a) =24y D@-1) +logla- 1) (a- 1)* - 3 log(27) (a—1)* - 4log(A) (a—1)% -

1 9(¢(B)-2(@a-1)2n2 L)+ (-25+12y) 1* (-4, Q)
— (375a((@a-3)a+3)-386) (a-1)+4(-3)(a-1) + +
180 127
1 |1-Re(@)] 1
= a(a*(3a(2a-5+10-1)y+ Z 3 (@+k’* (2log@+k) - log (@@ +k?))

k=0

10.02.20.0028.01

1
(95, a) = 1204 O (@a-1) + logla- 1) (a- 1)° - 5 log(27) (a— 1)° - 5log(A) (a— 1)* + 10 Zeta (-3) (a— 1)* —

5(2(a-1?72{(3)-3{(5))(a-1) 42a(a(8275-822a((a—-5)a+10)) —4220)+ 36697 [ 137
+ +(—E+y)§(—5, a)+

474 15120
1 [1-Re@]
(-5)+ p- (2l@-1D*@@-Da-Da+1)y+ Z ((a+ K)° log(a+ k) — — ((a+ k) ) Iog((a+ k) )]
k=0

10.02.20.0029.01
{t9-n, @) =nly " Pa-1-

j}'(a— ) n k |-Re(@)] )
- ~log@a- D +ym+1)+ ( ) Z( )w(—j ik 1)[0(L—Re(a)J) > @i+
n+1 S @-1k\k 20 i=0

{(j—k, a+max(|1- Re(@)], 0))] (1-a) —yk+ D L=k - (=K

[-Re@)] 1 02
@-1"+6(-Re@) > [(a+ " log(a+i) - > (@+1)?) " log((a+ i)z)) fineN

i=0
10.02.20.0030.01
(Hn = /neN
10.02.20.0031.01

y(m-1)

O, m) = nty " Dm-1) - (m- 1" [— —logm-1) +y(n+1) +

k

C Ky . _ _
2 1k( ][Z( ,- )W—J +k+ D=k m @ -m)) —yk+ DLk -k |+
(m-1)

k=0 =0

y]/;(neN/\meZ/\mzZ)\/(neN*/\mzo)
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10.02.20.0032.01
(m+1)

(AOn, —m) = n!yV(=m-1) - (=D (m+ )" [)y +7 —mi-logm+1) +y(n+1)+

n k
) - ( )[Z( )d/( J+k+l)[Z(|— )k‘J+§(J—k)](m+1)l Uk+ 1) L=k - ' (- k)]]

oo (m+ 1k LK

= i=0

m-1

Z(i -m"G@r+@A-DNlogm-i)/;neN " AmeN
i=0

10.02.20.0033.01
Bon( 2) (21~ log(27 )

§(1'°>[1—2n, B] =01-2ng?"+ . +
q n
_1yn+1 g1 i i _1\+l _ g-1 ; ;
)™ Sin[@]w(Zn_l)(J_)Jr( H™2@2n-1)! cos(znpj]g“(l’o)(Zn, J_]_
@rg®" 2 q q @rg*" 4 q

(2 ~log2m) Ban |

neN*ApeZANO<p<gAgeZAq>1
q2n2n

10.02.20.0034.01
(2n)—log(2m Q)
§<l~°>[1— 2n, m+ E) =7A-2mq?"+ pen-lgera BZH( p]
q

2n a

oo o)

((k+ 2 ((1-2(m+ ) son{relm-+ ))+1))2)5'”

)™ q‘lsin[Zﬂ—pj)w(an)[i)+ -D™t2@n-1! q-lco{zn pj){(m(z . 1] _ g2 - log2x)
Qro?" i3 q q @2rg?*" =1 a g°"2n

meZAneN*ApezZzANO<p<gAqeZAq>1

k=0

10.02.20.0035.01

10]1 _ } _ (32 - 1) log(2) (22 - 1) log(3) _
é/ 1-2 n, = an + 2N
6 62n_14n 62n—14n
(gn _ l) 22n—1 +1) 7 22n—1 —-1 32n—1 -1 (_1)n 22n—1 +1 1
( ) an+ ( )( ) {/(1_2n)_#w(zn—l)(_)/;neNi-
V3 62"18n 26201 243 (12721 3
10.02.20.0036.01
1 (-1" 1\ m(4"—42")+ (22" - 8)log(2) g2n-1_
4(1'°>[1—2n, —] =-— (2“-1>(—)+ ( )+ ) Bon— {@-2m/ineNt
4 4 (8 n)z n-1 4 42 n+1l n 24 n-1

10.02.20.0037.01

((1'0)(1 -2n E) =
’ 3

(V3 7@ - 1) +6logd) . 1
- an By + (-1 32 4-"n1-2”¢/(2"-1>(§)+59-”(3-9“)4'(1-2n) /ineN*

on /s
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10.02.20.0038.01
1\  Bplog2 2271-1
4(1,o>[1_2n, _] —_ - J(A-2n)/;neN'
2 22n n 22n—1

10.02.20.0039.01

oy 9"(V3 (@ -1r-6 |og(3))
g<l~°>[1 -2n, —) =
3

l—2n

Bon + (-D)" 32

8n

10.02.20.0040.01

3 =" 1 22m+1 _ 98 log(2) — (4" - 42N o2n-1_ 1
5(1,0)[1_2“ _) - (2n—1>(_)+( ) ( ) B, -2 /ine Nt
4 4(871')2n_1 4 42I’1+l n 24n_1
10.02.20.0041.01
5 31 _1)log(2) 221 _1)log(3)
5(1'0)[1—2“ —]= ( ) By + ( ) By +
6 6214n 621 4n
@ -1 (221 + Yn 221 _q)(@nt-a (- (221 41 1
( i an+( ) ) g’(1—2n)+—( ) ¢/<2”—1>(—)/;neN+
\/?62”’18n 262n-1 2\/?(1271-)2"‘1 3

10.02.20.0002.01
log(Glaisher) 1 C

é‘(lvo)[_l, E) = R _t —
4 8 9% 4n

10.02.20.0042.01
1
40(-1,1) = — —log(A)
¢ 5 o

10.02.20.0043.01
min
i e 2 n!
{M0=n a)+(-)"¢*0(-n,1-a) = 1 Bns1() +
+

Lin+l(52”a) /s
T T Ve Ve
—-——<ag@=-—-/\-—<agl-ay<—-/\neN*
2 g 2 /\ 2 9 2 /\
10.02.20.0044.01

1 Reb-a-1 |og((a+ k)°)
{10(s, @) = {*0(s, b-min(O, Reb-a)) - = > ———, [iReb-aeZ\Imb-2)=0

k0 (@+k?)
10.02.20.0045.01

2
1 IlRe(@) -1 '09((k + % (1-2a) sgn(Re(@)) + %) )
(19, a) = (19(s, a— [Re(a))) + > sgn(Re(a)) Z 5/2 acz

pary ((k + 3 (1-2a) syn(Re(@) + %)Z)

For Z(s, a)

10.02.20.0003.01

s a S log@+k
=-» ——— /;Reg(9) > 1
as = @+k?°

1) 1
47" pt2n l/z@”*l)(é) *5 9"(B-9M(L-2m/ineN’
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10.02.20.0046.01
dl(s,a+l) dls a log@)
== —+
ds 0s as

10.02.20.0047.01
als,a+m  dlsa Tlloga+k
== +

Js s Z

= (@+k?®

/imeN*

10.02.20.0048.01
0ls @  9&(s b-min©O, Re(b—a))) Reb-2-1|og(a+k)

ds ds = (a+k’®

/iReb-a)eZAImb-a)=0

10.02.20.0004.01

Rls a) & log’@a+k)
=, - /iRe9>1
(')52 k=0 (a+ k)

10.02.20.0049.01
Plsa+l)  Plsa log (@
PP a®

10.02.20.0050.01

Rls a+m 02l a  ™llogia+k)
= - /;meN*
0 0 = @a+k®
With respect to a
For £(s, a)
10.02.20.0051.01
& a+k

0D ay=-sY —— /i —a¢N

é Z §+1

0 (@+k?)
10.02.20.0052.01
[OV(s a) =s((s+1,a)-2(s+1, a+ max(l-Re(@)] + 1, 0))) /; —a¢ N
10.02.20.0053.01
i 1
[©2(s, a) = s(s+ l)z ——— /i-aeN
k=0 (@a+ k)2)5+1

10.02.20.0054.01
{02(s;@) =s(s+1){(s+2 @) /; —a¢N

For Z(s, a)

10.02.20.0005.01
al(s a

=-sl(s+1,a
7a ( )
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10.02.20.0006.01

0?L(s, a) R
=5s(s+1)l(s+2 a)

EG

Symbolic differentiation

With respect to s

For (s, a)

10.02.20.0055.01

N(s a 1" = log"((a+k)?
i; )=(2n) Z ( 2)/;—ag§N/\Re(s)>l/\neN

k=0 (@a+ k)z)s/
10.02.20.0056.01
s a+l)  os a (—D"log'(@?)
= +
os" os" on (aZ)S/Z

/ineN

10.02.20.0057.01
Psarm s a (-1t Ttlog'(@+ k)
== +

e P p /imeNtAneN

k=0 ((a+ k)z)s/2

10.02.20.0058.01
s 9 p
o o

neN*

10.02.20.0059.01
R (G m2 |og"(k + 1)
= =DMy =

/imeNAneNt
as" as" o (k+1)°

10.02.20.0060.01
n

1
4(""”[5' 5) - % ( E ) 210g"*(2) {¥(s) - {™(9) /; ne N*

10.02.20.0061.01

s a)  9"((s b-minO Reb-a) (-1 RGtlog'((@+ kY’
= +

s s’ o 4

(@+ k)z)s/

For Z(s, a)

10.02.20.0007.02
(s, a) > log"(a+ k)
== (

-y ——— /;Re(9)>1AneN
o9 é (a+k?®

10.02.20.0062.01
Nl a+l) i a (-1 tlog'@ )
== + in
os" os" as

eN

. /iReb-a)eZ AImb-a)=0AneN*
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10.02.20.0063.01
Nlsarm s a
== + (— 1)n71
P P pr Bl C

10.02.20.0064.01
a"l(s,a)  9"Z(s, b-min0, Re(b - a)))
= +
P o

With respect to a

For (s, a)

10.02.20.0065.01
ML(s, Q) © 1
= =(1-n-9,>

10.02.20.0066.01

(s @ [-Ret@] 1

=(1-n-9, >

ga’ 0 (a+k)"(@@+ k)z)s/
For Z(s, a)
10.02.20.0008.02
(s, a .
=(1-n-9,{(n+s,a/;neN
oa"

Fractional integro-differentiation

With respect to s

For Z(s, a)

10.02.20.0009.01

8 %(s, a) > (-slog(a+k))* Q(-a, 0, —slog(a + k)
<

™1 og"(@a+ k)

+k)®

CLEY

/imeN* AneN

Ret-a-1 |og"(a + k)
——/iRe(b-ayeZAImb-a)=0AneN*
= (@+k°®

/i—-a¢NAneN

k=0 (a+ k)" ((a+ k)Z)S/2

> +{(n+s,a+ max(l-Re@)]+1,0)|/;—-agNAneN

/i Re(s) > 1

PR g @+k®
With respect to a

For {(s, a)

10.02.20.0010.01
0°¢(s,a) T(d-sas”®

oa* Ir'l-s-a)

Integration

© 5 a
+ a_‘YZk_SzFl(l, S 1l-a; _E) /i Re(s) > 1ARe(@ >0
k=1
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Indefinite integration

Involving only one direct function with respect to s

For Z(s, a)
10.02.21.0001.01
R > (@a+k®
fg(s, yds=-) /;Re(s) > 1ARe(a) > 0
o log@+k)

10.02.21.0002.01

1 = T'(a, sloga+ k)
fs“ {(s,a)ds=—-5" —a/; Re(s) > 1A Re@) >0
o (sloga+ky)

Involving only one direct function with respect to a

For (s, a)
10.02.21.0003.01

. 1
fg(s, ayda== 1—§(s— 1, a)

-S

10.02.21.0004.01

. a k
fa“‘l l(s, a)da==

)7 zFl(s—a, s;s—a+1l ——

a
a

Summation
Finite summation

Finite summation

For £(s, a)

10.02.23.0001.01

9k
Z{(s, —) =9 /;qeN’
ke L d

For {(s, a)
10.02.23.0002.01

9 ( a+k .
Z((Sx T)ZZQSC(S a+1)/;9eN*

Infinite summation

Infinite summation
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For £(s, a)
10.02.23.0003.01
© rn k+1 n n-2
ZLK) = —g“(n+l)— —Zg’(n K Kk+1)/;n-1eN*
k=1
10.02.23.0004.01
(- 1)k (a)k

>

k=0

10.02.23.0005.01

© Ark+2 z+1 a)+y-logz Z
Z {(k+2,z+1) PR Y@ +vy—log(2) . U(2) rd<t
k=0 2 @-1z

10.02.23.0006.01
0 Zk n-2

Z—g(k+2, a=mn-2!z" Wn-j-Di(j-n+2,a-2+{M(-n+2a-2)-
ko K+ J:ol'(n—J—Z)'

Y@ +y
n-1z

Wn-1@2-na)+M02-na)z"+ /;Re@>0AneZAn>1
10.02.23.0007.01

(-DK(k+ 1)1 (k 1

r 2 —-2)log4
‘2 5) _ (_:2) ( 20 (g eD 2 - 22 yEI() + yz+(@a-2)log(4
2

ra-1

T

k=0 (a)k

Operations

Limit operation

Limit operation

For £(s, a)
10.02.25.0001.01

. 1
lim ({(S, a) - —) =—y(a)
s-1 1

Representations through more general functions

Through hypergeometric functions

Involving ,Fq

For Z(s, a)

10.02.26.0001.01

Z(sa)=a’ T @+ 1% Fsl ay, a, ...,8 4 +1, a+1 ...,8+11)/a=a=..=a=al\-a¢NAseN"
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Involving ,Fq

For Z(s, a)

10.02.26.0002.01

lsa=a g Fl,a,, ..,ag g+l 8+l ...,a+1 1)/, =a=

Through Meijer G

Classical casesfor the direct function itself

For {(s, a)
10.02.26.0003.01
N 0,1-a...,1-a
l’ 1 ] y ’ :
(s a) = Gsflfm(—l‘ 0-a .. -a )/,Se N*

Through other functions

Through other functions

For £(s, a)
10.02.26.0004.01
{(s,a)=d(1,s &
For Z(s, a)
10.02.26.0005.01
s a) =01, s a)
For Z (s, a)

10.02.26.0006.01
{(sa=0(sa

Representations through equivalent functions

Interrelations

10.02.27.0004.01

(l-Re(@)] + [Re(@] + 1) 6(Im(a))
(s a=
)

(@+-Re@)))?
((e(ze(lm(a))—l)ms _ 1) 9(_ Re(a)) + 1) 2(8, a)

...=as=aNa¢gNAseN*

+{(s, a+[-Re(@] + 1) | (1 - e@HNM@-D7is) g Re(a)) +
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10.02.27.0005.01

. . n
{s,={(s,a)/ 7 <arg(@) = 3

10.02.27.0006.01
(2n,a={2na/;neZ

10.02.27.0007.01

~ _s w T
(s, @) ={(s, a+[-Re@)) + (s, —a— |-Re@)]) - £(S, 1 - @) — Sfrag—Rreqay (—1M@?) 2 /; -3 <agl-a =< E/\ae R

Pavlyk 0. (2006)

10.02.27.0008.01
z(s’ a) — 4(3, a) e—H(L—Re(a)J) (29(Im(a))—1)7rés+
6(Im(a)) (|-Re(a Re(a) 1
AL Ret@) (1 -Hmabris (Im(@) (L-Re(@)] + | jz )]+ 1) L s s L_Re@]+ 1)
(@+[-Re@))?)

With related functions

With related functions

For {(s, a)

10.02.27.0001.01
> __ €]
(s, )= -H,

10.02.27.0009.01

Vs Vs
(s a)=L9-H?, / -y <aga s

10.02.27.0010.01
£(s, @) = ((e@Nm@-D7is_ 1) o~ Re(@) + 1) ((5) - HY) +

(L-Re@] + [Re(@)] + 1) (Im(a)) .

©
~Hall-Rea) +

- {(S) (1 _ e(z O(m(@)-1) i S) 0(_ Re(a))
(@+[-Re@))?)

10.02.27.0002.01
n

£n, @)= — ) " D@ /;n-1eN* ARe(@ >0
(n—=1)!

10.02.27.0011.01
D"y P@+(-Re@] + 1) (-Re(@] + 1)) LRe@! 1
B (n-1)! py

{(n, &) 2/;n—leN+

0 (@a+k?)”

10.02.27.0003.01

m 1N 2riky  2rikm
g(s, —]::—ZnsLis(«e n )e n /imeNtAneN" Amsn
n nk71

History
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—H. Méllin (1899)
—E. Lindel6f (1899)
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