
Zeta2

Notations

Traditional name

Hurwitz zeta function

Traditional notation

Ζ Hs, aL
Mathematica StandardForm notation

Zeta@s, aD

Primary definition
10.02.02.0001.01

ΖHs, aL � â
k=0

¥ 1

IHa + kL2Ms�2 �; -a Ï N ì ReHsL > 1

10.02.02.0002.01

ΖHs, -nL � â
k=0

n-1 1

IHk - nL2Ms�2 + â
k=n+1

¥ 1

IHk - nL2Ms�2 �; n Î N ß Re HsL > 1

10.02.02.0003.01

Ζ
`Hs, aL � â

k=0

¥ 1

Ha + kLs
�; ReHsL > 1

10.02.02.0004.01

Ζ
�Hs, aL � â

k=0

¥ 1

Ha + kLs
�; -a Ï N

10.02.02.0005.01

Ζ
�Hs, -nL � â

k=0

n-1 1

Hk - nLs
+ â

k=n+1

¥ 1

Hk - nLs
�; n Î N

10.02.02.0006.01

ΖHs, aL � Ζ
�Hs, aL - â

k=0

d-ReHaLt 1

Ha + kLs
-

1

IHa + kL2Ms�2 �; -a Ï N



10.02.02.0007.01

ΖHs, -nL � Ζ
�Hs, -nL - â

k=0

n-1 1

Hk - nLs
-

1

IHk - nL2Ms�2 �; n Î N

In Mathematica  for the definition of the function ΖHs, aL  the relations ΖHs, aL � Úk=0
¥ 1

IHa+kL2Ms�2 �; -a Ï N ì ReHs< > 1 and

ΖHs, -nL � Úk=0
n-1 1

IHk-nL2Ms�2 + Úk=n+1
¥ 1

IHk-nL2Ms�2 �; n Î N ì Re 8s< > 1 are used:

10.02.02.0008.01

ΖHs, aL � Ζ
�Hs, aL �; ReHaL > 0

Specific values

Specialized values

For fixed s

For ΖHs, aL
10.02.03.0001.01

ΖHs, -nL � ΖHsL + â
k=1

n 1

ks
�; n Î N

10.02.03.0002.01

ΖHs, -5L � ΖHsL + 2-s + 3-s + 4-s + 5-s + 1

10.02.03.0003.01

ΖHs, -4L � ΖHsL + 2-s + 3-s + 4-s + 1

10.02.03.0004.01

ΖHs, -3L � ΖHsL + 2-s + 3-s + 1

10.02.03.0005.01

ΖHs, -2L � ΖHsL + 2-s + 1

10.02.03.0006.01

ΖHs, -1L � ΖHsL + 1

10.02.03.0007.01

ΖHs, 0L � ΖHsL
10.02.03.0008.01

ΖHs, nL � ΖHsL - â
k=1

n-1 1

ks
�; n Î N+

10.02.03.0009.01

ΖHs, 1L � ΖHsL
10.02.03.0010.01

ΖHs, 2L � ΖHsL - 1

10.02.03.0011.01

ΖHs, 3L � ΖHsL - 2-s - 1
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10.02.03.0012.01

ΖHs, 4L � ΖHsL - 2-s - 3-s - 1

10.02.03.0013.01

ΖHs, 5L � ΖHsL - 2-s - 3-s - 4-s - 1

10.02.03.0088.01

Ζ s,
1

2
- n � 2s â

k=1

n 1

H2 k - 1Ls
+ H2s - 1L ΖHsL �; n Î N+

10.02.03.0089.01

Ζ s, -
7

2
� 2s H1 + 3-s + 5-s + 7-sL + H-1 + 2sL ΖHsL

10.02.03.0090.01

Ζ s, -
5

2
� 2s H1 + 3-s + 5-sL + H-1 + 2sL ΖHsL

10.02.03.0091.01

Ζ s, -
3

2
� 2s H1 + 3-sL + H-1 + 2sL ΖHsL

10.02.03.0092.01

Ζ s, -
1

2
� H-1 + 2sL ΖHsL + 2s

10.02.03.0014.01

Ζ s, n +
1

2
� H2s - 1L ΖHsL - 2s â

k=0

n-1 1

H2 k + 1Ls
�; n Î N

10.02.03.0015.01

Ζ s,
1

2
� H2s - 1L ΖHsL
10.02.03.0016.01

Ζ s,
3

2
� H2s - 1L ΖHsL - 2s

10.02.03.0017.01

Ζ s,
5

2
� H2s - 1L ΖHsL - 2s H1 + 3-sL
10.02.03.0018.01

Ζ s,
7

2
� H2s - 1L ΖHsL - 2s H1 + 3-s + 5-sL
10.02.03.0019.01

Ζ s,
9

2
� H2s - 1L ΖHsL - 2s H1 + 3-s + 5-s + 7-sL
10.02.03.0020.01

Ζ s,
m

n
�

1

n
 â
k=1

n

ns Lis ã
2 Π ä k

n ã
-

2 Π ä k m

n �; m Î N+ ì n Î N+ ì m £ n

For Ζ
`Hs, aL
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10.02.03.0021.01

Ζ
`

s,
1

2
- n � H2s - 1L ΖHsL + 2s ã-Π ä s â

k=1

n 1

H2 k - 1Ls
�; n Î N+

10.02.03.0022.01

Ζ
`

s, -
1

2
� H2s - 1L ΖHsL + 2s ã-ä Π s

10.02.03.0023.01

Ζ
`

s, -
3

2
� H2s - 1L ΖHsL + 2s H1 + 3-sL ã-ä Π s

10.02.03.0024.01

Ζ
`

s, -
5

2
� H2s - 1L ΖHsL + 2s H1 + 3-s + 5-sL ã-ä Π s

10.02.03.0025.01

Ζ
`

s, -
7

2
� H2s - 1L ΖHsL + 2s H1 + 3-s + 5-s + 7-sL ã-ä Π s

10.02.03.0026.01

Ζ
`

s, -
9

2
� H2s - 1L ΖHsL + 2s H1 + 3-s + 5-s + 7-s + 9-sL ã-ä Π s

For fixed a

For ΖHs, aL
10.02.03.0027.01

ΖH0, aL �
1

2
- a

10.02.03.0028.01

ΖH1, aL � ¥�

10.02.03.0093.01

ΖHn, aL � â
k=0

d-ReHaLt IHa + kL2M-
n

2 - Ha + kL-n - ΘH-nL 
B1-nHaL
1 - n

+ ΘHn - 1L 
H-1Ln ΨHn-1LHaL

Hn - 1L !
�; n Î Z ß n ¹ 1

10.02.03.0094.01

ΖHn, aL �
H-1Ln ΨHn-1LHaL

Hn - 1L !
+ â

k=0

d-ReHaLt IHa + kL2M-
n

2 - Ha + kL-n �; n - 1 Î N+

10.02.03.0095.01

ΖH-n, aL � -
1

n + 1
 Bn+1HaL + â

k=0

d-ReHaLt KIHa + kL2Mn�2
- Ha + kLnO �; n Î N

For Ζ
`Hs, aL

10.02.03.0029.01

Ζ
`H2, aL � ΨH1LHaL
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10.02.03.0030.01

Ζ
`Hn, aL �

H-1Ln

Hn - 1L !
ΨHn-1LHaL �; n - 1 Î N+ ì ReHaL > 0

10.02.03.0031.01

Ζ
`H-n, aL � -

1

n + 1
 Bn+1HaL �; n Î N

10.02.03.0032.01

2n+1 Ζ
`H-n, aL - Ζ

`H-n, 2 aL �
1

2
 EnH2 aL �; n Î N

10.02.03.0033.01

Ζ
`H-n, aL - Ζ

`
-n, a +

1

2
� 2-n-1 EnH2 aL �; n Î N

Values at fixed points

Values at fixed points

For ΖHs, aL
10.02.03.0034.01

ΖH-n, 1L �
H-1Ln

n + 1
 Bn+1 �; n Î N

10.02.03.0035.01

Ζ -n,
1

4
� 2-2 n-2 HEn - 2 H2n - 1L ΖH-nLL �; n Î N+

10.02.03.0036.01

Ζ 2,
1

4
� Π2 + 8 C

10.02.03.0037.01

Ζ 2,
3

4
� Π2 - 8 C

10.02.03.0038.01

ΖH2, 1L �
Π2

6

10.02.03.0039.01

ΖH2, 2L �
Π2

6
- 1

10.02.03.0040.01

ΖH2, 3L �
Π2

6
-

5

4

10.02.03.0041.01

ΖH2, 4L �
Π2

6
-

49

36
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10.02.03.0042.01

ΖH2, 5L �
Π2

6
-

205

144

10.02.03.0043.01

ΖH2, 6L �
Π2

6
-

5269

3600

10.02.03.0044.01

ΖH2, 7L �
Π2

6
-

5369

3600

10.02.03.0045.01

ΖH2, 8L �
Π2

6
-

266 681

176 400

10.02.03.0046.01

ΖH2, 9L �
Π2

6
-

1 077 749

705 600

10.02.03.0047.01

ΖH2, 1 0L �
Π2

6
-

9 778 141

6 350 400

10.02.03.0048.01

ΖH4, 1L �
Π4

90

10.02.03.0049.01

ΖH4, 2L �
Π4

90
- 1

10.02.03.0050.01

ΖH4, 3L �
Π4

90
-

17

16

10.02.03.0051.01

ΖH4, 4L �
Π4

90
-

1393

1296

10.02.03.0052.01

ΖH4, 5L �
Π4

90
-

22 369

20 736

10.02.03.0053.01

ΖH4, 6L �
Π4

90
-

14 001 361

12 960 000

10.02.03.0054.01

ΖH4, 7L �
Π4

90
-

14 011 361

12 960 000
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10.02.03.0055.01

ΖH4, 8L �
Π4

90
-

33 654 237 761

31 116 960 000

10.02.03.0056.01

ΖH4, 9L �
Π4

90
-

538 589 354 801

497 871 360 000

10.02.03.0057.01

ΖH4, 10L �
Π4

90
-

43 631 884 298 881

40 327 580 160 000

10.02.03.0058.01

ΖH6, 1L �
Π6

945

10.02.03.0059.01

ΖH6, 2L �
Π6

945
- 1

10.02.03.0060.01

ΖH6, 3L �
Π6

945
-

65

64

10.02.03.0061.01

ΖH6, 4L �
Π6

945
-

47 449

46 656

10.02.03.0062.01

ΖH6, 5L �
Π6

945
-

3 037 465

2 985 984

10.02.03.0063.01

ΖH6, 6L �
Π6

945
-

47 463 376 609

46 656 000 000

10.02.03.0064.01

ΖH6, 7L �
Π6

945
-

47 464 376 609

46 656 000 000

10.02.03.0065.01

ΖH6, 8L �
Π6

945
-

5 584 183 099 672 241

5 489 031 744 000 000

10.02.03.0066.01

ΖH6, 9L �
Π6

945
-

357 389 058 474 664 049

351 298 031 616 000 000

10.02.03.0067.01

ΖH6, 10L �
Π6

945
-

260 537 105 518 334 091 721

256 096 265 048 064 000 000
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10.02.03.0068.01

ΖH8, 1L �
Π8

9450

10.02.03.0069.01

ΖH8, 2L �
Π8

9450
- 1

10.02.03.0070.01

ΖH8, 3L �
Π8

9450
-

257

256

10.02.03.0071.01

ΖH8, 4L �
Π8

9450
-

1 686 433

1 679 616

10.02.03.0072.01

ΖH8, 5L �
Π8

9450
-

431 733 409

429 981 696

10.02.03.0073.01

ΖH8, 6L �
Π8

9450
-

168 646 292 872 321

167 961 600 000 000

10.02.03.0074.01

ΖH8, 7L �
Π8

9450
-

168 646 392 872 321

167 961 600 000 000

10.02.03.0075.01

ΖH8, 8L �
Π8

9450
-

972 213 062 238 348 973 121

968 265 199 641 600 000 000

10.02.03.0076.01

ΖH8, 9L �
Π8

9450
-

248 886 558 707 571 775 009 601

247 875 891 108 249 600 000 000

10.02.03.0077.01

ΖH8, 10L �
Π8

9450
-

1 632 944 749 460 578 249 437 992 161

1 626 313 721 561 225 625 600 000 000

10.02.03.0078.01

ΖH10, 1L �
Π10

93 555

10.02.03.0079.01

ΖH10, 2L �
Π10

93 555
- 1

10.02.03.0080.01

ΖH10, 3L �
Π10

93 555
-

1025

1024
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10.02.03.0081.01

ΖH10, 4L �
Π10

93 555
-

60 526 249

60 466 176

10.02.03.0082.01

ΖH10, 5L �
Π10

93 555
-

61 978 938 025

61 917 364 224

10.02.03.0083.01

ΖH10, 6L �
Π10

93 555
-

605 263 128 567 754 849

604 661 760 000 000 000

10.02.03.0084.01

ΖH10, 7L �
Π10

93 555
-

605 263 138 567 754 849

604 661 760 000 000 000

10.02.03.0085.01

ΖH10, 8L �
Π10

93 555
-

170 971 856 382 109 814 342 232 401

170 801 981 216 778 240 000 000 000

10.02.03.0086.01

ΖH10, 9L �
Π10

93 555
-

175 075 181 098 169 912 564 190 119 249

174 901 228 765 980 917 760 000 000 000

10.02.03.0087.01

ΖH10, 10L �
Π10

93 555
-

10 338 014 371 627 802 833 957 102 351 534 201

10 327 742 657 402 407 212 810 240 000 000 000

General characteristics

Domain and analyticity

Domain and analyticity

For ΖHs, aL
ΖHs, aL is an analytical function of s, a which is defined in C2. For fixed a, it is an entire function of s.

10.02.04.0001.01Hs * aL �ΖHs, aL � HC Ä CL �C

Symmetries and periodicities

Mirror symmetry

For ΖHs, aL
10.02.04.0002.01

ΖHs�, aL � ΖHs, aL
Periodicity
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No periodicity

Poles and essential singularities

With respect to a

For ΖHs, aL
For fixed s, the function ΖHs, aL does not have poles and essential singularities.

10.02.04.0003.01

SingaHΖHs, aLL � 8<
For Ζ

`Hs, aL
For fixed s �; s Ï N+, the function Ζ

`Hs, aL does not have poles and essential singularities.

10.02.04.0004.01

SingaIΖ
`
 Hs, aLM � 8< �; s Ï N+

For positive integer s, the function Ζ
`Hs, aL has an infinite set of singular points:

a) a � -n �; s � 1 ì n Î N are the simple poles with residues 1;

b) a � -n �; s > 1 ì n Î N are the poles of order s with residues 0;

c) a � ¥�  is the point of convergence of poles,  which is an essential singular point.

10.02.04.0005.01

SingaIΖ
`
 Hs, aLM � 888-n, s< �; n Î N<, 8¥� , ¥<< �; s Î N+

10.02.04.0006.01

resaIΖ
`Hs, aLM H-nL � ∆s,1 �; n Î N

With respect to s

For ΖHs, aL
For fixed a, the function ΖHs, aL has only one singular point at s = ¥� .  It is an essential singular point. 

10.02.04.0007.01

SingsHΖ Hs, aLL � 88¥� , ¥<<
For Ζ

`Hs, aL
For fixed a, the function Ζ

`Hs, aL has only one singular point at s = ¥� .  It is an essential singular point. 

10.02.04.0008.01

SingsIΖ
`
 Hs, aLM � 88¥� , ¥<<

Branch points
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With respect to a

For ΖHs, aL
For fixed s, the function ΖHs, aL does not have branch points. 

10.02.04.0009.01

BPaHΖHs, aLL � 8<
For Ζ

`Hs, aL
For noninteger s, the function Ζ

`Hs, aL has infinitely many branch points: a � -n �; n Î N and a � ¥� . All these are power-

type branch points.

For integer s, the function Ζ
`Hs, aL does not have branch points. 

10.02.04.0010.01

BPaIΖ
`
 Hs, aLM � 88-n �; n Î N<, ¥� <

10.02.04.0011.01

BPaIΖ
`
 Hs, aLM � 8< �; s Î Z

10.02.04.0012.01

RaIΖ
`Hs, aL, -nM � log �; n Î N ì s Ï Z ì s Ï Q

10.02.04.0013.01

RaIΖ
`Hs, aL, -nM � q �; n Î N í s �

p

q
í p Î Z í q - 1 Î N+ í gcdHp, qL � 1

10.02.04.0014.01

RaIΖ
`Hs, aL, ¥� M � log �; s Ï Z ì s Ï Q

10.02.04.0015.01

RaIΖ
`Hs, aL, ¥� M � q �; s �

p

q
í p Î Z í q - 1 Î N+ í gcdHp, qL � 1

With respect to s

For ΖHs, aL
For fixed a, the function ΖHs, aL does not have branch points. 

10.02.04.0016.01

BPsHΖHs, aLL � 8<
For Ζ

`Hs, aL
For fixed a, the function Ζ

`Hs, aL does not have branch points.

10.02.04.0017.01

BPsIΖ
`Hs, aLM � 8<
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Branch cuts

With respect to a

For ΖHs, aL
For  fixed  s �; s

2
Ï Z,  the  function  ΖHs, aL  has  infinitely  many  branch  cuts  parallel  to  the  imaginary  axis  at

ReHaL = -n �; n Î N.  In  these  cases  the  function  ΖHs, aL  is  continuous  from  the  left  on  the  intervalH-ä ¥ - n, -nL �; n Î N and from the right on the interval H-n, -n + ä ¥L �; n Î N.

For integer s
2
, the function ΖHs, aL does not have branch cuts.

10.02.04.0018.01

BCaHΖHs, aLL � 888H-ä ¥ - n, -nL, 1< �; n Î N<, 88H-n, -n + ä ¥L, -1< �; n Î N<<
10.02.04.0019.01

BCaHΖHs, aLL � 8<
10.02.04.0020.01

lim
Ε®+0

Ζ Hs, -n - ä x - ΕL � Ζ Hs, -n - ä xL �; n Î N ß x > 0

10.02.04.0021.01

lim
Ε®+0

Ζ Hs, -n - ä x + ΕL � Ζ Hs, -n - ä xL + 2 ã
ä Π s

2 ä sin
Π s

2
I-x2M-

s

2 �; n Î N ß x > 0

10.02.04.0022.01

lim
Ε®+0

Ζ Hs, -n + ä x + ΕL � Ζ Hs, -n + ä xL �; n Î N ß x > 0

10.02.04.0023.01

lim
Ε®+0

Ζ Hs, -n + ä x - ΕL � Ζ Hs, -n + ä xL + 2 ã
ä Π s

2 ä sin
Π s

2
I-x2M-

s

2 �; n Î N ß x > 0

For Ζ
`Hs, aL

For  fixed  noninteger  s,  the  function  Ζ
`Hs, aL  is  a  single-valued  function  on  the  a-plane  cut  along  the  interval

H-¥, 0L, where Ζ
`Hs, aL  is continuous from above. This interval includes an infinite set of branch cut lines of power

type along H-¥, -nL �; n Î N.

 For integer s, the function Ζ
`Hs, aL does not have branch cuts.

10.02.04.0024.01

BCaIΖ
`
 Hs, aLM � 88H-¥, 0L, -ä<<

10.02.04.0025.01

BCaIΖ
`Hs, aLM � 8<

10.02.04.0026.01

lim
Ε®+0

Ζ
`
 Hs, x + ä ΕL � Ζ

`
 Hs, xL �; x < 0
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10.02.04.0027.01

lim
Ε®+0

Ζ
`
 Hs, x - ä ΕL � Ζ

`Hs, xL + Iã2 ä Π s - 1M â
k=0

d-xt 1

Hk + xLs
�; x < 0

For Ζ
�

 Hs, aL
For  fixed non integer  s,  the  function Ζ

�Hs, aL  is  a  single-valued function on the  a-plane  cut  along the  interval

H-¥, 0L, where Ζ
�Hs, aL  is continuous from above. This interval includes an infinite set of branch cut lines of power

type along H-¥, -nL �; n Î N. 

For fixed a, the function Ζ
�Hs, aL does not have branch cuts.

10.02.04.0028.01

BCaIΖ
�
 Hs, aLM � 88H-¥, 0L, -ä<<

10.02.04.0029.01

BCaIΖ
`Hs, aLM � 8<

10.02.04.0030.01

lim
Ε®+0

Ζ
�Hs, x + ä ΕL � Ζ

�Hs, xL �; x < 0

10.02.04.0031.01

lim
Ε®+0

Ζ
�Hs, x - ä ΕL � Ζ

�Hs, xL + Iã2 ä Π s - 1M â
k=0

d-xt 1

Hk + xLs
�; x < 0

With respect to s

For ΖHs, aL
For fixed a, the function ΖHs, aL does not have branch cuts.

10.02.04.0032.01

BCsHΖHs, aLL � 8<
For Ζ

`Hs, aL
For fixed a, the function Ζ

`Hs, aL does not have branch cuts.

10.02.04.0033.01

BCsIΖ
`Hs, aLM � 8<

For Ζ
�

 Hs, aL
For fixed a, the function Ζ

�Hs, aL does not have branch cuts.

10.02.04.0034.01

BCsIΖ
�Hs, aLM � 8<

http://functions.wolfram.com 13



Series representations

Generalized power series

Expansions at s � s0 �; s0 ¹ 1

For ΖHs, aL
10.02.06.0021.01

ΖHs, aL µ ΖHs0, aL + ΖH1,0LHs0, aL Hs - s0L +
1

2
 ΖH2,0LHs0, aL Hs - s0L2 + ¼ �; Hs ® s0L ì s0 ¹ 1

10.02.06.0022.01

ΖHs, aL µ ΖHs0, aL + ΖH1,0LHs0, aL Hs - s0L +
1

2
 ΖH2,0LHs0, aL Hs - s0L2 + OIHs - s0L3M �; s0 ¹ 1

10.02.06.0023.01

ΖHs, aL � â
k=0

¥ 1

k !
 ΖHk,0LHs0, aL Hs - s0Lk �; s0 ¹ 1

10.02.06.0024.01

ΖHs, aL µ ΖHs0, aL H1 + OHs - s0LL �; s0 ¹ 1

For Ζ
`Hs, aL

10.02.06.0025.01

Ζ
`Hs, aL µ Ζ

`Hs0, aL + Ζ
`H1,0LHs0, aL Hs - s0L +

1

2
 Ζ
`H2,0LHs0, aL Hs - s0L2 + ¼ �; Hs ® s0L ì s0 ¹ 1

10.02.06.0026.01

Ζ
`Hs, aL µ Ζ

`Hs0, aL + Ζ
`H1,0LHs0, aL Hs - s0L +

1

2
 Ζ
`H2,0LHs0, aL Hs - s0L2 + OIHs - s0L3M �; s0 ¹ 1

10.02.06.0027.01

Ζ
`Hs, aL � â

k=0

¥ 1

k !
 Ζ
`Hk,0LHs0, aL Hs - s0Lk �; s0 ¹ 1

10.02.06.0028.01

Ζ
`Hs, aL µ Ζ

`Hs0, aL H1 + OHs - s0LL �; s0 ¹ 1

Expansions at s � 1

For Ζ
`Hs, aL

10.02.06.0029.01

Ζ
`Hs, aL µ

1

s - 1
- ΨHaL + -Γ1 - â

k=1

¥ log jHa + k - 1L
a + k - 1

-
log jHkL

k
Hs - 1L +

1

2
Γ2 - â

k=1

¥ log jHa + k - 1L
a + k - 1

-
log jHkL

k
Hs - 1L2 + ¼ �;

Hz ® 1L
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10.02.06.0030.01

Ζ
`Hs, aL µ

1

s - 1
- ΨHaL + -Γ1 - â

k=1

¥ log jHa + k - 1L
a + k - 1

-
log jHkL

k
Hs - 1L +

1

2
Γ2 - â

k=1

¥ log jHa + k - 1L
a + k - 1

-
log jHkL

k
Hs - 1L2 + OIHs - 1L3M

10.02.06.0001.01

Ζ
`Hs, aL �

1

s - 1
- ΨHaL + â

j=1

¥ 1

j !
 H-1L j Γ j - â

k=1

¥ log jHa + k - 1L
a + k - 1

-
log jHkL

k
Hs - 1L j

10.02.06.0002.02

Ζ
`Hs, aL µ

1

s - 1
- ΨHaL H1 + OHs - 1LL

Expansions at a � a0 �; a0 ¹ -n

For ΖHs, aL
10.02.06.0031.01

ΖHs, aL µ ΖHs, a0L - ΖHs, d-ReHa0Lt + a0 + 1L + ΖHs, maxH0, d-ReHa0Lt + 1L + a0L -

s HΖHs + 1, a0L - ΖHs + 1, d-ReHa0Lt + a0 + 1L + ΖHs + 1, maxH0, d-ReHa0Lt + 1L + a0LL Ha - a0L +

1

2
Hs + 1L s KΖK-2 K-

s

2
- 1O, a0O - ΖK-2 K-

s

2
- 1O, d-ReHa0Lt + a0 + 1O + ΖHs + 2, maxH0, d-ReHa0Lt + 1L + a0LO Ha - a0L2 +

¼ �; Ha ® a0L
10.02.06.0032.01

ΖHs, aL � â
k=0

¥ H1 - k - sLk

k !
â
j=0

e-ReIa0Mu 1

H j + a0Lk IH j + a0L2Ms�2 + ΖHk + s, maxHd-ReHa0Lt + 1, 0L + a0L Ha - a0Lk

10.02.06.0033.01

ΖHs, aL µ HΖHs, a0L - ΖHs, d-ReHa0Lt + a0 + 1L + ΖHs, maxH0, d-ReHa0Lt + 1L + a0LL H1 + OHa - a0LL
For Ζ

`Hs, aL
10.02.06.0034.01

Ζ
`Hs, aL µ Ζ

`Hs, a0L - s Ζ
`Hs + 1, a0L Ha - a0L +

1

2
s Hs + 1L Ζ

`Hs + 2, a0L Ha - a0L2 + ¼ �; Ha ® a0L
10.02.06.0035.01

Ζ
`Hs, aL µ Ζ

`Hs, a0L - s Ζ
`Hs + 1, a0L Ha - a0L +

1

2
s Hs + 1L Ζ

`Hs + 2, a0L Ha - a0L2 + OIHa - a0L3M
10.02.06.0036.01

Ζ
`Hs, aL � â

k=0

¥ H1 - k - sLk

k !
 Ζ
`Hk + s, a0L Ha - a0Lk

10.02.06.0037.01

Ζ
`Hs, aL µ Ζ

`Hs, a0L H1 + OHa - a0LL
Expansions at a � -n
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For ΖHs, aL
10.02.06.0038.01

ΖHs, aL µ
1

IHa + nL2Ms�2 + â
k=0

n-1 1

H-k + n - Ha + nLLs
+ ΖHsL - s ΖHs + 1L Ha + nL +

1

2
Hs + 1L s ΖHs + 2L Ha + nL2 + ¼ �; Ha ® -nL ß n Î N

10.02.06.0039.01

ΖHs, aL µ
1

IHa + nL2Ms�2 + â
k=0

n-1 1

H-k + n - Ha + nLLs
+ ΖHsL - s ΖHs + 1L Ha + nL +

1

2
Hs + 1L s ΖHs + 2L Ha + nL2 + OIHa + nL3M �;

Ha ® -nL ß n Î N

10.02.06.0040.01

ΖHs, aL �
1

IHa + nL2Ms�2 + â
k=0

n-1 1

Hn - k - Ha + nLLs
+ ΖHsL + â

k=1

¥ H1 - k - sLk

k !
 ΖHk + sL Ha + nLk �; n Î N

10.02.06.0041.01

ΖHs, aL µ
1

IHa + nL2Ms�2 + â
k=0

n-1 1

H-k + n - Ha + nLLs
+ ΖHsL  H1 + OHa + nLL �; n Î N

For Ζ
`Hs, aL

10.02.06.0042.01

Ζ
`Hs, aL µ

1

Ha + nLs
+ â

k=0

n-1 1

Hk - n + Ha + nLLs
+ ΖHsL - s ΖHs + 1L Ha + nL +

s Hs + 1L
2

ΖHs + 2L Ha + nL2 + ¼ �; Ha ® -nL ß n Î N

10.02.06.0043.01

Ζ
`Hs, aL µ

1

Ha + nLs
+ â

k=0

n-1 1

Hk - n + Ha + nLLs
+ ΖHsL - s ΖHs + 1L Ha + nL +

s Hs + 1L
2

ΖHs + 2L Ha + nL2 + OIHa + nL3M �; Ha ® -nL ß n Î N

10.02.06.0003.01

Ζ
`Hs, aL �

1

Ha + nLs
+ â

k=0

n-1 1

Hk - n + Ha + nLLs
+ ΖHsL + â

j=1

¥ H1 - j - sL j ΖH j + sL
j !

 Ha + nL j �; n Î N

10.02.06.0004.01

Ζ
`Hs, aL µ

1

Ha + nLs
+ â

k=0

n-1 1

Hk - n + Ha + nLLs
+ ΖHsL  H1 + OHa + nLL �; Ha ® -nL ß n Î N

Expansions on branch cuts

For ΖHs, aL
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10.02.06.0044.01

ΖHs, aL � ä-s H-ä Hn + a0LL-s ã
-ä Π s -

1

Π
 arg

a+n

n+a0
+argI-ä In+a0MM â

k=0

¥ H-n - a0L-k HsLk

k !
 Ha - a0Lk +

â
k=0

n-1 1

H-k - a0Ls
 â
j=0

¥ Hk + a0L- j HsL j

j !
 Ha - a0L j + ΖHs, a + n + 1L �; Ha ® a0L ì ReHa0L � -n ì n Î N

10.02.06.0045.01

ΖHs, aL � ä-s H-ä Hn + a0LL-s ã
-ä Π s -

1

Π
 arg

a+n

n+a0
+argI-ä In+a0MM â

k=0

¥ H-n - a0L-k HsLk

k !
 Ha - a0Lk + â

k=0

n-1 1

H-a - kLs
+ ΖHs, a + n + 1L �;

Ha ® a0L ì ReHa0L � -n ì n Î N

10.02.06.0046.01

ΖHs, aL µ ä-s H-ä Hn + a0LL-s ã
-ä Π s -

1

Π
 arg

a+n

n+a0
+argI-ä In+a0MM H1 + OHa - a0LL + â

k=0

n-1 1

H-k - a0Ls
+ ΖHs, n + a0 + 1L  H1 + OHa - a0LL �;

ReHa0L � -n ì n Î N

For Ζ
`Hs, aL

10.02.06.0047.01

Ζ
`Hs, aL � Ζ

`Hs, a + n + 1L + Hn + a0L-s â
k=0

¥ Hn + a0L-k HsLk

k !
 Ha - a0Lk +

â
k=0

n-1

ã
-2 ä Π s -

1

2 Π
 argI-k-a0M+arg

a+k

k+a0 Hk + a0L-s â
j=0

¥ Hk + a0L- j HsL j

j !
 Ha - a0L j �; Ha ® a0L ì -n < a0 < 1 - n ì n Î N+

10.02.06.0048.01

Ζ
`Hs, aL µ IHn + a0L-s + Ζ

`Hs, a0 + n + 1LM H1 + OHa - a0LL + â
k=0

n-1

ã
-2 ä Π s -

1

2 Π
 argI-k-a0M+arg

a+k

k+a0 Hk + a0L-s H1 + OHa - a0LL �;
-n < a0 < 1 - n ì n Î N+

Asymptotic series expansions

For ΖH±n, aL by a

10.02.06.0049.01

ΖHn, aL µ â
k=0

d-ReHaLt IHa + kL2M-
n

2 - Ha + kL-n - ΘH-nL 
B1-nHaL
1 - n

+ ΘHn - 1L 
H-1Ln ΨHn-1LHaL

Hn - 1L !
�; H a¤ ® ¥L ß n Î Z ß n ¹ 1

10.02.06.0050.01

ΖHn, aL µ -
Hä ΠLn 2n-1

Hn - 1L !
 

 argHaL¤
Π

Hä cotHΠ aL - 1L â
k=0

n-1 H-1Lk k ! Sn-1
HkL Hä cotHΠ aL + 1Lk

2k
+

1

Hn - 1L !
 â
k=1

¥ H2 k + n - 2L ! B2 k

H2 kL ! a2 k+n-1
+

2 a + n - 1

2 an Hn - 1L + â
k=0

d-ReHaLt IHa + kL2M-
n

2 - Ha + kL-n �; H a¤ ® ¥L ß n Î Z ß n > 1
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10.02.06.0051.01

ΖH-n, aL µ -
1

n + 1
 â
k=0

n+1 n + 1

k
B1-k+n ak + â

k=0

d-ReHaLt KIHa + kL2Mn�2
- Ha + kLn �; n Î N

10.02.06.0052.01

Ζ
`Hn, aL µ

2 a + n - 1

2 an Hn - 1L -
 argHaL¤

Π

Hä ΠLn 2n-1 Hä cotHΠ aL - 1L
Hn - 1L !

 â
k=0

n-1 H-1Lk k ! Sn-1
HkL Hä cotHΠ aL + 1Lk

2k
+

1

Hn - 1L !
 â
k=1

¥ H2 k + n - 2L ! B2 k

H2 kL ! a2 k+n-1
�; H a¤ ® ¥L ß n Î Z ß n > 1

10.02.06.0053.01

Ζ
`H-n, aL µ -

1

n + 1
 â
k=0

n+1 n + 1

k
B1-k+n ak �; n Î N

For ΖH1,0LHs, aL by a

10.02.06.0013.01

ΖH1,0LHs, aL µ - logHaL +
1

s - 1
ΖHs, aL +

a-s

2 Hs - 1L +
1

s - 1
 â
k=2

¥

Bk â
j=0

k-1 Hs - 1Lk

j ! Hk - jL !
 a-k-s+1 �; -

Π

2
< argHaL £

Π

2
í HReHaL ® ¥L

10.02.06.0014.01

ΖH1,0LH-n, aL µ
Bn+1HaL logHaL

n + 1
+ H-1Ln n! â

k=0

¥ a-k-1 Bk+n+2

Hk + 1Ln+2

-
1

n + 1
 â
k=2

n+1

Bk â
j=0

k-1 n + 1

k
 
H-1L j a-k+n+1

k - j
-

1

2
Hn + 1L an + Bn+1HaL

Hn + 1L2
�;

n Î N+ í -
Π

2
< argHaL £

Π

2
í HReHaL ® ¥L

10.02.06.0015.01

ΖH1,0LHp, aL µ a logHaL - a -
logHaL

2
+ â

k=2

¥ Bk

k Hk - 1L  a1-k �; -
Π

2
< argHaL £

Π

2
í HReHaL ® ¥L

Exponential Fourier series

Exponential Fourier series

For ΖHs, aL
10.02.06.0005.01

ΖHs, aL � 2 H2 ΠLs-1 GH1 - sL sin
Π s

2
â
k=1

¥ cosH2 Π a kL
k1-s

+ cos
Π s

2
â
k=1

¥ sinH2 Π a kL
k1-s

�; ReHsL < 1 ß 0 < a £ 1

Residue representations

Residue representations

For ΖHs, aL
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10.02.06.0016.01

ΖHs, aL � â
j=0

¥

rest Π IHa - tL2M-
s

2 H-1L-t cscHΠ tL  H- jL �; ReHsL > 1 ì -a Ï N

Allan Cortzen

10.02.06.0017.01

ΖHs, aL �
1

s - 1
 â
j=0

¥

rest Ha - tL IHa - tL2M-
s

2 HΠ cscHΠ tLL2  H- jL �; ReHsL > 1 ì -a Ï N

Allan Cortzen

For Ζ
`Hs, aL

10.02.06.0006.02

Ζ
`Hs, aL � â

j=0

¥

rest GHsL GH1 - sL GHa - tL
GHa - t + 1L

s H-1L-s  H- jL �; ReHsL > 1 ì -a Ï N

10.02.06.0018.01

Ζ
`Hs, aL �

1

s - 1
 â
j=0

¥

restIHa - tL1-s HΠ cscHΠ tLL2M H- jL �; ReHsL > 1 ì -a Ï N

Allan Cortzen

Other series representations

Other series representations

For ΖHs, aL
10.02.06.0054.01

ΖHs, aL �
1

s - 1
 â
k=0

¥ 1

k + 1
 â
j=0

k H-1L j k
j

Ha + jL1-s

10.02.06.0055.01

ΖHs, aL � â
k=0

¥ H-1Lk HsLk

k !
 ΖHk + sL Ha - 1Lk �;  a - 1¤ < 1

10.02.06.0007.01

Ζ s, a -
1

2
- Ζ Hs, aL � â

k=1

¥ HsLk Ζ Hk + sL
k ! 2k

10.02.06.0008.01

Ζ Hs, aL2 �
1

G HsL  â
k=0

¥ à
0

¥ ts-1 ã-a Ha+kL t

1 - ã-Ha+kL t
 â t �; ReHsL > 1 ß a > 0
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10.02.06.0019.01

ΖHs, aL � â
k=0

n IHa + kL2M-
s

2 +
Ha + nL1-s

s - 1
+ â

k=0

r-1 Hk + s - 1Lk Bk+1

Hk + 1L ! Ha + nLk+s
-

HsLr+1Hr + 1L !
 à

0

¥ Br+1Ht - dttL - Br+1

Ha + n + tLr+s+1
 â t �;

n Î N ì r Î N ì ReHaL > -n ì -a Ï N ì ReHsL > -r ì s ¹ 1

Allan Cortzen

For Ζ
`Hs, aL

10.02.06.0009.01

Ζ
`Hs, aL � a-s + Ha + 1L-s + Ha + 2L-s + ¼ �; ReHsL > 1

10.02.06.0010.01

Ζ
`Hs, aL � â

k=0

¥ 1

Ha + kLs
�; ReHsL > 1

10.02.06.0011.01

Ζ
`Hs, aL � -â

k=m

¥ Ha + k + 1L1-s - Ha + kL1-s

1 - s
- Ha + k + 1L-s + â

k=0

m 1

Ha + kLs
-

1

H1 - sL Ha + mLs-1
�; ReHsL > 1 ß m Î N

10.02.06.0012.01

Ζ
`Hs, aL � â

k=0

¥ H-1Lk HsLk ΖHk + sL ak

k !
+

1

as
�;  a¤ < 1

10.02.06.0020.01

Ζ
`Hs, aL � â

k=0

n Ha + kL-s +
Ha + nL1-s

s - 1
+ â

k=0

r-1 Hk + s - 1Lk Bk+1

Hk + 1L ! Ha + nLk+s
-

HsLr+1Hr + 1L !
 à

0

¥ Br+1Ht - dttL - Br+1

Ha + n + tLr+s+1
 â t �;

n Î N ì r Î N ì ReHaL > -n ì -a Ï N+ ì ReHsL > -r ì s ¹ 1

Allan Cortzen

Integral representations

On the real axis

Of the direct function

For ΖHs, aL
10.02.07.0001.01

ΖHs, aL �
1

GHsL  à
0

¥ ts-1 ã-a t

1 - ã-t
 â t �; ReHsL > 1 ß ReHaL > 0

10.02.07.0002.01

ΖHs, aL �
a1-s

s - 1
+ 2 à

0

¥ sinJs tan-1J t

a
NN

Ia2 + t2Ms�2 Iã2 Π t - 1M  â t +
1

2 as
�; ReHaL > 0
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Contour integral representations

Contour integral representations

For Ζ
`Hs, aL

10.02.07.0003.01

Ζ
`Hs, aL �

1

2 Π ä
 à

L

GHtL GH1 - tL GHa - tLs H-1L-t

GH1 + a - tLs
 â t �; s Î N+

10.02.07.0004.02

Ζ
`Hs, aL �

1

2 Π ä
 à

Γ-ä ¥

ä ¥+Γ

GHtL GH1 - tL GHa - tL
GHa - t + 1L

s H-1L-t  â t �; 0 < Γ < 1 ì ReHaL > Γ ì ReHsL > 1

10.02.07.0005.01

Ζ
`Hs, a - nL �

Π

2 ä Hs - 1L à
Γ-ä ¥

ä ¥+ΓHa - tL1-s csc2HΠ tL â t �; n Î Z ì n < Γ < n + 1 ì ReHaL > Γ ì s ¹ 1

Allan Cortzen

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

For ΖHs, aL
10.02.16.0001.01

ΖHs, a + 1L � ΖHs, aL -
1

Ia2Ms�2
10.02.16.0002.01

ΖHs, a - 1L � ΖHs, aL +
1

IHa - 1L2Ms�2
10.02.16.0003.01

ΖHs, a + nL � ΖHs, aL - â
k=0

n-1 1

IHa + kL2Ms�2 �; n Î N

10.02.16.0004.01

ΖHs, a - nL � ΖHs, aL + â
k=0

n-1 1

IHa + k - nL2Ms�2 �; n Î N

10.02.16.0005.01

Ζ 1 - s,
n

m
�

2 G HsL
H2 Π mLs

â
j=1

m

cos
Π s

2
-

2 Π j n

m
Ζ s,

j

m
�; n Î N+ ì m Î N+ ì n £ m
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For Ζ
`Hs, aL

10.02.16.0006.01

Ζ
`Hs, a + 1L � Ζ

`Hs, aL -
1

as

10.02.16.0007.01

Ζ
`Hs, a - 1L � Ζ

`Hs, aL +
1

as

10.02.16.0008.01

Ζ
`Hs, a + nL � Ζ

`Hs, aL - â
k=0

n-1 1

Ha + kLs
�; n Î N

10.02.16.0009.01

Ζ
`Hs, a - nL � Ζ

`Hs, aL + â
k=1

n 1

Ha - kLs
�; n Î N

Multiple arguments

Argument involving numeric multiples of variable

For Ζ
`Hs, aL

10.02.16.0010.01

Ζ
`Hs, 2 aL � 2-s Ζ

`Hs, aL + Ζ
`

s, a +
1

2

10.02.16.0011.01

Ζ
`Hs, 3 aL � 3-s Ζ

`Hs, aL + Ζ
`

s, a +
1

3
+ Ζ

`
s, a +

2

3

10.02.16.0012.01

Ζ
`H1,0LHs, 2 aL � 2-s Ζ

`H1,0L
s, a +

1

2
+ Ζ

`H1,0LHs, aL - logH2L 2-s Ζ
`

s, a +
1

2
+ Ζ

`Hs, aL
10.02.16.0013.01

Ζ
`H1,0LHs, 3 aL � 3-s Ζ

`H1,0L
s, a +

1

3
+ Ζ

`H1,0L
s, a +

2

3
+ Ζ

`H1,0LHs, aL - logH3L 3-s Ζ
`

s, a +
1

3
+ Ζ

`
s, a +

2

3
+ Ζ

`Hs, aL
Argument involving symbolic multiples of variable

For Ζ
`Hs, aL

10.02.16.0014.01

Ζ
`Hs, m aL � m-s â

k=0

m-1

Ζ
`

s, a +
k

m
�; m Î N+

10.02.16.0015.01

Ζ
`H1,0LHs, m aL � m-s â

k=0

m-1

Ζ
`H1,0L

s, a +
k

m
- logHmL m-s â

k=0

m-1

Ζ
`

s, a +
k

m
�; m Î N+
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Identities

Recurrence identities

Consecutive neighbors

For ΖHs, aL
10.02.17.0001.01

ΖHs, aL � ΖHs, a + 1L +
1

Ia2Ms�2
10.02.17.0002.01

ΖHs, aL � ΖHs, a - 1L -
1

IHa - 1L2Ms�2

For Ζ
`Hs, aL

10.02.17.0003.01

Ζ
`Hs, aL � Ζ

`Hs, a + 1L +
1

as

10.02.17.0004.01

Ζ
`Hs, aL � Ζ

`Hs, a - 1L -
1

Ha - 1Ls

Distant neighbors

For ΖHs, aL
10.02.17.0005.01

ΖHs, aL � ΖHs, a + nL + â
k=0

n-1 1

IHa + kL2Ms�2 �; n Î N

10.02.17.0006.01

ΖHs, aL � ΖHs, a - nL - â
k=0

n-1 1

IHa + k - nL2Ms�2 �; n Î N

10.02.17.0012.01

ΖHs, aL � ΖHs, b - minH0, ReHb - aLLL + â
k=0

ReHb-aL-1 1

IHa + kL2Ms�2 �; ReHb - aL Î Z ì ImHb - aL � 0

For Ζ
`Hs, aL
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10.02.17.0007.01

Ζ
`Hs, aL � Ζ

`Hs, a + nL + â
k=0

n-1 1

Ha + kLs
�; n Î N

10.02.17.0008.01

Ζ
`Hs, aL � z-n Ζ

`Hs, a - nL - â
k=0

n-1 zk

Ha + k - nLs
�; n Î N

10.02.17.0013.01

Ζ
`Hs, aL � â

k=0

ReHb-aL-1 1

Ha + kLs
+ Ζ

`Hs, b - minH0, ReHb - aLLL �; ReHb - aL Î Z ì ImHb - aL � 0

Functional identities

Major general cases

For ΖHs, aL
10.02.17.0014.01

ΖHs, aL � -ΖHs, 1 - aL + ΖHs, a + `-ReHaLpL + ΖHs, -a - d-ReHaLtL - ∆fracH-ReHaLL I-ImHaL2M-
s

2 �; a Ï R

Pavlyk 0. (2006)

10.02.17.0009.01

Ζ s,
n

m
�

2 G H1 - sL
H2 Π mL1-s

â
j=1

m

sin
2 j Π n

m
+

Π s

2
Ζ 1 - s,

j

m
�; n Î N+ ì m Î N+ ì n £ m

For Ζ
`Hs, aL

10.02.17.0010.01

Ζ
`Hs, aL � 2-s Ζ

`Ks,
a

2
O + Ζ

`
s,

a + 1

2

10.02.17.0011.01

Ζ
`Hs, aL � q-s â

k=1

q

Ζ
`

s,
a + k - 1

q
�; q Î N+

Differentiation

Low-order differentiation

With respect to s

For ΖHs, aL

General case
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10.02.20.0011.01

ΖH1,0LHs, aL � -
1

2
â
k=0

¥ logIHa + kL2M
IHa + kL2Ms�2 �; -a Ï N

10.02.20.0012.01

ΖH1,0LHs, a + 1L � ΖH1,0LHs, aL +
logIa2M
2 Ia2Ms�2

10.02.20.0013.01

ΖH1,0LHs, a + mL � ΖH1,0LHs, aL +
1

2
 â
k=0

m-1 logIHa + kL2M
IHa + kL2Ms�2 �; m Î N+

10.02.20.0014.01

ΖH1,0LHs, mL � Ζ¢HsL +
1

2
â
k=0

m-2 logHk + 1L
Hk + 1Ls

�; m Î Z ß m ³ -1

10.02.20.0015.01

ΖH2,0LHs, aL �
1

4
â
k=0

¥ log2IHa + kL2M
IHa + kL2Ms�2 �; -a Ï N

10.02.20.0016.01

ΖH2,0LHs, a + 1L � ΖH2,0LHs, aL -
log2Ia2M
4 Ia2Ms�2

10.02.20.0017.01

ΖH2,0LHs, a + mL � ΖH2,0LHs, aL -
1

4
 â
k=0

m-1 log2IHa + kL2M
IHa + kL2Ms�2 �; m Î N+

10.02.20.0018.01

ΖH2,0LHs, mL � Ζ¢¢HsL - â
k=0

m-2 log2Hk + 1L
Hk + 1Ls

�; m Î Z ß m ³ -1

Derivatives at zero

10.02.20.0001.01

ΖH1,0LH0, aL � logGHaL -
1

2
logH2 ΠL �; ReHaL > 0

10.02.20.0019.01

ΖH1,0LH0, aL � logGHaL -
1

2
logH2 ΠL - ä Π ReHdatL H2 ΘHImHaLL - 1L -

1

2
Π ä I1 + H-1Ld-ReHaLt+dReHaLtM ΘH-ImHaLL ΘH-ReHaLL

10.02.20.0020.01

ΖH1,0LH0, aL � logGHa - 1L + logHa - 1L -
1

2
logH2 ΠL + â

k=0

d1-ReHaLt
logHa + kL -

1

2
logIHa + kL2M
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10.02.20.0021.01

ΖH1,0LH0, 0L � -
1

2
logH2 ΠL

Derivatives at negarive integer points

10.02.20.0022.01

ΖH1,0L s,
1

2
� 2s logH2L ΖHsL + H2s - 1L Ζ¢HsL

10.02.20.0023.01

ΖH1,0LH-1, aL � -
1

12
I-6 a2 + 18 a - 12 Ha - 1L logHa - 1L + 12 logHAL + 6 Ha - 1L logH2 ΠL - 13M +

ΨH-2LHa - 1L + â
i=0

d-ReHaLt Ha + iL logHa + iL -
1

2
Ha + iL2 logIHa + iL2M ΘHd-ReHaLtL

10.02.20.0024.01

ΖH1,0LH-2, aL �
1

12 Π2
 2 Π2 Ia I2 ý a2 + 3 H-6 + ýL a + ý + 18M - 9M - 3 ΖH3L +

Π2 H-6 + 4 ýL d-ReHaLt3 + 3 H2 a + 1L H-3 + 2 ýL d-ReHaLt2 + H6 a Ha + 1L + 1L H-3 + 2 ýL d-ReHaLt +

6 Ha - 1L HlogH2L + 2 Ha - 1L logHa - 1L - 4 logHAL + logHΠL - a logH2 ΠLL + 4 ΨH-3LHa - 1L +

2 â
k=0

d-ReHaLt 1

2
Ha + kL2 I2 logHa + kL - logIHa + kL2MM + H-3 + 2 ýL ΖH-2, a + maxH0, d1 - ReHaLtLL

10.02.20.0025.01

ΖH1,0LH-2, aL � 2 ΨH-3LHa - 1L + logHa - 1L Ha - 1L2 +
1

12 Π2
 I2 Ha - 1L Π2 I2 ý a2 - HlogH8L + 3 logHΠL + ý + 9L a + 3 H-4 logHAL + logH2 ΠL + 3LM - 3 ΖH3LM +

-
3

2
+ ý ΖH-2, aL + â

k=0

d1-ReHaLt 1

2
Ha + kL2 I2 logHa + kL - log IHa + kL2MM

10.02.20.0026.01

ΖH1,0LH-3, aL � 6 ΨH-4LHa - 1L + logHa - 1L Ha - 1L3 -
1

2
logH2 ΠL Ha - 1L3 -

3 logHAL Ha - 1L2 -
3 ΖH3L Ha - 1L

4 Π2
-

11

720
H120 a HHa - 3L a + 3L - 121L + -

11

6
+ ý ΖH-3, aL +

Ζ¢H-3L +
1

120
I30 Ha - 1L2 a2 - 1M ý + â

k=0

d1-ReHaLt Ha + kL3 logHa + kL -
1

2
IHa + kL2M3�2

logIHa + kL2M
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10.02.20.0027.01

ΖH1,0LH-4, aL � 24 ΨH-5LHa - 1L + logHa - 1L Ha - 1L4 -
1

2
logH2 ΠL Ha - 1L4 - 4 logHAL Ha - 1L3 -

1

180
H375 a HHa - 3L a + 3L - 386L Ha - 1L + 4 Ζ¢H-3L Ha - 1L +

9 IΖH5L - 2 Ha - 1L2 Π2 ΖH3LM + H-25 + 12 ýL Π4 ΖH-4, aL
12 Π4

+

1

30
a Ia2 H3 a H2 a - 5L + 10L - 1M ý + â

k=0

d1-ReHaLt 1

2
Ha + kL4 I2 logHa + kL - log IHa + kL2MM

10.02.20.0028.01

ΖH1,0LH-5, aL � 120 ΨH-6LHa - 1L + logHa - 1L Ha - 1L5 -
1

2
logH2 ΠL Ha - 1L5 - 5 logHAL Ha - 1L4 + 10 Zeta¢H-3L Ha - 1L2 -

5 I2 Ha - 1L2 Π2 ΖH3L - 3 ΖH5LM Ha - 1L
4 Π4

+
42 a Ha H8275 - 822 a HHa - 5L a + 10LL - 4220L + 36 697

15 120
+ -

137

60
+ ý ΖH-5, aL +

Ζ¢H-5L +
1

252
I21 Ha - 1L2 H2 Ha - 1L a - 1L a2 + 1M ý + â

k=0

d1-ReHaLt Ha + kL5 logHa + kL -
1

2
IHa + kL2M5�2

log IHa + kL2M
10.02.20.0029.01

ΖH1,0LH-n, aL � n! ΨH-n-1LHa - 1L -

ý -
ý Ha - 1L

n + 1
- logHa - 1L + ΨHn + 1L + â

k=0

n 1

Ha - 1Lk
 

n

k
â
j=0

k
k
j

ΨH- j + k + 1L ΘHd-ReHaLtL â
i=0

d-ReHaLt Ha + iLk- j +

ΖH j - k, a + maxHd1 - ReHaLt, 0LL H1 - aL j - ΨHk + 1L ΖH-kL - Ζ¢H-kL

Ha - 1Ln + ΘHd-ReHaLtL â
i=0

d-ReHaLt Ha + iLn logHa + iL -
1

2
IHa + iL2Mn�2

logIHa + iL2M �; n Î N

10.02.20.0030.01

ΖH1,0LH-n, 1L � Ζ¢H-nL �; n Î N

10.02.20.0031.01

ΖH1,0LH-n, mL � n! ΨH-n-1LHm - 1L - Hm - 1Ln -
ý Hm - 1L

n + 1
- logHm - 1L + ΨHn + 1L +

â
k=0

n 1

Hm - 1Lk
 

n

k
â
j=0

k
k
j

ΨH- j + k + 1L ΖH j - k, mL H1 - mL j - ΨHk + 1L ΖH-kL - Ζ¢H-kL +

ý �; Hn Î N ß m Î Z ß m ³ 2L ê In Î N+ ì m � 0M
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10.02.20.0032.01

ΖH1,0LH-n, -mL � n! ΨH-n-1LH-m - 1L - H-1Ln Hm + 1Ln ý +
ý Hm + 1L

n + 1
- Π ä - logHm + 1L + ΨHn + 1L +

â
k=0

n H-1Lk

Hm + 1Lk

n

k
 â

j=0

k
k
j

ΨH- j + k + 1L â
i=0

m-1 Hi - mLk- j + ΖH j - kL Hm + 1L j - ΨHk + 1L ΖH-kL - Ζ¢H-kL +

â
i=0

m-1 Hi - mLn Hä Π + H1 - H-1LnL logHm - iLL �; n Î N+ ì m Î N

10.02.20.0033.01

ΖH1,0L 1 - 2 n,
p

q
� Ζ¢H1 - 2 nL q-2 n +

B2 nJ p

q
N HΨH2 nL - logH2 Π qLL

2 n
+

H-1Ln+1 Π

H2 Π qL2 n
 â
j=1

q-1

sin
2 Π p j

q
ΨH2 n-1L j

q
+

H-1Ln+1 2 H2 n - 1L !

H2 Π qL2 n
 â
j=1

q-1

cos
2 Π p j

q
ΖH1,0L 2 n,

j

q
-

HΨH2 nL - logH2 ΠLL B2 n

q2 n 2 n
�; n Î N+ ì p Î Z ì 0 < p < q ì q Î Z ì q > 1

10.02.20.0034.01

ΖH1,0L 1 - 2 n, m +
p

q
� Ζ¢H1 - 2 nL q-2 n +

ΨH2 nL - logH2 Π qL
2 n

 B2 n

p

q
+

1

2
sgn Re m +

p

q
â
k=0

 m¤-1 logKJk + 1

2
JJ1 - 2 Jm +

p

q
NN sgnJReJm +

p

q
NN + 1NN2O

KJk + 1

2
JJ1 - 2 Jm +

p

q
NN sgnJReJm +

p

q
NN + 1NN2O 1

2
-n

+

H-1Ln+1 Π

H2 Π qL2 n
 â
j=1

q-1

sin
2 Π p j

q
ΨH2 n-1L j

q
+

H-1Ln+1 2 H2 n - 1L !

H2 Π qL2 n
 â
j=1

q-1

cos
2 Π p j

q
ΖH1,0L 2 n,

j

q
-

ΨH2 nL - logH2 ΠL
q2 n 2 n

B2 n �;
m Î Z ì n Î N+ ì p Î Z ì 0 < p < q ì q Î Z ì q > 1

10.02.20.0035.01

ΖH1,0L 1 - 2 n,
1

6
�

I32 n-1 - 1M logH2L
62 n-1 4 n

 B2 n +
I22 n-1 - 1M logH3L

62 n-1 4 n
 B2 n -

H9n - 1L I22 n-1 + 1M Π

3 62 n-1 8 n
 B2 n +

I22 n-1 - 1M I32 n-1 - 1M
2 62 n-1

 Ζ¢H1 - 2 nL -
H-1Ln I22 n-1 + 1M
2 3 H12 ΠL2 n-1

 ΨH2 n-1L 1

3
�; n Î N+

10.02.20.0036.01

ΖH1,0L 1 - 2 n,
1

4
� -

H-1Ln

4 H8 ΠL2 n-1
 ΨH2 n-1L 1

4
+

Π I4n - 42 nM + I22 n+1 - 8M logH2L
42 n+1 n

 B2 n -
22 n-1 - 1

24 n-1
 Ζ¢H1 - 2 nL �; n Î N+

10.02.20.0037.01

ΖH1,0L 1 - 2 n,
1

3
�

-
9-n I 3 Π H9n - 1L + 6 logH3LN

8 n
 B2 n + H-1Ln-1 3

1

2
-2 n 4-n Π1-2 n ΨH2 n-1L 1

3
+

1

2
9-n H3 - 9nL Ζ¢H1 - 2 nL �; n Î N+
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10.02.20.0038.01

ΖH1,0L 1 - 2 n,
1

2
� -

B2 n logH2L
22 n n

-
22 n-1 - 1

22 n-1
Ζ¢H1 - 2 nL �; n Î N+

10.02.20.0039.01

ΖH1,0L 1 - 2 n,
2

3
�

9-n I 3 H9n - 1L Π - 6 logH3LN
8 n

 B2 n + H-1Ln 3
1

2
-2 n 4-n Π1-2 n ΨH2 n-1L 1

3
+

1

2
9-n H3 - 9nL Ζ¢H1 - 2 nL �; n Î N+

10.02.20.0040.01

ΖH1,0L 1 - 2 n,
3

4
�

H-1Ln

4 H8 ΠL2 n-1
 ΨH2 n-1L 1

4
+

I22 n+1 - 23M logH2L - I4n - 42 nM Π

42 n+1 n
 B2 n -

22 n-1 - 1

24 n-1
 Ζ¢H1 - 2 nL �; n Î N+

10.02.20.0041.01

ΖH1,0L 1 - 2 n,
5

6
�

I32 n-1 - 1M logH2L
62 n-1 4 n

 B2 n +
I22 n-1 - 1M logH3L

62 n-1 4 n
 B2 n +

H9n - 1L I22 n-1 + 1M Π

3 62 n-1 8 n
 B2 n +

I22 n-1 - 1M I32 n-1 - 1M
2 62 n-1

 Ζ¢H1 - 2 nL +
H-1Ln I22 n-1 + 1M
2 3 H12 ΠL2 n-1

 ΨH2 n-1L 1

3
�; n Î N+

10.02.20.0002.01

ΖH1,0L -1,
1

4
�

logHGlaisherL
8

-
1

96
+

C

4 Π

10.02.20.0042.01

ΖH1,0LH-1, 1L �
1

12
- logHAL

10.02.20.0043.01

ΖH1,0LH-n, aL + H-1Ln ΖH1,0LH-n, 1 - aL �
Π ä

n + 1
 Bn+1HaL +

ã-
Π ä n

2 n!

H2 ΠLn
 Lin+1Iã2 Π ä aM �;

-
Π

2
< argHaL £

Π

2
í -

Π

2
< argH1 - aL £

Π

2
í n Î N+

10.02.20.0044.01

ΖH1,0LHs, aL � ΖH1,0LHs, b - minH0, ReHb - aLLL -
1

2
â
k=0

ReHb-aL-1 logIHa + kL2M
IHa + kL2Ms�2 �; ReHb - aL Î Z ì ImHb - aL � 0

10.02.20.0045.01

ΖH1,0LHs, aL � ΖH1,0LHs, a - dReHaLtL +
1

2
sgnHReHaLL â

k=0

 dReHaLt¤-1 logKJk + 1

2
H1 - 2 aL sgnHReHaLL + 1

2
N2O

KJk + 1

2
H1 - 2 aL sgnHReHaLL + 1

2
N2Os�2 �; Ø a Î Z

For Ζ
`Hs, aL

10.02.20.0003.01

¶Ζ
`
 Hs, aL
¶s

� -â
k=0

¥ log Ha + kL
Ha + kLs

�; ReHsL > 1
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10.02.20.0046.01

¶Ζ
`Hs, a + 1L

¶s
�

¶Ζ
`Hs, aL
¶s

+
logHaL

as

10.02.20.0047.01

¶Ζ
`Hs, a + mL

¶s
�

¶Ζ
`Hs, aL
¶s

+ â
k=0

m-1 logHa + kL
Ha + kLs

�; m Î N+

10.02.20.0048.01

¶Ζ
`Hs, aL
¶s

�
¶Ζ

`Hs, b - minH0, ReHb - aLLL
¶s

- â
k=0

ReHb-aL-1 logHa + kL
Ha + kLs

�; ReHb - aL Î Z ì ImHb - aL � 0

10.02.20.0004.01

¶2 Ζ
`Hs, aL
¶s2

� â
k=0

¥ log2Ha + kL
Ha + kLs

�; ReHsL > 1

10.02.20.0049.01

¶2 Ζ
`Hs, a + 1L

¶s2
�

¶2 Ζ
`Hs, aL
¶s2

-
log2HaL

as

10.02.20.0050.01

¶2 Ζ
`Hs, a + mL

¶s2
�

¶2 Ζ
`Hs, aL
¶s2

- â
k=0

m-1 log2Ha + kL
Ha + kLs

�; m Î N+

With respect to a

For ΖHs, aL
10.02.20.0051.01

ΖH0,1LHs, aL � -s â
k=0

¥ a + k

IHa + kL2M s

2
+1

�; -a Ï N

10.02.20.0052.01

ΖH0,1LHs, aL � s HΖHs + 1, aL - 2 ΖHs + 1, a + maxHd-ReHaLt + 1, 0LLL �; -a Ï N

10.02.20.0053.01

ΖH0,2LHs, aL � s Hs + 1L â
k=0

¥ 1

IHa + kL2M s

2
+1

�; -a Ï N

10.02.20.0054.01

ΖH0,2LHs, aL � s Hs + 1L ΖHs + 2, aL �; -a Ï N

For Ζ
`Hs, aL

10.02.20.0005.01

¶Ζ
`Hs, aL
¶a

� -s Ζ
`Hs + 1, aL
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10.02.20.0006.01

¶2 Ζ
`Hs, aL
¶a2

� s Hs + 1L Ζ
`Hs + 2, aL

Symbolic differentiation 

With respect to s

For ΖHs, aL
10.02.20.0055.01

¶n ΖHs, aL
¶sn

�
H-1Ln

2n
 â
k=0

¥ lognIHa + kL2M
IHa + kL2Ms�2 �; -a Ï N ì ReHsL > 1 ì n Î N

10.02.20.0056.01

¶n ΖHs, a + 1L
¶sn

�
¶n ΖHs, aL

¶sn
+

H-1Ln-1 lognIa2M
2n Ia2Ms�2 �; n Î N

10.02.20.0057.01

¶n ΖHs, a + mL
¶sn

�
¶n ΖHs, aL

¶sn
+

H-1Ln-1

2n
 â
k=0

m-1 lognIHa + kL2M
IHa + kL2Ms�2 �; m Î N+ ì n Î N

10.02.20.0058.01

¶n ΖHs, 1L
¶sn

�
¶n ΖHsL

¶sn
�; n Î N+

10.02.20.0059.01

¶n ΖHs, mL
¶sn

�
¶n ΖHsL

¶sn
+ H-1Ln-1 â

k=0

m-2 lognHk + 1L
Hk + 1Ls

�; m Î N ì n Î N+

10.02.20.0060.01

ΖHn,0L s,
1

2
� â

k=0

n n

k
2s logn-kH2L ΖHkLHsL - ΖHnLHsL �; n Î N+

10.02.20.0061.01

¶n ΖHs, aL
¶sn

�
¶n ΖHs, b - minH0, ReHb - aLLL

¶sn
+

H-1Ln

2n
â
k=0

ReHb-aL-1 lognIHa + kL2M
IHa + kL2Ms�2 �; ReHb - aL Î Z ì ImHb - aL � 0 ì n Î N+

For Ζ
`Hs, aL

10.02.20.0007.02

¶n Ζ
`Hs, aL
¶sn

� H-1Ln â
k=0

¥ lognHa + kL
Ha + kLs

�; ReHsL > 1 ß n Î N

10.02.20.0062.01

¶n Ζ
`Hs, a + 1L

¶sn
�

¶n Ζ
`Hs, aL
¶sn

+
H-1Ln-1 lognHaL

as
�; n Î N
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10.02.20.0063.01

¶n Ζ
`Hs, a + mL

¶sn
�

¶n Ζ
`Hs, aL
¶sn

+ H-1Ln-1 â
k=0

m-1 lognHa + kL
Ha + kLs

�; m Î N+ ì n Î N

10.02.20.0064.01

¶n Ζ
`Hs, aL
¶sn

�
¶n Ζ

`Hs, b - minH0, ReHb - aLLL
¶sn

+ H-1Ln â
k=0

ReHb-aL-1 lognHa + kL
Ha + kLs

�; ReHb - aL Î Z ì ImHb - aL � 0 ì n Î N+

With respect to a

For ΖHs, aL
10.02.20.0065.01

¶n ΖHs, aL
¶an

� H1 - n - sLn â
k=0

¥ 1

Ha + kLn IHa + kL2Ms�2 �; -a Ï N ì n Î N

10.02.20.0066.01

¶n ΖHs, aL
¶an

� H1 - n - sLn â
k=0

d-ReHaLt 1

Ha + kLn IHa + kL2Ms�2 + ΖHn + s, a + maxHd-ReHaLt + 1, 0LL �; -a Ï N ì n Î N

For Ζ
`Hs, aL

10.02.20.0008.02

¶n Ζ
`Hs, aL
¶an

� H1 - n - sLn Ζ
`Hn + s, aL �; n Î N

Fractional integro-differentiation

With respect to s

For Ζ
`Hs, aL

10.02.20.0009.01

¶Α Ζ
`Hs, aL
¶sΑ

� s-Α â
k=0

¥ H-s logHa + kLLΑ QH-Α, 0, -s logHa + kLL
Ha + kLs

�; ReHsL > 1

With respect to a

For ΖHs, aL
10.02.20.0010.01

¶Α ΖHs, aL
¶aΑ

�
GH1 - sL a-s-Α

GH1 - s - ΑL + a-Α â
k=1

¥

k-s
2F

�
1 1, s; 1 - Α; -

a

k
�; ReHsL > 1 ß ReHaL > 0

Integration
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Indefinite integration

Involving only one direct function with respect to s

For Ζ
`Hs, aL

10.02.21.0001.01

à Ζ
`Hs, aL â s � -â

k=0

¥ Ha + kL-s

logHa + kL �; ReHsL > 1 ß ReHaL > 0

10.02.21.0002.01

à sΑ-1 Ζ
`Hs, aL â s � -sΑ â

k=0

¥ GHΑ, s logHa + kLL
Hs logHa + kLLΑ

�; ReHsL > 1 ß ReHaL > 0

Involving only one direct function with respect to a

For Ζ
`Hs, aL

10.02.21.0003.01

à Ζ
`Hs, aL â a �

1

1 - s
 ΖHs - 1, aL

10.02.21.0004.01

à aΑ-1 Ζ
`Hs, aL â a �

aΑ

Α - s
 â
k=0

¥ 1

Ha + kLs J a+k

a
N-s

 2F1 s - Α, s; s - Α + 1; -
k

a

Summation

Finite summation

Finite summation

For ΖHs, aL
10.02.23.0001.01

â
k=1

q

Ζ s,
k

q
� qs ΖHsL �; q Î N+

For Ζ
`Hs, aL

10.02.23.0002.01

â
k=1

q

Ζ
`
 s,

a + k

q
� qs Ζ

`
 Hs, a + 1L �; q Î N+

Infinite summation

Infinite summation
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For ΖHs, aL
10.02.23.0003.01

â
k=1

¥ ΖHn, k + 1L
k

�
n

2
ΖHn + 1L -

1

2
â
k=1

n-2

ΖHn - kL ΖHk + 1L �; n - 1 Î N+

10.02.23.0004.01

â
k=0

¥ H-1Lk HaLk

k !
 ΖHa + k, xL yk � ΖHa, x + yL �; y

x
< 1

10.02.23.0005.01

â
k=0

¥ zk ΖHk + 2, z + 1L
a + k

� -GHa - 1L ΨH1-aLHzL z-a +
ΨHaL + ý - logHzL

z2
+

ΨHzL
Ha - 1L z

�;  z¤ < 1

10.02.23.0006.01

â
k=0

¥ zk

k + n
 ΖHk + 2, aL � Hn - 2L ! z-n â

j=0

n-2 z j

j ! Hn - j - 2L !
 IΨHn - j - 1L ΖH j - n + 2, a - zL + ΖH1,0LH j - n + 2, a - zLM -

IΨHn - 1L ΖH2 - n, aL + ΖH1,0LH2 - n, aLM z-n +
ΨHaL + ý

Hn - 1L z
�; ReHaL > 0 ß n Î Z ß n > 1

10.02.23.0007.01

â
k=0

¥ H-1Lk Hk + 1L ! zk

HaLk

 Ζ k + 2,
1

2
�

GHaL
2 z2

 21-a z3-aI8 ΨH2-aLH2 zL - 2a ΨH2-aLHzLM +
2 ý z + Ha - 2L logH4L

GHa - 1L

Operations

Limit operation

Limit operation

For Ζ
`Hs, aL

10.02.25.0001.01

lim
s®1

Ζ
`Hs, aL -

1

s - 1
� -ΨHaL

Representations through more general functions

Through hypergeometric functions

Involving pF
�

q

For Ζ
`Hs, aL

10.02.26.0001.01

Ζ
`
 Hs, aL � a-s G Ha + 1Ls

s+1F
�

sH1, a1, a2, ¼, as; a1 + 1, a2 + 1, ¼, as + 1; 1L �; a1 � a2 � ¼ � as � a ì -a Ï N ì s Î N+
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Involving pFq

For Ζ
`Hs, aL

10.02.26.0002.01

Ζ
`Hs, aL � a-s s+1FsH1, a1, a2, ¼, as; a1 + 1, a2 + 1, ¼, as + 1; 1L �; a1 � a2 � ¼ � as � a ì a Ï N ì s Î N+

Through Meijer G

Classical cases for the direct function itself

For Ζ
`Hs, aL

10.02.26.0003.01

Ζ
`Hs, aL � Gs+1,s+1

1,s+1 -1
0, 1 - a, ¼, 1 - a

0, -a, ¼, -a
�; s Î N+

Through other functions

Through other functions

For ΖHs, aL
10.02.26.0004.01

ΖHs, aL � FH1, s, aL
For Ζ

`Hs, aL
10.02.26.0005.01

Ζ
`Hs, aL � F

` H1, s, aL
For Ζ

�
 Hs, aL

10.02.26.0006.01

Ζ
�
 Hs, aL � F

�
 H1, s, aL

Representations through equivalent functions

Interrelations

10.02.27.0004.01

ΖHs, aL �
Hd-ReHaLt + dReHaLt + 1L ΘHImHaLL

IHa + d-ReHaLtL2Ms�2 + Ζ
`Hs, a + d-ReHaLt + 1L I1 - ãH2 ΘHImHaLL-1L Π ä sM ΘH-ReHaLL +

IIãH2 ΘHImHaLL-1L Π ä s - 1M ΘH-ReHaLL + 1M Ζ
`Hs, aL
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10.02.27.0005.01

ΖHs, aL � Ζ
`Hs, aL �; -

Π

2
< argHaL £

Π

2

10.02.27.0006.01

ΖH2 n, aL � Ζ
`H2 n, aL �; n Î Z

10.02.27.0007.01

ΖHs, aL � ΖHs, a + `-ReHaLpL + ΖHs, -a - d-ReHaLtL - Ζ
`Hs, 1 - aL - ∆fracH-ReHaLL I-ImHaL2M-

s

2 �; -
Π

2
< argH1 - aL £

Π

2
í a Ï R

Pavlyk 0. (2006)

10.02.27.0008.01

Ζ
`Hs, aL � ΖHs, aL ã-ΘHd-ReHaLtL H2 ΘHImHaLL-1L Π ä s +

ΘHd-ReHaLtL I1 - ã-H2 ΘHImHaLL-1L Π ä sM ΘHImHaLL Hd-ReHaLt + dReHaLt + 1L
IHa + d-ReHaLtL2Ms�2 + ΖHs, a + d-ReHaLt + 1L

With related functions

With related functions

For ΖHs, aL
10.02.27.0001.01

Ζ
`Hs, aL � ΖHsL - Ha-1

HsL
10.02.27.0009.01

ΖHs, aL � ΖHsL - Ha-1
HsL �; -

Π

2
< argHaL £

Π

2

10.02.27.0010.01

ΖHs, aL � IIãH2 ΘHImHaLL-1L Π ä s - 1M ΘH-ReHaLL + 1M IΖHsL - Ha-1
HsL M +

-Ha+d-ReHaLtHsL +
Hd-ReHaLt + dReHaLt + 1L ΘHImHaLL

IHa + d-ReHaLtL2Ms�2 + ΖHsL I1 - ãH2 ΘHImHaLL-1L Π ä sM ΘH-ReHaLL
10.02.27.0002.01

ΖHn, aL �
H-1Ln

Hn - 1L !
 ΨHn-1LHaL �; n - 1 Î N+ ì ReHaL > 0

10.02.27.0011.01

ΖHn, aL �
H-1Ln ΨHn-1LHa + Hd-ReHaLt + 1L ΘHd-ReHaLt + 1LL

Hn - 1L !
+ â

k=0

d-ReHaLt 1

IHa + kL2Mn�2 �; n - 1 Î N+

10.02.27.0003.01

Ζ s,
m

n
�

1

n
 â
k=1

n

ns Lis ã
2 Π ä k

n ã
-

2 Π ä k m

n �; m Î N+ ì n Î N+ ì m £ n

History
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– H. Mellin (1899)

– E. Lindelöf (1899)
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