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Introductions to ArithmeticGeometricMean

Introduction to the Arithmetic-Geometric Mean

General

The arithmetic-geometric mean appeared in the works of J. Landen (1771, 1775) and J.-L. Lagrange (1784-1785)
who defined it through the following quite-natural limit procedure:

agm(a, b) == lim ap == lim b, /; ag==a> by ==b>0/\
N—-o0 N—oo

bo\2
Any1 == % (@n + bn) == agm(ay, by) 03(0: ZZM)Z /\ Pni1 ==/ an bn == agm(ap, bo) <94(01 ZZM)Z /\ z== Q[l - [;ﬁ) ]

C. F. Gauss (1791-1799, 1800, 1876) continued to research this limit and in 1800 derived its representation through
the hypergeometric function >F4(a, b; c; 2).

Definition of arithmetic-geometric mean

The arithmetic-geometric mean agm(a, b) is defined through the reciprocal value of the complete dliptic integral
K(2) by the formula:

m(a+h)
(=)

A quick look at the arithmetic-geometric mean

agm(a, b) ==

Hereisaquick look at the graphic for the arithmetic-geometric mean over the real a-b-plane.

Im

- Graphi csArray -

Connections within the arithmetic-geometric mean group and with other function groups

Representations through more general functions
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The arithmetic-geometric mean agm(a, b) can be represented through the reciprocal function of the particular cases
of hypergeometric and Meijer G functions:

a+b

22':1(%. %; 1; (g)z)

m(a+b) 12 a-b)\?
agm(a, b) == / Gy —(—)
2 a+b

agm(a, b) =
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Representationsthrough related equivalent functions

The definition of the arithmetic-geometric mean agm(a, b) can be interpreted as a representation of agm(a, b)
2

through related equivalent functions—the reciprocal of the complete elliptic integral K(2) with z== (ﬂ) :

a+b

n(a+b)
aK((53))

The best-known properties and formulas for the arithmetic-geometric mean

agm(a, b) ==

Valuesin points

The arithmetic-geometric mean agm(a, b) can be exactly evaluated in some points, for example:
agm(a, a) == a

agm(0, b)==0

agm(l, by== ———
2K(1-b?)

aomie, V7 o) =a 2 1(2)

[ 34(0, 2)2] 1
agm| 1, == i-1<z<1
9300, 2%) 930, 2°

agm(1, oo) == co.

Real valuesfor real arguments

For real values of arguments a, b (with ab > 0), the values of the arithmetic-geometric mean agm(a, b) arereal.
Analyticity

The arithmetic-geometric mean agm(a, b) is an analytical function of a and b that is defined over C2.

Poles and essential singularities

The arithmetic-geometric mean agm(a, b) does not have poles and essential singularities.
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Branch pointsand branch cuts

The arithmetic-geometric mean agm(a, b) on the %-plane has two branch points: % =0and % = co. Itisasingle-valued

function on the %—pl ane cut along the interval (—oo, 0), whereit is continuous from above;

lim agm@+ie 1)==agm(a, 1) /;a<0

e>+0
1
EILTO agm@a—ie, 1) == aagm[l, ;] /;a<O.
Periodicity
The arithmetic-geometric mean agm(a, b) does not have periodicity.
Parity and symmetries
The arithmetic-geometric mean agm(a, b) isan odd function and has mirror and permutation symmetry:
agm(-a, -b) = -agm(a, b) ;a¢R Ab&R
agm(a, b) = agm(a, b /; g ¢ (~co, 0)
agm(b, a) == agm(a, b).
The arithmetic-geometric mean agm(a, b) isthe homogenous function:
agm(ca, cb)==cagm(a, b) /; c> 0.
Seriesrepresentations

The arithmetic-geometric mean agm(a, b) has the following series representations at the points g -0, g -1, and

|g|—>ooi
ra ﬂ(log(%)+l)b2 b
agm(a, b) « + +.../;(——>O)
2(Iog(4)—|og(§)) 83(|Og(4)—log(g))2 a
A b-a (b-a7 (b
agm(a, )oca+7— oa +.../,[£—>1]

agm(a, b) «

oo eefoo®)
o2 etz

o)

The arithmetic-geometric mean agm(1, b) has the following infinite product representation:

Product representation
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1
agm(l, b) == l_[ > (k+1)/; Q0= b/\ Qs ==

k=0

2\ ac

qk+l.

Integral representation

The arithmetic-geometric mean agm(a, b) has the following integral representation:

big z 1
agm(a,b)::a/ dt/;a>0Ab>0.

° \/ a2 cosA(t) + b2 sin’(t)

Limit representation

The arithmetic-geometric mean agm(a, b) has the following limit representation, which is often used for the
definition of agm(a, b):

agm(a, b) = lim ap = lim b, /; ag==a > by ::b>0/\

bo

2
any1 = % (@ + bn) == agm(ay, by) (93(0, ZZM)Z /\ Pni1 ==+ an by ==agm(ap, bo) (94(01 ZZM)Z /\ z== CI[l - (;) ]

Transformations

The homogeneity property of the arithmetic-geometric mean agm(a, b) leadsto the following transformations:

b
agm(a, b) == aagm[l, —) /;a>0
a

agm(ca, cb)y==cagm(a, b) /;c>0

agm(-a, —b) == —agm(a, b) ;a¢R Ab¢R
1

agm(l, 2 == —agm(a, az) /; a> 0.
a

Another group of transformationsis based on the first of the following properties:
a+b
agm[T, \ ab ] == agm(a, b)

agm(l, 1-7 ):: agm(z+1,1-2)

2
= ——agm(l, b).
b+1

b+1

5
agm| 1,

Representations of derivatives

Thefirst derivatives of the arithmetic-geometric mean agm(a, b) have rather simple representations:
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dagm(a, b)  agm(a, b) @-by?
= ar—2agm(a, b)E
da a@a-br (a+b)?
dagm(a, b m(a, b a-b)?
agm( )::ag (a, b) 2agm(a,b)E( ) bx
ob (a-bbr (a+b)2

The n'"-order symbolic derivatives are much more complicated. Here is an example:

d"agm(a, b) bis bé,_1 n-1 (=19 a-b)? o
——— ==agm(a, b) 6, + +bnn! K
oa" 4p" K((%)Z) ) @+!'(n-q-1! a+b

22 - x|l

n- lelkj —1n- Zflkl 1 n- Zflkl 1 ql[
k=0 k=0 ky1=0 \p=1

n-ski-1)|({5 u
Ak, a, b) n->» ki—1,a,b|+
Kp [ g‘ :

i=1

In-3P ki n-3P .k;

(a+b)(n+l)!zn: W K[[a_b]] 2“ 2“...

1 @+hHrin-o! a+b o0 igo0

Ik (a1 sk
- l_[[kp

[ a-b)?
/. Ar, a, b) =K [—) O +
ky1=0 \p=1 a+b

1 , . a+b F111 a-Db\?)m (M a-by?
e R I R | RN

<o (m—s)12m=2s

-1 g-1
HA(k, a, b)] n—ij,a,b

j=1

m-q 2= putty
ZZ Z 5@”%, Up +Up + oo + Umegs Uy, U, ...,um_q)l_[[é ﬁ] /;ineN.

U;=0Upy=0  Umq=0 (@a+b"

Differential equations

The arithmetic-geometric mean agm(a, b) satisfies the following second-order ordinary nonlinear differential
equation:
aw(a) w(a)

+a(a® - b?)
da 9a?

ow(a)

2a(b2—a)[

] —aw@?+ [(3 a’ - b?)

)w(a) == 0/; w(a) == agm(a, b).
fa

It can also be represented as partial solutions of the following partia differential equation:

dagm(a, b) dagm(a, b)
agm(a, b)—a -b =0.
da ob

Inequalities

The arithmetic-geometric mean agm(a, b) lies between the middle geometric mean and middle arithmetic mean,
which is shown in the following famous inequality:

a+b
v ab <agm(a, b) < T



http: //functions.wolfram.com

Applications of the arithmetic-geometric mean

Applications of the arithmetic-geometric mean include fast high-precison computation of
7, 10g(2), %, sin(z), cos(z), and so on.
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