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Introductions to EllipticThetaPrimel

Introduction to the Jacobi theta functions

General

The basic achievementsin studying infinite series were made in the 18th and
19th centuries when mathematicians investigated issues regarding the
convergence of different types of series. In particular, they found that the
famous geometrical series:

converges inside the unit circle |z < 1 to the function 1/ (1 — q), but can be analytically extended outside this circle

by the formulas — Y0 g1 /; 12 > 1 and Y20 (9 - Go)* /; ok == (1 — go) "+ /\ |g— 0ol < |1 —qol. The sums of
these two series produce the same function 1/(1 — q). But restrictions on convergence for all three series strongly
depend on

the distance between the center of expansion gp and the nearest singular point 1 (where the function 1/(1 - q) has
afirst-order pole).

The properties of the series:

lead to similar results, which attracted the interest of J. Bernoulli

(1713), L. Euler, J. Fourier, and other researchers. They found that this

series cannot be analytically continued outside the unit circle

|| < 1 because its boundary |z == 1 has not one, but an infinite set of dense

singular points. This boundary was called the natural boundary of analyticity

of the corresponding function, which is defined as the sum of the previous

series.

Specia contributionsto the theoretical development of these series were

made by C. G. J. Jacobi (1827), who introduced the elliptic amplitude am(z| m) and studied the twelve elliptic
functions cd(z| m), cn(z| m), cs(z| m), de(z| m), dn(z| m), ds(z| m), nc(z| m), nd(z| m), ns(z| m), sc(z| m),
sd(z| m), sn(z| m). All these functions later were named for Jacobi. C. G. J. Jacobi also

introduced four basic theta functions, which can be expressed through the
following series:



http: //functions.wolfram.com

uw, g = ¢,
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These Jacobi elliptic theta functions notated by the symbols ¢1(z, ), d2(z ), d3(z ), and d4(z, ) have the
following representations:

91z, ) = _i% Z (DK gk D pkeDiz %euu[

k=—c0
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- . [ 2iz
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l 2iz
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A more detailed theory of elliptic theta functions was devel oped by C. W.

Borchardt (1838), K. Welerstrass (1862—-1863), and others. Many

relations in the theory of elliptic functions include derivatives of the

theta functions with respect to the variable z  ¢1(z, ), 35(z, 9), d5(z, 9), and §,(z, g), which cannot be expressed

through other special functions. For this
reason, Mathematica includes not only four well-known theta functions, but also their
derivatives.

Definitions of Jacobi theta functions

The Jacobi eliptic theta functions d1(z, q), J2(z, Q), d3(z, @), and d4(z, g), and their derivatives with respect to z
$1(z 0), ¥5(z, ), 95(z ), and F4(z, g) are defined by the following formulas:

iz @ =2+a Y (~DFq*D sin(2k+ 12 /; ol < 1

k=0

0oz, ) =2+q ) oD cosik+1)2) /; lof < 1

k=0

d5(z, @) =2 ) o cos2kz)+1/; Il < 1
k=1

04z )=1+2) (-D*d cos2k2) /; lal < 1
k=1

#z =23 > DKg*D 2k+ D cos(2k+1)2) /; g < 1

k=0
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iz =-24q > D @k+ Dsin@k+ 12 /; ol < 1
k=0

0z o) =-4) o ksin2k2) /; ol < 1

k=1

2 @) = -4 )" (~D*kd* sink2) /; al < L.
k=1

A quick look at the Jacobi theta functions

Hereisaquick look at the graphics for the Jacobi theta functions along
thereal axisforq=1/2.

4

d1(x, 0.5)

Connections within the group of Jacobi theta functions and with other
function groups

Representations through related equivalent functions

The dliptic theta functions 31(z, Q), 32(z, Q), J3(z, Q), and d4(z, ) can be represented through the Welerstrass sigma

functions by the following

formulas:
2nmw © ¥ 2wz
1z, O = — \/—ex[ — ][n(l—qz")] ff( ﬂl :gz,ge,)/;
n=1
niw
w1, w3} == {wW1(Gp, G2), W3(Gz B} [\ 1 = L(wr; B G [\ A= exp( - 3)
1

daz ) =2q [ﬁ

= 2771 w 7
]_[ 1+ S |71 92, 93) /)
n=1

/8

nuw3)

w1, w3} == {1, G2), W3(Gz B} [\ 1 = L(wr; B B [\ A= exp(

w1
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it © 2m w, 2 2w, 2
d3(z, ) = [l_l(l_qzn)] [l_l(1+q2n_l)] exp[— - 21 ]0'2( ﬂl y 02, 03| /s

n=1 n=1 T

w1, 03] = (1(G2, G), 3@z, G} [\ 1 = {(@1: G2 G) [\ 4= exp(

n=1 n=1 U

o o 2 2m w, 2 2w, 2
Va(z Q) = [ﬂ(l—qzn)][n(l—qz”'l)] exp[— - 21 ]ag( ﬂl L0 G /;

i w3
{w1, w3} = {w1(G2, G3), W3(T2, Y3)} /\ M =={(w1; G2, Os) /\ q= exp( )

w1

where w1, w3 are the Welerstrass half-periods and £(z; g», gs3) isthe Welerstrass zeta function.

The ratios of two different eliptic theta functions 91(z, Q), ¢2(z, 0), ¥3(z, 9), and d4(z, ) can be expressed through

corresponding eliptic Jacobi functions with
power factors by the following formulas:

d1(z, q(m) 1 g:(ZK(m)z )
= m

da(z am)  (1-m)~V4 n

¢1(z, q(m 2K(m)z

kR (= Al Y

d3(z, q(m) bl
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1(z q(m) ::Wsn[ (m) m)
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(93(2! Q(m))

"
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= Ccn

T
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1z qm) (m(1 - my¥4

T

"

T

"
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"

d3(z, q(m) 1 dc(z K(m) z
d2(z AM) Yy

T

da(z QM) Y7 m
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di(z am) Yy

"

s

T
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where g(m) is an elliptic nome and K(m) is a complete elliptic integral.

/4

2K(m)z

(94(21 Q(m)) __ m nd(

d3(z q(m)

e

Representations through other Jacobi theta functions

Each of the theta functions ¢1(z, q), d2(z ), d3(z, Q), and d4(z, ) can be represented through the other theta

functions by the following
formulas:

Sz q) = (-1™? (92(z+ g(2m+ 1), q) imeZ

2

1 1
di(z, Q) = —i (-1 ! @MD2 q("”i) 03(z+ 3 (r—i(2m+1)log(g)), q) ,imez

2 T|0
0z, Q) =i (=)™ e—(zmu)szq("”%) (94[z+ ! z(q) 2m+1), q) /imeZ

d(z, Q) = (-1)" (91(z+ g(2m+ 1), q) /imeZ

ilog(a)

1 2
0,(z, ) = 1@ D2 q(m+5) (‘}3[z+ 2m+1), q] /imeZ

2m+1

1 2
0oz, Q) = ¢ 12Dz (™) 04(z+ (i log(@) + ), q]

1
2

2 1
0(z, Q) = —¢~ 27 ™) 01[2‘ ridal (2m+ 1) log(g)), Q) imezZ

_ 12 ilog(a)
03(2, @) == ¢ ™D 2g™3) ‘92(2_ S :

2m+1), q]/; meZ

d3(z, Q) == 04(z+ g 2m+1), q) /ime”Z

1)2 i lo
Oa(z, @) =i (- e‘“Zm*l)Zq(m*E) (‘,11[z+ ! S(q) 2m+1), q] /imeZ

2m+1

1,2
Oa(z, o) = —i ¢ @™ D2¢[™3) 02(2— (i log(q) + 7), q)

da(z, Q) = 03(z+ g 2m+1), q) /imeZ.
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The derivatives of the theta functions ¢1(z, Q), #2(z, 9), #3(z, 0), and d4(z, ) can aso be expressed through the other

theta functions and their
derivatives by the following formulas:

¥(z, g)= (™" e‘z""zqnz (¥ (z+rm+inlog(), 9 —2ind(z+am+inlog(q), @) /; {m nfeZ

1
¥z g) = (-1™? &’Z(z+ 5 7(2m+1), q) imeZ
) 1)2 1 1
#(2z Q= (-D)"e <2"”1>Zq(m+2) ((2m+ 1) 03[z+ 5 (m —i (2m+ 1) log(q)), q) —i 0§(z+ 3 (m—i(2m+ 1) log(q)), q)) imeZ

1
Nz Q= (- DM e @ m—¢-1)z(.1mz+rm-Z (

1 1
2m+1) (94(z+ Ei(2m+ 1) log(q), q) +M§1(z+ 5u‘(2m+ 1) log(q), q)) /imeZ

1
95z, q) = (—l)mﬁi(an(2m+ +z q) /imeZ
¥z, q) = (—1)"‘6’2“‘Zqnz (-2indy(z+mm+inlog(qg), g) + 9z+am+inlog(a), @) /; (mneZ
meems -

1 1
F(z, ) == e @™D2q 4 [&g(u > i(2m+ 1) log(g), q) —-i(2m+1) 03(z+ 5 i(2m+ 1) log(q), q)) /imeZ

1
-+ =

1 1
F(z, q) = e @mMDZq 2 (&;(u 3 2m+1) (i log(q) + ), q) —i(2m+1) 04(z+ 5 (2m+ 1) (i log(q) + ), q)) imeZ

. 12 1 T 1 T
¥z Q) = w*“ml)zq(””i) ((2m+ 1) 01(z+ 5z?(2m+ 1) log(q) — > q)+w’1(z+ Ei(2m+ 1) log(q) — > q]] imeZ

1
2+ =

) 1 1
¥(z, q) = @™DZq a (i 2m+1) (92(2— 5 i(2m+ 1)log(q), q) +0’2(z— Ezz(2m+ 1) log(q), q)) imeZ
¥z g) = e2inzqg® (—2indz+mr+inlog(a), q) + d5(z+mx +inlog(@), o) /; {m, n} € Z /\ q=¢""
1
95z q) = (9g(z+ Eﬂ(2m+ 1), q) /imeZ

1 1
2m+1) 01(z+ Ei(2m+ 1) log(q), q) +w’l(z+ 5i/(2m+ 1) log(q), q)) /ime”Z

1
¥z, @) = (-D)"e @ rrHl)zqu12+n1+Z (

1
2-+me- =

1 1
¥z g) = £@™D2q 2 [(2m+ 1) 02(2— 3 2m+1) (i log(q) + ), q) - w;[z— 5 (2m+ 1) (i log(q) + ), q]) imeZzZ

1
*(z q) = 0’3(5n(2m+ 1)+z q) /imeZ

(2 g) = (-1)" 222" (~2ind,(z+xm+inlogg), Q) + (z+xm+inlog@), @) /; {m njeZ /\ q=¢""".

The best-known properties and formulas for the Jacobi theta functions

Valuesfor real arguments
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For real values of the arguments z, g (with —1 < g < 1), the values of the Jacobi theta functions ds(z, ), da(z, g),
3(z, 0), and 9)(z, o) areredl.

For real values of the arguments z, g (with 0 < g < 1), the values of the Jacobi theta functions ¢4(z, q), d»(z, ),
#1(z, ), and 85(z, q) areredl.
Simplevaluesat zero

All Jacobi theta functions ¢41(z, 9), d2(z, 0), d3(z, Q), da(z, O), ¢1(z ), J5(z 0), d5(z ), and J,(z, q) have the

following simple values at the origin point:

91(0,0)==0 0(0,0)==0 050, 0)==1 840, 0)==1
#(0,0)==0 9(0,0)=0 (0, 0)=0 (0, 0)=0.

Specific valuesfor specialized parameter

All Jacobi theta functions ¢1(z, 0), d2(z, 0), d3(z, 0), da(z, O), $1(z, O), 35(z, O), ¥5(z, g), and ¢,(z, q) have the
following simple valuesif q==0:

31(z,0)==0 3(z,0=0 (2, 00==1 Kz 0) =

#(20)==0 &z 0)=0 &z 0)==0 &z 0)=0.

At the points z== 0 and z== 7, all thetafunctions ¢1(z, q), d2(z, Q), J3(z, 0), da(z Q), 31z Q), (2 ), %(z g), and

¢#4(z, ) can be expressed through the Dedekind eta function n(w) /; w==—ilog(q) /7 or a composition of the
complete eliptic function K and the inverse elliptic nome K(q*l(q)) by the following formulas:

2 (_ 2ilog(q) )2

n[iilos(q)) n

3300, ) = \/E . K(q—l(q)) 34(0, q) = W ’7(— ¢|Zg::q>)2
mn- .

310, q) =27 350, ) =0
350, ) =0 3,0, ) =0

(5. 0) = \/? Jai@ VK@i@)  ofZ g =0
4 n i 5
2! q) = \/g \/ 1- q_l(q) \/ K(q_l(q)) 04(51 q) == P 1 — 7](_ |07§T;(q))
)

01(01 q = 0 (92(07 q) ==

s

(_ ilog(@) )3

n

=

d3(

o2 -
Al 9 =0 (2, o) = -2nf- 129

(5 o) = 4n(

4ilog(q) )3 _ 4ilog(q) )3
- .

a5, o) = —4n(-—

The previous relations can be generalized for the casesz==mrmand z==7/2 + 7 m, whereme Z:

2
*(mma, q)=0/;meZ J,(mn, Q)= ) /ime”Z

2(-pm (_ 2ilog(q)

7](*1 Ios(q)) n

s




http: //functions.wolfram.com

1

n(_zujg(m)z n(_u:;j:q))? 7}(_ Iof(q)) n
dsfr(m+ 3), 0 = <) \/? Vat@ VK@) smez ofr(m+ i) a)=0smez

‘93(”(m+ %) q) = \/g Vi-a%o yK(ai@) fmez

04(7r(m+ %) q) Sl 21 I 77( xlog(q)) imeZ
(-5

grm, q) = 2(-1" ( "°g(q)) imez dymm =0/;mez %S q)=0/imez 3", q)=0/meZ

. 5
da(M, Q) == (—"°f<q>) LmeZ dymn, q) =

( ilog(q)

)/mZ

(rm+3,q)=0/meZ dlam+3, 6)=2(-1" " y(- ”°g(q)) imez

. 3 . 3
A+ 1 o) =4y~ ) rme z (4 L, ) =AD" 2L) mez -
Analyticity

All Jacobi theta functions ¢41(z, Q), d2(z, Q), J3(z, 0), da(z, ), ¢1(z, Q), §5(z ), J5(z ), and ¢,(z, q) are analytic
functionsof zand qforz, ge Cand |q| < 1.

Poles and essential singularities

All Jacobi theta functions ¢1(z, ), d2(z, 9), d3(z O), d4(z, Q), $1(z Q), F5(z, ), ¥5(z ), and F,(z ) do not have
poles and essential singularitiesinside of the unit circle|q| < 1.

Branch pointsand branch cuts

For fixed z, the functions ¢1(z, q), d2(z, ), #1(z, 4), and #,(z, 0) have one branch point: g = 0. (The point q== -1 isthe
branch cut endpoint.)

For fixed z, the functions ¢1(z, 0), d2(z, ), #1(z, 0), and d5(z, g) are the single-valued functions inside the unit circle of the
complex g-plane, cut along theinterval (—1, 0), where they are continuous from above:

im0 Mz q+ie)=H(Z q)/;-1<g<0 lim_,ohEZq-ie=—ihzZ q/;-1<q<0
im0 32(zZ, q+i€)==0dx(z, ) /; —1<q<0 lim_,od(z q—i€)==—ids(z, Q) /; -1<q<0
lime 0 9z q+ie) =z @) /; -1<q<0 lim_ 0¥z q-ie=-id iz q/;-1<q<0
liMe 0 05z q+i€) =05z 0) /; 1< <0 lime.0 5z q—ie)=—idy(z q) /; -1<q<0.

For fixed g, the functions ¢1(z, q), d2(z, ), #(z, ), and #5(z, g) do not have branch points and branch cuts with
respect to z.

The functions d3(z, ), da(z, ), 85(z, ), and ¢#,(z, g) do not have branch points and branch cuts.
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Natural boundary of analyticity

Theunit circle |g| == 1 isthe natural boundary of the region of analyticity for all Jacobi theta

functions §1(z, q), d2(z, Q), J3(z, O), 34(z, 9), ¥1(z, ), ¥5(z, Q), J5(z 0), and F,(z Q).

Periodicity

The Jacobi theta functions ¢41(z, ) and d»(z, q) are the periodic functions with respect to z with period 27 and a

quasi-period i log(q):

e2iz
$(z+2m, Q) =1(z @) d1(z+ilog(Q), Q) = e di(z, 9
e2iZ

q

Go(z+ 27, ) == 82(z, @) F2(z+il0g(Q), ) == — J2(Z, ).

The Jacobi theta functions d3(z, ) and d4(z, q) are the periodic functions with respect to z with period 7 and a quasi-
period i log(Q):

e2iz

q

d3(z+7, Q) = d5(z, O) J3(z+ilog(q), Q) = —— d3(z, O

0z +7, ) = 0a(2, ) Ba(z+i100(@), O) =~ 5 04(2, O
The Jacobi theta functions ¢/ (z, g) and #5(z, ) are the periodic functions with respect to z with period 2 x:

H@zZ+m, P=-8&(z q ¢(z+2r, 9 =01z
2Z+m, ) =85z, Q) 052z+2nr, Q) =0,z Q).

The Jacobi theta functions d5(z, ) and ¢(z, g) are the periodic functions with respect to z with period 7:

F(z+7, ) = d5(z, Q)
3z + 7, Q) = 3y(z, Q).

The previous formulas are the particular cases of the following general
relations that reflect the periodicity and quasi-periodicity of the
theta functions by variable z

h@+mrenzT, g = ()™ g e 0yz g s mnj ez =T
S+ matnar, g =(D"q" e 2 gyz ) mnjeZ [\ q=e "
dez+mr+nnt, @ =q" e 2" 3z q) ;MmN eZ /\ q=¢'""
dz+mrenat, @ =(-D"q" e 2" oz 9 fiimnez \q= e
#z+mn, ) =(-)"¥(z g/ meZ

dz+ma, o =-D)"d%z g /meZ

d3(z+mm, Q) =95z ) /i me Z

#z+mm, q)=d,(z,q)/;me Z.
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Parity and symmetry

All Jacobi theta functions ¢41(z, ), d2(z 9), d3(z Q), da(z, Q), ¢1(z, 9), ¥5(z ), d5(z ), and #,(z, ) have mirror
symmetry:

01(2 q) == (91(2! q) 02(2 q) == (92(2! q) §3(Z q) == 03(21 q) 04(21 q) == (94(21 q)
NZ D=0z, @ 2 P=0%2z @ 3z P =05z q 2z P =70z .

The Jacobi theta functions 81 (z, ), #(z, q), 85(z, 9), and ¢(z, g) are odd functions with respect to z

Nz, P=-01(z @ (-2 Q=-0(z0q d3(-2 P=-0d3zZ @ (-2 q=-d(z 0.

The other Jacobi theta functions ¢»(z, q), d3(z ), da(z ), and #;(z, q) are even functions with respect to z:
Oa(=2, ) = 02(Z, @) J3(=2 Q) =03(Z o) da(-Z Q) =04(z, @) (-2 ) =d1(Z ).

The Jacobi theta functions ¢41(z, @), #1(z 0), d2(z 0), and d5(z, q) satisfy the following parity type relations with
respect to g

01(2, o) == exp(~ - sgnIM(@)) $2(2, ) (2, ~0) = xp(~ 5 sgn(IM(@)) d2(2 Q)

32 ~0) = exp(- 7 sgnIm(@)) 95z @ 3z —0) = exp(~ 7 son(imi@)) 35z Q).

The Jacobi theta functions d3(z, 0), 95(z, 9), da(z, 9), and ¥4(z, g) with argument —q can be self-transformed by the
following relations:

03(21 _q) == (94(21 q) (94(21 _q) == 03(21 Q) (9/3(21 —Q) = 0:1(21 q) (921(21 —Q) = (92),(2! q)
g-seriesrepresentations

All Jacobi elliptic theta functions ¢41(z, ), d2(z ), d3(z, 0), and d4(z, ), and their derivatives ¢1(z, q), ¥5(z 0),
d5(z, g), and §4(z, q) have the following series expansions, which can be called g-series representations:

0z =23 > DKgEDsn@k+ D =—iyq » (~Dkg D 2kDiZ g <1
k=0

k=—c0

ooz ) =2+a D d D cos@k+ DD =g Y] okt @iz g < 1

k=0 k=—co

020, 9 =2+q iqk‘k*”
k=0

3z =2 d° cos2kz) + 1= ) o 2"/ lol <1

k=1 N=—oco

330, =1+2> q"
n=1
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04z =1+2) (-D*d" cos2ka) = >  (-1"q" e*"?/; [l < 1

k=1 N=—co

040, =1+2)" (-1 "

n=1

Kz =23q > DKg D 2k+ Deos@k+ DD = q D (~DK@k+ D gk (CRbiz ) g < 1

k=0 k=—co

0,9 ==2+/g Y (-1 @n+ gD
n=0

e}

%(z, Q) = —Z%qu(kﬂ) 2k+Dsin(2k+1) 2 =i Z q('“}) 2k+1) €(2k+l)iz/; gl <1

k=0 k=—co

0z =-4) d ksinkz) =2i > d“ke?¥?/;|g <1
k=1 k=—c0

Gz =-4) (-Dfkd“sn2kn =2i ) (-DFd“ke??/;|gl <1.
k=1 k=—co
Other seriesrepresentations

The theta functions ¢1(z, 0), d2(z, q), d3(z, g), and d4(z, q), and their derivatives ¢;(z q), 35(z, q), J5(z ), and
¢#,(z, g) can a'so be represented through the following series:

s . i7) & L ( 1 z ]2 .
Zy = —1exXp|—— - nEX ANl - —_— , = "7
1(2, Q) = —i exp| — n;m( ' exp|nTi +2+ﬂT /ig=-¢
s i2) & . ( 1z )2 _

Z, =exp|—— (94 n+ —+ — 1= inT
2(z, Q) p — n;m plinT|n+ 2+ﬂT /ig=e¢

[

[ iuz] u \2 )
da(U, Q) == exp| - — Z exp(inr(n+ —) ]/; q=¢'""
nT

T ) oo

[ EZZ] had Z \2 _
d4(z, Q) == expl— — Z 1" exp[im-(n+ —) ]/; q=¢""
TT TT

N=—c0

2 = bis T \x 2

2% NE: 1 in(z 1y? _
Nz g =- Z(—l) (—+n—5)exp——(—+n——) /i q=¢€""

2i3/2 o0 z Tirz P .
0’2(21 Q) =- Z (—1)“(—+n)exp[——(_+n) ]/;q== T
w

2 = T \x

232 i z mi(zZ )2 .
¥(z g) = - (n+—)ex ——(—+n) /iq=2¢é"
L 0] U L. ol q
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2i3/2 i z 1 iz 1 2 / .
(’/(Z, )::— (n+———)ex ——(_+n__) ; - i 7T
e 2 d T \n 2 a

T3/2 N=—o0 T

Product representations

The theta functions can be represented through infinite products, for
example:

Sz g) = 2% sin(2) l_[(l— o**) (1-20?* cos(22) + *¥)

k=1

(’2(0, q) =2 % I_l(l _ q2n) (1 4 q2n)2
n=1

Go(z, Q) =2 % cos(2) l_[ (1-d?)(1+ 2% cos(22) + ¢*¥)
k=1

[}

030, 0 =[ | (1- ") (L + 62"

n=1

)

93(z, q) = 1_[(1 -2 (1+ 2% cos22) +q*k?)
k=1

)

34(0, q) = l_[ (1 - q2”) (1 — P n—1)2

n=1

e}

04(z, Q) = H(l _ qzj) (1 —2q?1cos22) + q4k—2)
k=1

. 3
91(0, g) =2 \‘ﬁ []_[(1 - qz”)] :
n=1

Transformations

The theta functions ¢1(z, q), d2(z, 9), d3(z, 0), and d4(z, Q) satisfy humerous relations that can provide transforma-

tions of their
arguments, for example:

z i
01(— —iy e T Voit exp[—+ —]01(z 9 /g=e"

z _iny vt iZ ,
02(—,@ ’):—EXP — %z @ /;q=e"""
nT

r NG
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z i vVt i 2 .
03(—,@ ’)==—9Xp — |9z a/iq=e""
- T

T i

zZ in \/? iz )
04(_16 r):z_exp - (92(21 q)/;q::QHrT

T i nT

Among those transformations, several kinds can be combined into specially
named groups:

n" root of g

2r

= - 2 klo n+1
8i(z q¥") = ]_[ ]_[ [ : g(q),q]/: 5 eN \je(1234.

e l(l q2r

Multiple angle formulas:

d(nz, Q") = l_[ 1|z+ —. g

r=1 (1_q2r)n n

W[W l_qzm]ﬁd( - )/;neN+
=0

qn/4

Al gt (e 71— g2nr {%J
YT 1 o

91Nz, o) = (- 1)z -
(1-97)

1 (21 2nr \n-1 r n+1
d(nz, ) =(-1z [HLJH02(2+ % q)/; —eN
0

1 (1_q2r) 2
n-1
© 1 2nr i Tr
Sz, q") = l_lL 1_[ é‘2(2+—,q)/,neN+
r:1 1 qzr n-1 n
=7
B IO, UL L rn n+1
93Nz q") = 1_[7 l_[03(z+ —, q)/; — eN*
r=1 1 q2r r=0
n-1

oo 1_q2nr 2 rr
d3(nz q") = 1_[ P SE— (93(z+ r q) /ineN*

© 11— q2nr n-1 nr
d(nz, ") = n _ (94(z+ —, q) /ineN*
r:l 1 q2r r=0
q2nr {EJ

© 1-
sanad=|[1=2
1
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Double-angle formulas (which are not particular cases of the previous group),
for example:

2 (91(21 q) (92(21 q) (93(21 q) 04(21 q)

01(2 Z, q) ==
(92(0! q) 03(07 q) 04(01 q)
32z 0 - 61(z, Q)"
922, Q)= T
(92(01 q)
(93(21 q)4 + (91(21 q)4
0322, @) = ———————.
(93(01 q)
44z ' - 012 @
42z, ) == ————.

840, @)’

Landen's transformation:

d3(z, P da(z, @) I3(0, 9) d4(0, q)

94(22 ) 94(0, ¢?)

02(21 Q) 01(21 q) _ (93(0‘ q) (94(07 q)
91(2z ) 94(0, ¢?)

| dentities

The theta functions at z= 0 satisfy numerous modular identities of the form p(¢1(0, g&+1) ..., 34(0, g%n)) == 0,
wherethe g ; are positive integers and p is amultivariate polynomials over the integers, for example:

[302(0, o) 1]3 95,0, @)
d2(0, 9) d(0, g)*

J3(0, q3)4 [03(0, ) ]3
-1 +1

35(0, )" (05(0, &)
[3 34(0, &) ]3 9040, ¢?)*
~1| = -1
34(0, q) 9,0, o

Among the numerous identities for theta functions, several kinds can be
joined into specially named groups:

Relations involving sgquares:
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92(0, Q)% 33z, Q) = 94(0, Q)° ¢1(z, ) == J5(0, Q)° ¥a(z, O)°

92(z, @)% 90, ) + 940, Q) 31(z, O)° == (0, §)° ¥a(z, Q)°

92(0, Q) 32z, Q) + 94(0, Q) 34(z, O)° == I5(0, @) ¥a(z, )°

9200, )* 91z, Q) + 940, 0)* 93(z, O)° = ¥3(0, §)° I4(z, O)°

930, Q) 31(z, ) + 840, Q) 3x(z, O)° == (0, Q)° da(z, O)°.

Relations involving quartic powers:

92(0, @) + 94(0, @) == 35(0, 9)*

Rz 9" + 032 9 = 02z, @) + 4z 9"

Relations between the four theta functions where the first argument is zero,

for example:

01(01 q) == (92(01 q) (93(01 q) (?4(01 Q)

Addition formulas:

01(X+ Y, Q) (91(X— Y, @) =

01(X +Y, UI) 01(X =Y, Q) ==

01(X +Y, q) (91(X -Y, Q) ==

da(X+y, P F2(X -y, Q) =

(92(X+ Y, CI) (92(X_ Ys Q) ==

(92()( +Y, CI) &Z(X =Y, q) ==

d3(X+Y, Q) da(X-y, q) =

1%, ) Bay, @ = Fa(x, @) d1(y, @)

9a(%, Q) Fa(y, O = d3(%, Q) da(y, O

92(0, 0)°

G1(%, ) Fa(y, @ - da(x, @) d1(y, O

920, )

940X, Q) 3o, O = Fa(X, Q) d4(y, O

930, 0

G1(%, Q) Baly, O = Ba(X, Q)% S1(Y, O

93(0, 0)°

93X, Q) 3oy, Q% = Fa(X, Q)% da(Y, 0)°

04(01 q)2

Ia(%, Q) Bay, @ = B1(%, @) d1(y, O

(94(01 CI)Z

Ia(%, Q) Fa(y, O — da(X, Q) d4(y, 0

920, g)°

920X, 02 I3(Y, O = da(X, ) 91y, O

820, )

Ia(%, O) Bay, @ = 31(%, Q) d4(y, 0

930, @)

Ia(%, Q) Baly, @ = da(x, Q) d1(Y, O

930, @)

9a(%, Q)% 92y, Q) = 31(%, O 33y, 9)°

04(01 Q)Z

Ia(%, Q) Faly, O + Ba(x, Q)% d1(Y, O

04(01 q)2

Io(%, Q) Fa(y, O + 31(%, Q)° d4(y, O

920, g)°

920, @)
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d5(%, Q)7 daly, B +01(% A° 1Y, D do(x, O 9oy, @) + daX, O a(y, 7
d3(X+Y, Q) dz(x-y, q) = -

930, q)° (0, g)°

Ia(%, Q) Baly, % = Ga(%, Q° 1Y, D> dal%, ) Faly, % = S1(%, Q) da(Y, O
d3(X+Y, Q) da(X-Y, Q)= -

940, @ 940, @)

Ia(%, ) S1(Y, O° + F4(% D2 oy, A°  S1(%, G Fa(Y, D + Fa(X, ) daly, Q)
da(X+Y, P Ig(X-Y, Q) = -

92(0, 0)° 920, @)

94X ) O3y, %+ 206 DZ 91y, D°  F1(%, Q> Iy, D + Ia(X, D) daly, Q)
Sa(X+Y, @ da(X—-Y, Q) = -

90, ) 93(0, q)°

9406 D04y, P2 = 1, P 01y, D°  Ia(X A Ia(y, G = da(x, Q) daly, Q)
Fa(X+Y, P dg(X-Y, Q) = = .

94(0, g)° 94(0, g)°

Triple addition formulas, for example:

d3(X+Y+Z Q) d3(X, @ ds(y, D d3(z, @) — X+ Y +Z o) do(X, @) do(Y, P F2(Z, Q) =
(X D 1Y, Q) d1(Z Q) F1(X+ Y +Z, Q) + Fa(X, Q) Faly, Q) da(Z, Q) da(X+Y+Z, Q)

01z 0 + 052 0 = 02z, 0)* + duz "
Representations of derivatives

The derivatives of the Jacobi theta functions d1(z, ), 92(z, ), d3(z, ), and d4(z, ), and their derivatives ¢1(z, q),
#5(z, 0), ¥5(z, g), and #,(z, ) with respect to variable z can be expressed by the following formulas:

891(z, 0) S
228wz @ =2a D DFdD @k Deost2k+ D2 /; [ol < 1
k=0
89,2, Q) N
22D e o= -23a Y @k Dsn@k+ D2 10 < 1
k=0
905(z, Q) N
Y e =43 d kKo fla <1
k=1
894(z, 9) S
dafz 4 =0z @) = -4 ) (-D*kd* sink2) /; gl < 1
0z k=1
a9,(z, q) S
1@ =-2q > (-D¥q*D 2k+ 17 sn(@k+ D 2) /; g < 1
z k=0
00%(z, q) =
; =-2yq > g®P 2k+ 1 cosik+ 1) 2) /; ol < 1
z k=0
a04(z, q) I
=-8) ¢ Kk cos2k2) /; |gl <1
0z Zq !

k=1
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0%,(z, Q) &
462 = 82 ~D* k2 g€ cos2k2) /; gl < 1.
k=1

The derivatives of the Jacobi theta functions 81(z, ), d2(z, 0), d3(z, ), and d4(z, q), and their derivatives ¢}(z, q),
#5(z, ), ¥5(z q), and ¢(z, q) with respect to variable ¢ can be expressed by the following formulas:
601(21 q) . 01(21 q) >

+23 (-Dfk(k+ 1) g K3 g2k + 1))/ gl < 1
aq 4q k=1

0z, @) 2z Q) & 3
229 =4 +2) kk+ ¢ cos(2k+ 1 2) /i o < 1

aq 4q k=1
893(z, 0) >
28 23 K cos2ka i lal < 1
oq k=1
894(z, 0) >
29 2) 1K dt cox2ka) /ol < 1
aq k=1
a%(z, 9) 8 o el
=207 DRk D @K Doostk+ D2+ — il < 1
q k=1
3%z, @) Iz Q) 3
> _ -2q77 ) ®Vkk+1) 2k+Dsn(@k+1)2) /g <1
aq 4q k=1
60’3(2 q) ol

Z 1i@sin2k2) /; g < 1

0%, (z, ) il
ik =4 DKL g sin2k) /[l < 1.
99 k=1

The n'"-order derivatives of the Jacobi theta functions ¢41(z, q), d»(z, 0), d3(z, q), and da(z, g), and their derivatives
$1(z 0), ¥95(z ), 35(z, 0), and §4(z, g) with respect to variable z can be expressed by the following formulas:

Nd4(z Q)
1—q__2\/_2( DK gD (2K 4+ 1) sm( +(2k+1)z)/ g <1AneN
"d,(z, Q) kel n
—  =2yq qk<k+1>(2k+1)”cos(—+(2k+1)z)/; lal<1AneN*
"ds(z, Q) © n
37q::2“+12qk2k”co —+2kz)/;|q|<1/\neN+
0z P 2
"84z, Q)

2n+12( 1)kq kncos{—+2k2)/ [g<1AneN*

o7 &
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"% (z, 9 © n

A I (-1 k<k+1>(2k+1)”+1cos(—+(2k+1)z)/;| |<1AneN*
" \/Eg q - q

Nz, q)

27__— (qu(k+l)(2k+1)”+l (—+(2k+1)z)/ lgl<1AneNt

"85z 9 & n

- =_pm2 k2|<”+1sin(—+2|<z)/;| |<1AneN*t
o7 2.4 2 a

6“0‘21(2 )

= 2M2 N~k gf k”*lsm( +2kz)/||<1/\neN+
Z ” q

The n"-order derivatives of Jacobi theta functions d1(z, @), d-(z, Q), d3(z, §), and d4(z, q), and their derivatives
#1(z ), 85(z, ), ¥5(z, ), and #,(z, g) with respect to variable g can be expressed by the following formulas:

01z Q) P 5
l—nq::2qr”Z(—1)qu<k+l>(k(k+1)—n+—] sn(Rk+ 12 /; 19 <1AneN?
aq par 4)y
(2, Q) 5
79 “"qu<k+1>[k(k+1) n+—) cos(2k+1)2) /;lgl < LAneN*
oq" pr 4
Nds(z, q) ©
inins Z n+1 , Cos(2k2) /; [g<1AneN*
k=1
04z Q) o
709 22( D" (K -n+1) cos2k2) /; lgl <LAneN*
an(?l(zl Q)

1 b 5
P zqz‘"Z(_l)k <& 2k + 1) [k(k+ 1H-n+ Z] cos(k+1) 2 /;ld<1AneN*
q k=0

n

MYy(z, ) L& 5

Zinq = _2qr”2 <D 2k + 1) [k(k+ D-n+ —) SN(Rk+1)2 /;1g <1AneN?
aq par 4)n

(2, q) o

Z 2-n+1) sink2 /; g <1AneN*

k=1
"y (z, ) o
b’ Z( 1)1g¥ k(K -n+1) sink2) /; gl < LAneN*.
Integration
The indefinite integrals of the Jacobi theta functions ¢4(z, q), ¢2(z, 0), d3(z, Q), and d4(z, q), and their derivatives
1(z, 0), ¥5(z, 9), 35(z ), and ¢,(z, g) with respect to variable z can be expressed by the following formulas:

(- 1k K (k+1)

f&l(z q)dz———z\/—z ke cos(2k+1)2 /;1q <1

k=0

18
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oo (_1)k qk(k+1)
f&z(z, Wdz=2+/q Y ————sin@k+ 12 /; | < 1
o 2k+1

o sm(2kz)

fag(z, Qdz= z+Z Ll <1

-1k g sin(2k2)

f&;(z q)dz==z+ZT/ lal <1

k=1

f&él.(zl q) dz= (91(21 q)
f&IZ(Zr q) dz== (92(21 q)
f ¥z Q) dz="05(z q)

f 34z, Q) dz=04(z, Q).

Thefirst four sums cannot be expressed in closed form through the named
functions.

The indefinite integrals of the Jacobi theta functions d4(z, q), ¢2(z, 0), d3(z, Q), and d4(z, q), and their derivatives
$1(z 0), ¥95(z q), 95(z q), and §4(z, g) with respect to variable g can be expressed by the following formulas:

—1)kq K(krdyrg sn(2k+1)2)

[z aaa= Z Jildl <1

k(k+1)+ n

k(k+l)+

© q 1co9(2k+1)2

f(?z(z, Ddg=2)" /ildl<1
k=0 k(k+1) + Z

o g+l cos(2kz)
[osz@aa= q+22 ldl <1

(-1* g1 cos2k 2)
oz q)dq——q+22 £ld <1
k2+1

(=D g*? ke (2k+ 1) cos(2k + 1) 2)

f&’(z q)dq——ZZ fldl<1

k=0 (k+1)k+‘—1

© g k3 (2k+ 1 sin(2k+1) 2
fé"z(z, Ddg=-2)" /il <1
k=0 (k+ 1)k+ 7
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© kg¥1sn2k2)
f Wz Qda=-4% — " pjg <1
k=1 k2 +1

© (—1)* kgl sin2k2)

fé‘i;(z, Ddq=4)" 1 /i1al < 1.

k=1 k2 +

Partial differential equations

The dlliptic theta functions ¢1(z, 0), d2(z, 9), d3(z ), and da(z, ), and their derivatives ¢ (z 0), 35(z, 0), ¥5(z Q), and
4(z, q) satisfy the one-dimensional heat equations:
3%z a  gi 0°9i(z 0

= Lia=¢€"" [\ je{l, 23 4
ot 4 Eya a /\J

A%z q g Kz _
- fa=e" [\jeil 23 4.
or 4 07

The dlliptic theta functions ¢1(z, 0), d2(z, ), d3(z 0), and da(z ), and their derivatives ¢ (z 0), J5(z ), ¢5(z g), and
d4(z, q) satisfy the following second-order partial differential equations:

3%z ) 9%z )
+

4q =0/jel(1,23, 4
aq 7
a%(z, 9 0? #(z )
4q + =0/,je1,2 3,4}
aq 7
Zeros

The Jacobi theta functions §1(z, ), d2(z, 9), d3(z, ), and da(z, q), and their derivatives ¢(z, 9), ¥5(z, Q), ¥5(z Q),
and #4(z, q) are equal to zero in the following points:

912z 0)=0 320 =0 ¥z 0)=0 %2z 0 =0 &z 0 =0 &z 0)=0

Mmr+nt,q)=0/;{m n}e Z/\q:: et

Ve .
02((2m+ 1 E +nnr, q) =0/; {m, n} eZ/\q:: errr
i T )
03((2m+ Do +@n+D—, q) =0/iimnez/\g=é"
nT )
04(m7r+(2n+1) ? q) =0/;{m, n} eZ/\q:: errr

Ve
0/1(5+m7r, q)::O/; meZ

dmr,q)=0/,meZ
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mm
0’3(—, q) =0/imeZ
mm
0;1(—, q) =0/,meZ.
2
Applications of Jacobi theta functions

Applications of the Jacobi theta functions include the analytic solution of
the heat equation, square potential well problemsin quantum mechanics,
Wannier functions in solid state physics, conformal mapping of periodic
regions, gravitational physics, quantum cosmology, coding theory, sphere
packings, crystal lattice calculations, and study of the fractional quantum
Hall effect.
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