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Introductions to GammaRegularized

Introduction to the gamma functions

General

The gamma function I'(z) is applied in exact sciences amost as often as the well-known factorial symbol n!. It was
introduced by the famous mathematician L. Euler (1729) as a natural extension of the factorial operation n! from
positive integers n to real and even complex values of this argument. This relation is described by the formula:

rm=mn->u'.

Euler derived some basic properties and formulas for the gamma function. He started investigations of n! from the
infinite product:

The gamma function I'(2) has a long history of development and numerous applications since 1729 when Euler

derived his famous integral representation of the factorial function. In modern notation it can be rewritten as the
following:

1 11\ o
n!'=T(n+1) ==f (Iog(?)) dt::f e "dr/; Re(n) > -1
0 0

The history of the gamma function is described in the subsection "General" of the section "Gamma function.”
Since the famous work of J. Stirling (1730) who first used series for log(n!) to derive the asymptotic formula for
n!, mathematicians have used the logarithm of the gamma function log(I'(2)) for their investigations of the gamma
function I'(2). Investigators of mention include: C. Siegel, A. M. Legendre, K. F. Gauss, C. J. Mamstén, O.
Schlémilch, J. P. M. Binet (1843), E. E. Kummer (1847), and G. Plana (1847). M. A. Stern (1847) proved conver-
gence of the Stirling's series for the derivative of log(I'(2)). C. Hermite (1900) proved convergence of the Stirling's
seriesfor log(T'(z+ 1)) if zisacomplex number.

During the twentieth century, the function log(I'(z)) was used in many works where the gamma function was
applied or investigated. The appearance of computer systems at the end of the twentieth century demanded more
careful attention to the structure of branch cuts for basic mathematical functions to support the validity of the
mathematical relations everywhere in the complex plane. This lead to the appearance of a specia log-gamma
function logIl'(2), which is equivalent to the logarithm of the gamma function log(I'(2)) as a multivalued analytic
function, except that it is conventionally defined with a different branch cut structure and principal sheet. The log-
gamma function logl'(2) was introduced by J. Keiper (1990) for Mathematica. It allows a concise formulation of
many identities related to the Riemann zeta function £(2).
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The importance of the gamma function and its Euler integral stimulated some mathematicians to study the incom-
plete Euler integrals, which are actually equal to the indefinite integral of the expression " e~". They were intro-
duced in an article by A. M. Legendre (1811). Later, P. Schiémilch (1871) introduced the name "incomplete
gamma function” for such an integral. These functions were investigated by J. Tannery (1882), F. E. Prym (1877),
and M. Lerch (1905) (who gave a series representation for the incomplete gamma function). N. Nielsen (1906) and
other mathematicians also had special interests in these functions, which were included in the main handbooks of
specia functions and current computer systems like Mathematica.

The needs of computer systems lead to the implementation of slightly more general incomplete gamma functions
and their regularized and inverse versions. In addition to the classical gamma function I'(2), Mathematica includes
the following related set of gamma functions: incomplete gamma function I'(a, z), generalized incomplete gamma
function I'(a, z;, 2), regularized incomplete gamma function Q(a, z), generalized regularized incomplete gamma

function Q(a, z1, ), log-gamma function logl'(2), inverse of the regularized incomplete gamma function Q‘l(a, 2),

and inverse of the generalized regularized incomplete gammafunction Q~*(a, z, ).

Definitions of gamma functions

The gamma function I'(2), the incomplete gamma function I'(a, z), the generalized incomplete gamma function
I'(a, z, ), the regularized incomplete gamma function Q(a, 2), the generalized regularized incomplete gamma
function Q(a, z, 2), the log-gamma function (almost equal to the logarithm of the gamma function) logl'(2), the
inverse of the regularized incomplete gamma function Q1(a, 2), and the inverse of the generalized regularized

incomplete gammafunction Q *(a, z, z) are defined by the following formulas:
r@= [ ¢tetat)Rez >0
0

. & (-1
2= f et dt+ Z
1 o Kl (k+2

I(a, 2) == f et dt
z

2
I3 z, 2) == f 2 letdt
Z

1

I'(a, 2
Q@ 2=

I'(@)

I'@a z, z)
Q(a1 Z, 22) =
'@

=5 ) e
ol 7) == — — o +—||—vZ-100(2).
al' (2) 24 g ” Y 9(2)

The function logl'(2) is equivalent to log(I'(2)) as a multivalued analytic function, except that it is conventionally
defined with a different branch cut structure and principal sheet. The function logl'(z) allows a concise formulation
of many identities related to the Riemann zeta function £(2):
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z=Q@aw) /;w=Qa 2
22 == Q(a1 Zl! W) /1 W == Q_l(a! Zl! 22)-

The previous functions comprise the interconnected group called the gamma functions.

Instead of the first three previous classical definitions using definite integrals, the other equivalent definitions with
infinite series can be used.

A quick look at the gamma functions

Hereis aquick look at graphics for the gamma function and the function logl'(z) along the real axis. The rea parts
are shown in red and the imaginary parts are shown in blue.

[V
ﬂ i

Hereisaquick look at the graphics for the gamma function and the function logIl'(z) along the real axis.
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These two graphics show the real part (Ieft) and imaginary part (right) of I'(a, z) over the a-zplane.
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The next graphic shows the regularized incomplete gamma function Q(a, z) over the a-z-plane.

Connections within the group of gamma functions and with other function groups
Representations through more general functions

The incomplete gamma functions I'(a, 2), I'(a, z1, ), Q(a, 2), and Q(a, z1, z,) are particular cases of the more
general hypergeometric and Meijer G functions.

For example, they can be represented through hypergeometric functions 1F; and ;F; or the Tricomi confluent
hypergeometric function U:

I'@ 2=T@(1-2Fi(aa+1-2)/-a¢N
2
I'a=r@-—F@Ea+l-2/,-a¢N
a

I'a,2==e*U(l-al1l-3a 2

I@ z,2)=T@ (5 Fi@a+1-2) -4 Fi@a+1-2))/-a¢N
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[(@ z1,)= —1F1@a+1,-)- —Fi(@a+1-z)/,-a¢N
a a

Ia z,z)=e*U(l-a,1-3a2z)-e2U(l-a1-3a 2)

Q@ 2=1-72,Fi(@a+1;, -2/, -a¢N*

Q@a2=1- 1Fi@a+1, -2/, —a¢N?

I@+1)

1
Qa2=—e?Ul-al1l-a72
r'@)

Q@ z,z) =23 Fi@a+1;-z)-Z F(@a+1 -2z)

Fiaa+1 -2)-
r(a+1)“(a a+li-2) T@+1)

Qa z, ) = iFi@a+1-z)/; -a¢N
1
Q@ z,2)==—(42Ul-a,1-a,2)-e2Ul-a 1-a 2)).
I'(a)
These functions aso have rather simple representationsin terms of classical Meijer G functions:

1
0, a)

I'a, z,2)= Gié(zz

'@ 2= Gfg(z

1
a, 0)

1
2.0~

- 1 GZ,O 1
2= 5% 0.

1 " 1
a, 0) - Gl'z(zl a, 0))'

The log-gamma function logl'(z) can be expressed through polygamma and zeta functions by the following
formulas:

1 11
Q@ z,2)=— (6112(22
r'(a)

Z
logrl (2) == f Y(t)dt
1

@)
logfz) = ———
azv—l

1
logl'(2) == 5 log27) + ¢*9(0, 2) /; Re(z) > 0.

Representationsthrough related equivalent functions

The gamma functionsI'(a, 2), I'(a, z;, ), Q(a, 2), and Q(a, 71, z») can be represented using the related exponential
integral E,(2) by the following formulas:

[@2=2E_
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T@ 71, 2) =4 E;_a(z1) - 5 E1a(2)
Va El—a(z)
@)

Q@ 2=

1
Q@ z,2)=— ZE az1) -5 Ea(2)).
I'(a)

Relations to inver se functions

The gammafunctionsT'(a, 2), I'(a, z1, ), Q(a, 2), and Q(a, z1, z,) are connected with the inverse of the regularized
incomplete gamma function Q~*(a, 2) and the inverse of the generalized regularized incomplete gamma function
Q‘l(a, 2, ) by the following formulas:

I'a, Q'@ 2)=T@z

Ia z,Q%@ z,2)=T@z

Qa Q'@ 2)=z

Qaz,Q'@z,2)=2

Q'@ Qa z)-2)=Q"@ z,2)

Q'@ z,2)=Q '@ Q@ z)-2).

Representationsthrough other gamma functions

The gamma functions I'(a), I'(a, 2), I'(a, z1, ), Q@& 2), Q(a, z1, ), and logl'(2) are connected with each other by
the formulas:

I'(@)==T(a, 0)/; Re(a) >0
I'a,2=T(@+I(a z0)/; Re(a) >0
INa,2=T(@ Q@ z0+1)/;Rea@>0
I'a, 2 =T(@Q(a, 2

I'(a, z;, ) =1TI(a, 7)) -I'(a, )

'@ 7z, z)=T@ Q@& 7, z)

I'(a, z 0)
Q@& 2 = +1/;Re(@ >0
I'(a)

Q@ 2=0Q@ z0+1/;Rea)>0

Q@ 2 =

Q(a! 2, ZZ) == Q(a! Zl) - Q(av 22)
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I'a, z, )
Qaz,2z)= —
I
7
logl'(2) == log(T'(2)) /; 0 < Re@ = 2 /\ Im(@)| = .

logl'(z) = 2ink(2) + 10og(I'(2) /; k(2) == f O(—Re(T'(t)) ImT'®) ¥ s(mMT(1) dt € Z.
0

The best-known properties and formulas for exponential integrals
Real valuesfor real arguments

For real values of z, the values of the gamma function I'(z) are real (or infinity). For real values of the parameter a
and positive arguments z, z1, 2, the values of the gamma functions I'(a, 2), I'(a, z, z), Q(a, 2), Q(a, z1, %), and
logl'(2) arereal (or infinity).

Simplevalues at zero

The gamma functions T'(2), T'(a, 2), [(@, z1, z), Q(a, 2), Q@ z1, 2), logl'(2), Q" (a, 2), and Q 1(a, z, 2,) have the
following values at zero arguments:

[(0) == &
IO, 0 =&

0,0 0=

Q0 0)==0

Q(0,0,0)==0

logl'(0) == oo

Q*0,0=0

Q(0,0,0)==0.

Specific valuesfor specialized variables

If the variable z is equal to 0 and Re(a) > 0O, the incomplete gamma function I'(a, 2) coincides with the gamma
function I'(a@) and the corresponding regularized gamma function Q(a, 2) isequal to 1.

I'a0)=rI(@/;Re(a)>0 Q(a 0)==1/; Re(a) > 0.

In cases when the parameter a equals 1, 2, 3, ..., the incomplete gamma functions I'(a, 2) and Q(a, z) can be
expressed as an exponential function multiplied by a polynomial. In cases when the parameter a equals
0, -1, -2, ..., theincomplete gamma function I'(a, 2) can be expressed with the exponential integral Ei (), exponen

tial, and logarithmic functions, but the regularized incomplete gamma function Q(a, 2) is equal to 0. In cases when

the parameter a equals + % + g + g ..., the incomplete gamma functions I'(a, 2) and Q(a, 2) can be expressed

through the complementary error function erfc(z) and the exponential function, for example:
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rd,z=e¢* Q1,2=¢"*
0,2 =—-Ei(-2) + 1(Iog(—z)—log(—%))—log(z) Q(0, 2) ==
I(-1 2 =Ei(-2)+ * (log(——) |og(—z))+|og(z)+ 7 Q(-1,2 =
F(— z) ==\/7erfc(\/?) Q(l z) = erfc(\/?
R e DI S R e

These formulas are particular cases of the following genera formulas:

D™ 1 1 S &
I(n, 2) = (EI(—Z) S [Iog(—z) - Iog(— —]] + Iog(z)) +e? —e ZZ /inez
(_n)! 2 4 k=0 (n)k—m-l k=n (n)k—m-l
1 n-1 {Jri -1 k>
F(n+5,z)=:erfc(\/?)l“(n )“%ZZ i ezzzliz/;nel
k=0 ( 2)k—n+l k=n (n * E)k—m—l
n-1
Qn, 2 = e‘zz E /ineN*t
k=0
Q(-n,2=0/;neN
1 n-1 +% 1 Zk+%
Q(n+5,z]==erfc(\/?)+ e’ 82217 /ineZ.
F(n + 2) k=0 ( )k—n+l =" (n * )k—n+l

If the argument z > 0, the log-gamma function logl'(2) can be evaluated at these points where the gamma function
can be evaluated in closed form. The log-gamma function logl'(2) can aso be represented recursively in terms of
I'(z2) for0< Re(2) < 1:

logl'(1) ==

logr'(n) ==log((n—-1)!") /; ne N*

n 2 (n-1)!
Iogl“(E) =logf ———  |/;ineN

n-1 |

5!
logl'(-n)==c0 /;neN

Iogr[E +n] == Iog(r(g]]—nIog(q)+ZIog(p+ kg-g/;neNApeN*AgeN"Ap<q
q !

k=1

Iogl"[E—n]::Iog(l“(g])+Iog(q)n—m’n—Zlog(qk—p)/; neNApeN-"AgeNt Ap<aq.
q q

k=1

The generalized incomplete gamma functions I'(a, z;, z») and Q(a, z;, 2) in particular cases can be represented
through incomplete gamma functions I'(a, z) and Q(a, 2) and the gamma function I'(a):

I'a z,0=I(az)-T'@/;Rea)>0
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'@ 0, z)=T(@-I(a %)/, Re@) >0
I'(a, 7, ) =T(a, z7)

I'(a, o, ) =-T'(a, )

'@, 0, ©0)==T(a) /; Re(a) > 0
Q(-n,27,2)=0/;neN

Q@ z, «0) =Q(a, z1)

Q@ 0,0)=1/;Re(a) >0

Q@ 7,0 =0Q@ z)-1/;Re(@) >0
Q@ 0,2)=1-Q(a, 2) /; Re(a) > 0.

The inverse of the regularized incomplete gamma functions Q‘l(a, 2) and Q‘l(a, 7y, 2) for particular values of
arguments satisfy the following relations:

Q'@ 0)=cw/a>0
Qla 1)=0/a>0
QYa, , 2==Qa, -2.
Analyticity

The gamma functions I'(2), I'(a, 2), I'(a, z1, 2), Q(a, 2), Q(a, z, ), and logl'(2) are defined for all complex values
of their arguments.

The functionsI'(a, 2) and Q (a, 2) are analytic functions of a and z over the whole complex a- and z-planes exclud-
ing the branch cut on the z-plane. For fixed z, they are entire functions of a. The functions I'(a, z, z) and
Q(a, z1, 2p) are analytic functions of a, z;, and z, over the whole complex a-, z;-, and z-planes excluding the
branch cuts on the z - and z,-planes. For fixed z; and z,, they are entire functions of a.

The function logl'(z) is an analytical function of z over the whole complex z-plane excluding the branch cut.

Poles and essential singularities

For fixed a, the functions I'(a, z) and Q (a, 2) have an essentia singularity at z== 0. At the same time, the point
Z== % isabranch point for generic a. For fixed z, the functions I'(a, 2) and Q (a, 2) have only one singular point at
a = co. Itisan essentia singularity.

For fixed a, the functions I'(a, z;, z») and Q(a, z;, z) have an essentia singularity at z; == o (for fixed z,) and at
Z, == co (for fixed 7). At the same time, the points z == < /; k== 1, 2 are branch points for generic a. For fixed z;
and 2, the functions I'(a, z, z) and Q(a, z1, ;) have only one singular point at a = co. It is an essentia singular-
ity.

The function logI'(z) does not have poles or essential singularities.
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Branch pointsand branch cuts
For fixed a, not a positive integer, the functions T'(a, z) and Q (a, 2) have two branch points: z== 0 and z == co.

For fixed a, not a positive integer, the functions I'(a, 2) and Q (a, 2) are single-valued functions on the z-plane cut
along the interval (—o0, 0), where they are continuous from above:

lim I'(a, x+ie)=T(a x)/; x<0

e—>+0

lim I'(a, x—ie)=T(@) -e 272 ((a)-I'(a x)/; x<0

e—>+0

Iirn0 Qa, x+ie)==Q(a, x) /; x<0

lim Q@ x—ie)=1-e2"3(1-Q(a, X)) /; X< 0.

e—>+0

For fixed z, the functionsI'(a, z) and Q (a, 2) do not have branch points and branch cuts.

For fixed a, z or fixed a, z, (with a ¢ N*), the functions I'(a, z;, ) and Q(a, z1, ;) have two branch points with
respecttozor z;: z =0, zc == o, k=1, 2.

For fixed z; and a ¢ N, the functionsI'(a, z, z) and Q(a, z, 2) are single-valued functions on the z,-plane cut
along the interval (—oo, 0), where they are continuous from above:

lim (@ z, X% +ie)=T(a, 1, X)) /; X, <0
e—>+0

lim I'@, z1, % —i€) =T(@ 2z, X) + (1 - 2" T(@, X, 0) /; %, < 0
e-»+0

lim Q& z;, Xo +i€) == Q(a, z1, Xo) /; ¥ < 0

e~+0

lim Q@, 21, X, —i€) = Q(a, z1, X)) + (1— ¢ 2" Q(a, X, 0) /; X, < 0.

e—>+0

For fixed z, and a ¢ N*, the functionsI'(a, z;, ) and Q(a, z;, 2) are single-valued functions on the z;-plane cut
along theinterval (-0, 0), where they are continuous from above:

lim I'(a, Xy +i€, 2)=T(a, X1, ) /; X, <0

e>+0

lim I'@ % — i€ 2)=(1-e?")I'(@ 0, X) + '@ X1, Z) /; X <O

e—>+0

Iirr:) Q@ Xy +i€, 2)==0Q@ X1, %) /; X <0
€+

lim Q@ X — i€, ) ==(1-¢2"%) Q(a, 0, x) + Q@, X1, 2) /; X1 < 0.

e—>+0

For fixed z; and z,, the functionsT'(a, z;, z») and Q(a, z1, z) do not have branch points and branch cuts.

The function logI'(z) has two branch points: z==0and z = .

10
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The function logl'(2) is a single-valued function on the z-plane cut along the interval (—co, 0), whereit is continu-
ous from above:

lim logl'(x+i€) ==logl'(x) /; x < 0

e—>+0

lim logl'(x—i€) ==logl'(x) — 2ix x| /; x<O.

e>+0
Periodicity

The gamma functions T'(2), I'(a, 2), T'(a, z1, ), Q(a, 2, Q(a, z1, ), the log-gamma function logl'(2), and their
inverses Q1(a, 2 and QX(a, z;, 2,) do not have periodicity.

Parity and symmetry

The gamma functions I'(a, 2), I'(a, z, %), Q(&, 2), Q(a, z, ), and the log-gamma function logl'(2) have mirror
symmetry (except on the branch cut intervals):

I'@ 2=I(a,2/;z¢ (-0, 0)
F('a, Z_ll Z) == r(av Zl! ZZ) /: Zl $ (_001 0) /\ ZZ $ (_Ool 0)
Q@ 2=0Q@ 2/;2¢ (-, 0

Qa,z,5)=Q@ 2,2)/;1 ¢ (-0, ) A2 & (-, 0)

logl'(2) == logl'(2) /; Z ¢ (=0, 0).

Two of the gamma functions have the following permutation symmetry:
@ z,2)=-T(a 2%, 2)

Q@ z,2)=-Q@ z, z)).

Seriesrepresentations

The gamma functions I'(a, 2), I'(a, z1, 2), Q& 2), Q(a, z1, z), the log-gamma function logl'(z), and the inverse

Q’l(a, 2) have the following series expansions:

2 az azZ
@ 2«l@-—|1- — + —Ar@z-0
a a+l 2@+2
00 (—Z)k
I'@a 2=I@-72
o @+kk!
n-1
—_ _ —Z e +
I 2=m0n-1'e kgjk! /ineN
-1" > (-2K
I(-n, 2) = Wn+ 1)—Iog(z))—z‘”Z eN

n! o (k=mk! ’

k#n
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12

1z 2 1z z
I'(a, 7, o - = - - =
@ 2. 2) é[a a+1+2(a+2)Jr ] ﬁ[a a+1+2(a+2)
= (- = (-z)
I3z, -
@2 )= £21w+bk' ﬁ;ha+mw

n-1

I'in, z;, ) = (n-1)! [@Zl é' —-e

n-1

% éJ /ineN*
K1

+..|h@->0AZ~0

k=0 ™*° k=0 ™*
_lnfl oo _1 é ii
I(-n, z,2,) = (log(z,) - Iog<22)>+2— ineN
P (k—n)k!
k#n
[ az a(@+12 ]
Qa2x1-7 - + —...|/;(z-0
la+l TI@+2 2l@+3
oo n—1- zai (@ (-2
' dT@+k+1)k!
n—lzk
Qn, 2) == e‘zzg /ineN*
k=0 ™*
1 az a@+1)z 1 az a@+1)z
Q(a,Zl, Zz)OCé - 2 + —]—Zi‘[ - ! + e /1(21_)0)/\(22_)0)
ra+l TI@+2 2I'@+3) ra+l TI@+2 2I@+3)
o - éi @y (-2)* ii(w(aﬁ
a, 71, Zp) == _—
v Ir@+k+ k! ‘SiT@+k+ k!
n-1 n-1
Qn, z,z)=¢? Z F —e 2 Z o /ineN*
k=0 ™* k=0
| r 2 (32 7 0
ogl™ o — |0l —_——t — = ... /;
ar(2) 92 -yz+ P 3 + 360 /i (z—-0)
Diz(j+2 22
logl'(2) = —log(2) - yz+ZL/IZI<l
i j+2
{2, z) , B2 5
logl'(2) o logl'(Zo) + ¥(Z) (- 2o) + (z- 279" - Z-)0°+.../;@Z->2) N~ (Z€Z N <0)

2 & (1) (2-2)*?
logl'() == logl'(z0) + Y(2) (2~ 2) + ) ) ——————

= (ZeZNgp=<0)

020 (j+2) (K+29)' 2

n-1

logl'(2) == —log(z+ n) + logl" (z+ n+ 1)—Zlog(z+ K)/;(z—=-nAneN

k=0
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13

n-1
logl'(2) o< —log(z+ n) — Zlog(z+ K(1+0z+n)/;(z->-nNAneN
k=0
(—-(z-DT@+ ¥’  (3a+5)((-z-HT@+1)¥a)’
Q@ 2= (-(z- )@+ 1)+ ( ) + ( ) +0((z- 1*A).

a+1 2(a+1?@+2)
Asymptotic series expansions

The asymptotic behavior of the gamma functions I'(a, 2) and Q(a, 2), the log-gamma function logl'(z), and the

inverse Q1(a, 2) can be described by the following formulas (only the main terms of asymptotic expansion are
given):

1
I'@ 2 «e?Z? (1 + O(—]) /(12 = o)
z

e 221! 1
Q@ 2) « (1+ O(—)J /1 (12 = o)
@) z

ool ( 1)| log(2 ) 1 140 1 A A
x|Z— — - — — y |ATr 0
ogl'(2) < | z > 09(2 —z+ +122[ + [f]]/l 92l <7 A (14 - o)
L L
Za—lr(a)a—l
Q'@ x-(a-HW, 7 |he 0.

Integral representations

The gamma functions I'(a, 2), I'(a, z1, 2), Q@ 2), Q(a, z1, z), and the log-gamma function logl'(z) can also be
represented through the following integrals:

I(a 2) == f Lt dt
z

Zy
I 7,2 ::f ttlet gt
Z

1

1 )
Qaz=—| tletdt
@) Jz

1 2
Q@ 7, ) = — f 2 letdt
(@) Jz

1

o0 @4 @tz -1
logl'(2) == —f —( - z] dt+log(r) —log(sin(r 2)) /; Re(z) < 1
o t (1-¢t

@_t z f_t

0 1 —
logl'(2) == f —((z—l)et+ ]dt /;Re(2) >0
ot 1

_et

t

w0 ta“_l( Z) log(2 ) 1
logl'(2) == f dt+ + (z— —) log(2) - z/; Re(2) > 0.
0 e27t_1 2 2
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Transformations
The argument of the log-gamma function logl'(a — 2) can be simplified if a==1 or O:
1 b
logl'(1 — 2) == log(n) — log(sin(r 2)) — logl'(2) /; — E < Re(2) < 5
2Re(2) +1 2Re(29 +1
logl'(1 - 2) == log(x) — log(sin(r 2)) — logl'(2) + 2i 7 { (san(Im(@) + (sgn(Im(2))? - 1) syn(Re2)) /; ————— ¢ Z

1
logl'(—2) == log(n) — log(—2) — log(sin(x 2)) — logl'(2) /; —5 <Re(2) < g

2Re(2) +1
logl'(—2) == log(xr) — log(—2) — log(sin(r 2)) — logl'(2) + 2i n {TJ (san(im()) + (sgn(Im(2))? - 1) syn(Re())) /;
2Re(2) +1
—¢Z
4

Multiple arguments

The log-gamma function logl'(mz) with m==2, 3, ... can be represented by a formula that follows from the
corresponding multiplication formulafor the gamma function I'(2):

1 log(m)
logl'(2 2) == logl’ (z+ 5) +logl'(2 + (2z- 1) log(2) — T

m-1 k 1
logl’'(mz) = Z IogF[z+ —) +mzlog(m) — — (log(m) + (m-1)log (27)) /; me N*,
=0 m 2

I dentities

The gamma functions I'(a, 2), I'(a, z, %), Q(a, 2), Q(a, z;, ), and the log-gamma function logl'(z) satisfy the
following recurrence identities:

1
INa,2=-T@+1,2-e?*?d
a
Ia2=@-Yl(@-1,2+e 22"
1
F@z,z)=-C@+l,z,)-e2Z4+e22)
a

F@z,2)=@-)l@-1,2,z)+e2Z " -Ate2

e R
Q@ 2=Q@a+1,2-
ra+1l
e Za—l
Q@ 2=Q@a-1,2+
I'(a)
e -eud

Q(a1 7, 22) == Q(a+ 11 7, 22) +
'a+1
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-1 @721 — Zg_l @722
Q(a! 2, ZZ) == Q(a_ 11 7, 22) +
r'(@)

logl'(2) == logl'(z+ 1) — log(2)
logl'(z) == logl'(z— 1) + log(z - 1).

The previous formulas can be generalized to the following recurrence identities with a jump of length n:

1 nooX
@ 2= —T@+n, z)—f*le*ZZ—/; neN
(a)n k=1 (a)k
I@ 2=(-1)"(1-a),|T@-n2+A"! e*zz /ineN
k=1 (a- n)k
1 n +k—1 n +k—1
I'(a z1, 2) == Fr@a+n,z,z)-e? Z +e 2 Z /ineN
(a)n k=1 (a)k k=1 (a)k
n +k—n-1 n Zg+k—n—1
(@ 2,2)=(-1"(1-a),[[@-nz,2)+e% —e2 ) fineN
k=1 (a_ n)k k=1 (a_ n)k

n

a, 2) = Q(a I'I,Z—Za71 ~Z ‘neN
Q@ 2=Q@+n, 2 e kZ:;F(er)/ e
n-1 Tk
Q@ 2=Qa-n2+7"e?) LneN
“r@-k
n +k-1 n é#—k—l
(@, 2,2)=0Q@+n,z,2)-e= L2 sneN
Q 11 22 Q 1, L) — € ;r(a-'-k) e ;r(a_'_k) S
n-1 Ak-1 n1 Ak-1
(@, 2,2)=0Q@-n,2,2%)+e 4 _e 2 /nenN
Q 10 £2 Q 1, &) te ,;F(a—k) e kZ:(;I“(a_k) c
n-1
logl'(2) == logl'(z+ n) — Zlog(z+ K /ineN
k=0

logl'(2) == logl'(z— n) + Zlog(z— K)y/;neN.
k=1

Representations of derivatives

The derivatives of the gammafunctionsI'(a, 2), I'(a, z1, 2), Q(a, 2), and Q(a, z;, z) with respect to the variables z,
73, and z, have simple representations in terms of elementary functions:

ol'(a, 2
0z

= —@72 Zail
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ol'(a, 7, z
M = _ea z"l"‘l
0z
r
0T(a, z1, zp) - 224
0z,

0Q(a, 2) ezl

0z '@

Q@ u,z)  enh

oz r'@)

Q@ z,2) e25"

92, I(a)

The derivatives of the log-gamma function logl'(2) and the inverses of the regularized incomplete gamma functions

Q’l(a, 2), and Q’l(a, 71, Zp) with respect to the variables z, z;, and z, have more complicated representations by the
formulas:

dlogrl’ (2)
0z

Qa2
0z

= _lel(a,z) Q‘l(a, Z)l—a F(a)

6Q71(a1 Zl! 22)

_ Q@nn)y
0z

Qil(av Zl! 22) ]1_a

Z

Qa7 -
Q 1) 22 - @Q Yaz.2) I'(a) Q—l(a’ z, 22)1 a.
02,

The derivative of the exponential integral E,(2) by its parameter v can be represented in terms of the regularized

hypergeometric function ,F»:

EB@D , -
=Z2"TA-v)(og@D -1 -v)-T(L-v)"oF,(1-v,1-v;2-v,2-v; -2).

av

The derivatives of the gamma functions I'(a, 2), T'(a, z1, 2), Q(a, 2), and Q(a, z1, z), and their inverses Q’l(a, 2)
and Q X(a, z, ) with respect to the parameter a can be represented in terms of the regularized hypergeometric

function ,F:

al(a, 2 ~
p =T(@?Z2,F,a aa+1 a+1;,-2-I(a 0, 2log2 + '@ y(@)
a
l'(a, 7y, )
da -

['(@)? Fo@ aa+l a+l-z) z"; -T(a)? Fo@ aa+l a+l -2z) z’;‘ -T(a 0, z)log(z;) + T'(a, O, 2,) log(z,)
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0Q(a, 2 N
5 =T@7,Fa aa+1a+1l; -2 +Q@, z 0) (log(2 — ¥(a)
a
0Q@, 7, 2) -
— = F@7Fa aa+l,a+l-z) -

I'@ 7 F(a & a+1,a+1 -2)+ Q@ z, 0)10g(z) - Q@, 2, 0)10g(z,) - ¥(a) Q@ z, 2)

Qa2

p =" W2 (M@?,F(a & a+1 a+1 -ww + (z— 1)@ logw) + (I'(@) - T'(@, w) ¥(@) /; w=Q'(a, 2)
a

00 Ya, 7, z 1
¥ eV wi2 . — WA Fy(a & a+l,a+l -w) -2 ,F@ aa+l a+l; -z))+
a a
I'(a, w, 0)log(w) + T'(a, 0, z) log(zy) + T'(a, z, W) ¥(a) | /; w== QYa 7, 2).
The symbolic n'"-order derivatives of al gamma functions I'(a, 2), I'(a, z1, z), Q(@, 2), Q(@, z1, z), and their
inverses Q1(a, 2), and Q" 1(a, z1, 2,) have the following representations;

a"r(a 2

Z( 1)”( )(—a)kr(a—k+n, 2/;ineN

"I'(a, 2

oa"

. (n _ . - .
() - Zaz:(—l)”‘l ( j )(n -DIT@" 109" @ njs1Frojer(an @, ooy B jr @ + L @+ 1, o B+ 15 -2) /;
=0

g =ay==..==ap1=aAneN
0"I'(a, z3, 22)
07
0"I'(a, 73, 22)
0%,

T (a, 74, 20)

oa"

*”Z( 1)“( J(—a)kl"(a—k+ nz)/ineN'

*”Z( 1)”( )( ayf@-k+n z)/;neN

. (n ) . - .
Z‘?;Z(_:I-)rkJ ( i )(n -N! F(a)niHl IOgJ () n_j+an_j+1(a1, g, ..., Anji1y At La+1, ..., An_j+1 T 1; —22) -

d (n _ . - .

4y -y (j )(n— DIT@" 00" @) nji1Fnjaa(@a, B, o Bn e B+ L B+ 1, o B+ L —2) /8y =
j=0

a=..=3,1==aAneN

"Q(a, 2
07"

———az_”Z( 1)nk( )(1—a_k)nle(a+k’ BfineN
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"Q(a, 2 F(”)(a) 1 & D" r(n+1, —(a+k)log(2) .
== ne
oa" I'(@) F(a) o (a+ k™ k!

"Q@ z,2)

o7,

an Q(a1 Zl! 22)

02

an Q(a, Z, 22)

oa"

n n
= —azf‘Z(—l)"‘k(k)(l—a— Kn1Q@a+k, z)/;neN*

s n
== azEnZ(—l)n’k(k)(l—a— k)n—l Q(a+ k, 22) /, neN*

aNy . (n-k . , i .
n! Z[ZZZ(—l)n_'_k (i )(n —i=K!T@"" 100 () nokeiv1Frkeist(@s, B2, ooy Bnokeivti @+ 1 8 + 1,
i

n-k

. —k . .
Dt -z -2 ) (1T i@

i—0
109 (Z1) nkiv1Fnk-i+1(@1, @2, ooy Bnkist; 3+ 1 @+ 1, o, Bnoiivn + 15 —21)

kK (Dl k+ D)@t or@)l
Z [iqg==ap==...==a,1==aAneN
D (+DI-k k=) gak

0% logl'(2)
=y
47
"Qa 2 [@ev\" O
Y0 AR I8
]2_0 In=

n 1 ([@a+l wa-i+l i (i :
_{L] [Z( 1)'k( Jca-k+ 1 Qa@rk w)] fw=Q"@2 \nen

|21|'

n-1 wi\N n n
T el D ESINRE IO YRR )

62’21 j»=0 jn=0

1 [F(a+ 1) ™ wh- a]“
ji!

Ji
(aw"Z( 1~ k[ )(1 a-kji_; Qa+k w+Qa, 21)6] fw=Qaz 2 \neN.

Differential equations

The gamma functions I'(a, 2), I'(a, z1, ), Q(a, 2), and Q(a, z;, ) satisfy the following second-order linear

differential equations:
W@+ (1l-a+2W@=0/,w@=cT(@ 2 +¢
W' (@Z)+(A-a+z)W(z)=0/;wz) = ¢, (@ z1, )+ C

LW () +(1-a+)W(2)=0/,Wz)=c¢T@ z,2)+C,
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W@+ (l-a+29W@=0/;Ww2=¢c,0Q(@, 2 +¢;

W (Z)+(l-a+z)W(z)=0/;Wz) = ¢; Q@ 7, ) + ¢,
LW () +(1l-a+z)W(2) =0/, W2) = ¢, Q@ 7, ) +C,,
where ¢, and ¢, are arbitrary constants.

The log-gamma function logl'(2) satisfies the following simple first-order linear differential equation:

oW(2)
—— =y(2) /; W(2) = logl'(2).
0z

The inverses of the regularized incomplete gamma functions Q X(a, 2) and Q (a, z, z) satisfy the following
ordinary nonlinear second-order differential equation:

W2 W' (2) - W (2’ W2 +1-a)=0/; w2 =Q a 2
W(Z) W' () — W (2)* (-a+W(z) + 1) = 0 /; W(z) = Q" X(@, z, 2).
Applications of gamma functions

The gamma functions are used throughout mathematics, the exact sciences, and engineering. In particular, the
incomplete gamma function is used in solid state physics and statistics, and the logarithm of the gamma function is
used in discrete mathematics, number theory, and other fields of sciences.
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