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Introductions to Indeterminate
Introduction to the symbols

General

The concepts of indeterminate, infinity, and directed infinity surfaced in mathematics on an intuitive level many
centuries ago. For example, it was clear that it was not possible to find the largest integer. Euclid already proved
that the largest prime number (Iimy_., P, == co in modern notations) does not exist.

The modern mathematical symbol arose with the development of calculus. J. Wallis (1655) introduced the sign co
to signify infinite numbers. Subsequently many mathematicians started to use this or similar symbols. In the
twentieth century, K. Welerstrass (1876) used the symbol oo to represent an actua infinite quantity.

The mathematical symbols used to designate an indeterminant quantity also came from calculus. L'Hospital (1696)
treated the sign 0/0 as an indeterminate value. Later, J. Bernoulli (1704, 1730), G. Cramer (1732), J. D'Alembert
(1754), and others extensively discussed the symbol 0/0 and tried to introduce special notation for it. The appear-
ance of the modern definition of alimit allowed for an evolving understanding of indeterminate quantities, like
0/0, to have al possible values of the double limit of x/y, when variables x and y tend to be 0 independently (at
different rates).

Definitions of symbols

There are four symbols discussed here—an indeterminate numerical quantity ;, infinity co, complex infinity co, and
directed infinity in the complex plane zoo. They are defined as follows:

Indeterminate ; is a symbol that represents a numerical quantity whose magnitude cannot be determined. In
particular, arbitrary functions with any argument being ;, also becomes ;: f(..., ¢, ...) =¢.

oo isasymbol that represents a positive infinite quantity.
co represents an infinite numerical quantity whose direction in the complex plane is unknown (undetermined).

Z oo represents an infinite numerical quantity that is a positive real multiple of the complex number z.

Connections within the group of symbols and with other function groups
Representations through related functions

The symbols ;, oo, and c are connected to each other by the following formulas, including the operations plus,
subtract, times, divide, and power:
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Subtract | 1 0 00 |[—00 |0 | |Zoo
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Times |1 O|lco |[-o0 & [ ¢ |Zoo
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Divide |1 0 |oo|=0o0|& ¢ |20
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Representations through other functions

Some of the symbols ¢, oo, co, and zco can be represented as values of basic arithmetic operations, for example:
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Some of the symbols ¢, oo, &, and zeo can be represented as values of different mathematical functions, for
example:

1
L::@O

oo == —log(0)
o = cot(0)

& = T(0).

The best-known properties and formulas for symbols

Specific values

The symbol z o has the following values at some finite points z:

Qo=
loo==c0
—loo=-x
ioo==100
—i0o==—lo00
1+¢
(1+4) o0 == — o0.
V2

The symbol z o has the following values at some infinite points z
0000 == 00

0000 == —00

I 0000 ==1[ 00

—1 0000 == —f cO

& 00 = &.

The symbol zco has the following value at point z==;:

{, 00 = .
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General characteristics

( isasymboal. It represents an unknown or not exactly determined point (potentially with infinite magnitude) of the

complex plane. Often it results from a double limit where two infinitesimal parameters approach zero at different
speeds (e.9. l1Mx-0,y-0 X/ Y)-

oo isasymbol. On the Riemann sphere, it is the north pole approached from exactly east. In the projective complex
plane, itisapoint at the line at infinity.

o isasymbol. On the Riemann sphere, it is the north pole. In the projective complex plane, it isthe line at infinity.

Zoo isasymbol. On the Riemann sphere, it is the north pole together with the direction z how to approach it. In the
projective complex plane, it isa point at the line at infinity.

Complex characteristics

The symbols ;, o0, 50, and z o have the following complex characteristics:

z |Abs Arg Re Im Conjugate | Sign
& |ll=¢ A9 =¢ Re(y)=¢ Im(g)==¢ -=4 son (,
0 ||oo| =00 |Arg(eo)==0 Re(o0) == o0 Im(c0)==0 00 == 00 sgn (¢
& ||®]=c0 [Arg(&)e (-, 7l Re(&) == ¢, Im (&) = ¢, S =& sgn («
Zoo ||Zoo| == 00 | Arg(zoo) == Arg(2) Re(zeo)=0/; Re(2) == 0 IM(Zoo)==0/;IMm(2)==0 Zoo =200 |[SON(:
Arg(e” oo) =X+27 VZ;RXJ /; | R&(Zoo) = (sgnN(Re&(2)) 00) /; | IM(Z o) == (sgN(IM(2)) o) /;
xeR Re(2) # 0 Im(z) + 0

Differentiation

Derivatives of the symbols ¢, oo, o, and zo satisfy the following relations:

af(2
az

A

o, .
9z~ ©

(o)

[')DO .
0z

o

oo __

0z

Integration

Simple indefinite integrals of the symbols ;, o0, and co have the following representations:

z

[t@az

A

f&dz::g)

(o)

foodZ:: Zoo

So

[odz=2700

Integral transforms

All Fourier integral transforms of the symbols ¢, oo, c0, and zeo can be evaluated using the following formal rules:
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z |RI[TMD]1 FUfO1@ FalfMl@ Fsi[f(®](2
o | Al @ = Fll @ =1 Feill (@ = Fsilel @ =¢
oo |Fileo] () == 6(2) 0o | Fi 0] (2) = 6(2) 0o | Ferloo] (2) == 8(2) oo | Fsiloo] (2) =

=5}

g2

& | Fil&] (D =& Fl®] (@) =& Feilo](2) = Fsi[o0] (2) =

Laplace direct and inverse integral transforms of the symbols ¢, oo, c0, and zco can be evaluated using the follow-

ing formal rules:

z|LIfOI@  |LUfm1@
o [ Lld@=¢ |LMd@=¢
o0 | Lifoo] (@) = 2 | LiY[eo] (2) = 6(2) 00

& | L] (D) =% | LM [®](D) =&

Inequalities

The symbols oo, co, and z o satisfy some obvious inegualities, for example:
—0<Z<o/;Z2eR

|z < 00

[0 >2z/;ze R

|2l < o0

|Zoo| > X /; X R.

Applications of the symbols

All symbols are used throughout mathematics, the exact sciences, and engineering.
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01
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