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Introductions to InverseWelerstrassP

Introduction to the Weierstrass functions and inverses

General
Historical remarks

The Weierstrass eliptic functions are identified with the famous
mathematicians N. H. Abel (1827) and K. Weierstrass (1855, 1862). In the year 1849, C. Hermite
first used the notation g for the basic Welerstrass doubly periodic function with only one double

pole. The sigma and zeta Weierstrass functions were introduced in the works
of F. G. Eisenstein (1847) and K. Welerstrass (1855, 1862, 1895).

The Weierstrass elliptic and related functions can be defined asinversions
of dliptic integralslike I = f ————dtandz=ZT; gy, g3). Such integrals were investigated in the works of

\ 4t3-gy t-gs
L. Euler (1761) and J.-L. Lagrange (1769), who basically introduced
the functions that are known today as the inverse Wel erstrass functions.

Periodic functions

An analytic function f(2) is called periodic if there exists a complex constant p + 0, such that
f(z+ p) = f(2) /; ze C. The number p (with aminimal possible value of |p]|) is called the period of the function
f(2).

Examples of well-known singly periodic functions are the

exponential functions, all the trigonometric and hyperbolic functions: e?, sin(z), cos(z), csc(z), sec(z), tan(z), cot(z),
sinh(z), cosh(z),

csch(z), sech(z), tanh(z), and coth(z), which have periods p =2ni, p=2n, p=n, p=2ni,and p =ni. The
study of such functions can be restricted to any period-strip

{zo+ap/;0=<a< 1Az e C}, because outside this strip, the values of these functions coincide with

their corresponding values inside the strip.

Nonconstant analytic functions over the field of complex numbers cannot have
more than two independent periods. So, generically, periodic functions can
satisfy the following relations:

fz+np)=f@/,nez

fz+mpi+npy)=f(2/;,iImn ez /\Im[ ] +0,
P2
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where p, p1, and p, are periods (basic primitive periods). The condition Im(%) # 0 for doubly periodic functions
implies the existence of a

period-parallelogram {zg + @1 p1 + a2 p2 /;0< a1 < 1 A O =< a; < 1L A Zp € C}, which is the analog of the period-
strip{zo+a@p/;0<a < 1A 7 € C} for singly periodic functions with period p.

Inthecasezy = 0/\ Im(;}—:) > 0, thisparallelogram is called the basic fundamental

period-parallelogram: Pog={a1p1+a202/;0<a@;<1AO0=<ay<1}. The two line segments

{ai pi /; 0= a@; <1} /;i =1, 2lying on the boundary of the period-parallelogram and beginning from the

origin 0 belong to Py . The region Py includes only one corner point O from four points lying at the boundary of
the parallelogram with corners

in{0, p1, p1+ p2, p2}.

Sometimes the convention Pog == {a1 p1 + @2 p2/; -1/2 < a1 <1/2 A\ -1/2 < ap <1/2}isused.

The set of al such period-parallelograms:

Pmyn=={mp1+np2+(l’1p1+a’2p2/;0SQ’1<1/\05(}’2<1/\m€Z/\n€Z}
coversal complex planes: C == {Ppp| —co <m,Nn<co AMe Z Ane Z).

Any doubly periodic function E(2) is caled an dliptic function. The set of numbers mp,; +np, /; {m nf e Z is
called the period-lattice for elliptic function E(2).

An dliptic function &(2), which does not have poles in the period-parallelogram, is equal
to aconstant (Liouville's theorem).

Nonconstant elliptic (doubly periodic) functions E(z) cannot be entire functions. This is not the case for singly
periodic
functions, for example, sin(2) is entire function.

Any nonconstant elliptic function &(2) has at least two simple poles or at least one double polein any period
-parallelogram. The sum of all itsresidues at the polesinside a
period-parallelogram is zero.

The numbers of the zeros and poles of a nonconstant elliptic function E(2) in a fundamental period-parallelogram P
arefinite.

The number of the zeros of &(z) — A, where A is any complex number, in afundamental period-parallelogram Pgg
does not depend on the value A and coincides with number s of the poles by, b,, ..., bs counted according to their
multiplicity (sis called the order of the elliptic function £(2)).

The simplest elliptic function has order 2.
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Letay, a, ..., & (and by, by, ..., bs) be the zeros (and poles) of a nonconstant dlliptic function &(z) in afundamen-
tal period-parallelogram Pg o, both listed one or more times according to their multiplicity. Then the
following hold:

r=s

Zaj —Zbk =p p1+vpa/;a€Poog AbcePog AE(a)) =0A1/EDY =0AueZ \veZ.
j=1 k=1
So, the number of zeros of a nonconstant elliptic function &(2) in the fundamental period-parallelogram Py is
equal to the number of poles there and counted according to their

multiplicity. The sum of zeros of a nonconstant elliptic function &(2) in the fundamental period-parallelogram Pgg
differs from the sum of its poles by aperiod u p; + v po, Where u € Z A\ v € Z and the values of u, v depend on
the function &(2).

All dliptic functions &(2) satisfy a common fundamental property, which generalizes addition,
duplication, and multiple angle properties for trigonometric and hyperbolic
functions (like sin(z; + 2»), sin(n 2) /; n € N*). It can be formulated as the following:

8(2?:1 Zk)
It can also be expressed as an algebraic function of E&(z) /; L < k< n.

In other words, there exists an irreducible polynomia C(ty, ty, ..., thy1) in n+ 1 variables with constant coeffi-

cients, for which the following relation
holds:

Cl&(z), E), ..., E(Zn), §

k=1

And conversely, among all smooth functions, only eliptic functions and their
degenerations have algebraic addition theorems.

The simplest elliptic functions (with order 2) can be divided into two
classes:

(1) Functions that at the period-parallelogram Py have only a double pole with residue zero (e.g., the Welerstrass
eliptic
functions p(z;, g2, @3)).

(2) Functions that in the period-parallelogram Pg o have only two simple poles with residues, which are equal in

absolute
value but opposite in sign (e.g., Jacobian dliptic functions sn(z| m) etc.).
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Any dliptic function &(2) with periods p; and p, can be expressed as a rational function of the Welerstrassian
elliptic
functions (z, go(w1, ws), g3(ws, w3)) and their derivative p’(z, go(w1, w3), 93(ws, ws)) with the same periods

p1==2w1, p2=2w3.

The Welerstrass elliptic function p(z, gy, gs) arises as a solution to the following ordinary nonlinear differential
equation;

g
W (2) = —52 +6W2)? /; W(2) = p(a+Z Gy, Ga).

Definitions of Weierstrass functions and inverses

The Weierstrass dlliptic p function o(z 9o, 93), its derivative ¢’(z go, 03), the Welerstrass sigma function
0(zZ g2, 03), associated Weierstrass sigma functions on(z, g2, 93) /; n € {1, 2, 3}, Welerstrass zeta function
L(Z, O, 03), inverse elliptic Weierstrass ¢ function ¢~1(z gy, gz), and generalized inverse Weierstrass ¢ function
90 Y(z1, 22, Qo, ga) are defined by the following formulas:

1 & 1 1
Pz G 0= —+ - i {wy, wg} =
22 m, N=—co (Z—2mw1—2nw3)2 (me1+2nw3)2
{mnj#(0,0}
i 14
60 & 1 60 & 1 9
{w1(92, 93), w3 (G2, Ga)} = {ﬂ — Z —_—| it|— Z _— } /) =
02 mne 2m+2nt)? 02 mhew 2m+2nt)* 0 - 2702
{m,n}#{0,0} {m,n}%{0,0}
, 00 [5S) 1
PEZ o g=-2 ) > i {1, w3} = {@1(Gp, Ga), W3(G2, Ga))
M=—00 N=—0c0 (Z— 2 m(/.)]_ - 2 n(:.)3)3
o z 2 z
0(Z 92, 93) =2 n 1- exp| + /i {w1, w3} = {w1(92, 93), w3(Go,s Ga)}
mn=—o\  2Mw1+2Nws 2@2mw; +2nw3)?  2Mwi+2nws
{mn}+{0,0}
e M20(Z+ wn; Uz, Ga)
on(z, 9o, O3) == ;
o (wn; 92, 93)
{w1, wa, w3} == {w1(G2, Y3), —~w1(Q2, U3) — W3(T2, G3), W3(U2, U3)} A\ 11n == {(wn; G2, G3) AN € {1, 2, 3}
1 o z 1 1
{(Z, 92, O3) == — + Z + + /i {w, w3} == {w1(92, 93), w3(Q2, U3)}
Z e @CMmwi+2nwg)? 2Mwi+2nwz  Z-2Mow;—2Nws
{mn}=(0,0}

Z== (W, Gy, U3) /; W== 9 X(Z G2, G3)

1

9 HZ G2, G) f dt/;zeR [\Ro4Z~gy2-g3)> 0

4B -gyt-gs

7 = p(W; G2, G3) /s W= 9 X(z1, Z; G2, Gs) /\ =y 42? —022—03
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o ) 1 ’
9 (21,22;92,93)::f —dt/in =4 - 0.

43 -got—gs

The function p~(z1, 2; 0>, g3) is the unique value of u for which z; = p(u; go, g3) and z, = ¢’(U; g, g3). For the

existence of ¢z, 2; go, 03), thevalues z; and z, must berelated by 23 = 42 — g, 1 — gs.

The previous nine functions are typically called Weierstrass elliptic
functions. The last two functions are called inverse elliptic Weierstrass
functions.

Despite the commonly used naming convention, only the Welerstrass function
9(Z 92, U3) and its derivative p’(z; g, g3) are elliptic functions because only these functions are doubly periodic.

The other Welerstrass functions o (z; g2, g3), 0n(Z 92, 93) /; N € {1, 2, 3}, and {(z 02, g3) are not elliptic functions

because they are only quasi-periodic
functions with respect to z. But historically they are also placed into the class of dlliptic
functions.

The Welerstrass hdf-periods  {w1, w3} == {w1(Q2, O3), w3(Q2, g3)}and  the invariants

{Qo, 03} == {Q2(w1, w3), O3(w1, w3)}, the Weierstrass ¢ function values at half-periods

{e1, &, €3} == {e1(02, 03), €(02, U3), €3(02, 03)}, and the Welerstrass zeta function values at half-periods
{n1, n2, N3} == {n1(92, 93), M2(02, 03), N3(J2, U3)} are defined by the following formulas. The description of the
Welierstrass

functions follows the notations used throughout. The left-hand sides
indicate that w; and w3 are either independent variables or depend on g, and gs, or vice versa:

1/4 1/4

60 & 1 60 & 1 9%
(@1, w3} = (0102, G, W3(G, W} ={i| — > ———| ,it|— > ———| }iIn=

% mho (2M+2nt)°* % mhw (2m+2nt)* 9 - 2703

{m,n}(0,0} {m,n}={0,0}
> 1 ki 1 w3

(G2, G5} = (o(w1, w3), Gs(wr, we)} = {60 ' ————— 140 3 ——————|, lm[—] >0

mn—e (2Mw1 +2nN w3)4 mn=—c (2Mw; +2n w3)6 wy

{mn}={0,0} {mn}={0,0}

(€1, &, €3} == {e1(d2, Ua), €2(F2, Ua), €3(T2, G)} == {p(w1; G2, U3), P(w2; Go, O3), P(w3; U2, Ga)} /s
{wi, w3} = {w1(G2, Ga), W3(Tz, Ga)} A wp == ~w1 — w3

{71, M2, M3} == {11(G2, Ga), 12(92: 93), M3(Q2, Y)} == {{(w1; G2, G3), {(w2; 2, U3), {(ws3; G2, 93)} /;
{w1, w3} = {w1(G2, G3), W3(G2, U3)} A\ w2 = w1 — w3,

where J(t) isthe Klein invariant modular function, ¢(z; g,, gs) isthe Welerstrass dliptic  function, and £(z gz, g3)
denotes the Weierstrass zeta function.

A quick look at the Weierstrass functions and inverses
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Hereisaquick look at the graphics for the Weierstrass functions and
inverses. All of the following graphics use the half-periods {w;, ws} = {1, (1+ ri)/\/?}.

The next pair of graphics shows the Weierstrass ¢ function over the complex z-plane. The double periodicity of the

function and the poles of
order 2 are clearly visible.

9(Z; 92, 93)

Re[z]

- Graphi csArray -

The next pair of graphics shows the derivative of the Weierstrass ¢ function over the complex z-plane. The double

periodicity of the function and the poles of
order 3 are clearly visible.

9'(Z,92,93)

Re(z]

- Graphi csArray -
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The next pair of graphics shows the Weierstrass zeta function over the
complex z-plane. The pseudo-double periodicity of the function and
the poles of order 1 are clearly visible.

{(z;92,93)

Re[z]

- GraphicsArray -

The next pair of graphics shows the Weierstrass sigma function over the
complex z-plane.

Show G aphi csArray[

ParanetricPlot3D[{Re[s wl +t w3], Infs wl +t
w3], #[ WeierstrassSigma[s wl + t w3, {92, g3}] ],

{EdgeForn{]}}, {s, -3.5, 3.5}, {t, -3.5, 3.5},
Pl ot Points -> 72, BoxRatios -> {1, 1, 0.6}, PlotLabel -> #,
Di spl ayFunction -> ldentity,

Pl ot Range -> {All, A, {-16, 16}}, AxesLabel -> {Re[Zz],
Infz], None}]l& /@

{Re, ImM],
Pl ot Label -> Styl eForn{Traditional Form @

Wi erstrassSi gma[z, {Subscript[g, 2],
Subscript[g, 3]}11]
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0(z; 92, 93)

- GraphicsArray -

The next three pairs of graphics show the associated Welerstrass sigma
functions over the complex z-plane.

01(Z; 92, 93)

Re[z]

- Graphi csArray -

02(Z; 92, 93)
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- Graphi csArray -

03(Z; 92, 93)

Re[z]

- Graphi csArray -

The last pair of graphics shows the inverse of the Welerstrass g function over the complex z-plane. Compared with
the direct function, it isrelatively
structureless.

- Graphi csArray -

Connections within the group of Weierstrass functions and inverses and with
other function groups

Representations through more general functions

The Weierstrass dliptic ¢ function p(z; 9o, g3) and its inverse p~1(z; g», g3) can be represented through the more
general hypergeometric Appell F; function of two variables by the following formulas:

1 1113 e-6 -
9(Z 92, 03) =W /; 2==— 1( ; P

Fol—: =, = = ———, —)/\4\/\/3—gzw—gg=:4(W—el)(W—ez)(W—es)
VW-—e

2'2°2° 2 wW-—e WwW-g
1 111 3 -1y rzg—rg
1( ; ! )/;

-1/5.
9 (Z 92, 93) =~ TS T T ,
T 2222z oy

47— z2—03==4(Z—11)(Z—-T1y) (Z—T3) /\ Re(4Z-g,z-g3) > 0.
Representationsthrough related equivalent functions

The Weierstrass functions ¢(z g2, 93), ¢'(z 2, 93), 0(Z U2, 93), 0n(Z 92, 93) /i € {1, 2, 3}, {(Z G2, Ga),
90~z 9o, 93), and p~(z1, 2; O», U3) can be represented through some related equivalent functions, for example,
through Jacobi functions:

9(Z, 92, O3) == (€1 — €3) ns{\/ € -6 Z

%—%r
+6
€ — €3
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€ - e3 w3
9(Z G2, G3) = €3 + /;m== )L(—

sn(z\/ﬁ ‘ m)2 wl
Cn(\/ﬁz|m)dn(\/ﬁz|m) m ){“)3),
(o 2|

Wherek( )IS modular lambda function, or through theta functions:

)3/2

9(Z 92, 0) =-2(e &

2
2 (10 022 q i g
9(Z 92 Ga) =€+ — — /|6123/\q==exp[ ]
40f | 9,10, @ 191( yQ) “1

._.

29,0291, 0, Q- & |09( ( miwg
9(Z G, G) = fa= exp[ ]
12w 91(0, 9) 07 w1

7 Oo 0 0) 5[ 5. 0) 0 =, 0) 930, riws
90'(Z.9 Gg)=~— S A= exp( )
AL 0500, ) 950, Q) 04(0, ) 81 52, 1) o

w, 1 (= 1 N i nz miws
0z 6 g =——|[ [ —| e é‘l(—, q) /;q= eXp[ )
Ty g \n=1 1- q n 2(1)1 2 w1 w1

2wy mz 01(2”:1’ q) miws
0(Z gz, O3) == —— exp| —— 7/;q::exp[ )
T

2wy ) #(0, a) wy
1 = 1 W Tz iws

01(Z G2, G3) == l_[ " &P S — 02[—, q) /0= exp[ )

2vq W1 (- (1+0?")) (2w1) 2wy wy

® 1 I nz miws
0-2(21 921 93) == H 5 eXp (93(—, q) /, q = eXp( )

n=1 1 q2n) (1+q2n 1) 2w, 2wy w1

© 1 m 2z nz Tiws
03(Z G2, G3) == n o e 04[—, Q) /i d== EXF{ )

n=l (1_q2n) (1_q2n—1) 2w, 2wy w1

w e W i+1(m:Q)/ a3 /\ o [mwg]
O—I == —_— e ==
% %2 2or 2wy ) 84,10, 9) a " wy

7z
zm ”“91(E' q) Tiws
{(Z, 9o, 93)==—+7/3q==6)(p[ ]

@1 2w101(%, Q) @1
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zm msli/+1(%v q) . miws
§(Z+wi§92:93)::77i+—+—/;|6{1.2,3}/\(31:@@( )

@1 2w §i+l(%, Q) @1

2 (9(13)(0, a) Tiws
{(w1; G2, O3) == — ;q= exp[ ]

2w, #(0, g w1

or through dlliptic integrals and the inverse elliptic nome:

e
(15 &, Bo), w3 G ) = {y e - & [E(m) -— K(m)], -ie-e [E(l— m+

€ -6

K- m)]} J

€ -8
i w3

m= q‘l[exp( )) /\ ter &) = (@@, Ga), ex(@z. Ga))-

wy
Relationsto inverse functions
The Weierstrass function ¢(z; g», g3) and its derivative ¢’(z g,, g3) are interconnected with the inverse functions

0~z g, g3) and p~X(z1, 2; 0, g3) by the following formulas:

09712 Go. 9s); Go. Us) == 2

9072 2102, 03): 02 ) =2 [ 2=\ 44— Q2 21— Gs
9 (9721, 221 02, 0); O, Gs) = 22 /3 2o = 423 —0221-03 -

Representations through other Weler strass functions

Each of the Weierstrass functions ¢(z g, 93), ¢'(Z Gz, 3), 0(Z 92, 93), 0n(Z G2, G3) /i N e {1, 2,3}, and
£(z, g2, 03) can be expressed through the other Weierstrass functions using numerous
formulas, for example:

04(z, 9o, Ga)

9(Z 92, 93) == —

92, U3 P

4 2 , 160(3Z 02 03)

480(Z, Oz, U3)" — 24 02 9(Z, U2, 03)° — 4803 9(Z 02, G3) == 05 + - 5
0(Z, 92, 93)

0i(Z 02, B2)*
9(Z 92, O3) == €& + - el 2,3}
0(Z G2, 93)

0(Z + 25 O, 03) 0(Z1 — 2o U2, U3)

(215 G2, 93) — 9(2Z; Oo, U3) == — . .
0(Z1; 92, 93)° 0(2; Oo, O3)

(2~ 2, 02, 03) 2+ 203 G, Gs) .
9(Z O, U3) == — > p /1 Zo=9 (0; 92, U3)
0(zZ 92, 93)° 0(20; G2, 93)

9’ (225 92, 93) — 9" (25 D2, Ga)
9(Z1; 92, 93) — 9(Z; G2, O3)

= 2({(z4 + 25; G2, U3) — {(Z1; G2y U3) — {(Z2; G2y T3))
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, I9(Z G2, G3)
9 (2092 g3) == —————
0z
, 727 G, %)
9'(Z G2, 03) == VY
0(Z 92, 93)
, 20(2—- w1} G2, G3) 0(Z— wy; G2, U3) 0(Z— ws; G2, Oa)
9'(Z 92, O3) = 3
0(Z G2, 93)° 0(w1; G, G3) 0(w2; G2, G3) 0(w3; U2, G3)
, 201(Z 92, 93) 02(Z 92, 93) 0°3(Z 92, 93)
9'(Z 92, O3) = —

0(Z G2, B)°
Z 1
G'(Z, O, 93) = Zexp(ﬁ ({(t, O, g3) - ?)dt)
0i(Z, 02, 93) = 0(Z U2, I3) \/ 9(Z D2, G3) —& /;i€{L, 2, 3}
1 Z 1
{(Z, 92, 93) == — —f [W(t; 02, O3) — —] dt
z Jo t2

0log(a(z G2, 93))

$(Z, 92, 93) =
0z
U,(Z; ng gS)
{(Z,92y Q3) == ————.
0(Z 92, 93)

Note that the Weierstrass functions o(z, g2, 93), on(z, 92, 93), {(Z G2, 93), 9(Z 92, 93), and ¢’(Z g2, ga) form a
chain with respect to differentiation:

(90'(2, 92, g3)

==0(Z 02, 93) {(Z 92, 9a)
0z

ao—n(z O, 93)
———— =00n(Z G2, 93) (§{(Z+ wn; G2, G3) — M)

0z

0{(Z, 92, Ga)

——— =-9(Z 02, %)
0z

(9{)(2, 921 93) ,

——— =9(Z 92, B).
0z

The best-known properties and formulas for Weierstrass functions and
inverses

Simplevaluesat zero

The Welerstrass functions ¢(z; 92, gs), 9'(Z 92, 03), 0(Z, g2, 93), and £(z, g2, g3) have the following simple values
at the origin point:
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9(0,0,0)=c ¢'(0;0,0) =
0(0;0,0==0 {(0;0,0) = .

Specific values for specialized parameter

The Welerstrass functions ¢(z, g2, 93), ¢'(Z 92, 93), 0(Z G2, G3), on(Z G2, 93) /; N € {1, 2, 3}, and {(z g, ¥3) can

be represented through elementary functions, when {gy, gs} == {0, 0} or {gz, g3} == {3, 1}

9(z 0,0) = é 0z 3, 1) = gcotz[\/g z] +1

¢ (0,0 ==—§ 0z 3,1 = —3\/E cot[\/7 z] cscz[\/7 z]
2 2 3

0(z,0,0)=2 0(z,3,1) = 3 e+ sn 5 Z

N w
N w

on(z0,00==1/;ne {1, 2, 3}

At points z==mw; + w3 /; {M, n} € Z, al Weierstrass functions ¢(z g, 03), ¢'(Z G2, 93), 0(Z 92, J3),
on(z, g2, G3) /; e {1, 2, 3}, and £(z; g2, g3) can be equal to zero or can have poles and be equal to &:

PRMw; +2Nws; G, P3) =& /;{m nj e Z

P'2Muw; +2Nws; Op, Gg) =& /; M njeZ

CnjezV(n ez

oc2Mw; +2Nws; 02, 03) =0/, M njeZ

m

9 (Mws +Nws; o, Go) = 0/; {

Ti2mwy +2nws; G, G =S ;imnteZAjell, 23}
oi(@m+Dw +2nwj +2rw g2, G3) =0/ (M n, 1y e ZAdi, j, kb e{l, 2, 3} \Ni#j#Kk
{@mw; +2Nnw3; gy, G3) =& /; {m, n} € Z.
The values of Welerstrass functions o(z g2, 93), ¢'(z G2, 83), 0(Z 92, 93), on(Z 92, 93) /s n€ {1, 2, 3}, and
{(z, 92, O3) @ thepointsz=r w; /; r € Q can sometimes be evaluated in closed form:
. 393 - . 303 - . 393 -
p(w1; G2, O3) = o /w3 =& @(wy; dp, U3) == e /i w3 =& @(ws; gy, ¥3) == e [y w3z =&

T

"
w(;'; % 93) =e+ejaxya-& yea-a il kel 23 N\izizk/\es= sgn[a—

o' (wj; 0. 03) =0/ j€{1,2 3}

(U'B(wai 92, 93)]
Arg ———

0 (wa; 92, 93)

|
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2n; w;
3 &P —3

(0,92, 93) =0 0’( » G2, 93) ==—[2w—]]/;i€{1, 2,3} p(ws; G, 93)==—3g%/;w3==°~°
— %203

i (wj; 92, G5) =0/ j €11, 2,3}

0wk 92, 03) o
oi(wj; 0o, Gg) =€ —————— /i {i, K e {1, 2,3 Ai#j+k
o (wi; 92, 93)

00,0, 93)=1/;je(l, 2 3}

o(wy; G, G)
s = e (g —g)) /i fi, Kl (1,2, 31 \i # ] £k

2
o (wi; G2, 93) () G2, Ga)

0 (wk; 92, G3)

=l i,k e{l, 2, 3 Ni£j#k
o(wj; G2, Ga) 0j(wi; G2, Ga)

o j(w;; G, G3)° o
——————=a- g /il }ell, 2,34 Ai#]
o(wi; G2, Ga)°

20 2V 1 20 o3
[5{? 92, 93]— ?) = 580(? 92, 93] iedl, 2,3
The Welerstrass functions ¢(z; gz, g3), 0(Z 02, 93), and {(z g, g3) have rather simple values, when
Z=wj=wj(92, 93) /s j € {1, 2, 3} and {92, 93} == {0, 1} or {92, g3} == {1, O}:

Pw1;0,1) = Pz 0, D=4 B (w0, 1) = 4713 271

1

\/T

4ri z 3 2ni

o(wy;0,1) = c“‘r \/_ 0(wy;0,1) = @4‘/7 \/— e3 0(ws0,1)= etV £ es
5 5 5

{(wy; 0, 1) = {(wy;0, 1) = ——€*P  [(w3;0,1) = ——— iR

2wy 3 2w\ 3 2w\ 3

Py 1,0)= 3 (w2 1,0)=0 Plwg1,0)= 3

(w1, 0= eBNV2 o(wp; 1,0) = N o(ws; 1, 0) = e”/g\A/?u'
{w;1,0 = 7~ {2 1,00 = 7~ (1-9) {wg; 1,0)= -

Wy Wy 4w1 ’

The Welerstrass functions (z gz, 93), ¢'(Z 92, 93), 0(Z g2, 93), and {(z gz, ga) can be represented through
elementary functions, when ws == &:

P(Z Golw1, ©), Ga(wr, ) ::(2”71)2[_ - ]-g] P'(Z Gplwr, ), Galwr, &) =~ oot 72 csc?( 72

2w,

nz

7z Golw1, &), Galwy, &) = 2,,ﬂexp(é(z—)z)s: (22 £ G, ), Golon, o) = 2 (55 2+ 22 ot 22)

w1
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9(Z ga(0, 0), g3(c0, %)) == é 9'(Z go(&0, ), g3(c0, &) = —§ 0(Z, Go(&, &), g3(S0, ) =2  {(Z, Go(&0, &), P3(, &) =
P(0; a0, &), P3(&, %)) =0 '(&; Go(&, ), P3(H, %)) =0  0(0; Ga(S0, &), P3(&R, K)) == & {(K; Ga(S, &), P3(&, &)
Analyticity

The Welerstrass functions ¢(z gz, 93), ©'(Z G2, 93), 0(Z G2, 93), 0n(Z G2, 93) /s N € {1, 2, 3}, {(z 92, Gs), and
90Xz gz, g3) are analytical functions of z, g,, and gs, which are defined in C3. The inverse Weierstrass function
0 Y(z1, 22, Qo, ga) isan analytical function of z;, 2, go, g3, which is also defined in €3, because z, is not an indepen-
dent variable.

Poles and essential singularities

For fixed g,, g3, the Welerstrass functions ¢(z; gz, 03), ¢’(Z 92, g3), and £(Z;, g, g3) have an infinite set of singular
points:

(8) z==2muw1(gy, 93) + 2N w3(02, gs3), {M, N} € Z are the poles of order 2 with residues 0 (for p(z gz, g3)), of
order 3 with residues O (for ¢’ (z go, g3)) and simple poles with residues 1 (for £(z g2, g3)).

(b) z== co isan essentia singular point.

For fixed gy, g3, the Weierstrass functions o(z g», 93) and oj(z 9o, 93), j € {1, 2, 3} have only one singular point

at z = . Itisan essential singular point.

The Weierstrass functions p~(z g», g3) and p~1(z1, 2; g, g3) do not have poles and essential singularities with

respect to their
variables.

Branch pointsand branch cuts

For fixed gz, g3, the Weierstrass functions p(z; gz, 93), 9'(Z 92, 93), 0(Z G2, 93), T§(Z G2, Q3), j € {1, 2, 3}, and
£(z, g2, g3) do not have branch points and branch cuts.

For fixed z, go, the inverse Weierstrass function p=(z, g,, g3) hastwo branch points: g3 == 42> — g, 7, g3 = &.
For fixed z, gs, theinverse Weierstrass function p~1(z, g,, g3) has two branch points: g, == 42° - 973, 02 = .

For fixed @, g3, the inverse Weierstrass function ¢ 1(z g, g3) has four branch points:

2=(24P-gr2-gs), /ikell 23, z=&.
Periodicity

The Welerstrass functions p(z; g», g3) and ¢’(z, g, g3) are doubly periodic functions with respect to z with periods
2 w1 and 2 wa:

P(Z+2Mwy +2Nw3; G, 03) = 9(Z 02, G3) /; im nf e Z

9 (Z+2Mw; +2Nws; G, 93) = 9'(Z 92, G3) /; (M, n} € Z.
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The Welerstrass functions o(z; 92, 03), on(z, 92, 93), N € {1, 2, 3}, and {(z, 9>, g3) are quasi-periodic functions with
respect to z:

T2+ 2wn; G, G) == — €M) 5(z, gy, Gg) /i n € (1, 2, 3)

T(Z+2Mw; +2Nwy + 21 wg; Gg, Gg) == (~ N+ MMM HMemr g2 (M iyt g) (Mo e+t 03] oz g, ga) /; {m, n, 1) € Z
Tn(Z+ 2w} Gz, Gg) = —€2 ™ #0) 0(Z, G5, g3) /s N € {1, 2, 3)

a2+ 20 G, G) = 17 00z G, 0) /5 (N, [ € (1,2, 3} An# |

O'i(Z+ 2muw; + anj +21 W O, 93) == (=T mmn+m (ez(mm+nnj+rﬂk)(z+mwi+nwj+rwk) 0i(Z U2, O3) /;
i, i ke{l,2,3IAi+j£kAmnrieZ
(Z+2Mwi +2Nwy+ 21 w3; Gp, U3) ==4(Z 0o, Q3) +2Mny + 2N+ 213 /; My n, r} € Z.

Theinverse Weierstrass functions ¢ ~1(z gy, g3) and ¢~1(z1, 2; 9o, ga) do not have periodicity and symmetry.

Transformation of half-periods

The Weierstrass functions p(z 9z, 93), ©'(Z 92, 93), 0(Z G2, O3), 07(Z 92, 93), | € {1, 2, 3}, and {(z, g, g3) are the

invariant functions under the linear transformation of the half
-periods w1 —» aw; + bws, wz - cwi + dwsz with integer coefficients a, b, ¢, and d, satisfying restrictions
ad-bc===+1 (modular transformations):

P(Z gr(@wy +bwg, Cwy +dwg), gGs(@wy +bws, Cwy +dws)) = P(Z, Go(wy, w3), Y3(w1, w3)) /;
{a,b,c,dfeZ Nad-bc==+1

9’ (Z Gp(aw; + bws, Cwy +dwsy), Gz(@w; +bws, Cwy + dw;)) = P'(Z, Go(w1, wWg), Gs(w1, W3)) /;
{a,b,c,dfeZ ANad-bc==+1

0(Z J(aw + bws, Cwy +dws), gs(@wq + bws, Cwy +dws)) = (Z Yolw1, w3), Ga(w1, w3)) /;
{a,b,c,dfeZ ANad-bc==+1

01(Z p(awy + bws, Cw; + dwy), g3(aw; + bws, Cwy + dwy))
05(Z Oo(awy + bws, Cwy +dwy), gz(@wq + bws, Cwg + dws))
03(Z Go(awy +bws, cw; +dwa), Gz(@w; + bws, Cwy +dws)) = 71(Z Go(w1, w3), Y3(w1, W3))
02(Z Go(wy, w3), YG3(W1, W3)) T3(Z Yo(w1, wa), Ga(w1, w3)) /;{a, b, ¢, dfe ZAad-bc=+1
{(Z P(aw; + bws, Cwy +dws), I3(@w; + bws, Cwr +dws)) = L(Z Golws, w3), P3(w1, Wa)) /;
{a,b,c,dfeZ Nad-bc==+1.

Homogeneity
The Weierstrass functions 9(z; gz, 9s), 9'(Z 92, 93), 0(Z 92, 93), 0§(Z G2, Ga), ] € {1, 2, 3}, and {(Z g, Ys) satisfy
the following homogeneity type relations:

1
Pt 02 ga) = — 9(z G2 t', 0 °) i € R
t

Oo(wy, w3) Ga(w1, w3)
PAZ A w, Awz), G3(Awy, Awgz)) = 9|1 Z VIR 5
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1
PAZ G(d wy, Lws), B3 wy, A wz)) == /\—2 9(Z, 2(w1, w3), 93(wy, W3))

1
9'(zt; 92, Ga) = t_3 9'(z gt*, gat?) iteR

, (. Glwi, w3) Galwy, w3)
9’ (AZ GAwy, Lws), A wy, Aws) = ¢'|1Z VR

1
9 (AZ (A wy, A ws), G3(A wy, Awg)) = /\—3 9’ (Z o(w1, w3), Ga(w1, W3))

o(Zt; o, Gg) = to(z o t*, g3 t®) /iteR

(A Z G(d wy, Awsz), G3(A w1, A wz)) = A 0(Z Go(w1, w3), Pa(w1, W3))

( Oo(wy, w3) Oalwy, wa))
(A Z (A wy, Aws), G3(Awy, Aws)) = 0|1 Z .

AG

0n(AZ (A wy, Aws), Gz(A w1, A w3)) == 0n(Z, Yo(w1, w3), Gz(wy, w3)) /;ne{l, 2, 3}

Oo(w1, w3) G3(w1, w3)

0n(AZ 0o(Ad wy, A w3z), G3(A Wy, Aw3)) == (Tr{)t Z
A A8

]/;ne{1,2,3}

1
{(zt; G2, G3) = ;g(z; G t! g:t®) /iteR

Oo(w1, w3) G3(w1, w3)
{AZ A wy, Awz), G3(Awy, Awa)) ={|A Z VR 5

1
{AZ go(A w1, A ws), G3(A w1, A ws)) == X{(ZQ Oo(w1, w3), Y3(wy, W3)).

Parity and symmetry

The Welerstrass functions ¢(z; gz, 03), ¢'(Z 92, G3), 0(Z G2, G3), Tj(Z 92, B3), | € {1, 2, 3}, {(Z O, 93), and
9 Xz g2, g3) have mirror symmetry:

920 T =9(Z 0293 ¢ (ZT Ta)=9'(Z 0% G)

0(Z T2, §3) = 0(Z G2, G3) On(Z Tz, Ta) = 0n(Z G2, G9) s N € {1, 2, 3}

(2% 05 ={Z 00 ¢ Z0% B =9z 0 -

The Weierstrass functions (z g, 93) and on(z, 92, 93), N € {1, 2, 3} are even functions with respect to z
(=7 G2, 93) == 9(Z G2, G3)

on(=Z G2, G3) = 0n(Z G2, G3) /s N € {1, 2, 3}.

The Weierstrass functions ¢’ (z, 92, 0s), 0(Z 92, g3), and £(z;, g2, g3) are odd functions with respect to z
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9'(=Z 92, 93) = —9'(Z G2, Ga)

0(=Z, G2, 93) == —0(Z G2, Os)

{(=7 92, 93) = —{(Z G2, O3)-

Seriesrepresentations

The Weierstrass functions ¢(z; gz, 93), ¢'(Z 92, 93), 0(Z 92, 3), and {(z gy, g3) have the following series expan-

sions at the point z== 0:

1 o O3
NZ O, Gg) x —+ — 22+ —2+.../,(z>0
9(Z 92, 93) 2" %0 8 /(- 0)

13 % Os
Z s = — 4 22k72 Ay == — Qq == — ==
9(Z, 92, 93) = § a /; 3 20/\ 3 28/\ak ks D k-3 32 § q 8y

k=2

,('g 93) _2 _3 /i ( )
Z 0o, o + Z+ Z+... 1 (z-0
1Y 2, Y3

2 & 2 O3
(Z G Oa)=——+ » k-2 a3 ay=— \ag= — - E
9'(Z 92, 93) = Z( ) /i@ 20/\ 3 28/\ak (2k+l)(k 32 a a

k=2
2 2ik 2k+1 i ! 2kt
9 (Z 0, Gg) = —— + 2k+1) 3
2 O m e (2Mwy + 2 Nw3)2KH2
{m,n}={0,0}
9 %, 9
oZ Oy Q) xz-—22——72' - +... /3 (2> 0)

240 840 161280

Tz G, Go) == ) & 2 /;

g
=1/\d= OAdZ'__Zo 3:_%1 ds =~ 161280/\ ZZ Z”Z“‘”Hk'/\

ki=0k,=0

8 % Os
o= grarn Na=tNw =g Aa= g A :(2k+1)(k 3)26‘*""“
el amn (2 g)n
TZ )= ) ual ————————— 2™ fgge =1\ A =0/;

Am+6n+1)!

m=0n=0

m<0\/n<0/\amn__ —(n+1)aw2n+l——(2m+3n D@m+6n-1ag1,+3(M+1)an1n01

1 o O3
R)x ———Z——2— .../ 0
$(Z, 92, 93) > 6 0 /;(Z-0)

1 oo ak22k—1
(Z 92, 93) = — — E ;
4(Z 92, O3 . Lok

92 93
2:_5/\%:%/\&(: @k+1) (k- S)Zeuam
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1 X > 1
{(Z G, 93) = — _Z Z 2ot
Z o1 mne—eo 2Mwy +2 nw3)2 k+2
{mn}#{0,0}

The inverse Weierstrass function ¢~1(z g, g3) has the following series expansion at the point z == &:

B \/T+ 1 . (1)5/2+ 1 . [1)7/2+ 1 92(1)9/2+ 3 . (1)11/2+5g§+24g§ (1)13/2+
0Nz O x| - +— 0| —| +—gs|=] +—[-] +— - — "=
2 93 z 40 °\2 56 °\z 384 2\ 7 704 > 2\ 13312 \z

B ( 1)15/2 5(705 + %602 0p) ( 1]17/2 5(79:95+893) (1)19/2 395 +800% ¢} ( 1)21/2 ( 1)23/2
—_ |- y—_ _— + .
1024 557056 155648 262144

V4 z z

z z

g-seriesrepresentations

The Welerstrass functions ¢(z g2, g3), ¢'(Z G2, G3), 109(0(Z G2, G3)), 10g(0j(Z G2, B2)), j € {1, 2, 3}, and
£(z, 92, U3) havethe following so-called g-series representations:

n T )2 nz 272 =, kopk knz Tiw
9(Z G2, 93)==——1+(—) Cscz(—)——z cos[ )/;q::ex 3]

w1 2 w1 2 w1 a)i k=1 1- q2k w1 w1

n T \? nz\ 2% kg?k knz riw
P2+ wq; Oo, 93)==——1+(—) 3902(—)——2(—1)k . COS[ )/;q:exp[ 3]

w1 2w/ W2 o 1-g?k wy wy

m 27 & ‘ ko< kmz Tiws
P(Z+wg; Oy O3) == —— — — -1 Cos(—] /== exp[ ]

W1 Wi 1 1-qg?k w1 w1

m 27 &, kg kmz niwsg
P(Z+ w3 Op, O3) == —— — —— Z CO'{—) /; Q== exp( )
w1 w% k=1 1—q2k w1 w1

n nz nz\ 27 &, KoK knz miws;
©'(Z, 0, O3) == ——— cot[—) CSCZ(—) + — Z sin(—] /i Q= exp[ ]
4wi 2wy 2w,

s nz nz 2n8 & K2 Pk krz miwg
9 (2+ w13 G, G) == —tan(—)secz(—)+ —Z(—l)k sin[—)/; q= eXp[ ]
403 \2w 201 W2 1- gk

2% & k2 g knz miws
9'(Z2+ w2} G2, G3) == — Z(—l)k Sin[—] ;9= eXp[ ]

2k
‘”1 k=1 1_q

28 &, Ko< (knz Tiws
9 (Z+ ws3; G, O3) == — Z sm(—] /i 0= exp( ]
o i 1-g w1 w1

2wy M2 nz & Pk S(knz miws
log(o(z, 92, Q3)) == Iog(—) + —+ Iog(sin(—)) +4 —) sin [—] /i Q== exp[ ]

b 2w 2w, = k(l—q2k 2wy w
T nz ke Pk (knz miwg
log(o1(Z, 9o, Q3)) = —— + Iog(cos(—)) + 42(_1)k - snz(—] /;q= exp[ ]
2w, 2wy = k(l—qZk) 2w, wy
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mz = o (knz Tiw
l0g(02(Z Gz, Gs)) == 21— +43 (-1 ﬁsnz[—] /ia= exp( 3)

w1 o1 k(l_qzk 2‘“1 wy
mz > o L (kmz i w3
log(o3(Z 92, 93)) == —+4Z—sn2(—) /i Q== exp[ )
2w, =y k(l—qZk) 2w, w1

Mz 7 nz 2r &, ofk (knz Tiws
$(Z,02,93) = — + 2—COt( ]+ —Z gn[—]/;q: exp{ ]

w1 w1 2w, w1 1-q w1 w1
: nz
mz 7 nz 2n & qstm(w_l) miws
{(z, 92, 93)———+—cot( )+—Z /;q==exp( ]
“1 2wy 2wy W1 k11— ZCOS( )q +q w1
. 2nP kq2k miws
{(wy; G2, O3) = = -— Z exp( )
12(4)1 w1 1 1- q

Other seriesrepresentations

The Weierstrass functions p(z g2, 9), ¢'(Z 92, 93), 0(Z 92, 93), 0§(Z 92, 93), j € {1, 2, 3}, and {(z g2, g3) With
{Qo, 03} == {gz(wl, w3), Oa(wi, wg)} can be represented through series of different forms, for example:

1 1 n?

9(Z 92, U3 ==i i —%ii -
m= m=

oon=—co (Z+ Zm(ul + 2nw3)2 —con=1 (mwl + nw3)2 12(1.)%

Ti
9(Z G P3) = —— + ——
02, O3 20,

2 °° CSC2 ﬂ(Z—anj)
W 40) N=—o0

]/; i,ilell 23t Ni#]

SR 1
Wz ow=-2) >

M=—oco0 N=—c0 (Z 2 m(.L)]_ - 2 n (1.)3)3

o (z-2nw;) m(z-2nw;)
9z 92,93)————20902[ ]COt[ ]/:{i,j}€{1,2,3}/\i¢1

4w n=— 2w 2w

71'3
V(@G G =-—" ) C

4 W1 nN=-o0

© sCZ(JT(Z—2I’1a)3)](:0t[7r(z—2na)3))

Zwl 2(4)1

(2 Gz, Us) = ZEXP Z— —
j=2 2] mite Moy +2nw3)?)
{m,n}+{0,0}

1/2
i R 1 1 2 o 1
0i(Z, 92, 93) == Zexp| _Z_. - - _Q+_+Z(2j+1)zzj Z -
j=2 2 m, N=—co (2 Mwq +2nw3)21 7 j=1 m, N=—o00 (2 Mw; + 2nw3)21*2
{mn}(0,0} {m,n}+(0,0}

iefl 2 3}
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1 © z 1 1
{(Z 02 Q) =—+ Z + +
z m, Ne—co (2mw1+2nw3)2 2mw1+2nw3 z—2mwl—2nw3
(Mn}%(0,0)

zZn P/ (z-2nw3)m
{(Z 92, G3) == e Z Cot(is]

w1 w1 N=—co Zwl
niZ T nKw; Z-2kw;

(Z 0, 93)==—+—00t[ ] S 2, oo —— |+ ol i el 23 Ai ],
Wi W 2 wj 2wi [ 2 wj

Integral representations

The Weierstrass functions and their inverses p(z 02, 93), ©'(Z G2, 93), 0(Z G2, 93), {(Z G2, 93), 9~ (Z G2, 9a), and
9 Y21, 2; 9o, U3) can be represented through the following integrals from elementary or
Weierstrass functions:

t w i
b1 e [(oston e T S (oo 1) 5o (1 oo 2] cod )
9(Z 92, O3) = — + — t + dt
22 4Jo th( t(wl—w3))smh( t(wl+(u3)) Sin(%t(wl—w3))sin(%t(w1+w3))
9(Z G2, Ga) ==W/:Z==f ———dt/\weR
a t-gpt-gs
p dt
Z== f B —
0(z92.03) V 4t -got—gs
2 1 e e 2 cog “52) sin(3) Si”h(%z)(com(t“’”wiémzSi“h(%))
9 (Z G 93)22——+—f t2 + dt
2 8Jo n(it(wl—wz))sin(zt(wl+w2)) sjnh( t(wl—wz))snh( t(w1+w2))
w 1
9'(Z G2, G3) = \ 4AWP — g W— g3 /;Z==f dat\wer
T VAt -got-gs

Z 1
0(Z 92, O3) = ZeXp(fO ({(t; 02, O3) — ?)d/t)

1 1 oo (tz—zgn(%))e%‘”z cos(%) (tZ—ZSinh(%Z))(COSh(th)+e 2 2smh(t“’z))
{(Z, 92, 93) = — — —f 1 1 - 1 : dt
z 4Jo Sin(zt(wl—wz))sin(it(wl+w2)) Sinh(zt(wl—wz))sinh(it(wl+w2))

1 Z 1
{(Z, 92, 93) == — —f [W(t; 02, 03) — —] dt
z Jo t2

Yz Y R /\Re(4Z7 - g, 2~ 0
9z G2, O3) = lize Gl % 2-gs) >
” B-got-gs
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o ) 1
9 (21,22;92,93)::f —dt/ip=V4E -z -0

4t3-got-gs
Product representations

The Weierstrass functions ¢(z, 02, 93), 0(z 02, 93), and j(z g, 93), j € {1, 2, 3} have the following product
representations:

krw; . 2(nz 2
2 (T2 K7t o cosz( - )—sm(m N o
9(Z Gz, Go) == & + — cof’| —— [ [tan - i, ell 2,3 A1 #]
4o 20i ) )| dn( ) - sn?( 2=
2 w 77i22 NETAE Sinz(%) o o
0(Z Gz, G3) = —— &xp| —— sn[—]]_[ 1-———— /i, [} el 23 \i # ]
s 2(,4)i 2a)i n=1 s'nz( ‘J)
© 1

7(Z G2, 9a) = 2| |exp

[ Gokso(w, wg) 22K+2
k=1

2k+2 ]/; Crlen 0= ),

m, Ne—oo (2 mwl +2 nw3)p

{m,n}#{0,0}
17iz2 Tz )\ sinz(%) 2 3 A
i(Z 9o, == — — 1-—— /i, ] 12 i#]
7i(Z 6 G = &P COS{M]B o) L el 23N #]

¥ ) z z 2
7z & g =ep-——| |] (1— ]exp + /
2 ) e 2Mwy +2Nw;y — wj 2Mwi+2Nwy —wi  2(2mw; +2Nwy — w;)?

{mn}+{0,0}

ie{l,2 3.
g-product representations

The Welerstrass functions p(z, g2, 93), 0(z 92, 93), and 7 (z 92, 903), j € {1, 2, 3} can be represented as so-called g-
products by the following formulas:

. 2

72 (T 1-@n) 1+2q2“cos(w—f)+q4” Tiws

9(Z G2, G3) =€ + — Cot(—) /;q::exp( )
1—2q2"cos(5)+q4”

4w? 2w/ g\ 1+ 2" w1

S

2
2 - 1+2g2™1 cos(”—z) +qin2
w1
9(Z 92, B3) = + — CSCZ(—)H ol
4wy 201/ 0 (14 2™ 1—2q2“cos(”—z)+q4”
wy

1_q2n

7TE‘(.L)3
/9= exp[ ]

w1

2
72 rzye( 1-g )} 1—2q2"‘1cos(”—z)+q“”‘2
w1
Oz G Go) =t — cscz(—)]—[

7Tﬂ.(x)3
ra=ed{ =
i 2w/ g \1-g?™t 1—2q2”cos(”—z)+q4”
w1

w1
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2w,  (7Z M) 1—2q2“cos(g)+q4” miws
0(Z, 92, O3) = —S‘n(—)eXp D— /i q= eXp[ )
s

2 w1 2 w1 w1

el (1 — P n)2

. 1—q2"exp(—i”z) . 1—q2"exp(”2)

w1 w1

2wy (nZ mz
0(Z Gp, O3) == — Sm(—) expl —
T 2(1)1 2(/.)1

7TL"(U3
_a2n _2n /,q::exp( w ]
n=1 1-q n=1 1-q 1

2w, N wy
0(w1; G2, G3) = —— EXD[
bie 2

SN—
—s
[
+
o
N
=1
N—————
N
>
o
i
o
——
S
~
g
w
———

2
w N w 1 (= 1+¢™? miw;g
o(wz; G2, O3) = —Vi —lexp( ’ 2) [l | [iq= eXp[ ]

s 2 Vg \n-1 1= " w1
w1 nawzy 1 (= 1-g?™t ’ miwy
T(ws; G, G3) =i — exp( ) [ ra= exp[ ]
4 2 \4/6 n-1 1-¢°" w1
7z AR 1+2q2“cos(:f)+q4” Tiws
T1(Z G2, Qo) = COS(—) expl — /ia= exp( ]
2(1)1 Zwl n=1 (1 + q2 n)z w1
2 142080 cos(%lz)+q4”‘2 i ws
72z 62, 9 =oxp| — |[ | /;a= exp( )
2w1 )1 (1+? n—l)z w1
mZ) 1-2¢m1 Cos(zru_f)+q4n72 i ws
73z 6, g3 = e — || | /a= exp( )
2wy ) (1-¢? n—l)2 w1

E\/T N2 Wy & l—qznil 2 ﬂ'l‘(u:;
12 G2, Oa) = — exp( ) [ /ia= exp( ]
2\4/3 2 1 1+02" w1

1 Nz w3 [, 1+ g2t : niws
1(ws; G2, G3) = exp( ) 1—[ /; Q= exp[ ]
2

4 2 el 1+q2n w1

oy (e 1- @) Tiws
oo(w1; G2, G3) == EXD( ) H /i d== exp( )
2 el 1+ q2n—1 w1

2 .
. s 773(»3) 140" L w3
o2(ws; U2, 3) == 2 \/E eXp( > Ij! o1 /1 q==exp .

wq

mon [ 1+t i w3
03(w1; G, G3) == EXP( > ) 1_[1 —| /9= exp( )

2
w2 1+¢?" miwg
03(w2; O, G3) =2V i \j4 q eXp( )[l | ] /;q::@(p( )

2 ) 1-— q2 n-1 w1
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Transformations

The Weierstrass functions ¢(z; gz, 93), 9(Z 92, 93), 0(Z 92, G3), 0n(Z U2, 93) /; n€ {1, 2, 3}, and {(Z 2, Gs)
satisfy numerous relations that can provide transformations of its
arguments. One of these transformations simplifies argument i z to z, for example:

9 Z G, U3) == —9(Z 92, —03)
9 (2 G, U3) =i 9'(Z U2, —03)

4z 9z, 93) = —i{(Z G2, —03)-

Other transformations are described by so-called addition formulas:

1(9'(Z1: G20 G) — (223 G2, %)
9z +2; G2, O3) = — — (215 G2, 93) — 9(Z; Go, G3)
4\ 9(z1; 92, G3) — 9(2Z2; U2, Ga)

9'(Z1; 92, 93) ' (Z; G2, Ga)

9(Z1 + 25; G2, 93) — 9(Z1 — Zp; U2, O3) == — .
(p(Z1; 92, 93) — 9(Z2; G2, O3))

(6-a)e-a) o
Pzt w0 Ga) =g+ ————— /i{i, j, K e{l, 2 3 ANi#]*k
9(Z, 02, 93) — €

9 (Z1 + 2o, G2, U3) == (9(Z1 + Zp; U2, Ga) (9" (Z1; U2, O3) — 9 (Z; G2, U3)) + (21 G2y U3) 9 (2 Gy U3) — 9 (215 G2, G3) 9(Z; G2, U3))/
(9(22; 92, 93) — 9(Z1; G2, U3))

4
0(Z2+ 21,02, O3) == eXp[Zl {(Z; 92, 9a) — > 9(Z2; G2, 93) [0(Z2; G2, O3)

ﬁ [1 - 4 ]exp[ 4 + 4

mn=—co 2Mw;+2Nw3z -2 2Mw1+2Nw3—2%  2(2Mmw; +2nNw;3 — 2)?

0(z + 2, U2, U3) 0(2Z1 — 2o} Op, G3) == —07(Z1; U2, U3)% 0°(2Z2; U2, U3)% (9(Z1; G2, U3) — 9(Z2; G2, G3))
0(Zy + Z; Gp, U3) 02y — Zp; Oz, U3) == 0(24; Uz, 03)° (23 G, U3)? — 0(2Z2; Gp, U3)? 0i(21; G2, Ga)? /1 € {1, 2, 3}
0 (Z+ wi; G, G) = £ 2 0(wi; Gp, O3) Oi(wi; Gpy G) /; 1 € {1, 2, 3}

0{(21+ 2} G, G3) (21 — 23 G2, Gs) = 0(21; G, 0)° (223 G2, Ga)” — (€ — €)) (& — &) (21} G2, 0)° 0°(223 G2, Ga)° /;
{i,i,kle{l, 2,3} \i+jzk

(21 + 22i 2. G) (2 ~ 221 G2, Q) = 0i(211 G, G9)” (22 B, G0) — (& — €)) (223 G2, G)” k(i B, G)° /;
i, j K ell 2 3 Ai+]#k

Ti(Z% Wi, G2, G3) = €M T j(wi; G2, O3) OW(Z G2, G) /; i, J, KH € {1, 2, B} AP # j £k

1 ¢'(z1; 92, 93) F 9'(Z; G2, U3)
{(Z1 =25, Op, U3) == {(Z1; G2, O3) = {(Z2; U2, U3) + — : :
2 9(z1; G2, G3) — 9(2; U2, U3)
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9’ (21, 92, G3)
9(Z1; G2, 93) — 9(Z; U2, O3)

{(z1 + 25, 92, 93) + {(Zs — Zp; Op, Ga) == 24(z1; G2, G3) +

1 ¢'(Z 9 %) _
{(Zxwi; 02, B) ={(Z O, ) i + — —— [;1e{l, 2, 3}.
2 9(z, G, 93) — i

Half-angle formulas provide one more type of transformation, for
example:

z
go(a;gz, 93) = 0(Z 0o, 0) + €263 9(Z G2, 09) — €&  9(Z 02, G2) — €5 +€3€1 9(Z G2, Ga)— €3 / 9(Z G, G) — €1 +

Arg[an(z; G2, 93)]‘)/\n 12 3
E— €4, 4 9.
0(Z G2, 93)

Vs
€16 \/KO(Zi 02, 03) — € \/K’(Z; 02, 03)— & /i€n== Sgn(g -
The Welerstrass functions ¢(z; gz, 93), ¢'(Z 92, 93), 0(Z 02, 93), and {(z 9y, gs) satisfy the following double-angle
formulas:

2
(0 g2, G0)* + %2) +20939(Z 92, Ga)

9(27 0z, 93) = .
49(Z 92, 93)° — G2 P(Z U2, U3) — O3

1(9"(Z 92 %)\’
9(2Z 92, 93) = -29(Z G, Ba) + — | —————
4\ ¢'(Z G, Ga)

2
(9 92 9%+ £)" + 203 9(Z G2, Go)

9(2Z G, G3) = .
9'(Z 92, Ga)
’ 1 ’ 4 ’ 2 ” 3
9'(2Z Gp, 93) == —_— (49" (Z %2, 9)* + 120(Z Up, B3) 9'(Z T2, 93)° 97 (Z T2, F3) — 97 (Z Gp, Ba)°)
49(Z 92, 93)
20(Z 92, 93) 0(w1 = Z; G2, G3) 0(w2 — Z; G2, G3) 0(w3 — Z; G2, Ga)
027 9y, 93) ==

0(w1; G2, 93) 0(w2; G2, G3) 0(W3; G2, Ga)
022 02, 03) = 20(Z 92, 93) 01(Z G2, O3) 02(Z G, G3) 03(Z G2, U3)

P0(Z G, G3) 00(Z 02, G3)  0°0(Z Op, O3)
+

Z O, G3)°
2 Py o 0(Z 92, O3)

00z 0, 92) \°
——| —=30(Z %2 %)

(22 93, 93) == 0(Z 2, U3) [2

0(2Z Gp, 3) = —¢'(Z G2, 03) 0(Z G2, Ga)*
1
{27 9y, 93) = E(((Z; 02, O3) + {(Z2— w1; G2, 93) + {(Z— wy; G2, U3) + {(Z— w3; U2, T3))

9"(Z 92, %3)

{27 G2 G3) = 2{(Z p. G3) + ——————.
29'(Z 92, G3)
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These formulas can be expanded on triple angle formulas, for example:

T(3Z G, G) = —9'(Z G2, 03)° T(Z Gz, B)° (9(2Z Gz, Gs) - 9(Z Tz, G))

3 %
(32 Gp, §) = 0(Z G, 8)° | 39(Z G, G2)* — > U2 9(Z 92, 93)° — 303 9(Z Gp, ) — I
49'(Z G2, B)°
{37 2, 93) == 3{(Z G2, U3) + " .
¢'(Z 92, 93) 9¥(Z G2, G3) — 9”(Z G2, G3)
Generally the following multiple angle formul as take place:
1 ind 2jwl+2kw3
P(NZ Gy, o) = —ZZZ@(Z— — i 93) fineN
n° i=ok=0 n
1 n-in-1 2j(1)1+2k(1)3
9'(NZ gz, ¥3) = = KJ'[Z— — % 93] /ineN’
N” j=0 k=0
, n-1 olz- —2jw1:2kw3; 02, 93)
T(NZ Gz Go) =N(-D" LV Zo(z g5, 00) | | /in-leN*
R 2jwy+2Kws
1 k=0 U(f; G2, 93)
{j.k}#{0,0}

1n_ln_1 2jw1+2kw3
{NZ g, G3) =-(N=Dm2 + HZZ{(Z— E—

; 02, 93) /;neN*,
=0 k=0

Sometimes transformations have a symmetrical character, which includes
operations like determinate, for example:

9'(Z1; 92, U3) 9(Z1; 92, 93) 1
9’ (2Z2; G2, U3) 9(Z; 92, O3) =0
—9 (A1 +2,02,03) 9Z1+2;0,03) 1

1 9(Z0; 92, 93) ©'(Z0; 02, 93) ... 9" V(2; G2s G3)
1 919 G0 92119299 - 9" V(2592 93| _

1 9z 0 03) 9 (Z0i 02 ) - 9" (2 G2, Ga)
n n k! n-1 n
~D"0|> 70 0 [ﬂ —1]]_[ [1 (@ -2 0 95 inen.
i=0 k=0 0(Zc; G2, 93)™ )izt j=ivt

A special class of transformation includes the simplification of
Weierstrass functions ¢(z; gz, 93), ¢'(Z 92, 93), 0(Z G2, 93), on(Z G2, G3) /s N € {1, 2, 3}, and {(z gz, ga) With
invariants ga( <, ws) and gs(%*, ws), wheren e N*, for example:
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= (9(Z G2, Gs)° — €1 P(Z Gp, G3) + (&1 — &) (&1 — &)) / (P(Z T, B) — €1)

=9(Z 02, O3) + 9(Z+ w1; U2, O3) — €1

[#o{5 ) ol )
[zo{5 ) ol )
Azol 5 on) 3ol =l im0 -2 i) ofer i) vron
(2552} o5 2)

3 3
@1 w1 s 2k, 2Kkaw,

9|z 92(—, w3 |, O3 —, w3 || = (?{Z+ ; 02, 93] - ()[ ; Oo, 93]] +9(Z 0o, G3) /; neN*
n n k=1 n n

’ w1 w1

2 (Z, gz(—, wa), 93(?, (/)3)) 9'(Z, 02, 03) + ' (Z+ w1; 02, U3)
“1 w1 2(1)1 4(1)1

W,(Z; 92(_’ ‘”3)' 93(—, w3)) =¢'(Z 92, Ga) + W’(Z+ — 02, 93] + g)’(z+ — O, 93)
w1 w1 -t 2kU)1

p’(Z; 92(7, 11)3)1 93(7, ws)) = K)’(Z; 02, 03) +Z~@,(Z+ | Op, 93) /ine Nt

k=1

. 2wy, 4wy,
1 w1 201 T2 9, 0 0(2+ “52: O, G5) {2+ 52 0o, Gs)
0'(2; 92(—‘ wa)v 93(—, ws)) == exp(zz @( 1 92, gs) - 22771)
3 3 3 0_(2“’1 . ) (4w1 .
=% %) 357 % 93)

w w 2 (2kw 12k ( 93)
0’(2; 92(71‘ wa), 93(71, ws)) = eXp[E XO[ l| 92, 93] ZZ J‘T(Z 92, 93)1—[ —— /ineNt

k=1 (k

22 n-1 jzwl ]2(1)1 n-10(Z+ —,gz, g3)
expl| — X’[ 1 02, 93]—224( y G2, 93) 0(Z 9o, 93)1—[—/;HEN+
2 4 n . j2w
i=1 ( * G, 93)

o(Z G, Ga)° ]

wy
ol o 2 0 ) ] 2 o - :
2 2 (w13 G, G9)

w1 w1 %4 ) o(Z U2, 03)°
(72(2; gz(—: ws), 93(—: w3)) =exXp| — [| 01(Z G, Gz)" + M1 —
2 2 0(w1; G2, G3)

wy w1 e 7
0’3(2? 92(?: w3), 93(?1 ws)) == eXp| —— | 02(Z 92, 93) 0°3(Z 92, G3)
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ool ool o {5 0) 20

2w, 4w, 2wy 4wy ,
(O'i(zi O, gs)fTi[Z+ T; 02, 93) O'i(2+ T? O, 93))/(0'{—; Oos 93] U’i(T; O, 93)] fiie{l, 2,3

3
wq w1
0'1(Zi gz(—, ws), 93(—, ws)) ==
n n

2k-n+1) wq
n-Yzpy (2 (2kw; @k-n+Dnz ”10'1(2 — %2 93)
exp7+2(—g)[ ;gz,gs)— ] — fineN*
n 1 2 n k=0 01($,g2 O3

w1 w1
0’2(Zi gz(—: wa), 93(—: ws)) =
n n
(2k-n+1) wy

(n-1)zpy 2kw k-n+)nz ”*10'2(Z+f‘92193)
[ - Z[ [ nl;gz,gg]— - ]]l_[ /ineN*

n (2k-n+1) wq
k=0 Uz(f,gz O3

w1 w1 n-1 22 2kwl 2kT]lZ n- 10-3( kal; ' )
0'3(2; 92(7, w3), gs(:: ws)) == exp| Z - @[ N » O2, 93] /;neN*t

2k
1 2 k=0 0’3( wlvgz, O3

wy wy
§(Z§ 92(?, ws): 93[?1 ws)) =€, 2+ {(Z 92, 93) + {(Z+ w1; Gp, G3) —

w1 w1 2w, 4w, 2w
5(23 92(31 ws), 93(31 )) ={(Z 92, Ga) +§(Z+ = ; 02, 93)+§[Z+ = ; 02, 93)+22K0( s 02, 93) 2

w1 w1 n-t 2kwy 2kwy 2kn
§(Z§ 92(—, ws). 93(—, ws)) =={(Z G, Ga) + § [§[Z+ ; 02, 93] + 280[ ; 02, 93] - —)/ neN*,
n n — n n n

| dentities

The Welerstrass functions satisfy numerous functional identities, for
example:

'@ 02, 03) —9'(0; G2, G3) 9’ (0; 92, U3) — 9'(C; G, O3)
= /ia+b+c=2mw;+2nwz3 A{mnje”Z
9(a; g2, U3) — 9(b; G, Ga) 9(0; g2, 93) — 9(C; 02, O3)

9’ (@ G, U3) — ¢’ (b; Gp, 93) 9 '(C; U2, G3) — 9'(&; G, O3)
== ia+tb+c=2mw;+2nws A{mnleZ
9(& 92, Ga) — 9(b; G2, Ga) 9(C; 02, U3) — 9(& G2, U3)

9(0; G2, 93) 9'(C; G2, Ya) — 9(C; G2, Ga) ©'(D; U2, Ga) . 9(C; 92, 93) ©'(&; G2, G3) — 9(&; G, G3) 9'(C; G2, Ua) p

P(b; 92, G3) — 9(C; Go, G3) 9(C; 92, 93) — (& G2, 93)
atb+c=2mw;+2nwz A{mnje”Z
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9(b; 92, 93) 9'(C; G2, G3) — P(C; Gp, G3) ' (b; O, O3) 9@ 02 9) 9’ (b; 2, G3) — 9(b; 92, G3) (& U2, U3) p

0(b; G, 93) — 9(C; G2, Ga) 0@, G, g3) — 9(b; Gy, G3) ’
a+b+c=2mw;+2nws A{mnle”Z

0i(Z G2, 93)° — 0(Z G, 02)* = (] — &) 0°(Z G2, Ga)* /5 i, J) € {1, 2, B} \i # ]
(& — &) 7i(Z G2, 92)* + (8 — @) 0{(Z G, 93)° + (6] — &) Tw(Z G2, G3)* = O /; (i, J} € (L, 2, By \i # ]

9721 02, 02) + 9 (2 G2, O3) = 9 (Za; G, ) /;

4423—9223—93 Z-2)+ V42—~ -2+ V42D -G —0s (2—23)=0.

Representations of derivatives

The first two derivatives of all Weierstrass functions ¢(z 0z, 03), ©'(Z 02, 93), 0(Z 92, G3),
on(Z G2, 93) /; N € {1, 2, 3}, and {(Z G2, G3), and their inverses p™(z; gz, g3) and (21, Z; G2, g3) With respect to
variable z can also be expressed through Weierstrass functions:

09(2.9,,0: , 8o 2000
%(HZZ 3) =g (21 02, 93) % — 6{()(2, O, 93)2 _ g?z

Ay’ | 02‘0/ o,

% =69(Z 9o, g3)2 _ 9?2 § (;32 9) =120(Z 02, 93) ©'(Z G2, U3)

%922’93) =0(Z 92, 93) {(Z 92, Ga) % = 0(Z G, 93) ({(Z G2, 93)° — 9(Z G2, Bo))

don , Pon )
(232 % oz U2, 93) ({(Z+ wn; Gp, G3) — 77n) % == on(Z, G2, G3) (T — £(Z+ wn; G, B9))? — P(Z+ wn; Gp, Gs))

(z9,, 924(z,9,, ,
% = -9 (Z G Gs) (ij %z g
397(29,.93) - 1 9907z92.93) - 1

oz 9’ (97(2.92.93):92.93) 0z \/m
97Nz %, G3) 0 -127

iy

20/ (97Z Go, 03 B2, )

99 Nz, 2 %, Ga) 1
= Lizy=V\A4Z -Gz -0

0z ¢ (9712 G20 %); G2, Gs)

09 Nz, Z; Go, U3) 1 . \/lefg—zg
== y £ == Y24 T Y3
0z
1 v 4Zf—9221—93

2
P2, 202, 93) G —129(p7 (7] G2, Ga); T2, G3)
= . /222==\/4ﬁ—9221—93-

o7 20/ (97X} G2, 99); s G)
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The first derivatives of Weierstrass functions ¢(z; 9z, 9s), ©'(Z 92, 03), 0(Z, 02, g3), and £(z, g, g3) With respect to
parameter g, can aso be expressed through Weierstrass functions by the following

formulas:

99(Z, G2, 93) 1

(29(z 02, 92) 93 + 603 0p — 3603 9(Z G, 02)* + 9'(Z U2, ) (03 Z— 1803 L(Z G, Ta)))
P 3 o572
g2 4 (92 2793)

09’ (Z 92, Ga)
00
1

ﬁ (~203 +1229(Z G2, 93)° 03 + 6(03 — 1803 0(Z G2, 93)) 9 (Z G, Ga) + 1803 (02 — 120(Z G, 93)°) {(Z Gp, Ga))
8(9, - 2793

00(z 92, G3) 1
= 0(Z G, 93) (405 (24(Z Op, Ga) — 1) + 36 03 (9(Z O, Ga) — £(Z G2, 02)?) 302 33 Z)
99, 16(g; - 27¢3)
94(Z, G2, G3) 1 ) ,
= (2(05+ 1803 9(Z G2, 93)) {(Z Gp, Gs) — 20 (3T3 + 202 9(Z Gp, G)) + 1803 9'(Z Uz, Ba)).
0% 8(g5 - 273%)

The first derivatives of Weierstrass functions ¢(z; 92, 0s), ©’(Z 92, 93), 0(Z 02, g3), and £(z gy, 03) with respect to
parameter g can aso be expressed through Weierstrass functions by the following

formulas;
850(21 92, g3) _ 1 12 i 2 . 2 . !l
= (129(Z 92, 93)° 92 — 1893 9(Z; Up, G3) — 205 + (6 G2 {(Z Gp, U3) — U3 2) 9 (Z G2, Ga))
993 2(g-27Q))
09'(Z, 92, Ua) B 1
903 4(92 -27¢)

(9292 93 — 108203 (Z G, Gs)* + (3602 P(Z U, Gs) — 54 G3) ' (Z U, Ua) + (7202 9(Z Ga, G)* — 695) (Z Go, Ga))

00(zZ 92, 93) B 1 . 22 . 2 . ~ . ~
= 0(Z G, G3) (Z 05 + 12L(Z G2, 03)° 02 — 129(Z G2, 93) Gp — 3603 (24(Z; G, Ga) — 1))
09s 8(gs-27¢3)
04(Z 9o, Ba) 1 5
(2(g5+ 1803 9(Z G2, 93)) — 692 9'(Z Gp, G3) — 6 (303 + 202 9(Z G, G)) {(Z Gp, T)).
0093 4(g3-2743)

Welerstrass invariants g, and gz can be expressed as functions of half-periods w; and ws. This property allows
obtaining the following formulas for the first

derivatives of Weierstrass functions ¢(z; 9o, g3), ¥’(Z 92, 93), 0(Z g2, 03), and £(z, g, g3) with respect to half-
period wy:

09(Z G2 0) 2w | @5

g
=- - (wa (2 0(Z U2, 03)% +{(Z U2, U3) 9(Z G2, G3) — ;2) -13(29(Z G, 93) + 29" (Z 02, 93))) /;

6(1)1 T W3 w3

o) oo

w1
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09'(Z, 92, Ga) wy w3 , )
— = -— | —— (w3(69(z %2 G3) 9 (Z G2, T3) + 12(Z G, B) 9(Z B, B)° — G2 {(Z G, Oa)) —
dwq w3 w%

w3
13(69'(Z G2, G) + 12290(Z G2, B)* — 02 2)) /; Im[—) +0
wy

2

00(Z, 92, 93)  wq w3 , 1 w3
—— = |~ (‘Ua (W(Z; 02,03) —4(Z 92, B3) — — O 22)"'2773 (z¢4(Z, 9o, 93)_1))0'(2; 02, 93) /s |m[—) #0
dwq T w3 ‘”i 12 w1

HEZG G o | @5 , 1
—_—=— | -— ( 3(?0 (Z, 92, 93) + 2{(Z, G2, U3) 9(Z G2, G3) — 892 Z) +2n3({(Z 92, 93) — Z9(Z Ga, 93))) /i

6(1)1 T w3 w%

w3

Im(—) +0.
w1

Similar formulas take place for the first derivatives of Weierstrass

functions p(z, g2, 93), 9'(Z G2, 93), 0(Z G2, 93), and £(z; Gz, g3) with respect to half-period ws:

2

09(Z, G2, 93) 2w w3 ) , 9% ,
== - (wl (2 9(Z G2, 93)" +{(Z G2, G3) 9'(Z, G2, G3) — g) - (29(Z G2, 93) +29"(Z G, 93))) /s

w3 T w3 w?
w3
Im(—) +0
wy
09z 02 0) w1 | @5 ) ,
—————=— | -— (01(69(z G2 %) 9'(Z G2, G3) + 124(Z G2, Bs) 9(Z G2, Ua)° — G2{(Z G2, Ta)) —
60)3 T W3 w%
2 w3
m(6¢'(z G2, G) + 1229(Z G, 9)* — 92 2)) /; Im[—) +#0
wq
00 (Z G G)  w | , 1
—_— = [ -— (wl (go(z; G2, 93) —4(Z G2, O3)° — — 02 22] +21m1(24(z, 92, 93) — 1)) 0(Z, G2, 93) /s
60)3 T w3 w% 12
w3
Im(—) +0
w1
HZ GG @ | @5 / 1
—_— = |- (wl (@ (Z G2, G3) +24(Z 92, 93) 9(Z G2s G3) — = O Z) +2n1({(Z 92, 93) — 29(Z; O, 93))) &
6(1)3 T w3 w% 6
w3
Im(—) + 0.
w1

The n"" derivatives of all Welerstrass functions p(z; ga, g3), ¢'(Z 92, Gs), 0°(Z G2, 93), Tn(Z G2, G3) /; N € {1, 2, 3},
£(Z, 92, 93), and their inverses p~1(z, g, g3) and p~1(z1, 2; g, g3) With respect to variable z can be represented by
the following formulas:
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"Z %, 03 9 Iz G D)

=— — /'neN"'
0z 0z oz1
*9'(Z Uz, O3) © & 1
G I (T T /ikeN*
K Me—to Ne—so (Z— 2Mw; — 2 Nw3)<*3
3
"o (Z Gp, Ua) L 1 nCo(1 1-j 2-j 2w G %)
#:(Zwl)l’”ﬂni l_[ Zze — 1 , : Lo s
7" mil-gm) =772 2 2 2wy

m(2k+ 1)Z+(n—j)w1))
/ineN*

2(1)1

4 j
(ﬂ) ( )Z( 1)k k(k+1)(2k+1)nl (

nz =0

1
Tz, B, G3)  QRuw)' A ze ([ Z”: £, 1 L j 2-j (Z+wj)2 S(w1; 92, 93) (n) 4w,
07 02000 (41— 2t 2w, I N7 (2+ o,

1
Z( DE gD 2k + )™ lsm[2

k=0 w1

NUZ G, Ga) ::_E(i)n+l n_lki(_l)j 2-2k (n_l)sin’z’(’z(ﬂ—z) (.Zk)(k— j)”lsjn(“(k_j) . n_ﬂ] ~
oz 2 w1 k=0 j=0 k+1 k Zwl J w1 2

2 1-n n+l o 2k |.n
¢ 0n-1 nz z "y 2 g K mn Knz
" cscz( )+ ! sin[—+—]/; neN*

+
4&)% 20.)1 w1 F(Z - n) (1)2+1 k=1 1- q2k 2 w1
"oNZ G2, O3) On-1 i m-1
+9 Nz 92,93)6n+2 (——m] Z( 1)'( )423 Gz-g) "
0z
V42 -gz7-0s
m=j m=j m-j .
D DM g (K + K K, Ko, k) 49 0F 0 (<3Ky — ko), g 73T fin e N
ky=0k,=0ky=0
"9z, 2; G2, Ga) On-1 N
o7 = +9 (Z, 22,02, G3) On +
VAZ -0, -0s
-1 m-1 el m=j mejomej
z (— —m) 20 ()R -gng) Y Y Y 0
m=1 mj=o0 k=0 ky=0ky=0

(ks + ko + kai K, Ko, ka) 44 0 05 (-3~ k) 1 2" ineN N\ =V 42 g2 - g5 .

Integration

]

(r(n=-Dwi+@k+1) (Z+wj))))—r]j Ti(Z G, %) ineN"Aje(l, 2,3

The indefinite integrals of Weierstrass functions p(z; 92, 9s), ©'(Z 92, 93), 0(Z 92, ¥3), and £(z;, ¥», g3) With respect

to variable z can be expressed by the following formulas:

f@(zi G2, G3) dZ==—{(Z 2, U3)
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f 9'(Z G2 §3) d2== 9(Z G2, G3)

3/2

3

W © 1
f«f(z;gz,ga)dz: - []_[ 2)
V2rn \ma1-0°"

S e M@K+ D m(2K+1)+2izn, n(2k+1)-2izn miws
D DF g exp erf +erf /;q::exp( )
k=0 8771 w1 2 V 27]1 w1 2 vV 2771 w1

ff(z? O, U3) dZ==109(0(Z 92, Ga))-
Summation

Finite and infinite sums including Welerstrass functions can sometimes be
evaluated in closed forms, for example:

9
j, k=0
{jk#(0,0)

=12 kwq n w1 w1 w1
()( 5 G2, 93) =— (((—? 92[71 wa): 93(?: wa)) —771)

k=1 n (l_)l n

n-1 2jw1+2kw3
[—;gz, 93] =0/;n-1eN*

n-1 2jwl+2kw3

,:[—; 0. Gs|=-N( =D /;n—-1eN*,
j, k=0

{i.ki(0,0}

Differential equations

The Welerstrass functions ¢(z; gz, 9s), ©(Z G2, 93), 0(Z G2, Us), {(Z U2, G3), and their inverses p=1(z g,, gs) and
0 X(z1, 22, Qo, Qa) satisfy the following nonlinear differential equations:

W (2~ 4W2)° + gy WD) + g3 /; WD) == p(Z+ & Gp, G3)
2 2 92 . .

W’ (2) - 6W(2)° + 5= 0/, W(2) == p(@+2 gy, Ua)

W3 (2) - 12W@2) W (2) = 0 /; W(2) == p(@+ Z G, G3)

0'(Z G, 93)° = 4(9(Z G2, G3) — P(w1; Go, G3)) (P(Z G2, Ga) — P(wa; o, G3)) (P(Z G, Ga) — P(ws; Go, G3)

2W (2% - 30, W (2% - 27TW2* - 5493 W(2)% + g3 — 2702 = 0/, W(2) = ¢'(Z Gp, G3)

WD W2 (W) - = 0 W) = o+ ’(E' 0, -~ az)
= T 6 T 720
2

W(2® - (W2° - 3awm@2? + 3w(z))2 =0/, W2 =

a- 3@’(2; 0, % (4- 3a2))
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(2, 92, G3) == {(Z, Gp, U3) 0(Z Gp, U3)

0109(c(z, 92, Gs))

={(Z g,
Py 4(Z, 92, 93)

Pz 0p05)  I0(Z G, Ga) P T(Z Gp, U3 ?0(Z G, G)
20(zZ g, 93) -8 +6

2
~G0(Z 92, 93)* =0
oz 0z Vil 97 ] ? o=

+03==

[525(2; O, 93))2 [5{3(2; 02, 93)]3 04(Z 92, Ba)
- +4 - _gz -
072 0z 0z

(47 -0z-g)W@* - 1=0/, WD = 9"z G, G)
(42 -0z~ ga) W (z)* ~1=0/; Wz1) = 9" (&1, 2} G, Go)-

The Weierstrass functions ¢(z 0z, gz), ¢'(Z 92, 93), 0(Z, d2, 93), and {(z 92, gs) are the specia solutions of the
corresponding partial differential

equations:
99(Z, 92, Ga) 09(Z, 92, 9a) 99(Z, 92, Ga)
Z————— -4 ————— -6 ———— +20(Z 0, G3) =0
0z ﬁgz (993
99z G2 %) 2 , I9(Z G2, Go) 200 ) 09(Z: G2 Gs) 2 P9(Z G2 ) G
9 +-9 -24Z 90 = — _=
° ag 37 9gs SRS 3 42 3
09(Z, Go, Ua) 99(Z Go, U3)
w1y + w3 +29(Z, 92, 93) = —29(Z G2, O3)
0(1)1 c’)w3
I9(Z, o, G3) 99(Z G, ) () 09(Z. 02, 03) 1 0°9(Z G2, 03) O
+ +Z g ———— = ——————— + —
LY, B s P 3 o 6
0?9 (Z, G2, 03)  09'(Z U2, U2) 09’(z, 92, 93) 09’(z, 92, 93) ,
z + -49, -6 ————-29 (20,03 =0
07 0z 00, 003
09'(Z 9o, Ga) 09'(Z 9o, Ga) ) , , o))
49, +60; = 69(Z 92, 93)° — 1229'(Z U2, G3) 9(Z G2, U3) + 29'(Z 2, G3) + — =0
00 003 2
G-27) 00z, 0 9 FoZ G ) 1, ( ) 3 o2 ( ol 90(Z G2, G3)
- — =g ———————— - —050(Z O, O3) — — 0(Z,0, Q) +—Q5z—————
9 g3 9% 2 O3 07 2 o> 02, O3 6 0203 02, O3 2 9 57
( 3 2) 00(Z,Gp,03) 3 0%0(Z 0 03) 9 ( ) 1 2 2 o ) 9 00(Z 92, 93)
- = — +=030(Z 0, O3) + — o(Z 9o, ——pz——
9% O3 9% 2 7] 07 5 O3 02, 93 8 % 02, O3 > o2 Py
00(Z 92, U3) 00(Z 92, 93) 00(Z 92, 93)
Z————— 4 ———— 63— -0(Z O, 33) =0
oz 092 093
0 (Z 92, G3) " 00(Z G Gs) 2 00(Z02 03 1 ( 20
s —— VY 0 -—0 +—0(Z 02, 03) Z ==
97 g, 3 003 12
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0{(w1; 92, G3) , 04(w1; %, G3)
+4

9> — w10 = 0/; {w1, w3} = {w1(Q, G3), w3 (92, U3)}
09 003

7203

9{(ws; G2, 93) 4 , 94(ws; G2, G3)

O3 +409; —w30p = 0/; {wy, w3} = {w1(92, 93), w3 (G2, G3)}-

00 003

Applications of Weierstrass functions and inverses

Applications of Weierstrass functions include integrable nonlinear
differentia equations, motion in cubic and quartic potential's, description

of the movement of a spherical pendulum, and construction of minimal
surfaces.
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