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Introductions to KroneckerDelta?
Introduction to the tensor functions

General

The tensor functions discrete delta and Kronecker delta first appeared in the works L. Kronecker (1866, 1903) and
T. Levi—Civita(1896).

Definitions of the tensor functions

For all possible values of their arguments, the discrete delta functions 6(n) and 6(ng, ny, ...), Kronecker delta
functions 6n and 6n, n,, .., and signature (Levi—Civitasymbol) ey, n,.... . n, are defined by the formulas:

S — 1 n=0
(”)_{o True
o, Ny, ..)=1/ing=ny==...==0

o, Ny, ...)==0/;=Nng=ny==... ==

5 1 n=0
”_{O True

Oy =1/ == AneQAmeQA...
5n1,n2,..4 =0/i-n =np=....
In other words, the Kronecker delta function is equal to 1 if al its arguments are equal.

In the case of one variable, the discrete delta function §(n) coincides with the Kronecker delta function &,,. In the
case of several variables, the discrete delta function 6(nq, no, ..., Ny) coincides with Kronecker delta function

6n1,n2,...,nm,0:

é(n) = op,

o(ng, Ny, ..., Ny) == 6n1,n2".,'nm,0

Enyny,n.ing = (=)

&npnp.ng =0/im=nAl<i<dAl<j=d,

wheret isthe number of permutations needed to go from the sorted version of {ny, ny, ..., Ng} to {ny, Ny, ..., Ng}.

Connections within the group of tensor functions and with other function groups

Representations through equivalent functions
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The tensor functions 6(n), 6(ny, Ny, ...), on, and dn, n,

functions:

have the following representations through equivalent

é(n)and 6(ny, ny, ...

» Nm)

o(n)== 6(n1, Ny, ..

ahm) /ing=nAm==1|8,=4d(n)

o(n) == 5n,0

6 (N) =6y

§n1,n2,“.,nm == 5n1—nm,n2—nm,u.,nnkl—nm

6 (Ng, N, ..., Nm) ==, n,.....Nm0

Onyny....nm0 == 0 (N1, N, .oy Nm)

The best-known properties and formulas of the tensor functions

Simplevaluesat zero and infinity

Thetensor functions 4(n), 6(ny, Ny, ...), 6n, and 6, n,,... CaN have unit values at infinity:

&(n) and 6(ny, ny) | 6 and G, n,
0(c0)==0 O ==
6(-00)==0 0_0o==0

0 (00, —00)==0 Oco—c0 =0
6(—=00,00)==0 [_0e =0

Specific valuesfor specialized variables

The tensor functions 6(n), 6(ny, Ny, ...), On, Onyn,...., aNd &n, ... n, Nave the following values for some specialized

variables:
o(n) On &n
6 (O) == 60 == 80 ==
5(1)=0 6,=0 e =1
6 (—l) == O 671 == 871 ==
5(2)=0 6,0 g}
oMm=0/;n!=0{6,=0/;n'!=0|gy=
6 (ng, Np) 6n1,n2 €ny,n,
5(0, O) =1 61’1 =1 €11 == 0
5(1,2)=0 [01,=0 |£1,=
(5(2, 1) =0 62'1 =0 82Y 1= -1
6(2, 2) = 0 (52'2 = 82’2 = 0
0N, 0) =6 |Ono=0n |Eza=~1
6(0, n) == 4, 5O,n =0n |&a2z==1
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6 (ng, Ny, N3) Onynyng €ny,npng
6(0,0,00=1 0111==1 €112==0
0(0,0,1)=0 0112=0 &123=1
6(0,1,0=0 0121=0 £132=-1
6(1,0,00=0 0211 ==0 g231=1
64,1,1=0 0101=1 &y13=-1
6(2,2,2=0 O202==1 g312=1
0(-1,-14,-1)=0|03_3-1=1|e3,1=-1

Analyticity

o(n) and ¢, are nonanalytical functions defined over C. Their possible values are 0 and 1.

d(ny, Ny, ..., Nm) and O, n, @enonanalytical functions defined over C™. Their possible values are 0 and 1.

&n,,n,...,ny 1S @nonanalytical function, defined over the set of tuples of complex numbers with possible values
Oand + 1.

Periodicity

Parity and symmetry quasi-per mutation symmetry

The tensor functions 6(n), 6(ny, Ny, ...), 6n, and 6y, n,,... are even functions:

5(=n) = 8(n)
6(—n1, —-ny, ..., —Ny) == 6(”1, ny, ..., Nm)
O_n=0n

6—n1,—n2,.u,—nm == 6nl,n2 ,,,,, Nm*

Thetensor functions o(ny, Ny, ...), O, n,,..., aNd & ... n, have permutation symmetry, for example:

yoon

6(ng, Ny, ...) Onyn,,... &ny,ny,...
6(m, n)==4(n, m Omn == Onm Enyny,...,ng = ~&€ny 0y, ng
6(”11 g, ooy Ny ooy Ny ey nm) = 6n1,n2 ,,,,, Ny ooMjeeelm == Engng, NNy =
5(n1’ nZ""'nJ""’nk'""nm)/; M # Ny AK# | Onyng... PO P ik ENAKE ]| —&nn,..., LN S
6(Ng, Ny, ...y Nm) == 6(Ny, Ng, ..., Ny, Ny) 6n1,n2,..4,nd = 6n2,n3,..4,nd,n1 Eny,n,,...,ny =
( 1)d+l €ny,ng,...,Ng, Ny

Integral representations

The discrete delta function ¢(n) and Kronecker delta function &, have the following integral representations along
theinterval (0, 2) and unit circle |z == 1.
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1 2n
8(m) = —f et dt
2nJo

Vs
1 27
Snm = —f et gt
' 2nJo
1
Snm == —— 2™ laz
2mi Jiz=1

Transformations

Thetensor functions o(n), (ny, Ny, ...), 6n, On,n,,...» N &n, ... n, SALSfy various identities, for example:
o(—n) =d(n)

0(—Ng, =Ny, ..., —Ny) = 6(Ng, Ny, ..., Ny)

0_n=0n

Ony—ny,.... - == Ony ...

S_nm=0nm—0(N — M) sgn(nm) ;ne ZAme Z

6(ny) 6(ny) == 6(Ny, Nyp)

o(Ng, Ny, -y N) 6Nty Nie2s - --5 Nmar) == 6(Ng, N2, ooy Ny Mgz, N2y <o op Nimger)
Ony e Ong Nzl == 0N e NP - limr 3 M= 2AT 22
d
En,ny,.. ng Emy,my,my T T Z Emy,mp,..., My l_l(snk,m‘
permutations(my my,....mg) k=1
d-n'r! d
ENng Ny M e gy €N N M Mgy = T T Z Emm g,y l_[(snk,lm'
d! )
: permutations(my M, 1.....IMg) k=r

Complex characteristics

The tensor functions 6(n), 6(ny, Ny, ...), dn, Onyny,..., AN &n, n,

6(ng, Nz, ..., Nm) Oy ngmeeenin Eny,Npeee g
Abs 16, Mgy ey Nl == 6 (g, N ., M) S N leng.n ] = V Enpn
Arg Arg(8(ng, Ny, ..., M) == tan™ (6(Ny, Ny, ..., M), 0) | Arg(Sn, ny.....1m) == taN Sy ...t O) | ATG (Eny, ... 1y ) == tEF
Re Re(8(Ny, Ny, ..., Nm)) == (Ng, Ny, ..., Ny Re (0, ny....tm) == Onyi. i Re(&n,,ny.....ng) == &n,,
Im Im(5(ny, Ny, ..., ") =0 1M (S, n,....00) = O Im (&n,n,.... ,ng) == O
Conjugate | 6(Ny, Ny, ..., M) =6 (Ng, Ny, ..., Nyy) O == Oy e Eny g = €Ny,

Differentiation

Differentiation of the tensor functions §(n) and ¢,, can be provided by the following formulas:
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Fractiona integro-differentiation of the tensor functions §(n) and ¢, can be provided by the following formulas:

a%o(n) n~%6(n)

on® rl-oa

0% 0 n=on

on*  T(l-a)

Indefiniteintegration

Indefinite integration of the tensor functions 6(n) and 6, can be provided by the following formulas:

fé(z) dz==6(2)z

f&zdz:dzz.

Summation

The following relations represent the sifting properties of the Kronecker and discrete delta functions:

i 6k,nak=an

k=—c0

e}

Z o(k, n) a, = ag.

k=—c0

There exist various formulas including finite summation of signature e, n,, .. n,, fOr example:

n n
Er & =r! . € )
17200 sTrVrg Lo V0 CT1T20 - Trafdr 4150 M Hrypi-- VioHy
n=17p=1 =1 Hrp1=1 i 0=1 Hn=1 k—l’+1

Applications of the tensor functions

The tensor functions have numerous applications throughout mathematics, number theory, analysis, and other
fields.
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01

Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.
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