
Introductions to WeierstrassInvariants
Introduction to the Weierstrass utility functions

General

The creation and development of the elliptic functions' theory in the 18th 

century required the introduction of special supporting utility functions, 

which were frequently used for description of the properties of the elliptic 

functions. Among such utilities the basic role is played by so-called 

Weierstrass invariants and Weierstrass half-periods.  These were given the 

unusual notations 8g2, g3< and {Ω1, Ω3} instead of a consecutive numbering. The Weierstrass utility functions are 

a pair of bivariate functions that are inverses of each other:

8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L<8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L<
8g2, g3< � 9g2 HΩ1, Ω3L, g3 HΩ1, Ω3L= �; 8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L<.
Half-periods Ω1  and Ω3  (and Ω2 � -Ω1 - Ω3) were mentioned in the works of C. G. J. Jacobi (1835),  K. Weier-

strass 

(1862), and A. Hurwitz (1905). The invariants g2  and g3  were mentioned in the works of A. Cayley and G. Boole

(1845).

Numerous formulas of Weierstrass elliptic functions include values of the 

Weierstrass  Ã  function  and  the  Weierstrass  zeta  functions  ÃHz; g2, g3L  and  ΖHz; g2, g3L  at  the  points

z � ΩkHg2, g3L �; k � 1, 2, 3. These values have the following widely used notations:

8e1, e2, e3< � 8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3L< � 8ÃHΩ1; g2, g3L, ÃHΩ2; g2, g3L, ÃHΩ3; g2, g3L< �;8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L< ì Ω2 � -Ω1 - Ω3

8Η1, Η2, Η3< � 8Η1Hg2, g3L, Η2Hg2, g3L, Η3Hg2, g3L< � 8ΖHΩ1; g2, g3L, ΖHΩ2; g2, g3L, ΖHΩ3; g2, g3L< �;8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L< ì Ω2 � -Ω1 - Ω3.

Definitions of Weierstrass utilities

The  Weierstrass  half-periods  8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L<  and  the  Weierstrass  invariants8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L<,  the  Weierstrass  Ã  function  values  at  half-periods8e1, e2, e3< � 8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3L<,  and  the  Weierstrass  zeta  function  values  at  half-periods8Η1, Η2, Η3< � 8Η1Hg2, g3L, Η2Hg2, g3L, Η3Hg2, g3L< are defined by the following formulas:

8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L< � :ä
60

g2

 â
m, n=-¥8m,n<¹80,0<

¥ 1

H2 m + 2 n tL4

1�4
, ä t

60

g2

 â
m, n=-¥8m,n<¹80,0<

¥ 1

H2 m + 2 n tL4

1�4
> �; JHtL �

g2
3

g2
3 - 27 g3
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8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L< � :60 â
m, n=-¥8m,n<¹80,0<

¥ 1

H2 m Ω1 + 2 n Ω3L4
, 140 â

m, n=-¥8m,n<¹80,0<

¥ 1

H2 m Ω1 + 2 n Ω3L6
> �; Im

Ω3

Ω1

> 0

8e1, e2, e3< � 8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3L< � 8ÃHΩ1; g2, g3L, ÃHΩ2; g2, g3L, ÃHΩ3; g2, g3L< �;8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L< ì Ω2 � -Ω1 - Ω3

8Η1, Η2, Η3< � 8Η1Hg2, g3L, Η2Hg2, g3L, Η3Hg2, g3L< � 8ΖHΩ1; g2, g3L, ΖHΩ2; g2, g3L, ΖHΩ3; g2, g3L< �;8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L< ì Ω2 � -Ω1 - Ω3,

where J HtL is the Klein invariant modular function, ÃHz; g2, g3L is Weierstrass elliptic Ã function, and ΖHz; g2, g3L is
theWeierstrass zeta function.

The previous four vector functions are sometimes called the Weierstrass 

utilities because they are the basic elements of the Weierstrass theory of 

elliptic functions.

A quick look at the Weierstrass utilities

The following graphics show the values of the real and imaginary parts of 

the Weierstrass half-periods over the real g2-g3 plane.

WI[{g2_?NumberQ, g3_}] := With[{g2hp = Rationalize[g2, 0], g3hp = 
Rationalize[g3, 0]},

                               N[WeierstrassHalfPeriods[{g2hp, g2hp}], 30]]
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� GraphicsArray �

The following graphics show the values of the real and imaginary parts of 

the Weierstrass invarants over the Ω1-ä Ω3 plane.

WHP[{Ω1_?NumberQ, Ω3_}] := With[{Ω1hp = Rationalize[
Ω1, 0], Ω3hp = Rationalize[Ω3, 0]},

                               N[WeierstrassInvariants[{Ω1hp, 
Ω3hp}], 30]]
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Show[GraphicsArray[

Plot3D[# @ WHP[{Ω1, I Ω3}][[2]], 

       {Ω1, -1, 1}, {Ω3, -1, 1}, PlotPoints -> 24, Mesh -> 
False, PlotRange -> All,

       DisplayFunction -> Identity,

       AxesLabel -> {Subscript[Ω, 2], Subscript[Ω, 3], None}, 
PlotLabel -> #]& /@ {Re, Im}],

       PlotLabel -> Subscript[g, 2]]

g2

Re

-1
-0.5

0
0.5

1
w2 -1

-0.5

0
0.5

1

w3

-5 ·108
0

5 ·108

-1
-0.5

0
0.5

1
w2

Im

-1
-0.5

0
0.5

1
w2

-1

-0.5

0

0.5

1

w3

-1
-0.5

0
0.5

1

-1
-0.5

0
0.5

1
w2

� GraphicsArray �

The following graphics show the values of the real and imaginary parts of 

the Weierstrass Ã function at the half-periods over the real g2-g3 plane.
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WE[{g2_?NumberQ, g3_}, k_] := Module[{g2hp = Rationalize[g2, 0], g3hp = 
Rationalize[g3, 0], 

                                      Ω1, Ω2, Ω3},

                                 {Ω1, Ω3} = 
N[WeierstrassHalfPeriods[{g2hp, g2hp}], 30];

                                 Ω2 =-Ω1 - Ω3;

                                 WeierstrassP[{Ω1, Ω2, 
Ω3}[[k]], {g2, g3}]

                                 ]

� GraphicsArray �
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The following graphics show the values of the real and imaginary parts of 

the Weierstrass zeta function at the half-periods over the real g2-g3 plane.

WZ[{g2_?NumberQ, g3_}, k_] := Module[{g2hp = Rationalize[g2, 0], g3hp = 
Rationalize[g3, 0], Ω1, Ω2, Ω3},

                                 {Ω1, Ω3} = 
N[WeierstrassHalfPeriods[{g2hp, g2hp}], 30];

                                 Ω2 =-Ω1 - Ω3;

                                 WeierstrassZeta[{Ω1, Ω2, 
Ω3}[[k]], {g2, g3}]

                                 ]
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Connections within the group of Weierstrass utilities and inverses and with 
other function groups

Representations through related equivalent functions

The Weierstrass  half-periods  8Ω1, Ω3<  can  be  represented  through the  complete  elliptic  integral  KHmL  and  the

inverse elliptic nome q-1HzL by the formula:

8Ω1, Ω3< � : KHmL
e1 - e3

,
ä KH1 - mL

e1 - e3

> �; 8e1, e2, e3< � 8ÃHΩ1; g2, g3L, ÃHΩ1 + Ω3; g2, g3L, ÃHΩ3; g2, g3L< í

m � q-1 exp
ä Π Ω3

Ω1

í 8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L<.
The Weierstrass invariants 8g2, g3<  can be represented through the complete elliptic integral KHmL,  the inverse

elliptic nome q-1HzL, the modular lambda function ΛHzL, and the theta functions J jH0, qL by the following formulas:

8g2, g3< � : 4 Im2 - m + 1M KHmL4

3 Ω1
4

,
4 Hm - 2L H2 m - 1L Hm + 1L KHmL6

27 Ω1
6

> �; m � Λ
Ω3

Ω1

g2
3 I2 m3 - 3 m2 - 3 m + 2M2

- 108 g3
2 Im2 - m + 1M3

� 0 �; m � q-1 exp
ä Π Ω3

Ω1

8g2, g3< � : 1

12

Π

Ω1

4 IJ2H0, qL8 - J3H0, qL4 J2H0, qL4 + J3H0, qL8M,
1

432
 

Π

Ω1

6 I2 IJ2H0, qL12 + J3H0, qL12M - 3 IJ2H0, qL4 + J3H0, qL4M J2H0, qL4 J3H0, qL4M> �; q � exp
ä Π Ω3

Ω1

8g2, g3< � : 1

24

Π

Ω1

4 IJ2H0, qL8 + J3H0, qL8 + J4H0, qL8M,
1

432

Π

Ω1

6 IJ2H0, qL4 + J3H0, qL4M IJ3H0, qL4 + J4H0, qL4M IJ4H0, qL4 - J2H0, qL4M> �; q � exp
ä Π Ω3

Ω1

.
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The Weierstrass Ã  function values 8e1, e2, e3<   at half-periods can be represented through the complete elliptic

integral 

KHmL,  the  modular  lambda  function  ΛHzL,  the  Weierstrass  sigma  function  ΣHz; g2, g3L,  and  the  theta  functions

J jH0, qL by the following formulas:

8e1, e2, e3< � : H2 - mL KHmL2

3 Ω1
2

,
H2 m - 1L KHmL2

3 Ω1
2

, -
Hm + 1L KHmL2

3 Ω1
2

> �; m � Λ
Ω3

Ω1

e2 - e3

e1 - e3

� Λ
Ω3

Ω1

e1 - e2

e1 - e3

� 1 - Λ
Ω3

Ω1

ei - e j �
Σ jHΩi; g2, g3L2

ΣHΩi; g2, g3L2
�; 8i, j< Î 81, 2, 3< ì i ¹ j

ei - e j � ã-2 Η j Ωi
ΣHΩk; g2, g3L2

ΣHΩi; g2, g3L2 ΣIΩ j; g2, g3M2
�; 8i, j, k< Î 81, 2, 3< ì i ¹ j ¹ k

8e1, e2, e3< �
1

3

Π

2 Ω1

2 9J3H0, qL4 + J4H0, qL4, J2H0, qL4 - J4H0, qL4, -J2H0, qL4 - J3H0, qL4= �; q � exp
ä Π Ω3

Ω1

.

The Weierstrass zeta function values at half-periods 8Η1, Η2, Η3< can be represented through the complete elliptic

integrals  KHmL  and EHmL,  the  modular  lambda function ΛHzL,  and the theta functions J jH0, qL  by the following

formulas:

8Η1, Η2, Η3< � : e1 - e3 EHmL -
e1

e1 - e3

 KHmL ,

KHmL e1 - He1 - e3L HEHmL - ä EH1 - mLL + ä KH1 - mL e3

e1 - e3

, -ä e1 - e3 EH1 - mL +
e3

e1 - e3

 KH1 - mL > �; m � Λ
Ω3

Ω1

Η1 �
KHmL H3 EHmL + Hm - 2L KHmLL

3 Ω1

�; m � Λ
Ω3

Ω1

Η1 � -
Π2

12 Ω1

 
J1

H3LH0, qL
J1

¢ H0, qL �; q � exp
ä Π Ω3

Ω1

Η1 � -ei Ω1 -
Π2

4 Ω1

 
Ji+1

² H0, qL
Ji+1H0, qL �; q � exp

ä Π Ω3

Ω1

í i Î 81, 2, 3<

Η1
2 �

g2

6
- ei

2 Ω1
2 - ei -

Π2 Η1

2 Ω1

 
Ji+1

² H0, qL
Ji+1H0, qL -

Π4

48 Ω1
2

Ji+1
H4L H0, qL

Ji+1H0, qL �; q � exp
ä Π Ω3

Ω1

í i Î 81, 2, 3<.
Relations to inverse functions
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The following formula shows that the Weierstrass half-periods 8Ω1, Ω3< play the role of inverse functions to the

Weierstrass invariants 8g2, g3<:
8g2, g3< � 9g2 HΩ1, Ω3L, g3 HΩ1, Ω3L= �; 8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L<.
Representations through other Weierstrass utilities

The Weierstrass half-periods 8Ω1, Ω3<, the invariants 8g2, g3<, and the Weierstrass Ã function values at half-periods8e1, e2, e3< are connected by the following formulas:

8g2, g3< � 8-4 He1 e2 + e3 e2 + e1 e3L, 4 e1 e2 e3< �;8Ω1, Ω2, Ω3< � 8Ω1Hg2, g3L, -Ω1Hg2, g3L - Ω3Hg2, g3L, Ω3Hg2, g3L< ì n Î 81, 2, 3<
8g2, g3< � 92 Ie1

2 + e2
2 + e3

2M, 4 e1 e2 e3= �; 8Ω1, Ω2, Ω3< � 8Ω1Hg2, g3L, -Ω1Hg2, g3L - Ω3Hg2, g3L, Ω3Hg2, g3L< ì n Î 81, 2, 3<
g2

2 � 8 Ie1
4 + e2

4 + e3
4M �; 8Ω1, Ω2, Ω3< � 8Ω1Hg2, g3L, -Ω1Hg2, g3L - Ω3Hg2, g3L, Ω3Hg2, g3L< ì n Î 81, 2, 3<

4 ek
3 - g2 ek - g3 � 0 �; k Î 81, 2, 3< ì 8Ω1, Ω2, Ω3< � 8Ω1Hg2, g3L, -Ω1Hg2, g3L - Ω3Hg2, g3L, Ω3Hg2, g3L< ì n Î 81, 2, 3<

g2
3 - 27 g3

2 � 16 He1 - e2L2 He3 - e1L2 He3 - e2L2 �;8Ω1, Ω2, Ω3< � 8Ω1Hg2, g3L, -Ω1Hg2, g3L - Ω3Hg2, g3L, Ω3Hg2, g3L< ì n Î 81, 2, 3<.

The best-known properties and formulas for Weierstrass utilities

Specific values

The Weierstrass invariants 8g2, g3< have the following values at infinities:

g2HΩ1, ¥� L3 - 27 g3HΩ1, ¥� L2 � 0

9 g3HΩ1, ¥� L
2 g2HΩ1, ¥� L �

Π

2 Ω1

2

8g2H¥� , ¥� L, g3H¥� , ¥� L< � 80, 0<.
The Weierstrass Ã function values at half-periods 8e1, e2, e3< can be evaluated at closed forms for some values of

arguments g2, g3:

8e1, e2, e3< � : 1

4
3

,
1

4
3

ã
4 Π ä

3 ,
1

4
3

ã
2 Π ä

3 > �; 8g2, g3< � 80, 1<

8e1, e2, e3< � : 1

2
, 0, -

1

2
> �; 8g2, g3< � 81, 0<

e1Hg2HΩ1, ¥� L, g3HΩ1, ¥� LL �
Π2

6 Ω1
2

8e1Hg2HΩ1, ¥� L, g3HΩ1, ¥� LL, e2Hg2HΩ1, ¥� L, g3HΩ1, ¥� LL, e3Hg2HΩ1, ¥� L, g3HΩ1, ¥� LL< � : 3 g3

g2

, -
3 g3

g2

, -
3 g3

g2

>
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e3Hg2H¥� , Ω3L, g3H¥� , Ω3LL �
Π2

6 Ω3
2

8e1Hg2H¥� , ¥� L, g3H¥� , ¥� LL, e2Hg2H¥� , ¥� L, g3H¥� , ¥� LL, e3Hg2H¥� , ¥� L, g3H¥� , ¥� LL< � : 1

Ω1
2

,
1

Ω2
2

,
1

Ω3
2

>.

The Weierstrass zeta function values at half-periods 8Η1, Η2, Η3<  can also be evaluated at closed forms for some

values of arguments g2, g3:

8Η1, Η2, Η3< � : Π

2 Ω1 3
,

Π

2 Ω1 3
 ã2 Π ä�3,

Π

2 Ω1 3
 ã4 Π ä�3> �; 8g2, g3< � 80, 1<

8Η1, Η2, Η3< � : Π

4 Ω1

,
Π

4 Ω1

H1 - äL, -
Π ä

4 Ω1

> �; 8g2, g3< � 81, 0<

Η1Hg2HΩ1, ¥� L, g3HΩ1, ¥� LL �
Π2

12 Ω1

Η3Hg2H¥� , Ω3L, g3H¥� , Ω3LL �
Π2

12 Ω3

8Η1Hg2H¥� , ¥� L, g3H¥� , ¥� LL, Η2Hg2H¥� , ¥� L, g3H¥� , ¥� LL, Η3Hg2H¥� , ¥� L, g3H¥� , ¥� LL< � : 1

Ω1

,
1

Ω2

,
1

Ω3

>.

Analyticity

The Weierstrass half-periods 8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L< , the Weierstrass Ã function values at half-periods8e1, e2, e3< � 8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3L<,  and  the  Weierstrass  zeta  function  values  at  half-periods8Η1, Η2, Η3< � 8Η1Hg2, g3L, Η2Hg2, g3L, Η3Hg2, g3L< are vector-valued functions of g2  and g3  that are analytic in each

vector component, and they are defined over C2.

The Weierstrass  invariants 8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L<  is  a  vector-valued function of Ω1  and Ω3  that is

analytic in each vector component, and it is defined over C2 (for Ω1 ¹ a Ω3, a Î R).

Periodicity

The Weierstrass invariants 8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L< with Ω1 � 1 is a periodic function with period 1:

8g2H1, Ω3 + nL, g3H1, Ω3 + nL< � 8g2H1, Ω3L, g3H1, Ω3L< �; n Î Z.

The other Weierstrass utility functions 8Ω1, Ω3<, 8e1, e2, e3<, and 8Η1, Η2, Η3< are not periodic functions.

Parity and symmetry

The  Weierstrass  half-periods  8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L<  and  Weierstrass  zeta  function  values  at  half-

periods 8Η1, Η2, Η3< � 8Η1Hg2, g3L, Η2Hg2, g3L, Η3Hg2, g3L< have mirror symmetry:

8Ω1Hg2, g3L, Ω3Hg2, g3L< � 8Ω1Hg2, g3L, -Ω3Hg2, g3L<
8Η1Hg2, g3L, Η3Hg2, g3L< � 8Η1Hg2, g3L, -Η3Hg2, g3L<

http://functions.wolfram.com 8



The Weierstrass invariants 8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L< and the Weierstrass Ã function values at half-periods8e1, e2, e3< � 8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3L< have standard mirror symmetry:

8g2HΩ1, Ω3L, g3HΩ1, Ω3L< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L<
8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3L< � 8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3L<.
The Weierstrass invariants 8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L< have permutation symmetry and are homogeneous:

8g2HΩ1, Ω3L, g3HΩ1, Ω3L< � 8g2HΩ3, Ω1L, g3HΩ3, Ω1L<
8g2HΛ Ω1, Λ Ω3L, g3HΛ Ω1, Λ Ω3L< � : 1

Λ4
 g2HΩ1, Ω3L, 1

Λ6
 g3HΩ1, Ω3L> �; Λ Î C.

The Weierstrass  invariants  8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L<  are  the  invariants  under  the  change  of  variables

Ω1 ® a Ω1 + b Ω3  and  Ω3 ® c Ω1 + d Ω3  with  integers  a,  b,  c,  and  d,  satisfying  the  restriction  a d - b c � ±1

(modular transformations):

8g2Ha Ω1 + b Ω3, c Ω1 + d Ω3L, g3Ha Ω1 + b Ω3, c Ω1 + d Ω3L< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L< �; 8a, b, c, d< Î Z ì a d - b c � ±1.

This  property  leads  to  similar  properties  of  the  Weierstrass  Ã  function  values  at  half-periods8e1, e2, e3< � 8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3L<  and  the  Weierstrass  zeta  function  values  at  half-periods8Η1, Η2, Η3< � 8Η1Hg2, g3L, Η2Hg2, g3L, Η3Hg2, g3L<:
88e1Hg2Ha Ω1 + b Ω3, c Ω1 + d Ω3L, g3Ha Ω1 + b Ω3, c Ω1 + d Ω3LL, e2Hg2Ha Ω1 + b Ω3, c Ω1 + d Ω3L, g3Ha Ω1 + b Ω3, c Ω1 + d Ω3LL,

e3Hg2Ha Ω1 + b Ω3, c Ω1 + d Ω3L, g3Ha Ω1 + b Ω3, c Ω1 + d Ω3LL<< �88e1Hg2HΩ1, Ω3L, g3HΩ1, Ω3LL, e2Hg2HΩ1, Ω3L, g3HΩ1, Ω3LL, e3Hg2HΩ1, Ω3L, g3HΩ1, Ω3LL<< �; 8a, b, c, d< Î Z ì a d - b c � ±1

88Η1Hg2Ha Ω1 + b Ω3, c Ω1 + d Ω3L, g3Ha Ω1 + b Ω3, c Ω1 + d Ω3LL, Η2Hg2Ha Ω1 + b Ω3, c Ω1 + d Ω3L, g3Ha Ω1 + b Ω3, c Ω1 + d Ω3LL,
Η3Hg2Ha Ω1 + b Ω3, c Ω1 + d Ω3L, g3Ha Ω1 + b Ω3, c Ω1 + d Ω3LL<< �88Η1Hg2HΩ1, Ω3L, g3HΩ1, Ω3LL, Η2Hg2HΩ1, Ω3L, g3HΩ1, Ω3LL, Η3Hg2HΩ1, Ω3L, g3HΩ1, Ω3LL<< �; 8a, b, c, d< Î Z ì a d - b c � ±1.

Series representations

The Weierstrass half-periods 8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L< and invariants 8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L<
have the following double series expansions:

8Ω1Hg2, g3L, Ω3Hg2, g3L< � :ä
60

g2

 â
m, n=-¥8m,n<¹80,0<

¥ 1

H2 m + 2 n tL4

1�4
, ä t

60

g2

 â
m, n=-¥8m,n<¹80,0<

¥ 1

H2 m + 2 n tL4

1�4
> �; JHtL �

g2
3

g2
3 - 27 g3

2

8g2HΩ1, Ω3L, g3HΩ1, Ω3L< � :60 â
m, n=-¥8m,n<¹80,0<

¥ 1

H2 m Ω1 + 2 n Ω3L4
, 140 â

m, n=-¥8m,n<¹80,0<

¥ 1

H2 m Ω1 + 2 n Ω3L6
> �; Im

Ω3

Ω1

> 0,

where J HtL is a Klein invariant modular function.

The last double series can be rewritten in the following forms:
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8g2HΩ1, Ω3L, g3HΩ1, Ω3L< � : Π4

12

1

Ω3
4

+
1

Ω1
4

+
15

2
â
m=1

¥ â
n=1

¥ 1

Hm Ω1 - n Ω3L4
+

1

Hm Ω1 + n Ω3L4
,

Π6

216

1

Ω3
6

+
1

Ω1
6

+
35

8
â
m=1

¥ â
n=1

¥ 1

Hm Ω1 - n Ω3L6
+

1

Hm Ω1 + n Ω3L6
>

8g2HΩ1, Ω3L, g3HΩ1, Ω3L< � : Π4

12
 

1

Ω1
4

+
15

2
 â
m=-¥

¥ â
n=1

¥ 1

Hm Ω1 + n Ω3L4
,

Π6

216
 

1

Ω1
6

+
35

8
 â
m=-¥

¥ â
n=1

¥ 1

Hm Ω1 + n Ω3L6
>

8g2HΩ1, Ω3L, g3HΩ1, Ω3L< � : Π4

12
 

1

Ω3
4

+
15

2
 â
n=-¥

¥ â
m=1

¥ 1

Hm Ω1 + n Ω3L4
,

Π6

216
 

1

Ω3
6

+
35

8
 â
n=-¥

¥ â
m=1

¥ 1

Hm Ω1 + n Ω3L6
>.

q-series representations

The Weierstrass  invariants 8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L<, the Weierstrass Ã function values at half-periods8e1, e2, e3< � 8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3L<,  and  the  Weierstrass  zeta  function  values  at  half-periods8Η1, Η2, Η3< � 8Η1Hg2, g3L, Η2Hg2, g3L, Η3Hg2, g3L< have numerous q-series representations, for example:

8g2HΩ1, Ω3L, g3HΩ1, Ω3L< � :20
Π

2 Ω1

4 1

15
+ 16 â

k=1

¥ k3 q2 k

1 - q2 k
, 28

Π

2 Ω1

6 2

189
-

16

3
â
k=1

¥ k5 q2 k

1 - q2 k
>

8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3L< �

: Π2

6 Ω1
2

+
4 Π2

Ω1
2

â
k=1

¥ H2 k - 1L q4 k-2

1 - q4 k-2
, -

Π2

12 Ω1
2

-
2 Π2

Ω1
2

â
k=1

¥ H-1Lk
k qk

1 + H-1Lk  qk
, -

Π2

12 Ω1
2

-
2 Π2

Ω1
2

â
k=1

¥ k qk

1 + qk
>

Η1 �
Π2

12 Ω1

-
2 Π2

Ω1

â
k=1

¥ k q2 k

1 - q2 k

Η1 �
Π2

2 Ω1

 4 â
k=1

¥ q2 k

Iq2 k + 1M2
+

1

2
- e1 Ω1,

where q � expJ Π ä Ω3

Ω1
N � expK Π ä Ω3Ig2, g3M

Ω1Ig2, g3M O.

The  following  rational  function  of  g2  and  g3  is  a  modular  function  if  considered  as  a  function  of

q � expJ Π ä Ω3

Ω1
N � expK Π ä Ω3Ig2, g3M

Ω1Ig2, g3M O:

J
Ω3

Ω1

�
g2

3

g2
3 - 27 g3

2
�; 8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L< í Im

Ω3

Ω1

> 0.

Other series representations

The Weierstrass utilities have some other forms of series expansions, for 

example:
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8g2HΩ1, Ω3L, g3HΩ1, Ω3L< � : Π4

Ω1
4

20 â
k=1

¥

Σ3HkL q2 k +
1

12
,

Π6

Ω1
6

1

216
-

7

3
â
k=1

¥

Σ5HkL q2 k > �; q � exp
ä Π Ω3

Ω1

Ηi + ei Ω j �
Π2

2 Ωi

â
n=1

¥

csc2 Π 
2 n - 1

2

Ω j

Ωi

�; 8i, j< Î 81, 2, 3< ì i ¹ j

Η j �
Π2

2 Ω j

1

6
+ â

n=1

¥ 1

sin2J Π n Ωk

Ω j
N �; 8 j, k< Î 81, 2, 3< ì j ¹ k,

where ΣnHkL is the divisor sigma function.

Integral representations

The Weierstrass half-periods 8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L< and invariants 8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L<
have the following integral representations:

8Ω1Hg2, g3L, Ω3Hg2, g3L< � :à
e1

¥ 1

4 t3 - g2 t - g3

 â t, ä à
-¥

e3 1

4 t3 - g2 t - g3

 â t> �;
g2 Î R í g3 Î R í g2

3 - 27 g3
2 > 0 í 4 t3 - g2 t - g3 � 4 Ht - e1L Ht - e2L Ht - e3L í e1 > e2 > e3

8g2HΩ1, Ω3L, g3HΩ1, Ω3L< � : 5

8
à

0

¥

t3 HuHt, Ω1, Ω3L + vHt, Ω1, Ω3LL â t,
7

384
à

0

¥

t5 HuHt, Ω1, Ω3L - vHt, Ω1, Ω3LL â t> �;

uHt, Ω1, Ω3L �
coshHt Ω3L + ã-

t

2
Ω3 sinhJ t Ω3

2
N

sinhJ 1

2
t HΩ1 - Ω3LN sinhJ 1

2
t HΩ1 + Ω3LN í vHt, Ω1, Ω3L �

ã
ä t

2
 Ω3 cosJ t Ω3

2
N

sinJ 1

2
t HΩ1 - Ω3LN sinJ 1

2
t HΩ1 + Ω3LN .

Product representations

The Weierstrass utilities can have product representations. For example, 

the Weierstrass Ã function values at half-periods 8e1, e2, e3< � 8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3L< can be expressed

through the following products: 

8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3L< �
Π2

12 Ω1
2

 ä
n=1

¥ I1 - q2 nM 4

 

: ä
n=1

¥ I1 + q2 n-1M 8

+ ä
n=1

¥ I1 - q2 n-1M 8

, ä
n=1

¥ I1 + q2 n-1M 8

- 2 ä
n=1

¥ I1 - q2 n-1M 8

, 2 ä
n=1

¥ I1 + q2 n-1M 8

- ä
n=1

¥ I1 - q2 n-1M 8>

e2 - e3 �
4 Π2

Ω1
2

q ä
n=1

¥ I1 - q2 nM 4

ä
n=1

¥ I1 + q2 nM 8

e1 - e3 �
Π2

4 Ω1
2

ä
n=1

¥ I1 - q2 nM 4

ä
n=1

¥ I1 + q2 n-1M 8
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e1 - e2 �
Π2

4 Ω1
2

ä
n=1

¥ I1 - q2 nM 4

ä
n=1

¥ I1 - q2 n-1M 8

He2 - e3L He1 - e3L He1 - e2L �
Π6

4 Ω1
6

q ä
n=1

¥ I1 - q2 nM 12

,

where q � expJ Π ä Ω3

Ω1
N � expK Π ä Ω3Ig2, g3M

Ω1Ig2, g3M O.

Identities

The Weierstrass utilities satisfy numerous identities, for example:  

DHΤL6 �
1

16 777 216
 D

Τ

2

2

D
Τ + 1

2

4

+ 2 D
Τ

2

3

D
Τ + 1

2

3

+ D
Τ

2

4

D
Τ + 1

2

2

- 2304 DHΤL2 D
Τ

2

2

D
Τ + 1

2

2

+

393 216 D
Τ

2
DHΤL4 D

Τ + 1

2
�; DHΤL � g2

3 - 27 g3
2 í 8g2, g3< � 8g2H1, ΤL, g3H1, ΤL<

e1 + e2 + e3 � 0

Η1 + Η2 + Η3 � 0

Η1 Ω3 - Η3 Ω1 �
Π ä

2

Ηi Ω j - Η j Ωi � sgn Re -ä
Ω j

Ωi

Π ä

2
�; 8i, j< Î 81, 2, 3< ì i ¹ j.

Representations of derivatives

The first derivatives of Weierstrass half-periods 8Ω1, Ω3< and the Weierstrass Ã and zeta function values at half-

periods 8e1, e2, e3< and  8Η1, Η2, Η3< with respect to variable g2 and g3 have the following representations:

¶8Ω1, Ω3<
¶g2

� : 18 g3 Η1 - g2
2 Ω1

4 Ig2
3 - 27 g3

2M ,
18 g3 Η3 - g2

2 Ω3

4 Ig2
3 - 27 g3

2M >
¶8Ω1, Ω3<

¶g3

� : 9 g3 Ω1 - 6 g2 Η1

2 Ig2
3 - 27 g3

2M ,
9 g3 Ω3 - 6 g2 Η3

2 Ig2
3 - 27 g3

2M >
¶8e1, e2, e3<

¶g2

�
1

4 Ig2
3 - 27 g3

2M  I2 g2
2 8e1, e2, e3< + 6 g3 g2 - 36 g3 8e1, e2, e3<2 + 9e1

¢ , e2
¢ , e3

¢ = Ig2
2 8Ω1, Ω2, Ω3< - 18 g3 8Η1, Η2, Η3<MM

¶8e1, e2, e3<
¶g3

�
1

2 Ig2
3 - 27 g3

2M  I12 g2 8e1, e2, e3<2 - 18 g3 8e1, e2, e3< - 2 g2
2 + H6 g2 8Η1, Η2, Η3< - g3 8Ω1, Ω2, Ω3<L 9e1

¢ , e2
¢ , e3

¢ =M

http://functions.wolfram.com 12



¶8Η1, Η2, Η3<
¶g2

�

1

8 Ig2
3 - 27 g3

2M  I18 g3 9e1
¢ , e2

¢ , e3
¢ = - g2 H3 g3 + 2 g2 8e1, e2, e3<L 8Ω1, Ω2, Ω3< + 2 Ig2

2 + 18 g3 8e1, e2, e3<M 8Η1, Η2, Η3<M
¶8Η1, Η2, Η3<

¶g3

�
1

4 Ig2
3 - 27 g3

2M  IIg2
2 + 18 g3 8e1, e2, e3<M 8Ω1, Ω2, Ω3< - 6 g2 9e1

¢ , e2
¢ , e3

¢ = - 6 H3 g3 + 2 g2 8e1, e2, e3<L 8Η1, Η2, Η3<M,
where 9e1

¢ , e2
¢ , e3

¢ = � 8Ã¢HΩ1; g2, g3L, Ã¢HΩ2; g2, g3L, Ã¢HΩ3; g2, g3L<  are the values of the derivative of the Weier-

strass elliptic Ã function 
¶ÃIz;g2,g3M

¶z
� Ã¢Hz; g2, g3L at half-period points z � Ω j �; j � 1, 2, 3.

The first derivatives of Weierstrass invariants 9g2, g3= with respect to the variables Ω1 and Ω3 can be represented in

different forms:

¶8g2HΩ1, Ω3L, g3HΩ1, Ω3L<
¶Ω1

� :-30 â
n=-¥

¥ â
m=1

¥ m

Hm Ω1 + n Ω3L5
, -

105

4
 â
n=-¥

¥ â
m=1

¥ m

Hm Ω1 + n Ω3L7
>

¶8g2HΩ1, Ω3L, g3HΩ1, Ω3L<
¶Ω1

� :-
4 g2

Ω1

-
40 ä Π5 Ω3

Ω1
6

 â
k=1

¥ k4 q2 k

I1 - q2 kM2
,

14 ä Π7 Ω3

3 Ω1
8

 â
k=1

¥ k6 q2 k

I1 - q2 kM2
-

6 g3

Ω1

> �; q � exp
Π ä Ω3

Ω1

¶8g2HΩ1, Ω3L, g3HΩ1, Ω3L<
¶Ω1

� :-
Ω1

Π Ω3

-
Ω3

2

Ω1
2

 H12 g3 Ω3 - 8 g2 Η3L, -
Ω1

Π Ω3

-
Ω3

2

Ω1
2

2

3
g2

2 Ω3 - 12 g3 Η3 >
¶8g2HΩ1, Ω3L, g3HΩ1, Ω3L<

¶Ω3

� :-30 â
m=-¥

¥ â
n=1

¥ n

Hm Ω1 + n Ω3L5
, -

105

4
 â
m=-¥

¥ â
n=1

¥ n

Hm Ω1 + n Ω3L7
>

¶8g2HΩ1, Ω3L, g3HΩ1, Ω3L<
¶Ω3

� : 40 ä Π5

Ω1
5

 â
k=1

¥ q2 k k4

I1 - q2 kM2
, -

14 ä Π7

3 Ω1
7

 â
k=1

¥ q2 k k6

I1 - q2 kM2
> �; q � exp

Π ä Ω3

Ω1

¶8g2HΩ1, Ω3L, g3HΩ1, Ω3L<
¶Ω3

� : Ω1

Π Ω3

-
Ω3

2

Ω1
2

H12 g3 Ω1 - 8 g2 Η1L, Ω1

Π Ω3

-
Ω3

2

Ω1
2

 
2

3
g2

2 Ω1 - 12 g3 Η1 >.

The k th-order  derivatives  of  Weierstrass  invariants  8g2, g3<  with  respect  to  the  variables  Ω1  and Ω3  have  the

following representations:

¶k 8g2HΩ1, Ω3L, g3HΩ1, Ω3L<
¶Ω1

k
� : 5

4
 â
n=-¥

¥ â
m=1

¥ H-1Lk  Hk + 3L ! mk

Hm Ω1 + n Ω3L4+k
,

7

192
 â
n=-¥

¥ â
m=1

¥ H-1Lk  Hk + 5L ! mk

Hm Ω1 + n Ω3L6+k
> �; k Î N+

¶k 8g2HΩ1, Ω3L, g3HΩ1, Ω3L<
¶Ω3

k
� : 5

4
â

m=-¥

¥ â
n=1

¥ H-1Lk Hk + 3L ! nk

Hm Ω1 + n Ω3Lk+4
,

7

192
â

m=-¥

¥ â
n=1

¥ H-1Lk Hk + 5L ! nk

Hm Ω1 + n Ω3Lk+6
> �; k Î N+.

Integration
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The indefinite integrals of Weierstrass invariants 8g2, g3< with respect to the variable Ω1 have the following represen-

tations:

:à g2HΩ1, Ω3L â Ω1, à g3HΩ1, Ω3L â Ω1> � : 5 Ω1

2 Ω3
3

 â
m=-¥

¥ â
n=1

¥ m2 Ω1
2 + 3 m n Ω3 Ω1 + 3 n2 Ω3

2

n3 Hm Ω1 + n Ω3L3
-

Π4

36 Ω1
3

,

7 Ω1

8 Ω3
5

â
m=-¥

¥ â
n=1

¥ Im4 Ω1
4 + 5 m3 n Ω3 Ω1

3 + 10 m2 n2 Ω3
2 Ω1

2 + 10 m n3 Ω3
3 Ω1 + 5 n4 Ω3

4M � In5 Hm Ω1 + n Ω3L5M -
Π6

1080 Ω1
5

>.

Differential equations

The Weierstrass half-periods 8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L< satisfy the following differential equations:

Ig2
3 - 27 g3

2M 
¶Ω1

¶g2

+
1

4
Ω1 g2

2 -
9

2
g3 ΖHΩ1; g2, g3L � 0 �; 8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L< í

Ig2
3 - 27 g3

2M 
¶Ω3

¶g2

+
1

4
Ω3 g2

2 -
9

2
g3 ΖHΩ3; g2, g3L � 0 �; 8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L<

4 Ig2
3 - 27 g3

2M ¶8Ω1Hg2, g3L, Ω3Hg2, g3L<
¶g2

� 18 g3 Η1 - g2
2 8Ω1Hg2, g3L, Ω3Hg2, g3L< �;

8g2, g3< � 9g2 HΗ1, Η2L, g3 IΗ1, Η2M= ì 8Η1, Η2< � 8ΖHΩ1; g2, g3L, ΖHΩ3; g2, g3L< ì 8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L<.
The Weierstrass invariants 8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L< satisfy the following differential equations:

Ω1

¶8g2HΩ1, Ω3L, g3HΩ1, Ω3L<
¶Ω1

+ Ω3

¶8g2HΩ1, Ω3L, g3HΩ1, Ω3L<
¶Ω3

+ 84, 6< 8g2HΩ1, Ω3L, g3HΩ1, Ω3L< � 0

Ω1

¶g2HΩ1, Ω3L
¶Ω1

+ Ω3

¶g2HΩ1, Ω3L
¶Ω3

+ 4 g2HΩ1, Ω3L � 0

Ω1

¶g3HΩ1, Ω3L
¶Ω1

+ Ω3

¶g3HΩ1, Ω3L
¶Ω3

+ 6 g3HΩ1, Ω3L � 0.

The  Weierstrass  zeta  function  values  at  half-periods  8Η1, Η2, Η3< � 8Η1Hg2, g3L, Η2Hg2, g3L, Η3Hg2, g3L<  satisfy  the

following differential equations:

72 g3

¶ΗJ

¶g2

+ 4 g2
2

¶ΗJ

¶g3

- Ω j g2 � 0 �; j Î 81, 2<.
Applications of Weierstrass utilities

Applications of Weierstrass utilities include the application areas of the 

Weierstrass elliptic functions, such as integrable nonlinear differential 

equations, motion in cubic and quartic potentials, description of the 

movement of a spherical pendulum, and construction of minimal surfaces.
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