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Introductions to WelerstrassZetaHalfPeriodValues

Introduction to the Weierstrass utility functions

General

The creation and devel opment of the dliptic functions' theory in the 18th

century required the introduction of special supporting utility functions,

which were frequently used for description of the properties of the elliptic

functions. Among such utilities the basic role is played by so-called

Welerstrass invariants and Welerstrass half-periods. These were given the

unusual notations {gy, g3} and { w1, w3} instead of a consecutive numbering. The Welerstrass utility functions are

apair of bivariate functions that are inverses of each other:

{G2, O3} == {G2(w1, w3), G3(wy, w3)}
{w1, w3} == {w1(G2, 93), W3(d2, Ga)}

{92, Us} == {92 (w1, W3), 3 (w1, ws)} /i {w1, w3} == {w1(Q2, G3), W3(G2, Ua)}-

Half-periods w; and w3 (and w, == —w1 — w3) were mentioned in the works of C. G. J. Jacobi (1835), K. Weier-
strass
(1862), and A. Hurwitz (1905). The invariants g, and gz were mentioned in the works of A. Cayley and G. Boole

(1845).

Numerous formulas of Weierstrass elliptic functions include values of the
Welerstrass ¢ function and the Welerstrass zeta functions ¢(z 9o, g3) and £(z 9o, g3) a the points

Z==wy(gy, 03) /; k==1, 2, 3. These values have the following widely used notations:

(€1, &, €3} == {e1(d2, Ua), €2(F2, U3), €3(F2, G3)} == {p(w1; G2, U3), P(w2; G2, O3), P(W3; U2, Ga)} /s
{w1, w3} = {w1(G2, Ga), W3(T2, Ga)} A\ Wy == ~w1 — w3

{11, M2, M3} == (11(G2, Ga), 112(2, 93), M3(Q2, Y3)} == {{(w1; G2, G3), {(w2; U2, U3), {(w3; G2, O3)} /;
{w1, w3} == {W1(G2: U3), W3(G2, Ga)} N\ w2 = —w1 — ws.

Definitions of Weierstrass utilities

The Weierstrass half-periods {wi, ws} == {w1(Qs, 93), w3(Q2, ¥3)} and the Weierstrass invariants
{0, 03} == {Q2(w1, w3), O3(w1, w3)}, the Weierstrass ¢ function values at half-periods

{e1, &, €3} == {e1(02, O3), €(02, U3), €3(02, 03)}, and the Welerstrass zeta function values at half-periods
{1, m2, n3} == {(M1(92, G3), 1712(G2, 9a3), N3(Q2, Ua)} are defined by the following formulas:

1/4 1/4
60 & 1 60 & 1 9%
(@1, 03) = (010, Ga), w3(G, G = {i| — Y, ————| Lit|— > ———| }ido=
02 mhtie @m+2nt)? 02 mite 2M+2nt)* 0 - 2703

{m,n}#{0,0} {m.n}#(0,0}
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[

{02, U3} == {Qa(w1, w3), U3(w1, w3)} == {60 Z —, 140 Z _
mimw 2Mwy + 2Nwy)? M (2Mw; + 2Nw3)®
{m,n}#{0,0} {m,n}#{0,0}

1

}/;Im(ﬁ)>0

wq
(€1, &, &3} == {€1(T2, U3), €2(02, Oa), €3(02, O3)} == {p(w1; G2, G3), P(w2; G2, O3), P(W3; G2, G3)} /s
{w1, w3} = {W1(Q2, G3), W3(Tps F3)} A\ Wy = —w1 — w3

{1, M2, M3} == {N1(d2, Ga), M2(92, U3), M3(Go, G3)} == {{(w1; G2, U3), {(w2; U2, Ga), {(w3; G2, U3)} /;
{w1, w3} == {w1(Gp, U3), W3(G2, Ga)} N\ W2 = ~w1 — w3,

where J (1) isthe Klein invariant modular function, o(z; g», 93) is Welerstrass elliptic g function, and £(z;, g2, g3) is
theWe erstrass zeta function.

The previous four vector functions are sometimes called the Weierstrass
utilities because they are the basic elements of the Weierstrass theory of
eliptic functions.

A quick look at the Weierstrass utilities

The following graphics show the values of the real and imaginary parts of
the Weierstrass half-periods over the rea g,-gs plane.

W[{g2_?NunberQ g3_}] := Wth[{g2hp = Rationalize[g2, 0], g3hp =
Rational i ze[ g3, 0]},

N[ Wi er st rassHal f Peri ods[ {g2hp, g2hp}], 30]]

- Graphi csArray -
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- Graphi csArray -

The following graphics show the values of the real and imaginary parts of
the Weierstrass invarants over the w;-i w3 plane.

WHP[ {wl_?NunberQ w3_}] := Wth[{wlhp = Rationalize[
wl, 0], w3hp = Rationalize[w3, 0]},

N[ Wi er strassl nvari ant s[ { wlhp,
w3hp}], 30]]

92

- Graphi csArray -

Show G- aphi csArray|
Plot3D[# @WHP[ {wl, | w3}][[2]],

{wl, -1, 1}, {w3, -1, 1}, PlotPoints -> 24, Mesh ->
Fal se, PlotRange -> All,

Di spl ayFunction -> ldentity,

AxesLabel -> {Subscript[w, 2], Subscript[w, 3], None},
Pl otLabel -> #]& /@{Re, In}],

Pl ot Label -> Subscript[g, 2]]

92

- GraphicsArray -

The following graphics show the values of the real and imaginary parts of
the Weierstrass o function at the half-periods over the real g,-gs plane.
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VWE[ {g2_?Nurmber Q g3_}, k_] := Mdul e[{g2hp = Rationalize[g2, 0], g3hp =
Rational i ze[g3, 0],

wl, w2, w3},

{wl, w3} =
N[ Wi er st rassHal f Peri ods[ {g2hp, g2hp}], 30];

w2 =-wl - w3;

Wei erstrassP[{wl, w2,
w3}[[K]], {92, g3}]

- Graphi csArray -

'L nONS

- Graphi csArray -

The following graphics show the values of the real and imaginary parts of
the Weierstrass zeta function at the half-periods over the real g,-g; plane.

WZ[{g2_7?NurmberQ g3_}, k_] := Modul e[{g2hp = Rationalize[g2, 0], g3hp =
Rationalize[g3, 0], wl, w2, w3},

{wl, w3} =
N[ Wi er strassHal f Peri ods[ {g2hp, g2hp}], 30];

w2 =-wl - w3;

Wei erstrassZetal {wl, w2,
w3}[[K]], {92, g3}]
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- Graphi csArray -

Connections within the group of Weierstrass utilities and inverses and with
other function groups
Representations through related equivalent functions

The Welerstrass half-periods {w;, w3} can be represented through the complete elliptic integral K(m) and the
inverse elliptic nome q~1(2) by the formula:

K(m) i K(1-m)

{wy, w3} =={ . }/; (€1, &, &} = {p(w1; G2, G3), P(w1 + W3; G2, G3), P(W3; T2, G3)} /\
Ve-e e-e
iTw
m== q‘l[exp[ " 3]]/\ {w1, wa} == {w1(T2, F3), W3(T2, T3)}-
1

The Welerdtrass invariants {g, gz} can be represented through the complete élliptic integral K(m), the inverse
elliptic nome q~1(2), the modular lambda function A(z), and the theta functions ¢ i(0, a) by the following formulas:

4(m? —m+ 1) Km* 4(m-2)2m-1) (m+ 1) Km)?® w3
{92193}:{ : }/;m——( )

3wi 27w}

3 2 3 iﬂw3
g (2m* -3m? -3m+2)" - 108g5 (M -m+1) =0/, m== q‘l[exp( ))

w1

17\
(G2, 95 ={— (—) (9200, @) — 33(0, )* 9(0, @* + 950, 9)°),

1 (78 inTw
(—) (2(8200, )™ + 9500, )™%) = 3((0, @) + 930, @)*) %(0, @) 3(0, q)“)} Jiq= exp( 3)
w1

I
(0, 03 = { — (—) (0200, @° + 03(0, 0)° + 34(0, O)°),

iﬂwg)

w1

1 (78
= (—) (0200, " + 9300, &*) (930, @) + 04(0, ") (00, O)* — 9200, ")} /; = exp(
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The Welerstrass g function values {ey, &, e3} at haf-periods can be represented through the complete elliptic
integral

K(m), the modular lambda function A(z), the Weierstrass sigma function o(z g, gs), and the theta functions
¢(0, g) by the following formulas:

@C-mKm? @m-1HKm?2 m+1)Km)? ws
{e11e2!e3}::{ 5 ’ 2 y 2 }/;m:: (_)
3wj 3wj 3wi [
€ -6 w3
e
€ -6 wy
e-e

g-6=—"—/{i,}e{l, 23 Ai#]

o T(wy; Gz, 9a)° . o
g-g=¢ "% Ll K efl, 2,3 Ai+j+Kk

o(wi; G2, 93)° o(wj; G, 93)2

1/ 1 \2
wmawzgk—)MQwﬁmmwﬂmaﬁ—waﬁ~w&#—wawwm=m{

7T w3
w1

w1
The Weierstrass zeta function values at half-periods {11, 2, 73} can be represented through the complete elliptic
integrals K(m) and E(m), the modular lambda function A(2), and the theta functions ¢;(0, g) by the following

formulas:
{mwb%h%da—%[am—e e3K<m)),
L —
K(m) e, — (e, — &3) (E(m) — i E(1 - m)) + i K(1-m)
aT&TS ! ' eg,—i/,/el—eB[E(l—mH K(l—m)]}/;m::)((ﬁ)
€ —€3 wg

Veéi—6

K(m) BE(mM) + (m—2) K(m) p A( wa)

n == ;M= —_
! 3 w1 w1
72 0$Ro,q) [iﬂu@]
== — N = X
12 w1 (93_(0, q) w1

n? 310,09
m=-§w;—-———
4wy 9,10, Q)

Jq= exp(mws)/\i €12 3

w1

2 00,9 g4 000, 9
2wy 0141(0,@)  48w? ¢11(0, Q)

ngz(%z_g)wg_a /;q::exp(”rwa)/\ie{l, 2,3),

wq

Relationsto inver se functions
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The following formula shows that the Weierstrass half-periods {w1, w3} play the role of inverse functions to the
Welerstrass invariants {gp, gs}:

{92, 9s} == {92 (w1, W3), 3 (w1, wa)} /i w1, w3} == {w1(02, G3), W3(92, Ya)}-
Representationsthrough other Weierstrass utilities

The Welerstrass half-periods {w1, ws}, the invariants {g,, g3}, and the Weierstrass g function values at half-periods
{e1, &, e3} are connected by the following formulas:

{02, Gat ={-4(Ee1&+e38,+ €, &), 4e; & 63} /;
{w1, Wy, w3} == {w1(Q, U3), —w1(G2, U3) — wW3(Qy, G3), w3(G2, )} ANe (L, 2, 3}

(02, G} = {2(e] + & + &), 4e1 & &) /; (w1, wp, w3} == (W1(Tp, T3), —W1(Ta, Ta) — W3(T2, U), W3(G, G} AN E (L, 2,3}
0 = 8(ef + & + &) /; (w1, wp, w3} = {W1(Ta, Ga), —wW1(Tp, Ta) — W3(Ga, Ba), W3(G2, )} AN (L, 2, 3}
46 —grex—0g3==0/; ke {1, 2, 3} A w1, wp, w3} == (W1(G2, Ga), —w1(Ty, G3) — W3(Ta, G3), wW3(Ta, G3)} AN € (L, 2, 3)

g5 - 2705 ==16(e; - &) (& — €)? (& — )? /;
{w1, Wy, W3} = {w1(Q2, U3), —W1(G2, U3) — W3(G2s U3), w3(T2, G3)} ANe(d, 2, 3}

The best-known properties and formulas for Weierstrass utilities

Specific values

The Welerstrass invariants {gy, gs} have the following values at infinities:

Golwy, %)% - 27 ga(wy, &) =

90s(w1, ) __( b )2

2 go(wy, %) 2w

{92(601 Ob)v g3(0~0, 60)} == {Ol O}

The Welerstrass g function values at half-periods {e;, e, e3} can be evaluated at closed forms for some values of
arguments g, gs:

1 1 Ari l 2mi

— e, —e* | filG =01
Vi Jr 7

(1, &, &) = {

1 1 _
(er, & e ={~, 0.~} /i {00 g6} = (1,0}
7'('2
e1(92(wy, %), Gs(wy, ) = —
6w?

{€1(go(wy, ), Pa(wy, &), Ex(Ga(w1, ), Ga(w1, ), E3(Pr(w1, &), Y3(w1, &)} == {— -—, ——}
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72
83(02(%, wg), P3(&, w3)) = ——
6w§
1 1 1
{e1(Qo(&0, &), P3(S0, %)), x(G2(60, &), Ga(&0, &)), B3(da (S0, ), Ga(60, &)} == {_2 —, _2}

w; W; W3

The Weierstrass zeta function values at half-periods {n;, 12, 73} can also be evaluated at closed forms for some
values of arguments gy, gs:

T T _ n .
11, 712, 13} = { , 2B, e**)} 1 (6o, G} = (0, 1)
20.)1 \/? 20)1 \/? 20.)1 \/?

b4 n 1 ni ) 1o
{71, M2, M3} = {m, 4_0)1( - i), —m} /i{%2, 93} == {1, O}
N1(G2(w1, %), Gz3(wq, %)) == o

2
13(92(%0, w3), G3(0, w3)) == 2o
1 1 1

110, ), Ga(0, &), a(G(0, ), Ga(d, ), MG, ), Ga(, &)} = {—, —, —}.

Wy W2 w3
Analyticity

The Welerstrass half-periods {w1, w3z} == {w1(92, ¥3), w3(d2, 93)} , the Welerstrass ¢ function values at half-periods
{e1, &, €3} == {e1(02, O3), &(02, 03), €3(02, 03)}, and the Welerstrass zeta function values at half-periods

{n1, m2, m3} == {M1(92, Ga), M2(G2, Ga), N3(92, Ys)} are vector-valued functions of g, and gs that are analytic in each
vector component, and they are defined over C2.

The Welerstrass invariants {Q, g3} == {go(w1, w3), 03(w1, w3)} is a vector-valued function of w; and w3 that is
analytic in each vector component, and it is defined over €2 (for w1 # aws, ac R).

Periodicity

The Welerdtrass invariants {gp, g} == {gz(w1, w3), 93(w1, ws)} With w; == 1 isa periodic function with period 1:
{92(1, w3 + 1), 93(1, w3 + N} = {Gx(1, w3), G3(1, w3)} ;e Z.

The other Welerstrass utility functions {w1, w3}, {€1, &, €3}, and {1, 12, n3} are not periodic functions.

Parity and symmetry

The Weierstrass half-periods {w1, ws} == {w1(02, 93), w3(Q2, ¥3)} and Weierstrass zeta function values at half-
periods {11, 12, 73} = {11(92, 9a), 12(92, Ga), N3(Q2, 93)} have mirror symmetry:

{w1(T2, T3), w3( @2, Ta)} == {w1(G2, G3), —w3(92, Ua)}

(71(@2, T3), 13(T2, T3} == {(71(Q2, U3), —7M3(F2, Ga)}
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The Welerstrass invariants {g,, g3} == {02(w1, w3), ¥a(w1, w3z)} and the Weierstrass p function values at half-periods
{e1, &, €3} == {€1(Q2, U3), €2(T2, G3), €3(J2, G3)} have standard mirror symmetry:

{Oo(w1, W3), Y3(w1, W3)} = {Qo(w1, W3), Y3(wy, w3)}

{el(gE: gg)a eZ(gEl gg)v eS(QEl gg)} == {el(QZl g3)1 eZ(QZ! g3)1 eB(ng gS)}

The Weierstrass invariants {gy, 03} == {g2(w1, w3), g3(w1, w3)} have permutation symmetry and are homogeneous:

{O2(w1, w3), Ga3(w1, w3)} = {Ga2(w3, w1), G3(w3, w1)}
1 1

(G w1, Lwg), Gohwr, Awa)) = { — Golwr, wa), — Ga(wr, wa)} ;1 € C.
A4 A8

The Welerstrass invariants {g», 93} == {J2(w1, w3), g3(w1, w3)} are the invariants under the change of variables
w1~ awi +bws and w3z - cw; + d ws with integers a, b, ¢, and d, satisfying the restriction ad-bc==+1
(modular transformations):

{G(aw; + bws, Cwy +dws), gs(@w; +bws, Cwy + dwg)} == {go(ws, w3), G3(w1, w3)} /; {a, b, c,dfe Z Aad-bec==+1

This property leads to similar properties of the Weierstrass ¢ function values at half-periods

{e1, &, €3} == {€1(02, U3), €2(2, O3), €3(Q2, G3)} and the Weierstrass zeta function values at half-periods
{n1, M2, m3} == {n1(92, 93), M2(92, 93), N3(G2s Ga)}:

{{er(@x(awy + bws, Cw; + dws), Gs(Aw; + b ws, Cwy + dws)), &x(x(Aw; +bws, Cw; +dws), gGa(@w; +bws, Cw; +dwa)),

&3(2(Qwy +bws, cwy +dws), gGz(@w; +bws, Cwy +dwy))}} ==
{{er(@(w1, w3), G3(w1, W3)), Ex(Ya(w1, W3), G3(w1, W3)), &3(Go(w1, W3), Y3(wr, W)} /; (&, b, c,dfe Z ANad-bc==+1

{{n1(g(aw; + bws, Cwy +dws), gGz(@w; + bws, Cwy +dws)), (P (Aaw + bws, Cwy +dws), Is(@w; +bws, Cwy +dws)),
n3(gx(Qw; + bws, Cwr +dws), gGz(@w; + bws, Cwy +dws))}} =
{n1(G2(w1, w3), G3(w1, W3)), M2(Go(wW1, W3), Y3(W1, W3)), MN3(Go(w1, w3), Y3(w1, wa)}} /i {a, b, ¢, dle ZAad-bc= =1

Seriesrepresentations

The Weierstrass half-periods {w1, w3z} == {w1(d2, 93), w3(g2, G3)} and invariants {gy, g3} == {J2(w1, w3), G3(w1, w3)}
have the following doubl e series expansions:

1/4 1/4
60 & 1 60 & 1 9
{wl(QZy gS)x w3(921 gB)} = {l. - Z - ’ it|— - }/1 \](t ==
92 mhw (2m+2nt)?* %2 mnmw (2M+2nt)? 0 -27d3
{mn}#(0,0} {mn}+{0,0}
i 1 i 1 w3
{G2(wy, w3), Ga(wy, w3)} == {60 Z — 140 —} /: |m(_) >0,
mew (2Mow; + 2nw3y)* M (2Mw; + 2Nw3)® w1
{mn}#(0,0} {m,n}=(0,0}

where J (t) isaKlein invariant modular function.

The last double series can be rewritten in the following forms:
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(1 1 15 > = 1 1
{G2(w1, w3), G3(wy, W3)} == — [— + —] + = [ + ]
{ 12{0f  wf 2 ngan:; (Mw; —Nwy)*  (Mw; +nwy)*

M1 1) B 1 1
i il )

(mwl -n (1)3) (mwl + nwg)G

m=1n=1
™1 15 © 35 ©
{G2(w1, w3), Pa(wy, W3)} == {— — _—
{ 12 ‘1' m:Z:wnZ;(mwl+nw3) 216 m;x,;(mwl+nw3) }
a1 15 =X 1 M1 3B 1
{Go(w1, w3), Y3(w1, w3)} == {— —+— —_— —— —+— }

12 0f 2 i (mog+nwy)?t 216 4§ 8 (T 10 (Mw; + Nws)® .

g-seriesrepresentations

The Weierstrass invariants {g,, gz} == {J2(w1, w3), ¥a(w1, w3z)}, the Weierstrass ¢ function values at half-periods
{e1, &, €3} == {€1(02, 03), €2(Q2, U3), €3(02, G3)}, and the Welerstrass zeta function vaues at half-periods

{11, m2, m3} == {1(Q2, 93), M2(92, 93), N3(Q2, 93)} have numerous g-series representations, for example:

co k3 2k T 6 2 16 = k5q2k
st e =(o(z2 [ o5 5 ol [ S )

o 1-o? 2wy 3 i 1-g

{e1(92, 93), €2(92, 93), €3(02, U3)} ==

ﬂ.Z 47T2 ) A4k-2 ﬂ.Z 271.2 00 qk ﬂ.2 27.(2 00 qu
{—+— (k-1 ,——— — — » (=1 , - ——Z }
6w? ! ia 1-g*2 1202 o2 o 1+(-Dkgf  120? W2 (o 140

7T2 00 q2k 1
m==_— 4Z—+_ — € wy,
( 2

ws) - exp(”ws(gzy 93))
w1 (%2 03) )

The following rational function of g, and gz is a modular function if considered as a function of
miw3(0p, Gs) )

q== eXp(%) = eXp( wi (g2, Gs)

w3 93 w3
J(—) = — /{02, 93} = {Q2(w1, w3), G3(w1, W3)} /\ Im(—) > 0.
w1 gg _ 27 g% w1
Other seriesrepresentations

The Weierstrass utilities have some other forms of series expansions, for
example:
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* [ & 1) (1 7 I 7T w3
{Go(wi1, w3), Ga(wy, wa)} =1 —[20 ) aa(k) ¥ + —], — [— - =) 05K QZk] /i q== G‘XF{ )
{w;‘ kZ:; 12) ,5|216 3 k; ) wy

2 & 2n-1 wj
m+ewp=§—§}xﬁn -iymnneuzanv¢j

wi 15 2 Wi

7T2

- > " |itimemaan sk
nj=—|=<-+ Ao v Kreld, 2, ] #FK,
zwj 6 n:lSinz( " k)

@

=S}

where o-,(K) is the divisor sigma function.

Integral representations

The Weierstrass half-periods {w1, w3} = {w1(G2, Gs), w3(Q2, Ya)} and invariants {gz, gs} == {Ga(w1, w3), G3(w1, w3)}
have the following integral representations:

1

1 €3
—  dt, —cﬁt} /s
Va4t —got—gs VAt -gt-gs

BeRN\weRN\G-27¢>0/\4-gt-g=4at-ent-e)t-e) \e>e>e

i

{w1(92, 93), w3(Gz, Ya)} == {f
€

5 0o 7 o
{G2(w1, w3), Y3(w1, w3)} == {gfo‘ 2 (Ut, w1, w3) +V(t, w1, wa)) dt, ﬁfo‘ 5 (U(t, w1, w3) = V(t, w1, W3)) dt} /s
cosh(t wg) + e_%‘% sinh(tﬁ)

> e%“’3 cos(t%)
ut, wy, ws) = - - A\ vt w1, wg) = - .
sjnh(E t(wy - w3)) sinh(E t(wy + w3)) sjn(E t(wy - wg)) s’n(% t(wy + w3))

Product representations

The Weierstrass utilities can have product representations. For example,
the Weierstrass ¢ function values at half-periods {e;, &, €3} == {€1(J>, 03), €(J2, O3), €3(02, g3)} can be expressed

through the following products:
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12

e -6 = ﬂ_zz[m (1_q2n)] [Do (1_q2n—1)]

4 w5\ n

7r6 o 12
(6~ &) (&1~ €3) (61 ~ &) = — q[]_[(l—qz”)] :

4LL)1 n=1

_ ﬂiwg . %
where q == exp( o ) exP( (02, &) )

I dentities
The Welerstrass utilities satisfy numerous identities, for example:

6 1 [72 T+ 14 3 (r+1y° ™A (T+1\? ) 2 (141
S S 153 VS SR YRS JOTEa NS g YLt
16777216 2 2 2 2 2 2 2 2

T 4 T+1 3 5
393216A(5) A A(T) /60 =63 - 2763 /\ (2 Gs) == (G2(L, 1), Ga(L, 1)}

e +e+e3==0
Mm+n2+m3=0
ni
w3 —N3Wq == —
M w3 — 13w >
Wi\ .
N Wj —Nj Wi = %n[RE{—l —]]_/y{lq J}E{l, 2; 3}/\' ).
Wi 2
Representations of derivatives

The first derivatives of Welerstrass half-periods {w1, w3} and the Weierstrass ¢ and zeta function values at half-
periods {e1, &, e3} and {n1, 12, n3} with respect to variable g, and gz have the following representations:

0wy, w3} __{1893711_g§w1 1893’73‘9%‘03}
4G-276)  4(E-276h)

0wy, w3} {993w1—692fh 993w3—692U3}
2G-276)  2(63-27h)

a{elr e21 e3} _ 1 2 2 >
= (205 1€, &, €3} + 6030 — 36 Gz (€1, &, €3)° + {€], &, &} (05 (w1, wp, w3} — 183 {11, 72, 113}))
09 4(g5 - 273
a{elr eZv e3} 1

(1202 ey, &, €3)* — 1803 (€1, &, €3} — 25 + (6 {11, 12, M3} — G {w1, wp, w3)) (€], &, &))
93 2(g;-2763)
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0{n1, n2, 13}
00

. (1803 {€], €&, &} — 0> (303 + 20z (€1, &, &) (w1, Wy, w3} + 2 (05 + 187z (€1, &, €3}) {1, M2, 73}
2
8(g; - 2763)

91, m2, m3} 1 5
= (05 + 1803 {ey, &, &3}) {w1, w2, w3} — 60 {€], €&, €&} —6(393 + 20 {€1, &, &) {1, 72, 13}),

993 4(g5 - 273

where {€], &, &} = {9’ (w1; G2, G), 9 (w2; Uz, Ta), 9’ (ws; G2, )} are the values of the derivative of the Weier-

(Zgz 93)

strass elliptic p function = ¢'(Z, 02, ¥3) a half-period pointsz==w; /; j =1, 2, 3.

Thefirst derivatives of Weierstrass invariants {gz, gg} with respect to the variables w; and w3 can be represented in

different forms:

0{ga(w1, w3), Ga(w1, wa)} _ {_30 i s m _g Z

}

0{G(w1, w3), G3(w1, w3)} { 49, Wirtws & K¢ 14in’wz & KoK 693} miws
2 > -— /:q==e><p[ ]

dw, n=—com=1 (Mwy + nw3)5 —com=1 (Mwy + nw3)7

0wy w1 wl Py 1 P k)2 3“’1 =y 1 P k) w1 Wy
I Ga(w1, w3), Ga(wy, W)} R 2 w | @52
=={—— -— (12¢3w3-8Qem3), —— [ —— —92w3—1293773}
(9(1)1 T W3 w% T W3 w% 3
0{0z(w1, w3), Pa(w1, w3)} _ { 20 i i n 105 i i n }
dws me—eone1 (Mwy + Nw3)® L4 me—eo el (Mwy +Nw3)’

0{Q(w1, w3), G3(w1, w3)} 40in° &, K 1in” & PHKS niws
X S

dws W) da(1-g  3ef ia(1-gf w;

0{d (w1, w3), Gz(w1, w3)} w1 Wi w1 w5 (2 5
=={— -— (2gzw1 -8 ), — | —— (—92w1—1293711)}-
6w3 T W3 wl T W3 w% 3

The k'"-order derivatives of Weierstrass invariants {02, g3} with respect to the variables w; and w3 have the
following representations:

}/,keN+

9(ga(wy, w3), Galwy, w3)) __{5 i S (CDfk+Irm 7 i i( D (k+5)!
- (M + Ntk 192

k

dwy 4= m-1 (Mwy + nw3)4+k n=—com-1 (Mwy + nw3)6+k

(-DX(k+5)! nk

ii }/;keN*.

6w'§ me—ocon=1 (Mwy + nw3)k+4 92 m=—eone1 (Mwy + Nw3)**®

(-D*(k+3)!nk 7

*{Gp(w1, w3), Ga(wr, w3)} 5 & &
=X

I ntegration
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Theindefinite integrals of Welerstrass invariants {g, g3} with respect to the variable w, have the following represen

tations:
5(,)1 ® - x mzcu§+3mnw3w1+3n2a)% 7'(4
{f92(w11 w3)dwy, f93(wlv wg)dwl} = {— Z Z 3 B 3’
203 m—eont n% (Mw; + Nws) 36w;
— Z Z mAwa‘+5mSnw3w§+10mzn2w§wf+1Omn3wgw1+5n4wg)/(n5(mw1+nw3)5)— 5}-
8 w3 m=—con=1 1080 w;

Differential equations

The Weierstrass half-periods {w1, w3} == {w1(92, ¥3), w3(d2, g3)} satisfy the following differential equations:

Jw; 1 9
(95-2703) So T G- 5 9411 Gz Go) = 0/ [wr, wg) = {w1(8 %), @3(Gz Go)) A

92
60)3 1 9
(9 -27g%) 5 +— 293 %= 93 {(w3; G2, G3) == 0 /; {w1, w3} == {w1(G2, G3), w3(T2, Ga)}
2
3 5, 91w1(G2, G3), w392, )} 5
4(g; - 27 93) 39 == 180371 — 93 {w1(G2, U3), w3(T2, G3)} /;
2

{02, 93} == {0, (71, m2), U3 (1, m2)} A\ 11, 12} = (L (@13 G2, Ga), {(w3; B, Ga)} A\ (w1, wa) == {w1(Ta, Ta), wa(Ta, Ta))-

The Welerstrass invariants {go, 03} == {g2(w1, w3), g3(w1, w3)} satisfy the following differential equations:

0{dx(w1, w3), Ga(w1, w3)} {0 (w1, w3), Yz(wy, w3)}
w1 + w3 +1{4, 6} {Qx(w1, w3), G3(wq, w3)} =0
a(/.)]_ (90.)3

092 (w1, w3) 9% (w1, w3)
w1 + w3 +4 gz((ul, (1)3) =0
6w1 6w3

003wy, w3) 003(w1, w3z)
wy +ws +603(w1, w3) = 0.
(90)1 ﬁwg

The Weierstrass zeta function values at half-periods {1, n2, n3} == {71(d2, 93), 72(d2, 93), N3(92, 93)} satisfy the
following differential equations:
on;

o
7203 — +405 — —w;j =0/, je(l, 2}
00 003

Applications of Weierstrass utilities

Applications of Weierstrass utilities include the application areas of the
Welerstrass elliptic functions, such asintegrable nonlinear differential
equations, motion in cubic and quartic potentials, description of the
movement of a spherical pendulum, and construction of minimal surfaces.
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